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Time-delay interferometry (TDI) is a data processing technique for space-based gravitational-wave
detectors to create laser-noise-free equal-optical-path-length interferometers virtually on the ground. It
relies on the interspacecraft signal propagation delays, which are delivered by intersatellite ranging
monitors. Also, onboard signal propagation and processing delays have a non-negligible impact on the TDI
combinations. However, these onboard delays were only partially considered in previous TDI-related
research; onboard optical path lengths have been neglected. In this paper, we study onboard optical path
lengths in TDI. We derive analytical models for their coupling to the second-generation TDI Michelson
combinations and verify these models numerically. Furthermore, we derive a compensation scheme for
onboard optical path lengths in TDI and validate its performance via numerical simulations.
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I. INTRODUCTION

The Laser Interferometer Space Antenna (LISA) is a future
space-based gravitational-wave detector with a sensitive
detection bandwidth between 0.1 mHz and 1 Hz [1]. It
consists of three spacecraft (SC) on heliocentric orbits span-
ning a triangular configuration with an arm length of about
2.5 Gm. Gravitational waves cause picometer arm-length
variations in the LISA constellation, which are detected via
laser interferometry in interspacecraft interferometers (ISIs).
Each SC contains two lasers with a nominal wavelength

of 1064 nm. They are sent to the other two SC to set up six
laser links between the three LISA satellites. The Doppler
shifts due to the relative SC motion necessitate heterodyne
interferometry between received and local lasers in the ISI.
The corresponding beatnotes are detected with quadrant
photoreceivers (QPRs),1 followed by phase extraction

using digital phasemeters [3]. The picometer arm-length
variations due to gravitational waves manifest as micro-
cycle phase fluctuations in the ISI beatnotes, which defines
the target sensitivity.
However, laser frequency noise exceeds this target

sensitivity by more than 8 orders of magnitude. This led
to the development of time-delay interferometry (TDI),
which is an on-ground data processing technique to
mitigate laser frequency noise [4–6]. TDI relies on mea-
surements of the interspacecraft signal propagation delays
(interspacecraft ranging) [7,8] to compose equal-optical-
path-length interferometers from the LISA interferometric
measurements. These TDI combinations naturally cancel
laser frequency noise.
Each SC houses two free-falling test masses [9,10].2

They are decoupled from the optical benches (OBs) and,
thus, from the ISIs, which measure distance variations
between local and distant OBs. From the perspective of
TDI, the test masses can be considered as the start and end
points of the intersatellite laser links. The above-mentioned
TDI combinations are defined between the test masses,
which act as free-falling mirrors in the virtual interferom-
eters. Hence, TDI requires measurements of the interspace-
craft-test-mass-to-test-mass separations as building blocks
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1The six lasers are offset frequency locked to each other
according to a predetermined frequency plan [2]. This constrains
the beatnote frequencies in the sensitive QPR detection bandwidth
(5–25 MHz), thus counteracting time-varying Doppler shifts.

2To be precise, the test masses are free-falling only along the
respective intersatellite axes. In the other directions, electrostatic
forces are applied to keep them stable.
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for the virtual equal-optical-path-length interferometers.
This necessitates further interferometers to measure the
OB motion with respect to the free-falling test masses: The
test-mass interferometer (TMI) and the reference interfer-
ometer (RFI). These interferometers utilize the two lasers
onboard the same spacecraft, whose beams are exchanged
between the two OBs using an optical fiber. Within the
framework of TDI, we combine ISI, TMI, and RFI
beatnotes to set up the measurements of the interspace-
craft-test-mass-to-test-mass separations [11]. Usually, this
step is referred to as the removal of the OB jitter.
Apart from interspacecraft signal propagation delays,

also delays due to onboard signal propagation and process-
ing emerge in the TDI combinations. However, these
onboard delays were mostly neglected or only partially
considered in previous TDI-related research. Onboard
delays can be grouped into two categories: (1) Onboard
delays that occur after the combining beam splitters (BSs)
at the different interferometers are common to both
interfering beams, e.g., electronic delays in the QPRs
and signal processing delays in the phasemeter. A detailed
investigation of common onboard delays can be found
in [12,13]. (2) Onboard delays before the combining BSs

differ between both interfering beams. These are onboard
optical path lengths (OOPLs) between the laser sources and
the combining BSs (see Fig. 1). Reference [14] suggests a
compensation method for OOPLs in the ISI but neglects
TMI and RFI. However, the OOPLs in TMI and RFI are
expected to dominate due to the potentially several meters
long fiber backlink. If uncompensated, they cause residual
laser noise in the TDI combinations. While previous
research established models for the coupling of ISI
OOPLs in TDI, where they act as ranging biases [15,16],
we lack such models for the coupling of TMI and
RFI OOPLs.
This paper studies the TDI coupling of OOPLs in all

interferometers. In Sec. II, we introduce delay and advance-
ment operators for OOPLs. This allows us to express the
LISA beatnotes, including OOPLs. In Sec. III, we derive a
compensation scheme for OOPLs, which includes the OOPL
delay and advancement operators in the TDI processing
steps. We derive analytical models for the TDI coupling of
OOPLs in Sec. IV. We numerically implement the OOPL
compensation scheme and demonstrate its performance in
Sec. V, where we further compare the numerical results with
the analytical models. We conclude in Sec. VI.
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FIG. 1. We trace laser 12 (red arrows) to the local and to the distant ISI, where it interferes with the distant laser 21 (yellow arrows) to
form beatnotes (orange dashed arrows). We further trace laser 12 to the local TMI and RFI and to the adjacent TMI and RFI, where it
interferes with the adjacent laser 13 (blue arrows) to form beatnotes (purple dashed arrows). The reference point is the BS dividing
outgoing and local beams (BS 1 according to the notation in [17]). The OOPLs from BS 1 to the combining BSs at the local, adjacent,
and distant interferometers are highlighted pink, light blue, and green, respectively.
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II. LISA BEATNOTES WITH ONBOARD
OPTICAL PATH LENGTHS

A. Brief summary of the LISA payload

Each SC contains two movable optical subassemblies
(MOSAs), which are oriented toward the other two SC of
the constellation (the labeling conventions are summarized
in Fig. 2). Each MOSA has a laser, which is fiber fed to an
OB made of Zerodur. From there, the laser is transmitted to
the distant SC via a telescope and to the adjacent MOSAvia
an optical fiber (the backlink). On the OB itself, the laser
serves as a local oscillator in three heterodyne interferom-
eters: The ISI interferes the local beam with the beam
received from the distant SC; the TMI and the RFI interfere
the local beam with the beam received from the adjacent
MOSA. Before interference in the TMI, the local beam is
reflected off a free-falling cubic gold-platinum test mass
along the intersatellite axis.

B. Delay operators

We neglect clock desynchronizations [19] and express all
quantities in terms of a virtual LISA constellation time τ.
Following the notation of [20], we write the frequency of
laser ij in terms of its offset Oij from the nominal laser
frequency ν0 and laser frequency noise ṗij,

νijðτÞ ¼ ν0 þOijðτÞ þ ṗijðτÞ: ð1Þ

This frequency is defined at the laser source. To model the
LISA beatnotes, we must compare the beam frequencies at

the combining BSs of the different interferometers. This
requires the concept of delay operators.
The interspacecraft delay operator Dij delays the time

argument of the beam phase Φji by the intersatellite signal
propagation time3 to SC i from SC j, denoted dij,

DijΦjiðτÞ ¼ Φjiðτ − dijðτÞÞ: ð2Þ

Here, we express the LISA beatnotes in frequency, i.e., we
must take the time derivative of Eq. (2),

ḊijνjiðτÞ ≔
�
1 − ḋijðτÞ

�
νjiðτ − dijðτÞÞ; ð3Þ

where Ḋij denotes the Doppler-delay operator [18].
In addition to interspacecraft signal propagation delays,

we must consider delays due to onboard signal propagation
and processing. We briefly revisit our categorization of
onboard delays from Sec. I: (1) Onboard delays occurring
after the combining BSs are common to both interfering
beams. We here neglect common onboard delays. They can
be compensated by time shifting the beatnotes in an initial
data treatment [12]. (2) Onboard delays occurring before
the combining BSs differ between both interfering beams.
These are delays due to OOPLs between the laser sources
and the combining BSs (see Fig. 1). They are the subject of
this paper. Below, we neglect the conversion between
optical path lengths and the associated optical delays
and use these terms interchangeably.
To express the LISA beatnotes, including OOPLs, we

introduce the onboard delay operator for OOPLs,

Ḋbeam
ifo νijðτÞ ¼ ð1 − ḋbeamifo Þνijðτ − dbeamifo Þ

≈ νijðτ − dbeamifo Þ≕Dbeam
ifo νijðτÞ; ð4Þ

where “ifo” is a placeholder for the target interferometer.
Thus, it takes on the symbols isi, tmi, and rfi. “Beam” is a
placeholder for the particular beam. It distinguishes
between local, adjacent, and distant beams denoted by
loc, adj, and dist. We consider OOPLs constant at the scales
applicable for laser noise suppression and neglect the
associated Doppler terms.4

For a constant delay operatorDx we define the associated
advancement operator Ax, which acts as its inverse,

AxνijðτÞ ≔ νijðτ þ xÞ; ð5Þ

FIG. 2. LISA labeling conventions (from [18]). The SC are
labeled clockwise. The MOSAs and associated building blocks
(lasers, interferometers, etc.) are labeled with two indices: The
first one denotes the SC they are located on, the second one the
SC they are facing. Left-handed MOSAs are labeled 12, 23, 31.
Right-handed MOSAs are labeled 13, 32, 21. Delays are labeled
according to the MOSA in which they can be measured, e.g., the
delay of the beam received by SC 1 from SC 2 is labeled D12.

3To decouple interspacecraft signal propagation delays from
onboard delays, we define dij between the polarizing beam
splitters (PBSs) in front of the telescopes on the receiving and
emitting SC (see Fig. 1) [14].

4In principle, longitudinal OB jitter can be regarded as a
time-varying OOPL. However, its magnitude in the order of
1–10 nmHz−0.5 [21] is completely negligible in the context of
laser frequency noise suppression.
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AxDxνijðτÞ ¼ νijðτ − xþ xÞ ¼ νijðτÞ; ð6Þ

where x is a placeholder for the concrete delay.

C. LISA beatnotes with onboard optical delays

Each laser enters six interferometers: the ISI, TMI, and
RFI on the local MOSA, the TMI and RFI on the adjacent
MOSA, and the ISI on the distant MOSA. The OOPL delay
operator [see Eq. (4)] allows us to write the LISA beatnotes,
including the OOPLs between the laser sources and the
combining BSs at these interferometers (see Fig. 1),

isiij ¼ Din
isiḊijDout

isi νji −Dloc
isi νij þ Ṅisi

ij ; ð7Þ

tmiij ¼ Dadj
tmiνik −Dloc

tmiνij þ Ṅtmi
ij ; ð8Þ

rfiij ¼ Dadj
rfi νik −Dloc

rfi νij þ Ṅrfi
ij ; ð9Þ

Dout
isi and Din

isi denote the OOPLs of the distant beam on the
distant and local SC, respectively. Laser frequency noise
ṗij is included in the laser frequency [see Eq. (1)]. All other
noises are summarized in Ṅifo

ij .
Like the individual laser frequencies, the LISA beatnotes

can be decomposed into large offsets and small fluctua-
tions. We want to study laser frequency noise cancellation
in the presence of OOPLs, so we focus on the latter and
write Eqs. (7)–(9) as

isiij ¼ Din
isiḊijDout

isi ṗji −Dloc
isi ṗij; ð10Þ

tmiij ¼ Dadj
tmiṗik −Dloc

tmiṗij; ð11Þ

rfiij ¼ Dadj
rfi ṗik − Dloc

rfi ṗij; ð12Þ

where we dropped the noise terms Ṅifo
ij for the ease of

notation. We can commute Ḋij and Din
isi, since

Din
isiḊijṗðτÞ
¼

�
1 − ḋijðτ − dinisiÞ

�
ṗ
�
τ − dinisi − dijðτ − dinisiÞ

�
≈
�
1 − ḋij þ d̈ij · dinisi

�
ṗ
�
τ − dinisi − dij þ ḋij · dinisi

�
≈
�
1 − ḋijðτÞ

�
ṗðτ − dinisi − dijðτÞÞ

¼ ḊijDin
isiṗðτÞ; ð13Þ

where we applied the following approximations (consid-
ering ESA orbits [22]):

c · ḋij · dinisi ⪅ 10 ms−1 · 10 ns ¼ 0.1 μm; ð14Þ

c · d̈ij · dinisi ⪅ 10 μms−2 · 10 ns ¼ 0.1 pm s−1: ð15Þ

These terms are negligible considering the achievable milli-
meter accuracy for intersatellite ranging [14]. Hence, we can
write

isiij ¼ ḊijDdist
isi ṗji −Dloc

isi ṗij; ð16Þ

Ddist
isi ≔ Din

isiD
out
isi : ð17Þ

In summary, we need to consider six OOPLs: Dloc
isi , D

dist
isi ,

Dloc
tmi, D

adj
tmi, D

loc
rfi , and Dadj

rfi . Their current design values can
be roughly estimated from [17]; we list these estimates in
the first column of Table I. We expect manufacturing
asymmetries in the order of 10–100 μm. However, their
impact is negligible across the LISA band (see
Appendix A). Hence, OOPLs are well determined by their
design values. Consequently, we neglect manufacturing
asymmetries in the notation, i.e., we do not specify MOSA
indices for OOPL delay and advancement operators.

III. TIME-DELAY INTERFEROMETRY
WITH ONBOARD OPTICAL DELAYS

A. Brief review of time-delay interferometry

TDI is an on-ground data processing technique for LISA.
It time shifts and linearly combines the various interfero-
metric measurements to construct virtual equal-optical-path-
length interferometers between the six free-falling test
masses. Thus, it mitigates laser frequency noise and OB
jitter along the sensitive axis (longitudinal OB jitter). The
core5 TDI algorithm can be divided into three steps [11]:
(1) ISI, TMI, and RFI beatnotes are combined to set up

measurements for the interspacecraft-test-mass-to-
test-mass separations according to the split interfer-
ometry concept. These measurements are free of
longitudinal OB jitter. They are called the interme-
diary TDI ξ variables and are given by

TABLE I. First column: OOPLs as estimated from [17] under
the assumption of a 10 m fiber length. Second column: a set of
OOPLs fulfilling the OB design guideline given by Eq. (28).

Current OB design (m) Matched OB design (m)

dlocisi 0.31 0.31
ddistisi 0.59 0.59
dloctmi 0.41 0.41

dadjtmi
10.71 10.71

dlocrfi 0.36 0.36

dadjrfi
10.64 10.66

5There are additional processing steps to suppress further noise
sources not considered here, notably tilt-to-length couplings [23]
and clock-related noise [24].
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ξij ¼ isiij þ
rfiij − tmiij

2
þ Ḋij

rfiji − tmiji
2

: ð18Þ

The ISI measures distance variations between local
and distant OBs. The differences between RFI and
TMI beatnotes constitute measurements of the OB
versus test-mass motion on the local and distant SC,
respectively.

(2) The RFI beatnotes are applied to remove three of six
laser noise sources from the intermediary ξ varia-
bles. We take the differences between both RFI
beatnotes on the same SC to cancel the reciprocal
part of the fiber backlink noise. These differences are
combined with the intermediary ξ variables [see
Eq. (18)] to form the intermediary TDI η variables,
where laser noise contributions of right-handed
lasers (those associated with the MOSAs 13, 32,
and 21) cancel,

η13 ¼ ξ13 þ
rfi12 − rfi13

2
; ð19Þ

η12 ¼ ξ12 þ Ḋ12

rfi21 − rfi23
2

: ð20Þ

The remaining η variables result from cyclic permu-
tation of the SC indices.

(3) The η variables are combined to form virtual equal-
optical-path-length interferometers, in which laser
frequency noise naturally cancels. For example,
the second-generation TDI Michelson variable X2

denotes [18]

X2¼
�
1−Ḋ121−Ḋ12131þḊ1312121

��
η13þḊ13η31

�
−
�
1−Ḋ131−Ḋ13121þḊ1213131

��
η12þḊ12η21

�
;

ð21Þ

Y2 and Z2 can be obtained via cyclic permutation of the SC
indices.
Previous research neglected the coupling of OOPLs in

these three steps. Without proper treatment, they cause laser
noise residuals. We present analytical models for these
residuals in Sec. IV. In this section, we derive a compensa-
tion scheme for OOPLs in TDI: We compensate for the
corresponding delays by including OOPL delay and
advancement operators in the three TDI steps. Below, we
refer to the thus updated TDI algorithm as the OOPL
compensation scheme (OOPL-CS).

B. Removal of optical bench jitter with OOPLs

Without compensation, mismatches in the OOPLs
between TMI and RFI cause laser noise residuals in the

intermediary TDI ξ variables. To compensate for this, we
include OOPL operators Da and Db in the ξ variables6:

ξij¼ isiijþ
Darfiij−Dbtmiij

2
þ Ḋij

Darfiji−Dbtmiji
2

: ð22Þ

To derive the required operators Da and Db we expand the
laser noise terms in the numerators of Eq. (22),

Darfiij − Dbtmiij ð23Þ

¼
�
DaD

adj
rfi −DbD

adj
tmi

�
ṗik −

�
DaDloc

rfi −DbDloc
tmi

�
ṗij

¼ ṗikðτ − da − dadjrfi Þ − ṗikðτ − db − dadjtmiÞ
− ṗijðτ − da − dlocrfi Þ þ ṗijðτ − db − dloctmiÞ ð24Þ

≈ ðda − db þ dlocrfi − dloctmiÞp̈ij

− ðda − db þ dadjrfi − dadjtmiÞp̈ik: ð25Þ

We do not consider the contribution of the next order
expansion, which would scale with the OOPL squared and
⃛p terms: The two extra time derivatives with respect to ṗ
give a factor of ð2πfÞ2 in terms of amplitude spectral
density (ASD); the OOPLs can be approximated with
10 ns; consequently, the laser noise contribution of these
terms is suppressed by a factor of 10−16 s2 × ð2πfÞ2, which
is completely negligible across the LISA band.
The p̈ terms cannot be dropped so easily. We need to

choose the operators Da and Db such that the p̈ terms in
Eq. (25) cancel. This yields two conditions,

da − db ¼ dloctmi − dlocrfi ; ð26Þ

da − db ¼ dadjtmi − dadjrfi : ð27Þ

They can be combined to form a guideline for the OB
design,

dadjtmi − dloctmi ¼ dadjrfi − dlocrfi ; ð28Þ
i.e., the OOPL differences have to match between TMI and
RFI. Any deviation from this design guideline will cause a
residual laser noise proportional to the deviation, which can
be used to formulate a concrete requirement. In fact, the
current designvalues (see the first column in Table I) involve
a mismatch of about 2 cm. We assess the impact of this
mismatch analytically in Sec. IVand numerically in Sec. V.
If the OB design guideline is fulfilled exactly, we can

cancel the p̈ laser noise terms entirely by choosing the
delay operators Da and Db according to

DaAb ¼ Dloc
tmiA

loc
rfi ; ð29Þ

6A priori we do not know whether these operators will turn out
to be delay or advancement operators. The delay operator
notation is just applied as a placeholder in the derivation.
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which is fulfilled by, e.g.,

Da ¼ Dloc
tmiA

loc
rfi ; ð30Þ

Ab ¼ 1: ð31Þ

1 denotes the identity element, which does not change the
time argument of the function it is acting on. Thus, we can
cancel laser noise terms in the difference between RFI and
TMI up to and including the p̈ terms. The intermediary TDI
variables ξ can now be written as

ξij ¼ isiij þ Ṅξ
ij; ð32Þ

where Ṅξ
ij summarizes backlink, test-mass-acceleration,

and readout noise of all constituent beatnotes.
The application of the OOPL operators Da and Db in

Eq. (22) cancels laser frequency noise in the difference
between the TMI and RFI beatnotes. It could be argued
whether further OOPL operators Dob

c and Dob
d are required

in Eq. (22) to compensate for the effect of OOPLs in the OB
jitter subtraction,

ξij ¼ isiij þDob
c
Darfiij −Dbtmiij

2

þ ḊijDob
d

Darfiji − Dbtmiji
2

: ð33Þ

These operators would match the OOPLs between the ISI
and the local interferometers. However, OB jitter has a
magnitude of 1–10 nmHz−0.5 in terms of ASD [21], which
lies several orders below the laser frequency noise. The
coupling of a 3 ns OOPL to OB jitter can, thus, be estimated
to be in the order of

2πf × 3 ns × 10 nmHz−0.5 ≈ 10−16 mHz−0.5 ×
f
Hz

; ð34Þ

which is completely negligible across the LISA band. The
factor 2πf is due the time derivative of the ASD.

C. Reduction to three lasers with OOPLs

Due to the fiber backlink, local and adjacent OOPLs in
the RFI differ by about 10 m (see Table I). If uncompen-
sated, this causes residual laser noise in the intermediary
TDI η variables. Similarly, OOPL mismatches between ISI
and RFI lead to residual laser noise. To compensate for this,
we include OOPL operators Dc, Dd, De, and Df in the η
variables (Footnote 6 applies),

η13 ¼ ξ13 þ De
Dcrfi12 − Ddrfi13

2
; ð35Þ

η12 ¼ ξ12 þ Ḋ12Df
Ddrfi21 −Dcrfi23

2
: ð36Þ

We applyDc to the left-handed RFI beatnotes andDd to the
right-handed ones. De and Df are applied to match the
OOPLs between the ISIs and RFIs.
To derive the operators Dc and Dd we expand the

numerator of Eq. (35) up to the first order, i.e., up to p̈,

Dcrfi12 −Ddrfi13 ð37Þ

¼
�
DcD

adj
rfi þDdDloc

rfi

�
ṗ13 −

�
DcDloc

rfi þ DdD
adj
rfi

�
ṗ12

¼ ṗ13ðτ − dc − dadjrfi Þ þ ṗ13ðτ − dd − dlocrfi Þ
− ṗ12ðτ − dc − dlocrfi Þ − ṗ12ðτ − dd − dadjrfi Þ ð38Þ

≈ 2ṗ13 − p̈13 ·
�
dc þ dd þ dlocrfi þ dadjrfi

�
− 2ṗ12 þ p̈12 ·

�
dc þ dd þ dlocrfi þ dadjrfi

�
: ð39Þ

The next order terms can be neglected as explained in
Sec. III B. We want to choose the operators Dc and Dd such
that the p̈ terms in this expansion cancel. The computation
above yields one condition,

dc þ dd þ dlocrfi þ dadjrfi ¼ 0; ð40Þ

or in terms of operators

DcDdDloc
rfi D

adj
rfi ¼ 1; ð41Þ

where the operators commute as the delays are constant.
One solution to Eq. (41) is given by

Dc ¼ Aloc
rfi ; ð42Þ

Dd ¼ Aadj
rfi : ð43Þ

We then obtain, to first order, our desired result,

Aloc
rfi rfi12 −Aadj

rfi rfi13 ð44Þ

¼
�
Aloc

rfi D
adj
rfi þAadj

rfi D
loc
rfi

�
ṗ13 − 2ṗ12 ð45Þ

≈ 2ṗ13 − 2ṗ12: ð46Þ

The same result can be derived by considering the
numerator of Eq. (36) instead.
Now we derive the operators De and Df to match the

OOPLs between ISI and RFI. Choosing Dc and Dd
according to Eqs. (42) and (43) allows us to write the
right-handed η variable as

η13 ¼ isi13 þDeðṗ13 − ṗ12Þ ð47Þ

¼ Ḋ13Ddist
isi ṗ31 −Deṗ12 −Dloc

isi ṗ13 þDeṗ13: ð48Þ
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To cancel the laser frequency noise of the right-handed
laser 13, we set

De ¼ Dloc
isi ; ð49Þ

so that the right-handed η variable becomes

η13 ¼ Ḋ13Ddist
isi ṗ31 −Dloc

isi ṗ12: ð50Þ
With Eqs. (42) and (43) the left-handed intermediary η
variable can be written as

η12 ¼ isi12 þ Ḋ12Dfðṗ23 − ṗ21Þ ð51Þ
¼ Ḋ12Dfṗ23 − Dloc

isi ṗ12

þ Ḋ12Ddist
isi ṗ21 − Ḋ12Dfṗ21: ð52Þ

We want to cancel the right-handed laser 21, so we set

Df ¼ Ddist
isi ; ð53Þ

and the left-handed η variable becomes

η12 ¼ Ḋ12Ddist
isi ṗ23 −Dloc

isi ṗ12: ð54Þ
Thus, we cancel the laser frequency noise contributions of
right-handed lasers (up to and including second order p̈) by
including the OOPL operators Dc, Dd, De, and Df as
defined in Eqs. (42), (43), (49), and (53) in the η variables
Eqs. (35) and (36).

D. Laser-noise-free TDI combinations with OOPLs

Laser-noise-free TDI combinations like the second-
generation TDI Michelson variable X2 [see Eq. (21)] are
linear combinations of the η variables delayed by inter-
spacecraft delay operators Ḋij. While Ḋij just accounts for
the interspacecraft signal propagation time (defined
between the PBSs on receiving and emitting SC), the η
variables are defined at the combining BS of the ISI (we
neglect subsequent common delays due to analog and
digital signal processing). Hence, the OOPLs in the ISI
cause residual laser frequency noise if uncompensated.
Reference [14] considers a TDI toy model to derive an

operator Ḋij that accounts for onboard delays. This TDI delay
operator then replaces Ḋij in theTDI combinations.However,
the TDI steps 1 and 2 are neglected there, and the TDI delay
operator is directly computed from the ISI beatnotes. We,
therefore, revisit that toy model here and rebuild it upon the
intermediary TDI η variables as derived in Sec. III C.
We combine η12 and η21 and focus on canceling the noise

of laser 12,

Ḋ21η12þη21¼ Ḋ21

�
Ḋ12Ddist

isi ṗ23−Dloc
isi ṗ12

�
þ Ḋ21Ddist

isi ṗ12−Dloc
isi ṗ23; ð55Þ

¼
�
Ḋ21Ddist

isi −Ḋ21Dloc
isi

�
ṗ12þð…Þṗ23: ð56Þ

To cancel ṗ12, we need to choose Ḋ21 such that the first
bracket vanishes, i.e.,

Ḋ21Ddist
isi ¼ Ḋ21Dloc

isi : ð57Þ

Multiplying this expression with Aloc
isi from the right yields

the TDI delay operator

Ḋ21 ¼ Ḋ21Ddist
isi A

loc
isi ; ð58Þ

which accounts for OOPLs in the ISI. It replaces Ḋ in the
laser-noise-free TDI combinations, e.g., Eq. (21) becomes

X2 ¼
�
1 − Ḋ121 − Ḋ12131 þ Ḋ1312121

��
η13 þ Ḋ13η31

�
−
�
1 − Ḋ131 − Ḋ13121 þ Ḋ1213131

��
η12 þ Ḋ12η21

�
:

ð59Þ

Other TDI combinations can be updated analogously by
replacing the Ḋ operators with Ḋ operators.

IV. IMPACT OF ONBOARD OPTICAL DELAYS

In the previous section, we derived an OOPL compen-
sation scheme for TDI, which includes OOPL delay and
advancement operators in the TDI equations. In this
section, we derive analytical models for the coupling of
OOPLs in TDI if uncompensated. We focus on the first two
steps (computation of the intermediary TDI variables ξ and
η). In the third TDI step, OOPLs act as biases; their effect
has been studied in [15,16].
We start with the intermediary TDI ξ variables [see

Eq. (18)]. Now we do not compensate OOPLs with the
operators Da and Db as in Eq. (22). Expanding the differ-
ence between RFI and TMI beatnotes to first order gives

rfiij − tmiij ¼ ṗikðτ − dadjrfi Þ − ṗijðτ − dlocrfi Þ
−
�
ṗikðτ − dadjtmiÞ − ṗijðτ − dloctmiÞ

�
ð60Þ

≈ ṗik − dadjrfi p̈ik − ṗij þ dlocrfi p̈ij

− ṗik þ dadjtmip̈ik þ ṗij − dloctmip̈ij ð61Þ

¼ dlocΔ p̈ij − dadjΔ p̈ik; ð62Þ

where we introduce the abbreviations

dlocΔ ¼ dlocrfi − dloctmi; ð63Þ

dadjΔ ¼ dadjrfi − dadjtmi ð64Þ

for mismatches between OOPLs in TMI and RFI. Inserting
Eq. (62) into the ξ variables yields
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ξij ¼ isiij þ
dlocΔ p̈ij − dadjΔ p̈ik

2
þ Ḋij

dlocΔ p̈ji − dadjΔ p̈jk

2
ð65Þ

¼ isiij þ Cξ
ij; ð66Þ

Cξ
ij ≔

dlocΔ p̈ij − dadjΔ p̈ik

2
þ Ḋij

dlocΔ p̈ji − dadjΔ p̈jk

2
; ð67Þ

where Cξ
ij is the correction term due to OOPLs.

We proceed with the intermediary TDI η variables [see
Eqs. (19) and (20)]. Now we do not compensate OOPLs
with the operators Dc to Df as in Eqs. (35) and (36). We
expand the ISI and RFI beatnotes to first order,

rfiij ≈ ṗik − dadjrfi p̈ik − ðṗij − dlocrfi p̈ijÞ; ð68Þ
isiij ≈ Ḋijðṗji − ddistisi p̈jiÞ − ðṗij − dlocisi p̈ijÞ: ð69Þ

Inserting Eqs. (68) and (69) into Eq. (20) for the right-
handed η variables yields

η12 ¼ isi12 þ Ḋ12

rfi21 − rfi23
2

þ Cξ
12 ð70Þ

¼ η̄12 þ Cξ
12 þ Cη

12; ð71Þ

η̄12 ≔ Ḋ12ṗ23 − ṗ12; ð72Þ

Cη
12 ≔

dadjrfi þ dlocrfi

2
Ḋ12ðp̈21 − p̈23Þ

þ dlocisi p̈12 − ddistisi Ḋ12p̈21 ð73Þ

≈
dadjrfi

2
Ḋ12ðp̈21 − p̈23Þ; ð74Þ

where η̄ denotes the common η variable without OOPLs. Cη

is the correction term due to OOPLs in TDI step 2. In
Eq. (74), we neglect the contribution of local and distant
OOPLs and focus on the adjacent ones, which dominate
due to the 10 m backlink fiber. For the right-handed
intermediary η variables, we analogously obtain

η13 ¼ isi13 þ
rfi12 − rfi13

2
þ Cξ

13 ð75Þ

¼ η̄13 þ Cξ
13 þ Cη

13; ð76Þ

η̄13 ≔ Ḋ13ṗ31 − ṗ12; ð77Þ

Cη
13 ≔

dadjrfi þ dlocrfi

2
ðp̈12 − p̈13Þ

þ dlocisi p̈13 − ddistisi Ḋ13p̈31 ð78Þ

≈
dadjrfi

2
ðp̈12 − p̈13Þ: ð79Þ

Again, we drop local and distant OOPLs and focus on the
adjacent ones, which are 1 order of magnitude higher.
We plug the above computed η variables [see Eqs. (71)

and (76)] into the second-generation TDI Michelson
variable X2 [see Eq. (21)] and compute the laser noise
residuals associated with the correction terms Cξ and Cη.
We consider the equal arm approximation so that we can
drop the indices of interspacecraft delay operators. We
further assume constant arms taking Ḋ ¼ D. For chained
delay operators in the equal arm approximation, we
introduce the shorthand notation

DD…D|fflfflfflffl{zfflfflfflffl}
n

≕Dn: ð80Þ

The correction terms Cξ and Cη are additive. Consequently,
we can write X2 as

X2 ¼ X̄2 þ Xξ þ Xη: ð81Þ

X̄2 is the common laser noise canceling TDI variable.
Xξ is the laser noise residual associated with the

correction term Cξ, which can be computed to be

Xξ ¼ ð1 −D2 − D4 þD6Þ
�
Cξ
13 þ DCξ

31 − Cξ
12 −DCξ

21

�
ð82Þ

¼ ð1−D2−D4þD6Þ
�
dlocΔ þdadjΔ

2
ð1þD2Þðp̈13− p̈12Þ

þdlocΔ Dðp̈31− p̈21ÞþdadjΔ Dðp̈23− p̈32Þ
�
: ð83Þ

It scales with dlocΔ and dadjΔ , which amount to 5 and 7 cm
according to the current OB design (see Table I). The first
term in Eq. (83) vanishes for laser-locking configurations
that lock the lasers 12 and 13 directly onto each other,
assuming sufficient gain of the locking control loop. We
discuss the effect of different laser-locking configurations
in Appendix B.
If the OB fulfills the OB design guideline [see Eq. (28)],

Xξ can be canceled completely by including OOPL delay
operators into the intermediary ξ variables (see Sec. III B).
In the case of mismatches between dlocΔ and dadjΔ , Xξ can not
be canceled completely. The laser noise residual due to
such mismatches can be computed from Eq. (83): We
choose the operators Da and Db according to Eqs. (30) and
(31), i.e., we match them with dlocΔ . This cancels the terms
in Eq. (83) that are proportional to dlocΔ . However, for the
dadjΔ terms, we then obtain laser noise residuals that scale
with the OB mismatch

Δob ¼ dadjtmi − dloctmi −
�
dadjrfi − dlocrfi

�
; ð84Þ
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which amounts to 2 cm according to the current OB design.
The associated laser noise residual is given by

Xξ
Δob

¼ Δob

2
ð1 − 2D4 þD8Þðp̈13 − p̈12Þ ð85Þ

þΔobðD −D3 −D5 þD7Þðp̈23 − p̈32Þ; ð86Þ

it scales with the OB mismatch Δob.
Xη is the laser noise residual associated with the

correction term Cη, which can be computed to be

Xη¼ð1−D2−D4þD6ÞðCη
13þDCη

31−Cη
12−DCη

21Þ ð87Þ

¼ dadjrfi

2
ð1 − 2D2 þ 2D6 − D8Þðp̈12 − p̈13Þ: ð88Þ

The laser noise residual Xη scales with dadjrfi ≈ 10 m. Note
that laser noise terms in the above equations will be
correlated due to the laser-locking control loops governing
the frequency relationships. For example, assuming suffi-
cient gain in the control loop, the residual in Eq. (88) will
cancel exactly if the two local lasers are locked together.
We discuss the effect of different laser-locking configura-
tions in Appendix B.
We now derive the ASDs associated with the laser noise

residuals Xξ
Δob

and Xη. The ASD of a variable X is the
square root of the power spectral density (PSD), labeled SX.
The PSD, or more generally the cross-spectral density SXY
if two different variables X, Y are considered, can be
computed according to [25]

SXYðωÞ ¼
Z

dω0hX̃ðωÞỸ⋆ðω0Þi; ð89Þ

SXðωÞ ≔ SXX: ð90Þ

The tilde denotes the Fourier transform, and the bracket
indicates that we must take the expectation value. With the
time-delay property of the Fourier transform

DX̃ðωÞ ¼ e−iωdX̃ðωÞ; ð91Þ

we can compute X̃ξ
Δob

and X̃η to be

X̃ξ
Δob

ðωÞ ¼ Δob

2
ð1 − 2e−4iωd þ e−8iωdÞð ̈p̃13 − ̈p̃12ÞðωÞ

þ Δobðe−iωd − e−3iωd − e−5iωd þ e−7iωdÞ
× ð ̈p̃23 − ̈p̃32ÞðωÞ; ð92Þ

X̃ηðωÞ ¼ dadjrfi

2
ð1 − 2e−2iωd þ 2e−6iωd − e−8iωdÞ

× ð ̈p̃12 − ̈p̃13ÞðωÞ: ð93Þ

Plugging X̃η into Eq. (90) yields

SXηðωÞ ¼ ð4ωdadjrfi Þ2 sinðωdÞ4 sinð2ωdÞ2

×
�
Sṗ12

ðωÞ þ Sṗ13
ðωÞ − 2Sṗ12ṗ13

ðωÞ
�
; ð94Þ

where Sṗ12ṗ13
denotes the laser frequency noise cross-

spectral density of the lasers 12 and 13. To simplify, we
now assume that all lasers are uncorrelated, i.e.,
Sṗ12ṗ13

ðωÞ ¼ 0, and that they have the same ASD, which
we denote by

ffiffiffiffiffi
Sṗ

p
. This leads to the following expression

for the ASD of Xη:

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
SXηðωÞ

p
¼

ffiffiffiffiffi
32

p
ωdadjrfi

ffiffiffiffiffiffiffiffiffiffiffiffi
SṗðωÞ

q
sin

�
ωL
c

�
2
���� sin

�
2ωL
c

�����;
ð95Þ

where we expressed the delay in terms of the LISA arm
length L ≈ 2.5Gm. This ASD depends on the laser noise
ASD

ffiffiffiffiffiffiffiffiffiffiffiffi
SṗðωÞ

p
and on the adjacent OOPL in the RFI dadjrfi .

Analogously, we plug X̃ξ
Δob

into Eq. (90), which yields an

expression for the ASD of Xξ
Δob

,

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
SXξðωÞ

p
¼ωΔob

ffiffiffiffiffiffiffiffiffiffiffiffi
SṗðωÞ

q

×

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
8sin

�
2ωL
c

�
4

þ32sin

�
ωL
c

�
2

sin

�
2ωL
c

�
2

s
:

ð96Þ

Again, we assumed uncorrelated lasers, i.e., pairwise
vanishing laser noise cross-spectral densities. This ASD
depends on the laser noise ASD

ffiffiffiffiffiffiffiffiffiffiffiffi
SṗðωÞ

p
and on the OB

mismatch Δob.

V. RESULTS

In this section, we verify and demonstrate the perfor-
mance improvement due to the OOPL-CS (see Sec. III) via
numerical simulations using PyTDI [26]. We numerically
assess the laser noise residuals associated with OOPLs and
the impact of the 2 cm violation of the OB design guideline
[see Eq. (28)]. Finally, we compare the results with the
analytical models derived in Sec. IV.
We conduct two studies: In the first one (Sec. VA), we

just consider white laser frequency noise with the ASDffiffiffiffiffiffiffiffiffiffiffiffi
SṗðfÞ

q
¼ 30 HzHz−0.5: ð97Þ

In the second one (Sec. V B), we add secondary noises
and investigate the impact of underperforming lasers with
laser noise ASDs of 300 and 3000 HzHz−0.5. In both
studies, we consider telemetry data simulated with LISA
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INSTRUMENT [27] using an orbit file provided by ESA [28],
interfaced via LISA ORBITS [22]. We do not apply laser
locking. Its impact is discussed in Appendix B. We neglect
clock noise, clock desynchronizations, and any effects
related to tilt-to-length couplings. Furthermore, we assume
the intersatellite ranges to be perfectly known and neglect
ranging noise. A framework to obtain accurate and precise
estimates for the intersatellite ranges is provided in [14].

A. Simulation with just laser frequency noise

We perform two simulations: In the first one, we apply
the current OOPL design values (first column in Table I). In
the second simulation, we consider matched OOPLs
(second column in Table I), i.e., we add 2 cm to dadjrfi so
that Eq. (28) is fulfilled exactly. In both simulations, we add
manufacturing asymmetries in the order of 100 μm as
described in Appendix A. We compute the second-gen-
eration TDI X Michelson variables with and without the
OOPL-CS for both simulations. For comparison, we
consider a third simulation without any OOPLs.
Figure 3 shows the corresponding ASDs as displacement

noise in mHz−0.5. The steep slopes above 1 Hz are caused
by aliasing and interpolation errors [15]. In the case of

matched OOPLs, the results with and without the OOPL-
CS are plotted in red and orange, respectively. The gray line
shows the results of the simulation without OOPLs. For
matched OOPLs, the OOPL-CS suppresses laser frequency
noise by about 4 orders of magnitude (red versus orange). It
reaches the performance of the simulation without OOPLs
(red versus gray). The black dash-dotted line shows the
analytical model for the impact of OOPLs [see Eq. (95)],
which focuses on the dominating adjacent OOPLs. Above
1 mHz, the model agrees with the plots for simulations
without the OOPL-CS (black dash-dotted versus blue and
orange). Hence, in this simulation with just laser frequency
noise, the performance above 1 mHz is limited by the
adjacent OOPLs. Note that the increase in the low frequen-
cies is slightly misleading: While the plot is displayed in
units of mHz−0.5, the actual simulation was done in units of
frequency, i.e., HzHz−0.5. In this raw data, this deviation
corresponds to a white noise floor consistent with previous
simulation results from the same software [18].
In the case of the current OOPL design values, the results

with and without the OOPL-CS are plotted in green and
blue, respectively. For these unmatched OOPLs, the
OOPL-CS reduces the laser frequency noise by more than

FIG. 3. Residual laser noise in X2 for three simulations with different OOPLs. Gray, simulation without OOPLs; blue and green,
simulation with the current design values; orange and red, simulation with matched OOPLs; blue and orange, without application of the
OOPL-CS; red and green, with the application of the OOPL-CS; black dash-dotted, analytical model for the laser noise residual due to
OOPLs in mHz−0.5 [compare with Eq. (95)]; black dashed, analytical model for the impact of the 2 cm violation of the OB design
guideline in mHz−0.5 [compare with Eq. (96)].
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2 orders of magnitude (green versus blue). Here, its
performance is limited by the laser noise residual associ-
ated with the 2 cm violation of the OB design guideline.
The analytical model of this 2 cm mismatch [see Eq. (96)]
is represented by the black dashed line and agrees with the
numerical result (black dashed versus green).

B. Simulation including secondary noises

We consider a more realistic scenario and add readout,
test-mass acceleration, and backlink noise as specified
in [20]. Figure 4 shows the performance of the
OOPL-CS for different laser noise levels in this

environment: In the upper plot we consider realistic laser
noise [see Eq. (97)]; the central and lower plots represent
the case of underperforming lasers with laser noise ASDs
of 300 and 3000 HzHz−0.5. In all plots, the red and blue
curves show the noise in X2 with and without the OOPL-
CS, and the gray plot is a simulation without OOPLs. In
orange, we depict the impact of the OOPL-CS, i.e., the
ASD of the difference between X2 with and without
application of the OOPL-CS. The black dashed line
represents the analytical model of OOPLs [see Eq. (95)].
For all laser frequency noise levels, the impact of the

OOPL-CS matches the analytical model above 1 mHz
(orange versus black dashed). In the realistic case (upper

FIG. 4. Simulation including secondary noises. We consider three different laser noise levels. Blue, residual noise in X2 without
OOPL-CS; red, residual noise in X2 with OOPL-CS; orange, impact of the compensation; gray, residual noise in X2 for a simulation
without OOPLs; black dashed, analytical model for the OOPL-related laser noise residual.
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plot), the impact of OOPLs reaches a few pmHz−0.5 but
remains below the secondary noise levels (orange and black
dashed versus gray). Hence, OOPLs do not limit the
performance here and the OOPL-CS does not yield an
improvement (red versus blue). Nonetheless, every noise
above 1 pmHz−0.5 should be subject to a thorough evalu-
ation, and it is advisable to consider the application of the
OOPL-CS.
In the scenario of underperforming lasers, the subtraction

of OOPL-related laser noise residuals becomes critical:
They compete with the secondary noise levels for increased
laser noise of 300 HzHz−0.5 (central plot); in the case of
3000 HzHz−0.5 (lower plot), the impact of OOPLs sur-
passes the secondary noise levels by about 2 orders of
magnitude (orange and black dashed versus gray). In both
cases, the OOPL-CS successfully removes the OOPL-
related laser noise residuals (blue versus red and red versus
gray), thus leading to an improvement in performance.

VI. CONCLUSION

TDI applies estimates for the interspacecraft distances to
construct equal-optical-path-length interferometers from the
LISA interferometric measurements. In a realistic LISA
simulation, which does not simplify the LISA satellites as
point masses, onboard delays become a non-negligible part
of these equal-optical-path-length interferometers. Previous
research studied TDI in the context of onboard delays after
the combining BSs, which are common to both interfering
beams (electronic delays in the analog backend, etc.) [12].
Onboard delays before the combiningBSs due toOOPLs are
noncommon between both interfering beams and require a
completely different treatment. Reference [14] briefly dis-
cussed OOPLs in the ISI but neglected the OOPLs in TMI
and RFI, which dominate due to the relatively long fiber
backlink. We here extend this work to OOPLs in all
interferometers and substantiate it with analytical models
and numerical simulations.
We derive an analytical model for the coupling of

OOPLs in TDI [see Eq. (95)] depending on the laser noise
level and the adjacent OOPLs in the RFI. This model can be
of further importance for the study of underperforming
lasers in LISA and for the assessment of laser requirements
in next-generation space-based gravitational-wave mis-
sions. We validate the model numerically: We include
OOPLs in the LISA simulation [27] and compute the
associated laser noise residual in the second-generation
TDIMichelson variable X2 using PyTDI [26]. The numerical
results agree with the model.
We derive a compensation scheme for OOPLs (OOPL-

CS), which includes OOPL delay and advancement oper-
ators in the TDI combinations. As a by-product of the
OOPL-CS, we derive a guideline for the OB design [see
Eq. (28)]: To facilitate the complete cancellation of the
OOPL-related laser noise residuals in TDI, the OOPL
differences have to match between TMI and RFI. Any

deviation from this design guideline will cause a residual
laser noise proportional to the deviation. The current OB
design values [17] involve a mismatch of about 2 cm. We
derive an analytical model for the impact of this mismatch
and verify it numerically. It is in the order of 10 fmHz−0.5
and thus negligible across the LISA band. This model can
be of further importance for the OB design in next-
generation space-based gravitational-wave missions, where
it can be used to formulate concrete requirements.
We assess the performance of the OOPL-CS numeri-

cally. In a simulation with just laser frequency noise, we
show that the OOPL-CS can completely remove the OOPL-
related laser noise residuals. Furthermore, we validate the
performance of the OOPL-CS in the presence of secondary
noises and for underperforming lasers with increased laser
frequency noise of 300 and 3000 HzHz−0.5. In the realistic
case of 30 HzHz−0.5, the OOPL-related laser noise resid-
uals reach a few pmHz−0.5 but remain below the secondary
noises. Here OOPLs do not affect the performance.
Nonetheless, every noise above 1 pmHz−0.5 demands a
careful evaluation, and it is recommended to explore the
application of the OOPL-CS to ensure optimum perfor-
mance. In the case of underperforming lasers, the OOPL-
related laser noise residuals can surpass the secondary
noises. Our results confirm that the OOPL-CS can com-
pletely remove the OOPL-related laser noise residuals in
this scenario.
In our simulations, we consider six free-running lasers.

In reality, the lasers are locked to each other [2]. We discuss
the impact of different laser-locking configurations con-
sidering our analytical models. From the perspective of
OOPL-related laser noise residuals, we identify suitable
and unsuitable locking configurations. It would be inter-
esting to numerically assess the impact of OOPLs with
locked lasers in a follow-up investigation.
Furthermore, the OOPL-CS should be embedded in a

full end-to-end pipeline, including all the effects we
ignored (intersatellite ranging processing [14], clock
desynchronizations [19], clock-related noise [24], tilt-to-
length couplings [23], etc.).
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APPENDIX A: MANUFACTURING
ASYMMETRIES

This section investigates the laser noise residuals caused
by manufacturing asymmetries between the OBs. We
perform two simulations according to the setup with just
laser frequency noise (see Sec. VA). In the first simulation,
we set all OOPLs to zero. In the second one, we consider
manufacturing asymmetries between the OBs: We draw all
OOPLs from a zero-mean Gaussian distribution with
100 μm as standard deviation. For both simulations, we
compute the second-generation TDI X Michelson combi-
nations. Figure 5 shows the corresponding ASDs in
mHz−0.5. The impact of manufacturing asymmetries is
in the order of 1 fmHz−0.5. It is completely negligible

across the LISA band. Hence, OOPLs are well determined
by their design values (first column Table I).

APPENDIX B: LASER LOCKING

The six LISA lasers are not independently free running
but offset frequency locked to each other according to a
frequency plan [2]. Reference [20] lists the six laser-
locking configurations from the perspective of laser 12
as the primary laser. Our analytical models for the coupling
of OOPLs in TDI suggest that certain laser-locking
configurations naturally reduce the OOPL-related laser
noise residuals.
We revisit the laser noise residuals in X2 associated with

uncompensated OOPLs in TDI step 2 [see Eq. (88)],

Xη ¼ dadjrfi

2
ð1 − 2D2 þ 2D6 −D8Þðp̈12 − p̈13Þ: ðB1Þ

Yη and Zη can be obtained via cyclic permutation of the SC
indices. In these laser noise residuals, local and adjacent
lasers appear with opposite signs. They, therefore, cancel
each other in laser-locking configurations that lock local
and adjacent lasers onto each other, assuming sufficient
gain of the locking control loop. Thus, the laser-locking
configurations N1-12, N3-12, and N5-12 naturally reduce
the OOPL-related laser noise residuals Xη, Yη, and Zη in the
second-generation TDI Michelson variables. The locking
schemes (N2-12, N4-12, N6-12), on the other hand, involve
one pair of not directly locked local and adjacent lasers.
Here, the OOPL-related laser noise residuals do not cancel
in all three TDI channels.
We also revisit the laser noise residuals in X2 associated

with uncompensated OOPLs in TDI step 1 [see Eq. (83)],

Xξ ¼ ð1−D2−D4þD6Þ

×

	
dlocΔ þdadjΔ

2
ð1þD2Þðp̈13− p̈12ÞþdlocΔ Dðp̈31− p̈21Þ

þdadjΔ Dðp̈23− p̈32Þ


: ðB2Þ

Yξ and Zξ can be obtained via cyclic permutation of the SC
indices. In the first term, local and adjacent lasers appear
with opposite signs. Hence, the laser-locking configura-
tions N1-12, N3-12, and N5-12 naturally suppress its
contribution. The remaining terms involve a pair of lasers
on different spacecraft, which can only be locked onto each
other with an intersatellite delay. These terms, therefore,
cannot be meaningfully suppressed and contribute to laser
noise residuals in each laser-locking configuration.

FIG. 5. Impact of manufacturing asymmetries: The blue and
black plots show the ASDs of X2 for simulations with and
without manufacturing asymmetries in the order of 100 μm.
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