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1 Introduction

One of the more dramatic effects that can arise in a theory at strong coupling is the opening

up of an extra spatial dimension, as in IIA string theory or 5-dimensional maximally

supersymmetric Yang-Mills (SYM) theory.1 The aim of this paper is to investigate the

possibility of an extra time dimension opening up in a similar way. Our main focus will

be on SYM theory in 5 Euclidean dimensions with 16 supersymmetries, which we will

argue has a strong coupling limit that is a theory in 5+1 dimensions, with a new time

1In this paper SYM always refers to the maximally supersymmetric case.
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dimension opening up to give the (2,0) theory. More generally, it is interesting to have a

theory formulated with no time dimension but from which time emerges, and which may

be useful in thinking about cosmological models in which time and/or space are emergent.

As we shall see, our discussion involves interesting questions about the role of time in

quantum theory, and about the meaning of a compact time dimension. Our work also

provides evidence for part of the network of dualities involving timelike compactifications

of [1, 2], gives new insight into the (2,0) theory, and also makes contact with the (2,0)

supersymmetric field theory constructed in [3].

The most famous example in which a new spatial dimension emerges is that of the IIA

string, which at strong coupling becomes an eleven dimensional theory. The extra spatial

dimension arises as a circle of radius R =
√
α′gs where gs is the string coupling. The

D0-branes of the IIA string become light at strong coupling and are interpreted as Kaluza-

Klein modes for M-theory compactified on a circle. Another example is that of SYM in 4+1

dimensions with 16 supersymmetries. The Yang-Mills coupling g2 has dimensions of length

and, at least for weak coupling, the theory is interpreted as the (2,0) theory compactified

on a circle of radius R = g2/4π2, with Yang-Mills solitons interpreted as Kaluza-Klein

modes of the (2,0) theory.

There are a couple of issues arising with this. The first is that, although in both the

type IIA and the 5-D supersymmetric Yang-Mills theories there is strong evidence that a

new dimension arises at strong coupling, we do not yet have a fundamental formulation

of M-theory or of the (2,0) theory. In the former case one can regard M-theory as being

defined by the strong coupling limit of type IIA string theory, including non-perturbative

effects, whereas in the latter case the (2,0) theory is a well-defined conformal field theory

that arises as a decoupling limit of the M5-brane worldvolume theory [4], or of IIB string

theory on K3 [5]. The M5-brane realisation leads one to identify the (2,0) theory as a

holographic dual of M-theory on AdS7×S4 [6]. The (2,0) theory has also been formulated

through deconstruction [7] and as a matrix-like model [8]. More recently there have also

been proposals on formulating 6D actions [9] or 5D actions which include an explicit KK

tower [10, 11]. A definition of the (2,0) theory involving 5D SYM on R × CP 2 with an

integer coupling constant has been suggested in [12].

The second issue is that 5D SYM is not renormalisable, and has recently been shown

to have an UV divergence at 6 loops [13]. In discussing the quantum theory and its strong

coupling limit, it is therefore necessary to embed SYM in a theory that is UV complete. It

can be embedded in string theory as the worldvolume theory of a stack of D4-branes or as

the heterotic string compactified on a 5-torus; both of these have a 5D Yang-Mills sector,

with higher derivative corrections and couplings to other fields. At strong coupling, the

D4-branes of the IIA string become a stack of M5-branes wrapped on the M-theory circle

so that the D4-brane worldvolume theory becomes the M5-brane worldvolume theory. The

heterotic string on T
5 is dual to the IIB string on K3 × S1 [14] and at strong coupling

this circle decompactifies to give the IIB string on K3 [15]. Thus in both constructions

the strong coupling limit gives a theory containing the (2,0) field theory, with the (2,0)

filed theory arising from the 5 dimensional Yang-Mills sector. These constructions involve

gravitational and other fields, but these are eliminated in the decoupling limit leading to

the (2,0) superconformal field theory.
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Of course, a natural UV completion of the 5D SYM would be the (2,0) theory on a

circle [16], but it is the relation between the 5D SYM and the 6D (2,0) theory at finite

values of the radius that needs to be established. On the other hand, if there were a way in

which 5D SYM could be regarded as defining a consistent quantum theory, then it could be

used to give a construction of the 6D (2,0) theory, in much the same way that M-theory can

be defined as the strong coupling limit of type IIA string theory. Indeed, there have been

recent suggestions that the 4+1 dimensional super-Yang-Mills theory could in fact be non-

perturbatively well-defined with solitonic states providing a UV completion [17, 18]. This

need not be in contradiction with the perturbative divergences of the theory: a perturbative

expansion in g2 can be thought of as a low-energy expansion in the effective dimensionless

coupling g2E, and this does not fully probe the high energy behaviour. Various relation-

ships between this conjecture and the construction of [7, 8] have been discussed in [19].

Dimensional reduction of the (2,0) theory on a spatial circle gives SYM in 4+1 dimen-

sions. Similarly, dimensional reduction of the (2,0) theory on a timelike circle gives a SYM

theory in 5 Euclidean dimensions. We will argue that the quantization of this theory in 5

Euclidean dimensions gives a theory for which an extra time dimension opens up at strong

coupling, so that the theory is interpreted as the (2,0) theory compactified on a timelike

circle of radius R = g2/4π2. As for the theory in 4+1 dimensions, the Euclidean SYM

theory needs a UV completion, and we shall assume throughout that the theory we are

discussing is embedded in a suitable UV completion, such as those discussed above.

A simple argument that this should be the correct quantum behaviour follows from the

fact that SYM theory in 5 Euclidean dimensions is an analytic continuation of SYM in 4+1

dimensions. The path integral for the theory in 4+1 dimensions is defined by Wick rotating

to 5 Euclidean dimensions and a further analytic continuation to define a positive Euclidean

action (A0 → −iA0 etc.); the results of Euclidean calculations are then continued back to

the theory in 4 + 1 dimensions. The supersymmetric theory in 5 Euclidean dimensions

arising from the timelike reduction of the (2,0) theory has an action which is not positive.

Its quantization also involves an analytic continuation to the same positive Euclidean

action as for the 4 + 1 theory, as will be discussed in section 2. Thus the same Euclidean

functional integral governs both theories; the different physical results are obtained by

different analytic continuations, one to the real supersymmetric theory in 4+1 dimensions

and one to the real supersymmetric theory in 5+0 dimensions. In particular, the fact that

the quantum theory features an extra dimension in one case should imply that it does in

the other; the difference is that on continuing back to the real theory, in one case it is a

space dimension, in the other it is a timelike one. This is of course rather formal, and one of

the aims of this paper is to seek further evidence and physical intuition for this behaviour.

The (2,0) theory in 5+1 dimensions has SO(5) R-symmetry and ADE gauge group G.

The timelike reduction gives a super Yang-Mills theory with 16 real supersymmetries in

5D Euclidean space with SO(5) R-symmetry. A standard construction of SYM theories

in d dimensional Euclidean space is by dimensional reduction from 9 + 1 dimensions on

9 − d spatial dimensions and one time dimension. The resulting Euclidean theory has

non-compact R-symmetry SO(9− d, 1). For d = 4, this gives a SYM theory in 5 Euclidean

dimensions with R-symmetry SO(4, 1) and so this has the wrong R-symmetry to be the
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theory obtained from timelike reduction of the (2,0) theory. The correct construction was

identified in [20]. In addition to the SYM theory in 9+1 dimensions, there is also one

in 5+5 dimensions, as signature (5,5) also allows Majorana-Weyl fermions and the Fierz

identities etc. are formally the same in these two signatures. Dimensionally reducing on 5

timelike directions gives an SYM theory in 5 Euclidean dimensions with SO(5) R-symmetry

and 16 supersymmetries, as required. This gives the direct construction of the Euclidean

SYM theory we will be studying here. The other SYM theory in 5D Euclidean space with

SO(4, 1) R-symmetry can be obtained from 5+1 dimensions from the timelike reduction of

the (1,1) supersymmetric SYM theory in 5+1 dimensions.

There are other situations in which a time dimension is expected to arise from a

timeless theory. In de Sitter holography [1, 21], a conformal field theory in D Euclidean

dimensions is conjectured to be dual to a theory of gravity in D + 1 dimensional de Sitter

space in the limit of strong ’t Hooft coupling, so that the holographic dual has an extra

time dimension. In particular, 4D Euclidean SYM was conjectured to be dual to a string

theory in 5 dimensional de Sitter space in [1]. In [2], a version of string theory was proposed

in 10D Euclidean space, and it was argued that at strong coupling it gains an extra time

dimension to become M-theory on a spacetime with a timelike circle. As we shall see in

section 8, this is closely related to the extra time dimension arising here. In the strong

coupling limit of the Euclidean 5D SYM considered here, we expect the SO(5) rotational

symmetry to be enhanced to SO(5, 1) Lorentz symmetry. This is reminiscent of the work of

Horava on quantum gravity (for example see [22]) where Lorentz symmetry arises in the IR.

The rest of this paper is organized as follows. In section 2 we give the details of

Euclidean 5D SYM theory with SO(5) R-symmetry. In section 3 we discuss the 5D classical

solutions arising from 4D YM instantons and their interpretation as modes with discrete

momentum arising from compactification of an extra dimension. In section 4 we discuss

a dynamical treatment of 5D SYM based on treating one of the spatial directions as a

Euclidean time. An examination of the the associated conserved charges leads to a 6D

interpretation including an energy-momentum tensor and an extra timelike momentum. In

section 5 we compare the BPS states of 5D SYM with the states of the 6D (2,0) theory when

treated using a similar notion of Euclidean time. In section 6 we look for evidence for the 6D

SO(1,5) Lorentz symmetry in the 5D SYM. In section 7 we provide an alternative derivation

of 5D SYM from the (2,0) system of equations of [3]. These lead to an identification of

the charges of the (2,0) theory arising in a standard hamiltonian treatment in terms of

quantities of 5D SYM. Section 8 relates the results here to M-theory, and in particular

to the worldvolume theory of M5-branes wrapped on a compact time dimension. Finally

section 9 gives a discussion of our results. We also include an appendix with details showing

the infinite energy of singular string solitons.

We now comment on our notation. In this paper we will consider the 5+1 dimensional

(2,0) theory as well as Euclidean 5D SYM. The former has an energy-momentum tensor

which we denote by Tµν , µ, ν = 0, 1, . . . , 5 whereas the latter has a stress-tensor that we

denote by Θij , i, j = 1, 2, . . . , 5. We will consider canonical formulations based on real

time in the case 5+1 theory, but also canonical formulations in terms of a Euclidean time

for both the 5+1 dimensional and 5D theories. Thus we encounter various charges that
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appear in the associated supersymmetry algebras. In particular we denote the standard

5+1 dimensional charges by Pµ, Z
I
µ etc. When considering a Euclidean time formulation

of this theory we denote the resulting charges by P̂µ, Ẑ
I
µ etc. For the 5D theory we denote

the Euclidean charges by Π̂0, Π̂i, ẐI
i etc. In section 7 we introduce another set of charges

Π̃0, Π̃i, Z̃I
0 etc. which are not a priori associated with a canonical formulation. Whilst

these charges are all interrelated it is important to distinguish between them.

2 Euclidean 5-dimensional super-Yang-Mills

The dimensional reduction of the (2,0) theory on time gives a Euclidean Yang-Mills the-

ory with SO(5) R-symmetry and 16 supersymmetries. As discussed in the introduction,

this theory can be constructed directly from the supersymmetric gauge theory in 5 + 5

dimensions by dimensionally reducing on the 5 timelike directions. The 5+5 dimensional

lagrangian is

L =
1

g2
tr

[

1

4
FMNF

MN +
i

2
ψT ĈΓ̂MDMψ

]

, (2.1)

where M,N = 1, 2, 3, . . . , 10, the metric is η̂MN = diag(I5×5,−I5×5) and

DMψ = ∂Mψ − i[AM , ψ], FMN = ∂MAN − ∂NAM − i[AM , AN ] .

We use a real basis for the Spin(5, 5) Clifford algebra with {Γ̂M , Γ̂N} = 2η̂MN , ĈΓ̂M Ĉ−1 =

−(Γ̂M )T and a Majorana-Weyl spinor ψ, satisfying Γ̂11ψ = −ψ. The theory in 5+5 di-

mensions is of course not unitary, and we have chosen the sign of the lagrangian so that it

reduces to the same theory arising from timelike reduction of the (2,0) theory. The fields

are Lie-algebra-valued, and the gauge fields AM are hermitian.

The dimensional reduction of this lagrangian is straightforward. However, to compare

with formulae of other papers and aid with the 11D interpretation, we choose a represen-

tation of the Spin(5, 5) Clifford algebra given in terms of the matrices of the Spin(1, 10)

Clifford algebra with real generators ΓM , metric ηMN = diag(−1, 1, . . . , 1) and charge

conjugation matrix C = Γ0, satisfying {ΓM ,ΓN} = 2ηMN . A suitable choice for Γ̂M is

Γ̂i = Γi Γ̂I = −Γ12345Γ
I Ĉ = Γ0 , (2.2)

where i, j = 1, 2, 3, 4, 5 and I, J = 6, 7, 8, 9, 10. In this case one finds Γ̂11 = Γ012345 so that

ψ satisfies Γ012345ψ = −ψ.
Dimensionally reducing gives the following action in 5 Euclidean dimensions:

S =
1

g2
tr

∫

d5x

[

1

4
FijF

ij − 1

2
Diφ

IDiφI − 1

4
[φI , φJ ]2

− i

2
ψTΓ0Γ

iDiψ − 1

2
ψTΓI [φI , ψ]

]

. (2.3)

This action is invariant under the supersymmetry transformations

δφI = iǭΓIψ (2.4)
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δψ = ΓµΓIǫDµφ
I +

1

2
ΓijΓ0ǫFij +

i

2
Γ0Γ

IJ [φI , φJ ] (2.5)

δAi = −iǫTΓiψ , (2.6)

where Γ012345ǫ = ǫ. Note that φI , Ai, ψ and g2 have mass dimensions 1, 1, 3/2 and −1,

respectively.

The kinetic terms for the gauge fields and the scalars have opposite signs: while that for

the gauge fields is positive definite, that for the scalars is negative definite. Multiplying the

action by −1 would swap which bosonic term is positive and which is negative, but neither

S nor −S is positive. This is a consequence of supersymmetry: there is no action in 5D Eu-

clidean space with 16 real supersymmetries whose bosonic part is real and positive definite.

The bosonic part of the action is real but not positive. For the path integral we perform

an analytic continuation φI → iφI to give an action whose bosonic part is real and positive

definite. This is the same Euclidean action as that used for the Wick-rotation of the 4+1

SYM theory, where one Wick rotates time and takes A0 → −iA0. Thus, as remarked in

the introduction, the same Euclidean path integral is used for both the 4+1 SYM and the

5+0 SYM, but with different continuations back to the real section.

The SYM theory (2.3) has conserved currents associated with the symmetries of the

action S. In particular, translational invariance gives rise to

Θij =
1

g2
tr

(

Diφ
IDjφ

I − 1

2
δijDkφ

IDkφI − 1

4
δij [φ

I , φJ ]2 − FikFj
k +

1

4
δijFklF

kl

− i

2
ψ̄ΓiDjψ +

i

2
δijψ̄Γ

kDkψ +
1

2
δijψ̄Γ0Γ

I [φI , ψ]

)

, (2.7)

and invariance under supersymmetry gives rise to the supercurrent

Si =
1

g
tr

(

−1

2
FjkΓ

jkΓ0Γ
iψ −Djφ

IΓjΓIΓiψ +
i

2
[φI , φJ ]Γ0Γ

IJΓiψ

)

. (2.8)

In addition to these we can also identify a ‘topological’ current

Ji =
1

8g2
εijklm tr(F jkF lm) . (2.9)

which is identically conserved as a result of the Bianchi identities. We can also identify a

positive-definite scalar quantity

H =
1

g2
tr

(

1

4
FijF

ij +
1

2
Diφ

IDiφI − 1

4
[φI , φJ ]2

)

, (2.10)

that we will relate to the energy shortly.

Let us now compare with the timelike reduction of the (2,0) theory in 5+1 dimensions.

We do not have a formulation of the non-abelian (2,0) theory. Although it is not expected

to have a conventional field theory formulation, it is expected to have a local energy-

momentum tensor Tµν . However the abelian (2,0) theory is known explicitly; the bosonic

fields consist of a closed self-dual three-form Hµνλ and 5 scalars ΦI . The energy-momentum

tensor for the abelian (2,0) theory has the bosonic terms

T (abelian)
µν = 2π

(

1

2 · 2!HµλρHν
λρ + ∂µΦ

I∂νΦ
I − 1

2
ηµν∂λΦ

I∂λΦI

)

. (2.11)
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The normalization factor of 2π was explained in [23] and we also justify it in an appendix.

The equations of motion can be deduced from the conservation equation

∂µT (abelian)
µν = 0 . (2.12)

Let us now compactify on a timelike circle of radius R. If we write

H0ij =
1

g2
Fij Hijk =

1

2g2
ǫ0ijklmF

lm ΦI =
1

g2
φI , (2.13)

where

g2 = 4π2R , (2.14)

then we find
∫

dt T
(abelian)
ij = Θ

(abelian)
ij (2.15)

∫

dt T
(abelian)
0i = J

(abelian)
i (2.16)

∫

dt T
(abelian)
00 = H(abelian) . (2.17)

Here Θ
(abelian)
ij , J

(abelian)
i and H(abelian) are the abelian limits of Θij , Ji and H given above.

While J
(abelian)
i is the topological conserved current, Θ

(abelian)
ij is the stress-tensor arising

from the action

S =
1

g2

∫

d5x

[

1

4
FijF

ij − 1

2
∂iφ

I∂iφI
]

. (2.18)

Thus the time-like compactification of the abelian (2,0) theory gives the 5D abelian version

of the action (2.18).

For the non-abelian (2,0) theory, the timelike reduction must give a 5D theory with

this abelian limit. Gauge invariance and supersymmetry then determines this 5D non-

abelian theory to be the 5D SYM with action (2.3) and stress-tensor (2.7). Here we have

considered a straightforward dimensional reduction with no KK modes. More generally,

we will identify (2.7), (2.9) and (2.10) as the Fourier zero-mode components of the full six

dimensional energy momentum tensor Tµν .

3 Instantons and Kaluza-Klein modes

We begin by recalling how an extra space dimension arises in 4+1 dimensional SYM to

give the (2,0) theory in 5+1 dimensions [24], and then seek an analogous understanding of

an extra time dimension in our Euclidean 5D SYM.

The 4+1 SYM theory has BPS solitons given by the product of an (anti-)self-dual Yang-

Mills instanton in 4 dimensional Euclidean space with a time dimension. Integrating the

conserved topological current J = 1
2g2

∗tr(F∧F ) over a 4-space at fixed time gives the charge

K ≡
∫

d4xJ0 =
4π2n

g2
. (3.1)

– 7 –
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Assuming suitable fall-off in the transverse R
4, the integer n is the instanton number and

the charge is independent of time, as a consequence of the conservation of J . The simplest

such instantonic solitons are half-supersymmetric and have mass given by

M = |K| . (3.2)

As g → ∞, these solitons all become massless and the spectrum becomes continuous.

A theory in 5+1 dimensions compactified on a spacelike circle in the x5 direction has

a quantized momentum in that direction

P5 =
n

R
, (3.3)

where R is the radius of the circle and n is an integer. A massless field in 5+1 dimensions

will then give a Kaluza-Klein tower of BPS states for all integers n with mass

M = |P5| . (3.4)

As R → ∞, these all become massless and the spectrum becomes continuous. It was

proposed in [24] that the solitons in 4+1 dimensions arising from instantonic solitons should

be interpreted as Kaluza-Klein modes for a theory compactified on a circle of radius

R =
g2

4π2
, (3.5)

so that the strong coupling limit g → ∞ is interpreted as a decompactification of a spatial

dimension, R → ∞. The BPS state with instanton number n is interpreted as the n’th

Fourier mode on the x5 circle.

There are two theories with 16 supersymmetries in 5+1 dimensions and no higher spin

fields that are candidates for the theory arising in this strong coupling limit: the interacting

(2,0) theory and the SYM theory with (1,1) supersymmetry. One way of seeing that it

is the (2,0) theory arising in this way is that the worldvolume theory for a stack of D4-

branes should, at strong string coupling, become the worldvolume theory for a stack of M5-

branes wrapped on the M-theory circle. Another argument arises from the supermultiplet

structure. The theory in 5+1 dimensions should have 16 supersymmetries, but could have

(1,1) supersymmetry or (2,0) supersymmetry. These two supersymmetry algebras have

SO(4) and SO(5) R-symmetries respectively. In particular, Kaluza Klein states for (1,1)

supersymmetry and Kaluza Klein states for (2,0) supersymmetry fit into different massive

BPS multiplets of N = 4 supersymmetry in 4+1 dimensions [25]. The solitons for 4+1

SYM fit into the same multiplets as the Kaluza-Klein modes for (2,0) supersymmetry, so

that the theory in 5+1 dimensions must have (2,0) supersymmetry [25].

For the SYM theory in 4+1 dimensions it is straightforward to rule out the possibility

that the extra dimension opening up at strong coupling is timelike. The timelike reduction

of a superymmetric theory in 4+2 dimensions would have to give the standard SYM the-

ory in 4+1 dimensions with SO(5) R-symmetry. However, in 4+2 dimensions, there are no

Majorana-Weyl fermions or real self-dual tensors, so the only multiplet with 16 supersym-

metries and no higher spins is the SYM theory in 4+2 dimensions, which has R-symmetry

– 8 –
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SO(3, 1). Dimensional reduction on a timelike direction gives the wrong SYM theory —

it gives the non-unitary SYM theory in 4+1 dimensions with R-symmetry SO(4, 1) that

arose in [1, 20] (and which can also be constructed by compactifying from the SYM theory

in 5+5 dimensions on 4 time dimensions and one space dimension).

The current Jµ of the 4+1 SYM theory (µ = 0, 1, 2, 3, 4) comes from the components

Tµ5 of the energy-momentum tensor in 5+1 dimensions. The charge K then can be written

as

K =

∫

d5xT05 , (3.6)

(with an integral over the 5 spatial coordinates, for fixed x0) and this supports the inter-

pretation of K as a component of the momentum, P5.

We now seek a similar argument for the Euclidean SYM theory, essentially interchang-

ing x0 and x5 in the above. The Euclidean SYM has supersymmetric solutions that are

non-trivial in 4 dimensional space but extended along an extra spatial dimension. If the co-

ordinate in this extra space dimension is x5, then the solution consists of an (anti-)self-dual

gauge field Ai in the 4D space with coordinates x1, x2, x3, x4 that is independent of x5, with

φI = 0. Note that this solution is translationally invariant along x5 and preserves 1/2 of

the supersymmetries, with supersymmetry parameter satisfying Γ1234ǫ = ±ǫ. A localised

instanton in R
4 then gives rise to a 1 dimensional extended object in R

5. Following [1],

we shall refer to a p dimensional supersymmetric extended object in Euclidean space as an

Ep-brane, so that this is an E1-brane.

A theory in 5+1 dimensions compactified on a time-like circle in the x0 direction is

expected to have a quantized momentum in the timelike direction

E =
n

R
, (3.7)

where R is the radius of the circle and n is an integer. The spectrum of timelike Kaluza-

Klein modes is then identical to the spectrum of K-charges if we relate the radius to the

coupling constant by R = g2/4π2. We then propose that the Euclidean SYM theory (with

a suitable UV completion) is the timelike compactification of the (2,0) theory of radius

R =
g2

4π2
. (3.8)

The continuous spectrum of K-charges arising in the strong coupling limit g → ∞ is then

interpreted as the decompactification of a timelike circle.

Supersymmetry again dictates the signature of the extra dimension. The strong cou-

pling limit cannot involve a spatial dimension opening up to give a theory in 6 Euclidean

dimensions, as there is no theory in 6 Euclidean dimensions with 16 supersymmetries that

gives the required SYM theory on dimensional reduction. In 6 Euclidean dimensions, there

are no Majorana-Weyl fermions or real self-dual tensors, so the only multiplet with 16

supersymmetries and no higher spins is the SYM theory, which has R-symmetry SO(3, 1).

Dimensional reduction of this gives the wrong SYM theory — it gives the SYM theory in

5 Euclidean dimensions with R-symmetry SO(4, 1).
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A theory with 16 supersymmetries and a timelike dimension opening up could give

either a (1,1) theory or a (2,0) theory in 5+1 dimensions. The supermultiplet structure

of the BPS states carrying the K-charge matches with that of the timelike Kaluza-Klein

modes for a (2,0) theory but not for a (1,1) theory, so that the strong coupling limit must

have (2,0) supersymmetry. This can also be seen from an M-theory perspective, as we will

discuss in section 8.

However, there are a number of issues raised by this discussion concerning the quantity

E. First, the instanton number and hence the K-charge can have either sign, so the iden-

tification with an energy E would seem to require that E can have either sign. Moreover,

this energy seems to know about the choice of x5 direction whereas the usual energy in 5+1

dimensions is SO(5) invariant and independent of any choice of spatial direction. We have

seen that the current Ji comes from the components Ti0 of the energy-momentum tensor in

5+1 dimensions and that the charge K then can be written as (3.6). In the next section we

address these questions about our suggestion that K be interpreted as a momentum around

a timelike direction, i.e. as an energy in 5+1 dimensions. The key point, as we shall see, is

to regard x5 as a Euclidean time and to analyse the theory in terms of a canonical approach

adapted to x5 instead of the usual one centred on dependence on time x0. This was to be

expected as we are trying to interchange the roles of x0 and x5 in the usual picture.

4 Euclidean time, charges and canonical formulation

Time plays a central role in quantum theory, so there are interesting issues about what it

means to quantize a Euclidean field theory in R
d. A standard approach is to choose one of

the coordinates, τ say, and treat this similarly to the way one treats time in the usual case.

Given a choice of τ , the τ derivatives of fields can be eliminated in favour of conjugate mo-

menta and a canonical formalism can be set up. Poisson brackets can be defined in the usual

way for fields at equal τ , and a Hamiltonian introduced to govern τ dependence. Symme-

tries lead to conserved charges, i.e. ones that are independent of τ . In a canonical quantiza-

tion, the Poisson brackets become commutation relations for quantum operators at equal τ .

It is natural to ask whether path integral quantization can avoid needing to choose a

time. However, standard definitions of the path integral involve a time-slicing of paths in

Minkowski space, or a slicing with respect to a Euclidean time for a Euclidean path integral.

It is this slicing that gives rise to the canonical commutation relations at fixed time or

Euclidean time. It is interesting to ask whether there can be an alternative formulation

of path integrals that doesn’t involve such a slicing. Formally, the path integral can be

thought of as generating Euclidean space correlation functions, which can be calculated in

perturbation theory in terms of Euclidean space Feynman diagrams. The quantum theory

might be thought of as being defined by these correlation functions, which will be covariant

and seem to not depend on any choice of Euclidean time. We will return to a discussion

of this and other approaches to the quantization in Euclidean space in section 9.

The approach based on choosing a Euclidean time is natural if the Euclidean theory

arises from Wick rotation from Minkowski space, with τ the analytic continuation of real

time. In standard canonical quantization in d + 1 dimensional Minkowski space, only the
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SO(d) spatial rotation symmetry is manifest, and the SO(d, 1) Lorentz symmetry has to be

established; this is rather non-trivial in the canonical approach. For canonical quantization

in d + 1 dimensional Euclidean space using a Euclidean time, the expected SO(d + 1)

rotational symmetry is not manifest. There is a manifest SO(d) spatial rotation symmetry,

and the issue of SO(d + 1) symmetry then has to be addressed; it may arise in a way

analogous to the way Lorentz symmetry arises in standard canonical quantization.

In Minkowski space, a natural boundary condition is to demand that fields fall off

sufficiently fast in a spacelike surface at fixed time. In a Euclidean theory, the analogue

would be to demand that fields fall off sufficiently fast in the transverse space at fixed

τ . We saw in the last section that E1-branes in the x5 direction satisfy such boundary

conditions, with the fields falling off in the transverse space at fixed x5. Thus for such

configurations, one can choose the coordinate along the E1-branes (x5 for the case of the

last section) as the Euclidean time τ . A choice of τ direction would be appropriate for

discussing configurations falling off in the directions transverse to that direction, which

would include E1-branes pointing in that direction, along with any other extended states

that extend along that direction, such as those we will encounter in sections 5 and 6. This

leads to a quantization for the theory with the boundary condition that fields fall off in

the transverse space at fixed τ . Other configurations falling off in other transverse spaces,

such as E1-branes pointing in other directions, would need to be treated separately using

other choices of τ direction.

We now focus on the 5D Euclidean Yang-Mills theory and choose one direction with

coordinate τ that we will treat as the Euclidean time, together with four orthogonal co-

ordinates xa, a = 1, 2, 3, 4, so that xi = (τ, xa). We restrict to configurations that fall off

sufficiently rapidly in the transverse R
4 of fixed τ , and we require this for any fixed value

of τ . Given a conserved current ji (with ∂ij
i = 0) we define

q̂ =

∫

d4x jτ , (4.1)

where the integral is over a spatial 4-surface of fixed τ . With our boundary conditions,

namely that the fields fall off sufficiently quickly in the transverse directions, q̂ is conserved

in the sense that

∂τ q̂ = 0 . (4.2)

The energy-momentum tensor Θij then leads to charges

Π̂τ =

∫

d4xΘτ
τ (4.3)

Π̂a =

∫

d4xΘa
τ . (4.4)

These are the conserved charges corresponding to the translation invariance in R
5, with

Π̂τ the hamiltonian generating τ evolution. Introducing Poisson brackets of the canonical

formulation based on τ , these charges generate translations in R
5 through the Poisson

brackets:

[Π̂i, ψ] = ∂iψ , (4.5)

– 11 –



J
H
E
P
0
6
(
2
0
1
4
)
0
1
6

for any ψ. The topological current J leads to the E1-brane charge

K =

∫

d4xJτ , (4.6)

as before, while the supercurrents (2.8) give the supercharges

Q̂ =

∫

d4x Sτ . (4.7)

It is straightforward to calculate the superalgebra generated by these supercharges

using the τ Poisson brackets. It can also be calculated using the method of [26] and noting

that

[ǭαQ̂α, Q̂β ] =

∫

d4x (δǫSτ )β , (4.8)

It is easier to calculate the supersymmetry variation of the super current δǫSτ than to

calculate the Poisson brackets. The superalgebra is of the form

{Q̂α, Q̂β} = 2(ΓiC−1)αβΠ̂i − 2δαβK + . . . . (4.9)

where various tensorial brane charges have been omitted. It was already suggested in the

last section that the topological charge K be interpreted as a momentum in an extra time

dimension. If we write Π̂0 = K, then the algebra can be written in a way that is suggestive

of 5+1 dimensions as

{Q̂α, Q̂β} = 2(ΓµC−1)αβΠ̂µ + . . . . (4.10)

In fact the whole superalgebra can be organised into the same form as the superalgebra of

the (2,0) theory in 5+1 dimensions, with

{Q̂α, Q̂β} = 2(ΓµC−1)αβΠ̂µ + (ΓµΓIC−1)αβẐI
µ + (ΓµνλΓIJC−1)αβẐIJ

µνλ . (4.11)

Here the right hand side has been expanded in terms of all possible symmetric 16 × 16

matrices. One finds that (setting the fermions to zero for simplicity and using the equations

of motion)

Π̂a =
1

g2
tr

∫

d4xDaφ
IDτφ

I − FabFτ
b (4.12)

Π̂τ =
1

g2
tr

∫

d4x
1

4
FabF

ab − 1

2
FτaFτ

a − 1

4
[φI , φJ ][φI , φJ ]

+
1

2
Dτφ

IDτφ
I − 1

2
Daφ

IDaφI (4.13)

Π̂0 =
1

8g2
tr

∫

ετbcdeF
bcF de (4.14)

ẐI
0 =

2

g2
tr

∫

d4xDa(Fτaφ
I) (4.15)

ẐI
a = − 1

g2
ετabcd tr

∫

d4x Db(F cdφI) (4.16)

ẐI
τ = 0 (4.17)
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ẐIJ
0aτ = − i

3! · 3!g2 ε
IJKLM tr

∫

d4x Da([φ
K , φL]φM ) (4.18)

ẐIJ
0ab =

i

4!g2
ετabcd tr

∫

d4x F cd[φI , φJ ] (4.19)

ẐIJ
abτ =

1

3g2
tr

∫

d5x
i

4
Fab[φ

I , φJ ]−D[aφ
IDb]φ

J . (4.20)

We see that the superalgebra indeed involves all the charges of a 5+1 dimensional theory.

We now turn to the charges of the (2,0) theory in 5+1 dimensions. For configurations

that satisfy the standard boundary conditions that the fields fall off asymptotically in a

spatial R5 of constant t = x0, the momenta have the standard form

Pµ =

∫

d5x Tµ
0 . (4.21)

However, to make contact with the charges considered above in 5 Euclidean dimensions,

it is useful to consider instead boundary conditions in which fields fall off asymptotically

in a space of constant τ , where τ is one of the spatial coordinates, e.g. τ = x5. This will

be appropriate only for a subsector of the theory, including strings extended along the τ

direction. We will mostly be interested in the case of periodic time x0, so that the space

of constant τ is the product of Euclidean R
4 with a timelike circle with period 2πR. In

that case, we will require fields to fall off asymptotically in the transverse R
4. Then we

can define alternative charges as integrals over this S1 × R
4 of constant τ :

P̂µ =

∫

d4xdt Tµ
τ

=

∫

d4x (Tµ
τ )0 , (4.22)

where (Tµν)0 is the zero Fourier mode of Tµν :

(Tµ
ν)n =

∫

dt e−int/RTµ
ν . (4.23)

For these boundary conditions, one could introduce a canonical formalism based on

the coordinate τ , instead of the conventional one based on t. We conjecture that at strong

coupling g, the 5D Euclidean SYM theory becomes the (2,0) theory quantized using τ as

Euclidean time and compactified on a timelike circle of radius g2/4π2, with the charges Π̂i

of the 5D theory giving the spatial components P̂i of (4.22), so that

P̂i = Π̂i P̂0 = Π̂0 = K , (4.24)

and also ẐI
µ = ẐI

µ, Ẑ
IJ
µνλ = ẐIJ

µνλ. This is what follows from interchanging time t and

the Euclidean time τ in the standard relation between 4+1 SYM and the (2,0) theory.

Furthermore we see from (4.13) that

Π̂i =

∫

d4xΘi
5 K =

∫

d4xJ5 . (4.25)
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Since the choice of direction of τ = x5 was arbitrary we conclude more generally that Θij ,

Ji and H can be identified with the Fourier zero-modes of Tij , T0i and T00 respectively;

Θij =

∫

dt Tij (4.26)

Ji =

∫

dt T0i (4.27)

H =

∫

dt T00 , (4.28)

in agreement with the abelian results in section 2. The supersymmetry algebra then re-

quires us to also identify

ẐI
µ =

∫

dtẐI
µ ẐIJ

µνλ =

∫

dtẐIJ
µνλ . (4.29)

Lastly we turn to the relation between the charges P̂µ and the conventional charges

Pµ in the 5+1 dimensional theory. We first consider string-like configurations that are

independent of both t and τ = x5, such as the strings that we will consider in sections

5 and 6. The momenta Pµ are interpreted as charges per unit length, and the P̂µ are

interpreted as charges per unit time, both given as integrals over a transverse R
4 at some

constant values t = t0, τ = τ0:

Pµ =

∫

d4x Tµ
0 , P̂µ =

∫

d4x Tµ
τ , (4.30)

and hence

P̂ 0 = Pτ . (4.31)

Alternatively, without assuming translational invariance along t and τ , we can consider

a boosted sector where the fields only depend on xa, a = 1, 2, 3, 4 and x5+vt (or a null sector

where v = ±1). Then by a simple change of variables one finds a similar relation to (4.31)

P̂ 0 =

∫

d4xdt T 0τ =
1

|v|

∫

d4xdτ Tτ
0 =

1

|v|Pτ . (4.32)

We see that for such sectors of the theory, the time component of the momentum P̂0

resulting from the topological charge K in 5-D is identified with the τ component of the

conventional momentum Pµ, and this of course need not be positive. This resolves the

issues raised at the end of the last section. Comparing the 5+1 theory on a timelike circle

with the 5D Euclidean SYM theory at strong coupling, the 5D charges (Π̂i,K) lift to the

charges P̂µ in 5+1 dimensions, and these can be related to the conventional charges Pµ for

certain sub-sectors of the theory. We also expect that similar relations to (4.32) arise in

the case of other charges obtained from scalar integrands.

5 Matching of BPS states

In this section and the next, we compare the spectrum of supersymmetric states of the 5D

Euclidean SYM with that of the (2,0) theory in 5+1 dimensions. The BPS states of the
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5D SYM can be extrapolated to strong coupling where they can be identified with the BPS

states of the (2,0) theory. Specifically, we will consider classical BPS solutions of 5D SYM

and seek to match these with BPS states of the (2,0) theory. In the decompactification

limit R→ ∞, these BPS states should fit into representations of SO(5, 1), and we will seek

evidence for such SO(5, 1) covariance in the 5D BPS spectrum.

The usual 6D (2, 0) superalgebra takes the form

{Qα, Qβ} = 2(ΓµC−1)αβPµ + (ΓµΓIC−1)αβZ
I
µ + (ΓµνλΓIJC−1)αβZ

IJ
µνλ . (5.1)

A similar algebra is satisfied by the hatted charges arising in the canonical formalism based

on τ = x5, as discussed in the previous section:

{Q̂α, Q̂β} = 2(ΓµC−1)αβP̂µ + (ΓµΓIC−1)αβẐ
I
µ + (ΓµνλΓIJC−1)αβẐ

IJ
µνλ . (5.2)

In the conformal phase the central charges vanish and the 1/2 BPS states of the (2,0)

theory in 5+1 dimensions consist of massless states with null momentum PµP
µ = 0. In

the Coulomb branch, where conformal invariance is spontaneously broken, there are static

self-dual strings carrying the charge ZI
i [27]. There are further 1/4 BPS states, some of

which were considered in [18].

The supersymmetric states of SYM in 5 Euclidean dimensions are all extended along (at

least) one direction — there are no point-like BPS states. As before, we choose a coordinate

τ along such a direction and coordinates xa for the the transverse R
4 orthogonal to it. For

configurations falling off sufficiently fast in the transverse R
4, we can define momenta

P̂i (4.22) and a topological charge K (4.6) together with electric charges

qI =

∮

tr(〈φI〉 ∗ F ) , (5.3)

where the integral is over the S3 at infinity in the transverse R
4. In this section and the

next, we will be interested in expectation values 〈φ6〉 of φI that break the gauge group to

an abelian subgroup. The charge qI arises in the super-algebra (4.10) as the charge ẐI
0

in (4.15).

For configurations extended along 2 dimensions with fields falling off asymptotically

on a transverse R
3, one can define a magnetic charge

pI =

∮

tr(〈φI〉F ) , (5.4)

integrated over the S2 at infinity in the transverse R
3. This does not appear in the super-

algebra (4.10).2

5.1 Massless states in 5+1

A massless 6D state with null momentum with, say, P 0 = |P 5| and all other charges vanish-

ing is 1/2 BPS. Assuming that the state only depends on x1, . . . , x4 and x5±t, corresponding
2It does occurs as a charge in the superalgebra of the 5D Euclidean SYM theory with R-symmetry

SO(4, 1).
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to particles moving at the speed of light on the trajectory x5 = ±x0, we can also consider the

canonical charges based on using τ = x5 as the ‘time’. We find that the solution carries the

6D charges P̂5 and P̂0 with P̂5 = ±P̂0, and it is also 1/2 BPS from the point of view of the

hatted superalgebra. As expected from the discussion in section 4, equation (4.32), we find

P5 =

∫

d4xdx5 T5
0 =

∫

d4xdtT 05 = P̂ 0, (5.5)

If x5 is compactified on a circle of radius R and x0 is non-compact, then momentum

is quantized with P5 = n/R and the trajectory x5 = ±x0 spirals around the cylinder

parameterised by x0 and the periodic coordinate x5. On the other hand if x0 is compactified

and x5 is not, we expect P̂0 to be quantized with P̂0 = n/R (by the standard arguments

with x0 and x5 interchanged). This is to be associated with the curve x5 = ±x0 which

spirals around the cylinder parameterised by x5 ∈ R and the periodic coordinate x0. In

particular since time x0 is only defined modulo 2πR, x5 is multivalued and the particle

appears in many places at once. Such acausal trajectories are solutions of the equations of

motion and we shall suppose that they are permitted here.

The corresponding supersymmetric states in 5D have already been discussed in sec-

tions 3 and 4. In 4+1 dimensions, corresponding to a spacelike compactification, there

are instantonic solitons given by the product of an (anti-)self-dual gauge field Ai in the

x1, x2, x3, x4 plane with time to get a time-like worldline. The mass P 0 is given by |K|
where K = 4π2n/g2 is the topological charge (3.1) and the momentum by P5 = K.

In Euclidean 5D SYM, corresponding to a timelike compactification, we expect a so-

lution carrying the charges K and Π̂5. There is indeed such a BPS solution consisting

of an (anti-)self-dual gauge field Aa in the x1, x2, x3, x4-plane that is independent of x5,

with φI = 0. This solution is translationally invariant along x5 and preserves 1/2 of the

supersymmetries where Γ1234ǫ = ±ǫ. This is the instantonic E1-brane, and in terms of

the 5D charges of sections 3,4 with τ = x5, it carries the momentum Π̂0 = K, Π̂5 = |K|
where K is the instanton charge (4.6). This is then associated with the BPS states in 5+1

dimensions with periodic x0, with

P̂0 = K P̂5 = Π̂5 . (5.6)

A localized state that is traveling along x5 at the speed of light in six-dimensions with

worldline x0 = ±x5 then corresponds to a 0-brane in 4+1 dimensional SYM with worldline

in the x0 direction or to an E1-brane in 5+0 dimensional SYM in the x5 direction. In both

cases, the momentum in the compact dimension arises from the instanton charge.

5.2 1/2 BPS static string ground states

We now turn to the 1/2 BPS states in the Coulomb phase in 5+1 dimensions that are

the self-dual static string ground states carrying charge ZI
i . There is a manifest SO(5)

rotational symmetry so we can fix the string to lie along x5. There is also a manifest SO(5)

R-symmetry that acts on the I-indices and therefore we can fix I = 6. These solutions are

static so that only P 0 and Z6
5 are non-vanishing and given as charge densities per unit length
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along x5 by integrals over a transverse R
4 with fixed x5. From the supersymmetry algebra

one sees that P 0 = 1
2 |Z6

5 | with the preserved supersymmetries satisfying Γ056ǫ = ±ǫ.
If compactified on a spacelike circle in the x5 direction, the string winds the circle to

give an electrically charged 0-brane in 4+1 dimensions, or if compactified on a spacelike

circle in another direction, e.g. the x4 direction, then it gives a magnetically charged string

in 4+1 dimensions. For a timelike circle, the 1+1 dimensional world-sheet of the string

must wrap the time dimension to leave an E1-brane in 5 Euclidean dimensions.

As these states are extended along the x5 direction, we consider the canonical charges

based on using τ = x5 as the ‘time’. In terms of hatted charges this means that P̂0 = P5 = 0

with P̂5 non-vanishing. Therefore in 5D Euclidean SYM we look for solutions with Π̂0 = 0

but non-vanishing Π̂5. In addition, from the superalgebra we also see that preserving the

supersymmetries Γ056ǫ = ±ǫ now requires that Ẑ6
5 = 0 and Π̂5 = ±1

2 Ẑ
6
0 6= 0. We then

seek co-dimension four solutions n 5D Euclidean SYM with Fab = 0 but Fa5 non-zero,

a, b = 1, 2, 3, 4. They are ‘electric’ E1-branes with

Fa5 = ±Daφ
6 . (5.7)

It is easy to see that they are 1/2 BPS with Γ05Γ
6ǫ = ∓ǫ. The solution for a single string

located at the origin is simply

φ6 = 〈φ6〉 − g2QE

4π2r2
, A5 = ±φ6 , Aa = 0 , (5.8)

where

r2 =
4

∑

a=1

(xa)2.

The hatted-momentum per unit length along x5 satisfies

P̂5 = Π̂5 = ±1

2
Ẑ6
0 . (5.9)

However the explicit expressions are divergent due to the singularity at r = 0. The integrals

over the transverse space R
4 diverge, and when rewritten as surface integrals, in addition

to the boundary at infinity there is also an inner boundary given by some small sphere

of radius r = ǫ. The surface integral at infinity is finite, but the integral over the inner

boundary is divergent. Just as in the case of fundamental strings ending on D-branes, this

divergence arises because these solutions represent semi-infinite M2-branes that come in

from infinity in the φ6 direction and end on the M5-branes leading to a string-like defect

along x5. The infinite energy is then due to the infinite area of the M2-branes [28] (see the

appendix). It would be interesting to compare these solutions to the work of [29, 30].

5.3 Magnetically charged solutions

In the last subsection we considered electrically charged states. There will also be mag-

netically charged states obtained by lifting 3D magnetic monopole solutions. We consider

these here, and find that surprisingly they are not supersymmetric (although more gen-

eral supersymmetric monopole solutions will play a role in what follows). These then lift
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further to magnetically charged 2-brane classical solitons in 5+1 dimensions. These are

non-superymmetric, but may be protected by a fake supersymmetry in the sense of [31].

There are magnetically charged solutions of 5D Euclidean SYM that have a non-trivial

profile along xm, m = 1, 2, 3. For magnetic charge p6, these are given by monopole solutions

in xm with

Fmn = εmnpD
pF φ6 = ϕ . (5.10)

Here we have introduced a scalar function ϕ which satisfies DmDmϕ = 0 as a result of the

Bianchi identity. Solutions to these non-linear equations are well-known as BPS monopoles

and can be obtained using the Nahm construction. One finds a moduli space of solutions

that are parameterised by the asymptotic value of ϕ at infinity:

ϕ = 〈ϕ〉+ . . . , (5.11)

and the magnetic charge p6 = 2π tr(〈ϕ〉QM ) where

QM =
1

2π

∮

F , (5.12)

is the magnetic flux integrated over the spatial 2-sphere at infinity.

These solutions are independent of x4, x5 and so constitute an E2-brane extended over

the x4, x5 directions. It is straightforward to check that these are not supersymmetric

solutions of the SYM with R-symmetry SO(5) that we are studying here, but that they are

1/2 BPS E2 brane solutions of the 5D Euclidean SYM with R-symmetry SO(4, 1). These

monopole E2 branes of the SYM with R-symmetry SO(5) might be thought of as having

fake supersymmetry.

These results about the supersymmetry can also be understood as follows. The SYM

theory in 3+1 dimensions with R-symmetry SO(6) has 1/2 BPS monopole solutions. Re-

ducing on time gives 1/2 BPS solutions of the 3D Euclidean SYM theory with R-symmetry

SO(6, 1) of the form (5.10). These can then be lifted to 1/2 BPS solutions of the Euclidean

SYM theory in K dimensions (K ≤ 9) with R-symmetry SO(9 − K, 1). These are inde-

pendent of x4, . . . , xK and so constitute E(K − 3) branes extended over x4, . . . , xK . On

the other hand, the 5D Euclidean SYM theory with R-symmetry SO(5) we have been fo-

cusing on here reduces to a 3D Euclidean SYM theory with R-symmetry SO(5, 2), and the

monopole solution of the form (5.10) does not preserve any supersymmetries of this theory.

Its E2 lift to 5D then preserves no supersymmetries. This is just as well, as there seem to

be no BPS states in the (2,0) theory in 5+1 dimensions that could correspond to a BPS

E2 brane in 5-D.

5.4 1/4 BPS excited string states

Let us now consider string states in 5+1 dimensions that carry string charge Z6
5 in the

x5 direction and momentum P5 parallel to the string. This cannot be 1/2 BPS because a

string in its ground state cannot carry momentum along its length. In particular boosting

a ground state of a string along its length has no effect because it preserves such Lorentz

symmetries. Thus a string carrying momentum along its length must be in an excited state

and hence have at most 1/4 of the supersymmetry.
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Since the string remains fixed in space we expect that the five dimensional solution

will be extended along x5 but localized in the remaining four dimensions. It should carry

instanton charge K corresponding to a non-zero P̂0 = P5 in addition to the electric charge

Ẑ6
0 we obtained above. The required solutions are ‘dyonic instantons’ [32] consisting of an

anti-self-dual gauge field in the transverse R
4 with coordinates xa where a = 1, . . . , 4 as

well as a non-vanishing electric-type gauge field given by

Fa5 = ±Daφ
6 . (5.13)

The preserved supersymmetries satisfy

0 =

(

ΓaΓ6Diφ
6 ± Γa5Γ0Fa5 +

1

2
ΓabΓ0Fab

)

ǫ . (5.14)

This is solved by requiring Γ1234ǫ = ǫ and Γ6Γ05ǫ = ∓ǫ. Note that since Γ012345ǫ = ǫ the

first condition is equivalent to Γ05ǫ = ǫ and the second to Γ6ǫ = ∓ǫ.
The gauge field Aa is determined by the ADHM construction and, for each instanton

number, there is a moduli space of solutions. In addition the equations of motion then

require that D2φ6 = 0. Given an instanton gauge field and asymptotic value 〈φ6〉 for φ6,

there is a unique solution for φ6 of D2φ6 = 0 which will have the asymptotic form

φ6 = 〈φ6〉 ∓ g2QE

4π2r2
+ . . . . (5.15)

As above, the charges can be formally defined as integrals over the (x1, x2, x3, x4)-plane

giving momenta etc. per unit length in the x5 direction.

QE =
1

g2

∮

Fr5 (5.16)

is the electric flux integrated over the 3-sphere at infinity. Note that QE is determined by

the instanton moduli and 〈φ6〉 and hence is not a free parameter [32].

Taking τ = x5 and evaluating the hatted charges (4.12)–(4.20) we find

P̂0 = K =
n

R
P̂5 = Π̂5 = |K| − 1

2

∣

∣

∣
Ẑ6
0

∣

∣

∣
Ẑ6
0 = −2 tr(〈φ6〉QE) . (5.17)

We note that the absolute values arise because we must have

0 ≤ tr

∫

(Dφ6)2 = tr

∮

φ6Drφ
6 = ± tr(〈φ6〉QE) , (5.18)

and also

tr

∫

FabF
ab =

sgn(n)

2
tr

∮

ǫabcdFabFcd = 16π2|n| . (5.19)

6 Boosted string states

We have argued that 5D SYM should be identified with the (2, 0) theory compactified on

a timelike circle. In this section, we seek further evidence for this conjecture by looking
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for some signature of Lorentz symmetry in 5+1 dimensions. In particular we would like

to look for solutions of the 5D theory that can be interpreted as boosted versions of the

solutions we considered in the previous section. In a 6D theory with Lorentz symmetry

one expects to find states that fill out representations of SO(5, 1).

At first one might think that this is not possible in theories with compact time, as one

would expect Lorentz invariance only to be recovered in the limit g2 → ∞. In particular

compact time restricts P̂ 0 to be discrete: P̂ 0 = n/R, n ∈ Z while boosts depend on

a continuous parameter v and do not preserve the discreteness of P̂ 0. However if the

6D theory has a conformal symmetry, even if it is spontaneously broken, then one can

compensate for the continuous shift in P̂ 0 by also including a conformal transformation.

In particular, consider a state in 5+1 dimensional Minkowski space with P̂4 = 0 and

then boost it along x4. This leads to a state with

P̂ ′

0 = γP̂0 , P̂ ′

4 = γvP̂0 , P̂ ′

µ = P̂µ µ 6= 0, 4 . (6.1)

Now perform a conformal rescaling P̂ ′′

µ = γ−1P̂ ′

µ to obtain

P̂ ′′

0 = P̂0 , P̂ ′′

4 = vP̂0 , P̂ ′′

µ = γ−1P̂µ µ 6= 0, 4 . (6.2)

Then for states with P̂4 = 0, we can perform a continuous boost along x4 combined with

a conformal transformation and preserve P̂ 0. In this way we get a spectrum of states

with the same P̂ 0 and depending on a continuous parameter v. This means that if we

now compactly time, t = x0, on a circle of radius R, then for a given discrete momentum

P̂ 0 = n/R we should expect a spectrum of states labelled by a continuous parameter v. In

this section, we seek to find the corresponding solutions of 5D Euclidean SYM, depending

on a continuous parameter v, providing further evidence that the SYM theory is really a

5+1 dimensional theory. We will refer to these states as boosted although it is important

to keep in mind that they have also been conformally rescaled. This action on the momenta

also applies to any 6D vector such as the central charges ẐI
µ, so we would obtain

Ẑ ′′

0 = Ẑ0 , Ẑ ′′

4 = vẐ0 , Ẑ ′′

µ = γ−1Ẑµ µ 6= 0, 4 . (6.3)

Note that the in the case of spatial compactifications this does not work for the con-

ventional (unhatted) charges. In particular if P5 is discrete then we can clearly consider

Lorentz transformations that leave P5 invariant: e.g. a boost along x4 gives

P ′

0 = γ(P0 + vP4) , P4 = γ(P4 + vP0) , P ′

µ = Pµ µ 6= 0, 4 . (6.4)

Including boosts along x1, x2 and x3 generates the SO(1, 4) of the theory dimensionally

reduced on x5. If we instead consider a boost along x5 and conformal rescaling by λ we find

P ′′

0 = λγ(P0 + vP5) , P ′′

5 = λγ(P5 + vP0) , P ′′

µ = λPµ µ 6= 0, 5 . (6.5)

In this case, the construction analogous to that above would be to keep P ′′

5 = P5 fixed by

taking P0 = 0 and λ = γ−1. But in a unitary theory only the ground states satisfy P0 = 0

and they are simply boost invariant.
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6.1 Boosted 1/2 BPS string ground states

Let us now consider a charged string in 5+1 dimensions in the x5 direction, which carries

momentum perpendicular to x5, say along x4. It corresponds to a string in its ground state

that has been boosted in a transverse direction, so that it is a 1/2 BPS state. It carries

charges P̂0, P̂4 and Ẑ6
5 , and there is a natural action of SO(1, 1) acting as boosts in the

4 direction. Combining the boost with a conformal rescaling will preserve P̂ 0, so that if

P̂ 0 = n/R this spectrum of states depending continuously on v will still be present if x0 is

compactified on a circle of radius R.

We now seek corresponding supersymmetric states of the 5D SYM theory, and expect

to see a spectrum of such states depending continuously on v. The solution will clearly be

extended along x5. The 5D solution corresponding to the unboosted string is the electric

E1 brane of section 6.2. For the boosted string, the momentum P̂4 is expected arise from

an instantonic E1 brane in the 4 direction, corresponding to instantons in the x1, x2, x3, x5

plane, independent of x5. Following the example of the pure momentum mode above, the

solutions expected to be extended along x4 as well as x5. Thus we should look for a 1/2

BPS solution that has a non-trivial profile along xm, m = 1, 2, 3. These are given by

monopole solutions in xm. We consider the following ansatz:

Fmn = εmnpD
pϕ A5 =

1

v
ϕ φ6 = ± 1

vγ
ϕ , (6.6)

with the only non-vanishing fields being Am, A5, φ
6. Here ϕ is the usual scalar field that

appears in the BPS monopole system and satisfies DmDmϕ = 0 as a result of the Bianchi

identity, and all fields depend only on xm. The parameters v, γ are to be determined but

their form has been chosen for future convenience. Note that if v = 1, the fields Am, A5

satisfy Fmn = εmnpFp5 so that the solution would be an instanton in the x1, x2, x3, x5-plane

that is independent of x5. Note also that Fm5 = γDmφ
6, which is a rescaled version of (5.7).

Supersymmetry is preserved if

0 =

(

1

2
ΓmnΓ0εmnpD

pϕ+
1

v
Γp5Γ0Dpϕϕ± 1

vγ
ΓpΓ6Dpϕϕ

)

ǫ . (6.7)

Now 1
2Γ

mnεmnpΓ
0ǫ = −ΓpΓ

45ǫ and so we require

(

1

v
Γ04 ∓ 1

vγ
Γ456

)

ǫ = ǫ . (6.8)

This is a 1/2 BPS projector if γ2 = 1/(1−v2) and in what follows we take γ = 1/
√
1− v2 >

0. Note that for this solution we require v 6= 0; below we shall match this solution with a

string in 5+1 dimensions boosted to a velocity v.

To continue we observe that

〈ϕ〉 = ±vγ〈φ6〉 , (6.9)

so that φ6 → 〈φ6〉 as r → ∞ (with r2 = xmxm). With our conventions there is a topological

quantization condition [33]

ei
∮
F = e2πiQM = 1 . (6.10)
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Such solutions carry the magnetic charge

p6 = 2π tr(〈φ6〉QM ) . (6.11)

Let us evaluate the hatted-charges per unit length for these solutions. The 6D solution

is a function of x1, x2, x3 and x4 + vt. Since it is periodic in t it must also be periodic in

x4 with period 2πvR and therefore we have

P̂i =

∫

d3xdx4 −DtTi5 =

∫

d3xdx4Θi5 = 2πRvΠ̂i (6.12)

where Π̂i is evaluated as an integral over x1, x2, x3. Similarly we have

P̂0 = 2πRvΠ̂0 ẐI
µ = 2πRvẐI

µ . (6.13)

The resulting charges are

P̂5 = ∓1

γ
tr(〈φ6〉QM ) Ẑ6

0 = −2 tr(〈φ6〉QM ) Ẑ6
4 = −v tr(〈φ6〉QM ) . (6.14)

These are transform just as in (6.2) and satisfy

(P̂5)
2 = −1

4
(Ẑ6

0 )
2 +

1

4
(Ẑ6

4 )
2 , (6.15)

although neither the left-hand-side nor right-hand-side are independent of v but rather

scales with a factor of γ−2 as a result of the conformal transformation discussed above.

6.2 Boosted 1/4 BPS excited string states

Finally we wish to consider the case of an excited string state that also carries momentum

perpendicular to x5, say along x4. Thus we should also look for boosted and rescaled

versions of the dyonic instantons solutions which had Π̂0, Π̂5 and Ẑ6
0 non-vanishing. Ac-

cording to our discussion above we should find boosted and rescaled versions of these

along x4. Thus these solutions will be extended along x4 and x5, 1/4 BPS and have non-

vanishing K, Π̂4, Π̂5 as well as Ẑ6
0 and Ẑ6

4 but Ẑ6
5 = 0. To find them we can consider 1/4

BPS monopoles that are functions of xm, m = 1, 2, 3 (for example see [34, 35]) with A4, A5

and φ6 non-vanishing and non-commuting:

0 =

(

1

2
εmnpF

npΓm45 +DmA4Γ
m40 +DmA5Γ

m50 +Dmφ
6Γm6

)

ǫ

− i
(

[A4, A5]Γ
450 + [A4, φ

6]Γ46 + [A5, φ
6]Γ56

)

ǫ . (6.16)

To solve this we write

φ6 = vA4 ±
1

γ
A5 , (6.17)

to find

0 = Γi45

(

1

2
εmnpF

np +DmA4(Γ
50 − vΓ456)−DmA5

(

Γ40 ± 1

γ
Γ456

))

ǫ

− i[A4, A5]

(

Γ450 ± 1

γ
Γ46 − vΓ56

)

ǫ . (6.18)
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We must therefore impose the supersymmetry projector

(

±1

γ
Γ560 + vΓ460

)

ǫ = ǫ , (6.19)

which requires we take γ = 1/
√
1− v2 as before. This leaves us with

0 = Γi45

(

1

2
εmnpF

np ∓ 1

γ
DmA4Γ

6 + vDmA5Γ
6

)

ǫ . (6.20)

Thus we find a second projector Γ6ǫ = ǫ and BPS equation

Fmn =
1

2
εmnpD

pϕ , (6.21)

where

ϕ = ±1

γ
A4 − vA5 . (6.22)

The Bianchi identity for Fmn implies

DmDmϕ = 0 . (6.23)

We also obtain another equation comes from the equation of motion for φ6:

DmDmφ
6 = [ϕ, [ϕ, φ6]] . (6.24)

A standard argument shows that, given ϕ and Am satisfying the BPS monopole equation,

solutions φ6 of this equation are uniquely determined by the asymptotic value 〈φ6〉.
We only want to look a solutions with Ẑ6

5 = 0. Some algebra shows that this gives the

condition

0 = tr

∮

DrA4φ
6

= tr

∮

φ6
(

±1

γ
Drϕ+ vDrφ

6

)

. (6.25)

Next we note that from (6.24) we can deduce that

0 = tr

∫

ϕDmD
mφ6 = tr

∮

ϕDrφ
6 − tr

∫

DmϕD
mφ6

= tr

∮

ϕDrφ
6 − tr

∮

φ6Drϕ . (6.26)

Therefore the condition Ẑ6
5 = 0 becomes

tr

∮
(

±1

γ
ϕ+ vφ6

)

Drφ
6 = 0 . (6.27)

To continue we write

〈ϕ〉 = ±4π2γ

vg2
ϕ0 ∓ vγ〈φ6〉 , (6.28)
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where ϕ0 is to be determined. With this convention the condition Ẑ6
5 = 0 becomes

tr

∮

ϕ0Drφ
6 = 0 . (6.29)

Since φ6 is determined by 〈ϕ〉, 〈φ6〉 and QM this give a constraint on ϕ0 in terms of 〈φ6〉
and QM . In particular it asserts that ϕ0 must be orthogonal, in the Lie-algebra, to the

scalar flux

QX =
1

4π

∮

Drφ
6 . (6.30)

Using τ = x5 and the same relation (6.12) we find that this solution carries the hatted

charges:

P̂0 =
1

R
tr(ϕ0QM ) (6.31)

P̂4 =
v

R
tr(ϕ0QM ) (6.32)

P̂5 = ± 1

γR
tr(ϕ0QM )± 1

γ
tr(〈φ6〉QM ) (6.33)

Ẑ6
0 = 2 tr(〈φ6〉QM ) (6.34)

Ẑ6
4 = 2v tr(〈φ6〉QM ) . (6.35)

Again these charges are precisely of the form in (6.2) and reduce the the boosted 1/2 BPS

states when ϕ0 = 0. In addition requiring a discrete spectrum for P̂0 = n/R imposes the

quantization condition tr(ϕ0QM ) ∈ Z.

7 5D SYM and the (2, 0) superalgebra

There is an alternative way to view the 5D SYM theory and its relation to a theory in 5+1

dimensions using the construction given in [3] of a non-abelian system of equations that

furnish a representation of the 6D (2, 0) superalgebra. We will see that this gives the same

identification of the 6D Tµν in terms of currents of 5D SYM that we derived in section 2.

7.1 Derivation of 5D SYM from the (2, 0) superalgebra

Let us briefly review the construction of [3]. It contains 5 scalars ΦI
a, a sixteen-component

fermion ψa which satisfies Γ012345ψa = −ψa, a gauge field Aµ
a
b, a vector Cµ and a self-dual

three-form Hµνλ a:

Hµνλ a =
1

3!
ǫµνλωσρH

ωσρ
a . (7.1)

Here the index a refers to the fact that the fields take values in a Lie-algebra with structure

constants fabc. Note that the original paper [3] used a three-algebra and took Cµ to have a

3-algebra index. However that is not necessary and for simplicity we have dropped it here.

In particular we make the replacement Cµ
a fabcd → Cµf bcd in the formulae in [3], where

fabcd are the structure constants of a Lie 3-algebra.
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The supersymmetry transformations are:

δΦI
a = iǭΓIψa (7.2)

δψa = ΓµΓIǫDµΦ
I
a +

1

3!

1

2
ΓµνλǫH

µνλ
a − 1

2
ΓλΓ

IJǫCλΦI
cΦ

J
df

cd
a (7.3)

δHµνλ a = 3iǭΓ[µνDλ]ψa + iǭΓIΓµνλκC
κΦI

cψdf
cd

a (7.4)

δAµ
b
a = iǭΓµλC

λψdf
db

a (7.5)

δCµ = 0 , (7.6)

where ǭ = ǫTC with C = Γ0. These transformations close on-shell. In particular the

equations of motion are [3]:

0 = ΓµDµψa +ΦI
cC

νΓνΓ
Iψdf

cd
a (7.7)

0 = D2ΦI
a −

i

2
ψ̄cC

νΓνΓ
Iψdf

cd
a + CνCνΦ

J
cΦ

J
eΦ

I
ff

ef
df

cd
a (7.8)

0 = D[µHνλρ] a +
1

4
ǫµνλρσωC

σΦI
cD

ωΦI
df

cd
a +

i

8
ǫµνλρσωC

σψ̄cΓ
ωψdf

cd
a (7.9)

0 = Fµν
b
a − CλHµνλ df

db
a (7.10)

0 = DµC
ν (7.11)

0 = CρDρΦ
I
d = CρDρψd = CρDρHµνλ a . (7.12)

In all these equations Fµν
b
a is the field strength of the gauge connection Aµ

b
a which appears

in the covariant derivative Dµ which acts as, for example, DµΦ
I
a = ∂µΦ

I
a − Aµ

b
aΦ

I
b and

hence Fµν
b
a = ∂µAν

b
a−∂νAµ

b
a+Aµ

b
cAν

c
a−Aν

b
cAµ

c
a.

3 These equations admit conserved

currents [36] (including the 2π normalization of [23]):

1

2π
Θ̃µν = DµΦ

I
aDνΦ

Ia − 1

2
ηµνDλΦ

I
aD

λΦIa

+
1

4
ηµνC

λΦI
aΦ

J
cCλΦ

I
fΦ

J
e f

cdafef d +
1

4
Hµλρ aHν

λρ a

− i

2
ψ̄aΓµDνψ

a +
i

2
ηµνψ̄aΓ

λDλψ
a +

i

2
ηµνψ̄aC

λΦI
cΓλΓ

Iψdf
acd (7.13)

1

2π
S̃µ =

1

2

1

3!
Hνλρ aΓ

νλρΓµψa −DνΦ
I
aΓ

νΓIΓµψa − 1

2
CνΦI

cΦ
J
dΓνΓ

IJΓµψaf cda . (7.14)

Here and in what follows we use a tilde to denote quantities for this (2,0) field theory, to

distinguish them from the corresponding quantities for the (2,0) M5-brane world-volume

theory. The two theories are of course closely related, as discussed in [3, 36].

The field equation (7.11) imposes that Cµ is covariantly constant, so that the theory

has vacua with Cµ a constant vector and all other fields vanishing. The cases of spacelike

and null expectation values for Cµ were analysed in [3] and [36] respectively. For a constant

Cµ pointing in the x5 direction, the field equations imply that all fields are independent of

x5 and the theory becomes the SYM theory in 4+1 dimensions. In the null case, where we

introduce light-cone coordinates (x1, x2, x3, x4, x+, x−) and take Cµ along the x+ direction,

3This definition of F differs by a sign from that used in [3, 36].
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then the system reduces to one dimensional motion on the moduli space of an(anti-) self-

dual gauge field on (x1, . . . , x4) with x− playing the role of time.

Here we wish to consider the case where C is a timelike vector,

Cµ = g2δµ0 . (7.15)

In this case the fields must be time-independent and the theory reduces to a theory in 5

Euclidean dimensions. Let us introduce matrix-valued 5D fields φI = g2ΦI
aT

a, ψ = g2ψaT
a,

where [T a, T b] = ifabcT
c. In particular one finds Aµ

b
a = −Aµcf

cb
a and Fµν

b
a = −Fµνcf

cb
a.

The equations of motion are

0 = ΓiDiψ − iΓ0Γ
I [φI , ψ] (7.16)

0 = DiDiX
I +

1

2
[ψT ,ΓIψ] + [φJ , [φJ , φI ]] (7.17)

0 = D[iHjkl] −
i

4
ǫ0ijklm[φI , DmφI ] +

1

8
ǫ0ijklm[ψT ,Γ0Γ

mψ] (7.18)

0 = Fij + g2Hij0 , (7.19)

where it is understood that Fij now acts in the adjoint, i.e. Dµφ
I = ∂µφ

I − i[Aµ, φ
I ],

[Dµ, Dν ]φ
I = −i[Fµν , φ

I ]. Contracting the third equation with 1
3!ε

0ijkln and using the

fourth equation leads to

− 1

g2
DiF

in + i[φI , DnφI ]− 1

2
[ψT ,Γ0Γ

nψ] = 0 , (7.20)

as expected. In fact these are just the equations of motion that arise from the action (2.3).

Formally we can introduce the momenta and supercharges given by

Π̃µ =

∫

d5x Θ̃µ
0 , Q̃ =

∫

d5x S̃0 . (7.21)

We can then define a formal superalgebra obtained by the supersymmetry variation of the

supercharge

[ǫαQ̃α, Q̃β ] =

∫

d5x (δǫS̃0)β . (7.22)

This gives the superalgebra of [36]:

{Q̃α, Q̃β} = 2(ΓµC−1)αβΠ̃µ + (ΓµΓIC−1)αβZ̃I
µ + (ΓµνλΓIJC−1)αβZ̃IJ

µνλ . (7.23)

In particular, using the equations of motion, we find the following charges (setting the

fermions to zero):

Π̃0 =
2π

g4
tr

∫

d5x
1

4
FijF

ij +
1

2
Diφ

IDiφI − 1

4
[φI , φJ ]2 (7.24)

Π̃i = − 2π

8g4
tr

∫

d5x ε0ijklmF
jkF lm , (7.25)
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and the central charges are

Z̃I
0 = 0 (7.26)

Z̃I
i =

4π

g4
tr

∫

d5x Dj(Fijφ
I) (7.27)

Z̃IJ
0ij = − 2π

3g4
tr

∫

d5x
i

4
Fij [φ

I , φJ ] +D[iφ
IDj]φ

J (7.28)

Z̃IJ
klm = − 2πi

4!g4
ε0klmij tr

∫

d5x F ij [φI , φJ ] . (7.29)

However, for a timelike Cµ, the fields are all independent of time on-shell, so that it would

be problematic to regard this as a Poisson bracket algebra in the usual dynamical sense.

Nevertheless the energy momentum tensor Θ̃µν agrees with the expressions found above

for 5D SYM, up to a factor of 2π/g2 = 1/2πR:

Θ̃ij =
1

2πR
Θij Θ̃0i =

1

2πR
Ji Θ̃00 =

1

2πR
H . (7.30)

7.2 Pµ and ZI
µ for the BPS states

We would now like to investigate the physical interpretation of Π̃µ. The Π̃µ are not asso-

ciated with a canonical formulation but rather are simply evaluated as integrals over all

space and time. Nevertheless, at the level of classical solutions, the results of the previous

section suggest that Π̃µ are related to the momenta of the (2,0) theory, quantized using

Lorentzian time using (7.31). In particular, following the interpretation of Θij , Ji and H

as Fourier zero-modes of Tµν , from (7.30) we identify

Θ̃µν =
1

2πR

∫

dt Tµν . (7.31)

We also assume a similar relation for the central charges

Z̃I
µ =

1

2πR

∫

dtZI
µ Z̃IJ

µνλ =
1

2πR

∫

dtZIJ
µνλ . (7.32)

Let us see what this leads to for the various solutions that we constructed in sections 5

and 6.

First we consider the null momentum mode arising from an (anti-)self-dual gauge field

in the (x1, x2, x3, x4)-plane. If we assume the associated state in the (2, 0) theory depends

only on xa, a = 1, 2, . . . , , 4 and x5 ± t, we find the momenta are given by

P0 =

∫

d4xdx5 T0
0 =

∫

d4xdtT0
0 = 2πR

∫

d4xΘ̃0
0 , (7.33)

P5 =

∫

d4xdx5 T5
0 =

∫

d4xdt T5
0 = 2πR

∫

d4xΘ̃5
0 . (7.34)

This leads to

P 0 =
|n|
R

P5 = − n

R
. (7.35)

in agreement with the discussion in section 5.1.
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Next we look at the 1/2 BPS string ground states which consist of singular electric

states extended along x5. As before the charges per unit length are singular but satisfy

P 0 =
1

2

∣

∣Z6
5

∣

∣ . (7.36)

These are abelian solutions and hence one can use the known abelian (2,0) theory to

compute their energy and charges per unit length. In the appendix we give a further

analysis of the divergence to support the claim that these states correspond to semi-infinite

M2-branes that intersect the M5-branes along a string-like defect.

Next consider the 1/4 BPS string states carrying P5 momentum corresponding to

smooth dyonic instantons. As with the null momentum mode we assume that the associated

state in the (2, 0) theory depends on xa, a = 1, 2, . . . , , 4 and x5± t. A similar argument to

that for the pure instanton above again leads to the relations (7.33) and (7.34) and hence

we find the charges

P 0 = |P5|+
1

2

∣

∣Z6
5

∣

∣ (7.37)

P5 = − n

R
(7.38)

Z6
5 = −2 tr(〈φ6〉QE) . (7.39)

Let us now look at the boosted solutions. Since these have been discussed in detail

in the preceding section from the point of view of the hatted charges we will be brief here

and simply look at the 1/4 BPS states as the 1/2 BPS cases arise as special cases when

tr(ϕ0QM ) = 0. The corresponding 5+1 dimensional states are taken to be functions of

x1, x2, x2 and x4 + vt. For these solutions the momenta per unit length can be evaluated

as in (6.12):

Pµ =

∫

d3xdx4Tµ
0 = |v|

∫

d3xdtTµ
0 = 2πR|v|

∫

d3xΘ̃µ
0 (7.40)

where the integral is only evaluated over x1, x2, x3. Similarly for the central charges. This

results in the charges per unit length

P 0 = γ

(

|P5|+
1

2

∣

∣Z6
5

∣

∣

)

(7.41)

P4 = vγ

(

|P5|+
1

2

∣

∣Z6
5

∣

∣

)

(7.42)

P5 = − 1

2πR2
tr(ϕ0QM ) (7.43)

Z6
5 = ∓ 1

πR

∣

∣tr(〈φ6〉QM )
∣

∣ . (7.44)

The absolute value signs arise because one can deduce the bounds ∓vγ tr(〈φ6〉QM ) ≥ 0

and ±vγ tr(ϕ0QM ) ≥ 0 by evaluating the inequality tr
∫

(Dφ6 + ζDF )2 ≥ 0 for arbitrary

ζ ∈ R.

We now consider further the physical interpretation of these solutions. We have con-

sidered two quantizations of the (2,0) theory. One is the standard quantization using the

usual time dimension and the other is a quantization using a Euclidean time dimension.
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These are closely related as they are obtained from each other using a double Wick rotation.

We can consider such a transformation of the theory in 6D Minkowski space but also when

compactified on a Lorentzian torus, with both time and Euclidean time periodic with peri-

ods 2πR and 2πR′ respectively. Furthermore, any supersymmetric classical solution that is

compatible with the boundary conditions appropriate for both quantizations should lead to

a BPS state in both quantum theories. In particular, string states whose world-sheets wrap

both time and Euclidean time should be mapped to each other. Therefore it is natural to

expect that at least some classes of solutions in 5D Euclidean SYM, which as we have dis-

cussed can be interpreted as states in the Euclidean time quantization of the (2,0) theory,

can also be interpreted as states in the standard Lorentzian quantization of the (2,0) theory.

The usual quantization features the Pµ charges whereas the Euclidean time quantiza-

tion involves the P̂µ charges. If we examine the Pµ charges of the BPS states given above

we see that they give what one would expect from those of the 5+1 dimensional (2,0)

theory, compactified on a spacelike circle of radius R = g2/4π2. In particular P5 is discrete

and the boosted solutions are compatible with the expected SO(1, 4) Lorentz symmetry of

a 5+1 dimensional theory compactified on a spacelike circle. Therefore our results suggest

that 5D SYM can also describe some states and momenta of the (2,0) theory with non-

compact time but compactified but on a spacelike circle (which in turn is described by 4+1

dimensional SYM).

One might view this as a Lorentzian analogue of S-duality in the following way. First

consider the familiar example of the (2,0) theory compactified on a Euclidean torus to 3+1

dimensional SYM, where the coupling constant and theta-angle give the modular parameter

of the torus. Weak coupling corresponds to a degeneration where one torus direction

decompactifies compared to the other. However, modular symmetry of the torus relates

this to the opposite picture where the other radius is large, leading to strongly coupled

3+1 dimensional SYM. Thus modular symmetry leads S-duality of 3+1 dimensional SYM,

exchanging weak and strong coupling expansions of the same theory. One also expects

S-duality to hold for the (2,0) theory on a finite-sized torus, corresponding to a symmetry

of 4+1 dimensional SYM on a circle of finite radius that relates Kaluza-Klein modes to

solitons. Next consider the (2,0) theory on a Lorentzian torus with periods 2πR and 2πR′

for time and Euclidean time respectively. This gives a 4D Euclidean SYM with R-symmetry

SO(5, 1) coupled to a tower of Kaluza-Klein modes. The modulus of the torus now lives

in the coset space SL(2,R)/SO(1, 1). The symmetry under large diffeomorphisms of the

torus give rise to an SL(2,Z) S-duality symmetry of the 4D SYM, relating weak and strong

coupling. In the limit where one circle decompactifies (and the other does not) it is natural

to quantize the theory using that direction as ‘time’ regardless of whether it is Euclidean

or Lorentzian. Depending on the signature of this ‘time’ direction one either finds 5D SYM

or 4+1-SYM. Thus in this sense a certain sector of states in these two theories are related

by Lorentzian SL(2,Z) transformations.

In particular we see that the double Wick rotation discussed above takes states of the

Euclidean 5D SYM with coupling g2 = 4π2R compactified on a spacelike circle of radius

2πR′ (corresponding to the Euclidean quantization of the (2,0) theory compactified on a

Lorentzian torus) to states of Lorentzian 5D SYM with coupling g2 = 4π2R compactified

– 29 –



J
H
E
P
0
6
(
2
0
1
4
)
0
1
6

on a timelike circle of radius 2πR′ (corresponding to the Lorentzian quantization of the

(2,0) theory on a Lorentzian torus). The results of this section then provide evidence for

this relation in the limit R′ → ∞.

8 M-theory, branes and time

SYM in 4+1 dimensions (with higher derivative corrections) arises as the worldvolume

theory for a stack of D4-branes in the IIA string, with Yang-Mills coupling given by

g2 = (2π)2α′1/2gs , (8.1)

with gs the string coupling, so that going to strong-coupling in the SYM theory necessarily

involves going to strong coupling in the IIA string theory. At strong coupling, the IIA

string becomes 11D M-theory compactified on a spatial circle of radius

R = α′1/2gs , (8.2)

and the D4-branes become M5-branes wrapped on the M-theory circle. This implies that

the strong coupling limit of the D4-brane worldvolume theory becomes the M5-brane world-

volume theory at strong coupling, compactified on a circle or radius

R =
g2

4π2
, (8.3)

which of course agrees with the relation (3.8) obtained earlier. The M5-brane theory has

higher derivative couplings, but has a decoupling limit giving the (2,0) superconformal field

theory in 5+1 dimensions.

The conjecture that the strong coupling limit of the IIA string is 11-dimensional M-

theory then implies that the D4-brane worldvolume theory must gain an extra dimension

at strong coupling, and conversely the conjecture that the 4+1 SYM gains an extra dimen-

sion at strong coupling would imply that the IIA string theory too should gain an extra

dimension. In this section we discuss the corresponding situation for Euclidean theories

and extra time dimensions.

Timelike dimensional reduction of 11-dimensional supergravity gives a supergravity

in 10 Euclidean dimensions, the IIAE theory of [2]. There are many problematic issues

concerning quantum theories with periodic time, some of which are discussed in [1, 2] and

references therein. If we assume that it makes sense to put M-theory on a timelike circle,

then for small radius this formally defines a string theory in 10 Euclidean dimensions with

coupling constant given in terms of the radius by (8.2). This is the IIAE string theory

of [2] with fundamental branes with 2 Euclidean dimensions (from wrapping M2 branes on

time) and with a field theory limit given by the IIAE supergravity. A stack of M5-branes,

with 5+1 dimensional worldvolume, necessarily wrap the compact time dimension and give

a stack of branes of the IIAE theory with 5 Euclidean dimensions, the E5 branes [37]. The

M5-brane worldvolume theory reduces to a Euclidean 5D SYM theory on the E5 branes,

and this is precisely the SYM theory considered here [20]. The SYM coupling constant is

again given in terms of the radius by (8.3).
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It was conjectured in [2] that the strong coupling limit of the IIAE theory is given

by M-theory on a timelike circle, as suggested by the construction above. In particular,

it has supersymmetric states corresponding to the Kaluza-Klein modes of M-theory on

a timelike circle. The strong string coupling limit implies a strong coupling limit of the

E5 brane worldvolume SYM theory. As the E5 branes of the IIAE theory become M5-

branes wrapped on the timelike circle at strong string coupling, this implies that the strong

coupling limit of the Euclidean SYM theory on the E5 branes must be the (2,0) M5-brane

worldvolume theory on a timelike circle. Conversely, the conjecture that the strong coupling

limit of the 5D Euclidean SYM is (2,0) theory on a timelike circle provides strong evidence

for the strong coupling limit of the IIAE string theory being M-theory on a timelike circle.

Much of the discussion of the Euclidean SYM in this paper also applies to the IIAE

theory. The IIAE theory is an analytic continuation of the usual IIA theory, and they

are both formally governed by the same Euclidean path integral. The fact that the IIA

theory gains an extra dimension at strong coupling implies that the IIAE theory should

also gain an extra dimension, and supersymmetry fixes this to be timelike. The Euclidean

IIAE theory can be quantized using one dimension (x9 say) as a Euclidean time, with

corresponding ‘hatted’ charges that are conserved with respect to the Euclidean time. At

strong coupling, this should match with M-theory on a timelike circle, in a Euclidean time

quantization using x9 as the canonical variable.

9 Discussion

In this paper we have conjectured that the maximally supersymmetric Euclidean 5 dimen-

sional Yang-Mills theory (with UV completion) should be identified with the (2,0) theory

compactified on a timelike circle of radius

R =
g2

4π2
. (9.1)

We have provided evidence for this by examining its superalgebra and matching BPS

solutions in 5D with BPS states in 5+1 dimensions, including states that arise from Lorentz

and conformal transformations of the 6D theory. We also argued that some of the 5D

classical solutions we found can also be identified with states of the (2,0) theory with

non-compact time but compactified on a spacelike circle.

9.1 Quantizations

A given classical theory can admit different inequivalent quantizations. In the case of a Eu-

clidean field theory, there are a number of approaches to quantization. We consider some of

them now, and discuss their relationship to one another and their implications for 5D SYM.

1) There is a quantization where we choose a Euclidean ‘time’ (τ) and follow the canon-

ical quantization for this choice of time. In this approach, there are τ -conserved

hatted charges for configurations falling off in the directions transverse to this choice

of ‘time’, and in this approach we have evidence that there is a compact time emerging

for 5D SYM.
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In principle there is a different quantum theory for each choice of τ , with each fo-

cussing on configurations with boundary conditions aligned to that choice of τ . How-

ever, all give the same picture and the same radius for the extra dimension. In

standard canonical quantization in 4+1, SO(4,1) is broken to SO(4) by choosing a

time and a corresponding set of boundary conditions, and then it is non-trivial to

show that the quantum theory is in fact SO(4,1) Lorentz covariant. For 5D SYM in

5+0, choosing a Euclidean ‘time’ (τ) breaks SO(5) to SO(4). A key question is then

whether the resulting quantum theory is in fact SO(5) covariant. A related ques-

tion is whether this approach can incorporate states that do not obey the boundary

conditions adapted to τ considered earlier.

2) Path integral quantization as conventionally defined involves a time-slicing of paths

in Minkowski space, or a slicing with respect to a Euclidean time for a Euclidean

path integral. It is this slicing that gives rise to the canonical commutation relations

at fixed time or Euclidean time, recovering the canonical approach.

3) Formally, the path integral might be thought of as generating Euclidean space correla-

tion functions, calculated in perturbation theory in terms of Euclidean space Feynman

diagrams. The perturbative quantum theory might be thought of as being defined by

these correlation functions, which will be SO(5) covariant and are independent of any

choice of Euclidean time. As discussed earlier, this is defined by analytically continu-

ing φI → −iφI to give a positive bosonic Euclidean action, the same as that used for

quantizing 4+1 SYM. The same path integral would then have different continuations

back to results for 4+1 SYM and for 5+0 SYM. The path integral appears to involve

no explicit choice of Euclidean time (although there is a possibility that this might

enter in the continuation back to the real section). For the 4+1 theory, we expect an

extra dimension to emerge at strong coupling, and the correlation functions from the

Euclidean path integral should be consistent with this. For the 5+0 theory, we have

the same Euclidean correlation functions and so these too should be consistent with

the emergence of an extra dimension. On continuation back to the real section, we

expect to find a theory in 5+1 dimensions in both cases. The results of this approach

seem to be consistent with the Euclidean time canonical quantization.

Note that a similar path integral emerges in considering the 5+1 (2,0) theory at finite

temperature. In that case one considers the Euclidean theory on R
5 × S1, with a

thermal circle with radius given by the inverse temperature in the usual way. The

standard partition function involves anti-periodic fermions which break supersymme-

try, but the insertion of (−1)F gives an index-like quantity. Such path integrals with

R
5 replaced by e.g. an S5 have been considered in [38–40].

4) Another approach is to dimensionally reduce a quantum theory in 5+1 dimensions

on a time dimension. One starts from the conventional canonical quantization in

5+1 dimensions with real time and physical charges. This involves choosing a time

direction, breaking Lorentz symmetry down to SO(5). One focusses on the subsector

of time-independent operators and uses the commutation relations from the 5+1
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canonical approach. This gives a 5-D Euclidean quantum theory. In this picture,

states in 5D are naturally associated with time-independent states or states that

have been smeared over time. For example a static 1-brane in 5+1 dimensions is

time-independent and reduces to an E1-brane in 5-D. Massless states moving in the

x5 direction in 5+1 dimensions are represented by fields depending on t−x5 but not

t+x5. Smearing over time gives fields independent of t and also independent of x5, and

reducing to 5D gives an E1-brane in the x5 direction. This could be applied to the 5+1

dimensional field theory in section 7, and the charges Π̃ etc seem to play a natural role

here. This could equally be applied in principle to the (2,0) M5 brane theory, and the

corresponding charges Πµ appear to be closely related to the Π̃µ arising in section 7.

5) A related approach is to regard the Euclidean 5D theory as the theory in 5+1 di-

mensions of section 7 with a spacelike vector C, and to use a conventional canonical

quantisation in 5+1 dimensions. Then Euclidean correlations arising from the 5D

SYM are interpreted as giving 6D correlation functions at fixed energy and momenta

specified by Π̃µ.

9.2 Other variants of the theory

As discussed in section 1, there are 2 Euclidean SYM theories in 5 dimensions. We have

proposed that the one with SO(5) R-symmetry is to be identified with the (2,0) theory on

a timelike circle. This, however, leaves the question of what the strong coupling limit of

the SYM with SO(4, 1) R-symmetry might be. There is in fact another supersymmetric

(2,0) theory in 5+1 dimensions, but with R-symmetry SO(4, 1) instead of SO(5) [20], and

this compactified on a timelike circle is the natural strong coupling dual. Note that this

theory in 5+1 dimensions is non-unitary, due to the non-compact R-symmetry. This and

related dualities follow from the dualities and relations found in [1, 2, 20, 37]. In 5 di-

mensions, there are SYM theories in signature 4+1 with R-symmetry SO(5) or SO(4,1), in

signature 5+0 with R-symmetry SO(5) or SO(4, 1) and in signature 3+2 with R-symmetry

SO(3, 2). In 6 dimensions, there are theories with (2,0) symmetry in signature 5+1 with

R-symmetry SO(5) or SO(4, 1), and in signature 3+3 with R-symmetry SO(3, 2) [20]. The

origins of these as world-volume theories of branes are given in [20], and these immediately

give the formal strong coupling limits of the various SYM theories. The SYM theory in

signature 4+1 with R-symmetry SO(4,1) is dual to the (2,0) theory in signature 5+1 with

R-symmetry SO(4, 1) compactified on a space like circle, while SYM in signature 3+2 with

R-symmetry SO(3, 2) is dual to the (2,0) theory in 3+3 dimensions, compactified on a circle.
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A Comments on the tension of singular string solitons

In this appendix we give some additional details on the singular BPS solutions discussed

in section 5.2. Since the solutions are abelian we may first consider the case of a single

M5-brane. The solution takes the form [27]

H05i = ±∂iΦ6 Hijk = ∓ε05ijkl∂lΦ6 Φ6 = 〈Φ6〉 − QE

4π2r2
, (A.1)

where QE is required to be an integer. In terms of the fields of 5D SYM (φI = g2ΦI ,

Fij = g2H0ij) this solution is

F5i = ±∂iφ6 φ6 = 〈φ6〉 − g2QE

4π2r2
, (A.2)

in agreement with (5.8). We may evaluate the energy per unit length along x5 using the

abelian energy-momentum tensor (2.11):

P 0 =

∫

d4xT
(abelian)
00

= 2π

∫

d4x
Q2

E

(2π2)2r6

=
Q2

E

π

∫

∞

ǫ

dr

r3

=
Q2

E

2πǫ2
. (A.3)

Here, as in [28], we have introduced a cut-off at r = ǫ to regulate the divergence. We can

physically interpret the cut-off by noting that

〈Φ6〉 − Φ6(ǫ) =
1

4π2ǫ2
QE , (A.4)

and hence

P 0 = 2πQE(〈Φ6〉 − Φ6(ǫ)) . (A.5)

To proceed, we need to find the normalization of the six dimensional scalar fields ΦI

in terms of the physical coordinates xI of 11-dimensional spacetime that are transverse

to the M5-brane (I, J = 6, 7, 8, 9, 10). In particular, while the ΦI have mass dimension

two the coordinates xI have mass dimension minus one. To this end, let us compare the

scalar contribution to the energy-momentum tensor (2.11) with that which arises from a

Nambu-Goto action for the M5-brane

SNG = −TM5

∫

d6x
√

− det(ηµν + ∂µXI∂νXI)

= TM5

∫

d6x

(

−1 +
1

2
∂µX

I∂µXI + . . .

)

, (A.6)

where XI are the transverse embedding coordinates of the M5-brane in static gauge (i.e.

Xµ = xµ, µ = 0, 1, 2, . . . , 5). Comparing with (2.11) we see that ΦI =
√

TM5/2πX
I . Since
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TM5 = 1
2π (TM2)

2 we find ΦI = TM2X
I/2π and hence the mass per unit length can be

written as

P 0 = TM2QE(〈X6〉 −X6(ǫ)) . (A.7)

For a single self-dual string we have QE = 1 and hence the divergent energy per unit length

is in agreement with the area of a semi-infinite M2-brane that stretches from the M5-brane

located at x6 = 〈X6〉 all the way out to x6 = X6(ǫ) → ∞. This provides an alternative

justification to [23] for the 2π in the (2, 0) energy momentum tensor (2.11).

Let us now look at the related solutions (5.8) of 5D SYM and interpret them following

section 7 as static states of the (2,0) theory on a spacelike circle of radius R but with

non-compact time. Since these are static solutions, the energy obtained from (7.31) will

diverge due to the integral over time. To regulate this we can also make time periodic with

period 2πR′. In this case one finds from (7.31) that, for static solutions,

P 0 =

∫

d5xT 00

=
2πR

2πR′

∫

d5xΘ̃00 . (A.8)

According to the discussion at the end of section 7 compactifying time corresponds to

making x5 periodic in 5D SYM with period 2πR′. Evaluating the integral now leads to

P 0 = 2πRTM2tr(QE(〈X6〉 −X6(ǫ))) . (A.9)

Just as in the abelian case discussed above this is in agreement with that of semi-infinite

strings that have been wrapped on a spatial circle of radius R.
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