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Chapter 1

Introduction and Notation

The Catalogue of Spacetimes is a collection of four-dimensional Lorentzian spacetimes in the
context of the General Theory of Relativity (GR). The aim of the catalogue is to give a quick
reference for students who need some basic facts of the most well-known spacetimes in GR. For
a detailed discussion of a metric, the reader is referred to the standard literature or the original
articles. An important resource for exact solutions is the book by Stephani et al[SKM™03].

Some of the metrics in this catalogue are implemented in the Motion4D-library[MG09] and can
be visualized using the GeodesicViewer[MC].

1.1 General remarks

The Einstein field equation in the most general form reads[MTW73]

8nG
C4 )
with the Einstein tensor Gy = Ryy — %Rguv, the Ricci tensor Ry, the Ricci scalar R, the metric ten-

sor guv, the energy-momentum tensor Ty, the cosmological constant A, Newton’s gravitational
constant G, and the speed of light c.

Guv = > Ty — A\gpv., » = (1.1.1)

A solution to the field equation is given by the line element
ds® = gy dxHdx” (1.1.2)

with the symmetric, covariant metric tensor gyy. The contravariant metric tensor gM¥ is related to
the covariant tensor via g,vg"* = 5[1\ with the Kronecker-d. Even though g,y is only a component
of the metric tensor g = gy dx* @ dx”, we will call g,y as the metric tensor.

Note that, in this catalogue, we use the convention that the signature of the metric is +2. In
general, we will also keep the physical constants ¢ and G within the metrics.

1.2 Basic objects of a metric

The basic objects of a metric are the Christoffel symbols, the Riemann and Ricci tensors as well as
the Ricci and Kretschman scalars which are defined as follows:

Christoffel symbols of the first kind:!

1
rv)\u = é (guv,)\ + Oua,v — gv)\,u) (1.2.1)
with the relation

Quau = ruv)\ + ru)\v (1.2.2)

IThe notation of the Christoffel symbols of the first kind differs from the notation used by Rindler[Rin01].
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Christoffel symbols of the second kind:

1
Moy = 59" (Gova +9prv — Gunp) (1.2.3)
which are related to the Christoffel symbols of the first kind via
Mo = 9" Tuap (1.2.4)

Riemann tensor:

Rypo = ap—Thpo +T 56 =5 (1.2.5)
or

Ruvpo = 9ua R ypo = Mvopp — Tvppo + ol won — Mol poa (1.2.6)
with symmetries

Ruvpo = —Ruvop, Ruvpo = —Rvppa, Ruvpo = Roopv (1.2.7)
and

Ruvpo + Rupov + Rugvp =0 (1.2.8)

Ricci tensor:

Ry = Rpupv (1.2.9)

Ricci and Kretschman scalar:
3 3

R=Rl,, A =Ryp RV =R RP ; (1.2.10)

Weyl tensor:
1 1

Cuvpo = Ruvpo — 5 (9u(pRa)v — Gv(pRou) + 3R%u[p90v (1.2.11)

Symmetrization and Antisymmetrization brackets:
1 1

Covariant derivative

UrGuv =9uvp =0. (1.2.13)
Covariant derivative of the vector field @H:

OvyH = gl = o, gt + 14, ¢ (1.2.14)

Covariant derivative of a r-s-tensor field:
aj...ar _ aj...ar ai—d..ar arTrap...a_1d
DTy b =0T o AT T %y gt AT T 18

b
(1.2.15)
DT b= — T T2 ¥, b d

1.3 Natural local tetrad and initial conditions for geodesics

We will call a local tetrad natural if it is adapted to the symmetries or the coordinates of the space-
time. The four base vectors ;) = eﬁ )Ou are given with respect to coordinate directions J JoOxH =20,

compare Nakahara[Nak90] or Chandrasekhar[Cha(6] for an introduction to the tetrad formalism.
The inverse tetrad is given by 81 = Gﬁl)dxu with

(ot _ () oy _
0y ef‘j)_é(j) and 6, ¢l = 9. (1.3.1)

Note that we us Latin indices in brackets for tetrads and Greek indices for coordinates.
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1.3.1 Orthonormality condition

To be applicable as a local reference frame (Minkowski frame), a local tetrad & has to fulfill the
orthonormality condition

(eqi)-€(1)) g = 9 (&) &) = Guvefy efi) = Nais (132)
where nj(j) = diag(—1,1,1,1). Thus, the line element of a metric can be written as
ds” = 1 8"80) = gy ;)66 cxax”. (1.3.3)

To obtain a local tetrad €;), we could first determine the dual tetrad 01 via Eq. (1.3.3). If we

combine all four dual tetrad vectors into one matrix ©, we only have to determine its inverse @1
to find the tetrad vectors,

90(0) 0 { 0) 2} 2( 0) 2} 3( 0) eOO) eOl) eOZ) 803)
o g gl L) e& e& e& eg
o=|" 1 2 3 -~ o1l eéo) eél) eéz) e§3) (1.3.4)
1 2B 43 .0 & & & e
6" 6 6" 6 o v %2 %O
There are also several useful relations:
Saju = Guvela), Naw = o Com = Nami (13.5a)
e[,(lb) = n(a)(b)e(a)ua guv = e(a)u Qéa), n(a)(b) = e[,(la) e‘gb)guv- (1'3‘5b)

1.3.2 Ricci rotation-, connection-, and structure coefficients

The Ricci rotation coefficients Y (j) k) with respect to the local tetrad € are defined by

: A
Vi) = Guun €y Dy €)= ua € efiy Ovely) = gl elig (dve?j) + rvgeﬁ.)) : (1.3.6)
They are antisymmetric in the first two indices, V(i) = —Vj)(i)() Which follows from the defi-
nition, Eq. (1.3.6), and the relation
0= dung(j) = Bu (gﬁveﬁ)efj)) ; (1.3.7)

where [, gg, = 0, compare [Cha06]. Otherwise, we have
i) _ v _ v (i)
V100 = 63 elig Dvely) =~ lig 0w 83 - (1.3.8)
The contraction of the first and the last index is given by

K K)(i
Vi) =Y im0 = 1"V 500 = —Yori)0 + Ym o+ Yam @ + Ve e = Dvel)- (1.3.9)

The connection coefficients wg?;)(n) with respect to the local tetrad € are defined by

(m ._ p(m) _ p(m a _ M a u
o = 4" e ey = B4 ef) Dl = 047 ef}) (ufy +Tgely ) (1.3.10)

compare Nakahara[Nak90]. They are related to the Ricci rotation coefficients via
Furthermore, the local tetrad has a non-vanishing Lie-bracket [X,Y]V = XHg,Y" —YH9,X". Thus,

W G
e &) =cier  or  cipy = 0% [enep]- (1.3.12)

These structure coefficients are related to the connection coefficients or the Ricci rotation coeffi-
cients via

K _ Lk (S K
D) = NN (Vi (iyi) = Ymai) = Y = Y0 (1.3.13)
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1.3.3 Riemann-, Ricci-, and Weyl-tensor with respect to a local tetrad

The transformation between the coordinate representations of the Riemann-, Ricci-, and Weyl-
tensors and their representation with respect to a local tetrad ) is given by

Ria)b)(c)(d) = Ruvpaef'a)ez’b)efc)e&), (1.3.14a)

Ria)(b) = Ruv€{y el (1.3.14b)

Cla)(b)(©) ) = Cuvpo€{q el & (1.3.14c)
1 R

=Raym©@ ~ 3 (M@l Ra1o ~ Moo Ra)@) + 3M@! e Nw@)0)- (1.3.14d)

1.3.4 Null or timelike directions

A null or timelike direction U = U<i)e(i) with respect to a local tetrad &) can be written as
v = 0% + ¢ (siny cost ey + siny siné ey + cosy ) = 0 Ve +n. (1.3.15)

In the case of a null direction we have ¢y = 1and 0(% = +1. A timelike direction can be identified
with an initial four-velocity u = cy(ep+ fBn), where

u? = (u,u)y = ?y* (eg) + BN, o) + BN) = P> (—1+ %) = —c%. (1.3.16)

Thus, ¢ = cBy and v° = +cy. The sign of 09 determines the time direction.

€(3)

o¥

(2)

Figure 1.1: Null or timelike direction v with respect to the local tetrad €.

The transformations between a local direction (V) and its coordinate representation U read

vH = U“)eﬁ) and 00 =g v". (1.3.17)

1.3.5 Local tetrad for stationary axisymmetric spacetimes

The line element of a stationary axisymmetric spacetime is given by
ds? = gy dt® + 20ty dt dd + gppde? + grrdr? + gy 9d92, (1.3.18)

where the metric components are functions of r and & only.
The local tetrad for an observer on a stationary circular orbit, (r = const,d = const), with four
velocity u =cl’ (dt + (9¢) can be defined as, compare Bini[B]00],

1 1
eo)=T (&+d), eq= ﬁaﬁ 89 = —5=0s. (1.3.19)

€3 = AT (£(0tp +{99) 0 F (9t +{99)09) , (1.3.19b)
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where

r= ! A1 (1.3.20)

\/— (0 + 20 g + (%94 \/ 9 — Gtpe

The angular velocity ¢ is limited due to g +2{gig + {%gg¢ < O

{min =W — , | @W?— g% and  {pax =W+, /WP — g% (1.3.21)

with W= —0y /s
For { = 0O, the observer is static with respect to spatial infinity. The locally nonrotating frame

(LNRF) has angular velocity { = w, see also MTW[MTW?73], exercise 33.3.
Static limit: {nin =0 = o= _
The transformation between the local direction vV and the coordinate direction U reads

(1) (2)
0_ 04 ,® 1_ Y 2_ U 3_r
v =r(o"V+o"“Aw, ), U= , L= , v=r v®Aw 1.3.22
( l) v/ Orr V999 ( Z T 2) ( )
with
Wi = Otp + {Jpo and Wo = Ot + {Gtg- (1.3.23)
The back transformation reads
1 0%, + Udw 1 Zuv—0u8
(0_ -2 WY Wi (1 1 @ _— /gasv? @ _4p =5 7Y
r ZW1+W2 grr U ? U gl919 U I U Ar ZW1+W2- (1324)

Note, to obtain a right-handed local tetrad, det(e‘f ) > 0, the upper sign has to be used.

1.4 Coordinate relations

1.4.1 Spherical and cartesian coordinates

The well-known relation between the spherical coordinates (r, 9, ¢) and the cartesian coordinates
(X,Y,2), compare Fig. 1.2, are

X =rsing cosp, r=+x24y24 22, (1.4.1a)

y=rsindsing, and § =arctan2/x2 +y2,2), (1.4.1b)
Z=rCcosd, ¢ = arctan2y,x), (14.10)

where arctan2) ensures that ¢ € [0,271) and 3 € (0, ).
The total differentials of the spherical coordinates read

dr = w, (1.4.20)

xzdx+ yzdy — (x4 y?)dz

dd = 1.4.2b

r2,/x2 1 y2 ( )

_ —ydx+xdy
dp=—05 7" PRV (1.4.2¢)
whereas the coordinate derivatives read

o = dejt Zder 0_de = sind cosp dx + sind sing dy + cosd d;, (1.4.3a)
dg = g—;dx+ oy+ —(32 = cosd cosp dy + r cosd sing dy — rsind o, (1.4.3b)
0 = 0; b _ay+ 0¢ = —rsing sing dx + rsind cosp 4, (1.4.3¢)



6 CHAPTER 1. INTRODUCTION AND NOTATION

Figure 1.2: Relation between spherical and cartesian coordinates.

and

or . 99 . d¢

O = E(ar + Wag + Wﬁ = sind cosy J; +

or. 99 . d¢

cosd cosp
r

cosd sing

9 rsing ¥

Oy = 5-0r + =05 + =—0p = sind sing o + ; ds +

ay ady ay
or 038 ¢ sind
dz—d_zdr+Eaﬁ+Ed¢ 7003‘190['*7019.

1.4.2 Cylindrical and cartesian coordinates

(1.4.4a)

(1.4.4b)

(1.4.4c)

The relation between cylindrical coordinates (r, ¢,z) and cartesian coordinates (X, Y, z) is given by

X=TrCosp, o o=VxX+y?

y=rsing, ¢= arctan 2y, x),

where arctan2) again ensures that the angle ¢ € [0,2m).

Figure 1.3: Relation between cylindrical and cartesian coordinates.

The total differentials of the spherical coordinates are given by

dr — xdxqrtydy7
—ydx+ xdy
dp = =5

(1.4.5a)
(1.4.5b)

(1.4.6a)

(1.4.6b)
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and
dx=cospdr —rsing dg¢, (1.4.7a)
dy=singdr+rcospd¢. (1.4.7b)
The coordinate derivatives are
o = a—xdx+ @dy = COSp dx + sing oy, (1.4.8a)
or or
_OX a o
¢7d¢0X+0¢0y7 rsing dy +rcosp dym (1.4.8b)
and
_or oy, sing
0X = d—xar + Wa(p = COS¢ ar — T s (149&)
_or o . . cosp
0},* d_yar+d_ya¢ 7S|n¢ 0r+ r ay (149b)

1.5 Embedding diagram
A two-dimensional hypersurface with line segment
do? = grr (r)dr? 4+ gge (r)d¢? (1.5.1)

can be embedded in a three-dimensional Euclidean space with cylindrical coordinates,

dz 2
14 (==
()
With p(r)2 = gg¢(r) and dr = (dr /dp)dp, we obtain for the embedding function z= z(r),

2
d_Zi\/g”<d\/W> , (153)

do? = dp?+ p2d¢2. (1.5.2)

dr dr

If gg¢(r) =r?, then d,/Gpg /dr = 1.

1.6 Equations of motion

1.6.1 Geodesic equation

The geodesic equation reads

d2H  _, dxPdx?

with the affine parameter A. For timelike geodesics, we replace the affine parameter by the proper
time T.

The geodesic equation (1.6.1) is a system of ordinary differential equations of second order. Hence,
to solve these differential equations, we need an initial position x*(A = 0) as well as an initial
direction (dx/dA)(A = 0). This initial direction has to fulfill the constraint equation

dxH dx” 2

guvaa = KC%, (1.6.2)

where k = 0 for lightlike and k = —1 for timelike geodesics.
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1.6.2 Fermi-Walker transport

The Fermi-Walker transport of a vector X = XHg, along the worldline x*(7) with four-velocity
uH (1) is given by[S590]
dXH

1
< F MhgUPX7 + P (ua! —a%u!) gpeXP = 0. (1.6.3)

The four-acceleration follows from the four-velocity via

duH
at — d—”T +THUPWC. (1.6.4)

1.6.3 Parallel transport

If the four-acceleration vanishes, the Fermi-Walker transport simplifies to the parallel transport

XH
O:j—)\ + M hgUPX? =0. (1.6.5)

1.7 Tools

1.7.1 Maple/GRTensorll

The Christoffel symbols, the Riemann- and Ricci-tensors as well as the Ricci and Kretschman
scalars in this catalogue were determined by means of the software Maple together with the pack-
age by Musgrave, Pollney, and Lake.?

A typical worksheet to enter a new metric may look like this:

> grtw();
> makeg(Schwarzschild);

Makeg 2.0: GRTensor metric/basis entry utility

To quit makeg, type ’'exit’ at any prompt.

Do you wish to enter a 1) metric [g(dn,dn)],
2) line element [ds],
3) non-holonomic basis [e(1)...e(n)], or
4) NP tetrad [l,n,m,mbar]?

> 2.

Enter coordinates as a LIST (eg. [tr,theta,phi]):
> [t,r,theta,phi]:

Enter the line element using d[coord] to indicate different ials.
(for example, 172 * (d[theta]”2 + sin(theta)™2 *d[phi]"2)

[Type ’exit’ to quit makeg]

ds™2 =

If there are any complex valued coordinates, constants or fu nctions

for this spacetime, please enter them as a SET ( eg. { z, psi } ).

Complex quantities [default={}]:

> {}

2The commercial software Maple can be found here: http://www.maplesoft.com. The GRTensorlI-package is free:
http://grtensor.phy.queensu.ca.
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You may choose to 0) Use the metric WITHOUT saving it,

1) Save the metric as it is,

2) Correct an element of the metric,

3) Re-enter the metric,

4) Add/change constraint equations,

5) Add a text description, or

6) Abandon this metric and return to Maple.
> 0:

The worksheets for some of the metrics in this catalogue can be found on the authors homepage.

To determine the objects that are defined with respect to a local tetrad, the metric must be given
as non-holonomic basis.

1.7.2 Mathematica

The calculation of the Christoffel-symbols, the Riemann- or Ricci-tensor within Mathematica
could read like this:

Clearing the values of symbols:
In[1]:= Clear[coord, metric, inversemetric, affine,
t, r, Theta, Phi]

Setting the dimension:
In2:= n =4

Defining a list of coordinates:
In[3]:= coord := {t, r, Theta, Phi}

Defining the metric:
In[4]:=  metric := {{-(1 - rs/r) c’2, 0, O, 0O},
{0, 1/(1 - rs/r), O, 0},
{0, 0, r'2, 0},
{0, 0, O, r "2 Sin[Theta] 2}}
In[5]:= metric // MatrixForm

Calculating the inverse metric:
In[6]:= inversemetric := Simplify[Inverse[metric]]

In[7]:= inversemetric // MatrixForm

Calculating the Christoffel symbols of the second kind:
In[8]:= affine := affine = Simplify[

Table[(1/2) Sum[inversemetric[[Mu, Rho]] (
D[metric[[Rho, Nu]], coord[[Lambda]]] +
D[metric[[Rho, Lambda]], coord[[Nu]]] -
D[metric[[Nu, Lambda]], coord[[Mu]]]),

{Rho, 1, n}], {Nu, 1, n}, {Lambda, 1, n}, {Mu, 1, n}]]

Displaying the Christoffel symbols of the second kind:
In[9]:= listaffine :=
Table[lf[lUnsameQ[affine[[Nu, Lambda, Mu]], 0],
{Style[ Subsuperscript[\[CapitalGamma],
Rowl[{coord[[Nu]], coord[[Lambda]]}], coord[[Mu]]], 18] ,

Style[affine[[Nu, Lambda, Mu]l, 14]}]
{Lambda, 1, n}, {Nu, 1, Lambda}, {Mu, 1, n}]
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IN[10]:= TableForm[Partition[DeleteCases[Flatten[lis taffine],
Null], 3],
TableSpacing -> {1, 2}]

Defining the Riemann tensor:
In[11]:= riemann := riemann =
Table[D[affine[[Nu, Sigma, Mu]], coord[[Rho]]] -
D[affine[[Nu, Rho, Mu]], coord[[Sigma]]] +
Sumlaffine[[Rho, Lambda, Mu]]
affine[[Nu, Sigma, Lambda]] -
affine[[Sigma, Lambda, Mu]]
affine[[Nu, Rho, Lambda]],
{Lambda, 1, n}],
{Mu, 1, n}, {Nu, 1, n}, {Rho, 1, n}, {Sigma, 1, n}]

Defining the Riemann tensor with lower indices:
In[12]:= riemannDn := riemannDn =
Table[Simplify[
Sum[metric[[Mu, Kappa]] riemann[[Kappa, Nu, Rho, Sigma]]
{Kappa, 1, nj]],
{Mu, 1, n}, {Nu, 1, n}, {Rho, 1, n}, {Sigma, 1, n}]

In[13]:= listRiemann :=
Table[lIfflUnsameQ[riemannDn[[Mu, Nu, Rho, Sigma]], 0],
{Style[Subscript[R, Row[{coord[[Mu]], coord[[Nu]], coo rd[[Rho]],
coord[[Sigma]]}]], 16], "=",
riemannDn[[Mu, Nu, Rho, Sigma]l}],
{Nu, 1, n}, {Mu, 1, Nu}, {Sigma, 1, n}, {Rho, 1, Sigma}]

In[14]:= TableForm[Partition[DeleteCases[Flatten[lis tRiemann],
Null], 3],
TableSpacing -> {2, 2}]

Defining the Ricci tensor:
IN[15]:= ricci := ricci =
Table[Simplify[
Sum[riemann[[Rho, Mu, Rho, Nu]], {Rho, 1, n}]],
{Mu, 1, n}, {Nu, 1, n}]

In[16]:= listRicci :=
Table[If[lUnsameQ[ricci[[Mu, Nu]], 0],
{Style[Subscript[R, Row[{coord[[Mu]], coord[[Nu]J}]], 18],

Stylefricci[Mu, NuJl, 16]}, {Nu. 1, 4}, {Mu, 1, NuJ

In[17]:= TableForm[Partition[DeleteCases[Flatten[lis tRicci],
Null], 3],
TableSpacing -> {1, 2}]

Defining the Ricci scalar:
IN[18]:= ricciscalar := ricciscalar =
Simplify[Sum][
Sum[inversemetric[[Mu, Nu]] ricci[[Nu, Mu]],
{Mu, 1, n}], {Nu, 1, n}]]
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Defining the Kretschman scalar:
IN[19]:= riemannUp = riemannUp =
Table[Simplify[
Sum[inversemetric[[Nu, Kappa]]
riemann[[Mu, Kappa, Rho, Sigma]], {Kappa, 1, n}]],
{Mu, 1, n}, {Nu, 1, n}, {Rho, 1, n}, {Sigma, 1, n}]

In[20]:= kretschman := kretschman =
Simplify[Sum[ Sum[Sum[Sum][
riemannUp[[Mu, Nu, Rho, Sigma]]
riemannUp[[Rho, Sigma, Mu, Nu]],
{Mu, 1, n}], {Nu, 1, n}], {Rho, 1, n}], {Sigma, 1, n}]]

Some example notebooks can be found on the authors homepage.

1.7.3 Maxima

Instead of using commercial software like Maple or Mathematica, Maxima also offers a tensor
package that helps to calculate the Christoffel symbols etc. The above example for the Schwarz-
schild metric can be written as a maxima worksheet as follows:

/* load ctensor package */
load(ctensor);

/ = define coordinates to use * [
ct_coords:[t,r,theta,phi];

[+ start with the identity metric */
lg:ident(4);

lg[1,1]:c"2 * (1-rs/r);

l9[2,2]:-1/(1-rs/r);

19[3,3]:-r"2;

lg[4,4]:-r"2 * sin(theta)"2;

cmetric();

/ = calculate the christoffel symbols of the second kind */

christof(mcs);

/ = calculate the riemann tensor * [
[riemann(mcs);

/ = calculate the ricci tensor * [
ricci(mcs);

| = calculate the ricci scalar * [
scurvature();

/ = calculate the Kretschman scalar */
uriemann(mcs);

rinvariant();

ratsimp(%);

As you may have noticed, the Schwarzschild metric must be given with negative signature.



Chapter 2

Spacetimes

2.1 Minkowski

2.1.1 Cartesian coordinates
The Minkowski metric in cartesian coordinates reads

ds? = —c?dt? + dx? + dy? + dZ.

2.1.1)

All Christoffel symbols as well as the Riemann- and Ricci-tensor vanish identically. The natural

local tetrad is trivial,

1
ey =2k  Cx=0k Ey=0  €&y=0

2.1.2 Cylindrical coordinates
The Minkowski metric in cylindrical coordinates
ds? = —c?dt? + dr? 4 r?d¢? + dZ

has the natural local tetrad

1 1
ey =c% en=0, &p=1%  €p=0z
Christoffel symbols:
P 1

r
r¢¢ = —I, rr¢ = ?
Ricci rotation coefficients:

Mo =, and  Yn=—.

2.1.3 Spherical coordinates
In spherical coordinates, the Minkowski metric reads

ds? = —c%dt? +-dr? 4+ r? (d92 4 sir? 9d¢?) .

Christoffel symbols:
. 1
o=, My = —rsin’9, F’?g:F,
. 1
4 = —sind cosd, M = = ng, = cotd.

12

2.1.2)

(2.1.3)

(2.1.4)

(2.1.5)

(2.1.6)

2.1.7)

(2.1.8a)

(2.1.8b)
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Local tetrad:
1 1 1
€t) = Ea[, €r) = o, €)= ng, €)= mdp (2.1.9)
Ricci rotation coefficients:
1 cotd
Mo @) =Yon@) =7 Yoee) = (2.1.10)
The contractions of the Ricci rotation coefficients read
2 cotd
2.14 Conform-compactified coordinates
The Minkowski metric in conform-compactified coordinates ({, &, 9, ¢) reads[F-HE99]
ds? = —dy? + d&? 4 sirP & (d9% +sinf 9d¢?) (2.1.12)

where @ € [—m, ] and & € [0, 7). This form follows from the spherical Minkowski metric (2.1.7)
by means of the coordinate transformation

Cttr :taan—i_E, Ct—r :tanl’UT_E, (2.1.13)

resulting in the metric

—dy? +dé? Sir? &

d& =
4co§w7+fco§w775 4co§“’7+500§"’7"f

(d92+si? 9d¢?), (2.1.14)

and by the conformal transformation ds? = Q?d& with Q% = 4cog wTJrE cog wa'f
Christoffel symbols:

s = coté, F?¢ = coté, réy = —siné cost, (2.1.15a)
r§¢ —cotd, [y =—sinfcosfsi?d, [, =—sind coss. (2.1.15b)

Riemann-Tensor:
Rfﬁfﬁ :SIHZE, R{‘P{‘P :SInZESInZ'IS, R3¢§¢ :S|n453|n219 (2116)

Ricci-Tensor:

Res =2, Ryg = 2SIt &, Ryg = 2sirf Esinf 9. (2.1.17)
The Ricci- and Kretschman-scalars:
% =6, =12 (2.1.18)
The Weyl tensor vanishs identically.
Local tetrad:
1 1
Cw =0 e =0: €5 =gEd €% = GrEsng (2.1.19)

Ricci rotation coefficients:

V9)(&)9) = Mo)&)(0) = SO Ma)9)9) = gz (2.1.20)
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The contractions of the Ricci rotation coefficients read

Y() = 2COt¢, Vo) = %- (2.1.21)
Riemann-Tensor with respect to local tetrad:

Re®@e) = Rew@w =Roee)e =1 (21.22)
Ricci-Tensor with respect to local tetrad:

Reie) =R =Rpyp =2 (2.1.23)

2.1.5 Rotating coordinates

The transformation d¢ — d¢ + wdt brings the Minkowski metric (2.1.3) into the rotating form[Rin01]
with coordinates (t,r,¢,2),

ds® = — <1ﬁ> [cdt — Q(r)d¢]% +dr? + Ld¢2+dzz (2.1.24)
B c? 1—w?rz/c? o

with Q(r) = (rPw/c) /(1 — w?r?/c?).
The local tetrad of the comoving observer is

1 W 1
€t) = Ea[ — Ea(p, €r) = or, €)= Fa(p, €z = 0, (2.1.25)

whereas the static observer has the local tetrad
ep = ! &
O /1 wrzjc
/1— c2r2/c2
€)= = o+ wr/e 9. (2.1.26b)
c?y/1— w?r?/c? r

Christoffel symbols:

e(r) = dr, e(z) = dz, (2126&)

1
M = —wr, Fﬁ ==, My = —r, rf’d, = Ty =—T. (2.1.27)

2.1.6 Rindler coordinates

The worldline of an observer in the Minkowski spacetime who moves with constant proper ac-
celeration o along the x direction reads

2 / /
c at 2 . at
X = —cosh—, ¢t = —sinh—, (2.1.28)
a c a c
where t’ is the observer’s proper time. The observer starts at x = 1 with zero velocity.
However, such an observer could also be described with Rindler coordinates. With the coordinate
transformation

(ct,x) — (1,p) : ct = %sinhr, X= %coshr, (2.1.29)

the Rindler metric reads

1 1
dszzfpdrz+ﬁdp2+dy2+dzz. (2.1.30)
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Christoffel symbols:

1 2
M =-p, Ip:*E’ rgp - (2.1.31)

The Riemann and Ricci tensors as well as the Ricci and Kretschman scalar vanish identically.
Local tetrad:

ey =p0,  €p =p°0p, €y=0, €y=0, (2.1.32)
Ricci rotation coefficients:

Yoe)m=pP, and  Yp)=—p. (2.1.33)
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2.2 Schwarzschild spacetime

2.2.1 Schwarzschild coordinates

The Schwarzschild metric represented by Schwarzschild coordinates (t,r, &, ¢) reads

__(1_Ts 2 1 2, ,2(492 | i 2
4 = (1 r)<:2dt g drt (d92+ sir? 9d¢?) 2.2.1)
where rg = 2GM/ c? is the Schwarzschild radius, G is Newton’s constant, ¢ is the speed of light,
and M is the mass of the black hole. The critical point r = 0 is a real curvature singularity while
the event horizon, r =rs, is only a coordinate singularity, compare e.g. the Kretschman scalar.

Christoffel symbols:

Crg(r —rs) r r
rr—z's s rt — S M =___s 2.2.2
tt 2r3 ) tr 2r(r — rs) 9 re 2r(r — rs) 9 ( a)
1 1
My =<, M=, Mg =—(r—rs), (2.2.2b)
ng, = cotd, My =—(r—rs)si®®, T3, =—sindcoss. (2.2.2¢)
Riemann-Tensor:
c?r 1c2(r—rg)r 1¢2(r —rg)rsSit 9
Rirtr = ——387 Riots = —w, Rigtp = 5 ( 5)2 2 , (2.2.3a)
r 2 r 2 r
1 r 1rssintd .
Rorg =—>——, Rgro = —=— ) Ropog = rrssin’ 9. (2.2.3b)
2r—rg 2 r—rsg

As aspected, the Ricci tensor as well as the Ricci scalar vanish identically because the Schwarz-
schild spacetime is a vacuum solution of the field equations. Hence, the Weyl tensor is identical
to the Riemann tensor. The Kretschman scalar reads

2
r
A =125, (2.2.4)
Here, it becomes clear that at r = rs there is no real singularity.
Local tetrad:
1 " 1 1
€ = maﬁ &n=1/1- ?‘9“ €)= Fas, &) = rsing 0. (2.2.5)
Dual tetrad:
dr
ol —c /1-dt,  00=—_ 8% =rds, 0% —rsin3dp. 226
r V1-rs/r ¢ (2.2.6)

Ricci rotation coefficients:

rS 1 rS
= = = =,/1-=2, . 2.2.
MO0 = 2 A-rgr 0@ =000 = 27T Moo = (227)
The contractions of the Ricci rotation coefficients read

4r —3r cotd
= °S5 Yoy=——": (2.2.8)

(U 2r2 /1—rg/r’

Structure coefficients:

© r's ® _ ¢ _ L1/ Ts (¢) _ cotd
C<t><f>_2rzm’ Sy =Cne) =TV Coe = (2.2.9)
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Riemann-Tensor with respect to local tetrad:

I's
Rommm = —Re)@)e)0) = 3 (2.2.10a)
I's
Roe)me) =Rowne) = —Rnen©) = —Rnw)ne) = 53 (22.10b)
Embedding:
The embedding function reads
z2=2\/Ts\/T —Ts. (2.2.11)
Effective potential:
The Euler-Lagrangian formalism[Rin01] yields the effective potential
v —3(1—5) L. 2.2.12)
eff = 2 r 12 L

with the constants of motion k = (1 —rs/r)c’t, h = r2¢, and k as in Eq. (1.6.2). For timelike
geodesics, the effective potential has the extremal points

h2 4 hy/h2_ 3
_ 3crs (2.2.13)

C?rg ’

M

where r is a maximum and r_ is a minimum. Null geodesics, however, have only a maximum
atr = 3rs. The corresponding circular orbit is called photon orbit.

Further reading:
Schwarzschild[Sch16, Sch03]

2.2.2 Schwarzschild in pseudo-cartesian coordinates

The Schwarzschild spacetime in pseudo-cartesian coordinates

_ (1T 242 x? dx® 2 Y dy?
ds — (1 Ir)colt +(1rs/r+y2+z2) o+ (x +1frs/r+22 > (2.2.14a)
+ (P +y2+ z g+L( dxdy + xzdxdz+ yzdydz) (2.2.14b)
1—rg/r) 12 r2(r—rs) g yzayez). -

ansatz for a local tetrad

1

€ = —F0
© c\/lfrs/rat

e(l) = A(?x, e(z) =Box+ Cdy, 6(3) =Dos+ E0y+ Fo,. (2215)

1 —Oxy 1

AT . Oy /—G3/ o+ Gy . NE R
D_ 999z GcGy ¢ Guy—Gude F_ VN (2.2.16b)
VNW VNW VW
with
N = Gudy — &2, (2.2.17a)

W = GoGyyGzz — GGy + 209 Gyz — GGz — Bl (2.2.17b)
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2.2.3 Eddington-Finkelstein

The transformation of the Schwarzschild metric (2.2.1) from the usual Schwarzschild time coor-
dinate t to the advanced null coordinate v with

cv=_ct+r+rgIn(r—rg) (2.2.18)

leads to the ingoing Eddington-Finkelstein[Edd24, Fin58] metric with coordinates (v,r,3,¢),

ds’ = — (1 2% Zdv2 + 2cdvdr + r2dQ? (2.2.19)
Christoffel symbols:
cr crg(r—r cr 1
R L (22200)
s 1 v r r ¢
in? 9 : :
Too = _rS'C , Thy=—(r—rs)sin? 9, rg(,, = —sind cosd. (2.2.20c)

Riemann-Tensor:

c?r rg(r—r cr

Ruwr = —r—357 Rvﬁvcp = %a Rvﬁrﬁ = _2_:7 (2‘2'213)
C2rg(r —rg) Sine 9 Ccresin? 9 .

Rvd)vd) = %, Rv¢r¢ = _ST, R5¢5¢ = rrssmzﬁ. (2.2.21b)

While the Ricci tensor and the Ricci scalar vanish identically, the Kretschman scalar is JZ" =
12r2/rS.
Static Local tetrad:

1 1 [ rs 1 1
eyy=———0, €n=———-0+4/1—=0r, €5 ==-05, €4 =—=0y. (2.2.22
v cy/1—rg/r Y ®) cy/1—rg/r Y ro @)= ¢ @)~ Ysing ¢ ( )

Ricci rotation coefficients:

Is 1 Is cotd

_ , _ — 2 /1= ==Y 2223
00 = 52 A=y Y00@) = e = C o)) = (22.23)

The contractions of the Ricci rotation coefficients read

ar —3rg cotd
== ==, 2224
o 2r2\/1—rg/r 1 r ( )
Riemann-Tensor with respect to local tetrad:
I's
Rommmn = —Re)e)e)6) =~ (2.2.25a)
I's

Roe) ) =Rowne) = —Rnomne) = —Rownw) = 53 (2.2.25b)

2.2.4 Isotropic coordinates

The Schwarzschild metric (2.2.1) in isotropic coordinates (t, 0,3, ¢) reads, compare MTW[MTW73]
page 840,

__(1=r5/(4p) ? 22 Is 2 202, 2
4= <1+rs/(4p)> cut +<1+410> [dp*+p% (d9%+ sir 9.d97)] (22.26)
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where
2
r—p(14+2 (2.2.27)
i 2.

is the coordinate transformation between the Schwarzschild radial coordinate r and the isotropic

radial coordinate p.

Christoffel symbols:
o (4p —rs)p*rsc® 8rs o 2rs
= = —_— = ——
v R T = g
4p —r 4p —rs 4p—rs
b S ¢ P
=_r-'s r¢ . _70s e
7 (4p+ro)p’ PP (ap+r9p’ 99 = " Pap ey
r$, =cotd, Moo = —%%mzﬁ, M4 = —sind coss.
S
Riemann-Tensor:
(4p —15)%rsc? (4p —rs)?prsc?
— 1t s/ s —g P I/ Plse
Rtptp (4p+rs)4p ; Rtﬁtﬁ (4p+rs)4 )
Resto — g4~ rs)2pC3rssir? 9 R . _ 4+ rs)?rs
ot = (4p +rg) ) pdpd = 3203
_ (4p+rs)?rssir? 9 Rosss — (4p 4 15)?rssin? 9
Rogpy = 3203 ) 999 = 160 :

The Ricci tensor and the Ricci scalar vanish identically.
Kretschman scalar:

13 parg
H =348 s
(4p+r5)12
Local tetrad:
1-+rs/(4p) 1
en=-——""-"F-"-—~—, eny=———"—"50p,
YT 1-rs/(4p) ¢ O Lt/ 4P "
e ! e ! 7]
= . U5, = . .
D ot/ (4p)P T b tre/(4p)Psi?o
Ricci rotation coefficients:
_ 128502 _ _ 16p(4p—rs)
Me)0® = Gpre3dp—ry)’ OI@E) =HeXe)) = Tg53 77

16pcotd
6@ = Gp1re2
The contractions of the Ricci rotation coefficients read

 32p(16p2—4prs+r3) _ 16pcotd
P) ™ Tap+re3dp—rs) o) = (4p +r15)2

Riemann-Tensor with respect to local tetrad:

40960°rs
Rowioe = ~Re)0)@@) = ~ g3 s

(2.2.28a)

(2.2.28b)

(2.2.28¢)

(2.2.29a)

(2.2.29b)

(2.2.29¢)

(2.2.30)

(2.2.31a)

(2.2.31b)

(2.2.32a)

(2.2.32b)

(2.2.33)

(2.2.34a)

(2.2.34b)
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2.2.5 Kruskal-Szekeres

The Schwarzschild metric in Kruskal-Szekeres[Kru60] coordinates (T, X, 3, ) reads

3
ds® = %e’r/rs (—dT2+dX?) +r2dQ?,

where r € R, \ {0} is given by means of the LambertW-function 7,

r X2 -T2
(——1)er/r5:X2—T2 or r:rs[V/( )+1].
Is e

The Schwarzschild coordinate time t in terms of the Kruskal coordinates T and X reads

T
t= 2rsarctanh§,

r>rs,

X
t= 2rsarctanh?, r<frs,
t = 007 r= rs.

The transformations between Kruskal- and Schwarzschild coordinates read

X = |1 La/@9gnn
rs 2rs’
X =] T qg/@ coshg,
rs 2rs

Christoffel symbols:

T X _ T _
Frr=Tix=Txx =

Xrg(r
X T X s
M =Tx=Txx=— r
2r2T
r?ﬁ = rsz e/,
r
Mheg=——T
99 2rs
r
Mhe=——Tsid
99 2rs ’
o _
My o= cotd,
Riemann-Tensor:
r7
Rrxrx = —16-2e 27",
r
2rd

RT¢T¢ = 2 e*’/’ssinzﬁ,

Rxoxg = — 226 fssir?
XOXp = rz Sl )

Trs(r+r
S( 2+ S)e—r/rs7

R19¢,9¢ = rrssin219.

The Ricci-Tensor as well as the Ricci-scalar vanish identically.

Kretschman scalar:

12r2
H = ras.
Local tetrad:
r
VT _g/eg, ey

0 2

O<r<ry,

T=,/1- Tyl coshg,
rs 2rs
.o
T— /1 —1¢/@9sinh S
rs 2rs
+1s) __r/r
el
2r2X
Mo = rsz e"/rs,
r
M9 = 5—X
99 7 org”
r
M§9 = 5—Xsit9
997 rg ’
r9s = —sind coss.
2rd
RroTe = r—zsefr/rs,
2rd
Rxoxs = —r—zse /s,

Clo) = rsind

J

(2.2.35)

(2.2.36)

(2.2.37a)

(2.2.37b)
(2.2.37¢)

(2.2.38a)

(2.2.38b)

(2.2.39)
(2.2.39b)

(2.2.39)

(2.2.39d)

(2.2.3%)
(2.2.39f)

(2.2.40a)
(2.2.40b)

(2.2.40c)

(2.2.41)

(2.2.42)
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2.2.6 Painlevé-Gullstrand

The Schwarzschild metric expressed in Painlevé-Gullstrand coordinates[ M ’01] reads

2
ds® = —c2dT?+ (dr + \/Ech) +r2(d9? +sirf 9d¢?), (2.243)

where the new time coordinate T follows from the Schwarzschild time t in the following way:

\/r/rsl‘
cT = ct+2rs<\/> ‘ Vierl) (2.2.44)

Christoffel symbols:
T+ cs [rs Crg(r —rs) T Ts
Frr=22\/7 My = o3 M =22 (2.245a)
crs [t r r r
o s [Ts o s oo ts 2.2.45b
i 2\ T 2er2\/ g’ rr 2r2’ ( )
1 r/r
==, M == Mo =2y (2.2.450)
rofrs .
Mg =—(r—rs), r$, =cotd, Mo =—2y/ 7 SiP9, (2.2.45d)
Mo =—(r—rs)si?d,  T5, =—sindcoss. (2.2.45€)
Riemann-Tensor:
C2rg C2re(r —rs) crs [rs
Rrmr = ——3 Rroto = ——7 Rrors = *EV T (2.2.46a)
Crs(r —rs)sin?d cr
Rrgry = ST 2r;) . Rrpp = =22\ S8, Ros = (2.2.46b)
Regro = *rSSIZr:zg ) R9gog = IMsSINF 9. (2.2.46¢)

The Ricci tensor and the Ricci scalar vanish identically while the Kretschman scalar reads 7" =
12r2/r8.

For the Painlevé-Gullstrand coordinates, we can define two natural local tetrads. The static tetrads
reads

A 1 ~ \[Ts rs L 1 R
e(T)fc\/ﬁdr, SUA r—rsaﬁL\/1 I Co)=7% &0 =gy 190"” (2247)

whereas the tetrad for the freely falling observer reads

1 r 1
en=20r—y\/T0 en=0, €9 =10 eg= (2.2.48)
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2.3 Reissner-Nordstrem

The metric of the Reissner-Nordstrem black hole in spherical coordinates (t,r, 3, ¢ ) reads[MTW?73]

ds? = —AgnC2dt? + Agdr? + 12 (d92 + sif 9 d¢?) (2.3.1)
where
s P
Arn =1 p + 2 (2.3.2)

with rs = 2GM/c?, the charge Q, and p = G/(&c*) ~ 9.33- 10734 As in the Schwarzschild case,
there is a true curvature singularity at r = 0. However, for Q? < r2/(4p) there are also two critical
points at

s Ts 4pQ?
=—+=4/1- . 3.
r 55 2 (2.3.3)
Christoffel symbols:
ANC(rsr —20Q0) L rer —20Q rof — 2pQ?
rr — r — - rr = —-—— O
t 2r3 C T TolA v 23R (2.3.42)
9 1 [ 1 r
rl'19 = F’ rr¢ = F, r1919 == —rARN, (234b)
r£¢ = cotd, Moo = —rARN SINP 3, Fg¢ = —sind cosd. (2.3.40)
Riemann-Tensor:
c2(rsr — 3pQ? ArnCA(rs — 2pQ?
Rtl’tl’ - *w; Rtﬁtﬁ = RN ( 2r2 pQ )a (235&)
 ARNCE(rsr — 2pQP) sir? 9 e —2pQ?
Ripty = o2 , Reorg = T A (2.3.5b)
rsf — 20Q?)sin’ 9 .
Rr¢r¢ = —( S > gQ ) R R19¢,9¢ = (rsr — pQZ) Sln219. (2.3.5C)
r ARN
Ricci-Tensor:
2pQPArn pQ? pQ? pQPsint 9
Rtt—T, R”iir“ARN’ Rﬁﬁfr—z, RM*T' (2.3.6)
While the Ricci scalar vanishes identically, the Kretschman scalar reads
202 _ 2 24
%:43rsr 12rsrr[;Q + 14p-Q . 2.37)
Weyl-Tensor:
cA(rsf — 2pQ? ARNCA(rs — 20Q?
Cmr:f%, ooty — RN (28;2 P (2.3.80)
 ARNCA(rsf — 2pQP) sin? 9 1 —2pQ?
Cioptyp = 52 v Cioro =~ — Aee (2.3.8b)
rsf — 20Q?)si? 9 .
Crprp = B ZgQ ) , Csgop = (rsf —2pQ?)sin? 3. (2.3.8¢)
r ARN
Local tetrad:
1 1 1
e(t) = md, e(r) = \/ARNdh e(g) = ng, e(¢) = mdp (239)
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Dual tetrad:

0V =c/Agndt, 01 = ir . 09 =rd9, 69 =rsinddg. (2.3.10)

RN
Ricci rotation coefficients:
rrs—2pQ? ARN cotd

Yown = 2 ans Yome =Vene = Yoo = (2:3.11)

The contractions of the Ricci rotation coefficients read
4r2 — 3rrg+ 2pQ? cotd
Riemann-Tensor with respect to local tetrad:
ref — 3pQ? rsf — pQ?
Romon =———2 Rowow)=—ma (2.3.13a)
rsf —20Q?

Ry =Rownv) = —Rnene) = —Roene = ——Fa (2.3.13b)

Ricci-Tensor with respect to local tetrad:
pQ

R = —Rinm =Re)s) =Reye) = 2 (2.3.14)

Weyl-Tensor with respect to local tetrad:
rsf — 20Q?
Commmn = —Coxee) ="z (2.3.152)
rsr —20Q2?

Co®me) =Cuwne) = —Cnen® = —Cowne = @ (2.3.15b)
Effective potential:
The Euler-Lagrangian formalism[Rin01] yields the effective potential

1 rs  pQ? h? 2

Vegr = E (1— ? + r—z r—z —KC™ ). (2.3.16)

For null geodesics, k = O, there are two extremal points
3 [, 32pQ?
ro= er <1i 1- o2 ) , (2.3.17)

where r is a maximum and r_ a minimum.

Further reading:
Eiroa[ERT02]
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2.4 Janis-Newman-Winicour

The Janis-Newman-Winicour[]NW68] spacetime in spherical coordinates (t,r, 3, ¢) is represented
by the line element

ds? = —a’c?dt? + a Ydr? 4 r2a V1 (d92 + siP 9d¢?), (2.4.1)

where o = 1—rs/(yr). The Schwarzschild radius rs = 2GM/c? is defined by Newton’s constant G,
the speed of light ¢, the mass parameter M, and the constant y.

Christoffel symbols:
rr T o re__Is rro__1s 242
=707 = Zp2g P Ve (24.2a)
2yr —rs(y+1) o 2y —rs(y+1) 2yr —r5(y+1)
9 s
rrﬁ = W, rr¢, = W, r:919 = *T, (242b)
Moy =TesIN, r£¢ = cotd, ng, = —sind cosd. (2.4.2c)

Riemann-Tensor:

o2y —rg(y+ D] a¥-2 _rac?[2yr — ro(y 4+ 1)) a¥?

Rtl’tl’ = 2Vr4 P R(Btﬁ 4yr2 3 (243&)
2 1
rsC[2yr —rs(y+1)]a¥-tsi? 9 rs[2y?r —rs(y+1)]
Rigty = a2 ; Rorg=— VI r T (2.4.3b)
rs[2y?r —rs(y+1)] sir? 9 rs [4y%r —rs(y+1)?] si? &
Rr¢r¢ - 4y2rzay,1 ) RL9¢19¢ = 4VZUV . (243C)
Weyl-Tensor:
rsca¥—2p rsc2a¥-1p
Cortr = Ty Gty = 1227 (2.4.4a)
 rsCaY1Bsint 9 B rsB
Cigtp = Y Crors = 222y T (2.4.4b)
rsBsin’ 9 rsBsin’ 9
Crgrp = T T2yrZay 1 Copo9 = “6y2av (2.4.4¢)
where B = 6y’r —r5(y+1)(2y+1).
Ricci-Tensor:
21—y
R = m. (2.4.5)
The Ricci scalar reads
2 -2
_ri1-y)a*
A== (2.4.6)
whereas the Kretschman scalar is given by
r20{2y74
H = S (12 ) +48y'rfa - 8yms(2y + 1) (rs—2ym) + 3. 2.47)
Local tetrad:
1 2 alv-1/2 qlv-1/2
&) =z &= a¥?a, ey = 03 €¢)= g0 (2.4.8)
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Dual tetrad:
dr r rsind
O _ cq¥/? n_ = @ - (¢) - >V
0% = ca¥'“dt, o\ = v o\ = a(yfl)/zdﬁ’ 0\¥) = a(yil)/qub. (2.4.9)
Ricci rotation coefficients:
s _(v.21/2 2y —rs(V+1) ()22
Ynow = 529" 22 Yorme) = Yeme = oz a2/, (2.4.10a)
cotd .
The contractions of the Ricci rotation coefficients read
4yr —rs(2+ _ cotd .
Vi) = W+(2Wa<v D2y = 2 gm0, (2411)
yr r
Structure coefficients:
O _ s g2 8 @) 2 TsyED a0
Com =229 T Cmie) = e = oz 4 (24.122)
(4) _ _COtd iy
Co)g) = p o . (2.4.12b)
Effective potential:
The Euler-Lagrangian formalism[Rin01] yields the effective potential
1, (h?a¥?t
Vett = an( 7 K ) : (2.4.13)
For null geodesics (k = 0) and y > %, there is an extremum at
1+2
Y (2.4.14)

2y
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2.5 Kerr

The Kerr spacetime, found by Roy Kerr in 1963[[Ker63], describes a rotating black hole. Further
reading: Boyer and Lindquist[BL.67], Wilkins[Wil72], Brill[BC66].

2.5.1 Boyer-Lindquist coordinates

The Kerr metric in Boyer-Lindquist coordinates

(1 gz ZsASITS % 42 592
ds — (1 Z)cdt S——cdtdg + Sdr?+ 2d9 (2.5.1a)
2 .
+ (r2+a2+ @) S 9dg2, (2.5.1b)

with £ =r2+a2cofd,A=r2—rg+a2 and rs= ZGM/CZ, is taken from Bardeen[BPT72]. M is the
mass and a is the angular momentum per unit mass of the black hole. The contravariant form of
the metric reads

A—asi?d _,

where A= (r?+ a2)2 —a2Asi? 9 = (r2+a?) =+ rga’rsin 9.
The event horizon r is defined by the outer root of A,

rs rZ
r+:§+ Zfa, (2.5.3)

whereas the outer boundary rq of the ergosphere follows from the outer root of Z —rqr,

_ s B
ro_2+ 1 a?cog 9, (2.5.4)

A 5, 2raar

2—7 J—
95 = c2ZA0t A

A, 1
Ody + 507 + 505+

Christoffel symbols:
. CrA(r?—a’cogd) o c?rsa?r sind cosd
rtt — 223 R rtt = — Z3 I
2 22\(p2 _ a2 2_ 2
¢ rs(rP+a?)(r?—a’cog9) s Cra(r’—a?cogd)
rt — o , ré— o , (2.5.5b)
t r<a2r sind cosd P crsar cotd
My=—""%5z Mo =—""%
cArsasir? 9 (r2 — a?cos 9 crear (r? +a?) sind cosd
Mg =—— ;zs 3 My =— ( z; . (255d)
2ra?sin? 9 —rs(r? —a?cog 9) asind cosd
M, = = =" 5.
re SA ) re A ) (2.5.5e)
a?sind cosd r
rb:*fa F?S:E,
. rsasid [a2cog 9 (a2 —r?) —r?(a?+ 3r?) ] rA
rl’¢ - 252\ ) r1919 = 7?7 (255g)
2r32 4 rgfa*si? 9 cog 9 —r3(Z+r2+ a2 a?sind cosd
rés = dl e ( ) T (2.5.5h)
6 COtd ., o rsa’r sin®9 cosd
Moo="57 [= +rsa’rsin’ 9], rtﬁqb:—zz :
Asin? 9 : .
M= 553 [—2r52 4 rea®si? 9 (r2 — a?cos 9| , (2.5.5))
sind cosd .
Moo =———53— [AZ+(r*+a°) rea’rsin” 9], (2.5.5k)

(2.5.5a)

(2.5.5¢)

(2.5.5f)

(2.5.51)
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General local tetrad:

A
eo)=T(&+d), eyn= \/;d, (2.5.6a)
1 C (9 +{9¢ 5 G+l )
€0 = —=0g, €3 = — + 7] 2.5.6b
@@= 5" ®~ ¢ ( VAsing VA sing (2.5.6b)

where —T2 = gu + 2y + {°Upy,

. 20 i 2
r2_ @%%@% (ﬁﬁ@) & sires (25.7)

Non-rotating local tetrad ({ = w):

A /1 A 1 2 1
€0 =/ SA <Edt erdfb) &)= \/;OM €2 = Eaa, €3) = \/;Wad” (2.5.8)

where w= —0t¢/9pp = rsar/A.
The relation between the constants of motion E, L, Q, and u (defined in Bardeen[BPPT72]) and the
initial direction v, compare Sec. (1.3.4), with respect to the LNRF reads (c = 1)

A rsra A

©o_,/eg__Is v _,/=2

v \/ A E N L, v \/; Pr. (2.5.9a)
1 L2 2 L

@_ L Jo- §s[z 2_p2 _] @, /2t 25.9b

v co a , v —, 5.
\/f\/Q (W )+ Sint 9 Asind ( )

Static local tetrad ({ = 0):

1 \/K L
o — 4 e/ e,-ta, 2.5.10a
(0) Cmd (1) s r (2) \/i 9 ( )
rar sind Vior/z, (2.5.10b)

€3 ==
B /1 rsr/Z\/ZZat T /asing
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2.6 Oppenheimer-Snyder collapse

2.6.1 Outer metric

The metric of the outer spacetime (R > Ry) in comoving coordinates (7,R,3,¢) with (c=1) is

given by
ds? = —dr? + R drR? -+ R3/27§\/Er 4/3(d82+sin28d¢2).
(R~ 3yms) ™ 2
Christoffel symbols:
rR :1‘ \/r_s r19 _ \/r_s
R 2R3/2*g\/ET, 3 R3/273 rsT,
R
r?d’ = 2 \/;_S ’ raR - \/E 5/3
RY/Z — 3 TSt 2(R3/2— 3 rer)”
- 35t 5 VR
rRR - 2 3 ’ RS 2 3
4(R3/2- 3 /iT)R R3/2— 3 /Tst
9 VR

re - ve+
R¢ R3/2_%\/ET7

rR 7R3/2_ %\/ET
vVR

)
%
I

1/3
Fop = —/Ts (R3/2 ;/ET> Si9, T, =—sind cos?,
R (R¥/2 - 3 /FsT) sin?9
Riemann-Tensor:
RrS 1 rs
RTRTR: - 3 8/3’ Rrgrg = 5 . 3 273
(R2— 3 yre1) (R~ 3 mr)
1 rssin? 9 1 Rrs
Regry = 5 ; Rrorg = —5 )
? (R 3yrs) ™ 2 (R 3yren)
1  Rrssid 3 23
RR¢R¢:*§ ) 53 473’ Ropog = <R3/2§\/ET) rsSirf 9.
(R¥2—3V/sT)

The Ricci tensor and the Ricci scalar vanish identically.

Kretschman scalar:

H = 12%.
(RE/2— 3 /FsT)
Local tetrad:
&r) = 0r, &R =
1
€)=

Oy, €y =

(R 3yrer)

OR,
R R
1

ds.
(R3/2— %\/Er) 2Rsing

(2.6.1)

(2.6.2a)

(2.6.2b)

(2.6.2¢)

(2.6.2d)

(2.6.2¢)
(2.6.2f)

(2.6.2¢)

(2.6.3a)

(2.6.3b)

(2.6.3¢)

(2.6.4)

(2.6.5a)

(2.6.5b)
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Ricci rotation coefficients:

. N

= = 2.6.6
YRR = "5re2 _3 i 3 FsT’ Yno)9) =) ¢) = Sgaz 3 FsT ( 2)
3 -2/3
VIRI(#)(9) = YR)(9)(3) = — (R3/ - 5\/@) (2.6.6b)
The contractions of the Ricci rotation coefficients read
3 3 -2/3 3 -2/3
o = ~opapz \/;\/—T Yir) =2 (R3/2 - é\/ET) ;o) =cotd (R3/2 - E\/V_ST) . (2.6.7)
Riemann-Tensor with respect to local tetrad:
4rg
R =-—R 9 9 = — s (2683)
(DRI(1)(R) (8)(@)(D)(9) (2RO/2 3\/ET)2
2rg
Ry =R =—-Rr@© R =—R = . (2.6.8b)
(D@ (D)) (D(@)(1)(9) (R R)() (RI($)(R)(¢) (2R%/2 3\/ET)2
The Ricci tensor with respect to the local tetrad vanishes identically.
2.6.2 Inner metric
The metric of the inside (R < Ry) reads
3 4/3
ds? = —dr?+ (1—5\/ERb3/2T) [dR? + R? (d92 + si? 9d¢?) | . (2.6.9)
Christoffel symbols:
3 3/2
r_ R o w‘st/
R— 3 3/ 9 3 3/
—2VIsRy —3VISR T
3/2
r 3/2 3/2
r%:f \é_SRbg,/ MRr=— <1—\/_Rb/ ) \/_Rb/
—2VTsRy
1 1
MR = R rg(p R
- R o= (1 2var ) VR R
r, =cots, e = (1— \/—Rﬂz) \/_Rbs/szssz,
s = —Rsin* 9, 95 = —sind coss.
Riemann-Tensor:
R 1 rs R 1 rsR2
TRTR— — 5 1919 — 5
2 _ 2/3’ 2 _ 2/3°
RS (1- §vAR, Y1) RS (1- 3yrsR%21)
1 rsR2sir? 9 rsR2sir? 9 3 _ 23
Reprp =5 > 273 Rrory = g <1 VIR, Y2 T) )
3 p-3/2 RS 2
(1-3vrR, ¥%1)
r 3 - 2/3 rsRAsin? 9 3 _ 23
Regrs = — (15\/ERb3/2T> : RMMST(lE\/ERﬂZr) :

(2.6.10a)

(2.6.10b)

(2.6.10¢)

(2.6.10d)

(2.6.10e)

(2.6.10f)

(2.6.11a)

(2.6.11b)

(2.6.11c)
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Ricci-Tensor:

3 s 3 Is
Rir =3 : Rrr= = , (2.6.12a)
2 3 —3/2 2 2 3/2 \2/3
RS (1-3mR,%%1) RS (1-3vRR,¥%1)
R2 RZ n2
Res = - fs : Rop = E roR7sim , (2.6.12b)
2 3 —3/2 2/3 2 3 ~3/2 2/3
RS (1- 3R, ¥%1) R (1-3rR, %)
The Ricci- and Kretschman- scalars read:
2
P 3rs 3 A =15 's RS (2.6.13)
RS (1-3mR,*%1) R (1- 3R, ¥%1)
Local tetrad:
1
&) = 0r; &R = 573 0R. (2.6.14a)
—3/2
(1- 3R, ¥%r)
1 1
€o) = 5309, €)= 9 (2.6.14b)
3/2, 3/2,
(*2\/_Rb ) (*2\/_Rb ) Rsind
Ricci rotation coefficients:
2,/Ts
YRR = Yn@) ) = Yo@)¢) = W (2.6.15a)
22/3Rb
YR©)(9) = YR(9)(¢) = 32 373" (2.6.15b)
R(z-aymr)”
22/3R, cotd
Vo)) (9) = 372 273 (2.6.15¢)
R(R-aym)
The contractions of the Ricci rotation coefficients read
6,/ 25/3R, 22/3R, cotd
Vo) = —/2\/_5 —, YR = " 75 V8= i 75 (26.16)
2Ry? -3yt R(2R)” 3\/—r) R(2Ry? -3 rer)
Riemann-Tensor with respect to local tetrad:
2rs
Ro®rm® =Roe) o) =Row) e = , (2.6.17a)
(2R -3vir)
4rg
Rrio)Ri9) = Rryo)Ri9) = Ris)0)9)9) = > (2.6.17b)
(R ~3vmr)
Ricci-Tensor with respect to local tetrad
6rs
Ry =Rryr) = R)9) =Rig)9) = (2.6.18)
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2.7 Morris-Thorne
The most simple wormhole geometry is represented by the metric[MT88, Vis95]
ds? = —c%dt? + dI? + (bg +12) (d92 + sir’9 dg?) , (2.7.1)
where by is the throat radius and | is the proper radial coordinate.
Christoffel symbols:
I I
9 _ o _ I
r, =cots, by =—1siP9, T, =—sind coss. (2.7.2b)
Riemann-Tensor:
b3 b sir?9 -
=0 -0 Y = b3sir?s. 2.7.3
Rsio 212 Rgie SENER Rygpsgp = o (2.7.3)
Ricci tensor, Ricci and Kretschman scalar:
b2 b2 1208
Ri=—2—2—, #Z=-2—"—  A=—- (2.7.4)
(b5+12) (b5+1) (b5+1)
Weyl-Tensor:
2 b3 1 c?b3 1?3 sin? 9
=-Z_-0 =2 =2 2.7.5a
Cut 308112 Cists 30212 Ciorg = 3 bR+ 12 ( )
1 b3 1 bZsir? 9 20202
C|19|19 —_§W7 CI(I)I(I)—_:—))W7 C§¢§¢—§b0$| 3. (275b)
Local tetrad:
e 10t e g e ! 0 e ! 0 (2.7.6)
(t) = =0t (1) = 0l 9) = —F/—=09, () = —F/—— 0. e
\/BE+12 \/b3-+12sing
Dual tetrad
8V =cdt, 60 =d, 0% =,/bg+12d9, 0% =,/b3+12sindd¢. (2.7.7)
Ricci rotation coefficients:
I cotd
Yorne) =Yemw) =gz Yoow = 5 (27.8)
The contractions of the Ricci rotation coefficients read
2l cotd
=, = 2.79
Riemann-Tensor with respect to local tetrad:
R R R bt (2.7.10)
N@H)B) = R (9) = —R@)(9)(9)(9) = — . s
H&HMH@) (@) (1) (#) (9)(9)(2)(9) (b%+|2)2
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Ricci-Tensor with respect to local tetrad:

203
Rom=——"5"z
(b5 +12)

Weyl-Tensor with respect to local tetrad:

2§
3(02+12)%

Embedding:
The embedding function reads

2
z(r) = +bgln {bLOwL (bLo) 1]

with r2 =03 +12,
Further reading:
Ellis[E1173], Visser[Vis95].

(2.7.11)
(2.7.12a)
bg
. 2.7.12b
3(B2+12)? ( )
(2.7.13)
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2.8 Alcubierre Warp

The Warp metric given by Miguel Alcubierre[Alc94] reads

ds? = —c?dt? + (dx — vsf (rs)dt)® + dy? 4 dZ (2.8.1)
where

Vs = dxjt(t) ; (2.8.2a)

rs(t) = \/ (X—=xs(t))2 +y?+ 22, (2.8.2b)

f(ry) = OO +2F§2n?(?2;w(rs —R) (2.8.2¢)

The parameter R > 0 defines the radius of the warp bubble and the parameter ¢ > Qits thickness.
Christoffel symbols:

= fz;;"g, Mz = —ff)2, M= —ffN2, (2.8.3a)
rx— 32 — Cz:; ;ng — czftvs, S fié\/g’ o @ 7 28.3b)
= % rz,— fZTVS r= 1 Zf(yf (2.8.3¢)
2 2 2
My = —%7 M, = —%\5, My = —%, (2.8.3d)
rt — % X = ffcgvg, = % (2.8.3¢)
2
My = f;(y:\zls : o= fzz—;/; o= f;é\zé (2.8.36)
with derivatives
fi = dfd(trs) = \2/:3;);“;5()» [sechz( (rs+R)) —sech? (o (rs— R))} (2.8.4a)
f = dfd()ZS) - 2rs?[(anr);saR [sech?(a(rs+R) —sech? (0 (rs— R))| (2.8.4b)
fy = d fd(;s) = 2rstanf(GR {sech2 (rs+R)) —sech? (a(rs— R))} (2.8.4¢)
f,= d fd(;s) = 2rstanI“(GR {sech 0(rs+R)) —sech? (0 (rs— R))} (2.8.4d)

Riemann- and Ricci-tensor as well as Ricci- and Kretschman-scalar are shown only in the Maple
worksheet.

Comoving local tetrad:

1
o) = (A+Vsfd), ey=0dx €2 =08, eg=0 (2.8.5)
Static Local tetrad:
1 Vs f \/C2 —\2f2
& = : o + S0, € =0y, €3=0. (28.6)

o) = ———— e\ =
© /€% —V2f2 @ cy/C?—Vif2 c

Further reading:
Pfenning[PF97], Clark[CHL99], Van Den Broeck[Bro99]



34

CHAPTER 2. SPACETIMES

2.9 Barriola-Vilenkin monopol

The Barriola Vilenkin metric reads[BV89]

ds? = —c%dt? + dr2 + K3r? (d92 + sir?9 d¢?) , (2.9.1)
where Kk is the scaling factor.
Christoffel symbols:
. 1
e = —Kr, My = —Krsi?d, = = (2.9.2a)
. 1
95 = —sind cos?, rd = = ng, = cotd. (2.9.2b)
Riemann-Tensor:
Rogog = (1—K2)K2r2sir? 9. (29.3)
Ricci tensor, Ricci and Kretschman scalar:
: 1-k2 (1-Kk%)2
2 2
Rog=(1-K),  Rpp=(1-K)si’d,  #=277, A =4"77 (2.9.4)
Weyl-Tensor:
c2(1-k? c? c? .
CGorr = *%7 Cioto = B (1- kz)v Gty = E(lf kz) Si’ 9, (2.9.5a)
1 ) 1 o s k?r? o s
Crorg = —5(1-K),  Gprg =—=(1-k )Sin?d, Copop = — (1=K )si? 9. (2.9.5b)
Local tetrad:
1 1 1
e(t) = Ed{, e(r) = dr, 8(19) = Edﬁ, e(d,) = 7'« sing 0¢ (296)
Dual tetrad:
oY =cdt, 60 =dr, 69 =krdd, 69 =krsindd¢. (2.9.7)
Ricci rotation coefficients:
1 cotd
M) @) =V =1 Y99 = T (29.8)
The contractions of the Ricci rotation coefficients read
2 cotd
Yin = T Yio) = TR (2.9.9)
Riemann-Tensor with respect to local tetrad:
1-Kk?
R)(@)9)(9) = K2r2 (2.9.10)
Ricci-Tensor with respect to local tetrad:
1-K
Ris)9) =Ry = (22 (29.11)
Weyl-Tensor with respect to local tetrad:
1-K
Commm = —Coxee)0) = 32z (29.122)
1-K
Coeme) =Cownv) = —Cnome = —Cnwne = gaz: (2.9.12b)
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2.10 Godel Universe

Godel introduced a homogeneous and rotating universe model in [G6d49]. We follow the nota-

tion of [KWSD04]

2.10.1 Cylindrical coordinates

The Godel metric in cylindrical coordinates is

dr? r\2 c
_2q2, o arm ol /T 2 52 C
ds2 = —c2dt? + T ar [1 (Za) ] dg2 4+ dZ —2r ﬁadtdcp, (2.10.1)
where 2ais the Godel radius.
Christoffel symbols:
t r 1 ¢ C 1
M = 2a2 1+[r/(2a)]?’ M = V2ar 1+1r/(2a)]?’ (2.10.2)
ry\i2 r r 1
Mg = \/_—2 1 (z2)] = R TR (2.102)
r3 1 1 1
rt, = My = 2.10.2
¢ 4z 1+ [T/ ()P TP (21029
r\2 1/r\2
ro_ - _-(L
M=t {1+ <2a) } [1 - (a) } (2.10.2d)
Riemann-Tensor:
c? 1 cr?
Rurtr = 222 14/ (232" Rirg = N [r/(2a 2 (2.10.3a)
c2r? 1 r? 143[r/(2a)]?
Row = 222 Tr [rjae N9 = 222 111/ (2a)2 (210:30)
Ricci-Tensor:
2 r2c ré
Rt = 2 Ry = Nk Rog = 2 (2.10.4)
Ricci and Kretschman scalar
1 3
cosmological constant:
R
A=3 (2.10.6)

Killing vectors:

An infinitesimal isometric transformation X¥ = x* + e£H(x") leaves the metric unchanged, that

is gy (X7) = guv (X°

). A Kkilling vector field & is solution to the killing equation &;y + &y, = 0.

There exist five killing vector fields in Godel’s spacetime:

1
“lo ) 8
0
lo) €
1

ﬁcco&p 0
1+[r/(2a)]%) sing 1o
?((1+2[ r/ (22 >12>>cos¢ SR I B
0 0
5. Sin ¢
—a(1+11(2a)?) cosp
a (£ r/(2a gsinqb (2.10.7b)
0
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An arbitrary linear combination of killing vector fields is again a killing vector field.

Local tetrad:

For the local tetrad in Godel’s spacetime an ansatz similar to the local tetrad of a rotating space-
time in spherical coordinates (Sec. 1.3.5) can be used. After substituting ¢ — zand swapping base
vectors €) and €3) an orthonormalized and right-handed local tetrad is obtained.

€0) = I (ﬂt + Zd¢) » €1y =1/ 1+ [r/(2a)]20r, €2) = Al (Aﬂt + Bd¢) » €@ = 0, (2.10.8a)

where
r’c 5 ) , {réc
A:—E-i—Zr (1—[r/(23)]), B=c +Wa, (2109&)
1 1
r— Y . — (2.10.9b)
\/c2+ {r2cV/2/a— 222 (1—[r/(2a)]2) rey/1+[r/(2a)]?

Transformation between local direction y") and coordinate direction y*:

Y =yOr+y@ara yt=yM/1+[r/(2a)2, Y =yOr{+y@are, y’=y3. (210.10)

with the above abbreviations.

2.10.2 Scaled cylindrical coordinates

If we apply the simple transformation
t
T—-, R=L, og=¢, z=-2Z2 (2.10.11)
'e e e

with rg = 2a, we find a formulation for the metric scaling with rg, which is

23
ds? =r2 (_csz2 + 1d+ =t R?(1— R?)D¢? +dzZ? — 2V2cR? deqo) : (2.10.12)
Christoffel symbols:
2R V2¢
T o
=_— r 10.
RTITRY RTTRITRY) (2.10.13a)
R
R R
R, = V2eR(1+R?), MR=—T re (2.10.13b)
V2R? 1
Mhe= ———— e =—— 10.
RO = C14 RR)’ Ro =~ R(1+ )’ (2.10.13¢)
Moy = R(1+R) (2R —1). (2.10.13d)
Riemann-Tensor:
2r2c? 2V/2r4cR?
Rrrrr= m, Rrrrp = *W, (2.10.14a)
2rZR?(1+ 3R?
Rrote = 2C0r2R(1+ R?), Regro = %;23). (2.10.14b)
Ricci-Tensor:
Rrr =4¢%, Rry=4V2cR?, Ryy=8R". (2.10.15)
Ricci and Kretschman scalar
4 48
R=——, H=— (2.10.16)

=
s 's
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cosmological constant:

A= g (2.10.17)

Killing vectors:
The Killing vectors read

R
: [ i :
w_ W 3(1+R)sing - 2.10.18
Sl o) S TVmR | Anrecos | F |1 | I
0 0 0
AT Y=
w_ W —§(1+R)C°S¢ . 2.10.18b
9; o |’ ‘: 1+R2 | 55(1+2R%)sing ( )
1 0
Local tetrad:

After the transformation to scaled cylindrical coordinates, the local tetrad reads

r 1 Al 1
e(o) = E (aT + Zd(p) , e(l) = EV 1+ RZaR, e(z) = E (AdT + Bd(p) R 8(3) = E dz,

(2.10.1%)
where
_R [fﬂw (1- Rz)z} , B=c?+v2RcL, (2.10.20a)
1 1
r— Y . — (2.10.20b)
V@ +2V3Ree — RY(1- R))Z? Rev1+RP
Transformation between local direction y") and coordinate direction y*:
P lyory ArAy Sty 2o BB a1
e e ’ re e ’ e
(2.10.21)

and the back transformation is given by

2 2
0 _TcBY—Ay m__Te @ _ Te Y =0y (3 _
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2.11 De-Sitter spacetime

The de-Sitter spacetime describes a spherically symmetric spacetime that satisfies the Einstein
field equations with A # 0. For further reading see also [T0l34, sec. 142]

2.11.1 Standard-Form

The de-Sitter spacetime in its original form reads:

-1
a2 — — (1 %r2> dt? + (1 %rz) dr?+r? (d92 + sin(9)?d¢?) .

Christoffel symbols:

(Ar?—-3)

2
CAr
9 b

r_
rtt_

rg,=cotd),

Riemann-Tensor:

NAr
t_
Mo = r2—3
1
ré ==
re r’

Ar2—3
Moy = Trsm2(19),

2.11.1)
NAr
=3 A
Ar?—3
My — % 2.11.2)

oy =—sin(®)cogd).

A 3—Ar? —Ar? .
Rertr = —502, Rt = ——3 i C?Ar?, Ripty = i Ar?sin(9)?,
(2.11.3a)
Ar? Ar?sin(6)? r4sir?(0)A
er9n9 - —/\r2+3, Rr¢r¢ - —/\r2+3 ) R"9¢79¢ - 3 : (2113b)
Ricci-Tensor:
Ar?2—3 3A .
R = rTcz/\, Ri=5-73  Ros =A% Reg=r2si(9)A (2.11.4)
The Ricci scalar and Kretschman scalar read:
8
=4\ K= é/\z. (2.11.5)
Local tetrad:
: 2 Ar2 1 1
3—-Ar
€ = C a, er =14/1 ?5“ €)= 09, (¢) = rsin(d) ) (2.11.6)
Ricci rotation coefficients:
Ar V9 —3Ar? cotd
oo =~ Fane  YO0e) “Nene = 3 Meww = — - (2117
The contractions of the Ricci rotation coefficients read
V9—3Ar2(Ar? -2 t9
- rPAr-2) _ oY (2.11.8)

0= (Ar2—3)r

Riemann-Tensor with respect

r

to local tetrad:

1
Rioe)ne) =Re)e)e)¢) = 3/ (2119

(2.11.10)
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2.11.2 Lemaitre-Robinson

The de-Sitter spacetime in the form found by Lemaitre and Robinson reads:

ds? = —c?dt? + €M [dr? + r? (d92 + sin(9)%d$?)] . (2.11.11)

with Hubble’s Parameter H = 4/ %, which is assumed here to be time-independent.

This a special case of the first and second form of the Friedman-Robertson-Walker metric defined
in equations 2.13.2 and 2.13.12 with R(t) = €'t and k= 0.

Christoffel symbols:
M =H, rJ=H, ré=H,
eHtH 1 1
rtrr:Ta r?ﬁzFa rﬁp:?,
e2Htr2y (2.11.12)
= ot o = . r, - col9)
Htr2sin?(6)H : :
Riemann-Tensor:
Rertr = *GZHtsz Rote = *GZHtrsza
. e*tr2y?
Rgtg = —€"'r?sin(9)H?, Rorg = —z— (2.11.13)
eMtr2sir?(9)H?2 eMtrdsin?(9)H?2
Rr¢r¢:T7 RWW:T'
Ricci-Tensor:
e?tH? e?Htr2Hq2 eMtr2sir? (9 )H?2
Rt = —3H?2, Ry = 37, Ryg = 3T’ Rpp = 3T(). (2.11.14)
The Ricci scalar and Kretschman scalar read:
12H2 24H4
= = . 2.11.1
. - (211.15)
Local tetrad:
1 ht eth eth
e(t) = Ed{, e(r) =e dr, e(g) = Tag, e(¢) = rsing ® - (21116)
Ricci rotation coefficients:
H
Yimm = Yo = Ye)we) = ¢ 11
1 cot(0) @11.17)
Yo ) = Ve nw) = g Yee)e) = gy
The contractions of the Ricci rotation coefficients read
H 2 cot(0)
Riemann-Tensor with respect to local tetrad:
HZ
Romomn =Ro@oe) =Rowoe =~z
L2 (2.11.19)
Rn@)ne) =Rnwmn e =Reeee) =z
Ricci-Tensor with respect to local tetrad:
H2
—Roy)) =Rnm =Rwo)s) =Ry =3z (2.11.20)
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Lemaitre-Robinson in cartesian coordinates

The Lemaitre and Robinson Form of de-Sitter space can also be expressed using cartesian coordi-

nates:
ds? = —c?dt? + e {dx? + dy? + dZ}

The Christoffel symbols:

i =H, ry=H, rg,=H,
p_ €M r_ €MH p_ €M
XX 2 W 2 z 2

The Riemann-Tensor:

Rtxtx = Rtxtx = thtz = _e2HtH2,

gHty2
The Ricci-Tensor:
e2Ht 2
Rtt=—3H2a Ro =Ry =Rz=3 2

The Ricci scalar and Kretschman scalar read:

H2 H4
c?’ ct

Local tetrad:

The contractions of the Ricci rotation coefficients read
H
=3—.
iy = 97

Riemann-Tensor with respect to local tetrad:

(2.11.21)

(2.11.22)

(2.11.23)

(2.11.24)

(2.11.25)

(2.11.26)

(2.11.27)

(2.11.28)

(2.11.29)

(2.11.30)
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2.12 Kottler spacetime

The Kottler (Schwarzschild-deSitter) spacetime is represented in spherical coordinates (t,r,3,¢)
by the line element

rs Ar2\ , 2, 2442
ds? = — 1-2-— c2dt? + dr? 4 r2dQ?, (2.12.1)

1
3 1—rs/r—Ar2/3
where rg = 2GM/ c? is the Schwarzschild radius, G is Newton'’s constant, c is the speed of light, M
is the mass of the black hole, and A is the cosmological constant.
For the following, we define the two abbreviations

o rs Ar? s 20,
a= ; . and B= ; 3 (2.12.2)
Christoffel symbols:
ccap B B
r,=-—=- re=_-=— M =———— 2.
tt or tr = 5’ rr 2ra) ) (2.12.3a)
9 1 [ 1 r
Mg = o My = o M9 =—ar, (2.12.3b)
ng, = cotd, My =—arsi?d,  Th, =—sindcosd. (2.12.3¢)
Riemann-Tensor:
c? (3rs+Ar 1
Rtrtr = _¥a Rt19119 = _CzaBa (2124&)
3r 2
Rty = }czaﬁ' sirt 9, Rgre = fﬁ, (2.12.4b)
2 2a
B . A3\
Riprg =5 sinf 3, Rogog =1 rs+— Sint 3. (2.12.4¢)
Ricci-Tensor:
AN .
Re=—c?aA, Ry= o Rys =Ar2,  Ryp =Ar?sin?9. (2.12.5)
The Ricci scalar and the Kretschman scalar read
2 2
B=aN, A= 12:—g+%. (2.12.6)
Weyl-Tensor:
_crs _ c2ars  arssin? 9
Cirtr = —r—37 Cists = Ta Ct¢t¢ = T’ (2‘12'73)
T _ rsSi?d o
Cors = 72[‘0, Cr¢r¢ = ra C,9¢,9¢ = I'I'SSIn219. (2.12.7b)
Local tetrad:
1 1 1
(t) = md{, e(r) = \/Eﬁr, e(g) = —057 e(¢) = rsing ® - (2128)
Dual tetrad:
0V =cy/adt, 6= % 0% =rd9, 69 =rsindd¢. (2.12.9)
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Ricci rotation coefficients:

_ rs—5Ar3

Yooo = 2z 0 Yerme =

The contractions of the Ricci rotation coefficients read

_ 4r—3rs—2Ar3 _ cotd
o= " o2m 0 YO T

Riemann-Tensor with respect to local tetrad:

Ar3 4 3rg
Romwm = —Re)@)eie) =33
3rs— 2Ar3
Roe)me) =Rowne) = —Rne)ne) = —Rnw)ne) o3
Weyl-Tensor with respect to local tetrad:
I's
Conmm =—Coxe®)0) =13
I's

Further reading:
Kottler[Kot18], Weyl[Wey19], Hackmann[HL08]

(2.12.10)

(2.12.11)

(2.12.12a)

(2.12.12b)

(2.12.13a)

(2.12.13b)
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2.13 Friedmann-Robertson-Walker

The Friedmann-Robertson-Walker metric describes a general homogeneous and isotropic uni-
verse. In a general form it reads:

ds? = —c?dt? + R’do? (2.13.1)
With R = R(t) being an arbitrary function of time only and do? being a metric of a 3-space of

constant curvature, for which three explicit forms will be described here. .
In all formulas in this section a dot denotes differentiation with respect to t, e.g. R=dR(t)/dt.

2.13.1 Form1

2
ds? = —c?dt? + R { 1d'|7(n +n?(d9? + sin(3)2d¢2)} (2.13.2)
Christoffel symbols:
M = R’ Mts = R’ My = R
RR kn 1
t n _ v _ =
rnn c?(1—kn?)’ Fhn = 1—kn2’ rf719 n’
1 RN2R 2.13.3
rgd} = ﬁa rt1919 = C2 ’ rgﬁ - (knz 1)”7 ( )
Rn?sin(9)°R .
g =cotd) e = SESUOVR g~ kn?— 1 sin9)?,
M4 = —sin()cogd).
Riemann-Tensor:
RR .
Rintn = Kn?2—1’ Rsts = —RN°R,
. R?n? (R? + k)
— _Rn2qj L S
Rty = —Rn?sir(9)R, Ryons FhnZ-1) (2.13.4)
R2n2sir?(9) (R? +ke?) R2n*sir?(9) (R? + ke?)
Rogne = — 2(kn2—1) ’ Rogos = c? '
Ricci-Tensor:
R RR+ 2(R? 4 kc?)
Rt =35, M= en—kn?)
RR-+ 2(R2 4 ke?) RR-+ 2(R2 4 ke?) (2139
Rop =N G Rep=n’sin(9)2 o=,

The Ricci scalar and Kretschman scalar read:

RR+ R2 + kc? R2R2 + R* + 2R2kc? + k2c?

pr— —_— fr— 12 . . .
R=b—or—. A — (2.13.6)
Local tetrad:
1 V1—kn? 1 1
e=ch  Em="Tg O =g 0 &= 50 (2.13.7)
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Ricci rotation coefficients:

R V/1-kn?2
Amom =Yo0@) =Ho0®) = e YOXmE) =Hom®) = gy~
cotd
Yi¢)o)(9) = Ry
The contractions of the Ricci rotation coefficients read
3R 2\/1—kn? cotd
i = Re Wr)ZT’ V(SFW-

Riemann-Tensor with respect to local tetrad:

Rommm = Ro@ae) = Rowwe) = ~aa
R? + ke?
Rim@)me) = Riny@)me) = Royo)9)9) = R

3R RR+ 2R? + 2kc?
Row=—grz> Roo=Reo)=Rew)=—mz

2.13.2 Form 2

ds® = —c2dt?+ Llsrz)z {dr? +r2(d9? +sin(9)%d¢?)}

(2.13.8)

(2.13.9)

(2.13.10)

(2.13.11)

(2.13.12)

(2.13.13)

)

(2.13.15)

Christoffel symbols:
R R R
M = = M = = rt¢¢ =
RR 2kr 4—kr?
t ro_ g _
Mo = 16c2(4+ kr2)2’ Mo 44 kr2’ Mo (4+kr2)r’
2 2F 2
o A—kr t Rr<R ¢ r(kre—4)
Mo = (4+kr2)r’ Moo = 16c2(4+ kr2)2’ M99 = 40z
26in(9)2F (92 kr2
o ¢ .-Rresin(d)°R r o rsin(@)%(krc—4)
Moo = co(), Mg =16 c?(44kr2)2’ Moo = 4+ kr2
r§s = —sin(®)cogd).
Riemann-Tensor:
RR Rr2R
Rirtr = *16m, Riots = *16m7
Rr2sir?(9)R R2r? (R? + ke?)
Rt¢t¢ = 716(4_’_72)2, Reors =25 CZ(4+ kr2)4 )
Regng = 25 (RrZsin’(9) (R + ke?) Rossg — HsgRersin(®)? (R + ke?)
o = c?(4+kr2)4 ’ 999 = c2(4+kr2)4 '
Ricci-Tensor:
R L <RR+2(R?+ke?)
Rt = *3@ Rer = 16W7
RR+ 2(R% 4 kc?) 2 . oo RRE2(RP+ke?)
—1e2— = T/ =1 -
Roo =18 =G ez Pee =180 = e

(2.13.14a)

(2.13.14b)

(2.13.14c)
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The Ricci scalar and Kretschman scalar read:

RR+ R2 4 kc? R2R2 4 R + 2R2kc? 4 k2ct
H=b—p—, A =12 i : (2.13.16)
Local tetrad:
14 X2 14 Xr2 14 K/ar?
& = 2% n="—pn 0 =g 0, = o si/nz9 b (2.13.17)
Ricci rotation coefficients:
R Kr2—1
Yomm =Yoo =Yoo =g YOO =000 =~ g
) (2.13.18)
(¥r2+1)cotd
Yio)o)¢) = Rr :
The contractions of the Ricci rotation coefficients read
3R 1— K2 (¥r2+1)cotd
W=po W=2f% + MNo=""fh (2.13.19)
Riemann-Tensor with respect to local tetrad:
5
Romom =Ro@woe) =Rowoe) = gz
) (2.13.20)
R? 4 ke?
Rin@)m©) =Rm@)me) =Re)10)0)9) = —rez
Ricci-Tensor with respect to local tetrad:
3R RR-+ 2R? + 2kc?
Row =—rz: Rom=Re®o)=Rew ="z (213.21)

2.13.3 Form 3

The following forms of the metric are obtained from 2.13.2 by setting n = sin(¢)), s, sinh({) for
k=1,0,—1respectively.

Positive Curvature

ds? = —c%dt? + R {dy? + sin(y)? (d92 + sin(d)?d$?) } (2.13.22)
Christoffel symbols:
rtqtjp = _Ea Moy = —ia r;p(p = —E,
My = Iz—lj, Fig = cot(y), Ff’f,(,, = cot(y),
My = %, MYy = —sin(y)cog ), F£¢ = cot(d),
My = RSi”(“’)ifi”(ﬁ)zR, rdy = —sin(@)cosy)sin®)?, T3, =—sin(9)cogd).

(2.13.23)



46 CHAPTER 2. SPACETIMES

Riemann-Tensor:

Ruty = —RR, Rsts = —Rsin(y)?R,
. RZsi 2 (R2 2
Rty = —Rsin(y)?sinf(9)R Rysys = Sm(lp)cz( S (2.13.24)
Rsin(y)?sir(9) (R2+¢2) R2sin(y)*sir?(9) (R?+c?)
Rugyo = 2 ) Rogo9 = c? '

Ricci-Tensor:

R RR+ 2(R%2 4 c2
Rt =35, wa:%,
c
RR+2(R?+c?) RR+2(R?+c?) (21329
Ryg :sin(l,U)ZT, Ry =sin(3)zsin(w)zT,
The Ricci scalar and Kretschman read
RR+R2+c2 R2R2 + RA + 2R2c2 4 ¢4
H=b—py—: A =12 i . (2.13.26)
Local tetrad:
1 1 1 1
e(t) = Ea[, e(w) = ﬁdw, €y = Rs|n((p) 019, e¢ = de) (21327)
Ricci rotation coefficients:
R coty
Yoow) =19oe) =Nonw) =g Yorwe) =Noww) = g
(2.13.28)
_ cot6
N9)9)@) = Reing
The contractions of the Ricci rotation coefficients read
3R coty cotd
Riemann-Tensor with respect to local tetrad:
&
Rowow =Ro@oe) =Rowoe = gz
S (2.13.30)
R +c
Ru@)wo) =Ruwewe) =Re)10)0)9) = ez -
Ricci-Tensor with respect to local tetrad:
3R RR+2(R%+c?)
Row =—rz> Rew=Reo=Rew=—"ra (213.31)

Vanishing Curvature
ds? = —c%dt? + R {dy? + @2 (d9? + sin(9)?d¢?) } (2.13.32)
The Christoffel symbols:

R R R
Yo S _ o _
My =g Mo =R My =5
(T 2 rwﬁzwv rwqb:a’
g (2.13.33)
rt1919 = CZ 9 rgjﬁ = 74,5 rgd) = COt(S)v
Ry?sin(9)?R _ .
b = ——a F§s = —wsin(9)?, 34 = —sin(®)cog9).
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Riemann-Tensor:
Ryty = —RR, Rsts = —RY?R,
. . RAY2R2
Rty = —RYZsinf(9)R, Rysws = —z— (2.13.34)
R2Y2sir?(9)R? R2Y*sir?(9)R?
Ryguwo = — 2 Rogoe = —a
Ricci-Tensor:
R RR+ 2R?
Rt = —3§, Ryy = z
RR-+ 2R? RR-+ 2R? (2.13.39
Rop = WP Rep =sin(9)2p*—
The Ricci scalar and Kretschman read
RR+ R? RPR? + R
Local tetrad:
€ —Eat € —Ed —id ep=——-0 (2.13.37)
(t)_C ’ (QU)_R Y eﬁ_Rw 9> ¢_Rw5in19 ¢ - Hh
Ricci rotation coefficients:
R 1
Mwow =Yoo =Moo ~ R Ow©) =Howio) = Ry
(2.13.38)
_ cot(d)
Mo = TRy
The contractions of the Ricci rotation coefficients read
v 3R y 2
=R YT Ry
2.13.39
_ cotd ( )
o= Ry
Riemann-Tensor with respect to local tetrad:
&
Rowow =Ro®oe) =Row)oe) = gz’
. (2.13.40)
R?
Rw@w)©) =Ruwew ) =Re)0)0)0) = e
Ricci-Tensor with respect to local tetrad:
3R RR+ 2R?
Row=—rz: Rew=Re)®)=Row) = —mz (21341)
Negative Curvature
ds? = —c2dt? + R? {dy? + sinh(y)? (d9% + sin(9)?d$?) } (2.13.42)
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Christoffel symbols:
R R R
Yo 9 _ o _
My = ﬁ. My = R My = R
RR
Myy = 2 Fas = coth(), s = coth(y),
Rsinh(y)?R .
Moy = %, ¥y = —sinh(y)cosHy), F£¢ = cot(d),
Rsinh(y)?sin(9)?R _ _ .
FIM, = I )cz ( , F% = —sinh(y) coshy)sin(8)?, ng, = —sin(d)cog ).
(2.13.43)
Riemann-Tensor:
Ruty = —RR, Rests = —Rsinh(@)?R,
, , . RZsinh()? (R?— c2
Regty = —Rsinh(y)?sir(9)R, Rysys = cz( )7 (2.13.44)
RZsinh()?sir?(9) (R? — c?) RZsinh()*si?(8) (R? — ¢?)
Rysws = Z ) Ropos = z :
Ricci-Tensor:
R RR+ 2(R? — ¢?)
Rt = *3@ Ryy = —a
RR+2(R%— c?) RR+2(R2— c?) (213.45)
Rps = Sin()2——5—==,  Rgg =sin(9)?sin(y)> ——5—.
The Ricci scalar and Kretschman read
RR+R2—¢? RPR? + R* — 2R%¢? 4 ¢*
X = GT, K =12 R : (2.13.46)
Local tetrad:
1 1 1 1
Ricci rotation coefficients:
R cothy
Yoow =Nooe) =N =g Yo we) =Nowe) = —r
(2.13.48)
_ cot6
19))®) = Rsinhy”
The contractions of the Ricci rotation coefficients read
3R cothy cotd
V(t) = R—C, y(r) =2 R V(g) = W (21349)
Riemann-Tensor with respect to local tetrad:
Rowow =Ro®oe) =Row)oe) = gz
2 o (2.13.50)
Rw@we) =Rwowie) =Reweie) = rea
Ricci-Tensor with respect to local tetrad:
3R RR+ 2(R? — ¢?)
Rom=—"rzr Rww=Roe=Rew) =Rz (2.13.51)

Further reading:
Rindler[Rin01]
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2.14 Straight spinning string

The metric of a straight spinning string in cylindrical coordinates (t, 0, $,z) reads[Per04]

ds? = — (cdt —ad¢)®+dp? + k’p?d¢? + dZ, (2.14.1)
where a and k are two parameters.
Christoffel symbols:
a 1
My = o My = > by = —Kp. (2.14.2)

The Riemann-, Ricci-, and Weyl-tensors as well as the Ricci- and Kretschman-scalar vanish iden-
tically.

Static Local tetrad:
1 1 /a
e(o) = Eah e(l) = dp; e(z) = @ (Eat + (9¢) ) e(3) = 0. (2.14.3)
Dual tetrad:
00 —cdt—adp, 6P =dp, 6@ =kpdp, 6% =dz (2.14.4)

Ricci rotation coefficients and their contractions read

1 1
Vom@ =5 Yo =¥2 =3 = 0 vy= 3 (2.14.5)
Comoving local tetrad:
vkepZ2—a? /1 a
€0 =" (E"‘ - ma"b) =% (2.14.62)
1
€2 = 7\/m0¢7 €s) = 0z (2.14.6b)
Dual tetrad:
) kp ® @ acdt 202 o2 @)
9 :7mcdt7 9 :dp, 9 :7,m+ kp —a d¢, 9 :dZ.
(2.14.7)
Ricci rotation coefficients and their contractions read
a? ak
Nomo = 5iepr—a2) Y2wo =Moo =Nowe@ ~ 2z g2 (2.14.8a)
K2p
Yoy = m7 (2.14.8b)
1
Yioy = = (2.14.8¢)

P
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2.15 Kasner

The Kasner spacetime in cartesian coordinates (t,X, Y, ) is represented by the line element[MTW?73,
Kas21] (c=1)

ds? = —dt? + t?Prdx® + t2P2dy? 4 t2P3t 2, (2.15.1)
where p1, p2, p3 have to fulfill the two conditions
Pi+P2+ps=1 and  pi+pi+pi=1 (215.2)

These two conditions can also be represented by the Khalatnikov-Lifshitz parameter u with

Christoffel symbols:
%=%7 %=%, %=%, (2.15.4a)
rt, = ﬁ, My = %m, r, = @. (2.15.4b)
Riemann-Tensor:
R = AP g P g P pCR (2.15.52)
Ry = w, Repe = w, Rz = w. (2.15.5b)

The Ricci tensor as well as the Ricci scalar vanish identically. The Kretschman scalar reads

H = ti“' (Pf—2P3+ P+ P3— 2P3+ P2+ PIP3+ P3— 2P3 + P3+ PIP3 + P3p3) (2.15.6a)
2 2
- %' (2.15.6b)
Local tetrad:
ey =% e =t "G  ey=t"Pd,  ey=tP0 (2.15.7)
Dual tetrad:
BG)ZdL 9u>:tmdx BW):t”dy 0@ — tPgz (2.158)

Ricci rotation coefficients:
_bh p2 Ps

Yoo =7> Yoo =1 Yoo =7 (2.15.9)
The contractions of the Ricci rotation coefficients read
1
Yo =1 (2.15.10)

Riemann-Tensor with respect to local tetrad:

P1(1—p1)

Rowweo ="z Romow ="z Ropwe ="z

P1P2
Rowoow =z R@me =~z Ry@me = 2

(2.15.11a)

(2.15.11b)
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2.16 Bertotti-Kasner

The Bertotti-Kasner spacetime in spherical coordinates (t,r, 9, ¢ ) is represented by the line element[Rin98]

ds? = fczdt2+e2ﬂ°tdr2+% (d9? +sirP 9dg?) . (2.16.1)

Christoffel symbols:
N

M=c/A, T = gezﬁd, Fg’d, =cotd, [, =—sind coss. (2.16.2)

Riemann-Tensor:
si? 9

Retr = =AM, Ropgg = — . (2.16.3)
Ricci-Tensor:

Ri=-AZ,  Ry=A?M  Ryg=1  Ryy=sir9. (2.16.4)

The Ricci and Kretschman scalars read
R =4\, X =8N (2.16.5)

Weyl-Tensor:

2 c? 1
Cutr = — A, Gy = 3, Cipto = — 3, (2.16.6a)
1 1 . 2sintd
Crgrg = ——ezﬁd, Cr¢r¢ = ——eZﬁd Sln219, C9¢9¢ = = . (2.16.6b)
3 3 3 A
Local tetrad:
1 - VA
e(t) = Edt, em =€ \mddr, 9(19) = \//_\0,9, e(¢) = mdq) (2.16.7)
Dual tetrad:
1 sind
80 —cdt, 00 =e/Atdr, %) = _—d9, 8@ ="Tdg. 2.16.8
VA VR Y (2168)
Ricci rotation coefficients:
The contractions of the Ricci rotation coefficients read
Yo =—VA, Y= VAcotd. (2.16.10)
Riemann-Tensor with respect to local tetrad:
Rommm = —Re)@)@)e) = —N (2.16.11)
Ricci-Tensor with respect to local tetrad:
Rom = ~Rnm = Ry = —Rigye) = A (216.12)
Weyl-Tensor with respect to local tetrad:
2N
Conmm =—Coxe®)ie) =73 (2.16.132)

(2.16.13b)
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