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Chapter 1

Introduction and Notation

The Catalogue of Spacetimes is a collection of four-dimensional Lorentzian spacetimes in the context of
the General Theory of Relativity (GR). The aim of the catalogue is to give a quick reference for students
who need some basic facts of the most well-known spacetimes in GR. For a detailed discussion of a
metric, the reader is referred to the standard literature or the original articles. Important resources for
exact solutions are the book by Stephani et al[SKM 03] and the book by Griffiths and Podolsky[GP09].

Most of the metrics in this catalogue are implemented in the Motion4D-library[MG09] and can be visu-
alized using the GeodesicViewer[MG10]. Except for the Minkowski and Schwarzschild spacetimes, the
metrics are sorted by their names.

1.1 Notation

The notation we use in this catalogue is as follows:

Indices: Coordinate indices are represented either by Greek letters or by coordinate names. Tetrad
indices are indicated by Latin letters or coordinate names in brackets.

Einstein sum convention: When an index appears twice in a single term, once as lower index and once
as upper index, we build the sum over all indices:

3
Cuét = Z Cuh. (1.1.1)
n=0

Vectors: A coordinate vector in x* direction is represented as du = dy,. For arbitrary vectors, we use
boldface symbols. Hence, a vector a in coordinate representation reads a = a*dj,.

Derivatives: Partial derivatives are indicated by a comma, dy/dx* = dy ¥ = v, whereas covariant
derivatives are indicated by a semicolon, Vy = ;.

Symmetrization and Antisymmetrization brackets:

1
acubyy = (aubv Jravb”) , ajuby) = 3 (a“bv favb“) (1.1.2)

| =

1.2 General remarks

The Einstein field equation in the most general form reads|MTW?73]

8nG

— 121
=, (1.2.)

GIW == %Tuv _Ag,uv, n =
with the symmetric and divergence-free Einstein tensor G,v = Ruv — %Rg#v, the Ricci tensor Ry, the
Ricci scalar R, the metric tensor gy, the energy-momentum tensor 7y, the cosmological constant A,
Newton’s gravitational constant G, and the speed of light ¢. Because the Einstein tensor is divergence-
free, the conservation equation 7#", = 0 is automatically fulfilled.
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A solution to the field equation is given by the line element
ds* = guydx*dx” (1.2.2)

with the symmetric, covariant metric tensor g,v. The contravariant metric tensor g is related to the
covariant tensor via guyg"* = 3;} with the Kronecker-§. Even though g,y is only a component of the
metric tensor g = guvdx* ® dx”, we will also call g,y the metric tensor.

Note that, in this catalogue, we mostly use the convention that the signature of the metric is +2. In
general, we will also keep the physical constants ¢ and G within the metrics.

1.3 Basic objects of a metric

The basic objects of a metric are the Christoffel symbols, the Riemann and Ricci tensors as well as the
Ricci and Kretschmann scalars which are defined as follows:

Christoffel symbols of the first kind:!
1
kau = D) (gquL +guk,v*gvl,u) (1.3.1)
with the relation

8viu = Fuvl +Fulv (1.3.2)

Christoffel symbols of the second kind:

I, = %g‘”’ (8pv.a +8paw —8vap) (1.3.3)
which are related to the Christoffel symbols of the first kind via

. =g"T\z, (1.3.4)
Riemann tensor:

RM e =g p —Thp o+ 15, Tho —T4, T, (1.3.5)
or

Ruvps = glJARlva' =Ivoup —Tvpuo J'_F\};pruck 1 (1.3.6)
with symmetries

Ruvps = —Ruvep, Ruvpe = —Rvyupo, Ruvpe = Rpouv (1.3.7)
and

Ruvpo +Rupov + Rucvp =0 (1.3.8)
Ricci tensor:

Ruv = 8P Rouov = RP 1y (1.3.9)
Ricci and Kretschmann scalar:

R =g" Ry =R"y, A =RapysR*P7° =R ;R ; (1.3.10)

IThe notation of the Christoffel symbols of the first kind differs from the one used by Rindler[Rin01], Fﬁi‘f‘fler = F(v:;:i
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Weyl tensor:

1 1
Cuvpo = Ruvpo — 5 (8uipRo1v = 8vipRou) + gRgu[ng]v (1.3.11)

If we change the signature of a metric, these basic objects transform as follows:

o = Rups —Ruvs,  Cuvpo— —Cuvpo, (1.3.12a)

Ryv — Ryv, KX —R, H = K. (1.3.12b)
Covariant derivative

Va8uv = 8uvia =0. (1.3.13)
Covariant derivative of the vector field y*:

Vot =yl = oy + T8, vt (1.3.14)
Covariant derivative of a r-s-tensor field:

ai...a _ ai...a 1pd...a ajy...a,_d
Vel g = 0Ty gy TG Ty 4 A TG T, (1.3.15)
aj...a ai...a o
—TY Ty = = TR T

Killing equation:

Euv +&vu =0. (1.3.16)

1.4 Natural local tetrad and initial conditions for geodesics

We will call a local tetrad natural if it is adapted to the symmetries or the coordinates of the spacetime.
The four base vectors e(;) = e%&n are given with respect to coordinate directions d/dx* = d,, compare

Nakahara[Nak90] or Chandrasekhar[Cha06] for an introduction to the tetrad formalism. The inverse or
dual tetrad is given by 6() = ;(L')dx“ with

(i) u _ <) D, v _
Ou'e; = 5(].) and Oy ez'l.) =4, (1.4.1)

Note that we us Latin indices in brackets for tetrads and Greek indices for coordinates.

1.4.1 Orthonormality condition

To be applicable as a local reference frame (Minkowski frame), a local tetrad e(;) has to fulfill the or-
thonormality condition

(e (), =8 (€0 ()) = 8uvelels) = N (14.2)
where 7;)(;) = diag(¥1,%1,%1,41) depending on the signature sign(g) = £2 of the metric. Thus, the
line element of a metric can be written as

165 0%) dxtdx”. (1.4.3)

ds® =100V =g

To obtain a local tetrad e(;), we could first determine the dual tetrad 0" via Eq. (1.4.3). If we combine all
four dual tetrad vectors into one matrix ®, we only have to determine its inverse 0! to find the tetrad
vectors,

0) 0 0 0

Gé) 91“ 92) 93< €0) e({l) €2) 633)

o 9(51) 01(1> 92<1) 93<1> L el ego) eg” eéz) e§3> (1.4.4)
6, 67 67 o7 ‘o D D
6" 6 o o ) €1 €@ €3
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There are also several useful relations:

Clau = guvely, Naw) = elpeoms b= Nae 0L (14.52)
0 =n ey, guv = euby’ ., @0 =6;" 6" gh. (1.4.5b)

1.4.2 Tetrad transformations

Instead of the above found local tetrad that was directly constructed from the spacetime metric, we can
also use any other local tetrad

&) = Afeq), (1.4.6)

where A is an element of the Lorentz group O(1,3). Hence ATnA =1 and (detA)? = 1.
Lorentz-transformation in the direction n® = (siny cos&,sinysin&,cos )" =n, with y=1//1— 2,

A=v,  A=-Byn, A=y, o= (y— Dnny+ 5. (1.4.7)

1.4.3 Ricci rotation-, connection-, and structure coefficients

The Ricci rotation coefficients y;(jx) With respect to the local tetrad e;) are defined by

- A _ A _ A A B
Yo = 8urely Ve ely = surelyely Voely = sunchely (el +Tpef, ). (148)
They are antisymmetric in the first two indices, ¥;)(jx) = —¥)@i)k), Which follows from the definition,

Eq. (1.4.8), and the relation
_ _ B
0= dungi(j) = Vu (gﬁvem,-)) ; (1.4.9)
where V), g5, = 0, compare [Cha06]. Otherwise, we have
i) _ ) V) (@)
P = 03 el Vvely = —€fieliy Vv ey - (1.4.10)
The contraction of the first and the last index is given by

k k) (i
15 ="0m = 100w = —To 0o + Yoonm + Yome + 1ene = Vvel): (1.4.11)

The connection coefficients wET))(n) with respect to the local tetrad e ;) are defined by

(m) —._ glm) o _ glm a ro_ glm a u © B
Oy = O Ve el = ey Vet = Ol (Oueh, + Tigely ) (14.12)

compare Nakahara[Nak90]. They are related to the Ricci rotation coefficients via

— (m)
Yo = M6 om) Dy j)- (1.4.13)
Furthermore, the local tetrad has a non-vanishing Lie-bracket [X,Y]" = X*d,Y¥ —Y*d,X". Thus,

].() = Q(k) [e(,»),e(j)} . (1.4.14)

(
O —

ey €] = Cliy() &) or ¢
The structure coefficients CES)U) are related to the connection coefficients or the Ricci rotation coefficients
via

— ol (k) _ L (k)(m _ ok k
‘b = Lom ~ oo 19" Fanyio) = o) =150 =00 (1.4.15)
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1.4.4 Riemann-, Ricci-, and Weyl-tensor with respect to a local tetrad

The transformations between the coordinate representations of the Riemann-, Ricci-, and Weyl-tensors
and their representation with respect to a local tetrad e(;, are given by

R(a)(b)(c)(a) = Ruvpcreﬁl)e(vb)el()c)egg), (1.4.16a)
Riayp) = Ruvel(";)e(vb), (1.4.16b)
Cla)b)(e)(d) = Cuvpoe(y)€(n)€(e)¢(a)
1 R
= R@)b)(0)(@) — ) (n(a)[ ) R@)16) = M) [ (0)R(a) ](a)) + 3@ (M) () (1.4.16¢)

1.4.5 Null or timelike directions

A null or timelike direction v = v<i)e(i) with respect to a local tetrad e(;) can be written as
V= v<°)e(o) + y (sinycos& e +sinysin€ ep) +cosyegs)) = v(o)e(()) + yn. (1.4.17)

In the case of a null direction we have y = 1 and v(®) = £1. A timelike direction can be identified with
an initial four-velocity u = c¢y(ep + n), where

u’ = (u,u), = >y (e() + B, e() + fn) = 7y (—1+B%) = 7, sign(g) = £2. (1.4.18)

Thus, ¥ = ¢By and v° = +¢¥. The sign of v(*) determines the time direction.

€@3)

Figure 1.1: Null or timelike direction v
with respect to the local tetrad e;).

The transformations between a local direction v?) and its coordinate representation v* read

u

foand ol = ok, (1.4.19)

vt =pWe

1.4.6 Local tetrad for diagonal metrics

If a spacetime is represented by a diagonal metric
ds® = goo(dx®)* + g11 (dx")? + goa (dx®)? 4 g33(dx>)?, (1.4.20)
the natural local tetrad reads

1 1 1 1
e = dy, € di, e = &, e = o3, 1.4.21
© v/ 800 0 M V811 ! @ V822 : ®) V833 : ( )

given that the metric coefficients are well behaved. Analogously, the dual tetrad reads

6 = /200 dx", o) = Vg dx!, 6 = Vg dx?, 60 = VEndx’. (1.4.22)
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1.4.7 Local tetrad for stationary axisymmetric spacetimes
The line element of a stationary axisymmetric spacetime is given by
ds® = gudt® +2g1p dt dQ + good @ + gpdr” + gy pd >, (1.4.23)

where the metric components are functions of » and ¢ only.
The local tetrad for an observer on a stationary circular orbit, (r = const, % = const), with four velocity
u=cI (8, +¢ 8(p) can be defined as, compare Bini[BJ00],

1 1
e) =0 (0 +8dp), eu= Earv ep) = @319, (1.4.24a)
e =Al [i (819 +C80p9)0: F (81 + Cgt(p)a(p] ) (1.4.24b)
where
1 1
r— and A= — (1.4.25)

\/— (810 +28 810+ 5%800) \/ 8o — 8180

The angular velocity { is limited due to g, +2{g;p + ¢ zg(p(p <0

bin=0—, /@@= and =0+, 0> — ST (1.4.26)
8¢ oo

with @ = —g/0/80¢-

For { =0, the observer is static with respect to spatial infinity. The locally non-rotating frame (LNRF)
has angular velocity { = o, see also MTW[MTW?73], exercise 33.3.

Static limit: {nin=0 = g, =0.

The transformation between the local direction v¥) and the coordinate direction v* reads

(
0_1(0©® L p® I 2_ Y 3_1(p© (3)
vW=T (v +v Awl) , v = ) — v =T (v Fo sz) , (14.27)
with
W1 = 8to + ngygo and Wy = & + Cg;(p. (1428)
The back transformation reads
1 0 3 1 0_ 43
O 10wt 0wy @ = et @) fvo-v (1.4.29)

T Cwi+wy - ECW]-FWZ'

Note, to obtain a right-handed local tetrad, det (eﬁ.)) > 0, the upper sign has to be used.

1.5 Newman-Penrose tetrad and spin-coefficients

The Newman-Penrose tetrad consists of four null vectors e<*l.) = {l,n,m,m}, wherel and n are real and m

and m are complex conjugates; see Penrose and Rindler[PR84] or Chandrasekhar[Cha06] for a thorough
discussion. The Newman-Penrose (NP) tetrad has to fulfill the orthonormality relation

0 1 0 0

e\ . . |10 0 o

<e<i>’e<j>>*”<i)<j> with 550 =| o 0 o —1 (1.5.1)
00 -1 0

A straightforward relation between the NP tetrad and the natural local tetrad, as discussed in Sec. 1.4,
is given by

> (6(2) + ie(3)) , (1.5.2)

Sl =
\S)
—
o
N
_|_
o
Nl
=
|
H
Sl=
\S)
—
P
=2
|
g
Ny
I
<H
Sl=



1.6. COORDINATE RELATIONS

7

where the upper/lower sign has to be used for metrics with positive/negative signature. The Ricci
rotation-coefficients of a NP tetrad are now called spin coefficients and are designated by specific symbols:

K=Yoma:  P=ToomE, €= % (Moo + 126)0)
C=Y0@ H=Nee: 1= % (Mnom +1T2en)
A=Yneer TR0, 4= % (o6 +12ee)
V=T F=Yoee),  B= % (Mo +1ee)

1.6 Coordinate relations

1.6.1 Spherical and Cartesian coordinates

(1.5.3a)
(1.5.3b)
(1.5.3¢)

(1.5.3d)

The well-known relation between the spherical coordinates (r, 9%, ) and the Cartesian coordinates (x,y,z),

compare Fig. 1.2, are
x=rsindcosQ, y=rsindsinQ, z=rcos ¥,
and
r=+vx24+y*+22, ® = arctan2(\/x2 +12,2), @ = arctan2(y,x),

where arctan2() ensures that ¢ € [0,27) and & € (0, 7).

Y

Figure 1.2: Relation between spherical
and Cartesian coordinates.

The total differentials of the spherical coordinates read

(42 2 —vd d
dr:xdx—i—ydy—i—zdz’ dﬁ:xzdx—i—yzdy (x*+y )dz7 dg — yzx—i—)zc y7
r rz\/m X“+y
whereas the coordinate derivatives read

o = @8x+ @8y+ %81 =sin ¥ cos ¢ d; +sin ¥ sin ¢ dy, +cos ¥ I,

ar ar ar

dx d dz . .
dy = %8)(—1— %(9}, + %82 = rcos ¥ cos ¢ dy + rcos ¥sin@ dy — rsin ¥ d,
dp = g:;c?x—i— 55)8},—&— ;);82 = —rsin¥sin@ dy +rsin ¥ cos @ 9y,

(1.6.1)

(1.6.2)

(1.6.3)

(1.6.4a)

(1.6.4b)

(1.6.4¢)
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and
9, = %ar n %—faﬂ n ‘Z—fa(p — sin®cos @, + = ﬁrcos LAY rssi;"; 90, (1.6.52)
3 = g;ar + 3;98,9 + aa(;’aq, = sin 9 sin ¢ 9, + ﬂrsm L 30+ 2.3y, (1.6.5b)
9, = %;a,+ %—iaﬁ+%‘ga¢ ~cos9d,— 0% 5 (1.6.5¢)

1.6.2 Cylindrical and Cartesian coordinates

The relation between cylindrical coordinates (r, ¢,z) and Cartesian coordinates (x,y,z) is given by

xX=rcosQ, y=rsing, and r=+/x*+y%, @ =arctan2(y,x), (1.6.6)

where arctan2() again ensures that the angle ¢ € [0,27).

ZA

r Figure 1.3: Relation between cylindrical
X and Cartesian coordinates.

The total differentials of the spherical coordinates are given by

e xdx+ydy7 do — —ydx;rxdy’ (1.6.7)
r I
and
dx=cos@dr—rsin@do, dy =sin@dr+rcos@de. (1.6.8)
The coordinate derivatives are
ox dy .
o= Z&x—&— an =cosQdy+singd,, (1.6.9a)
0o = ﬂ8 +Qa = —rsin@ dy +rcos @ o (1.6.9b)
(P_a(PX a(Py_ ¢ ox P oym e
and
_dr 1o, sin @
8,(—&&4—%8(/, =cosQd, — ;. 9y, (1.6.10a)
5= 2754220 —singa,+ 5% (1.6.10b)
YTy gy TR o -

1.7 Embedding diagram

A two-dimensional hypersurface with line segment

do? = g (r)dr* + gee(r)d¢* 1.7.1)
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can be embedded in a three-dimensional Euclidean space with cylindrical coordinates,

el
dp

With p(r)? = gee(r) and dr = (dr/dp)dp, we obtain for the embedding function z = z(r),

do? = dp? +pde?. (1.7.2)

d 2
"Z:i\/g,r_< Vg“’“’) . (1.7.3)
dr dr

If goo(r) = 1%, thend, /ggq/dr = 1.

1.8 Equations of motion and transport equations

1.8.1 Geodesic equation

The geodesic equation reads

Dixt_dht | dP d®
dA?>  dA? T UPO94A da

with the affine parameter A. For timelike geodesics, however, we replace the affine parameter by the
proper time 7.

The geodesic equation (1.8.1) is a system of ordinary differential equations of second order. Hence, to
solve these differential equations, we need an initial position x* (A = 0) as well as an initial direction
(dx*/dA)(A = 0). This initial direction has to fulfill the constraint equation

(1.8.1)

dx* dx”
g”"ﬁﬁ = Kc?, (1.8.2)

where k = 0 for lightlike and x = F1, (sign(g) = £2), for timelike geodesics.

The initial direction can also be determined by means of a local reference frame, compare sec. 1.4.5, that
automatically fulfills the constraint equation (1.8.2). If we use the natural local tetrad as local reference
frame, we have

dx*

sl — ot = pDh 1.8.
ar |, ) vWe (1.8.3)

)

1.8.2 Fermi-Walker transport

The Fermi-Walker transport, see e.g. Stephani[SS90], of a vector X = X*d, along the worldline x*(7)
with four-velocity u = u*(7)d, is given by FyX* = 0 with

dx* 1
F X* = W+Fgcude+c—2(u6a“ —aut) gpoXP. (1.8.4)

The four-acceleration follows from the four-velocity via

D*x*  Du*  duM
T _ — ™ _uPuc. 1.8.5
dr? drt dr TheotH ( )

1.8.3 Parallel transport

If the four-acceleration vanishes, the Fermi-Walker transport simplifies to the parallel transport PyX* =0
with
DX*  dx*

PuX* := = e +ThsuPX°. (1.8.6)
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1.8.4 Euler-Lagrange formalism

A detailed discussion of the Euler-Lagrange formalism can be found, e.g., in Rindler[Rin01]. The La-
grangian .Z is defined as

L =gy, L=k, (1.8.7)

where x* are the coordinates of the metric, and the dot means differentiation with respect to the affine
parameter A. For timelike geodesics, k¥ = 71 depending on the signature of the metric, sign(g) = 3-2. For
lightlike geodesics, k¥ = 0.

The Euler-Lagrange equations read

d ¢ 0%

—=——=—=0. 1.8.

dA dxt JdxH (18.8)
If .Z is independent of x”, then x” is a cyclic variable and

Pp = gpvX" = const. (1.8.9)
Note that [.Z], = % for timelike and [.Z], = 1 for lightlike geodesics, see Sec. 1.9.
1.8.5 Hamilton formalism
The super-Hamiltonian /¢ is defined as

1 1
H = Eg“"pupv, = Elccz7 (1.8.10)

where p, = guvx¥ are the canonical momenta, see e.g. MTW[MTW?73], para. 21.1. As in classical me-
chanics, we have

dxt 9 dpy 9
1.9 Units

A first test in analyzing whether an equation is correct is to check the units. Newton’s gravitational
constant G, for example, has the following units

length?
G, = %, (1.9.1)
mass - time
where [-|, indicates that we evaluate the units of the enclosed expression. Further examples are
length chwarzschil 1 warzschil 2
[dS]U = length, [u]u = m, [R?r}t‘r hld]U = m, [ S1§}2P13(P hldi| v = length . (192)
1.10 Tools

1.10.1 Maple/GRTensorlIl

The Christoffel symbols, the Riemann- and Ricci-tensors as well as the Ricci and Kretschmann scalars in
this catalogue were determined by means of the software Maple together with the GRTensorll package

by Musgrave, Pollney, and Lake.?

A typical worksheet to enter a new metric may look like this:

2The commercial software Maple can be found here: http://www.maplesoftcom. The GRTensorll-package is free:
http://grtensor.phy.queensu.ca.
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> grtw();
> makeg (Schwarzschild) ;

Makeg 2.0: GRTensor metric/basis entry utility

To quit makeg, type ’‘exit’

Do you wish to enter a 1) metric

2) line element
3)
4) NP tetrad

Enter coordinates as a LIST
> [t,r,theta,phi]:

(eg.

Enter the line element using d[coord]
r*2* (d[theta]”2 + sin(theta)"2xd[phi]"2)

(for example,
[Type 'exit’
ds*2 =

to quit makeg]

If there are any complex valued coordinates,

lg

non-holonomic basis

[t

at any prompt.

(dn,dn) 1,

[ds],

[e(1)..
[1,n,m, mbar]?

.e(n)], or

,r,theta,phil]):

constants

for this spacetime, please enter them as a SET ( eg. { z, psi }
Complex quantities [default={}]:
> {}:
You may choose to 0) Use the metric WITHOUT saving it,
1) Save the metric as it is,
2) Correct an element of the metric,
3) Re-enter the metric,
4) Add/change constraint equations,
5) Add a text description, or
6) Abandon this metric and return to Maple.

to indicate differentials.

or functions

).

The worksheets for some of the metrics in this catalogue can be found on the authors homepage. To
determine the objects that are defined with respect to a local tetrad, the metric must be given as non-

holonomic basis.

The various basic objects can be determined via

Christoffel symbols I'},
partial derivatives F’;‘p,(,
Riemann tensor Ry vps
Ricci tensor Ry,

Ricci scalar #
Kretschmann scalar .#°

1.10.2 Mathematica

grcalc (Chr2);

Riemman) ;
Ricci);
Ricciscalar);
RiemSq) ;

grcalc
grcalc
grcalc
grcalc

—~ e~~~

grcalc (Chr (dn,dn,up));
grcalc (Chr (dn,dn,up,pdn));
grcalc(R(dn,dn,dn,dn));
grcalc(R(dn,dn));

The calculation of the Christoffel symbols, the Riemann- or Ricci-tensor within Mathematica could read

like this:
Clearing the values of symbols:
In[l]:= Clear[coord, metric, inversemetric, affine,
t, r, Theta, Phi]
Setting the dimension:
In[2]:= n := 4
Defining a list of coordinates:
In[3]:= coord := {t, r, Theta, Phi}
Defining the metric:
In[4]:= metric := {{-(1 - rs/r) c*2, 0, 0, 0},
{0, 1/(1 - rs/r), 0, 0},
{0, 0, r~2, 0},
{0, 0, 0, r ~2 Sin[Theta]”2}}
In[5]:= metric // MatrixForm
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Calculating the inverse metric:
In[6]:= inversemetric := Simplify[Inverse[metric]]
In[7]:= inversemetric // MatrixForm

Calculating the Christoffel symbols of the second kind:
In[8]:= affine := affine = Simplify|[

Table[ (1/2) Sum[inversemetric[[Mu, Rho]] (
D[metric[[Rho, Nul]], coord[[Lambdal]]] +
D[metric[[Rho, Lambdal]], coord[[Nu]]] -
D[metric[[Nu, Lambda]], coord[[Rhol]l]),

{Rho, 1, n}], {Nu, 1, n}, {Lambda, 1, n}, {Mu,

1, n}ll]

Displaying the Christoffel symbols of the second kind:

In[9]: listaffine
Table[If[UnsameQ[affine[[Nu, Lambda, Mu]],
{Style[ Subsuperscript[\[CapitalGammal,

Row [ {coord[[Nu]], coord[[Lambdal]l}],

n_mn
’

01,

coord[[Mulll],

181,

Stylelaffine[[Nu, Lambda, Mull, 141}1],
{Lambda, 1, n}, {Nu, 1, Lambda}, {Mu, 1, n}]
In[10]:= TableForm[Partition[DeleteCases|[Flatten[listaffine],
Null], 31,
TableSpacing —-> {1, 2}]
Defining the Riemann tensor:
In[ll]:= riemann := riemann =
Table[D[affine[[Nu, Sigma, Mul]], coord[[Rho]l]] -
D[affine[[Nu, Rho, Mu]l]], coord[[Sigma]]] +
Sum[affine[ [Rho, Lambda, Mu]]
affine[[Nu, Sigma, Lambdal] -
affine[[Sigma, Lambda, Mu]]
affine[[Nu, Rho, Lambdall,
{Lambda, 1, n}],
{Mu, 1, n}, {Nu, 1, n}, {Rho, 1, n}, {Sigma, 1, n}]
Defining the Riemann tensor with lower indices:
In[l12]:= riemannDn := riemannDn =
Table [Simplify[
Sum[metric[[Mu, Kappal] riemann|[Kappa, Nu, Rho, Sigma]l],
{Kappa, 1, n}ll,
{Mu, 1, n}, {Nu, 1, n}, {Rho, 1, n}, {Sigma, 1, n}]
In[13]:= listRiemann :=
Table[If[UnsameQ[riemannDn[[Mu, Nu, Rho, Sigmall, 0],

{Style[Subscript [R, Row[{coord[[Mul]],

coord[ [Nu]l],

coord[ [Rho]],

coord[[Sigmal]l}l]l, 161, "=",
riemannDn[ [Mu, Nu, Rho, Sigmall}],
{Nu, 1, n}, {Mu, 1, Nu}, {Sigma, 1, n}, {Rho, 1, Sigmal}]
In[l14]:= TableForm[Partition[DeleteCases[Flatten[listRiemann],
Null]l, 31,
TableSpacing -> {2, 2}]
Defining the Ricci tensor:
In[15]:= ricci := ricci =
Table[Simplify [
Sum[riemann[[Rho, Mu, Rho, Null], {Rho, 1, n}]],
{Mu, 1, n}, {Nu, 1, n}]
In[l6]:= listRicci :=
Table[If[UnsameQ[ricci[[Mu, Nu]l], 0],
{Style[Subscript [R, Row[{coord[[Mu]], coord[[Nu]]}]l, 167,
won
-
Style[ricci[[Mu, Nul], 16]}], {Nu, 1, 4}, {Mu, 1, Nu}]

In[l7]:=
Null],
TableSpacing -> {1, 2}]

Defining the Ricci scalar:
In[18]:
Simplify[Sum|[

ricciscalar ricciscalar

TableForm[Partition[DeleteCases|[Flatten[listRicci],
31,
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Sum[inversemetric[[Mu, Nu]] ricci[[Nu, Mull],
{Mu, 1, n}], {Nu, 1, n}l]

Defining the Kretschmann scalar:
In[19]:= riemannUp := riemannUp =
Table[Simplify[
Sum[inversemetric|[ [Nu, Kappal]
riemann([ [Mu, Kappa, Rho, Sigmal], {Kappa, 1, n}l],
{Mu, 1, n}, {Nu, 1, n}, {Rho, 1, n}, {Sigma, 1, n}]

In[20] := kretschmann := kretschmann =
Simplify[Sum[ Sum[Sum[Sum[
riemannUp[ [Mu, Nu, Rho, Sigmal]
riemannUp[ [Rho, Sigma, Mu, Null,
{Mu, 1, n}], {Nu, 1, n}], {Rho, 1, n}], {Sigma, 1, n}]]

Some example notebooks can be found on the authors homepage.

1.10.3 Maxima

Instead of using commercial software like Maple or Mathematica, Maxima also offers a tensor package
that helps to calculate the Christoffel symbols etc. The above example for the Schwarzschild metric can
be written as a maxima worksheet as follows:

/* load ctensor package =%/
load(ctensor);

/+ define coordinates to use */
ct_coords: [t,r,theta,phil];

/* start with the identity metric */
lg:ident (4);

1g[1l,1]:c"2x(1-rs/r);
1g(2,2]:-1/(1-rs/r);

1g[3,3]:-r"2;
1g[4,4]:-r"2xsin(theta)"2;
cmetric();

/* calculate the christoffel symbols of the second kind =/
christof (mcs);

/* calculate the riemann tensor =/
lriemann (mcs) ;

/* calculate the ricci tensor =/
ricci (mcs);

/* calculate the ricci scalar */
scurvature () ;

/* calculate the Kretschmann scalar */
uriemann (mcs) ;

rinvariant ();

ratsimp (%) ;

As you may have noticed, the Schwarzschild metric must be given with negative signature.



Chapter 2

Spacetimes

2.1 Minkowski

2.1.1 Cartesian coordinates

The Minkowski metric in Cartesian coordinates {¢,x,y,z € R} reads

ds? = —c*dt® + dx* + dy?* + dz*.

2.1.1)

All Christoffel symbols as well as the Riemann- and Ricci-tensor vanish identically. The natural local

tetrad is trivial,
1
e(t) = E&}, e<x) = 8x, e(y) = 3},, e(z> = 8Z,
with dual

00 =cdr, 6W=dx, oYV=aqy, 60=4q:

2.1.2 Cylindrical coordinates

The Minkowski metric in cylindrical coordinates {t € R,r € R*, ¢ € [0,27),z € R},

ds? = —c*d® +dr* + r*de* + dZ,

has the natural local tetrad

1 1

e(t) = Eat, e<,) = 8,, e((p> = ;8¢, e(z) = az.

Christoffel symbols:
1
_ ¢ __

Ffp(p—fr, Fr(p—;

Partial derivatives
¢ _ r _
Lipr= 0 F(p(p,r_ —1.

Ricci rotation coefficients:

Noyne) = and ¥, =—.

r

14

(2.1.2)

(2.1.3)

(2.1.4)

(2.1.5)

(2.1.6)

(2.1.7)

(2.1.8)
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2.1.3 Spherical coordinates

In spherical coordinates {r € R,r € R", 9 € (0,7),¢ € [0,27)}, the Minkowski metric reads

ds* = —dr* +dr* +r* (d9 +sin> 9d¢*) . (2.1.9)
Christoffel symbols:
1
ro— I = —rsin?® e, == 2.1.10
95 T, o0 rsin” 9, o= ( a)
1
rH,=—sindcosd, If= = I, = cotd. (2.1.10b)
Partial derivatives
1 1
Thr === fpr == A (2.1.11a)
1
Thps = oy Ty, =—sin®®, Ty, =—cos(20), (2.1.11b)
0p,0 = —sin(20). (2.1.11¢)

Local tetrad:

1
e<,) = Ea[, e<r) = 8,, e(ﬁ) = ;819, [ = 8 (2112)

Ricci rotation coefficients:

Yo)n®) = No)e) = 0 Ne)®)e) = —, (2.1.13)
The contractions of the Ricci rotation coefficients read
2 cot )
V==  Ye)= : (2.1.14)

r

2.14 Conform-compactified coordinates

The Minkowski metric in conform-compactified coordinates {y € [—x,7],& € (0,7),0 € (0,7),¢ € [0,27)}
reads[HE99]

ds* = —dy? +dE? +sin? & (d0? +sin® 9d¢?) . (2.1.15)

This form follows from the spherical Minkowski metric (2.1.9) by means of the coordinate transforma-
tion

ct—&—r:tanw—;g, ct—r:tanwgg, (2.1.16)

resulting in the metric

R 2 L2
4P — dy” +dg sin” ¢ (d®? +sin® 9dg?), (2.1.17)
4cos? "'TH: cos? WT% 4cos? WT% cos? WT{
and by the conformal transformation ds*> = Q2ds? with Q2 = 4cos? WT‘L'): cos? "’Tf‘g
Christoffel symbols:
gy =coté,  TIf =coté, s, = —sin cosé, (2.1.18a)

1"?;(,) = cot 1, Féq, = —siné cos & sin’ ¥, ng, = —sin®dcos V. (2.1.18b)
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Partial derivatives

1 1
% " o _ 4
F&Wi_ sin2 &’ F§<P,~5_ sin? &’ I
1
¢ _ & ") %
Fﬂ(p’ﬁ__sinzﬂ’ FfP(D,é = —cos(2&)sin” 9, F(P(Pﬁ——cos(Zﬁ),
N .
Lops = 5 sin(2€)sin(29).

Riemann-Tensor:
Repes = sin*g, Repeo = sin® € sin® 9, Rypop = sin* € sin® 9.
Ricci-Tensor:
Reg =2 Ry = 2sin2 R —2sin2 & sin2
EE— 4 vy = <SS 57 Q@ = £SIN gsm V.
Ricci and Kretschmann scalars:
X =6, H=12.

The Weyl tensor vanishs identically.
Local tetrad:

1 1

=% =% fT GE% YT Eang

Ricci rotation coefficients:

coty
Y0)(©)(9) = No)E)(9) = O, No)(d)(p) = e

The contractions of the Ricci rotation coefficients read
cot
=2cot =
Ney =200tes Yoy = gz

Riemann-Tensor with respect to local tetrad:

2.1.5 Rotating coordinates

B0 = —cos(2€),

(2.1.19a)

(2.1.19b)

(2.1.19¢)

(2.1.20)

(2.1.21)

(2.1.22)

(2.1.23)

(2.1.24)

(2.1.25)

(2.1.26)

(2.1.27)

The transformation d¢ — d¢ + wdt brings the Minkowski metric (2.1.4) into the rotating form[Rin01]

with coordinates {r € R,r e R, ¢ € [0,27),z € R},

2 2
2 do”+dz

ds? = —(1— o’r [cdt — Q(r)de)* +dr* + ————
N ¢ 1—w2r2/c?

with Q(r) = (FPw/c)/(1 — 0*r*/c?).
Metric-Tensor:

2 2.2 2 2
8 =—C"+ 071, 8o = WOr-, &r=8z=1, oo =1

(2.1.28)

(2.1.29)
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Christoffel symbols:
— 2 o _ @ _ o _ 1 —
I;, =-o7, Iy = - [, =—or, IYp= = Lop=—r. (2.1.30)
Partial derivatives
T w v 1 r
I, =-0, T = —5 Tip, =0, Lo, = —5 Topr=—1. (2.1.31)

The local tetrad of the comoving observer is
1 ) 1
e(,) = Ea; - ?8(4,, 6(,,) = 8r7 e((p) = ;3(0, e(z) = 81, (2.1.32)

whereas the static observer has the local tetrad
1
6= ——10,, en=0, e.=0, 2.1.33a
e A =% (21:3%)
or V1—0%r2/c?
€p = o + do. 2.1.33b
O it o (21:330)

2.1.6 Rindler coordinates

The worldline of an observer in the Minkowski spacetime who moves with constant proper acceleration
o along the x direction reads

2 ot c? ot

x= —cosh—, ct = —sinh — (2.1.34)
o ¢ a c

where 1’ is the observer’s proper time. The observer starts at x = 1 with zero velocity.
However, such an observer could also be described with Rindler coordinates. With the coordinate trans-
formation

1 1
(ct,x)— (1,p): ct = 0 sinh 7, x= Ecosh‘c, (2.1.35)

where p = ¢/c?, the Rindler metric reads

1 1
ds> = —pdrz + Edpz +dy? +d2°. (2.1.36)
Christoffel symbols:
. =—p re 1L -2 (2.1.37)
’ ™ p’ PP P
Partial derivatives
1 2
o _ — P —
e p=—1, Top = 57 bop = 57 (2.1.38)
The Riemann and Ricci tensors as well as the Ricci and Kretschmann scalar vanish identically.
Local tetrad:
€)= p8f7 €p) = pzap, €y = 8},7 € = 81. (2.1.39)

Ricci rotation coefficients:

Yoy =P, and  Yp = —p. (2.1.40)
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2.2 Schwarzschild spacetime

2.2.1 Schwarzschild coordinates

In Schwarzschild coordinates {t € R,r € R", 9 € (0,7),¢ € [0,27)}, the Schwarzschild metric reads

1
ds? = — (1 - E) dt? + 7/dr2 +72 (c1192 +sin® 19d(p2) , (2.2.1)
r

1—rg/r

where ry =2GM/ 2 is the Schwarzschild radius, G is Newton’s constant, ¢ is the speed of light, and M is
the mass of the black hole. The critical point r = 0 is a real curvature singularity while the event horizon,
r =ry, is only a coordinate singularity, see e.g. the Kretschmann scalar.

Christoffel symbols:
cors(r—rs) Ty T
| r=—>->-_ = 222
1t 2r3 ’ tr 27‘(1’ _ rs) ’ rr 27‘(1’ _ rs) ’ ( a)
1 1 ],
Fro =5 o= o= —(rr). (2220)
Iy, =cotd, Ty, =—(r—r)sin®®,  Th,=—sindcosv. (2.2.2¢)
Partial derivatives
2r— SrX)CZrS (2r—rg)rg (2r —rg)rs
r =——— r.=—---"- I =" 2.2.3
tt,r 24 ) tryr 27‘2(1’ — rs)z ’ rrr 21‘2(7' — rs)2 ; ( a)
1 1 ,
F?&r = T2 F;(P(p.r = 72 DO r = -1, (2.2.3b)
1 ) 5}
Thos = — Sy T, = —sin’ ¥, T, = —cos(20), (2.2.3c)
0g.0 = —(r—rs)sin(29). (2.2.3d)
Riemann-Tensor:
2 2 2 -2
cery Les(r—rg)rs L c*(r—rg)rgsin”®
Riyir = T Rigro = T 2 ¢ Rigrp = 2 2 ) (2.2.4a)
1 r 1 rysin® ¥ .
Rr19r1.9 — —5 p _Srf , roro = 5 Sr _y R R19¢19¢ =717y s1n2 9. (224b)

As aspected, the Ricci tensor as well as the Ricci scalar vanish identically because the Schwarzschild
spacetime is a vacuum solution of the field equations. Hence, the Weyl tensor is identical to the Riemann
tensor. The Kretschmann scalar reads

2

A =125, (2.2.5)
r
Here, it becomes clear that at r = r, there is no real singularity.
Local tetrad:
1 Is 1 1
e(t) = ﬁ&h e(r> = 1 - 78,, e(ﬂ) == ;819, e((p> == rsinﬂaq’. (226)
Dual tetrad:
00 =c /1-2ar, o) = L, 0 =rdo, 69 =rsindde. 2.2.7)
Vo ST

Ricci rotation coefficients:

T 1 T _ cot O

N0 = 52 i —pery 1000 =Yoloe) =74/ 1750 Henore =~ (2.2.8)
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The contractions of the Ricci rotation coefficients read

4r —3r, __cot®

P S _ v 229
UG 22 /T—r,/r M) r ( )
Structure coefficients:
0 _ Is @ _ (@ __ 1/ (p) _ cotv
NOIGE 272 /1— rs/r’ ) = e = ’ 1 P Co)p) = P (2.2.10)
Riemann-Tensor with respect to local tetrad:
rS
Riyinmm = —Rw)o)e)9) =~ 3> (22.11a)
Ig
Riyoo@) = Rowene) = ~Rn@nw) = R = 3,3 (2.2.11b)
The covariant derivatives of the Riemann tensor read
3ry
Ry )11 = ~R@)@)0)(9):) = 5 VI{r=r15), (22.12a)
Ry (n@):(9) = Ry(nn)(e):(9) = Ro)@)0)@):() = Riy(e)0)(0):() =
3r,
=Ry @) ®)(01(0) = —5,5 VI (r =13, (2.2.12b)
37
Ri)@)0):) = Rin@)0)0)9) = Ri)0)0)0):) = 5,5 V(7= 75)- (22.12c)
Newman-Penrose tetrad:
1 1 1
I=—(e;+e,), n=—(e;—e,), m= —— (e +ie . 2.2.13
NASCREG) 7 (e <) 5 (o) +iep) (22.13)

Non-vanishing spin coefficients:

1 rg T coty
S S I N 2214
p=H \V2r A W22\ /T —r,)r B 2V2r ( :

Embedding:
The embedding function reads

= 2RFT,. (2.2.15)

Euler-Lagrange:
The Euler-Lagrangian formalism, Sec. 1.8.4, for geodesics in the © = /2 hyperplane yields

1, 1 k2 1 re\ [ h?
5?‘2 + Vet = 56‘72, Vett = 5 (1 — 75) (7‘2 - KC2> (2216)

with the constants of motion k = (1 —ry/r)c?i, h=r*¢, and K as in Eq. (1.8.2). For timelike geodesics, the
effective potential has the extremal points

_ h*£h\/h?* =3c*r?
B c2ry

re , (2.2.17)
where ry is a maximum and r_ is a minimum. The innermost timelike circular geodesic follows from
h* = 3¢*r} and reads ricg = 3r,. Null geodesics, however, have only a maximum at rp, = 3ry. The
corresponding circular orbit is called photon orbit.

Further reading:

Schwarzschild[Sch16, Sch03], MTW[MTW?73], Rindler[Rin01], Wald[Wal84], Chandrasekhar[Cha06],
Miiller[Miil08b, Miil09].
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2.2.2 Schwarzschild in pseudo-Cartesian coordinates

The Schwarzschild spacetime in pseudo-Cartesian coordinates (,x,y,z) reads

2 d 2 2 d 2
d = —(1=2)at+ (= P+ 2 ) S (P2 ) S
r L—ry/r r l—rg/r r?
2 422 2, (2.2.18)
T, /r> = + m (xydxdy + xzdxdz+ yzdydz),
N s

+<x2+y2+

where > = x> +y? +z2. For a natural local tetrad that is adapted to the x-axis, we make the following
ansatz:

= ;8 e(l) = A&M e(z) = B&x +C8y, e<3) = D&x +E8y +F3Z. (2219)

€ - )
Y e/

1 — 1
A= —, B= &xy e P — (2.2.20a)
8xx 8xx4/ _g,%y/gxx + 8y A/ _g,%y/gxx + &y
8xy8yz — 8xz8yy 8xz8xy — 8xx8yz \/N
p=tudz_8xdy  p Swby — Swbyz F=Y1 2.2.20b
VNW VNW VW ( )
with
N = g8y — g)zcy7 (2.2.21a)
W= 8xx8yy8zz — g_,%zgyy + ngzgxygyz - g)zcygzz - gxngz- (2'2'21b)
2.2.3 Isotropic coordinates
Spherical isotropic coordinates
The Schwarzschild metric (2.2.1) in spherical isotropic coordinates (¢, p, 9, ¢) reads
lp\/p>2 2,2 ( Ps ! 2 2 2 ) 2
ds2< Adr+ (1+ 2 [ap?+p? (d02 +sin2 9de?)], (2.2.22)
T p/p 5 ) | ( )]
where
s\’ 1
r=p <1+ps> or  p=; (Zr—rsiZ r(r—rs)) (2.2.23)

is the coordinate transformation between the Schwarzschild radial coordinate r and the isotropic radial
coordinate p, see e.g. MTW[MTW?73] page 840. The event horizon is given by p; = r;/4. The photon
orbit and the innermost timelike circular geodesic read

Christoffel symbols:
2(p — ps)p*psc? 2ps 2p5
p_ 2P —Ps)P PsC” - , M,=——"r 2.2.25
" (p+py) P pr—p? PP (p+ps)p (2:2.252)
o _ _P—Ps ¢ _ _P—Ps P P=Ps (2.2.25b)
PP (p+p)p’ Pe (p+ps)p’ o =Py
— D. in2
rf, = cotd, b, = —PZPIPSITD “po G peoso. (2.2.25¢)

P +ps
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Riemann-Tensor:

(p —ps)?psc? (p —ps)*ppsc?

Ripip = —4 , Rigis =2 , 2.2.26
PP (p+p)'p o (p+py)* (2:2:262)
(p = ps)2pc?pysin® B (P +ps)2Ps
R”P”P =2 (p +ps)4 ) sz?pﬁ =-2 p3 ) (2226b)
+ ps)2py sin’ O 4(p + ps)?pssin® &
Rogpg = —2PTPP L Roppe— NPEPIP . (2.2.26¢)
p p
The Ricci tensor and the Ricci scalar vanish identically.
Kretschmann scalar:
2 2
H =192 =12 (2.2.27)
pS (1+ps/p) r(p)
Local tetrad:
14p,/p d 1
e = 1HP /P e = ——0, (2.2.28a)
1—ps/p c [1+ps/pP]
1 1
€)= 7819, €p) = - 8¢,. (2.2.28b)
Tl +p/p) Y pli+ps/p) sin? B
Ricci rotation coefficients:
2p,p? PP —ps)
— -, = = ) 2.2.29a)
Yp)n)) (p+p5)3(p—ps) Y@)(p)®) = Yo)p)(e) (p+p,)? (
p cot
=—". 2.2.29b
Ho@(@) = (51 p,2 ( )
The contractions of the Ricci rotation coefficients read
2p(p* - pps+p2) pcot ¥
Yip) = , Yo)= ——- (2.2.30)
)" o +p)3 (P —ps) @ (p+p,)?
Riemann-Tensor with respect to local tetrad:
s
Rowroe) = —Royeioie) = =550 (22.31a)
s
Ro@wm =Rawow) = ~Re)oe)@ = ~Rexee)ie = 3055 (2.2.31b)
Further reading:
Buchdahl[Buc85].
Cartesian isotropic coordinates
The Schwarzschild metric (2.2.1) in Cartesian isotropic coordinates (¢,x,y,z) reads,
2 4
ds® = — (1ps/p> di? + (1 + ps) [d + dy? +d2?], (2.2.32)
1+ps/p p

where p? = x> +y*> + 72 and, as before,

P 2
r:p(l—i—ps> . (2.2.33)
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Christoffel symbols:
x2c23s—5x o 2¢2p3ps (p — ps 2¢2p3ps (P —ps)z
= 2CP°p (p 7p) R G (p 7p)y7 r _ PP (p 7p) 7 (2.2342)
(p+ps) (p+ps) (p+ps)
2p5x 2p5y 2psz
U= 5575 = = (2.2.34b)
"opP-pt/p?] Yopil-p/p? o pii-pi/p?]
W 4 w w Zps X
Iy, =0y, =T, =TI}, =T} = _?m, (2.2.34¢)
W ) sz y
M, =-T% =T =T,=0% = ST (2.2.34d)
2ps
IS=—T% =T = I3, = —I%, =22 (2.2.34¢)

“pdl+p/p

2.24 Eddington-Finkelstein

The transformation of the Schwarzschild metric (2.2.1) from the usual Schwarzschild time coordinate ¢

to the advanced null coordinate

cv=ct+r+rin(r—ry)

v with

(2.2.35)

leads to the ingoing Eddington-Finkelstein[Edd24, Fin58] metric with coordinates (v,r, 9%, ¢),

LT

) Fdv? - 2cdvdr+r* (A +sin® 9dg?).

Metric-Tensor:

2 s 2 202
8w = —C (1_7)7 8vr = ¢, 89y =1, 8o = I S1N 0.
Christoffel symbols:
2
cr. cors(r—rs) cr.
v s ro__ s s ro__ s v
l_‘vv - ﬁ’ I‘vv 273 ’ er - _ﬁ7 Frﬁ -
¢ _ v r rooo__ ¢ _
Fr(p_? 99 =" Iy =—(r—ry), Fﬁ(p—cotﬁ,
-2
rsin” ¥
v o o_ Y T (e : 2 ¢
Cop = ; Top=—(r—rs)sin" 8, Iy, =—sindcosd.
Partial derivatives
v cry - (2r— 3rs)c2rs , cry
1—‘vvﬁr = =R wr — 2,4 ’ vrr T T30
e 1 e 1 v o1
ror — P2’ rQ,;r — 27 00, — P
)
r =1 e :7; ’ :7sm19
bl . b bl
Na 19([),19 sz 19 Pp,r c
rsin(29)
v _ r _ -2 0 _
oo =" Lop,, = —sin" ¥, oo = —cos(29),
- .
oo = —(r—r5)sin(20).
Riemann-Tensor:
R _ c2ry R B czrs(r—rs) R g
vrvr — }’3 5 vy — 2}’2 ; vord — _57
2 ) )
c*rg(r—rs)sin” ¥ crgsin® ¥ .
qu)v(p = —2r2 3 Rv(pr(p = _72" 5 R19¢19¢ = VVS sin 19.

(2.2.36)

(2.2.37)

(2.2.38a)

(2.2.38b)

(2.2.38¢)

(2.2.39a)

(2.2.39b)
(2.2.39¢)

(2.2.39d)
(2.2.3%)

(2.2.40a)

(2.2.40b)
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While the Ricci tensor and the Ricci scalar vanish identically, the Kretschmann scalar is %" = 12r2 /75
Static local tetrad:

1 T 1 1

1
ey = ———0,, €p=———0+/1——0,, e =-0g, €u=——0p (2241
0= AR 0T AT, ; @) =%, €= G50  (224])
Dual tetrad:
0 =¢ 1—EdV—L, e<’>=L, 6 =rdd, 6 =rsindde. (2.2.42)
r V1=rg/r V1=r/r

Ricci rotation coefficients:

S E— - _Lhen _ coto (2.2.43)
Tow0 =52 A=y 100 = Hone = 7 7 Newe) = — -

The contractions of the Ricci rotation coefficients read

4r —3r, cot}
A= =" 2.2.44
"= iy T (2249
Riemann-Tensor with respect to local tetrad:
s
Rume) = —Re)e)@)0) = ~ 3 (2.2.452)
s
Ru@)0)) = Ruy@mie) = —Rino)ne) = —Rie)ne) = 5,3- (2.2.45b)
2.2.5 Kruskal-Szekeres
The Schwarzschild metric in Kruskal-Szekeres[Kru60, Wal84] coordinates (7, X, ¥, @) reads
o 4n —r/r 2 2 2 102
ds® = 571" (—dT? +dX?) + r2dQ?, (2.2.46)
r
where r € R. \ {0} is given by means of the LambertW-function 7,
X2 _ T2
(r—1>e’/rS:X2—T2 or  r=r [z//( >+1]. (2.2.47)
I e
The Schwarzschild coordinate time ¢ in terms of the Kruskal coordinates T and X reads
T
t= 2rsarctar1h}7 r>ry, (2.2.48a)
X
t= 2r5arctanhf7 r<ry, (2.2.48b)
= oo, r=rsyg. (2.2.48C)

The transformations between Kruskal- and Schwarzschild coordinates read

t 't
X=J1-Le/Csinn L 7= 1= Le/eosn L 0<r<m, (2.2.49a)
Is 2r s 2r
t 1
X=,/L —170% cosh C—, T=,]5 170 sinhc—, r>ry. (2.2.49b)
Ty 2rg Ty 2ry
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Christoffel symbols:
Tr ,
T7r =Ty =Tix = we—rm’ (2.2.50a)
Xry(r+rs) _,
Ty =Ty =T¥x = —%e rins, (2.2.50Db)
2r2T 2r2X
Py = -5/, Yy = =5-e ", (2.2.50¢)
r r
hy=—-T My =-—X 2.2.50d
v 2rs 00 T o ( )
r . r .
Fgﬁ = 72—rsTs1n2 9, Ffw = z—rsX sin? 9, (2.2.50e)
Fg(p =cotd, F(’Zq, = —sin?Y cos V. (2.2.50f1)
Riemann-Tensor:
! 284
Rrxrx = *16%6_%/"‘, Rrore = %e_r/”, (2.2.51a)
2rd 214
Rrgro = 3¢/ sin o, Ryoxs = — e, (2.2.51b)
I T
2’? —r/rs @in2 .2
Rxoxep = 2 ‘sin” 9, Rypve = rrssin” 9. (2.2.51¢)

The Ricci-Tensor as well as the Ricci-scalar vanish identically.

Kretschmann scalar:

12r7
A= (2.2.52)
r
Local tetrad:
\/; r/(2rs \/; r/(2rg 1 1

e(T) = 72’%%6 /( )87, e(x) = 2r5\/ﬁe /( >ax, e(ﬂ) = ;(973, e(q,) = rsinl98¢ (2253)

Riemann-Tensor with respect to local tetrad:
Ts
Riryoome) =Rx@)x)e) =R = —Re)e)0)0) = 73> (22.542)
Ts

Riryo)m)) = Rryo)r)o) = 5,3- (2:2.54b)
2.2.6 Tortoise coordinates
The Schwarzschild metric represented by tortoise coordinates (z,p, 3, ¢) reads

ds® = — <1 b >c2dt2+ (1 b )dp2+r p)? (d®? +sin® 9de?) (2.2.55)
() (o) 7O )

where r; =2GM/ 2 is the Schwarzschild radius, G is Newton’s constant, ¢ is the speed of light, and M
is the mass of the black hole. The tortoise radial coordinate p and the Schwarzschild radial coordinate r
are related by

p:r—f—rsln(:—l) or r:rs{l—i—W[exp(f—l)]}. (2.2.56)
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Christoffel symbols:
l—*P_ czrs r, _L Fp B T
") " 2r(p)? PP = 2r(p)
1 1 1 1
T R A Bo = —r(p),
Fl(gfp = cotv, F&P = *"<P)Si11219, Fg(p = —sindcos ¥.
Riemann-Tensor:
cer ( s >2 c? I I
B T
tptp r(p)3 r(p) 1Ot ) r(p) r(p)
C2$in20< rg > Ig 1 I Ty
R = 1-— s R 98 = — = (1 — >
e M) ) ey PP T 2T Hp) ) rle)
)
sin” ¥ e r
R == - = R = r(p)rysin® 0.
pope 2 < r(p)) r(p) 0909 =(P)

(2.2.57a)

(2.2.57b)

(2.2.57¢)

(2.2.58a)

(2.2.58b)

(2.2.58¢)

The Ricci tensor as well as the Ricci scalar vanish identically because the Schwarzschild spacetime is a
vacuum solution of the field equations. Hence, the Weyl tensor is identical to the Riemann tensor. The

Kretschmann scalar reads

r2

H =12——.
r(p)®

Local tetrad:

1 1
e = ——0;, €y =———o-0,, ey =—0, € =
() /1 _rs/r(p) ! ) 2 _rs/r(p) P (¥) r(p) B (9) r

Dual tetrad:

D_¢ [1- (r;))dt, o) = |1 (r;)dp, 00 = r(p)dd, 6 =
r r

Riemann-Tensor with respect to local tetrad:

Further reading:
MTW[MTW?73]

2.2.7 Painlevé-Gullstrand

The Schwarzschild metric expressed in Painlevé-Gullstrand coordinates]f MP01] reads

2
ds® = —2dT* + (dr+ \ /”"ch> + 7 (d0? +sin® 9dg?),
r

where the new time coordinate T follows from the Schwarzschild time ¢ in the following way:

CTct+2Vs<\/7 +3In ‘\/\/:;:::Jrl’)

(2.2.59)

(2.2.60)

(2.2.61)

(2.2.62a)

(2.2.62b)

(2.2.63)

(2.2.64)
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Metric-Tensor:

grr=—(1-2),  en=c\/% gr=1.  gea=r  gpp=r'sin . (2.2.65)
Christoffel symbols:
2
T Crs [Ts _crg(r—ry) T Ts
- cry |rg T Ty r - I
= — I =——= 2.2.66b
Tr 2r2 ’ T 2er?\ ry’ ” 2r2’ (2.2.66b)
1
o =- ré, =- fy=—=/= 2.2.
o= T o= E A\ (2.2.66¢)
B o r I |Is .2
o = —(r—rs), I3 =cotd, Lop = 7 / ~ sin 9, (2.2.66d)
l"fp(p =—(r—ry) sin® 9, FZ(P = —sin®¥cos V. (2.2.66€)
Riemann-Tensor:
2 2 _
Rryry = —C—f, Rrore = Ma Rrors = -2 [2, (2.2.67a)
r 2r 2r\ r
CZ,,S(,,, rs) sin ¥ crs [Fs . o I
Rrore = — 2 Rrorp = 5\ 7 sin® %, Ryprp = —?;7 (2.2.67b)
.2
. )
Rygrp = —2 Slzn , Rogop = rrysin® 9. (2.2.67¢)
r
The Ricci tensor and the Ricci scalar vanish identically.
Kretschmann scalar:
H =122 /15, (2.2.68)
For the Painlevé-Gullstrand coordinates, we can define two natural local tetrads.
Static local tetrad:
~ 1 s 3 . 1 . 1
_ p) _ P! 1 J =0 = 0 2.2.69
&) Y ron = e r+ o &) =0, &g = =00y, ( )
Dual tetrad:
00 e Ji—Dar——9r g0 A 4™ s 69— rsinvde. (2.2.70)
re W rfn—1 V1=r/r
Freely falling local tetrad:
1 [rg 1 1
E<T) = Z&r — 7&,, e(r) = 3,, ew) = ;819, e(q,> = rsind 0- (2.2.71)
Dual tetrad:
o) =cdr, o= C\/TsdTern 0 =rdd, 09 =rsindde. (22.72)
r
Riemann-Tensor with respect to local tetrad:
Is
Ry = —Rw)o)0)(9) = — 3 (22.732)

Rir)w)1)(0) = Ry o)m)9) = R0 = ~Rino)e) = 5,3 (2.2.73b)
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2.2.8 Israel coordinates

The Schwarzschild metric in Israel coordinates (x,y, 9, @) reads[SKM™03]

2

d
ds® = 2 {4dx (dy+ L;y) + (1 +xy)? (d0? +sin® 9d@?) | , (22.74)

where the coordinates x and y follow from the Schwarzschild coordinates via

=y <1+xy+lnX) and r=rs(1+xy). (2.2.75)
X
Christoffel symbols:
(3 2
e Y2tw) “y ) g =20 ry, = 22T0) (2.2.76a)
C(T+x)? (1+xy) (1+xy)
e ré, -2 o= > (2.2.76b)
W 1 xy T 14xy’ W L xy’
X X y
IY, = o o = —5 (1+1), F{M_—E(l—xy), (2.2.76¢)
x . y .
Fg(p =cotd, o = 75(1 +xy)sin? 9, Thy = 5(1 — xy)sin’ ¥, (2.2.76d)
ng, = —sin Y cos V. (2.2.76€)

Riemann-Tensor:

R =41 Rugg= 220 Ry S (22.77a)
i (1+xy)3 (1+xy)? ) 1+xy
2.2 2 2
rsy-sin® ¢ rAsmt9 2 .2
Riprp = — W; Rxpye = 7Yl—l—7xy’ Rygoe = (1+xy)rysin” 9. (2.2.77b)

The Ricci tensor as well as the Ricci scalar vanish identically. Hence, the Weyl tensor is identical to the
Riemann tensor. The Kretschmann scalar reads

12
H = 2.2.78
r4(1+xy)® ( )
Local tetrad:
V1 V1
eoy= -2 _a. ey =1, (2.2.79)
2rsy rev/1+xy 2rsy
1 1
=————=9 =———————0,. 2.2.79b
T () €0 = (T +xy)sino ® ( )
Dual tetrad
1+xy 2rsy rsv/1+xy
o) = VIT yo g = Y dy, 2.2.80a
y Y V1+xy y Y ( )

0% = r(14+xy)dd, 0% =r(14xy)sindde. (2.2.80b)
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2.3 Alcubierre Warp

The Warp metric given by Miguel Alcubierre[Alc94] reads

ds* = —cdi* + (dx— vy f (ry)dt)* +dy? +dZ (2.3.1)
where
vy = dx;t(t), (2.3.2a)
rs(1) = \/ (x=x5(1))2 +y2 + 22, (2.3.2b)
£(r,) = (o 2?1; (:;};(GU‘" —R), (2.3.20)

The parameter R > 0 defines the radius of the warp bubble and the parameter ¢ > 0 its thickness.
Metric-Tensor:

g = —c? +V§f(rs)27 8ix = _st(rs)a 8xx = 8yy = 8zz = I. (2.3.3)
Christoffel symbols:
A fvs :
Lh==3" U =—ffvs,  Thi=—fhv, (2.3.4a)
P 1vi = Ef g = fiv fhvs Ao
O === —=2, M=-23%  Ti=-"—7" (2.3.4b)
y nyS f%vs ffyv.2
T =5 Tf=22 Ty= "2 (2.3.4¢)
pr o St h P 3 SR i e et 50 23.4d)
v 22 SR 22 ~
Javs [hvs fyvs
Fo="7" T ==%%, =27 (2.3.4¢)
fhvs Jzvs AR
r‘iy = 7;7 Xz 27627 Ffz = T;’ (234:f)

with derivatives

9] ) 1,18 s 23
o= AL S [sect? (00 R) —sech? (001~ ) (235b)
fr= d]:z(yrS) - 2rsta:l)1)(GR) sech? (o(r-+ ) —sech” (0(r.~R)) (2359
et -t st

Riemann- and Ricci-tensor as well as Ricci- and Kretschman-scalar are shown only in the Maple work-
sheet.

Comoving local tetrad:

1
€)= - (8; —|—st8,() y €y = o, €n) = 8y, €i3) = 0,. (2.3.6)
Static local tetrad:
1 3 2 _ 242
=—9 e = vsf o + ¢ Ys BM €)= (9y, €)= az. (2.3.7)

€(0) ao (VR vy -

Further reading:
Pfenning[PF97], Clark[CHL99], Van Den Broeck[Bro99]
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2.4 Barriola-Vilenkin monopol

The Barriola-Vilenkin metric describes the gravitational field of a global monopole[BV89]. In spherical
coordinates (¢,r, 9%, @), the metric reads

ds* = —*dt* +dr* +I2r* (d9* +sin* 9 d?) (24.1)

where £ is the scaling factor responsible for the deficit/surplus angle.

Christoffel symbols:
1
e = —k°r, T, =—kKrsin®d, TPy= - (2.4.2a)
1
ng, = —sindcos?, F;p(p = Fg(p =cotd. (2.4.2b)
Partial derivatives
1 v
F?ﬁ\.,r = R F?(PJ = 2 SO = —kz, (2.4.3a)
re 1 I, =—k’sin® ¥ Y 4 =—cos(20) (2.4.3b)
o8 = g 0or = sin” ¥, 0g9 = —COS , 4.
o0 = —Krsin(20). (2.4.3¢)
Riemann-Tensor:
Rygse = (1 —K*)k*r*sin® O (2.4.4)
Ricci tensor, Ricci and Kretschmann scalar:
1—k? (1-k%)?
2 _ 2\ w2 _ _
R,},}Z(l—k ), R(p(p—(l_k )sm 19, %—Zw, %/_4W (245)
Weyl-Tensor:
2 2 2 2
C (1 —k ) C 2 C 2N -2
Ctrtr = —W, C“&tﬁ = g(l —k ), C[(p[(p = g(l —k )Sln 197 (2463)
1 2 1 2\ a2 K 2\ a2
Crory = —8(1 —k%), Crorg= _6(1 —k%)sin“ ¥, Cypop = ?(1 — k%) sin” 9. (2.4.6b)
Local tetrad:
L 9 L5 L
e<,) = Z s e(r) = Oy, ew) = E 9 e(q,) = o sin o ©- (247)
Dual tetrad:
0V =cdr, 0V =dr, 0P =krdd, 69 =krsindde. (2.4.8)
Ricci rotation coefficients:
1 cot
)@ = No))e) = 7 No@)e) = (2.4.9)

The contractions of the Ricci rotation coefficients read

2 cot
Y= = Y = kr (2.4.10)
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Riemann-Tensor with respect to local tetrad:

Ro)o)0)9) = 7,2 (2.4.11)

Ricci-Tensor with respect to local tetrad:

1—&*
Ry = Rip)o) = Jz,2 (2.4.12)

Weyl-Tensor with respect to local tetrad:

11—k
Comnm = —Coxowio) =~ 32,2 (24.132)
1—k2
Coym ) = Cnwne = ~Comm®) = ~Cnwne = gz (2.4.13b)

Embedding;:
The embedding function, see Sec. 1.7, for k < 1 reads

z=V1-kr. (2.4.14)

Euler-Lagrange:
The Euler-Lagrangian formalism, Sec. 1.8.4, for geodesics in the ¥ = 7/2 hyperplane yields

1, 13 1 [ 1} 2
5" + Vest = 52 Vet = S\~ Kc™ |, (2.4.15)

with the constants of motion h; = ¢*f and hy = k> ¢.

The point of closest approach rpca for a null geodesic that starts at r = r; with y = +e(;) +cos Se(,) +sine )
is given by r = r;sin&. Hence, the rpc, is independent of k. The same is also true for timelike geodesics.

Further reading:
Barriola and Vilenkin[BV89], Perlick[Per04].
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2.5 Bertotti-Kasner
The Bertotti-Kasner spacetime in spherical coordinates (z,r, 9%, ¢) reads[Rin98]
1
ds” = ~di* + VAP - (49 +sin’ 9dg?), 2.5.1)
where the cosmological constant A must be positive.
Christoffel symbols:
A .
I =cVA, r, = £ez\ﬂa, F‘l’;(p = cotd, IH,=—sindcosd. (2.5.2)
c
Partial derivatives
o A2VAC o _ 1 5
Fi,r’[ = 2A€ t, Fﬂ(p,‘ﬂ = —m, F(P(P,ﬂ = —COS(Z'&). (253)
Riemann-Tensor:
.2
Ripr = _ACZeZ\/Kct’ Rﬂqﬂy(p = Slri\ 19 (254)
Ricci-Tensor:
Ri=-A,  Ry=AYM Ryy=1,  Ryp=sin’0. (2.5.5)
The Ricci and Kretschmann scalars read
R=4N, o =8\ (2.5.6)
Weyl-Tensor:
2 2 1
Cirtr = *gl\czezﬁa, Coro = %, Cipro = *gezﬁaa (2.5.7a)
1 1 2 sin? ¥
Crﬂmg = 7*62\”\”, er”’(P = 7*6‘2\/7\Ct SiIl2 19, Cﬂ(pﬂ(p = *&. (257b)
3 3 3 A
Local tetrad:
1 —VAc \FA
e<t) = ;a[, e(r) =e t(?,,, e(ﬂ) = \/Kaﬂ, () = ma(p (258)
Dual tetrad:
1 sin 1%
00) =cdt, 00 =eVMigy, 9= g9, 00 ="4g. 259
VA NS @59)
Ricci rotation coefficients:
Yo = VA Ywyeg = —VAcoLd. (2:5.10)
The contractions of the Ricci rotation coefficients read
Yoy =—VA, Y= VAcotd, (25.11)
Riemann-Tensor with respect to local tetrad:
Ry = —Rw)e))9) = —A (25.12)
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Ricci-Tensor with respect to local tetrad:

Rio = =Ry = —Rw)) = ~Rigy9) = =A (2.5.13)

2A
Comom = —Conewie) = =3 (2.5.142)
A
Conw =Cowne = ~Cnene = ~Crene = 3- (2.5.14b)
Euler-Lagrange:
The Euler-Lagrangian formalism, Sec. 1.8.4, for geodesics in the ¥ = 7/2 hyperplane yields
A = Rl VAU L AR — i (2.5.15)
with the constants of motion i = 7e?VAc and hy = @/A. Thus,
1 1 1— : h2 —2V/Act
1 ln< +4(t) C]Q)) ’ g ):1‘3274_1’ (2.5.16)
where 1; is the initial time. We can also solve the orbital equation:
\BeVAa L AR — i
rt) =w(t) —wt)+ri,  w)=-— (2.5.17)

VA ’

where r; is the initial radial position.

Further reading:

Rindler[Rin98]: “Every spherically symmetric solution of the generalized vacuum field equations R;; = Agij is
either equivalent to Kottler’s generalization of Schwarzschild space or to the [...] Bertotti-Kasner space (for which
A must be necessarily be positive).”



2.6. BESSEL GRAVITATIONAL WAVE

33

2.6 Bessel gravitational wave

D. Kramer introduced in [Kra99] an exact gravitational wave solution of Einstein’s vacuum field equa-
tions. According to [Ste03] we execute the substitution x — r and y — z.

2.6.1 Cylindrical coordinates

The metric of the Bessel wave in cylindrical coordinates reads

dsz — 672U [eZK (dp2 _dt2> +p2d(p2} +62UdZ2.

The functions U and K are given by
U:=CJy(p)cos(r),
1
K:=5Cp {p [10(p) +41 (p)*] =200 (p) 1 (p)cos’ (1)}

where J,, (p) are the Bessel functions of the first kind.
Christoffel symbols:

rf,r;prgpggﬁglg, rg(,,:)gg, I = 4U—2K‘3g,
%, =pe XK (pgg - 1> : 5, = gg, I, = 4U—2K%lt].
Local tetrad:
e = eV K9, €p) = eU*KQP7 €p) = %eU&D, e = e Yo,.
Dual tetrad:
0 =eKVar, 0P =ekVap, 09 =peVdp, 67 =edz.

2.6.2 Cartesian coordinates

In Cartesian coordinates with p = 1/x2 +y? the metric (2.6.1) reads

X

+ (X2 +e2Ky2) dy2:| —‘rerde.

Y
ds? = —e2K=U) g2 4 §+y2 { (eZsz +y2) dx® + 2xy (e2K — 1) dxdy

Local tetrad:

[ 2,2
_ U-K U xX“+y
e =¢ "a, €w) =\ 2K 2 ) Ok,
_ u_k X2 +y28 eV =K (2K —1) 3
€y =¢€ 7 O XY 2
x+y V(2 +y?) (K22 +2)

(2.6.1)

(2.6.2)
(2.6.3)

(2.6.4a)

(2.6.4b)

(2.6.4¢)

(2.6.5)

(2.6.6)

(2.6.7)

(2.6.8)
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2.7 Cosmic string in Schwarzschild spacetime

A cosmic string in the Schwarzschild spacetime represented by Schwarzschild coordinates (¢,r, %, @)
reads

L

dr* +r* (do* + B*sin> 9d¢?) , 2.7.1)
1—ry/r

ds> = — (1 - 5) Adi? +
r

where ry = 2GM /c? is the Schwarzschild radius, G is Newton’s constant, c is the speed of light, M is the
mass of the black hole, and f is the string parameter, compare Aryal et al[AFV86].

Christoffel symbols:

cors(r—rs) T Ty
r=- r = m=——"_ 272
tt 27‘3 9 tr 27‘(7‘ _ rs) 9 rr zr(r _ rs) 9 ( a)
1 1 -
e = ~ i = - o = —(r—ry), (2.7.2b)
Iy, = cotd, Thp=—(r—r)B?sin®®,  TH, =—Bsindcosv. (2.7.20)
Partial derivatives
(2r— 3rs)c2rs . (2r —rg)rs (2r—rg)rs
r =————7 - =" I == 2.7.3
tt,r 2!‘4 ) tnr 2’,2(’_7 rs)z ’ rr,r 2r2(r o rs)z ) ( a)
1 1
r?ﬁrr = 7’,-72’ r'(f)(Par - 7’_727 :919,}’ = 71; (273b)
1 .
Ff;(pﬁ = R Copr= —B?sin® 0, Fg%ﬂ = —B2cos(20), (2.7.3¢)
o0 = —(r—r)Bsin(29). (2.7.3d)
Riemann-Tensor:
2 2 2 22
cor lev(r—rg)r 1c*(r—rg)ryf=sin“ ¥
Riyer = —rTs7 Ry = 5%7 Rt(pt(p = 5 ( S)F;B ) (2.7 4a)
1 r 1 r,B2sin® ¥ .
Rrﬁrﬂ = _E r_srs, Rr(prq) = —ESBI‘T, Rﬁ(pﬁ(p = rrsﬁzslnz O. (274b)

The Ricci tensor as well as the Ricci scalar vanish identically. Hence, the Weyl tensor is identical to the
Riemann tensor. The Kretschmann scalar reads

2
H =128 (2.7.5)
,
Local tetrad:
1 T 1 1
=——9 =,/1--9, = —0dy, = ——0p. 2.7.6
iy pry A J0n e =309 ) = pasde (2.7.6)
Dual tetrad:
00 —c [1-Zar, o0 = L, 0% =rav, 69 =rBsindde. (2.7.7)
r V91=rg/r
Ricci rotation coefficients:
T 1 T coty 2.7.8)

X000 = 52 A —pry 100 =Ye)ne) = 7y 17 70 Kooy ==~
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The contractions of the Ricci rotation coefficients read

4r —3r, _cotd

P ks L2 S - 2.7.9
Yir) 2},2\/1_—},5/’, V) r ( )
Riemann-Tensor with respect to local tetrad:
rS
Riynme = —Rw)e)0)9) = ~ 13- (27.10a)
s

R0 =Rueme) = —Rn@)nw) = —Rnene = 3,3 (2.7.10b)
Embedding:
The embedding function for 2 < 1 reads

_ _ B2 _ _R2
S A PO S A L Gt VAR (2.7.11)

B R e e Y

If B2 = 1, we have the embedding function of the standard Schwarzschild metric, compare Eq.(2.2.15).

Euler-Lagrange:
The Euler-Lagrangian formalism, Sec. 1.8.4, for geodesics in the © = /2 hyperplane yields

1. 142 1 r h?
5”2 + Vet = 22 Vett = D) (1 - 75) (r2ﬁ2 - KCZ) (27.12)

with the constants of motion k = (1 — r,/r)c?f and h = r>32¢. The maxima of the effective potential Vg
lead to the same critical orbits o = %rs and rjig = 37y as in the standard Schwarzschild metric.
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2.8 Ernst spacetime

“The Ernst metric is a static, axially symmetric, electro-vacuum solution of the Einstein-Maxwell equations with
a black hole immersed in a magnetic field.”[KV92]

In spherical coordinates (¢,r, ¢, ¢), the Ernst metric reads[Ern76] (G =c=1)

2 ain2
rsind 2.8.1)

M dr?
ds* =A% |- (1 -=)dr*+ ——— + /2 dv?
s [( r) oM T A

where A = 1 4+ B%r%sin> . Here, M is the mass of the black hole and B the magnetic field strength.

Christoffel symbols:
2B?r3sin® © — 3MB?2sin® © + M) (r —2M 2(r—2M)B?si ‘
o (2B%rsi r2sin® 9 +M) (r )7 o _ (r ) smﬁcosﬁ’ (2.8.23)
A rA
2BZS'Z_MBZZ'2 M 2322'
oo r’sin“ ¢ —3 resin” ¢ + 7 I, — r sm1900s197 (2.8.2b)
r(r—2M)A A
o 2B sin® O — SMB?r?sin® 0 — M o 2B?rsin ¥ cos ¥ (2.8.20)
" r(r—=2M)A ’ " (r—=2M)A
2B%r?sin ¥ cos ¥ s 3B22sin? 9+ 1
:ﬂ - f7 I._‘r.,} = T, (2-8-2d)
o 1—B*?sin’ 9 . (3B%r?sin® 0 + 1) (r — 2M)
rrq, = T’ B = A 5 (282e)
2B%1? sin ¥ cos B Ecos
v ¢ _
Iy, = A : Fhp="1 (2.8.2f)
. (r—2M)Zsin’ 9
Lop = Qs (2.8.2g)
s _ ZsintcosV
Top="15 (2.8.2h)
with & = 1 — B2/ sin 9.
Riemann-Tensor:
2
Rinr = = [B4r4 sin* ® (3M — r) — M 42" B*sin® ® cos> & 4 B*r? sin®> 9 (r — 2M)} , (2.8.3a)
r
Ry s = 2B%sin ¥ cos ¥ [(SBZr2 sin® ¥ M —-3r)+r— 2M] , (2.8.3b)
1
Riorw = — [B*r*(r — 2M)(4r — 9M) sin* © + 2EB*r° (r — 2M) cos® © + M (r — 2M)] , (2.8.3¢)
1 : - .
Ripro = e [(2B2r3 —3B*Mr*sin® ¢ + M)E(r — 2M) sin? v], (2.8.3d)
(2B%r3 —3B>Mr?sin*> © +M)E
Rygrs = — , 2.8.3
or9 Y (2.8.3¢)
‘2
Y
Rrprp = — % [B*r*(4r — OM) sin* © + 2827 (8M — 4r9) sin® © + 2B cos? & + M|, (2.8.3f)
2B%r3 sin® ® cos © (332r2 sin® © — 5)
Rrpoo = — A : (2.8.3g)
rsin? ¢

Rogsp = — g [2B*r*(r—3M)sin* ® +4B* cos* 9 (1 + E) +2B**sin” 9 (2M —r) +2M| . (2.8.3h)
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Ricci-Tensor:

4B%(r —2M)(r +2Msin* ¥ 4B%[rcos? ® — (r — 2M) sin> ®
R, = =20 ) k= U2 Y] (28.4a)
r’A (r—2M)A
8B%rsin ¥ cos ¥ 4B%r [rcos? © + (r—2M) sin® ©
Rey = o ERE, Roo = 2271 = L (2.8.4b)
4B%rsin® ® (r +2M sin? 19)
Rpp = A6 : (2.8.4¢)
Ricci and Kretschmann scalars:
R=0, (2.8.5a)
16
H =% [33%8 (4r* — 18Mr+21M?) sin® ®
+28%* (3 IM?* — 37TMr — 24B*r* cos® © + 42B*Mr> cos® © + 10r* 4 6B*/ cos* 19) sin® ©
+ 2B (~3Mr+208%* cos? © + 6M? — 46B°My? cos? § — 12B% cos* 9 ) sin* 9
—6B%r° (6B*Mr> cos® O + 41> — 4B*r* cos® © + 18M* — 17Mr)
+20B*r0 cos* & + 12B2M 1> cos® 9 + 3M? | . (2.8.5b)
Static local tetrad:
1 vV 1-2m/r 1 A
€ = a e = —2mjr O, €(p)=-—09, €y =0 (2.8.6)
A1 =2m/r A Ar rsin ¢
Dual tetrad:
A in %
00 — A 1=, 90— — D4 0 —Aras, o0 =Y 4 (2.8.7)
r V1=2m/r A
Euler-Lagrange:
The Euler-Lagrangian formalism, Sec. 1.8.4, for geodesics in the ¥ = 7/2 hyperplane yields
201 _ 2 — 7
,=2+h (I—=rg/r) Kk 1 r“/r:() (2.8.8)

r2 A4 A2

with constants of motion k = A*(1 —ry/r)i and h = (r*/A?)¢.

Further reading:
Ernst[Ern76], Dhurandhar and Sharma[DS83], Karas and Vokrouhlicky[KV92], Stuchlik and Hledik[SH99].
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2.9 Friedman-Robertson-Walker

The Friedman-Robertson-Walker metric describes a general homogeneous and isotropic universe. In a
general form it reads:

ds* = —c*dt* + R*do? (2.9.1)

with R = R(t) being an arbitrary function of time only and do? being a metric of a 3-space of constant
curvature for which three explicit forms will be described here.
In all formulas in this section a dot denotes differentiation with respect to ¢, e.g. R = dR(t)/dt.

2.9.1 Form1
2 232 p2 dn? 2 2, 2 2
ds* = —c*dt* +R Tk +n° (d0” +sin” 9d@?) (2.9.2)
Christoffel symbols:
R R R
Th =% Ty =% =% (2.9.3a)
RR kn 1
. =—— 711 =_—"1_ e, =— 2.9.3b
nn Cz(l—knz)’ nn 1_kn27 nd nv ( 3 )
1 RN’R
The = n Ty = 2 I, =(kn*—1)n, (2.9.3¢)
Rn?sin® OR n 5 5
[, = cotd, Top = a2 Tep=0n"—1)nsin" 3, (2.9.3d)
9 _ .
['op = —sindcos V. (2.9.3e)
Riemann-Tensor:
RR 5 s
Rinm = 21’ Ripro = —RN°R, (2.9.4a)
. . R’1n? (R? + kc?
Riprp = —an sin? UR, Rysno = _62(15712_1))’ (2.9.4b)
R _ R*n%sin® ® (R* + kc?) R B R*n*sin® ® (R* + kc?) (29,40
nene — Cz(knz — 1) ’ VB — 2 . 9.
Ricci-Tensor:
R RR+2(R? +kc?)
R, = —3— Ryp=—--—-—~ 7 2.9.5
"R "m0 k) (29:52)
RR+2(R? + kc? 5 RR+2(R*+ke?
Rss = nz%’ Rypp = r’251n2 ﬁ%. (2.9.5b)
The Ricci scalar and Kretschmann scalar read:
RR +R? + kc? R?R? + R* + 2R?kc? 4 k> c*
Local tetrad:
1 V1—kn? 1 1
¢y ="% em=-—p% I o= ﬁaﬁa = kn 5% (2.9.7)
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Ricci rotation coefficients:

R V1—kn?
T m =M@ = Hoe) Tz YomE) = No)me) = gy~
(2.9.8)
_ cot?d
Ho)®)(0) =
The contractions of the Ricci rotation coefficients read
_ 3R ~ 2y/1—kn? _ cot® (2.9.9)
Y(l) Rc’ Y(r) - Rn ’ () — Rn : o
Riemann-Tensor with respect to local tetrad:
P
Riymywm =Ruyooe) =Rue)ine) = gz (2.9.102)
R* +kc?
Ray@)m) =Ry o)m)9) = Rw)(0)0)(0) = a2 (2.9.10b)
Ricci-Tensor with respect to local tetrad:
3R RR +2R?* + 2kc?
Ron=—%z>  Bow =Reyo) =Reye) =z (29.11)
2.9.2 Form 2
ds* = —c?di® + R {dr* + r*(d®* +sin® 9d¢?) } (2.9.12)
(1+ §r2)2
Christoffel symbols:
. R R R
= Iy = z I, = 1 (2.9.13a)
RR 2kr 4 —kr?
r=16———--, I' =—""T"+— A A 2.9.1
” 6c2(4+kr2)2’ T Ak O (4 k) (2.9.13b)
4—kr? RrR r(kr* —4)
(P = ——- l—‘{ = 1 —_—a T = - o7
T b+ kr2)r’ 0o 662(4+kr2)2’ oo 44kr? (2.9-13¢)
Rr?sin®> OR
¢ _ _ Y H
Iy, = cotd, Ty = 16m, [y = —sindcosd, (2.9.13d)
) 2
. rsin” 9 (kr” —4)
oo =—re7 (2.9.13¢)
Riemann-Tensor:
RR Rr’R
Rtrtr - 716m, Rl‘ﬂtﬁ — 716m, (2914a)
Ri?sin? OR R*r? (R* +kc?)
Rf(pt(p == _l6m, R”}rﬁ == 256w, (2914b)
R%2sin® O (R + kc?) R%r*sin® O (R + kc?)
Regro =256 —— et Rowoe =256~ 5o (2.9.14c)
Ricci-Tensor:
R RR+2(R* + kc?)
Ry = —-3— Rrr =1 ) 291
n="3g G k) (2.9.152)
. . ) i . )
Ryy = 16,2 KR+ 2R 4 k) Rop = 162 sin> o REF2(K" +kc”) (2.9.15b)

A(4+kr2)2 7

c2(4+ kr?)?
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The Ricci scalar and Kretschmann scalar read:

% = 6%?“2, =R ;fc’jzkcz +Ret (2.9.16)
Local tetrad:
Ricci rotation coefficients:

R §r2 -1
Moe =)o) =Ne)oe) = g M@ = Ne)ne) =~ (2.9.18a)

Yo 0)(0) = W~ (2.9.18b)
The contractions of the Ricci rotation coefficients read

Yoy = %157 Y = 21 _Rf‘rz, Nw) = W. (2.9.19)
Riemann-Tensor with respect to local tetrad:

Riymyoym) = Ry o)1) (0) = Rit)(9)(1)(0) = —% (2.9.20a)

Ry mw) =Raemie) = Royor o)) = RQR%IECZ~ (2.9.20b)
Ricci-Tensor with respect to local tetrad:

Riyoy = —,3%7 Rin)(r) = Rw)(9) = Rip)p) = %ﬁ;zkc{ (2.9.21)

293 Form3

The following forms of the metric are obtained from 2.9.2 by setting n = siny, y,sinhy for k = 1,0, —1
respectively.

Positive Curvature

ds* = —c*dt* + R* {dy?* +sin® y (d©* +sin* 9d¢?) } (2.9.22)
Christoffel symbols:
R R R
Ftullll =Rr Fzﬂﬁ =% F;Pq, =% (2.9.23a)
r _ RR 2 =cot Y, = cot (2.9.23b)
v =2 yo = coty, wo = coty, 9.
Rsin® yR .
[y = TVI, Fgﬂ = —sinycos y, Fg(p = cot(¥), (2.9.23¢)
Rsin® ysin® OR
oy = %, Iy = —sinycos ysin’ 9, ng, = —sin¥cos V. (2.9.23d)
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Riemann-Tensor:

Ryry = —RR, Ry = —Rsin® YR, (2.9.24a)
) ] R R?sin® y (R? 4 ¢2
Riprp = —R sin? l//sm2 OR, Rysys = cg ) , (2.9.24b)
RZsin® ysin® ® (R? + ¢2 R?sin* ysin? 9 (R? 4 ¢2
Rypyo = 2 ( ) » Rogoe = 2 ( ) . (2.9.24¢)

Ricci-Tensor:

R RR+2(R>+¢?)
Ru=—3%. Ryy="——"5—". (2.9.25a)
RR+2(R*+¢? RR+2(R?+c?
Ryp = sin’ ww, Rpp = sin” ¥ sin’ wy. (2.9.25b)
C C
The Ricci scalar and Kretschmann read
RR+R*+c? R*R*+R*+2R*c* +¢*
Local tetrad:
—la fl8 - ) *;8 (2.9.27)
‘o= ‘W= RW eﬂiRsinl[/ o e(PiRsinl//sinﬁ e o
Ricci rotation coefficients:
R coty
Yo w) =Yo)0@) =Yoo = 5o Yowe) =Ye)w)ie) = 5 (2.9.282)
cotf
T0)®)9) = Rsiny” (2.9.28b)
The contractions of the Ricci rotation coefficients read
3R _coty ~ cotd
=% =2k YO T kg (2.9.29)
Riemann-Tensor with respect to local tetrad:
i
Riywow) =R 00) = R0 = ~pa (2.9.30a)
R*+c?
Ru)w ) =R/ wi9) = Rw)o)0)0) = g2z (2.9.30b)
Ricci-Tensor with respect to local tetrad:
3R RR4-2(R* 4 ¢?)
Row=—%z  Rww =Re)o) =Re)0)= gz (29.31)
Vanishing Curvature
ds* = —c*dt* + R* {dy? + y* (d0? +sin” 9d¢?) } (2.9.32)
Christoffel symbols:
R R R
Ty = R I = R’ I = 7 (2.9.33a)
RR s 1 o 1
Ry’R
[y = T Y, =—vy, rg(p = cot(1}), (2.9.33¢)
Ry?sin® OR . .
Ty = WT, Ty = —ysin’ 9, F}Z(p = —sin®cos V. (2.9.33d)
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Riemann-Tensor:

Rtl[ltl[l = *RR7 Rivio = *szkv
, . R*y?R?
Rigrp = —Ry?sin® OR, Rysys = 1572
R2y?sin? OR? R2y*sin® O R?
Rypyo=——3 v Regop=—""3 :
c c
Ricci-Tensor:
R RR+2R?
Rtt:_?’Ey RWW:T7
RR+2R? . RR+2R?
Rﬁﬁzsz, R(p(p:S]nzﬁsz.
The Ricci scalar and Kretschmann read
RR+R? RPR*+R*
A= A=
Local tetrad:
1 1 1 1
em:g% %w:§%~ %:ﬁa%’ e¢:mmmﬂ¢
Ricci rotation coefficients:
R 1
Twow) = M)0@) = Hene) = ke T0wE) = Nowie) = gy
cot()
Ho))(0) = "Ry
The contractions of the Ricci rotation coefficients read
_ 3R _ 2 _ cot®
Ym_RC’ ,y(r)_Rl[/, Yw) = Ry :
Riemann-Tensor with respect to local tetrad:
P
Ry o =R o) =R =~z
p2
Ry @) =Ry wie) = Ro)o)0)0) = z22°
Ricci-Tensor with respect to local tetrad:
3R RR+2R?
Ron=—gz  Rww) =Row) =Ree) = —ma
Negative Curvature
ds* = —c*dr* + R* {dy? + sinh? y (d9* + sin® 9dp?) }
Christoffel symbols:
R R R
Vo O _ ¢ _
F”I]_E, Fm_;i” Fr(p—Ea
RR
Cyy =7 Ty, =cothy, 'Y, =cothy,
Rsinh? yR .
[y = —Qa I'Y, = —sinhycoshy, F£¢ = cot ¥,
Rsinh? ysin® OR
Ty = %, I, = —sinhycosh ysin’ 9, Fg(p = —sindcos V.

(2.9.34a)

(2.9.34b)

(2.9.34¢)

(2.9.35a)

(2.9.35b)

(2.9.36)

(2.9.37)

(2.9.38a)

(2.9.38b)

(2.9.39)

(2.9.40a)

(2.9.40b)

(2.9.41)

(2.9.42)

(2.9.43a)
(2.9.43b)
(2.9.43¢)

(2.9.43d)
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Riemann-Tensor:

Riyry = —RR, Risip = —Rsinh® yR, (2.9.44a)
oo R%sinh? y (R? — ¢?)
th)t(p = —Rsinh” ysin OR, Rt[/ﬂwﬁ = P s (2.9.44b)
R?sinh? yrsin® © (R? — ¢? R?sinh y* sin® © (R? — ¢?
Rygpyo = 2 ( ) , Rspog = = ( ) : (2.9.44¢)
Ricci-Tensor:
R RR4-2(R> - ¢?)
Ru =37 Ryy == 5——. (2.9.45a)
. 2 2 , 2 2
Ry = sinh? ww, Rpp = sin 8 sin” ww. (2.9.45b)
C C
The Ricci scalar and Kretschmann read
RELP2_ 2 2R LR _oR22 4 A
Y i R L s cre (2.9.46)
R2c? R*¢*
Local tetrad:
HEP ~15 S S S (2.9.47)
‘o= ‘W =RV eﬂiRsinhl// v e(PiRsinhl//simS e o
Ricci rotation coefficients:
R cothy
YwOw) = Ye)0®) = None) = 7z Tow®) =Nowe) = g (2.9.482)
cotO
= . 294
Y0®)9) = Rsinhy (2.9.48b)
The contractions of the Ricci rotation coefficients read
3R cothy cot
Riemann-Tensor with respect to local tetrad:
i
Riywow) =Ru®n o) =Rue)ine) =~ gz (2.9.50a)
p2_ 2
Ry o)) =Rw)o)wie) =Rw))0)0) = a2 (2.9.50b)
Ricci-Tensor with respect to local tetrad:
3R RR+2(R*—¢c?)
Row=—%2>  Rww =Roo)=Reyo) =~z (29.51)

Further reading:
Rindler[Rin01]
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2.10 Godel Universe

Godel introduced a homogeneous and rotating universe model in [G6d49]. We follow the notation of
[KWSDO04]

2.10.1 Cylindrical coordinates

The Godel metric in cylindrical coordinates is

< _dide, (2.10.1)

dr? r\2
ds* = —Pdt* + —————— + 12 {1_() ]d 24 a2 22
¢ N

1+[r/(2a)]? 2a

where 2a is the Godel radius.

Christoffel symbols:
I [r/1 (2a)2” rir=- \/gar I+ [r/1(2a)]2’ (2.10.22)
Iip = % [1 + (2%)}2 I, = *T;Wl(za)p’ (2.10.2b)
3
Lrp = 4\;“13 1+ [r/l(za)]z’ I = %W, (2.10.2¢)

r, _r[1+(2a) } [1—;(2)2] (2.10.2d)

Riemann-Tensor:

Ry = & 1 Rovo = " 1 (2.10.3a)
trtr — 2a2 1+ [r/(za)]27 trrgp — 2\/5(13 1+ [r/(za)]27 . .
c2r? 1 r? 1+3[r/(2a))?
R = =—— =, 2.10.3b
10T a2 1+ r/(2a)]2" T 242 1+[r/(2a))2 ( 3b)
Ricci-Tensor:
C2 V2C r4
Ricci and Kretschmann scalar
1 3
cosmological constant:
R
A= > (2.10.6)

Killing vectors:

An infinitesimal isometric transformation x'* = x* +€&# (x") leaves the metric unchanged, that s g},,, (x'*) =
guv(¥'?). Akilling vector field &* is solution to the killing equation &,y +&y., = 0. There exist five killing
vector fields in Godel’s spacetime:

1 —zcos(p 0

T w1 | a(l+[r/(2a)P)sing w_| O

ST o |5 T mear z(1+2[r/(2a)]2)cos<p © S 1 (21072)
0 0 0
8 | ( ﬁsm(p)

B u_ —a cos @

PO\ o) E T VIR | s/ aR)sine | o
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An arbitrary linear combination of killing vector fields is again a killing vector field.
Local tetrad:

For the local tetrad in Godel’s spacetime an ansatz similar to the local tetrad of a rotating spacetime in
spherical coordinates (Sec. 1.4.7) can be used. After substituting ¥ — z and swapping base vectors e ;)

and e(3) an orthonormalized and right-handed local tetrad is obtained.

€)= T ((9[ + Ca(p) y &)= 1+ [r/(2a)]28r, €n) = AT (Aa, +Ba(p) , €3 = 81,
where
re 2 2 2, §rc
A=— 1— 2 B =
TR (1= b/ Ca)?). s
I'= ! , A= !

reN/1+[r/2a)?

Transformation between local direction y\") and coordinate direction y*:

Ve Lrevaja—m (1= [r/Ca)P)

W =yOr+y@ara, y' =y /1+[r/2a)2, ¥ =y 0T +yPArB, y* =y,

with the above abbreviations.

2.10.2 Scaled cylindrical coordinates

If we apply the simple transformation

with rg = 2a, we find a formulation for the metric scaling with rg, which is

dR?
ds* =r% (—cszZ R +R*(1—R*)D¢* 4 dz> — 2ﬁcR2de¢> :
Christoffel symbols:
FT - 2R F¢ _ \/EC
TR 14+ R2 TR™ R(1+R2)’
R
1—‘1;(1) :\/ECR(l"_RZ), rIR;R:_m’
rr, V2K R
ko c(1+R2)’ R R(1+R2)’
IS, =R(1+R*)(2R*—1).
Riemann-Tensor:
2;%02 2\ﬁrécR2
Rrrrr = T2/ Rrrry = TTIiR
2rZR?(1+ 3R?
Rrore =27 rgR* (14 R?),  Rrory = %

Ricci-Tensor:

RTT = 4C2, RT¢ = 4\66‘]32, R¢¢ = 8R4.

(2.10.8a)

(2.10.9a)

(2.10.9b)

(2.10.10)

(2.10.11)

(2.10.12)

(2.10.13a)
(2.10.13b)

(2.10.13¢)

(2.10.13d)

(2.10.14a)

(2.10.14b)

(2.10.15)
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Ricci and Kretschmann scalar

4 48
X =——, =
e G
cosmological constant:

A=—
2

Killing vectors:
The Killing vectors read
R

3. COS P

1 %(H—Rz)sin(p
7= (1+2R%) cos @ ¢
0

O = O O

ﬁsin(p
g = 1 —2(1+R?)cos ¢
72 (1+2R%)sing
0

— 000 oo Oo~
Y
—_
+
=
S}
9

Local tetrad:
After the transformation to scaled cylindrical coordinates, the local tetrad reads

AT 1
= —(Adr+Bd), ez =—0z,
e G

r 1
e) = E(8T+C8¢), e) ZE\/ 1+R29R, (90))
where
A=R {—ﬁc—f—(l—Rz)C}, B=c+ V2R,
1 1

r— : - -
V@ 2V — R(1 - R ReV1+R?

Transformation between local direction y\") and coordinate direction y*:

0_T (0, ATA o

yo ==y Yy
rG rG rG

and the back transformation is given by

0) _ Tc B — Ay’

_ 16 By A m__ e . @ _ 16y =8
T B_CA

Al B—(A’

W =rey.

1 r ATB 1
yeLlvizme, oo A s L
rG e e

(2.10.16)

(2.10.17)

(2.10.18a)

(2.10.18b)

(2.10.19a)

(2.10.20a)

(2.10.20b)

), (2.10.21)

(2.10.22a)
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211 Halilsoy standing wave

The standing wave metric by Halilsoy[Hal88] reads

ds* =V [e*K (dp? —dr*) + p?de*] + % (dz+Adg)*,

where

V= COSh2 ae—ZCJO(p)cos(t) + sinh2 anCJo(p)cos(t)

)

2
K= 10> (olp) +41(p)%) ~200(p )i (p) cos”]

A = —2Csinh(20)pJ;(p)sin(z).
with spherical Bessel functions J; » and parameters ¢« and C.
Local tetrad:
e K -k 1 A

e(l) = Lap, 6(2) = 78(1, — 7317
VvV pVV T pVV

dual tetrad:

00 = vekdr, 00 =\Vekdp, 0@ =\Vpdp, 60 =

2.11.1)

(2.11.2a)

(2.11.2b)
(2.11.2¢)

(2.11.3)

(2.11.4)
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2,12 Janis-Newman-Winicour

The Janis-Newman-Winicour[JNW68] spacetime in spherical coordinates (z,r, ¥, @) is represented by the

line element

ds* = —a'c*dr* + o Vdr’* + rfa " (d9? +sin’ 9de?)

(2.12.1)

where a = 1 —ry/(yr). The Schwarzschild radius r; = 2GM/c? is defined by Newton’s constant G, the
speed of light ¢, and the mass parameter M. For y = 1, we obtain the Schwarzschild metric (2.2.1).

Christoffel symbols:
Fr _ rsiczazyfl r‘t _ s Fr _ s
22 ’ T2y’ T 2y’
o 2r—rnlytl) e 2y —n(ytl) r o 2ren(y+l)
T o2 ) T T w2 99T T T 5
yrio yrio Y
Ty =y sin” 0, Iy, =cotd, I, =—sin®cosd.
Riemann-Tensor:
R rec? 2yr—r(y+1)] ar2 R B rec? Ryr—ri(y+1)]a?!
trir — = 27}‘4 ) 1919 — 47”2 )
P Ryr—r(y+1)] o sin? © 2P r—r(y+ 1))
Rl(pl(p - 4’}’7‘2 ) Rr19r19 - 4')/2}"2(1)/_1 ’
T 272r —r(y+1)] sin® 1 T [472r — ry(y+1)?] sin?
Rypro = — 4’}/2)’2057_1 ) Rypve = 4,}/20‘7 .
Weyl-Tensor:
o reca’ 2B c B recta’ 1B
trtr — 6,}/2’4 ) 1oty — 12,)/2’_2 )
rec?a?~1 B sin® 9 rsf3
Cigrp = T g2 Croro = T pRar T
B sin® & R sin?
Crore = "oyt CPe90 = Tgagy

where B = 6y*r —r(y+1)(2y+1).
Ricci-Tensor:

g =P
rr 2»)/2r4a2 '

The Ricci scalar reads

o BU=Plar?
2924

whereas the Kretschmann scalar is given by

2 ,2y—4
H = rloyt‘ws (77224 7)) +48Y o+ 8yry (27 + 1) (rs — 2yr) + 317 .
Local tetrad:
1 ) ar-1)/2 ar-1)/2
0= g =0 e =Ty e =0

(2.12.2a)
(2.12.2b)

(2.12.2¢)

(2.12.3a)

(2.12.3b)

(2.12.3¢)

(2.12.4a)

(2.12.4b)

(2.12.4¢)

(2.12.5)

(2.12.6)

(2.12.7)

(2.12.8)
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Dual tetrad:
00 = co2dr o) — _ar ®__ " s 9@ — ﬂd(p (2.12.9)
’ at/?’ ar-1/2" 7 alr-1/2- " T
Ricci rotation coefficients:
Iy ~2)/2 2yr=rs(Y+1) _(y-2),2
Y00 = 2207 Noe = Ao = = — a7 (2.12.10a)
cotd (.,
Toroye) = — V2. (2.12.10b)
The contractions of the Ricci rotation coefficients read
Ayr—rs(247Y) (v_1)2 cotd . 1y
= T o(r-1/ 7 Vo) = ; ar~1/2, (2.12.11)
Structure coefficients:
0 _Ts -2n @ _Jo _ 2=+l gop
WOn=22% T ) T e T T (2.12.122)
cotd .,
ng))(@ =—— ar-1/2, (2.12.12b)

Euler-Lagrange:
The Euler-Lagrangian formalism, Sec. 1.8.4, for geodesics in the ¥ = /2 hyperplane yields the effective
potential

1 h2 7—1
veffzzay( ‘; —Kc2> (2.12.13)

with the constants of motion h = r>o." "¢ and k = a”c%. For null geodesics (k = 0) and y > 1, there is

an extremum at

_1+2y
—re (2.12.14)
Embedding;:
The embedding function z = z(r) for r € [r(y+1)?/(4¥?),e0) follows from
dz s[4y —r(1+7)%
dr \/ 4r22qrtl (2.12.15)
However, the analytic solution
g (JLYHL L1 (497 27y Lyl 4
Z(r)—z rerl < 2’ ) ) 2’2’}"’]/’ 4}"’}/2 ’J/+12F1 2, ) ,l, (’)/—'—1)2 s (21216)

depends on the Appell-Fi- and the Hypergeometric-, Fi-function.
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2.13 Kasner

The Kasner spacetime in Cartesian coordinates (z,x,y,z) is represented by the line elementfMTW?73,

Kas21] (¢ =1)

ds?* = —di* + 1P dx* + 122 dy? 4127317,

where p1, p2, p3 have to fulfill the two conditions
pi+pt+p3=1 and  pi+pri+p3=1.

These two conditions can also be represented by the Khalatnikov-Lifshitz parameter u with

B u _ l+u ~u(l+u)
pi= 14+u+u?’ p2_1+u+u2’ p3_1+u+u2'
Christoffel symbols:
P1 P2 . P3
F;Cx:77 F%)y:77 Flzz:77
L Y I
xx T ¢ ’ yy t ) 2z t :

Partial derivatives

121 p] p2 Fz p3

zxA,t:_tTv ty,t:_tTv tz,t:_tTv

T =pi2pr— D)2 T =pa(2pa— 1272, T, = ps(2ps — 1) 2

Riemann-Tensor:

2 2 2
R _ pi(1=pp)rn R _ p2(1=po)t°P2 R _ p3(1—p3)t»3
txtx — 2 ) yty — 2 ) 17tz — 2 )
t t t
_ pipat*PieP? _ pipat*Piehs _ papst*Ptns
nyxy - [2 9 RXZ)CZ - t2 ) -Ryzyz - t2 .

The Ricci tensor as well as the Ricci scalar vanish identically. The Kretschmann scalar reads

4
H = (Pt —2p% + pi+P3 —2p3+ P53 + pip3+ P3 — 2p3 + Py + Pips + P3p3)
166> (1 +u)?

= Al tutad)
Local tetrad:

ey =, e =t o, ey =t 20, e =t 7.
Dual tetrad:

0 = 4, 0% = ¢P14x, o) =72y, 0@ = P3gy.

Ricci rotation coefficients:

P1 p2 p3
Yomm =7 Yoo =7 Toee =
The contractions of the Ricci rotation coefficients read
_ 1
Yoy=—7-

Riemann-Tensor with respect to local tetrad:
R _pi(1—=p1) R _ pa(1—po) R p3(1—ps3)
OEOE) ~ 2 OMHG) = 2 HE@OE ~ 2

pip3
oo =" Ro@eme =2 Ryyome ="

(2.13.1)

(2.13.2)

(2.13.3)

(2.13.4a)

(2.13.4b)

(2.13.5a)
(2.13.5b)

(2.13.6a)

(2.13.6b)

(2.13.7a)

(2.13.7b)

(2.13.8)

(2.13.9)

(2.13.10)

(2.13.11)

(2.13.12a)

(2.13.12b)
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2,14 Kerr

The Kerr spacetime, found by Roy Kerr in 1963[Ker63], describes a rotating black hole.

2.14.1 Boyer-Lindquist coordinates

The Kerr metric in Boyer-Lindquist coordinates

2rsarsin® )
ds? =— (1 - %) 2d® — %cdtd(p—k ~dr +2d9’

2.14.1
5 o radlrsin?® ( )
+\r +a +?

) sin® 0d @,

with £ = r? 4 a?cos> ®, A= r? — ryr +d?, and ry = 2GM /c?, is taken from Bardeen[BPT72]. M is the mass
and a is the angular momentum per unit mass of the black hole. The contravariant form of the metric
reads

A ., 2rar A—a*sin® ¥ _,

A 1
97 =— — 2009+ 07+ <03 2.14.2
ST TR T mA T R TR T Sasinte O (2142
where A = (r2 + a2)2 —a?Asin® ® = (r2 + az) Y+ rya®rsin® 0.
The event horizon r, is defined by the outer root of A,
LI L (2.14.3)
p—} s _ 14.
A

whereas the outer boundary ry of the ergosphere follows from the outer root of £ — ryr,

Ts B
rog = 5—1— i cos* ¥, (2.14.4)

ergosphere

Figure 2.1: Ergosphere and horizon (dashed cir-
cle) for a =0.99%.
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Christoffel symbols:
c2rA(r? — a* cos® ¥) c?rya®rsin® cos ¥
L= —— %3 , I=- 53 , (2.14.5a)
r (r2—|—a2)(r2 —a*cos? ) crva(r2 —a*cos? )
r,=- == 2.14.5b
tr 222A ’ tr ZZZA 9 ( 5 )
rya’rsin ¥ cos ¥ crsarcot®
To=—"""53 T =—""57 (2.14.5¢)
cArgasin® ¥ (r? — a® cos® ) s crsar(r* +a*)sin® cos ¥
g =- 553 . D= = : (2.14.5d)
2_ 2 2
o 2ra®sin® ® — ry(r? — a®cos 19)7 e — a s1n19005197 (2.14.5¢)
2YA YA
a*sin ¥ cos ¥ r
o — Iy = ok (2.14.5f)
rA a’sin ® cos ¥
B = 3 rgﬁ =TT 5 (2.14.5g)
3 cin3
0 cott [, _ rya’rsin” ¥ cos ¥
Typ = 7 X2+ rya?rsin® 9], | A 2 ) (2.14.5h)
T sin® ® [a? cos® O (a® — r?) — r?(a® + 31%)] (2.14.50)
o 2cX2A ’ A
" 2r2? + ry [a* sin” ¥ cos? — P (Z4r7+d?)] 2145
1—‘”P - I32A ’ ( . 5])
Asin? 9 .
Top = —ya— [~2Z* +1ya’sin 9(r* — a® cos? 9)], (2.14.5k)
¥ cos .
l"gq, = % [AZH— (r +a )rsazrsm2 13] , (2.14.5])
General local tetrad:
A
F( + Ca(p) e = \/;8,, (2.14.6a)
1 r 8ip+C8oo g+ 88 >
e — €3 = — o+ do |, 2.14.6b
@ = ﬁ ®~ ¢ (:F VAsin® VAsin® ? ( )
where -I'"% = g;, + 28gip+ ng(p(p/
rer 2rsarsin® ® ¢ 2 9 rea?rsin® O
2 (1 3 ) + 3 rr+a + > = sin® ¥ (2.14.7)
Non-rotating local tetrad ({ = 0):
[ A A 1 Y 1
€0) = ZA < 8t + coa(,,> €)= \/;8,, €2) = Eaﬂ, €3) = \/;Sinﬁaq), (2.14.8)
where ® = —g1¢p/8¢pp = rsar/A.
Dual tetrad:
YA X A
0 = \/Xcdt, () = \/;dr, =VZdo, 60 = \/;sinﬁ(d(p— 0de). (2.14.9)
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The relation between the constants of motion E, L, Q, and u (defined in Bardeen[BPT72]) and the initial
direction v, compare Sec. (1.4.5), with respect to the LNRF reads (¢ = 1)

A ; A
00 = [ B~ ’A’;’AL, o) = \@ph (2.14.10a)
1 L2 T L
Q_ -  cod2 2(y2 — g2 G —,/= . 2.14.1
v ﬁ\/Q cos ﬁ{“ (1 )+sin219]’ UV Asino (2.14.106)

Static local tetrad ({ =0):

1 A 1

ey = ———0,, e =1/ =0, e = —=0dy, 2.14.11a
i 1—=ror/Z
e3 ==+ rarsing o F . r/ dy. (2.14.11b)
cy/1—rgr/ZVAL VAsin ¥
Photon orbits:
The direct(-) and retrograd(+) photon orbits have radius
2 2
Tpo =T {1 +cos (3 arccos :Fr a)} . (2.14.12)

Marginally stable timelike circular orbits
are defined via

Fims = % (3 + 276 -2)2+2 +zzz)), (2.14.13)
where
2N\ 1/3 1/3 1/3
Zi—14(1-% 142 (12 , (2.14.14a)
r? Ty T
1242 5
Z=\|"5+7. (2.14.14b)

N

Euler-Lagrange:
The Euler-Lagrangian formalism, Sec. 1.8.4, for geodesics in the © = /2 hyperplane yields

1
Erz + Vg =0 (2.14.15)

with the effective potential

1 ahk  k* Kc2A
Vgt = 33 {hz(r— rs) + ZTrs 2 [r3 +a*(r+ rs)] } - (2.14.16)
and the constants of motion
2
k= (1 . E) it Do h= (r2+a2+ w) o— 9. (2.14.17)
r r r r

Further reading:
Boyer and Lindquist[BL67], Wilkins[Wil72], Brill[BC66].
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2.15 Kottler spacetime

The Kottler spacetime is represented in spherical coordinates (z,r, 9%, ¢) by the line element[Per04]

2
ds2:—<l—rs—Ar> dr* +
r 3

1
— AP +72dO? 2.15.1
1 —ry/r—Ar?/3 A ’ ( )

where ry = 2GM/ c? is the Schwarzschild radius, G is Newton’s constant, ¢ is the speed of light, M is
the mass of the black hole, and A is the cosmological constant. If A > 0 the metric is also known as
Schwarzschild-deSitter metric, whereas if A < 0 it is called Schwarzschild-anti-deSitter.
For the following, we define the two abbreviations
Ar? o 2A
a=1-2_-20  and  p=1_-222 (2.15.2)
r 3 r 3

The critical points of the Kottler metric follow from the roots of the cubic equation & = 0. These can be
found by means of the parameters p = —1/A and ¢ = 3r,/(2A). If A < 0, we have only one real root

sinh {1arsinh (3’ ﬂ)} . (2.15.3)

r =

2
vV—A 3 2

If A > 0, we have to distinguish whether D = ¢* + p? = 9r2/(4A%?) — A3 is positive or negative. If D > 0,
there is no real positive root. For D < 0, the two real positive roots read

2 1 3
re = ﬁ cos [73[ + 3 arccos (er \ﬂ)} (2.15.4)
Christoffel symbols:
2
c-apf B B
7= N = N =—— 2.15.5
1t 2r Y tr 2ra7 rr 2ra7 ( a)
1 1
Yy = — Ify = — e = — O, (2.15.5b)
[g,=cotd,  Tpy=—arsin®®,  [j,=—sindcosd. (2.15.5¢)

Riemann-Tensor:

2 3
c” (3ry+ Ar 1
Riper = —%7 Rigro = Ec%xﬁ, (2.15.6a)
1
Rigip = 5020‘[5 sin 9, Ryoro = —%, (2.15.6b)
A 3
Rroro = LA 9, Rogog = ( ry+ = ) sin® 9. (2.15.6¢)
20 3
Ricci-Tensor:
A
Ry =—c*aA, R,==, Rgs=Ar*,  Rpo=Ar’sin’®. (2.15.7)
o 09

The Ricci scalar and the Kretschmann scalar read
2 8 A2

R=4N, =122 (2.15.8)
r 3
Weyl-Tensor:
c’r car c2argsin® ¥
Ctrtr - _FTS, Cf’ﬂ[‘& = Ts, CI‘(DZ‘(D = 327}” (2159&)
Ty rysin® . 2
Crory = —5—, Croro =——"—F——, Cygpp = rrssin” 0. (2.15.9b)

2ro 2ro
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Local tetrad:
1 1 1
(1= ma,, e<,) = \/&8,, e(ﬁ) = 7819, (¢) = rsin® - (21510)
Dual tetrad:
00) = c/adr, 08" = %, 0 =rdd, 69 =rsinddo. (2.15.11)
Ricci rotation coefficients:
2 A3
rs—5Ar Va cotd
Y000 = 275 0 Yo = Yeme = Newie = (215.12)
The contractions of the Ricci rotation coefficients read
4r —3ry —2A7° cot ¥
Riemann-Tensor with respect to local tetrad:
AP 431y
Riynoe = —Roypore) = -3, (215.142)
3ry— 2AF
Riyo)w) =Roeine) = Ry = —Roeoe) = 3 (215.14b)
Weyl-Tensor with respect to local tetrad:
s
Cornme = —Corne (e =~ 3 (2.15.152)
s
Com o) = Cuwne = ~Cuomm = ~Cnene) = 53 (2.15.15b)

Embedding;:
The embedding function follows from the numerical integration of

A 2
dz _ | rs/r+Ar/3 (215.16)
dr 1713./rf/\r2/3

Euler-Lagrange:
The Euler-Lagrangian formalism[Rin01] yields the effective potential

1 A2\ [ W?
Vest = 5 (1 - % - ;) (;»2 - xcz) (2.15.17)

with the constants of motion k = (1 — ry/r — Ar?/3)c*i, h = r*¢, and « as in Eq. (1.8.2).
As in the Schwarzschild metric, the effective potential has only one extremum for null geodesics, the so
called photon orbit at r = %rs. For timelike geodesics, however, we have

dVef _ W2 (—6r +9r;) 4+ c2r*(3ry — 27 A) Lo (2.15.18)
dr 3

This polynomial of fifth order might have up to five extrema.

Further reading:
Kottler[Kot18], Weyl[Wey19], Hackmann[HLO08], Cruz[COVO05].
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2.16 Morris-Thorne

The most simple wormhole geometry is represented by the metric of Morris and Thorne[MT88],

ds® = —c*dr? +dI* + (b} +17) (d0? +sin* ¥ dg?)

(2.16.1)

where by is the throat radius and [ is the proper radial coordinate; and {r € R,/ € R, € (0,7),¢ € [0,27) }.

Christoffel symbols:
[ l
) ¢ I _
Fll? bz 2’ FI(P b2 2’ 1—‘1919 =1
F;’;q) =cot v, Fipq, = —Isin’®, ng) = —sin?d cos V.
Partial derivatives
232 232
) :_l—bo e :_l—bo F{ﬂﬂl:_l
19,1 (b(2)+lz)2’ lp,l (b%—&—lQ)Z’ ) ’
1
¢ [ _ ) _ .
F19(D 5 = m, F(qu,l = —SIn 197 00,0 = —lSln(Zﬁ),
Fg(pﬁ = —cos(29).

Riemann-Tensor:

b} _ bgsin*®

Risis = ——5——>, Rigip= )
B+ 12 e

Ricci tensor, Ricci and Kretschmann scalar:

b bj
Ry = *2%7 X = 72%5
(b5 +12) (b5 +12)
Weyl-Tensor
c 2 *h} c 1 b
n=—37">" 7 910 = :
” 3 (b%+l2)2 o 3b2 2
1 b} lbosm %
Cmm:*?)bz R Cigrp = —3 AR

Local tetrad:
1

\/ b3+ 12
0 = /b3 +12dv,

1
e = 23” e =0, ey dy,

Dual tetrad

0" =cdr, 0V =ual,

Ricci rotation coefficients:
l

Rypoe = b§sin*d.

128}
(55+2)"

c 1 c2b2 sin? ¥
totp = 77
3 bg+12
2
Cﬂ(pﬂ(p = gb(z) SiIl2 V.

1
€)= —5—— %

¢
\/bg+ 1% sin®y

0% = /B3 +2sindde.

cot

Yornm = Yo = prp Yeoe = 75—
0 +l b2 + 12
0

The contractions of the Ricci rotation coefficients read

21 cot

Yo = b +12 Yw) = \/@'

(2.16.2a)

(2.16.2b)

(2.16.3a)

(2.16.3b)

(2.16.3¢)

(2.16.4)

(2.16.5)

(2.16.6a)

(2.16.6b)

(2.16.7)

(2.16.8)

(2.16.9)

(2.16.10)
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Riemann-Tensor with respect to local tetrad:

b2
Ripyovnis) =R = —R(5)(0)(8)(0) = — 0 (2.16.11)
@) )(®) = RO (9)(1)(9) (®)(9)(9)(9) (2 +12)2
Ricci-Tensor with respect to local tetrad:
2b}
Ry = —— 220 (2.16.12)
() (b(z)+lz)2
Weyl-Tensor with respect to local tetrad:
2b3
Connn = ~Cwr@ie) = =375 5 2+ (2.16.13a)
b
Comnm = Cowne = ~Comnm = ~Cnwoe =3 Z+P) (2.16.13b)
Embedding:
The embedding function reads
r r 2
() = +boln | -+ () i (2.16.14)
by by
with 2 = b3 + 2.
Euler-Lagrange:
The Euler-Lagrangian formalism, Sec. 1.8.4, for geodesics in the % = /2 hyperplane yields
1, 1 k2 1/ W 2
1 _ 1K _1 _ 2.16.15
U tVer=57 Verr Z(bg—HZ ke |, ( )

with the constants of motion k = ¢*f and h = (b} +[%)¢. The shape of the effective potential V. is inde-
pendend of the geodesic type. The maximum of the effective potential is located at / = 0.

A geodesic that starts at [ = [; with direction y = +e(,) + cose(;) +sinfe(,) approaches the wormhole
throat asymptotically for & = & with

_ b
\/ B+ 17

This critical angle is independent of the type of the geodesic.

it = arcsin (2.16.16)

Further reading:
Ellis[Ell73], Visser[Vis95], Miiller[Miil04, Miil08a]
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217 Oppenheimer-Snyder collapse

2.17.1 Outer metric

The metric of the outer spacetime, R > R;, in comoving coordinates (7,R, ¥, ¢) with (¢ = 1) is given by

R 3 4/3
ds? = —dv* + 273 dR? + <R3/2 - \/Er> (d0? +sin* 9d@?) . (2.17.1)
@) :
Christoffel symbols:
1
= *“L;» Iy = —ML;, (2.17.2a)
2R/—§\/E’c R/—E\/ET
: R, /7
re, = _ML;, o, — VTs o (2.17.2b)
R/Z—35./rsT 2(R3/2—%\/K’L') 7
3 R
k- VIt ro - VR (2.17.20)
(R3/27—\fr) R3/27—\f'c
1/3
0 _ VR _ 3/2
Tro = BRI ne 5o = Vs (R - 2\/@7) ; (217.2d)
R R~ 2\f7 ®
F.&ﬁ = — \/E s F19¢ = Cotﬂ, (2172e)
3 1/3
Ih,=—rs <R3/2 - 2\/ﬁr> sin’®,  Tg, = —sin® cosd, (2.17.2)
3/2_3 )
x (R 3\/TsT) sin” ¥
R, =- N . (2.17.2g)
Riemann-Tensor:
Rrg 1 s
Reger = — ) Reyey = 5 , (2.17.3a)
(R =3 yre)"” P (e =gy
1 rysin® O 1 Rry
qu)r(p =5 : ) Rropy = — 3 : ; (2-17-3b)
2 (2= 3yre) 2 (2= 3yre)
1 Rrysin?® 3 2/3
Reorp =5 s zm 7 Ropoe = (R3/2 - zﬁf) rysin® 9. (2.17.3¢)
(@2 =3 y7)
The Ricci tensor and the Ricci scalar vanish identically.
Kretschmann scalar:
P
H=12— (2.17.4)
@R fme)’
Local tetrad:
R2 -3 rr)'?
=0, eR) = ( 2V * ok, 2.17.5a
N (R) VR R ( )
1 1
€)= - (919, €p) = a(p. (2.17.5b)

(R¥2 =3 /ry7) " sino



2.17. OPPENHEIMER-SNYDER COLLAPSE 59

Ricci rotation coefficients:

Vs 215
M®E) = =33 Jrg 000 = Ya0)e) = 3p5n_3 (2.17.62)
—2/3
32 3
YR 9)9) = YR)@)(9) = — | RY" = 5V/IsT : (2.17.6b)
The contractions of the Ricci rotation coefficients read
3 3 72/3 3 72/3
Ye) =~ 57 \C e T =2 (R3/2 - 2\/@) . Yy = cotd (R3/2 - Zﬁr) . (17.7)
Riemann-Tensor with respect to local tetrad:
R R 4rs (2.17.8a)
P 19 19 e 5 . .
(DR)(7)(R) (D) @) (D) (9) (2R — 3\/731)2
2rs
R =R =—R =—R = . 17.
(O@)(1)(®) = M=) (9) (7)) (R)(D)(R)(®) (R)(@)(R)(9) (2R3 — 3ﬁ7)2 (2.17.8b)
The Ricci tensor with respect to the local tetrad vanishes identically.
2.17.2 Inner metric
The metric of the inside, R < R, reads
3 4/3
=—dr*+ <1 - EﬁR;S/ %) [dR? + R? (d0? +sin> 0dg?)] . (2.17.9)
For the following components, we define
3 _
Aoin = 1= S VIR, 32, (2.17.10)
Christoffel symbols:
o JRR,? o VR re _ VIR " (2.17.11a)
® AOln ’ ™ AOm ’ e AOir\ ' o
_ 1 1
Thp = —Ad/rR, 2, Thy = = Tho = 2 (2.17.11b)
TR, =R, I, =cotd, %y = —Ayo/rR, PR, (2.17.11¢c)
ng, = —Rsin’ 0, Fg(p =—sind cos¥, Tg,= UffR 32R2sin? 0. (2.17.11d)
Riemann-Tensor:
1 r 1 rR? 1 ryR%sin’> ¥
Ririr = ) Riyes = ) Ripro= s ——5=+— (2.17.12a)
p342/3° 3423 2/3
2 R3AOm 2 R3AOm 2 RzA
r¢R% sin> B reR? rgR* sin? 19
Rigprp = XS0 28 ke = D3 Rypggp = SRS D 428 (2.17.12b)
R;, R;, R,
Ricci-Tensor:
30 3 3 rR? 3 r,R?sin® &
= . Rer=5—773, Res= v Rop=5——57— (217.13)
2 RiAGn 2 R3A G 2RAG 2 RiAGH
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The Ricci and Kretschmann scalars read:

3ry 2
= H = ]5R6AS4. .
b *Oin b**Oin
Local tetrad:
1 1
er)=dr,  er = ok W)= 53y, g =
Oin Oin

Ricci rotation coefficients:

ViR,
Yo® @) = No@)®) = Unele) = 40—
1
MR (®)@®) = NR)0)0) = ~ 273
RAG;,
y cotd
@®)(0)@) =~ 375
RAG,

The contractions of the Ricci rotation coefficients read

, 3 hR, y 2 .G
=, = —=, 9 = "—"F5m-
© Aoin 7 R W ja

Riemann-Tensor with respect to local tetrad:

rSR73
R0y ®)(r)(R) = R(0)(9)(r)(9) = R(2)(9)(1)(9) = 2A2b )
Oin

}’SR;3

Rmeme) = Reewie) = Rexeere = 4z —
n

Ricci-Tensor with respect to local tetrad:

B 3rSR;3

= 7
2AOin

R)(0) = Riryr) = Riw)(9) = Rio)(9)

Further reading:
Oppenheimer and Snyder[OS39].

(2.17.14)

—0 (2.17.15)
Aé/iiR sin ¥} ¢

(2.17.16a)

(2.17.16b)

(2.17.16¢)

(2.17.17)

(2.17.18a)

(2.17.18b)

(2.17.19)
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218 Petrov-Type D — Levi-Civita spacetimes
The Petrov type D static vacuum spacetimes AI-C are taken from Stephani et al.[SKM 03], Sec. 18.6,

with the coordinate and parameter ranges given in "Exact solutions of the gravitational field equations”
by Ehlers and Kundt [EK62].

2.18.1 Case Al

In spherical coordinates, (¢,r, 9%, @), the metric is given by the line element

—b
ds® = (d +sin’ 9d?) + ——dr’ = "=

r— r

dr. (2.18.1)

This is the well known Schwarzschild solution if b = ry, cf. Eq. (2.2.1). Coordinates and parameters are
restricted to

teR, 0<d<m, ¢ €10,2m), O0<b<r)V(b<O<r).

Local tetrad:

r—>b 1 1
€ =1\/;p% =\ =9 €)= s (2.18.2)

Dual tetrad:

.
o0 — [Tl 9<’>:,/Lbdr, 0 —rdy, 0% =rsinvde. (2.18.3)
r r—

Effective potential:

With the Hamilton-Jacobi formalism it is possible to obtain an effective potential fulfilling %r’z + %Veff(r) =
12 rri

5C§ with

2%0

—b —b
Vesr(r) = K- = ! (2.18.4)
r
and the constants of motion
5 (r—b\’
e = (r - ) , (2.18.5a)
K = 34 +¢*rsin? 0. (2.18.5b)
2.18.2 Case AlIl
In cylindrical coordinates, the metric is given by the line element
ds® = 2 (dr + sinh? rd@?) + bidzz LAY (2.18.6)
-z z
Coordinates and parameters are restricted to
teR, 0<r, ¢ €10,2m), 0<z<b.
Local tetrad:
Z 1 1 b—z
e(,) = EQM e(,) = 23,, e((p) = maq), e<z) = Taz (2187)
Dual tetrad:
0_ [tz ") — ©) — s @_ [ %
0\ =/ ——dt, 0\’ = zdr, 0'%) = zsinhrdo, 0% =, | ——dz. (2.18.8)
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2.18.3 Case AIIl

In cylindrical coordinates, the metric is given by the line element

1
ds* = 22 (dr* +r*d¢?) +zdz* — gdﬂ. (2.18.9)

Coordinates and parameters are restricted to

teR, o<r, ¢ €[0,2m), 0<z

Local tetrad:

1 1 1
€ = \/Eal, € = 28,, €)= ;aq), € = 72(92 (21810)
Dual tetrad:
1
o) = 7d¢, 0) =zdr, 09 =zrdp, 09 = /zdz. (2.18.11)
Z

2.18.4 Case BI

In spherical coordinates, the metric is given by the line element

—b
ds* =r* (d192 — sin? 19dt2) + Lbafr2 + er(pz. (2.18.12)

Coordinates and parameters are restricted to

reR, 0<v<m, ¢ €[0,27), O<b<r)vV(b<0<r).

Local tetrad:
1 r_b 1 r
=g =\ 0 =9 €)=/ 5% (2.18.13)
Dual tetrad:
O _ pg n_ |_T () _ 9 _ =0
00 =rsinvdr, 0V = —dr, 0 =rdv, 6% =\/"—"dp. (2.18.14)

Effective potential:
With the Hamilton-Jacobi formalism, an effective potential for the radial coordinate can be calculated
fulflllmg %i‘z + %Veff(r) = %Cg with

—b —-b
Vesr(r) = K== — k© (2.18.15)
r r
and the constants of motion
AN
G = <P2(r ) : (2.18.16a)
r
K = 94 —i%4sin? 0. (2.18.16b)

Note that the metric is not spherically symmetric. Particles or light rays fall into one of the poles if they
are not moving in the ¥ = 7 plane.
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2.18.5 Case BII
In cylindrical coordinates, the metric is given by the line element
2 2(32 12 g2 2z 2, b=z, 5
ds* =7 (dr —sinh” rdt ) + sz + —do-. (2.18.17)
-z z
Coordinates and parameters are restricted to
t €R, ¢ €10,27), 0<z<b, 0<r.
Local tetrad:
1 1 z b—z
e<t) = Zsinhrat’ e(r) = Ear, e((p) = T_Z(?q,, e(z) = ?81 (21818)
Dual tetrad:
00 — csinhrdr, 00 —zdr, 0@ = /""%4 00— bi dz. (2.18.19)
z -z
2.18.6 Case BIII
In cylindrical coordinates, the metric is given by the line element
1
ds* =7 (dr2 — r2dt2) +zdZ + fd(pz. (2.18.20)
z
Coordinates and parameters are restricted to
teR, 0 €10,2m), 0<z o<r.
Local tetrad:
1 1 1
€1 = ;(9,, € = 28,, €p) = ﬁ&p, € = ﬁ&z (2.18.21)
Dual tetrad:
1
0 =zrdt, 0V =zdr, 0 = 7 do, 69 = /zdz. (2.18.22)
Z
2.18.7 Case C
The metric is given by the line element
df = — 1 <1de + f(x)de* — ;dyz + f(—y)dt2> (2.18.23)
(x+y)* \f(x) f(=y)
with f(u) := £(u® + au+b). Coordinates and parameters are restricted to
O<X+YI f(_y)>Or O>f(x)
Local tetrad:
1
ey =(x+y)——n—0, e = (x+y) V23 +ax+ b, (2.18.24a)
V=y—ay+b
1
ey = (x+y)V—y* —ay+bo, ) (2.18.24b)

eo) = (X+y) ——x—=10J0,
Ol y\/x3+ax+b ¢
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Dual tetrad:
00— e bdn, W= L (2.18.25a)
x+y x+yvx3+ax+b
o0 — ! L 4 69=1 Vo tatbdo, (2.18.25b)
x+y /=y —ay+b x+y

A coordinate change can eliminate the linear term in the polynom f generating a quadratic term instead.
This brings the line element to the form

1 1 1
ds? = —— | ——dx? dp* — ———dy* —y)dg? 2.18.26

with f(u) := £(—2mAu® — u? 4 1) given in [PPO1].
Furthermore, coordinates can be adapted to the boost-rotation symmetry with the line element in [PP01]
from in [Bon83]

ds* =

1
7 [eprz(zdt—tdz)zfe’l(zdzftdt)z —rdr? — e P dg? (2.18.27)
2_

with
o Ry +R+Z3—1?

T 42 (RIR+Z1 )

e 20% [R(R+ Ry +Z1) — Z1?] [RiR3 + (R+ Z1)(R+Z3) — (Z1 + Z3) ]
RiR; [R(R+R3 +Z3) —Z3r2]

)

IV R B
R—2(z 477,

Ri=+/(R+Z)*—-2Z;r?,

Zi=z—2,
, 1 m?
o= — )
4 A%(zp —71)2(z3 —z1)?
_ b
1= 4o
and z3 < z1 < 22 the roots of 24473 — A272 + m?.
Local tetrad:
Case 7> —1> > 0:
1 —p)2 A2 A2
e<t) = /Zz _tz (qu af +te 817) ) e(r) =e€ ara (21828&)
1
€= T (qte"’/ 20, +ze M2 817) ey =reP? 0, (2.18.28b)
Case 2 —12 < 0:
1
e(,) = 2 5 (ql‘eip/2 at "1‘2671/2 827) ; e(r) = 671/2 ara (21829&)
-z
1
e = 55— (qze*p/z O +te M2 82,) ; e = reP/29,. (2.18.29b)



2.18. PETROV-TYPE D - LEVI-CIVITA SPACETIMES

65

Dual tetrad:

Case 22— 12 > 0:

P 1
00 =/ " (zdr+1d
ﬁ—ﬂq@ +1tdz),
A
e
ok = 7 (tdi+2d2),

Case 22 —12 > 0:

e
G(I) == m(ldl“i‘ZdZ),

e 1
mg(Zdl‘ﬂ'le%

00) = e ar,
1
() — —_
0 —5 49
6\ = ¢t ar,
1
(@) —
0 reP ¢

(2.18.30a)

(2.18.30b)

(2.18.31a)

(2.18.31b)
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219 Plane gravitational wave

W. Rindler described in [Rin01] an exact plane gravitational wave which is bounded between two
planes. The metric of the so called ‘sandwich wave’ with u := ¢ — x reads

ds* = —dt? +dx® + p* (u) dy* + ¢* (u) d2*.

The functions p (u) and ¢ (u) are given by

po=const. u<-—a

pu):=<1—u 0<u and q(u):

L(u)e™™  else

go=const. u<-—a
1—u oO<u |,
L(u)e ™™ else

where a is the longitudinal extension of the wave. The functions L (1) and m (u) are

3 4 2
u u u-+au
Lu)=1- —+ — =42V3 du.
(1) ut a2 + 243’ m (u) \[/ \/2a3u —2aud —u* —2a3 "
Christoffel symbols:
, 1dp dq 1dgq dap
Y _ _ t _ _ _ _ _
Fly__r)yry_;$7 Ie=Tz=4d3 _F)Zcz_5$7 Dy=Ty=pr3 .
Riemann-Tensor:
2%p d%q
Rtyty = nyxy = *Rtyxy = 7PW7 RIZIZ = RXZ)CZ = 7RIZ/YZ = 7qﬁ

Local tetrad:

e =0 ex =0 &

Dual tetrad:

(2.19.1)

(2.19.2)

(2.19.3)

(2.19.4)

(2.19.5)

(2.19.6)

(2.19.7)
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2.20 Reissner-Nordstrom

The Reissner-Nordstrem black hole in spherical coordinates {t € R,r € R*,9 € (0,7),¢ € [0,27)} is de-

fined by the metric]MTW?73]

ds* = —ARNCEdl® + Agpdr® + 17 (dO? +sin® 9 d?) (2.20.1)
where
ry  pQ?
AN =1——+ 5 (2.20.2)
r r

with ry = 2GM/c?, the charge Q, and p = G/(gc*) ~9.33-107%*. As in the Schwarzschild case, there is a
true curvature singularity at r = 0. However, for 0? < r2/(4p) there are also two critical points at

2
PO P21 % (2.20.3)
3
Christoffel symbols:
o = ARNC (r=2p0%) L rr—2pQ o _Kr—=2p0? (2.20.4a)
" 2r3 ’ T 2PArN T 2PApN o
1
oy =—, If=-, [y = —TARN, (2.20.4b)
r
Fiﬁgo = cot ¥, oo = —TARN sin’ ¥, Fg(p = —sindcos V. (2.20.4¢)
Riemann-Tensor:
2 (rgr —3p Q> ArRnC3(rsy —2p Q>
Riyr = *%7 Risio = RNC 2:2 pQ ), (2.20.5a)
ARnC (rgr —2p0?) sin B rer —2p Q>
Rigrp = 2 R == (2.20.5b)
ror —2p0%) sin® ¥ .
Rygrg = — (r: 2:2)AQRI)\I , Rygoe = (rsr — pQ?)sin’ 9. (2.20.5¢)
Ricci-Tensor:
2572 2 2 2 il
c“pO-ArN PO pQ pQO~sin” Y
RY[ = T’ Rrr - — r4ARN7 R,}ﬂ - 7, R(P(P - T (2206)
While the Ricci scalar vanishes identically, the Kretschmann scalar reads
Y
2.2 12 2 14 24
P 43rsr rsrng + 14p“Q . (2.20.7)
r
Weyl-Tensor:
2 (rgr —2p Q> ArNC3(rsy —2p 0>
Crrtr = —w7 Crorg = — RNC 2;2 PO ), (2.20.8a)
ARNC (rgr —2p Q%) sin® ¥ rer —2pQ?
Ct(pt(p = 2,2 ’ Crorp = *m (2-20-8b)
=2 2\ o 219
Crorp = — (rsr = 2p0") sin Copop = (rir—2p0%)sin® ©. (2.20.8¢)

2r2A RN
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Local tetrad:
1 1 1
€1 = C\/TR&, € = \/ARNar, €)= ;819, €p) = rsinﬂa(p. (2.20.9)
Dual tetrad:
0" = c\/Agndt, 61 = Z’ . 0 =rq9, 609 =rsinvde. (2.20.10)
RN

Ricci rotation coefficients:

rry —2p Q> ARN _ cot®

Y000 = 25 /A 10 = Yo = Yoo = (220.11)
The contractions of the Ricci rotation coefficients read
4r* —3rry+2pQ? cotv¥
= : = . 2.20.12
V) A @ , ( )
Riemann-Tensor with respect to local tetrad:
rsr—3pQ? rsr—pQ?
Romwn =" Roeww="Hma (220.13a)
rr—2pQ?
Rio)0) = Roo)ne) = ~Rinmm) = Rowme) =~z (2:20.13b)
Ricci-Tensor with respect to local tetrad:
1%
Riyiy = =R = Reoyo) = Rioio) = (2.20.14)
Weyl-Tensor with respect to local tetrad:
rer —2pQ?
Comnm = —Coxoeie) =~ a (2.20.152)
rer —2pQ?
Co) ) = Coone = ~Cnene = ~Cuwne = 5z (2.20.15b)
Embedding:
The embedding function follows from the numerical integration of
dz 1
— = —1. 2.20.1
dr \/1 R ! (22016
Euler-Lagrange:
The Euler-Lagrangian formalism, Sec. 1.8.4, for geodesics in the ¥ = 7/2 hyperplane yields
1, 1 k2 1 re  pQO*\ [ h? )

with constants of motion k = Agn¢?i and h = r?¢. For null geodesics, k¥ = 0, there are two extremal points

3 32p Q2
ri:4rs<1:&: 1- o ) (2.20.18)

where ry is a maximum and r_ a minimum.

Further reading:
Eiroa[ERTO02]
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2.21 de Sitter spacetime

The de Sitter spacetime with A > 0 is a solution of the Einstein field equations with constant curvature. A
detailed discussion can be found for example in Hawking and EllisfHE99]. Here, we use the coordinate
transformations given by Bi¢ak[BKO1].

2.21.1 Standard coordinates

The de Sitter metric in standard coordinates {t € R, x € [-=&, x|, ¥ € (0,%),¢ € [0,27)} reads

ds* = —d1® + a® cosh? % [a’xz +sin® (dﬁ2 + sin? ﬁa'(pz)} ) (2.21.1)

where a? = 3/A.

Christoffel symbols:
1 T 8 1 T 1 T
%4, = 5 tanh o Y = 5 tanh o I?,= 5 tanh - (2.21.2a)
LT T
[, = asinh po cosh P Fgﬁ = coty, Iy =coty, (2.21.2b)
I, — asin® g sinh — cosh — X = —sinycos % =cotd (2.21.2¢)
5% — X o a7 90 — X x5 Yo — ) et
l"qroq, = orsin® x sin® ¥ sinh % cosh %, l"éq, = —sin® ®sinycosy, ng, = —sin® cos V. (2.21.2d)
Riemann-Tensor:
T
Reyey =— cosh? g, Rigr = —cosh® « sin® x, (2.21.3a)
T\2
Regrp = — cosh? g sin? y sin’ ¥, Rysyo = o? (1 + sinh? a) sin’ (2.21.3b)
_ 2 2 TN\Z o ) 2 TN2 4o
Rypye = 0 ( 1 +sinh ) s xsin“ ¥,  Ryppe = (1+sinh o) o X sin” . (2.21.3¢)
Ricci-Tensor:
Ryr = 3 R, = 3cosh? x Ry = 3cosh® z sin’ Roo = 3cosh? i sin? y sin” ¥ (2.21.4)
T — a27 XX — a7 90 — o 1 X7 op — a X . . .
Ricci and Kretschmann scalars:
12 24
Local tetrad:
e =0, €)= ! ey = ! 0 ey = ! (2.21.6)
() =% )~ ocosh £ 7% (®) = ot cosh £ sin y B Mo T ocosh Zsinysind * o
Dual tetrad:

o) —dar, 9(1):acosh§dx, 9<1’>=acosh§sinxdﬁ, 6<‘p):acosh§sinxsin19d(p. (2.217)

2.21.2 Conformally Einstein coordinates

In conformally Einstein coordinates {n € [0,7x],x € [-x,x],d € [0,n],¢ € [0,27)}, the de Sitter metric
reads

2

ds* = —
sin

—dn? +dy? +sin’x (do* +sin® 0 de?)]. (2.21.8)
’n
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It follows from the standard form (2.21.1) by the transformation

1 = 2arctan (ef/a) ) (2.21.9)

2.21.3 Conformally flat coordinates

Conformally flat coordinates {T € R,r € R, € (0,7),¢ € [0,27)} follow from conformally Einstein co-
ordinates by means of the transformations

osinm asiny 2T o
= , r= , Or 1 =arctan R
cos Y +cosn cosx +cosn a-—T>+r

X = arctan 5. (2.21.10)

,
a2 +T2—r
For the transformation (7,R) — (1, %), we have to take care of the coordinate domains. In that case, if
k? —T?+r* <0, we have to map 1 — 1 + 7. On the other hand, if ¥?> + 7% — r? < 0, we have to consider
the sign of r. If r > 0, then ¥ — x + 7, otherwise y — x — 7.

The resulting metric reads

2
ds? = % [—dT2 +dr? + 2 (d0? +sin? 0 dg?)] . (221.11)

Note that we identify points (r < 0,9, @) with (r > 0,7 — 0,9 — 7).

Christoffel symbols:
T . 5 ¢ T 1 5 o _ 1 T r .
FTT =1y, = rTﬁ = FT(P = Frr = —?7 Fr‘L9 = Fr(p = ;, Fﬁﬁ = 7?, 99 — -7, (22112a)
T 12 sin® © .2 s .
F?;(P =cotd, Iy,= -7 [yp = —rsin” ¥, Ty, = —sindcosd. (2.21.12b)
Riemann-Tensor:
2 2.2 222
o ocr a“r-sin” ¥
Rryrr = Bz Rryry = ~ A Rrore = T r o (2.21.13a)
2.2 2,22 2,42
or ocresin® ¥ ar*sin® V¥
Rrﬂrﬂ = ?’ Rr(pr(p - T, R19(019(0 == T (22113b)
Ricci-Tensor:
3 3 3r2 3r2sin? ¥
RTT - 7%’ Rrr =5 ﬁ, Rﬁﬁ == F, R(P(P - T (22114)
The Ricci and Kretschmann scalar read:
12 24
X = 2’ = (2.21.15)
Local tetrad:
T T T T
e(T) = aaT, e(,) = aa,, e(ﬂ) = aaﬁ, (9) = arsind - (22116)

2.21.4 Static coordinates

The de Sitter metric in static spherical coordinates {t € R,r € R*,9 € (0,7),¢ € [0,27)} reads

A AL\ !
ds? = — <1 - 3r2> cdr* + (1 - 3r2> dr* +r* (do? +sin? 9 d?). (2.21.17)
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It follows from the conformally Einstein form (2.21.8) by the transformations
f= Eplosxr—cosn -, Smx (2.21.18)
2 cosy+cosn sinn
Christoffel symbols:
. (AP =3), Ar - Ar
Ftt = TC Ar, r— m, Frr = m, (22119a)
1 1 (Ar? —3)r
i) r
Fr,& - ;, r?¢ - ;, o Es) == f’ (22119b)
0 N I ) .
[y = cot(D), 09 = —5 rsin (), [yy = —sin(¥) cos(V). (2.21.19¢)
Riemann-Tensor:
A, 3-A? , 3-AP 5 5
Rtrtr == _gc B R[ﬂ[ﬁ == 9 Ar , Rt(pt(p = — C Ar Sln(ﬁ) s (221208.)
Ar? Ar?sin(6)? r*sin?(0)A
Ryyro = T2—|—3’ Rr(pr(p = TM’ R19<p19<p = f (2.21.20b)
Ricci-Tensor:
Ar? -3 3A _
Ry == A, R, = Az Reo= A, Rge = r*sin*(9)A. (2.21.21)
The Ricci scalar and Kretschmann scalar read:
R=4N, A = 21\2. (2.21.22)
Local tetrad:
[ 3 0 / Ar? 1 1
e<,) = m?, e(,) = 1— T&, 6(1” = ;819, e(q,) = rsin(ﬁ) (0) (22123)
Ricci rotation coefficients:
Ar V9 —3Ar? cot
MO0 =~ aaan 000 =Hee) = 3, Hewie = (221.24)
The contractions of the Ricci rotation coefficients read
V9 —3Ar2(Ar* —-2) cot
’)/(r) = (AI"Z — 3)}" s ’)/(ﬁ) = P (22125)
Riemann-Tensor with respect to local tetrad:
Ry = R = ~Ruw)oe) = R0 = Ree)ne) = Roye)m)e) = 37 (221.26)
Ricci-Tensor with respect to local tetrad:
—Riyo) =R = Rio)0) = Rip)(o) = A (221.27)
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2.21.5 Lemaitre-Robertson form

The de Sitter universe in the Lemaitre-Robertson form reads

ds* = —c*dt* + " [dr? + r? (d0 +sin® 9 do?)] (2.21.28)

with Hubble’s Parameter H = 4/ AT‘Z = 4, which is assumed here to be time-independent.

This a special case of the first and second form of the Friedman-Robertson-Walker metric defined in Egs.
(2.9.2) and (2.9.12) with R(¢) = e" and k = 0.

Christoffel symbols:
I’ =H, % =H, rf,=H, (2.21.29a)
e H 1 1
r = — e, = = Iy = - (2.21.29b)
eZHt},.ZH
Iy = —a o = —T Iy, = cot(d), (2.21.29¢c)
M2 sin% (0)H . )
oo = 2 (8) : I}, = —rsin(d)?, Ty, = —sin(D)cos(d). (2.21.29d)
Riemann-Tensor:
Ry = —*H'H?, R0 = — P H?, (2.21.30a)
AH1 22
Rigig =~ P2 sin(0)H2,  Roprp = g, (2.21.30b)
C
12 sin® (9)H? et sin? () H?
RV(Pr(p = C—z(), R13¢19(P = C—z() (22130C)
Ricci-Tensor:
2Hi 172 2Hi 2112 2H!,2 ;2 2
Ry, = —3H%, R, =3¢ 2H . Rps—= 3#7 Ropp = 3& (2.21.31)
c c c
Ricci and Kretschmann scalars:
12H? 24H*
- = - (221.32)
Local tetrad:
1 " eth eth
er) = ;@, e =e "0, €)= p ds, €(p) = }"Sinﬁa(p. (2.21.33)
Ricci rotation coefficients:
H
T 00) = Vo)) = Ne)nie) = (221.342)
1 cot(0)
Y9)0®) = Yo)0) = sy Vo) 0)0) = i, - (221.34b)
The contractions of the Ricci rotation coefficients read
H 2 cot(0)
Yo =370 Y= mp Mo = (221.35)
Riemann-Tensor with respect to local tetrad:
H2
Riynoe =R =Ruwine) =~z (2.21.36a)
H2
Rin@)n) = Rino)0)9) = Ro)0)0)9) = 7 (2.21.36b)
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Ricci-Tensor with respect to local tetrad:
Ry =Ry = Rioy) = Rig)e) =37 (2.21.37)

2.21.6 Cartesian coordinates

The de Sitter universe in Lemaitre-Robertson form can also be expressed in Cartesian coordinates:

ds* = —2dr* + ' [dx? + dy? + d2?] . (2.21.38)
Christoffel symbols:
Y. =H, I, =H, I7.=H, (2.21.39a)
eZHtH eZHtH eZHtH
r,.= 2 I, = e I, = e (2.21.39b)
(2.21.39¢)
Partial derivatives
2H2€2H’
Ff\”XJ == Ftyy,t == 2t = T (22140)
Riemann-Tensor:
) ) e4HlH2
Rixix = Rpyx = thlz = —€ HIH ; nyxy = szxz = Ryzyz = 2 (2~21-41)
c
Ricci-Tensor:
2HtH2
Ry=-3H>, Ry=Ry=R.= 367. (2.21.42)
The Ricci and Kretschmann scalar read:
H? H*
X =12—, H =24—. (2.21.43)
C C
Local tetrad:
1 _ _ -
e(t) = Ea,, e(x) —=e Htax, e(y) =e H’8y7 e(z) —=e H’3Z. (2.21.44)
Ricci rotation coefficients:
H
Y@ =00 = N0e = - (221.45)
The only non-vanishing contraction of the Ricci rotation coefficients read
H
Ty =3 (2.21.46)
Riemann-Tensor with respect to local tetrad:
H2
Riywnw = Romne) =Rnene =~ (221.47a)
H2
Rwmwe) = Rmewe = Reeme = 2 (2.21.47b)
Ricci-Tensor with respect to local tetrad:
H2
R0y =R =Ro)») =R =37 (2.21.48)

Further reading:
Tolman[Tol34, sec. 142], Bi¢ak[BKO01]
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2.22 Straight spinning string

The metric of a straight spinning string in cylindrical coordinates (¢, p, ¢,z) reads

ds* = — (cdt —ad@)* +dp> +K2p*d¢® + d2?, (2.22.1)

where a € R and k > 0 are two parameters, see Perlick[Per04].
Metric-Tensor:

81 = _Cza 8tp = ac, 8op =8z=1, oo = k2P2 —a. (2.22.2)
Christoffel symbols:
_4 o _ 1 P2
bo = s Top = o’ Cpp = —k"p. (2.22.3)

Partial derivatives

r (04 p 1

_ _ Y _ 2
poP = op Logp = e Lopp = —k". (222.4)

The Riemann-, Ricci-, and Weyl-tensors as well as the Ricci- and Kretschmann-scalar vanish identically.
Static local tetrad:

1 1 /a
e(()) = Ea,, e(l) = 3p, €)= E (28, +8(p) s 6(3) = 82. (2.22.5)
Dual tetrad:
00 =cdr—adp, 06 =dp, 0% =kpdp, 6V =a: (2.22.6)

Ricci rotation coefficients and their contractions read

1 1
Yome) = o’ Yo)=%2) = Y3 =0, Y1) = 3 (2.22.7)
Comoving local tetrad:
VEk2p2 —a? (1 a
e(()) = T (Ca[ - ]{21)2_‘128(/)) s e(l) = 8p, (2228a)
1
e(z) = \/ﬁ&p, e(3) = (9Z. (2228b)
Dual tetrad:
kp acdt
00 = ——Lcdr, 6V =dp, 0% =——— +/k2p2—a2dp, 6V =d:. 2.229
/i2p2 — a2 p /K2p? — a2 p ¢ ( )
Ricci rotation coefficients and their contractions read
a? ak
T000) = Srapr =gy 100 = Yo =Yome = @p =g (2.22.102)
K*p
0@ = 2oz —g2 (2.22.10b)
1
Yy =~ (2.22.10¢)

P
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Euler-Lagrange:
The Euler-Lagrangian formalism, Sec. 1.8.4, for geodesics in the © = 7/2 hyperplane yields

1 ahy }
) 1 2__ "
P+ W </’12 — C) —Kc™ = 6‘77 (22211)

with the constants of motion h; = c¢(cf —a) and hy = a(ci —a) +k*p?¢.

The point of closest approach ppca for a null geodesic that starts at p = p; with y = +e(g) +cosEe(;) +
sin&e(,) with respect to the static tetrad is given by p = p;sin&. Hence, the pyca is independent of a and
k. The same is also true for timelike geodesics.
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2.23 Sultana-Dyer spacetime

The Sultana-Dyer metric represents a black hole in the Einstein-de Sitter universe. In spherical coordi-
nates (¢,r, %, ¢), the metric reads[SD05] (G=c=1)

oM 4M oM
ds* =r* [(1 — ) dr* — —dtdr— (1 + ) dr* — erQZ} , (2.23.1)
r r r

where M is the mass of the black hole and Q2 = d©> + sin® 9d¢? is the spherical surface element. Note
that here, the signature of the metric is sign(g) = —2.

Christoffel symbols:
2(rF +4M2r + M%t M(r—2M)(4r +1 M(r+42M)(4r+t
I, = ( - ) , Il = ( 3)( ) , = ( 3) ( ) , (2.23.2a)
tr tr tr
. 2(P—aMPr—MP) 2 o 2
I = poe , TPy = e Ifp= e (2.23.2b)
1 1 2(r2+2Mr— Mt
e = ~ Tf=-, [y = ( p ) : (2.23.2¢)
r
AMr +tr —2Mt .
o = —— Ff,q, =cot?, ng; = —sin® cos V¥, (2.23.2d)
3 2 2 2 2
oo 2(r +4Mr +4M3 r+M t+Mtr)7 o M (4r +8Mr3+ 2Mt—|—tr)’ (2.232¢)
tr tr
2 2 .
F[(p(pz Z(r +2Mr—Mt) sin 19’ l_‘{p(p:_(4MrJrl‘r—2Mz‘)slnz19. (2.23.2f)
t t
Riemann-Tensor:
212 (=2Mr* — 3 + M2+ 2Mtr
Rtrtr - ( r3 ) 5 (2233&)
2 4 2.2 2 2.2 2 2.2
= (2r° +16M*r- +-4Mtr- —4AM-r-t + Mt“r — 2M~“t
Rrpto = — ( ) ) , (2.23.3b)
M2 (4r +1)(r2 +2Mr — Mt
Rigro = — ( )(rz ) , (2.23.3¢)
2sin® & (2r* + 16M2r% + 4Mitr? — AM2r2t + Mt r — 2M?12
Rrprg = — ( P ) , (2.23.3d)
2M12sin® O (4r +1)(r2 +2Mr — Mt
Ripro = — ( rz,) ( ) , (2.23.3¢)
12 (4r* + 16Mr* — 4AM>tr + 16M>r* — 2M%t> — Mt*r
Rogrs = — ( 3 ) , (2.23.3f)
12sin> O (4r* -+ 16Mr* — AM?tr + 16M*r* — 2M*1> — Mt*r)
Rrgrp = — .- , (2.23.3g)
Rygvp = —27rsin* & (27 +4Mr* — 4Mtr+mt*) . (2.23.3h)
Ricci-Tensor:
2 (3r2 + 12M?% 4+ 2M1 AM (3r+1t+6M
R[[ = ( ZZrZ ) B er = %, (2234a)
2 (3r2 + 12Mr + 2Mt + 12M? 6 (r2 +2Mr—2Mt
R, = ( p) ) , Rop = ( ) ) , (2.23.4b)

6 (2 +2Mr — 2Mt) sin? ®
Rop = ( 3 ) . (2.23.4¢)
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Ricci and Kretschmann scalars:

12 (r* +2Mr — 2Mt)

R= — , (2.23.5a)
1r
48 (M*t* +20M%r* + 20M 7> + 8M>r’1* — 4Mr*t — 16M%r3t + 5r°
a8l il M il ri+se) (2.23.5b)
1276
Comoving local tetrad:
V1+2M/r 2M/r 1 1 1
e = o — Or, €1)=—————=0,, € =510y, €3 =5—=0p (223.6
(0) 12 T 1+2M]r ) 1+2M/r @)= 2,7 )™ 2rsino? ( )

Static local tetrad:
1 B 2M/r

+\/1—2M/ra

ey =————-0;, e =
O e oy W 212

Further reading:
Sultana and Dyer[SD05].

l’2 )

‘@)= ﬁaﬂ’ MO tzrsinﬁa(p'

! ! (2.23.7)
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2.24 TaubNUT

The TaubNUT metric in Boyer-Lindquist like spherical coordinates (z,r, %, @) reads[BCJ02] (G=c=1)

A dr?
ds* = ~5 (dt+2€cosz9d(p)2 +X (g +d®? +sin® ﬂd(p2> , (224.1)

where £ = r?+¢2 and A = > — 2Mr — (*. Here, M is the mass of the black hole and ¢ the magnetic monopol
strength.

Christoffel symbols:
Ap P A
O =55 I, = = [y =20 cos ¥ 5, (2.24.2a)
LA 2lpAcos ¥ {Asin ¥
¢ _ _ [
0 g 0 w0 Te= T (224.2b)
P 5 r r rA
F:r = _ﬂ7 Frl‘} = 57 F?(P = E, :919 = —E, (2242C)
—20(r = 3Mr? — 3r0* + M{*) cos ®
[y = A ) (2.24.2d)
€ [cos® O (6202 — 802 Mr — 30+ + r*) + X2
oo [cos? & (6r Mr +rt) +22] ’ (224.20)
¢ YZsin®
= 2 cos? o (906 +46MP2 — 40M 4+ P 1+ 250 — 52 2.24.2f
99 = ¥3 |COS ri’ + re— +r7+2r —rxe|, (2.24.2f)
P (4r2€2 —4Mr0? — 04+ r4) cot ¥}
oo = 2 , (2.24.2g)
202 2 44 G
s (6r*C*—8Mr(*—3*+r*)sin®cos
Lop=— = , (2.24.2h)
where p = 2102 + Mr? — M(?.
Static local tetrad:
z A 1 2lcot ¥ 1
o) =1/—0, e :\/78, € = —=dy, €3 =— o + do. 2.24.3
0 \/; b ey 3o = 5% o) 75 Ot reng ( )
Dual tetrad:
o0 _  [A m_, /2 @ _ 5, ®)_ Vxsi
=\z (dt+2lcosdde), 0' = Kdr, 0\ =vVXEdY, 6% =+vEsindde. (2.24.4)
Euler-Lagrange:
The Euler-Lagrangian formalism, Sec. 1.8.4, for geodesics in the ¥ = 7/2 hyperplane yields
1, 1 k2 1A (K
57 + Vest = 5 Vett = 5 <Z - K) (2.24.5)

with the constants of motion k = (A/X)i and h = Z¢. For null geodesics, we obtain a photon orbit at
r = rpo with

1 M
Fpo =M +2\/M? + (% cos (3 arccos \/W) (2.24.6)

Further reading:
Bini et al.[BCAM]JO03].
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