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Chapter 1

Introduction and Notation

The Catalogue of Spacetimes is a collection of four-dimensional Lorentzian spacetimes in the
context of the General Theory of Relativity (GR). The aim of the catalogue is to give a quick
reference for students who need some basic facts of the most well-known spacetimes in GR. For
a detailed discussion of a metric, the reader is referred to the standard literature or the original
articles. An important resource for exact solutions is the book by Stephani et al[SKM+03].
Some of the metrics in this catalogue are implemented in the Motion4D-library[MG09] and can
be visualized using the GeodesicViewer[MG].

1.1 General remarks

The Einstein field equation in the most general form reads[MTW73]

Gµν = κTµν −Λgµν , κ =
8πG
c4 , (1.1.1)

with the Einstein tensor Gµν = Rµν − 1
2Rgµν , the Ricci tensor Rµν , the Ricci scalar R, the metric ten-

sor gµν , the energy-momentum tensor Tµν , the cosmological constant Λ, Newton’s gravitational
constant G, and the speed of light c.

A solution to the field equation is given by the line element

ds2 = gµνdxµdxν (1.1.2)

with the symmetric, covariant metric tensor gµν . The contravariant metric tensor gµν is related to

the covariant tensor via gµνgνλ = δ λ
µ with the Kronecker-δ . Even though gµν is only a component

of the metric tensor g = gµνdxµ ⊗dxν , we will call gµν as the metric tensor.

Note that, in this catalogue, we use the convention that the signature of the metric is +2. In
general, we will also keep the physical constants c and G within the metrics.

1.2 Basic objects of a metric

The basic objects of a metric are the Christoffel symbols, the Riemann and Ricci tensors as well as
the Ricci and Kretschman scalars which are defined as follows:

Christoffel symbols of the first kind:1

Γνλ µ =
1
2

(

gµν,λ + gµλ ,ν −gνλ ,µ
)

(1.2.1)

with the relation

gνλ ,µ = Γµνλ + Γµλ ν (1.2.2)

1The notation of the Christoffel symbols of the first kind differs from the notation used by Rindler[Rin01].

1



2 CHAPTER 1. INTRODUCTION AND NOTATION

Christoffel symbols of the second kind:

Γµ
νλ =

1
2

gµρ (gρν,λ + gρλ ,ν −gνλ ,ρ
)

(1.2.3)

which are related to the Christoffel symbols of the first kind via

Γµ
νλ = gµρΓνλ ρ (1.2.4)

Riemann tensor:

Rµ
νρσ = Γµ

νσ ,ρ −Γµ
νρ ,σ + Γµ

ρλ Γλ
νσ −Γµ

σλ Γλ
νρ (1.2.5)

or

Rµνρσ = gµλ Rλ
νρσ = Γνσ µ,ρ −Γνρµ,σ + Γλ

νρΓµσλ −Γλ
νσ Γµσλ (1.2.6)

with symmetries

Rµνρσ = −Rµνσρ , Rµνρσ = −Rνµρσ , Rµνρσ = Rρσ µν (1.2.7)

and

Rµνρσ + Rµρσν + Rµσνρ = 0 (1.2.8)

Ricci tensor:

Rµν = Rρ
µρν (1.2.9)

Ricci and Kretschman scalar:

R = Rµ
µ , K = Rαβ γδ Rαβ γδ = Rγδ

αβ Rαβ
γδ (1.2.10)

Weyl tensor:

Cµνρσ = Rµνρσ − 1
2

(

gµ[ρ Rσ ]ν −gν[ρ Rσ ]µ
)

+
1
3

Rgµ[ρ gσ ]ν (1.2.11)

Symmetrization and Antisymmetrization brackets:

a( µbν ) =
1
2

(

aµbν + aνbµ
)

, a[ µ bν ] =
1
2

(

aµbν −aνbµ
)

(1.2.12)

Covariant derivative

∇λ gµν = gµν;λ = 0. (1.2.13)

Covariant derivative of the vector field ψ µ :

∇νψ µ = ψ µ
;ν = ∂ν ψ µ + Γµ

νλ ψλ (1.2.14)

Covariant derivative of a r-s-tensor field:

∇cT a1...ar
b1...bs

= ∂cT a1...ar
b1...bs

+ Γa1
dcT d...ar

b1...bs
+ . . .+ Γar

dcT a1...ar−1d
b1...bs

−Γd
b1cT a1...ar

d...bs
− . . .−Γd

bscT a1...ar
b1...bs−1d

(1.2.15)

1.3 Natural local tetrad and initial conditions for geodesics

We will call a local tetrad natural if it is adapted to the symmetries or the coordinates of the space-
time. The four base vectors e(i) = eµ

(i)∂µ are given with respect to coordinate directions ∂/∂xµ = ∂µ ,

compare Nakahara[Nak90] or Chandrasekhar[Cha06] for an introduction to the tetrad formalism.

The inverse tetrad is given by θ (i) = θ (i)
µ dxµ with

θ (i)
µ eµ

( j) = δ (i)
( j) and θ (i)

µ eν
(i) = δ ν

µ . (1.3.1)

Note that we us Latin indices in brackets for tetrads and Greek indices for coordinates.
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1.3.1 Orthonormality condition

To be applicable as a local reference frame (Minkowski frame), a local tetrad e(i) has to fulfill the
orthonormality condition

〈

e(i),e( j)
〉

g
= g

(

e(i),e( j)
)

= gµνeµ
(i)e

ν
( j) = η(i)( j), (1.3.2)

where η(i)( j) = diag(−1,1,1,1). Thus, the line element of a metric can be written as

ds2 = η(i)( j)θ (i)θ ( j) = η(i)( j)θ
(i)
µ θ ( j)

ν dxµdxν . (1.3.3)

To obtain a local tetrad e(i), we could first determine the dual tetrad θ (i) via Eq. (1.3.3). If we

combine all four dual tetrad vectors into one matrix Θ, we only have to determine its inverse Θ−1

to find the tetrad vectors,

Θ =











θ (0)
0 θ (0)

1 θ (0)
2 θ (0)

3

θ (1)
0 θ (1)

1 θ (1)
2 θ (1)

3

θ (2)
0 θ (2)

1 θ (2)
2 θ (2)

3

θ (3)
0 θ (3)

1 θ (3)
2 θ (3)

3











⇒ Θ−1 =











e0
(0) e0

(1) e0
(2) e0

(3)

e1
(0) e1

(1) e1
(2) e1

(3)

e2
(0) e2

(1) e2
(2) e2

(3)

e3
(0) e3

(1) e3
(2) e3

(3)











. (1.3.4)

There are also several useful relations:

e(a)µ = gµνeν
(a), η(a)(b) = eµ

(a)
e(b)µ , e(b)µ = η(a)(b)θ

(a)
µ , (1.3.5a)

θ (b)
µ = η(a)(b)e(a)µ , gµν = e(a)µθ (a)

ν , η(a)(b) = θ (a)
µ θ (b)

ν gµν . (1.3.5b)

1.3.2 Ricci rotation-, connection-, and structure coefficients

The Ricci rotation coefficients γ(i)( j)(k) with respect to the local tetrad e(i) are defined by

γ(i)( j)(k) := gµλ eµ
(i)∇e(k)

eλ
( j) = gµλ eµ

(i)e
ν
(k)∇νeλ

( j) = gµλ eµ
(i)e

ν
(k)

(

∂νeλ
( j) + Γλ

νβ eβ
( j)

)

. (1.3.6)

They are antisymmetric in the first two indices, γ(i)( j)(k) = −γ( j)(i)(k), which follows from the defi-
nition, Eq. (1.3.6), and the relation

0 = ∂µη(i)( j) = ∇µ

(

gβ νeβ
(i)e

ν
( j)

)

, (1.3.7)

where ∇µ gβ ν = 0, compare [Cha06]. Otherwise, we have

γ(i)
( j)(k) = θ (i)

λ eν
(k)∇ν eλ

( j) = −eλ
( j)e

ν
(k)∇νθ (i)

λ . (1.3.8)

The contraction of the first and the last index is given by

γ( j) = γ(k)
( j)(k) = η(k)(i)γ(i)( j)(k) = −γ(0)( j)(0) + γ(1)( j)(1) + γ(2)( j)(2) + γ(3)( j)(3) = ∇νeν

( j). (1.3.9)

The connection coefficients ω(m)
( j)(n)

with respect to the local tetrad e(i) are defined by

ω(m)
( j)(n)

:= θ (m)
µ ∇e( j)

eµ
(n)

= θ (m)
µ eα

( j)∇α eµ
(n)

= θ (m)
µ eα

( j)

(

∂α eµ
(n)

+ Γµ
αβ eβ

(n)

)

, (1.3.10)

compare Nakahara[Nak90]. They are related to the Ricci rotation coefficients via

γ(i)( j)(k) = η(i)(m)ω
(m)
(k)( j). (1.3.11)

Furthermore, the local tetrad has a non-vanishing Lie-bracket [X ,Y ]ν = X µ∂µY ν −Y µ∂µ Xν . Thus,

[

e(i),e( j)

]

= c(k)
(i)( j)e(k) or c(k)

(i)( j) = θ (k) [e(i),e( j)

]

. (1.3.12)

These structure coefficients are related to the connection coefficients or the Ricci rotation coeffi-
cients via

c(k)
(i)( j) = ω(k)

(i)( j)−ω(k)
( j)(i) = η(k)(m)

(

γ(m)( j)(i) − γ(m)(i)( j)
)

= γ(k)
( j)(i)− γ(k)

(i)( j). (1.3.13)
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1.3.3 Riemann-, Ricci-, and Weyl-tensor with respect to a local tetrad

The transformation between the coordinate representations of the Riemann-, Ricci-, and Weyl-
tensors and their representation with respect to a local tetrad e(i) is given by

R(a)(b)(c)(d) = Rµνρσ eµ
(a)

eν
(b)e

ρ
(c)e

σ
(d), (1.3.14a)

R(a)(b) = Rµνeµ
(a)

eν
(b), (1.3.14b)

C(a)(b)(c)(d) = Cµνρσ eµ
(a)

eν
(b)e

ρ
(c)e

σ
(d) (1.3.14c)

= R(a)(b)(c)(d)−
1
2

(

η(a)[ (c)R(d) ](b)−η(b)[ (c)R(d) ](a)

)

+
R
3

η(a)[ (c)η(d) ](b). (1.3.14d)

1.3.4 Null or timelike directions

A null or timelike direction υ = υ (i)e(i) with respect to a local tetrad e(i) can be written as

υ = υ (0)e(0) + ψ
(

sinχ cosξ e(1) +sinχ sinξ e(2) +cosχ e(3)

)

= υ (0)e(0) +n. (1.3.15)

In the case of a null direction we have ψ = 1 and υ (0) = ±1. A timelike direction can be identified
with an initial four-velocity u = cγ (e0 + βn), where

u2 = 〈u,u〉g = c2γ2〈e(0) + βn,e(0) + βn
〉

= c2γ2(−1+ β 2)= −c2. (1.3.16)

Thus, ψ = cβ γ and υ0 = ±cγ . The sign of υ (0) determines the time direction.

e(1)

e(2)

e(3)

ξ

χ η

υ

Figure 1.1: Null or timelike direction υ with respect to the local tetrad e(i).

The transformations between a local direction υ (i) and its coordinate representation υ µ read

υ µ = υ (i)eµ
(i) and υ (i) = θ (i)

µ υ µ . (1.3.17)

1.3.5 Local tetrad for stationary axisymmetric spacetimes

The line element of a stationary axisymmetric spacetime is given by

ds2 = gttdt2 +2gtϕ dt dϕ + gϕϕdϕ2 + grrdr2 + gϑϑ dϑ 2, (1.3.18)

where the metric components are functions of r and ϑ only.
The local tetrad for an observer on a stationary circular orbit, (r = const,ϑ = const), with four
velocity u = cΓ

(

∂t + ζ∂ϕ
)

can be defined as, compare Bini[BJ00],

e(0) = Γ
(

∂t + ζ∂ϕ
)

, e(1) =
1√
grr

∂r, e(2) =
1√
gϑϑ

∂ϑ , (1.3.19a)

e(3) = ∆Γ
(

±(gtϕ + ζgϕϕ)∂t ∓ (gtt + ζgtϕ)∂ϕ
)

, (1.3.19b)
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where

Γ =
1

√

−
(

gtt +2ζgtϕ + ζ 2gϕϕ
)

, ∆ =
1

√

g2
tϕ −gttgϕϕ

. (1.3.20)

The angular velocity ζ is limited due to gtt +2ζgtϕ + ζ 2gϕϕ < 0

ζmin = ω −
√

ω2− gtt

gϕϕ
and ζmax = ω +

√

ω2− gtt

gϕϕ
(1.3.21)

with ω = −gtϕ/gϕϕ .
For ζ = 0, the observer is static with respect to spatial infinity. The locally nonrotating frame
(LNRF) has angular velocity ζ = ω , see also MTW[MTW73], exercise 33.3.
Static limit: ζmin = 0 ⇒ gtt = 0.
The transformation between the local direction υ (i) and the coordinate direction υ µ reads

υ0 = Γ
(

υ (0)±υ (3)∆w1

)

, υ1 =
υ (1)

√
grr

, υ2 =
υ (2)

√
gϑϑ

, υ3 = Γ
(

υ (0)ζ ∓υ (3)∆w2

)

, (1.3.22)

with

w1 = gtϕ + ζgϕϕ and w2 = gtt + ζgtϕ . (1.3.23)

The back transformation reads

υ (0) =
1
Γ

υ0w2 + υ3w1

ζw1 + w2
, υ (1) =

√
grr υ1, υ (2) =

√
gϑϑ υ2, υ (3) =± 1

∆Γ
ζυ0−υ3

ζw1 + w2
. (1.3.24)

Note, to obtain a right-handed local tetrad, det
(

eµ
(i)

)

> 0, the upper sign has to be used.

1.4 Coordinate relations

1.4.1 Spherical and cartesian coordinates

The well-known relation between the spherical coordinates (r,ϑ ,ϕ) and the cartesian coordinates
(x,y,z), compare Fig. 1.2, are

x = rsinϑ cosϕ , r =
√

x2 + y2+ z2, (1.4.1a)

y = rsinϑ sinϕ , and ϑ = arctan2(
√

x2 + y2,z), (1.4.1b)

z = rcosϑ , ϕ = arctan2(y,x), (1.4.1c)

where arctan2() ensures that ϕ ∈ [0,2π) and ϑ ∈ (0,π).
The total differentials of the spherical coordinates read

dr =
xdx + ydy + zdz

r
, (1.4.2a)

dϑ =
xzdx + yzdy− (x2+ y2)dz

r2
√

x2 + y2
, (1.4.2b)

dϕ =
−ydx + xdy

x2 + y2 , (1.4.2c)

whereas the coordinate derivatives read

∂r =
∂x
∂ r

∂x +
∂y
∂ r

∂y +
∂ z
∂ r

∂z = sinϑ cosϕ ∂x +sinϑ sinϕ ∂y +cosϑ ∂z, (1.4.3a)

∂ϑ =
∂x
∂ϑ

∂x +
∂y
∂ϑ

∂y +
∂ z
∂ϑ

∂z = rcosϑ cosϕ ∂x + rcosϑ sinϕ ∂y − rsinϑ ∂z, (1.4.3b)

∂ϕ =
∂x
∂ϕ

∂x +
∂y
∂ϕ

∂y +
∂ z
∂ϕ

∂z = −rsinϑ sinϕ ∂x + rsinϑ cosϕ ∂y, (1.4.3c)
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x

y

z

ϕ

ϑ r

Figure 1.2: Relation between spherical and cartesian coordinates.

and

∂x =
∂ r
∂x

∂r +
∂ϑ
∂x

∂ϑ +
∂ϕ
∂x

∂ϕ = sinϑ cosϕ ∂r +
cosϑ cosϕ

r
∂ϑ − sinϕ

rsinϑ
∂ϕ , (1.4.4a)

∂y =
∂ r
∂y

∂r +
∂ϑ
∂y

∂ϑ +
∂ϕ
∂y

∂ϕ = sinϑ sinϕ ∂r +
cosϑ sinϕ

r
∂ϑ +

cosϕ
rsinϑ

∂ϕ , (1.4.4b)

∂z =
∂ r
∂ z

∂r +
∂ϑ
∂ z

∂ϑ +
∂ϕ
∂ z

∂ϕ = cosϑ ∂r −
sinϑ

r
∂ϑ . (1.4.4c)

1.4.2 Cylindrical and cartesian coordinates

The relation between cylindrical coordinates (r,ϕ ,z) and cartesian coordinates (x,y,z) is given by

x = rcosϕ , r =
√

x2 + y2, (1.4.5a)

y = rsinϕ , ϕ= arctan2(y,x), (1.4.5b)

where arctan2() again ensures that the angle ϕ ∈ [0,2π).

x

y

z

ϕ

z

r

Figure 1.3: Relation between cylindrical and cartesian coordinates.

The total differentials of the spherical coordinates are given by

dr =
xdx + ydy

r
, (1.4.6a)

dϕ =
−ydx + xdy

r2 , (1.4.6b)
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and

dx = cosϕ dr− rsinϕ dϕ , (1.4.7a)

dy = sinϕ dr + rcosϕ dϕ . (1.4.7b)

The coordinate derivatives are

∂r =
∂x
∂ r

∂x +
∂y
∂ r

∂y = cosϕ ∂x +sinϕ ∂y, (1.4.8a)

∂ϕ =
∂x
∂ϕ

∂x +
∂y
∂ϕ

∂y = −rsinϕ ∂x + rcosϕ ∂ym (1.4.8b)

and

∂x =
∂ r
∂x

∂r +
∂ϕ
∂x

∂ϕ = cosϕ ∂r −
sinϕ

r
∂y, (1.4.9a)

∂y =
∂ r
∂y

∂r +
∂ϕ
∂y

∂ϕ = sinϕ ∂r +
cosϕ

r
∂y. (1.4.9b)

1.5 Embedding diagram

A two-dimensional hypersurface with line segment

dσ2 = grr(r)dr2 + gϕϕ(r)dϕ2 (1.5.1)

can be embedded in a three-dimensional Euclidean space with cylindrical coordinates,

dσ2 =

[

1+

(

dz
dρ

)2
]

dρ2 + ρ2dϕ2. (1.5.2)

With ρ(r)2 = gϕϕ(r) and dr = (dr/dρ)dρ , we obtain for the embedding function z = z(r),

dz
dr

= ±

√

grr −
(

d
√

gϕϕ

dr

)2

. (1.5.3)

If gϕϕ(r) = r2, then d
√

gϕϕ/dr = 1.

1.6 Equations of motion

1.6.1 Geodesic equation

The geodesic equation reads

d2xµ

dλ 2 + Γµ
ρσ

dxρ

dλ
dxσ

dλ
= 0 (1.6.1)

with the affine parameter λ . For timelike geodesics, we replace the affine parameter by the proper
time τ .
The geodesic equation (1.6.1) is a system of ordinary differential equations of second order. Hence,
to solve these differential equations, we need an initial position xµ(λ = 0) as well as an initial
direction (dxµ/dλ )(λ = 0). This initial direction has to fulfill the constraint equation

gµν
dxµ

dλ
dxν

dλ
= κc2, (1.6.2)

where κ = 0 for lightlike and κ = −1 for timelike geodesics.
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1.6.2 Fermi-Walker transport

The Fermi-Walker transport of a vector X = X µ∂µ along the worldline xµ(τ) with four-velocity
uµ(τ) is given by[SS90]

dX µ

dτ
+ Γµ

ρσuρ Xσ +
1
c2 (uσ aµ −aσ uµ)gρσ Xρ = 0. (1.6.3)

The four-acceleration follows from the four-velocity via

aµ =
duµ

dτ
+ Γµ

ρσuρ uσ . (1.6.4)

1.6.3 Parallel transport

If the four-acceleration vanishes, the Fermi-Walker transport simplifies to the parallel transport

dX µ

dλ
+ Γµ

ρσuρ Xσ = 0. (1.6.5)

1.7 Tools

1.7.1 Maple/GRTensorII

The Christoffel symbols, the Riemann- and Ricci-tensors as well as the Ricci and Kretschman
scalars in this catalogue were determined by means of the software Maple together with the pack-
age by Musgrave, Pollney, and Lake.2

A typical worksheet to enter a new metric may look like this:

> grtw();
> makeg(Schwarzschild);

Makeg 2.0: GRTensor metric/basis entry utility
To quit makeg, type ’exit’ at any prompt.
Do you wish to enter a 1) metric [g(dn,dn)],

2) line element [ds],
3) non-holonomic basis [e(1)...e(n)], or
4) NP tetrad [l,n,m,mbar]?

> 2:

Enter coordinates as a LIST (eg. [t,r,theta,phi]):
> [t,r,theta,phi]:

Enter the line element using d[coord] to indicate different ials.
(for example, rˆ2 * (d[theta]ˆ2 + sin(theta)ˆ2 * d[phi]ˆ2)
[Type ’exit’ to quit makeg]
dsˆ2 =

If there are any complex valued coordinates, constants or fu nctions
for this spacetime, please enter them as a SET ( eg. { z, psi } ).

Complex quantities [default={}]:
> {}:

2The commercial software Maple can be found here: http://www.maplesoft.com. The GRTensorII-package is free:
http://grtensor.phy.queensu.ca.
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You may choose to 0) Use the metric WITHOUT saving it,
1) Save the metric as it is,
2) Correct an element of the metric,
3) Re-enter the metric,
4) Add/change constraint equations,
5) Add a text description, or
6) Abandon this metric and return to Maple.

> 0:

The worksheets for some of the metrics in this catalogue can be found on the authors homepage.

To determine the objects that are defined with respect to a local tetrad, the metric must be given
as non-holonomic basis.

1.7.2 Mathematica

The calculation of the Christoffel-symbols, the Riemann- or Ricci-tensor within Mathematica
could read like this:

Clearing the values of symbols:
In[1]:= Clear[coord, metric, inversemetric, affine,

t, r, Theta, Phi]

Setting the dimension:
In[2]:= n := 4

Defining a list of coordinates:
In[3]:= coord := {t, r, Theta, Phi}

Defining the metric:
In[4]:= metric := {{-(1 - rs/r) cˆ2, 0, 0, 0},

{0, 1/(1 - rs/r), 0, 0},
{0, 0, rˆ2, 0},
{0, 0, 0, r ˆ2 Sin[Theta]ˆ2}}

In[5]:= metric // MatrixForm

Calculating the inverse metric:
In[6]:= inversemetric := Simplify[Inverse[metric]]

In[7]:= inversemetric // MatrixForm

Calculating the Christoffel symbols of the second kind:
In[8]:= affine := affine = Simplify[

Table[(1/2) Sum[inversemetric[[Mu, Rho]] (
D[metric[[Rho, Nu]], coord[[Lambda]]] +
D[metric[[Rho, Lambda]], coord[[Nu]]] -
D[metric[[Nu, Lambda]], coord[[Mu]]]),

{Rho, 1, n}], {Nu, 1, n}, {Lambda, 1, n}, {Mu, 1, n}]]

Displaying the Christoffel symbols of the second kind:
In[9]:= listaffine :=

Table[If[UnsameQ[affine[[Nu, Lambda, Mu]], 0],
{Style[ Subsuperscript[\[CapitalGamma],

Row[{coord[[Nu]], coord[[Lambda]]}], coord[[Mu]]], 18] ,
"=",
Style[affine[[Nu, Lambda, Mu]], 14]}],

{Lambda, 1, n}, {Nu, 1, Lambda}, {Mu, 1, n}]
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In[10]:= TableForm[Partition[DeleteCases[Flatten[lis taffine],
Null], 3],

TableSpacing -> {1, 2}]

Defining the Riemann tensor:
In[11]:= riemann := riemann =

Table[D[affine[[Nu, Sigma, Mu]], coord[[Rho]]] -
D[affine[[Nu, Rho, Mu]], coord[[Sigma]]] +
Sum[affine[[Rho, Lambda, Mu]]

affine[[Nu, Sigma, Lambda]] -
affine[[Sigma, Lambda, Mu]]
affine[[Nu, Rho, Lambda]],

{Lambda, 1, n}],
{Mu, 1, n}, {Nu, 1, n}, {Rho, 1, n}, {Sigma, 1, n}]

Defining the Riemann tensor with lower indices:
In[12]:= riemannDn := riemannDn =

Table[Simplify[
Sum[metric[[Mu, Kappa]] riemann[[Kappa, Nu, Rho, Sigma]] ,
{Kappa, 1, n}]],

{Mu, 1, n}, {Nu, 1, n}, {Rho, 1, n}, {Sigma, 1, n}]

In[13]:= listRiemann :=
Table[If[UnsameQ[riemannDn[[Mu, Nu, Rho, Sigma]], 0],

{Style[Subscript[R, Row[{coord[[Mu]], coord[[Nu]], coo rd[[Rho]],
coord[[Sigma]]}]], 16], "=",
riemannDn[[Mu, Nu, Rho, Sigma]]}],

{Nu, 1, n}, {Mu, 1, Nu}, {Sigma, 1, n}, {Rho, 1, Sigma}]

In[14]:= TableForm[Partition[DeleteCases[Flatten[lis tRiemann],
Null], 3],

TableSpacing -> {2, 2}]

Defining the Ricci tensor:
In[15]:= ricci := ricci =

Table[Simplify[
Sum[riemann[[Rho, Mu, Rho, Nu]], {Rho, 1, n}]],

{Mu, 1, n}, {Nu, 1, n}]

In[16]:= listRicci :=
Table[If[UnsameQ[ricci[[Mu, Nu]], 0],

{Style[Subscript[R, Row[{coord[[Mu]], coord[[Nu]]}]], 16],
"=",

Style[ricci[[Mu, Nu]], 16]}], {Nu, 1, 4}, {Mu, 1, Nu}]

In[17]:= TableForm[Partition[DeleteCases[Flatten[lis tRicci],
Null], 3],

TableSpacing -> {1, 2}]

Defining the Ricci scalar:
In[18]:= ricciscalar := ricciscalar =

Simplify[Sum[
Sum[inversemetric[[Mu, Nu]] ricci[[Nu, Mu]],
{Mu, 1, n}], {Nu, 1, n}]]
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Defining the Kretschman scalar:
In[19]:= riemannUp := riemannUp =

Table[Simplify[
Sum[inversemetric[[Nu, Kappa]]

riemann[[Mu, Kappa, Rho, Sigma]], {Kappa, 1, n}]],
{Mu, 1, n}, {Nu, 1, n}, {Rho, 1, n}, {Sigma, 1, n}]

In[20]:= kretschman := kretschman =
Simplify[Sum[ Sum[Sum[Sum[

riemannUp[[Mu, Nu, Rho, Sigma]]
riemannUp[[Rho, Sigma, Mu, Nu]],

{Mu, 1, n}], {Nu, 1, n}], {Rho, 1, n}], {Sigma, 1, n}]]

Some example notebooks can be found on the authors homepage.

1.7.3 Maxima

Instead of using commercial software like Maple or Mathematica, Maxima also offers a tensor
package that helps to calculate the Christoffel symbols etc. The above example for the Schwarz-
schild metric can be written as a maxima worksheet as follows:

/ * load ctensor package * /
load(ctensor);

/ * define coordinates to use * /
ct_coords:[t,r,theta,phi];

/ * start with the identity metric * /
lg:ident(4);
lg[1,1]:cˆ2 * (1-rs/r);
lg[2,2]:-1/(1-rs/r);
lg[3,3]:-rˆ2;
lg[4,4]:-rˆ2 * sin(theta)ˆ2;
cmetric();

/ * calculate the christoffel symbols of the second kind * /
christof(mcs);

/ * calculate the riemann tensor * /
lriemann(mcs);

/ * calculate the ricci tensor * /
ricci(mcs);

/ * calculate the ricci scalar * /
scurvature();

/ * calculate the Kretschman scalar * /
uriemann(mcs);
rinvariant();
ratsimp(%);

As you may have noticed, the Schwarzschild metric must be given with negative signature.



Chapter 2

Spacetimes

2.1 Minkowski

2.1.1 Cartesian coordinates

The Minkowski metric in cartesian coordinates reads

ds2 = −c2dt2 + dx2 + dy2+ dz2. (2.1.1)

All Christoffel symbols as well as the Riemann- and Ricci-tensor vanish identically. The natural
local tetrad is trivial,

e(t) =
1
c

∂t , e(x) = ∂x, e(y) = ∂y, e(z) = ∂z. (2.1.2)

2.1.2 Cylindrical coordinates

The Minkowski metric in cylindrical coordinates

ds2 = −c2dt2 + dr2 + r2dϕ2 + dz2 (2.1.3)

has the natural local tetrad

e(t) =
1
c

∂t , e(r) = ∂r, e(ϕ) =
1
r

∂ϕ , e(z) = ∂z. (2.1.4)

Christoffel symbols:

Γr
ϕϕ = −r, Γϕ

rϕ =
1
r
. (2.1.5)

Ricci rotation coefficients:

γ(ϕ)(r)(ϕ) =
1
r

and γ(r) =
1
r
. (2.1.6)

2.1.3 Spherical coordinates

In spherical coordinates, the Minkowski metric reads

ds2 = −c2dt2 + dr2 + r2(dϑ 2 +sin2 ϑdϕ2) . (2.1.7)

Christoffel symbols:

Γr
ϑϑ = −r, Γr

ϕϕ = −rsin2 ϑ , Γϑ
rϑ =

1
r
, (2.1.8a)

Γϑ
ϕϕ = −sinϑ cosϑ , Γϕ

rϕ =
1
r
, Γϕ

ϑϕ = cotϑ . (2.1.8b)

12
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Local tetrad:

e(t) =
1
c

∂t , e(r) = ∂r, e(ϑ ) =
1
r

∂ϑ , e(ϕ) =
1

rsinϑ
∂ϕ . (2.1.9)

Ricci rotation coefficients:

γ(ϑ )(r)(ϑ ) = γ(ϕ)(r)(ϕ) =
1
r
, γ(ϕ)(ϑ )(ϕ) =

cotϑ
r

. (2.1.10)

The contractions of the Ricci rotation coefficients read

γ(r) =
2
r
, γ(ϑ ) =

cotϑ
r

. (2.1.11)

2.1.4 Conform-compactified coordinates

The Minkowski metric in conform-compactified coordinates (ψ ,ξ ,ϑ ,ϕ) reads[HE99]

ds2 = −dψ2 + dξ 2+sin2 ξ
(

dϑ 2 +sin2 ϑdϕ2) , (2.1.12)

where ψ ∈ [−π ,π ] and ξ ∈ [0,π ]. This form follows from the spherical Minkowski metric (2.1.7)
by means of the coordinate transformation

ct + r = tan
ψ + ξ

2
, ct − r = tan

ψ − ξ
2

, (2.1.13)

resulting in the metric

ds̃2 =
−dψ2 + dξ 2

4cos2 ψ+ξ
2 cos2 ψ−ξ

2

+
sin2 ξ

4cos2 ψ+ξ
2 cos2 ψ−ξ

2

(

dϑ 2 +sin2 ϑdϕ2) , (2.1.14)

and by the conformal transformation ds2 = Ω2ds̃2 with Ω2 = 4cos2 ψ+ξ
2 cos2 ψ−ξ

2 .

Christoffel symbols:

Γϑ
ξ ϑ = cotξ , Γϕ

ξ ϕ = cotξ , Γξ
ϑϑ = −sinξ cosξ , (2.1.15a)

Γϕ
ϑϕ = cotϑ , Γξ

ϕϕ = −sinξ cosξ sin2 ϑ , Γϑ
ϕϕ = −sinϑ cosϑ . (2.1.15b)

Riemann-Tensor:

Rξ ϑξ ϑ = sin2 ξ , Rξ ϕξ ϕ = sin2 ξ sin2 ϑ , Rϑϕϑϕ = sin4 ξ sin2 ϑ . (2.1.16)

Ricci-Tensor:

Rξ ξ = 2, Rϑϑ = 2sin2 ξ , Rϕϕ = 2sin2 ξ sin2 ϑ . (2.1.17)

The Ricci- and Kretschman-scalars:

R = 6, K = 12. (2.1.18)

The Weyl tensor vanishs identically.

Local tetrad:

e(ψ) = ∂ψ , e(ξ ) = ∂ξ , e(ϑ ) =
1

sinξ
∂ϑ , e(ϕ) =

1
sinξ sinϑ

∂ϕ . (2.1.19)

Ricci rotation coefficients:

γ(ϑ )(ξ )(ϑ ) = γ(ϕ)(ξ )(ϕ) = cotξ , γ(ϕ)(ϑ )(ϕ) =
cotϑ
sinξ

. (2.1.20)
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The contractions of the Ricci rotation coefficients read

γ(ξ ) = 2cotξ , γ(ϑ ) =
cotϑ
sinξ

. (2.1.21)

Riemann-Tensor with respect to local tetrad:

R(ξ )(ϑ )(ξ )(ϑ ) = R(ξ )(ϕ)(ξ )(ϕ) = R(ϑ )(ϕ)(ϑ )(ϕ) = 1. (2.1.22)

Ricci-Tensor with respect to local tetrad:

R(ξ )(ξ ) = R(ϑ )(ϑ ) = R(ϕ)(ϕ) = 2. (2.1.23)

2.1.5 Rotating coordinates

The transformation dϕ 7→ dϕ +ω dt brings the Minkowski metric (2.1.3) into the rotating form[Rin01]
with coordinates (t,r,ϕ ,z),

ds2 = −
(

1− ω2r2

c2

)

[cdt −Ω(r)dϕ ]2 + dr2+
r2

1−ω2r2/c2 dϕ2 + dz2 (2.1.24)

with Ω(r) = (r2ω/c)/(1−ω2r2/c2).
The local tetrad of the comoving observer is

e(t) =
1
c

∂t −
ω
c

∂ϕ , e(r) = ∂r, e(ϕ) =
1
r

∂ϕ , e(z) = ∂z, (2.1.25)

whereas the static observer has the local tetrad

e(t) =
1

c
√

1−ω2r2/c2
∂t , e(r) = ∂r, e(z) = ∂z, (2.1.26a)

e(ϕ) =
ωr

c2
√

1−ω2r2/c2
∂t +

√

1−ω2r2/c2

r
∂ϕ . (2.1.26b)

Christoffel symbols:

Γr
tt = −ω2r, Γϕ

tr =
ω
r

, Γr
tϕ = −ωr, Γϕ

rϕ =
1
r
, Γr

ϕϕ = −r. (2.1.27)

2.1.6 Rindler coordinates

The worldline of an observer in the Minkowski spacetime who moves with constant proper ac-
celeration α along the x direction reads

x =
c2

α
cosh

αt ′

c
, ct =

c2

α
sinh

αt ′

c
, (2.1.28)

where t ′ is the observer’s proper time. The observer starts at x = 1 with zero velocity.
However, such an observer could also be described with Rindler coordinates. With the coordinate
transformation

(ct,x) 7→ (τ,ρ) : ct =
1
ρ

sinhτ, x =
1
ρ

coshτ, (2.1.29)

the Rindler metric reads

ds2 = − 1
ρ2 dτ2 +

1
ρ4 dρ2+ dy2 + dz2. (2.1.30)
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Christoffel symbols:

Γρ
ττ = −ρ , Γτ

τρ = − 1
ρ

, Γρ
ρρ = − 2

ρ
. (2.1.31)

The Riemann and Ricci tensors as well as the Ricci and Kretschman scalar vanish identically.

Local tetrad:

e(τ) = ρ∂τ , e(ρ) = ρ2∂ρ , e(y) = ∂y, e(z) = ∂z. (2.1.32)

Ricci rotation coefficients:

γ(τ)(ρ)(τ) = ρ , and γ(ρ) = −ρ . (2.1.33)
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2.2 Schwarzschild spacetime

2.2.1 Schwarzschild coordinates

The Schwarzschild metric represented by Schwarzschild coordinates (t,r,ϑ ,ϕ) reads

ds2 = −
(

1− rs

r

)

c2dt2 +
1

1− rs/r
dr2 + r2(dϑ 2 +sin2 ϑdϕ2) , (2.2.1)

where rs = 2GM/c2 is the Schwarzschild radius, G is Newton’s constant, c is the speed of light,
and M is the mass of the black hole. The critical point r = 0 is a real curvature singularity while
the event horizon, r = rs, is only a coordinate singularity, compare e.g. the Kretschman scalar.

Christoffel symbols:

Γr
tt =

c2rs(r− rs)

2r3 , Γt
tr =

rs

2r(r− rs)
, Γr

rr = − rs

2r(r− rs)
, (2.2.2a)

Γϑ
rϑ =

1
r
, Γϕ

rϕ =
1
r
, Γr

ϑϑ = −(r− rs), (2.2.2b)

Γϕ
ϑϕ = cotϑ , Γr

ϕϕ = −(r− rs)sin2 ϑ , Γϑ
ϕϕ = −sinϑ cosϑ . (2.2.2c)

Riemann-Tensor:

Rtrtr = −c2rs

r3 , Rtϑ tϑ =
1
2

c2 (r− rs) rs

r2 , Rtϕtϕ =
1
2

c2 (r− rs)rs sin2 ϑ
r2 , (2.2.3a)

Rrϑ rϑ = −1
2

rs

r− rs
, Rrϕrϕ = −1

2
rs sin2 ϑ

r− rs
, Rϑϕϑϕ = rrs sin2 ϑ . (2.2.3b)

As aspected, the Ricci tensor as well as the Ricci scalar vanish identically because the Schwarz-
schild spacetime is a vacuum solution of the field equations. Hence, the Weyl tensor is identical
to the Riemann tensor. The Kretschman scalar reads

K = 12
r2

s

r6 . (2.2.4)

Here, it becomes clear that at r = rs there is no real singularity.

Local tetrad:

e(t) =
1

c
√

1− rs/r
∂t , e(r) =

√

1− rs

r
∂r, e(ϑ ) =

1
r

∂ϑ , e(ϕ) =
1

rsinϑ
∂ϕ . (2.2.5)

Dual tetrad:

θ (t) = c

√

1− rs

r
dt, θ (r) =

dr
√

1− rs/r
, θ (ϑ ) = r dϑ , θ (ϕ) = rsinϑ dϕ . (2.2.6)

Ricci rotation coefficients:

γ(r)(t)(t) =
rs

2r2
√

1− rs/r
, γ(ϑ )(r)(ϑ ) = γ(ϕ)(r)(ϕ) =

1
r

√

1− rs

r
, γ(ϕ)(ϑ )(ϕ) =

cotϑ
r

. (2.2.7)

The contractions of the Ricci rotation coefficients read

γ(r) =
4r−3rs

2r2
√

1− rs/r
, γ(ϑ ) =

cotϑ
r

. (2.2.8)

Structure coefficients:

c(t)
(t)(r) =

rs

2r2
√

1− rs/r
, c(ϑ )

(r)(ϑ )
= c(ϕ)

(r)(ϕ)
= −1

r

√

1− rs

r
, c(ϕ)

(ϑ )(ϕ)
=

cotϑ
r

. (2.2.9)
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Riemann-Tensor with respect to local tetrad:

R(t)(r)(t)(r) = −R(ϑ )(ϕ)(ϑ )(ϕ) = − rs

r3 , (2.2.10a)

R(t)(ϑ )(t)(ϑ ) = R(t)(ϕ)(t)(ϕ) = −R(r)(ϑ )(r)(ϑ ) = −R(r)(ϕ)(r)(ϕ) =
rs

2r3 . (2.2.10b)

Embedding:

The embedding function reads

z = 2
√

rs
√

r− rs. (2.2.11)

Effective potential:

The Euler-Lagrangian formalism[Rin01] yields the effective potential

Veff =
1
2

(

1− rs

r

)

(

h2

r2 −κc2
)

(2.2.12)

with the constants of motion k = (1− rs/r)c2ṫ, h = r2ϕ̇ , and κ as in Eq. (1.6.2). For timelike
geodesics, the effective potential has the extremal points

r± =
h2±h

√

h2−3c2rs

c2rs
, (2.2.13)

where r+ is a maximum and r− is a minimum. Null geodesics, however, have only a maximum
at r = 3

2rs. The corresponding circular orbit is called photon orbit.

Further reading:

Schwarzschild[Sch16, Sch03]

2.2.2 Schwarzschild in pseudo-cartesian coordinates

The Schwarzschild spacetime in pseudo-cartesian coordinates

ds2 = −
(

1− rs

r

)

c2dt2 +

(

x2

1− rs/r
+ y2+ z2

)

dx2

r2 +

(

x2 +
y2

1− rs/r
+ z2

)

dy2

r2 (2.2.14a)

+

(

x2 + y2+
z2

1− rs/r

)

dz2

r2 +
2rs

r2(r− rs)
(xydxdy + xzdxdz+ yzdydz). (2.2.14b)

ansatz for a local tetrad

e(0) =
1

c
√

1− rs/r
∂t , e(1) = A∂x, e(2) = B∂x +C∂y, e(3) = D∂x + E∂y + F∂z. (2.2.15)

A =
1√
gxx

, B =
−gxy

gxx

√

−g2
xy/gxx + gyy

, C =
1

√

−g2
xy/gxx + gyy

, (2.2.16a)

D =
gxygyz −gxzgyy√

NW
, E =

gxzgxy −gxxgyz√
NW

, F =

√
N√
W

. (2.2.16b)

with

N = gxxgyy −g2
xy, (2.2.17a)

W = gxxgyygzz −g2
xzgyy +2gxzgxygyz −g2

xygzz −gxxg2
yz. (2.2.17b)
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2.2.3 Eddington-Finkelstein

The transformation of the Schwarzschild metric (2.2.1) from the usual Schwarzschild time coor-
dinate t to the advanced null coordinate v with

cv = ct + r + rs ln(r− rs) (2.2.18)

leads to the ingoing Eddington-Finkelstein[Edd24, Fin58] metric with coordinates (v,r,ϑ ,ϕ),

ds2 = −
(

1− rs

r

)

c2dv2 +2cdvdr + r2dΩ2. (2.2.19)

Christoffel symbols:

Γv
vv =

crs

2r2 , Γr
vv =

c2rs(r− rs)

2r3 , Γr
vr = − crs

2r2 , Γϑ
rϑ =

1
r
, (2.2.20a)

Γϕ
rϕ =

1
r
, Γv

ϑϑ = − r
c
, Γr

ϑϑ = −(r− rs), Γϕ
ϑϕ = cotϑ , (2.2.20b)

Γv
ϕϕ = − rsin2 ϑ

c
, Γr

ϕϕ = −(r− rs)sin2 ϑ , Γϑ
ϕϕ = −sinϑ cosϑ . (2.2.20c)

Riemann-Tensor:

Rvrvr = −c2rs

r3 , Rvϑvϕ =
c2rs(r− rs)

2r2 , Rvϑ rϑ = −crs

2r
, (2.2.21a)

Rvϕvϕ =
c2rs(r− rs)sin2 ϑ

2r2 , Rvϕrϕ = −crs sin2 ϑ
2r

, Rϑϕϑϕ = rrs sin2 ϑ . (2.2.21b)

While the Ricci tensor and the Ricci scalar vanish identically, the Kretschman scalar is K =
12r2

s /r6.

Static Local tetrad:

e(v) =
1

c
√

1− rs/r
∂v, e(r) =

1

c
√

1− rs/r
∂v +

√

1− rs

r
∂r, e(ϑ ) =

1
r

∂ϑ , e(ϕ) =
1

rsinϑ
∂ϕ . (2.2.22)

Ricci rotation coefficients:

γ(r)(t)(t) =
rs

2r2
√

1− rs/r
, γ(ϑ )(r)(ϑ ) = γ(ϕ)(r)(ϕ) =

1
r

√

1− rs

r
, γ(ϕ)(ϑ )(ϕ) =

cotϑ
r

. (2.2.23)

The contractions of the Ricci rotation coefficients read

γ(r) =
4r−3rs

2r2
√

1− rs/r
, γ(ϑ ) =

cotϑ
r

. (2.2.24)

Riemann-Tensor with respect to local tetrad:

R(t)(r)(t)(r) = −R(ϑ )(ϕ)(ϑ )(ϕ) = − rs

r3 , (2.2.25a)

R(t)(ϑ )(t)(ϑ ) = R(t)(ϕ)(t)(ϕ) = −R(r)(ϑ )(r)(ϑ ) = −R(r)(ϕ)(r)(ϕ) =
rs

2r3 . (2.2.25b)

2.2.4 Isotropic coordinates

The Schwarzschild metric (2.2.1) in isotropic coordinates (t,ρ ,ϑ ,ϕ) reads, compare MTW[MTW73]
page 840,

ds2 = −
(

1− rs/(4ρ)

1+ rs/(4ρ)

)2

c2dt2 +

(

1+
rs

4ρ

)4
[

dρ2 + ρ2(dϑ 2 +sin2 ϑdϕ2)] , (2.2.26)
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where

r = ρ
(

1+
rs

4ρ

)2

(2.2.27)

is the coordinate transformation between the Schwarzschild radial coordinate r and the isotropic
radial coordinate ρ .

Christoffel symbols:

Γρ
tt = 2048

(4ρ − rs)ρ4rsc2

(4ρ + rs)7 , Γt
tρ =

8rs

16ρ2− r2
s
, Γρ

ρρ = − 2rs

(4ρ + rs)ρ
, (2.2.28a)

Γϑ
ρϑ =

4ρ − rs

(4ρ + rs)ρ
, Γϕ

ρϕ =
4ρ − rs

(4ρ + rs)ρ
, Γρ

ϑϑ = −ρ
4ρ − rs

4ρ + rs
, (2.2.28b)

Γϕ
ϑϕ = cotϑ , Γρ

ϕϕ = − (4ρ − rs)ρ sin2 ϑ
4ρ + rs

, Γϑ
ϕϕ = −sinϑ cosϑ . (2.2.28c)

Riemann-Tensor:

Rtρtρ = −16
(4ρ − rs)

2rsc2

(4ρ + rs)4ρ
, Rtϑ tϑ = 8

(4ρ − rs)
2ρrsc2

(4ρ + rs)4 , (2.2.29a)

Rtϕtϕ = 8
(4ρ − rs)

2ρc2rs sin2 ϑ
(4ρ + rs)4 , Rρϑρϑ = − (4ρ + rs)

2rs

32ρ3 , (2.2.29b)

Rρϕρϕ = − (4ρ + rs)
2rs sin2 ϑ

32ρ3 , Rϑϕϑϕ =
(4ρ + rs)

2rs sin2 ϑ
16ρ

. (2.2.29c)

The Ricci tensor and the Ricci scalar vanish identically.

Kretschman scalar:

K = 3 ·413 ρ6r2
s

(4ρ + rs)12. (2.2.30)

Local tetrad:

e(t) =
1+ rs/(4ρ)

1− rs/(4ρ)

∂t

c
, e(r) =

1

[1+ rs/(4ρ)]2
∂ρ , (2.2.31a)

e(ϑ ) =
1

ρ [1+ rs/(4ρ)]2
∂ϑ , e(ϕ) =

1

ρ [1+ rs/(4ρ)]2sin2 ϑ
∂ϕ . (2.2.31b)

Ricci rotation coefficients:

γ(ρ)(t)(t) =
128rsρ2

(4ρ + rs)3(4ρ − rs)
, γ(ϑ )(ρ)(ϑ ) = γ(ϕ)(ρ)(ϕ) =

16ρ(4ρ − rs)

(4ρ + rs)3 , (2.2.32a)

γ(ϕ)(ϑ )(ϕ) =
16ρ cotϑ
(4ρ + rs)2 . (2.2.32b)

The contractions of the Ricci rotation coefficients read

γ(ρ) =
32ρ(16ρ2−4ρrs + r2

s )

(4ρ + rs)3(4ρ − rs)
, γ(ϑ ) =

16ρ cotϑ
(4ρ + rs)2 . (2.2.33)

Riemann-Tensor with respect to local tetrad:

R(t)(ρ)(t)(ρ) = −R(ϑ )(ϕ)(ϑ )(ϕ) = − 4096ρ3rs

(4ρ + rs)6 , (2.2.34a)

R(t)(ϑ )(t)(ϑ ) = R(t)(ϕ)(t)(ϕ) = −R(ρ)(ϑ )(ρ)(ϑ ) = −R(ρ)(ϕ)(ρ)(ϕ) =
2048ρ3rs

(4ρ + rs)6 . (2.2.34b)
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2.2.5 Kruskal-Szekeres

The Schwarzschild metric in Kruskal-Szekeres[Kru60] coordinates (T,X ,ϑ ,ϕ) reads

ds2 =
4r3

s

r
e−r/rs

(

−dT 2 + dX2)+ r2dΩ2, (2.2.35)

where r ∈R+ \ {0} is given by means of the LambertW-function W ,

(

r
rs
−1

)

er/rs = X2−T 2 or r = rs

[

W

(

X2−T 2

e

)

+1

]

. (2.2.36)

The Schwarzschild coordinate time t in terms of the Kruskal coordinates T and X reads

t = 2rsarctanh
T
X

, r > rs, (2.2.37a)

t = 2rsarctanh
X
T

, r < rs, (2.2.37b)

t = ∞, r = rs. (2.2.37c)

The transformations between Kruskal- and Schwarzschild coordinates read

X =

√

1− r
rs

er/(2rs) sinh
ct
2rs

, T =

√

1− r
rs

er/(2rs) cosh
ct
2rs

, 0 < r < r2, (2.2.38a)

X =

√

r
rs
−1er/(2rs) cosh

ct
2rs

, T =

√

r
rs
−1er/(2rs) sinh

ct
2rs

, r ≥ rs. (2.2.38b)

Christoffel symbols:

ΓT
T T = ΓX

T X = ΓT
XX =

Trs(r + rs)

r2 e−r/rs , (2.2.39a)

ΓX
T T = ΓT

T X = ΓX
XX = −Xrs(r + rs)

r2 e−r/rs , (2.2.39b)

Γϑ
T ϑ = −2r2

s T
r2 e−r/rs , Γϑ

Xϑ =
2r2

s X
r2 e−r/rs , (2.2.39c)

ΓT
ϑϑ = − r

2rs
T, ΓX

ϑϑ =
r

2rs
X , (2.2.39d)

ΓT
ϑϑ = − r

2rs
T sin2 ϑ , ΓX

ϑϑ =
r

2rs
X sin2 ϑ , (2.2.39e)

Γϕ
ϑϕ = cotϑ , Γϑ

ϕϕ = −sinϑ cosϑ . (2.2.39f)

Riemann-Tensor:

RT XT X = −16
r7

s

r5e−2r/rs , RT ϑT ϑ =
2r4

s

r2 e−r/rs , (2.2.40a)

RT ϕT ϕ =
2r4

s

r2 e−r/rs sin2 ϑ , RXϑXϑ = −2r4
s

r2 e−r/rs , (2.2.40b)

RXϕXϕ = −2r4
s

r2 e−r/rs sin2 ϑ , Rϑϕϑϕ = rrs sin2 ϑ . (2.2.40c)

The Ricci-Tensor as well as the Ricci-scalar vanish identically.

Kretschman scalar:

K =
12r2

s

r6 . (2.2.41)

Local tetrad:

e(T) =

√
r

2rs
√

rs
er/(2rs)∂T , e(X) =

√
r

2rs
√

rs
er/(2rs)∂X , e(ϑ ) =

1
r

∂ϑ , e(ϕ) =
1

rsinϑ
∂ϕ (2.2.42)
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2.2.6 Painlevé-Gullstrand

The Schwarzschild metric expressed in Painlevé-Gullstrand coordinates[MP01] reads

ds2 = −c2dT 2 +

(

dr +

√

rs

r
cdT

)2

+ r2(dϑ 2 +sin2 ϑdϕ2) , (2.2.43)

where the new time coordinate T follows from the Schwarzschild time t in the following way:

cT = ct +2rs

(

√

r
rs

+
1
2

ln

∣

∣

∣

∣

√

r/rs −1
√

r/rs +1

∣

∣

∣

∣

)

. (2.2.44)

Christoffel symbols:

ΓT
T T =

crs

2r2

√

rs

r
, Γr

T T =
c2rs(r− rs)

2r3 , ΓT
Tr =

rs

2r2 , (2.2.45a)

Γr
Tr = − crs

2r2

√

rs

r
, ΓT

rr =
rs

2cr2

√

r
rs

, Γr
rr = − rs

2r2 , (2.2.45b)

Γϑ
rϑ =

1
r
, Γϕ

rϕ =
1
r
, ΓT

ϑϑ = − r
c

√

rs

r
, (2.2.45c)

Γr
ϑϑ = −(r− rs), Γϕ

ϑϕ = cotϑ , ΓT
ϕϕ = − r

c

√

rs

r
sin2 ϑ , (2.2.45d)

Γr
ϕϕ = −(r− rs)sin2 ϑ , Γϑ

ϕϕ = −sinϑ cosϑ . (2.2.45e)

Riemann-Tensor:

RTrTr = −c2rs

r3 , RT ϑTϑ =
c2rs(r− rs)

2r2 , RT ϑ rϑ = −crs

2r

√

rs

r
, (2.2.46a)

RTϕT ϕ =
c2rs(r− rs)sin2 ϑ

2r2 , RT ϕrϕ = −crs

2r

√

rs

r
sin2 ϑ , Rrϑ rϑ = − rs

2r
, (2.2.46b)

Rrϕrϕ = − rs sin2 ϑ
2r

, Rϑϕϑϕ = rrs sin2 ϑ . (2.2.46c)

The Ricci tensor and the Ricci scalar vanish identically while the Kretschman scalar reads K =
12r2

s /r6.
For the Painlevé-Gullstrand coordinates, we can define two natural local tetrads. The static tetrads
reads

ê(T ) =
1

c
√

1− rs/r
∂T , ê(r) =

√
rs

c
√

r− rs
∂T +

√

1− rs

r
∂r, ê(ϑ ) =

1
r

∂ϑ , ê(ϕ) =
1

rsinϑ
∂ϕ , (2.2.47)

whereas the tetrad for the freely falling observer reads

e(T) =
1
c

∂T −
√

rs

r
∂r, e(r) = ∂r, e(ϑ ) =

1
r

∂ϑ , e(ϕ) =
1

rsinϑ
∂ϕ . (2.2.48)
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2.3 Reissner-Nordstrøm

The metric of the Reissner-Nordstrøm black hole in spherical coordinates (t,r,ϑ ,ϕ) reads[MTW73]

ds2 = −ARNc2dt2 + A−1
RNdr2 + r2(dϑ 2 +sin2 ϑ dϕ2) , (2.3.1)

where

ARN = 1− rs

r
+

ρQ2

r2 (2.3.2)

with rs = 2GM/c2, the charge Q, and ρ = G/(ε0c4) ≈ 9.33· 10−34. As in the Schwarzschild case,
there is a true curvature singularity at r = 0. However, for Q2 < r2

s /(4ρ) there are also two critical
points at

r =
rs

2
± rs

2

√

1− 4ρQ2

r2
s

. (2.3.3)

Christoffel symbols:

Γr
tt =

ARNc2(rsr−2ρQ2)

2r3 , Γt
tr =

rsr−2ρQ2

2r3ARN
, Γr

rr = − rsr−2ρQ2

2r3ARN
, (2.3.4a)

Γϑ
rϑ =

1
r
, Γϕ

rϕ =
1
r
, Γr

ϑϑ = −rARN, (2.3.4b)

Γϕ
ϑϕ = cotϑ , Γr

ϕϕ = −rARN sin2 ϑ , Γϑ
ϕϕ = −sinϑ cosϑ . (2.3.4c)

Riemann-Tensor:

Rtrtr = −c2(rsr−3ρQ2)

r4 , Rtϑ tϑ =
ARNc2(rsr −2ρQ2)

2r2 , (2.3.5a)

Rtϕtϕ =
ARNc2(rsr−2ρQ2)sin2 ϑ

2r2 , Rrϑ rϑ = − rsr−2ρQ2

2r2ARN
, (2.3.5b)

Rrϕrϕ = − (rsr−2ρQ2)sin2 ϑ
2r2ARN

, Rϑϕϑϕ = (rsr−ρQ2)sin2 ϑ . (2.3.5c)

Ricci-Tensor:

Rtt =
c2ρQ2ARN

r4 , Rrr = − ρQ2

r4ARN
, Rϑϑ =

ρQ2

r2 , Rϕϕ =
ρQ2sin2 ϑ

r2 . (2.3.6)

While the Ricci scalar vanishes identically, the Kretschman scalar reads

K = 4
3r2

s r2−12rsrρQ2 +14ρ2Q4

r8 . (2.3.7)

Weyl-Tensor:

Ctrtr = −c2(rsr−2ρQ2)

r4 , Ctϑ tϑ = −ARNc2(rsr −2ρQ2)

2r2 , (2.3.8a)

Ctϕtϕ =
ARNc2(rsr−2ρQ2)sin2 ϑ

2r2 , Crϑ rϑ = − rsr−2ρQ2

2r2ARN
, (2.3.8b)

Crϕrϕ = − (rsr−2ρQ2)sin2 ϑ
2r2ARN

, Cϑϕϑϕ = (rsr−2ρQ2)sin2 ϑ . (2.3.8c)

Local tetrad:

e(t) =
1

c
√

ARN
∂t , e(r) =

√

ARN∂r, e(ϑ ) =
1
r

∂ϑ , e(ϕ) =
1

rsinϑ
∂ϕ . (2.3.9)
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Dual tetrad:

θ (t) = c
√

ARN dt, θ (r) =
dr√
ARN

, θ (ϑ ) = r dϑ , θ (ϕ) = rsinϑ dϕ . (2.3.10)

Ricci rotation coefficients:

γ(r)(t)(t) =
rrs −2ρQ2

2r3
√

ARN
, γ(ϑ )(r)(ϑ ) = γ(ϕ)(r)(ϕ) =

√
ARN

r
, γ(ϕ)(ϑ )(ϕ) =

cotϑ
r

. (2.3.11)

The contractions of the Ricci rotation coefficients read

γ(r) =
4r2−3rrs +2ρQ2

2r3
√

ARN
, γ(ϑ ) =

cotϑ
r

. (2.3.12)

Riemann-Tensor with respect to local tetrad:

R(t)(r)(t)(r) = − rsr−3ρQ2

r4 , R(ϑ )(ϕ)(ϑ )(ϕ) =
rsr−ρQ2

r4 , (2.3.13a)

R(t)(ϑ )(t)(ϑ ) = R(t)(ϕ)(t)(ϕ) = −R(r)(ϑ )(r)(ϑ ) = −R(r)(ϕ)(r)(ϕ) =
rsr−2ρQ2

2r4 . (2.3.13b)

Ricci-Tensor with respect to local tetrad:

R(t)(t) = −R(r)(r) = R(ϑ )(ϑ ) = R(ϕ)(ϕ) =
ρQ2

r4 . (2.3.14)

Weyl-Tensor with respect to local tetrad:

C(t)(r)(t)(r) = −C(ϑ )(ϕ)(ϑ )(ϕ) = − rsr−2ρQ2

r4 , (2.3.15a)

C(t)(ϑ )(t)(ϑ ) = C(t)(ϕ)(t)(ϕ) = −C(r)(ϑ )(r)(ϑ ) = −C(r)(ϕ)(r)(ϕ) =
rsr−2ρQ2

2r4 . (2.3.15b)

Effective potential:
The Euler-Lagrangian formalism[Rin01] yields the effective potential

Veff =
1
2

(

1− rs

r
+

ρQ2

r2

)(

h2

r2 −κc2
)

. (2.3.16)

For null geodesics, κ = 0, there are two extremal points

r± =
3
4

rs

(

1±
√

1− 32ρQ2

9r2
s

)

, (2.3.17)

where r+ is a maximum and r− a minimum.

Further reading:
Eiroa[ERT02]
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2.4 Janis-Newman-Winicour

The Janis-Newman-Winicour[JNW68] spacetime in spherical coordinates (t,r,ϑ ,ϕ) is represented
by the line element

ds2 = −αγc2dt2 + α−γdr2 + r2α−γ+1(dϑ 2 +sin2 ϑdϕ2) , (2.4.1)

where α = 1− rs/(γr). The Schwarzschild radius rs = 2GM/c2 is defined by Newton’s constant G,
the speed of light c, the mass parameter M, and the constant γ .

Christoffel symbols:

Γr
tt =

rsc2

2r2 α2γ−1, Γt
tr =

rs

2γr2α
, Γr

rr = − rs

2γr2α
, (2.4.2a)

Γϑ
rϑ =

2γr− rs(γ +1)

2γr2α
, Γϕ

rϕ =
2γr− rs(γ +1)

2γr2α
, Γr

ϑϑ = −2γr− rs(γ +1)

2γ
, (2.4.2b)

Γr
ϕϕ = Γr

ϑϑ sin2 ϑ , Γϕ
ϑϕ = cotϑ , Γϑ

ϕϕ = −sinϑ cosϑ . (2.4.2c)

Riemann-Tensor:

Rtrtr = − rsc2 [2γr− rs(γ +1)]αγ−2

2γr4 , Rtϑ tϑ =
rsc2 [2γr− rs(γ +1)]αγ−1

4γr2 , (2.4.3a)

Rtϕtϕ =
rsc2 [2γr− rs(γ +1)]αγ−1 sin2 ϑ

4γr2 , Rrϑ rϑ = − rs
[

2γ2r− rs(γ +1)
]

4γ2r2αγ−1 , (2.4.3b)

Rrϕrϕ = − rs
[

2γ2r− rs(γ +1)
]

sin2 ϑ
4γ2r2αγ−1 , Rϑϕϑϕ =

rs
[

4γ2r− rs(γ +1)2
]

sin2 ϑ
4γ2αγ . (2.4.3c)

Weyl-Tensor:

Ctrtr = − rsc2αγ−2β
6γ2r4 , Ctϑ tϑ =

rsc2αγ−1β
12γ2r2 , (2.4.4a)

Ctϕtϕ =
rsc2αγ−1β sin2 ϑ

12γ2r2 , Crϑ rϑ = − rsβ
12γ2r2αγ−1 , (2.4.4b)

Crϕrϕ = − rsβ sin2 ϑ
12γ2r2αγ−1 , Cϑϕϑϕ =

rsβ sin2 ϑ
6γ2αγ , (2.4.4c)

where β = 6γ2r− rs(γ +1)(2γ +1).

Ricci-Tensor:

Rrr =
r2

s (1− γ2)

2γ2r4α2 . (2.4.5)

The Ricci scalar reads

R =
r2

s (1− γ2)αγ−2

2γ2r4 , (2.4.6)

whereas the Kretschman scalar is given by

K =
r2

s α2γ−4

4γ4r8

[

7γ2r2
s (2+ γ2)+48γ4r2α +8γrs(2γ2 +1)(rs −2γr)+3r2

s

]

. (2.4.7)

Local tetrad:

e(t) =
1

cαγ/2
∂t , e(r) = αγ/2∂r, e(ϑ ) =

α(γ−1)/2

r
∂ϑ , e(ϕ) =

α(γ−1)/2

rsinϑ
∂ϕ . (2.4.8)
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Dual tetrad:

θ (t) = cαγ/2dt, θ (r) =
dr

αγ/2
, θ (ϑ ) =

r

α(γ−1)/2
dϑ , θ (ϕ) =

rsinϑ
α(γ−1)/2

dϕ . (2.4.9)

Ricci rotation coefficients:

γ(r)(t)(t) =
rs

2r2 α(γ−2)/2, γ(ϑ )(r)(ϑ ) = γ(ϕ)(r)(ϕ) =
2γr− rs(γ +1)

2γr2 α(γ−2)/2, (2.4.10a)

γ(ϕ)(ϑ )(ϕ) =
cotϑ

r
α(γ−1)/2. (2.4.10b)

The contractions of the Ricci rotation coefficients read

γ(r) =
4γr− rs(2+ γ)

2γr2 α(γ−1)/2, γ(ϑ ) =
cotϑ

r
α(γ−1)/2. (2.4.11)

Structure coefficients:

c(t)
(t)(r) =

rs

2r2 α(γ−2)/2, c(ϑ )
(r)(ϑ )

= c(ϕ)
(r)(ϕ)

= −2γr− rs(γ +1)

2γr2 α(γ−2)/2, (2.4.12a)

c(ϕ)
(ϑ )(ϕ)

= −cotϑ
r

α(γ−1)/2. (2.4.12b)

Effective potential:
The Euler-Lagrangian formalism[Rin01] yields the effective potential

Veff =
1
2

αγ
(

h2αγ−1

r2 −κc2
)

. (2.4.13)

For null geodesics (κ = 0) and γ > 1
2 , there is an extremum at

r = rs
1+2γ

2γ
. (2.4.14)
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2.5 Kerr

The Kerr spacetime, found by Roy Kerr in 1963[Ker63], describes a rotating black hole. Further
reading: Boyer and Lindquist[BL67], Wilkins[Wil72], Brill[BC66].

2.5.1 Boyer-Lindquist coordinates

The Kerr metric in Boyer-Lindquist coordinates

ds2 = −
(

1− rsr
Σ

)

c2dt2− 2rsarsin2 ϑ
Σ

cdt dϕ +
Σ
∆

dr2 + Σdϑ 2 (2.5.1a)

+

(

r2 + a2+
rsa2rsin2 ϑ

Σ

)

sin2 ϑdϕ2, (2.5.1b)

with Σ = r2 + a2cos2 ϑ , ∆ = r2− rsr + a2, and rs = 2GM/c2, is taken from Bardeen[BPT72]. M is the
mass and a is the angular momentum per unit mass of the black hole. The contravariant form of
the metric reads

∂ 2
s = − A

c2Σ∆
∂ 2

t − 2rsar
cΣ∆

∂t∂ϕ +
∆
Σ

∂ 2
r +

1
Σ

∂ 2
ϑ +

∆−a2sin2 ϑ
Σ∆sin2 ϑ

∂ 2
ϕ , (2.5.2)

where A =
(

r2 + a2
)2−a2∆sin2 ϑ =

(

r2 + a2
)

Σ+ rsa2rsin2 ϑ .
The event horizon r+ is defined by the outer root of ∆,

r+ =
rs

2
+

√

r2
s

4
−a2, (2.5.3)

whereas the outer boundary r0 of the ergosphere follows from the outer root of Σ− rsr,

r0 =
rs

2
+

√

r2
s

4
−a2cos2 ϑ , (2.5.4)

Christoffel symbols:

Γr
tt =

c2rs∆(r2−a2cos2 ϑ)

2Σ3 , Γϑ
tt = −c2rsa2rsinϑ cosϑ

Σ3 , (2.5.5a)

Γt
tr =

rs(r2 + a2)(r2−a2cos2 ϑ)

2Σ2∆
, Γϕ

tr =
crsa(r2−a2cos2 ϑ)

2Σ2∆
, (2.5.5b)

Γt
tϑ = − rsa2rsinϑ cosϑ

Σ2 , Γϕ
tϑ = −crsarcotϑ

Σ2 , (2.5.5c)

Γr
tϕ = −c∆rsasin2 ϑ(r2−a2cos2 ϑ)

2Σ3 , Γϑ
tϕ =

crsar(r2 + a2)sinϑ cosϑ
Σ3 , (2.5.5d)

Γr
rr =

2ra2sin2 ϑ − rs(r2−a2cos2 ϑ)

2Σ∆
, Γϑ

rr =
a2sinϑ cosϑ

Σ∆
, (2.5.5e)

Γr
rϑ = −a2sinϑ cosϑ

Σ
, Γϑ

rϑ =
r
Σ

, (2.5.5f)

Γt
rϕ =

rsasin2 ϑ
[

a2cos2 ϑ(a2− r2)− r2(a2 +3r2)
]

2Σ2∆
, Γr

ϑϑ = − r∆
Σ

, (2.5.5g)

Γϕ
rϕ =

2rΣ2 + rs
[

a4sin2 ϑ cos2 ϑ − r2(Σ+ r2+ a2)
]

2Σ2∆
, Γϑ

ϑϑ = −a2sinϑ cosϑ
Σ

, (2.5.5h)

Γϕ
ϑϕ =

cotϑ
Σ2

[

Σ2 + rsa
2rsin2 ϑ

]

, Γt
ϑϕ =

rsa3rsin3 ϑ cosϑ
Σ2 , (2.5.5i)

Γr
ϕϕ =

∆sin2 ϑ
2Σ3

[

−2rΣ2 + rsa
2sin2 ϑ(r2−a2cos2 ϑ

]

, (2.5.5j)

Γϑ
ϕϕ = −sinϑ cosϑ

Σ3

[

AΣ+
(

r2 + a2)rsa
2rsin2 ϑ

]

, (2.5.5k)
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General local tetrad:

e(0) = Γ
(

∂t + ζ∂ϕ
)

, e(1) =

√

∆
Σ

∂r, (2.5.6a)

e(2) =
1√
Σ

∂ϑ , e(3) =
Γ
c

(

∓gtϕ + ζgϕϕ√
∆ sinϑ

∂t ±
gtt + ζgtϕ√

∆ sinϑ
∂ϕ

)

, (2.5.6b)

where −Γ−2 = gtt +2ζgtϕ + ζ 2gϕϕ ,

Γ−2 =
(

1− rsr
Σ

)

+
2rsarsin2 ϑ

Σ
ζ
c
−
(

r2 + a2+
rsa2rsin2 ϑ

Σ

)

ζ 2

c2 sin2 ϑ (2.5.7)

Non-rotating local tetrad (ζ = ω):

e(0) =

√

A
Σ∆

(

1
c

∂t + ω∂ϕ

)

, e(1) =

√

∆
Σ

∂r, e(2) =
1√
Σ

∂ϑ , e(3) =

√

Σ
A

1
sinϑ

∂ϕ , (2.5.8)

where ω = −gtϕ/gϕϕ = rsar/A.
The relation between the constants of motion E , L, Q, and µ (defined in Bardeen[BPT72]) and the
initial direction υ , compare Sec. (1.3.4), with respect to the LNRF reads (c = 1)

υ (0) =

√

A
Σ∆

E − rsra√
AΣ∆

L, υ (1) =

√

∆
Σ

pr, (2.5.9a)

υ (2) =
1√
Σ

√

Q−cos2 ϑ
[

a2 (µ2−E2)+
L2

sin2 ϑ

]

, υ (3) =

√

Σ
A

L
sinϑ

. (2.5.9b)

Static local tetrad (ζ = 0):

e(0) =
1

c
√

1− rsr/Σ
∂t , e(1) =

√

∆
Σ

∂r, e(2) =
1√
Σ

∂ϑ , (2.5.10a)

e(3) = ± rsarsinϑ
c
√

1− rsr/Σ
√

∆Σ
∂t ∓

√

1− rsr/Σ√
∆sinϑ

∂ϕ . (2.5.10b)
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2.6 Oppenheimer-Snyder collapse

2.6.1 Outer metric

The metric of the outer spacetime (R > Rb) in comoving coordinates (τ,R,ϑ ,ϕ) with (c = 1) is
given by

ds2 = −dτ2 +
R

(

R3/2− 3
2
√

rsτ
)2/3

dR2+

(

R3/2− 3
2
√

rsτ
)4/3

(

dϑ 2 +sin2 ϑdϕ2) . (2.6.1)

Christoffel symbols:

ΓR
τR =

1
2

√
rs

R3/2− 3
2
√

rsτ
, Γϑ

τϑ = −
√

rs

R3/2− 3
2
√

rsτ
, (2.6.2a)

Γϕ
τϕ = −

√
rs

R3/2− 3
2
√

rsτ
, Γτ

RR =
R
√

rs

2
(

R3/2− 3
2
√

rsτ
)5/3

, (2.6.2b)

ΓR
RR = − 3

√
rsτ

4
(

R3/2− 3
2
√

rsτ
)

R
, Γϑ

Rϑ =

√
R

R3/2− 3
2
√

rsτ
, (2.6.2c)

Γϕ
Rϕ =

√
R

R3/2− 3
2
√

rsτ
, Γτ

ϑϑ = −√
rs

(

R3/2− 3
2
√

rsτ
)1/3

, (2.6.2d)

ΓR
ϑϑ = −R3/2− 3

2
√

rsτ√
R

, Γϕ
ϑϕ = cotϑ , (2.6.2e)

Γτ
ϕϕ = −√

rs

(

R3/2− 3
2
√

rsτ
)1/3

sin2ϑ , Γϑ
ϕϕ = −sinϑ cosϑ , (2.6.2f)

ΓR
ϕϕ = −

(

R3/2− 3
2
√

rsτ
)

sin2ϑ√
R

. (2.6.2g)

Riemann-Tensor:

RτRτR = − Rrs
(

R3/2− 3
2
√

rs τ
)8/3

, Rτϑτϑ =
1
2

rs
(

R3/2− 3
2
√

rs τ
)2/3

, (2.6.3a)

Rτϕτϕ =
1
2

rs sin2 ϑ
(

R3/2− 3
2
√

rs τ
)2/3

, RRϑRϑ = −1
2

Rrs
(

R3/2− 3
2
√

rs τ
)4/3

, (2.6.3b)

RRϕRϕ = −1
2

Rrs sin2 ϑ
(

R3/2− 3
2
√

rs τ
)4/3

, Rϑϕϑϕ =

(

R3/2− 3
2
√

rs τ
)2/3

rs sin2 ϑ . (2.6.3c)

The Ricci tensor and the Ricci scalar vanish identically.

Kretschman scalar:

K = 12
r2

s
(

R3/2− 3
2
√

rs τ
)4 . (2.6.4)

Local tetrad:

e(τ) = ∂τ , e(R) =

(

R3/2− 3
2
√

rsτ
)1/3

√
R

∂R, (2.6.5a)

e(ϑ ) =
1

(

R3/2− 3
2
√

rsτ
)2/3

∂ϑ , e(ϕ) =
1

(

R3/2− 3
2
√

rsτ
)2/3

sinϑ
∂ϕ . (2.6.5b)
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Ricci rotation coefficients:

γ(τ)(R)(R) = −
√

rs

2R3/2−3
√

rsτ
, γ(τ)(ϑ )(ϑ ) = γ(τ)(ϕ)(ϕ) =

2
√

rs

2R3/2−3
√

rsτ
, (2.6.6a)

γ(R)(ϕ)(ϕ) = γ(R)(ϑ )(ϑ ) = −
(

R3/2− 3
2
√

rsτ
)−2/3

. (2.6.6b)

The contractions of the Ricci rotation coefficients read

γ(τ) =− 3
√

rs

2R3/2−3
√

rsτ
, γ(R) = 2

(

R3/2− 3
2
√

rsτ
)−2/3

, γ(ϑ ) = cotϑ
(

R3/2− 3
2
√

rsτ
)−2/3

. (2.6.7)

Riemann-Tensor with respect to local tetrad:

R(τ)(R)(τ)(R) = −R(ϑ )(ϕ)(ϑ )(ϕ) = − 4rs
(

2R3/2−3
√

rsτ
)2 , (2.6.8a)

R(τ)(ϑ )(τ)(ϑ ) = R(τ)(ϕ)(τ)(ϕ) = −R(R)(ϑ )(R)(ϑ ) = −R(R)(ϕ)(R)(ϕ) =
2rs

(

2R3/2−3
√

rsτ
)2 . (2.6.8b)

The Ricci tensor with respect to the local tetrad vanishes identically.

2.6.2 Inner metric

The metric of the inside (R ≤ Rb) reads

ds2 = −dτ2 +

(

1− 3
2
√

rsR
−3/2
b τ

)4/3
[

dR2 + R2(dϑ 2 +sin2 ϑdϕ2)] . (2.6.9)

Christoffel symbols:

ΓR
τR = −

√
rsR

3/2
b

1− 3
2
√

rsR
3/2
b τ

, Γϑ
τϑ = −

√
rsR

3/2
b

1− 3
2
√

rsR
3/2
b τ

, (2.6.10a)

Γϕ
τϕ = −

√
rsR

3/2
b

1− 3
2
√

rsR
3/2
b τ

, Γτ
RR = −

(

1− 3
2
√

rsR
−3/2
b τ

)1/3√
rsR

−3/2
b , (2.6.10b)

Γϑ
Rϑ =

1
R

, Γϕ
Rϕ =

1
R

, (2.6.10c)

ΓR
ϑϑ = −R, Γτ

ϑϑ = −
(

1− 3
2
√

rsR
−3/2
b τ

)1/3√
rsR

−3/2
b R2, (2.6.10d)

Γϕ
ϑϕ = cotϑ , Γτ

ϕϕ = −
(

1− 3
2
√

rsR
−3/2
b τ

)1/3√
rsR

−3/2
b R2sin2 ϑ , (2.6.10e)

ΓR
ϕϕ = −Rsin2 ϑ , Γϑ

ϕϕ = −sinϑ cosϑ . (2.6.10f)

Riemann-Tensor:

RτRτR = −1
2

rs

R3
b

(

1− 3
2
√

rsR
−3/2
b τ

)2/3
, Rτϑτϑ =

1
2

rsR2

R3
b

(

1− 3
2
√

rsR−3/2τ
)2/3

, (2.6.11a)

Rτϕτϕ =
1
2

rsR2sin2 ϑ

R3
b

(

1− 3
2
√

rsR
−3/2
b τ

)2/3
, RRϕRϕ =

rsR2sin2 ϑ
R3

b

(

1− 3
2
√

rsR
−3/2
b τ

)2/3

, (2.6.11b)

RRϑRϑ =
rsR2

R3
b

(

1− 3
2
√

rsR
−3/2
b τ

)2/3

, Rϑϕϑϕ =
rsR4sin2 ϑ

R3
b

(

1− 3
2
√

rsR
−3/2
b τ

)2/3

. (2.6.11c)
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Ricci-Tensor:

Rττ =
3
2

rs

R3
b

(

1− 3
2
√

rsR
−3/2
b τ

)2 , RRR =
3
2

rs

R3
b

(

1− 3
2
√

rsR
−3/2
b τ

)2/3
, (2.6.12a)

Rϑϑ =
3
2

rsR2

R3
b

(

1− 3
2
√

rsR
−3/2
b τ

)2/3
, Rϕϕ =

3
2

rsR2sin2 ϑ

R3
b

(

1− 3
2
√

rsR
−3/2
b τ

)2/3
, (2.6.12b)

The Ricci- and Kretschman- scalars read:

R =
3rs

R3
b

(

1− 3
2
√

rsR
−3/2
b τ

)2 , K = 15
r2

s

R6
b

(

1− 3
2
√

rsR
−3/2
b τ

)4 . (2.6.13)

Local tetrad:

e(τ) = ∂τ , e(R) =
1

(

1− 3
2
√

rsR
−3/2
b τ

)2/3
∂R, (2.6.14a)

e(ϑ ) =
1

R
(

1− 3
2
√

rsR
−3/2
b τ

)2/3
∂ϑ , e(ϕ) =

1
(

1− 3
2
√

rsR
−3/2
b τ

)2/3
Rsinϑ

∂ϕ . (2.6.14b)

Ricci rotation coefficients:

γ(τ)(R)(R) = γ(τ)(ϑ )(ϑ ) = γ(τ)(ϕ)(ϕ) =
2
√

rs

2R3/2
b −3

√
rsτ

, (2.6.15a)

γ(R)(ϑ )(ϑ ) = γ(R)(ϕ)(ϕ) = − 22/3Rb

R
(

2R3/2
b −3

√
rsτ
)2/3

, (2.6.15b)

γ(ϑ )(ϕ)(ϕ) = − 22/3Rb cotϑ

R
(

2R3/2
b −3

√
rsτ
)2/3

. (2.6.15c)

The contractions of the Ricci rotation coefficients read

γ(τ) = − 6
√

rs

2R3/2
b −3

√
rsτ

, γ(R) =
25/3Rb

R
(

2R3/2
b −3

√
rsτ
)2/3

, γ(ϑ ) =
22/3Rb cotϑ

R
(

2R3/2
b −3

√
rsτ
)2/3

. (2.6.16)

Riemann-Tensor with respect to local tetrad:

R(τ)(R)(τ)(R) = R(τ)(ϑ )(τ)(ϑ ) = R(τ)(ϕ)(τ)(ϕ) =
2rs

(

2R3/2
b −3

√
rsτ
)2 , (2.6.17a)

R(R)(ϑ )(R)(ϑ ) = R(R)(ϕ)(R)(ϕ) = R(ϑ )(ϕ)(ϑ )(ϕ) =
4rs

(

2R3/2
b −3

√
rsτ
)2 . (2.6.17b)

Ricci-Tensor with respect to local tetrad:

R(τ)(τ) = R(R)(R) = R(ϑ )(ϑ ) = R(ϕ)(ϕ) =
6rs

(

2R3/2
b −3

√
rsτ
)2 . (2.6.18)
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2.7 Morris-Thorne

The most simple wormhole geometry is represented by the metric[MT88, Vis95]

ds2 = −c2dt2 + dl2 +(b2
0+ l2)

(

dϑ 2 +sin2ϑ dϕ2) , (2.7.1)

where b0 is the throat radius and l is the proper radial coordinate.

Christoffel symbols:

Γϑ
lϑ =

l

b2
0 + l2

, Γϕ
lϕ =

l

b2
0 + l2

, Γl
ϑϑ = −l, (2.7.2a)

Γϕ
ϑϕ = cotϑ , Γl

ϕϕ = −l sin2ϑ , Γϑ
ϕϕ = −sinϑ cosϑ . (2.7.2b)

Riemann-Tensor:

Rlϑ lϑ = − b2
0

b2
0 + l2

, Rlϕlϕ = −b2
0sin2ϑ
b2

0 + l2
, Rϑϕϑϕ = b2

0sin2ϑ . (2.7.3)

Ricci tensor, Ricci and Kretschman scalar:

Rll = −2
b2

0
(

b2
0 + l2

)2 , R = −2
b2

0
(

b2
0 + l2

)2 , K =
12b4

0
(

b2
0 + l2

)4 . (2.7.4)

Weyl-Tensor:

Ctltl = −2
3

c2b2
0

(

b2
0 + l2

)2 , Ctϑ tϑ =
1
3

c2b2
0

b2
0 + l2

, Ctϕtϕ =
1
3

c2b2
0sin2 ϑ

b2
0 + l2

, (2.7.5a)

Clϑ lϑ = −1
3

b2
0

b2
0 + l2

, Clϕlϕ = −1
3

b2
0sin2 ϑ
b2

0 + l2
, Cϑϕϑϕ =

2
3

b2
0sin2 ϑ . (2.7.5b)

Local tetrad:

e(t) =
1
c

∂t , e(l) = ∂l , e(ϑ ) =
1

√

b2
0 + l2

∂ϑ , e(ϕ) =
1

√

b2
0+ l2 sinϑ

∂ϕ . (2.7.6)

Dual tetrad

θ (t) = cdt, θ (l) = dl, θ (ϑ ) =
√

b2
0 + l2dϑ , θ (ϕ) =

√

b2
0 + l2sinϑ dϕ . (2.7.7)

Ricci rotation coefficients:

γ(ϑ )(r)(ϑ ) = γ(ϕ)(r)(ϕ) =
l

b2
0 + l2

, γ(ϕ)(ϑ )(ϕ) =
cotϑ

√

b2
0+ l2

. (2.7.8)

The contractions of the Ricci rotation coefficients read

γ(r) =
2l

b2
0 + l2

, γ(ϑ ) =
cotϑ

√

b2
0 + l2

. (2.7.9)

Riemann-Tensor with respect to local tetrad:

R(l)(ϑ )(l)(ϑ ) = R(l)(ϕ)(l)(ϕ) = −R(ϑ )(ϕ)(ϑ )(ϕ) = − b2
0

(

b2
0 + l2

)2 . (2.7.10)
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Ricci-Tensor with respect to local tetrad:

R(l)(l) = − 2b2
0

(

b2
0 + l2

)2 . (2.7.11)

Weyl-Tensor with respect to local tetrad:

C(t)(l)(t)(l) = −C(ϑ )(ϕ)(ϑ )(ϕ) = − 2b2
0

3
(

b2
0 + l2

)2 , (2.7.12a)

C(t)(ϑ )(t)(ϑ ) = C(t)(ϕ)(t)(ϕ) = −C(l)(ϑ )(l)(ϑ ) = −C(l)(ϕ)(l)(ϕ) =
b2

0

3
(

b2
0 + l2

)2 . (2.7.12b)

Embedding:
The embedding function reads

z(r) = ±b0 ln





r
b0

+

√

(

r
b0

)2

−1



 (2.7.13)

with r2 = b2
0 + l2.

Further reading:
Ellis[Ell73], Visser[Vis95].
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2.8 Alcubierre Warp

The Warp metric given by Miguel Alcubierre[Alc94] reads

ds2 = −c2dt2 +(dx− vs f (rs)dt)2 + dy2 + dz2 (2.8.1)

where

vs =
dxs(t)

dt
, (2.8.2a)

rs(t) =
√

(x− xs(t))2 + y2+ z2, (2.8.2b)

f (rs) =
tanh(σ(rs + R))− tanh(σ(rs −R))

2tanh(σR)
. (2.8.2c)

The parameter R > 0 defines the radius of the warp bubble and the parameter σ > 0 its thickness.

Christoffel symbols:

Γt
tt =

f 2 fxv3
s

c2 , Γz
tt = − f fzv

2
s , Γy

tt = − f fyv2
s , (2.8.3a)

Γx
tt =

f 3 fxv4
s − c2 f fxv2

s − c2 ft vs

c2 , Γt
tx = − f fxv2

s

c2 , Γx
tx = − f 2 fxv3

s

c2 , (2.8.3b)

Γy
tx =

fyvs

2
, Γz

tx =
fzvs

2
, Γt

ty = − f fyv2
s

2c2 , (2.8.3c)

Γx
ty = − f 2 fyv3

s + c2 fyvs

2c2 , Γt
tz = − f fzv2

s

2c2 , Γx
tz = − f 2 fzv3

s + c2 fzvs

2c2 , (2.8.3d)

Γt
xx =

fxvs

c2 , Γx
xx =

f fxv2
s

c2 , Γt
xy =

fyvs

2c2 , (2.8.3e)

Γx
xy =

f fyv2
s

2c2 , Γt
xz =

fzvs

2c2 , Γx
xz =

f fzv2
s

2c2 , (2.8.3f)

with derivatives

ft =
d f (rs)

dt
=

−vsσ (x− xs(t))
2rs tanh(σR)

[

sech2 (σ(rs + R))− sech2 (σ(rs −R))
]

(2.8.4a)

fx =
d f (rs)

dx
=

σ (x− xs(t))
2rs tanh(σR)

[

sech2 (σ(rs + R))− sech2 (σ(rs −R))
]

(2.8.4b)

fy =
d f (rs)

dy
=

σy
2rs tanh(σR)

[

sech2 (σ(rs + R))− sech2 (σ(rs −R))
]

(2.8.4c)

fz =
d f (rs)

dz
=

σz
2rs tanh(σR)

[

sech2 (σ(rs + R))− sech2 (σ(rs −R))
]

(2.8.4d)

Riemann- and Ricci-tensor as well as Ricci- and Kretschman-scalar are shown only in the Maple
worksheet.

Comoving local tetrad:

e(0) =
1
c

(∂t + vs f ∂x) , e(1) = ∂x, e(2) = ∂y, e(3) = ∂z. (2.8.5)

Static Local tetrad:

e(0) =
1

√

c2− v2
s f 2

∂t , e(1) =
vs f

c
√

c2− v2
s f 2

∂t +

√

c2− v2
s f 2

c
∂x, e(2) = ∂y, e(3) = ∂z. (2.8.6)

Further reading:
Pfenning[PF97], Clark[CHL99], Van Den Broeck[Bro99]
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2.9 Barriola-Vilenkin monopol

The Barriola Vilenkin metric reads[BV89]

ds2 = −c2dt2 + dr2 + k2r2(dϑ 2 +sin2ϑ dϕ2) , (2.9.1)

where k is the scaling factor.

Christoffel symbols:

Γr
ϑϑ = −k2r, Γr

ϕϕ = −k2rsin2 ϑ , Γϑ
rϑ =

1
r
, (2.9.2a)

Γϑ
ϕϕ = −sinϑ cosϑ , Γϕ

rϕ =
1
r
, Γϕ

ϑϕ = cotϑ . (2.9.2b)

Riemann-Tensor:

Rϑϕϑϕ = (1− k2)k2r2sin2 ϑ . (2.9.3)

Ricci tensor, Ricci and Kretschman scalar:

Rϑϑ = (1− k2), Rϕϕ = (1− k2)sin2 ϑ , R = 2
1− k2

k2r2 , K = 4
(1− k2)2

k4r4 . (2.9.4)

Weyl-Tensor:

Ctrtr = −c2(1− k2)

3k2r2 , Ctϑ tϑ =
c2

6
(1− k2), Ctϕtϕ =

c2

6
(1− k2)sin2 ϑ , (2.9.5a)

Crϑ rϑ = −1
6
(1− k2), Crϕrϕ = −1

6
(1− k2)sin2 ϑ , Cϑϕϑϕ =

k2r2

3
(1− k2)sin2 ϑ . (2.9.5b)

Local tetrad:

e(t) =
1
c

∂t , e(r) = ∂r, e(ϑ ) =
1
kr

∂ϑ , e(ϕ) =
1

kr sinϑ
∂ϕ . (2.9.6)

Dual tetrad:

θ (t) = cdt, θ (r) = dr, θ (ϑ ) = kr dϑ , θ (ϕ) = krsinϑ dϕ . (2.9.7)

Ricci rotation coefficients:

γ(ϑ )(r)(ϑ ) = γ(ϕ)(r)(ϕ) =
1
r
, γ(ϕ)(ϑ )(ϕ) =

cotϑ
kr

. (2.9.8)

The contractions of the Ricci rotation coefficients read

γ(r) =
2
r
, γ(ϑ ) =

cotϑ
kr

. (2.9.9)

Riemann-Tensor with respect to local tetrad:

R(ϑ )(ϕ)(ϑ )(ϕ) =
1− k2

k2r2 . (2.9.10)

Ricci-Tensor with respect to local tetrad:

R(ϑ )(ϑ ) = R(ϕ)(ϕ) =
1− k2

k2r2 . (2.9.11)

Weyl-Tensor with respect to local tetrad:

C(t)(r)(t)(r) = −C(ϑ )(ϕ)(ϑ )(ϕ) = −1− k2

3k2r2 , (2.9.12a)

C(t)(ϑ )(t)(ϑ ) = C(t)(ϕ)(t)(ϕ) = −C(r)(ϑ )(r)(ϑ ) = −C(r)(ϕ)(r)(ϕ) =
1− k2

6k2r2 . (2.9.12b)
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2.10 Gödel Universe

Gödel introduced a homogeneous and rotating universe model in [Göd49]. We follow the nota-
tion of [KWSD04]

2.10.1 Cylindrical coordinates

The Gödel metric in cylindrical coordinates is

ds2 = −c2dt2 +
dr2

1+[r/(2a)]2
+ r2

[

1−
( r

2a

)2
]

dϕ2 + dz2−2r2 c√
2a

dtdϕ , (2.10.1)

where 2a is the Gödel radius.

Christoffel symbols:

Γt
tr =

r
2a2

1
1+[r/(2a)]2

, Γϕ
tr = − c√

2ar

1
1+[r/(2a)]2

, (2.10.2a)

Γr
tϕ =

cr√
2a

[

1+
( r

2a

)]2
, Γr

rr = − r
4a2

1
1+[r/(2a)]2

, (2.10.2b)

Γt
rϕ =

r3

4
√

2ca3

1
1+[r/(2a)]2

, Γϕ
rϕ =

1
r

1
1+[r/(2a)]2

, (2.10.2c)

Γr
ϕϕ = r

[

1+
( r

2a

)2
][

1− 1
2

( r
a

)2
]

. (2.10.2d)

Riemann-Tensor:

Rtrtr =
c2

2a2

1
1+[r/(2a)]2

, Rtrrϕ = − cr2

2
√

2a3

1
1+[r/(2a)]2

, (2.10.3a)

Rtϕtϕ =
c2r2

2a2

1
1+[r/(2a)]2

, Rrϕrϕ =
r2

2a2

1+3[r/(2a)]2

1+[r/(2a)]2
. (2.10.3b)

Ricci-Tensor:

Rtt =
c2

a2 , Rtϕ =
r2c√
2a3

, Rϕϕ =
r4

2a4 . (2.10.4)

Ricci and Kretschman scalar

R = − 1
a2 , K =

3
a4 . (2.10.5)

cosmological constant:

Λ =
R
2

(2.10.6)

Killing vectors:
An infinitesimal isometric transformation x′µ = xµ + εξ µ(xν) leaves the metric unchanged, that
is g′µν(x′σ ) = gµν(x′σ ). A killing vector field ξ µ is solution to the killing equation ξµ;ν + ξν;µ = 0.
There exist five killing vector fields in Gödel’s spacetime:

ξ
a

µ =









1
0
0
0









, ξ
b

µ =
1

√

1+[r/(2a)]2









r√
2c

cosϕ
a
(

1+[r/(2a)]2
)

sinϕ
a
r

(

1+2[r/(2a)]2
)

cosϕ
0









, ξ
c

µ =









0
0
1
0









, (2.10.7a)

ξ
d

µ =









0
0
0
1









, ξ
e

µ =
1

√

1+[r/(2a)]2









r√
2c

sinϕ
−a
(

1+[r/(2a)]2
)

cosϕ
a
r

(

1+2[r/(2a)]2
)

sinϕ
0









. (2.10.7b)
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An arbitrary linear combination of killing vector fields is again a killing vector field.

Local tetrad:
For the local tetrad in Gödel’s spacetime an ansatz similar to the local tetrad of a rotating space-
time in spherical coordinates (Sec. 1.3.5) can be used. After substituting ϑ → z and swapping base
vectors e(2) and e(3) an orthonormalized and right-handed local tetrad is obtained.

e(0) = Γ
(

∂t + ζ∂ϕ
)

, e(1) =
√

1+[r/(2a)]2∂r, e(2) = ∆Γ
(

A∂t + B∂ϕ
)

, e(3) = ∂z, (2.10.8a)

where

A = − r2c√
2a

+ ζ r2(1− [r/(2a)]2
)

, B = c2 +
ζ r2c√

2a
, (2.10.9a)

Γ =
1

√

c2 + ζ r2c
√

2/a− ζ 2r2 (1− [r/(2a)]2)
, ∆ =

1

rc
√

1+[r/(2a)]2
. (2.10.9b)

Transformation between local direction y(i) and coordinate direction yµ :

y0 = y(0)Γ+ y(2)∆ΓA, y1 = y(1)
√

1+[r/(2a)]2, y2 = y(0)Γζ + y(2)∆ΓB, y3 = y(3). (2.10.10)

with the above abbreviations.

2.10.2 Scaled cylindrical coordinates

If we apply the simple transformation

T =
t

rG
, R =

r
rG

, φ = ϕ , Z =
z

rG
, (2.10.11)

with rG = 2a, we find a formulation for the metric scaling with rG, which is

ds2 = r2
G

(

−c2dT 2 +
dR2

1+ R2 + R2(1−R2)Dφ2 + dZ2−2
√

2cR2 dTdφ
)

. (2.10.12)

Christoffel symbols:

ΓT
T R =

2R
1+ R2 , Γφ

T R = −
√

2c
R(1+ R2)

, (2.10.13a)

ΓR
T φ =

√
2cR(1+ R2), ΓR

RR = − R
1+ R2 , (2.10.13b)

ΓT
Rφ =

√
2R3

c(1+ R2)
, Γφ

Rφ =
1

R(1+ R2)
, (2.10.13c)

ΓR
φφ = R(1+ R2)(2R2−1). (2.10.13d)

Riemann-Tensor:

RT RT R =
2r2

Gc2

1+ R2 , RT RRφ = −2
√

2r2
GcR2

1+ R2 , (2.10.14a)

RTφT φ = 2c2r2
GR2(1+ R2), RRφRφ =

2r2
GR2(1+3R2)

1+ R2 . (2.10.14b)

Ricci-Tensor:

RTT = 4c2, RT φ = 4
√

2cR2, Rφφ = 8R4. (2.10.15)

Ricci and Kretschman scalar

R = − 4

r2
G

, K =
48

r4
G

. (2.10.16)
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cosmological constant:

Λ =
R
2

(2.10.17)

Killing vectors:
The Killing vectors read

ξ
a

µ =









1
0
0
0









, ξ
b

µ =
1√

1+ R2









R√
2c

cosϕ
1
2(1+ R2)sinϕ

1
2R(1+2R2)cosϕ

0









, ξ
c

µ =









0
0
1
0









, (2.10.18a)

ξ
d

µ =









0
0
0
1









, ξ
e

µ =
1√

1+ R2









R√
2c

sinϕ
− 1

2(1+ R2)cosϕ
1

2R(1+2R2)sinϕ
0









. (2.10.18b)

Local tetrad:
After the transformation to scaled cylindrical coordinates, the local tetrad reads

e(0) =
Γ
rG

(

∂T + ζ∂φ
)

, e(1) =
1
rG

√

1+ R2∂R, e(2) =
∆Γ
rG

(

A∂T + B∂φ
)

, e(3) =
1
rG

∂Z,

(2.10.19a)

where

A = R2
[

−
√

2c +(1−R2)ζ
]

, B = c2 +
√

2R2cζ , (2.10.20a)

Γ =
1

√

c2 +2
√

2R2cζ −R2(1−R2)ζ 2
, ∆ =

1

Rc
√

1+ R2
. (2.10.20b)

Transformation between local direction y(i) and coordinate direction yµ :

y0 =
Γ
rG

y(0) +
∆ΓA
rG

y(2), y1 =
1
rG

√

1+ R2y(1), y2 =
Γζ
rG

y(0) +
∆ΓB
rG

y(2), y3 =
1
rG

y(3),

(2.10.21)

and the back transformation is given by

y(0) =
rG

Γ
By0−Ay2

B− ζA
, y(1) =

rG√
1+ R2

y1, y(2) =
rG

∆Γ
y2− ζy0

B− ζA
, y(3) = rGy3. (2.10.22a)



38 CHAPTER 2. SPACETIMES

2.11 De-Sitter spacetime

The de-Sitter spacetime describes a spherically symmetric spacetime that satisfies the Einstein
field equations with Λ 6= 0. For further reading see also [Tol34, sec. 142]

2.11.1 Standard-Form

The de-Sitter spacetime in its original form reads:

ds2 = −
(

1− Λ
3

r2
)

c2dt2 +

(

1− Λ
3

r2
)−1

dr2 + r2(dϑ 2 +sin(ϑ)2dϕ2) . (2.11.1)

Christoffel symbols:

Γr
tt =

(Λr2−3)

9
c2Λr, Γt

tr =
Λr

Λr2−3
, Γr

rr =
Λr

3−Λr2 ,

Γϑ
rϑ =

1
r
, Γφ

rφ =
1
r
, Γr

ϑϑ =
(Λr2−3)r

3
,

Γφ
ϑφ = cot(ϑ), Γr

φφ =
Λr2−3

3
rsin2(ϑ), Γϑ

φφ = −sin(ϑ)cos(ϑ).

(2.11.2)

Riemann-Tensor:

Rtrtr = −Λ
3

c2, Rtϑ tϑ = −3−Λr2

9
c2Λr2, Rtϕtϕ = −3−Λr2

9
c2Λr2 sin(ϑ)2,

(2.11.3a)

Rrϑ rϑ =
Λr2

−Λr2 +3
, Rrϕrϕ =

Λr2 sin(θ )2

−Λr2 +3
, Rϑϕϑϕ =

r4sin2(θ )Λ
3

. (2.11.3b)

Ricci-Tensor:

Rtt =
Λr2−3

3
c2Λ, Rrr =

3Λ
3−Λr2 , Rϑϑ = Λr2, Rϕϕ = r2 sin2(ϑ)Λ. (2.11.4)

The Ricci scalar and Kretschman scalar read:

R = 4Λ, K =
8
3

Λ2. (2.11.5)

Local tetrad:

e(t) =

√

3
3−Λr2

c
∂t , e(r) =

√

1− Λr2

3
∂r, e(ϑ ) =

1
r

∂ϑ , e(ϕ) =
1

rsin(ϑ)
∂ϕ . (2.11.6)

Ricci rotation coefficients:

γ(t)(r)(t) = − Λr√
9−3Λr2

, γ(ϑ )(r)(ϑ ) = γ(ϕ)(r)(ϕ) =

√
9−3Λr2

3r
, γ(ϕ)(ϑ )(ϕ) =

cotϑ
r

. (2.11.7)

The contractions of the Ricci rotation coefficients read

γ(r) =

√
9−3Λr2(Λr2−2)

(Λr2−3)r
, γ(ϑ ) =

cotϑ
r

. (2.11.8)

Riemann-Tensor with respect to local tetrad:

−R(t)(r)(t)(r) =−R(t)(ϑ )(t)(ϑ ) =−R(t)(ϕ)(t)(ϕ) = R(r)(ϑ )(r)(ϑ ) = R(r)(ϕ)(r)(ϕ) = R(ϑ )(ϕ)(ϑ )(ϕ) =
1
3

Λ. (2.11.9)

Ricci-Tensor with respect to local tetrad:

−R(t)(t) = R(r)(r) = R(ϑ )(ϑ ) = R(ϕ)(ϕ) = Λ. (2.11.10)
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2.11.2 Lemaı̂tre-Robinson

The de-Sitter spacetime in the form found by Lemaı̂tre and Robinson reads:

ds2 = −c2dt2 + e2Ht [dr2 + r2(dϑ 2 +sin(ϑ)2dϕ2)] . (2.11.11)

with Hubble’s Parameter H =
√

Λc2

3 , which is assumed here to be time-independent.

This a special case of the first and second form of the Friedman-Robertson-Walker metric defined
in equations 2.13.2 and 2.13.12 with R(t) = eHt and k = 0.
Christoffel symbols:

Γr
tr = H, Γϑ

tϑ = H, Γϕ
tϕ = H,

Γt
rr =

e2HtH
c2 , Γϑ

rϑ =
1
r
, Γϕ

rϕ =
1
r
,

Γt
ϑϑ =

e2Htr2H
c2 , Γr

ϑϑ = −r, Γϕ
ϑϕ = cot(ϑ),

Γt
ϕϕ =

e2Htr2 sin2(θ )H
c2 , Γr

ϕϕ = −rsin(ϑ)2, Γϑ
ϕϕ = −sin(ϑ)cos(ϑ).

(2.11.12)

Riemann-Tensor:

Rtrtr = −e2HtH2, Rtϑ tϑ = −e2Htr2H2,

Rtϕtϕ = −e2Htr2sin2(ϑ)H2, Rrϑ rϑ =
e4Htr2H2

c2 ,

Rrϕrϕ =
e4Htr2 sin2(ϑ)H2

c2 , Rϑϕϑϕ =
e4Htr4sin2(ϑ)H2

c2 .

(2.11.13)

Ricci-Tensor:

Rtt = −3H2, Rrr = 3
e2HtH2

c2 , Rϑϑ = 3
e2Htr2H2

c2 , Rϕϕ = 3
e2Htr2sin2(ϑ)H2

c2 . (2.11.14)

The Ricci scalar and Kretschman scalar read:

R =
12H2

c2 , K =
24H4

c4 . (2.11.15)

Local tetrad:

e(t) =
1
c

∂t , e(r) = e−Ht∂r, e(ϑ ) =
e−Ht

r
∂ϑ , e(ϕ) =

e−Ht

rsinϑ
∂ϕ . (2.11.16)

Ricci rotation coefficients:

γ(r)(t)(r) = γ(ϑ )(t)(ϑ ) = γ(ϕ)(t)(ϕ) =
H
c

γ(ϑ )(r)(ϑ ) = γ(ϕ)(r)(ϕ) =
1

eHtr
, γ(ϕ)(ϑ )(ϕ) =

cot(θ )

eHtr
.

(2.11.17)

The contractions of the Ricci rotation coefficients read

γ(t) = 3
H
c

, γ(r) =
2

eHtr
,γ(ϑ ) =

cot(θ )

eHt r
. (2.11.18)

Riemann-Tensor with respect to local tetrad:

R(t)(r)(t)(r) = R(t)(ϑ )(t)(ϑ ) = R(t)(ϕ)(t)(ϕ) = −H2

c2

R(r)(ϑ )(r)(ϑ ) = R(r)(ϕ)(r)(ϕ) = R(ϑ )(ϕ)(ϑ )(ϕ) =
H2

c2 .

(2.11.19)

Ricci-Tensor with respect to local tetrad:

−R(t)(t) = R(r)(r) = R(ϑ )(ϑ ) = R(ϕ)(ϕ) = 3
H2

c2 . (2.11.20)
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Lemaı̂tre-Robinson in cartesian coordinates

The Lemaı̂tre and Robinson Form of de-Sitter space can also be expressed using cartesian coordi-
nates:

ds2 = −c2dt2 + e2Ht {dx2 + dy2+ dz2} (2.11.21)

The Christoffel symbols:

Γx
tx = H, Γy

ty = H, Γz
tz = H,

Γt
xx =

e2HtH
c2 , Γt

yy =
e2Ht H

c2 , Γt
zz =

e2HtH
c2 .

(2.11.22)

The Riemann-Tensor:

Rtxtx = Rtxtx = Rtztz = −e2HtH2,

Rxyxy = Rxzxz = Ryzyz =
e4HtH2

c2 .
(2.11.23)

The Ricci-Tensor:

Rtt = −3H2, Rxx = Ryy = Rzz = 3
e2HtH2

c2 . (2.11.24)

The Ricci scalar and Kretschman scalar read:

R = 12
H2

c2 , K = 24
H4

c4 . (2.11.25)

Local tetrad:

e(t) =
1
c

∂t , e(x) = e−Ht∂x, e(y) = e−Ht∂y, e(z) = e−Ht∂z. (2.11.26)

Ricci rotation coefficients:

γ(x)(t)(x) = γ(y)(t)(y) = γ(z)(t)(z) =
H
c

. (2.11.27)

The contractions of the Ricci rotation coefficients read

γ(t) = 3
H
c

. (2.11.28)

Riemann-Tensor with respect to local tetrad:

R(t)(x)(t)(x) = R(t)(y)(t)(y) = R(t)(z)(t)(z) = −H2

c2

R(x)(y)(x)(y) = R(x)(z)(x)(z) = R(y)(z)(y)(z) =
H2

c2 .

(2.11.29)

Ricci-Tensor with respect to local tetrad:

−R(t)(t) = R(x)(x) = R(y)(y) = R(z)(z) = 3
H2

c2 . (2.11.30)
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2.12 Kottler spacetime

The Kottler (Schwarzschild-deSitter) spacetime is represented in spherical coordinates (t,r,ϑ ,ϕ)
by the line element

ds2 = −
(

1− rs

r
− Λr2

3

)

c2dt2 +
1

1− rs/r−Λr2/3
dr2 + r2dΩ2, (2.12.1)

where rs = 2GM/c2 is the Schwarzschild radius, G is Newton’s constant, c is the speed of light, M
is the mass of the black hole, and Λ is the cosmological constant.
For the following, we define the two abbreviations

α = 1− rs

r
− Λr2

r
and β =

rs

r
− 2Λ

3
r2. (2.12.2)

Christoffel symbols:

Γr
tt =

c2αβ
2r

, Γt
tr =

β
2rα

, Γr
rr = − β

2rα)
, (2.12.3a)

Γϑ
rϑ =

1
r
, Γϕ

rϕ =
1
r
, Γr

ϑϑ = −αr, (2.12.3b)

Γϕ
ϑϕ = cotϑ , Γr

ϕϕ = −αrsin2 ϑ , Γϑ
ϕϕ = −sinϑ cosϑ . (2.12.3c)

Riemann-Tensor:

Rtrtr = −c2
(

3rs + Λr3
)

3r3 , Rtϑ tϑ =
1
2

c2αβ , (2.12.4a)

Rtϕtϕ =
1
2

c2αβ sin2 ϑ , Rrϑ rϑ = − β
2α

, (2.12.4b)

Rrϕrϕ = − β
2α

sin2 ϑ , Rϑϕϑϕ = r

(

rs +
Λr3

3

)

sin2 ϑ . (2.12.4c)

Ricci-Tensor:

Rtt = −c2αΛ, Rrr =
Λ
α

, Rϑϑ = Λr2, Rϕϕ = Λr2 sin2 ϑ . (2.12.5)

The Ricci scalar and the Kretschman scalar read

R = 4Λ, K = 12
r2

s

r6 +
8Λ2

3
. (2.12.6)

Weyl-Tensor:

Ctrtr = −c2rs

r3 , Ctϑ tϑ =
c2αrs

2r
, Ctϕtϕ =

c2αrs sin2 ϑ
2r

, (2.12.7a)

Crϑ rϑ = − rs

2rα
, Crϕrϕ = − rs sin2 ϑ

2rα
, Cϑϕϑϕ = rrs sin2 ϑ . (2.12.7b)

Local tetrad:

e(t) =
1

c
√

α
∂t , e(r) =

√
α∂r, e(ϑ ) =

1
r

∂ϑ , e(ϕ) =
1

rsinϑ
∂ϕ . (2.12.8)

Dual tetrad:

θ (t) = c
√

α dt, θ (r) =
dr√

α
, θ (ϑ ) = r dϑ , θ (ϕ) = rsinϑ dϕ . (2.12.9)
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Ricci rotation coefficients:

γ(r)(t)(t) =
rs − 2

3Λr3

2r2
√

α
, γ(ϑ )(r)(ϑ ) = γ(ϕ)(r)(ϕ) =

√
α

r
, γ(ϕ)(ϑ )(ϕ) =

cotϑ
r

. (2.12.10)

The contractions of the Ricci rotation coefficients read

γ(r) =
4r−3rs −2Λr3

2r2
√

α
, γ(ϑ ) =

cotϑ
r

. (2.12.11)

Riemann-Tensor with respect to local tetrad:

R(t)(r)(t)(r) = −R(ϑ )(ϕ)(ϑ )(ϕ) = −Λr3 +3rs

3r3 , (2.12.12a)

R(t)(ϑ )(t)(ϑ ) = R(t)(ϕ)(t)(ϕ) = −R(r)(ϑ )(r)(ϑ ) = −R(r)(ϕ)(r)(ϕ) =
3rs −2Λr3

6r3 . (2.12.12b)

Weyl-Tensor with respect to local tetrad:

C(t)(r)(t)(r) = −C(ϑ )(ϕ)(ϑ )(ϕ) = − rs

r3 , (2.12.13a)

C(t)(ϑ )(t)(ϑ ) = C(t)(ϕ)(t)(ϕ) = −C(r)(ϑ )(r)(ϑ ) = −C(r)(ϕ)(r)(ϕ) =
rs

2r3 . (2.12.13b)

Further reading:
Kottler[Kot18], Weyl[Wey19], Hackmann[HL08]
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2.13 Friedmann-Robertson-Walker

The Friedmann-Robertson-Walker metric describes a general homogeneous and isotropic uni-
verse. In a general form it reads:

ds2 = −c2dt2 + R2dσ2 (2.13.1)

With R = R(t) being an arbitrary function of time only and dσ2 being a metric of a 3-space of
constant curvature, for which three explicit forms will be described here.
In all formulas in this section a dot denotes differentiation with respect to t, e.g. Ṙ = dR(t)/dt.

2.13.1 Form 1

ds2 = −c2dt2 + R2
{

dη2

1− kη2 + η2(dϑ 2 +sin(ϑ)2dϕ2)
}

(2.13.2)

Christoffel symbols:

Γη
tη =

Ṙ
R

, Γϑ
tϑ =

Ṙ
R

, Γϕ
tϕ =

Ṙ
R

,

Γt
ηη =

RṘ
c2(1− kη2)

, Γη
ηη =

kη
1− kη2 , Γϑ

ηϑ =
1
η

,

Γϕ
ηϕ =

1
η

, Γt
ϑϑ =

Rη2Ṙ
c2 , Γη

ϑϑ = (kη2−1)η ,

Γϕ
ϑϕ = cot(ϑ), Γt

ϕϕ =
Rη2sin(ϑ)2Ṙ

c2 , Γη
ϕϕ = (kη2−1)η sin(ϑ)2,

Γϑ
ϕϕ = −sin(ϑ)cos(ϑ).

(2.13.3)

Riemann-Tensor:

Rtηtη =
RR̈

kη2−1
, Rtϑ tϑ = −Rη2R̈,

Rtϕtϕ = −Rη2sin2(ϑ)R̈, Rηϑηϑ = −R2η2
(

Ṙ2 + kc2
)

c2(kη2−1)
,

Rηϕηϕ = −R2η2sin2(ϑ)
(

Ṙ2 + kc2
)

c2(kη2−1)
, Rϑϕϑϕ =

R2η4sin2(ϑ)
(

Ṙ2 + kc2
)

c2 .

(2.13.4)

Ricci-Tensor:

Rtt = −3
R̈
R

, Rηη =
RR̈+2(Ṙ2+ kc2)

c2(1− kη2)
,

Rϑϑ = η2 RR̈+2(Ṙ2+ kc2)

c2 , Rϕϕ = η2sin(ϑ)2 RR̈+2(Ṙ2+ kc2)

c2 .

(2.13.5)

The Ricci scalar and Kretschman scalar read:

R = 6
RR̈+ Ṙ2 + kc2

R2c2 , K = 12
R̈2R2 + Ṙ4+2Ṙ2kc2 + k2c4

R4c4 . (2.13.6)

Local tetrad:

e(t) =
1
c

∂t , e(η) =

√

1− kη2

R
∂η , eϑ =

1
Rη

∂ϑ , eϕ =
1

Rη sinϑ
∂ϕ . (2.13.7)
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Ricci rotation coefficients:

γ(η)(t)(η) = γ(ϑ )(t)(ϑ ) = γ(ϕ)(t)(ϕ) =
Ṙ
Rc

γ(ϑ )(η)(ϑ ) = γ(ϕ)(η)(ϕ) =

√

1− kη2

Rη
,

γ(ϕ)(ϑ )(ϕ) =
cotϑ
Rη

.

(2.13.8)

The contractions of the Ricci rotation coefficients read

γ(t) =
3Ṙ
Rc

, γ(r) =
2
√

1− kη2

Rη
, γ(ϑ ) =

cotϑ
Rη

. (2.13.9)

Riemann-Tensor with respect to local tetrad:

R(t)(η)(t)(η) = R(t)(ϑ )(t)(ϑ ) = R(t)(ϕ)(t)(ϕ) = − R̈
Rc2

R(η)(ϑ )(η)(ϑ ) = R(η)(ϕ)(η)(ϕ) = R(ϑ )(ϕ)(ϑ )(ϕ) =
Ṙ2 + kc2

R2c2 .

(2.13.10)

Ricci-Tensor with respect to local tetrad:

R(t)(t) = − 3R̈
Rc2 , R(r)(r) = R(ϑ )(ϑ ) = R(ϕ)(ϕ) =

RR̈+2Ṙ2+2kc2

R2c2 . (2.13.11)

2.13.2 Form 2

ds2 = −c2dt2 +
R2

(1+ k
4r2)2

{

dr2 + r2(dϑ 2 +sin(ϑ)2dϕ2)
}

(2.13.12)

Christoffel symbols:

Γr
tr =

Ṙ
R

, Γϑ
tϑ =

Ṙ
R

, Γϕ
tϕ =

Ṙ
R

,

Γt
rr = 16

RṘ
c2(4+ kr2)2 , Γr

rr = − 2kr
4+ kr2 , Γϑ

rϑ =
4− kr2

(4+ kr2)r
,

Γϕ
rϕ =

4− kr2

(4+ kr2)r
, Γt

ϑϑ = 16
Rr2Ṙ

c2(4+ kr2)2 , Γr
ϑϑ =

r(kr2−4)

4+ kr2 ,

Γϕ
ϑϕ = cot(ϑ), Γt

ϕϕ = 16
Rr2sin(ϑ)2Ṙ
c2(4+ kr2)2 , Γr

ϕϕ =
rsin(ϑ)2(kr2−4)

4+ kr2 ,

Γϑ
ϕϕ = −sin(ϑ)cos(ϑ).

(2.13.13)

Riemann-Tensor:

Rtrtr = −16
RR̈

(4+ kr2)2 , Rtϑ tϑ = −16
Rr2R̈

(4+ kr2)2 , (2.13.14a)

Rtϕtϕ = −16
Rr2sin2(ϑ)R̈
(4+ kr2)2 , Rrϑ rϑ = 256

R2r2
(

Ṙ2 + kc2
)

c2(4+ kr2)4 , (2.13.14b)

Rrϕrϕ = 256
R2r2sin2(ϑ)

(

Ṙ2 + kc2
)

c2(4+ kr2)4 , Rϑϕϑϕ = 256
R2r4 sin(ϑ)2

(

Ṙ2 + kc2
)

c2(4+ kr2)4 . (2.13.14c)

Ricci-Tensor:

Rtt = −3
R̈
R

, Rrr = 16
RR̈+2(Ṙ2+ kc2)

c2(4+ kr2)2 ,

Rϑϑ = 16r2 RR̈+2(Ṙ2+ kc2)

c2(4+ kr2)2 , Rϕϕ = 16r2sin(ϑ)2 RR̈+2(Ṙ2+ kc2)

c2(4+ kr2)2 .

(2.13.15)
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The Ricci scalar and Kretschman scalar read:

R = 6
RR̈+ Ṙ2 + kc2

R2c2 , K = 12
R̈2R2 + Ṙ4+2Ṙ2kc2 + k2c4

R4c4 . (2.13.16)

Local tetrad:

e(t) =
1
c

∂t , e(r) =
1+ k

4r2

R
∂r, eϑ =

1+ k
4r2

Rr
∂ϑ , eϕ =

1+ k/4r2

Rrsinϑ
∂ϕ . (2.13.17)

Ricci rotation coefficients:

γ(r)(t)(r) = γ(ϑ )(t)(ϑ ) = γ(ϕ)(t)(ϕ) =
Ṙ
Rc

γ(ϑ )(r)(ϑ ) = γ(ϕ)(r)(ϕ) = −
k
4r2−1

Rr
,

γ(ϕ)(ϑ )(ϕ) =
( k

4r2 +1)cotϑ
Rr

.

(2.13.18)

The contractions of the Ricci rotation coefficients read

γ(t) =
3Ṙ
Rc

, γ(r) = 2
1− k

4r2

Rr
, γ(ϑ ) =

( k
4r2 +1)cotϑ

Rr
. (2.13.19)

Riemann-Tensor with respect to local tetrad:

R(t)(η)(t)(η) = R(t)(ϑ )(t)(ϑ ) = R(t)(ϕ)(t)(ϕ) = − R̈
Rc2

R(η)(ϑ )(η)(ϑ ) = R(η)(ϕ)(η)(ϕ) = R(ϑ )(ϕ)(ϑ )(ϕ) =
Ṙ2 + kc2

R2c2 .

(2.13.20)

Ricci-Tensor with respect to local tetrad:

R(t)(t) = − 3R̈
Rc2 , R(r)(r) = R(ϑ )(ϑ ) = R(ϕ)(ϕ) =

RR̈+2Ṙ2+2kc2

R2c2 . (2.13.21)

2.13.3 Form 3

The following forms of the metric are obtained from 2.13.2 by setting η = sin(ψ),ψ ,sinh(ψ) for
k = 1,0,−1 respectively.

Positive Curvature

ds2 = −c2dt2 + R2{dψ2 +sin(ψ)2(dϑ 2 +sin(ϑ)2dϕ2)} (2.13.22)

Christoffel symbols:

Γψ
tψ =

Ṙ
R

, Γϑ
tϑ =

Ṙ
R

, Γϕ
tϕ =

Ṙ
R

,

Γt
ψψ =

RṘ
c2 , Γϑ

ψϑ = cot(ψ), Γϕ
ψϕ = cot(ψ),

Γt
ϑϑ =

Rsin(ψ)2Ṙ
c2 , Γψ

ϑϑ = −sin(ψ)cos(ψ), Γϕ
ϑϕ = cot(ϑ),

Γt
ϕϕ =

Rsin(ψ)2sin(ϑ)2Ṙ
c2 , Γψ

ϕϕ = −sin(ψ)cos(ψ)sin(ϑ)2, Γϑ
ϕϕ = −sin(ϑ)cos(ϑ).

(2.13.23)
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Riemann-Tensor:

Rtψtψ = −RR̈, Rtϑ tϑ = −Rsin(ψ)2R̈,

Rtϕtϕ = −Rsin(ψ)2 sin2(ϑ)R̈, Rψϑψϑ =
R2sin(ψ)2

(

Ṙ2 + c2
)

c2 ,

Rψϕψϕ =
R2sin(ψ)2sin2(ϑ)

(

Ṙ2 + c2
)

c2 , Rϑϕϑϕ =
R2sin(ψ)4 sin2(ϑ)

(

Ṙ2 + c2
)

c2 .

(2.13.24)

Ricci-Tensor:

Rtt = −3
R̈
R

, Rψψ =
RR̈+2(Ṙ2+ c2)

c2 ,

Rϑϑ = sin(ψ)2 RR̈+2(Ṙ2+ c2)

c2 , Rϕϕ = sin(ϑ)2 sin(ψ)2 RR̈+2(Ṙ2+ c2)

c2 .

(2.13.25)

The Ricci scalar and Kretschman read

R = 6
RR̈+ Ṙ2+ c2

R2c2 , K = 12
R̈2R2 + Ṙ4+2Ṙ2c2 + c4

R4c4 . (2.13.26)

Local tetrad:

e(t) =
1
c

∂t , e(ψ) =
1
R

∂ψ , eϑ =
1

Rsin(ψ)
∂ϑ , eϕ =

1
Rsin(ψ)sinϑ

∂ϕ . (2.13.27)

Ricci rotation coefficients:

γ(ψ)(t)(ψ) = γ(ϑ )(t)(ϑ ) = γ(ϕ)(t)(ϕ) =
Ṙ
Rc

γ(ϑ )(ψ)(ϑ ) = γ(ϕ)(ψ)(ϕ) =
cotψ

R
,

γ(ϕ)(ϑ )(ϕ) =
cotθ

Rsinψ
.

(2.13.28)

The contractions of the Ricci rotation coefficients read

γ(t) =
3Ṙ
Rc

, γ(r) = 2
cotψ

R
, γ(ϑ ) =

cotϑ
Rsinψ

. (2.13.29)

Riemann-Tensor with respect to local tetrad:

R(t)(ψ)(t)(ψ) = R(t)(ϑ )(t)(ϑ ) = R(t)(ϕ)(t)(ϕ) = − R̈
Rc2 ,

R(ψ)(ϑ )(ψ)(ϑ ) = R(ψ)(ϕ)(ψ)(ϕ) = R(ϑ )(ϕ)(ϑ )(ϕ) =
Ṙ2 + c2

R2c2 .

(2.13.30)

Ricci-Tensor with respect to local tetrad:

R(t)(t) = − 3R̈
Rc2 , R(ψ)(ψ) = R(ϑ )(ϑ ) = R(ϕ)(ϕ) =

RR̈+2(Ṙ2+ c2)

R2c2 . (2.13.31)

Vanishing Curvature

ds2 = −c2dt2 + R2{dψ2 + ψ2(dϑ 2 +sin(ϑ)2dϕ2)} (2.13.32)

The Christoffel symbols:

Γψ
tψ =

Ṙ
R

, Γϑ
tϑ =

Ṙ
R

, Γϕ
tϕ =

Ṙ
R

,

Γt
ψψ =

RṘ
c2 , Γϑ

ψϑ =
1
ψ

, Γϕ
ψϕ =

1
ψ

,

Γt
ϑϑ =

Rψ2Ṙ
c2 , Γψ

ϑϑ = −ψ , Γϕ
ϑϕ = cot(ϑ),

Γt
ϕϕ =

Rψ2sin(ϑ)2Ṙ
c2 , Γψ

ϕϕ = −ψ sin(ϑ)2, Γϑ
ϕϕ = −sin(ϑ)cos(ϑ).

(2.13.33)
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Riemann-Tensor:

Rtψtψ = −RR̈, Rtϑ tϑ = −Rψ2R̈,

Rtϕtϕ = −Rψ2sin2(ϑ)R̈, Rψϑψϑ =
R2ψ2Ṙ2

c2 ,

Rψϕψϕ =
R2ψ2sin2(ϑ)Ṙ2

c2 , Rϑϕϑϕ =
R2ψ4sin2(ϑ)Ṙ2

c2 .

(2.13.34)

Ricci-Tensor:

Rtt = −3
R̈
R

, Rψψ =
RR̈+2Ṙ2

c2 ,

Rϑϑ = ψ2 RR̈+2Ṙ2

c2 , Rϕϕ = sin(ϑ)2ψ2 RR̈+2Ṙ2

c2 .

(2.13.35)

The Ricci scalar and Kretschman read

R = 6
RR̈+ Ṙ2

R2c2 , K = 12
R̈2R2 + Ṙ4

R4c4 . (2.13.36)

Local tetrad:

e(t) =
1
c

∂t , e(ψ) =
1
R

∂ψ , eϑ =
1

Rψ
∂ϑ , eϕ =

1
Rψ sinϑ

∂ϕ . (2.13.37)

Ricci rotation coefficients:

γ(ψ)(t)(ψ) = γ(ϑ )(t)(ϑ ) = γ(ϕ)(t)(ϕ) =
Ṙ
Rc

γ(ϑ )(ψ)(ϑ ) = γ(ϕ)(ψ)(ϕ) =
1

Rψ
,

γ(ϕ)(ϑ )(ϕ) =
cot(ϑ)

Rψ
.

(2.13.38)

The contractions of the Ricci rotation coefficients read

γ(t) =
3Ṙ
Rc

, γ(r) =
2

Rψ
,

γ(ϑ ) =
cotϑ
Rψ

.

(2.13.39)

Riemann-Tensor with respect to local tetrad:

R(t)(ψ)(t)(ψ) = R(t)(ϑ )(t)(ϑ ) = R(t)(ϕ)(t)(ϕ) = − R̈
Rc2 ,

R(ψ)(ϑ )(ψ)(ϑ ) = R(ψ)(ϕ)(ψ)(ϕ) = R(ϑ )(ϕ)(ϑ )(ϕ) =
Ṙ2

R2c2 .

(2.13.40)

Ricci-Tensor with respect to local tetrad:

R(t)(t) = − 3R̈
Rc2 , R(ψ)(ψ) = R(ϑ )(ϑ ) = R(ϕ)(ϕ) =

RR̈+2Ṙ2

R2c2 . (2.13.41)

Negative Curvature

ds2 = −c2dt2 + R2{dψ2 +sinh(ψ)2(dϑ 2 +sin(ϑ)2dϕ2)} (2.13.42)
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Christoffel symbols:

Γψ
tψ =

Ṙ
R

, Γϑ
tϑ =

Ṙ
R

, Γϕ
tϕ =

Ṙ
R

,

Γt
ψψ =

RṘ
c2 , Γϑ

ψϑ = coth(ψ), Γϕ
ψϕ = coth(ψ),

Γt
ϑϑ =

Rsinh(ψ)2Ṙ
c2 , Γψ

ϑϑ = −sinh(ψ)cosh(ψ), Γϕ
ϑϕ = cot(ϑ),

Γt
ϕϕ =

Rsinh(ψ)2sin(ϑ)2Ṙ
c2 , Γψ

ϕϕ = −sinh(ψ)cosh(ψ)sin(ϑ)2, Γϑ
ϕϕ = −sin(ϑ)cos(ϑ).

(2.13.43)

Riemann-Tensor:

Rtψtψ = −RR̈, Rtϑ tϑ = −Rsinh(ψ)2R̈,

Rtϕtϕ = −Rsinh(ψ)2 sin2(ϑ)R̈, Rψϑψϑ =
R2sinh(ψ)2

(

Ṙ2− c2
)

c2 ,

Rψϕψϕ =
R2sinh(ψ)2sin2(ϑ)

(

Ṙ2− c2
)

c2 , Rϑϕϑϕ =
R2sinh(ψ)4sin2(ϑ)

(

Ṙ2− c2
)

c2 .

(2.13.44)

Ricci-Tensor:

Rtt = −3
R̈
R

, Rψψ =
RR̈+2(Ṙ2− c2)

c2 ,

Rϑϑ = sinh(ψ)2 RR̈+2(Ṙ2− c2)

c2 , Rϕϕ = sin(ϑ)2sin(ψ)2 RR̈+2(Ṙ2− c2)

c2 .

(2.13.45)

The Ricci scalar and Kretschman read

R = 6
RR̈+ Ṙ2− c2

R2c2 , K = 12
R̈2R2 + Ṙ4−2Ṙ2c2 + c4

R4c4 . (2.13.46)

Local tetrad:

e(t) =
1
c

∂t , e(ψ) =
1
R

∂ψ , eϑ =
1

Rsinh(ψ)
∂ϑ , eϕ =

1
Rsinh(ψ)sinϑ

∂ϕ . (2.13.47)

Ricci rotation coefficients:

γ(ψ)(t)(ψ) = γ(ϑ )(t)(ϑ ) = γ(ϕ)(t)(ϕ) =
Ṙ
Rc

γ(ϑ )(ψ)(ϑ ) = γ(ϕ)(ψ)(ϕ) =
cothψ

R
,

γ(ϕ)(ϑ )(ϕ) =
cotθ

Rsinhψ
.

(2.13.48)

The contractions of the Ricci rotation coefficients read

γ(t) =
3Ṙ
Rc

, γ(r) = 2
cothψ

R
, γ(ϑ ) =

cotϑ
Rsinhψ

. (2.13.49)

Riemann-Tensor with respect to local tetrad:

R(t)(ψ)(t)(ψ) = R(t)(ϑ )(t)(ϑ ) = R(t)(ϕ)(t)(ϕ) = − R̈
Rc2 ,

R(ψ)(ϑ )(ψ)(ϑ ) = R(ψ)(ϕ)(ψ)(ϕ) = R(ϑ )(ϕ)(ϑ )(ϕ) =
Ṙ2− c2

R2c2 .

(2.13.50)

Ricci-Tensor with respect to local tetrad:

R(t)(t) = − 3R̈
Rc2 , R(ψ)(ψ) = R(ϑ )(ϑ ) = R(ϕ)(ϕ) =

RR̈+2(Ṙ2− c2)

R2c2 . (2.13.51)

Further reading:
Rindler[Rin01]
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2.14 Straight spinning string

The metric of a straight spinning string in cylindrical coordinates (t,ρ ,ϕ ,z) reads[Per04]

ds2 = −(cdt −adϕ)2 + dρ2+ k2ρ2dϕ2 + dz2, (2.14.1)

where a and k are two parameters.

Christoffel symbols:

Γt
ρϕ =

a
cρ

, Γϕ
ρϕ =

1
ρ

, Γρ
ϕϕ = −k2ρ . (2.14.2)

The Riemann-, Ricci-, and Weyl-tensors as well as the Ricci- and Kretschman-scalar vanish iden-
tically.

Static Local tetrad:

e(0) =
1
c

∂t , e(1) = ∂ρ , e(2) =
1

kρ

(a
c

∂t + ∂ϕ

)

, e(3) = ∂z. (2.14.3)

Dual tetrad:

θ (0) = cdt −adϕ , θ (1) = dρ , θ (2) = kρ dϕ , θ (3) = dz. (2.14.4)

Ricci rotation coefficients and their contractions read

γ(2)(1)(2) =
1
ρ

, γ(0) = γ(2) = γ(3) = 0, γ(1) =
1
ρ

. (2.14.5)

Comoving local tetrad:

e(0) =

√

k2ρ2−a2

kρ

(

1
c

∂t −
a

k2ρ2−a2 ∂ϕ

)

, e(1) = ∂ρ , (2.14.6a)

e(2) =
1

√

k2ρ2−a2
∂ϕ , e(3) = ∂z. (2.14.6b)

Dual tetrad:

θ (0) =
kρ

√

k2ρ2−a2
cdt, θ (1) = dρ , θ (2) =

acdt
√

k2ρ2−a2
+
√

k2ρ2−a2dϕ , θ (3) = dz.

(2.14.7)

Ricci rotation coefficients and their contractions read

γ(0)(1)(0) =
a2

ρ (k2ρ2−a2)
, γ(2)(1)(0) = γ(0)(2)(1) = γ(0)(1)(2) =

ak
k2ρ2−a2 , (2.14.8a)

γ(2)(1)(2) =
k2ρ

k2ρ2−a2 , (2.14.8b)

γ(1) =
1
ρ

. (2.14.8c)
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2.15 Kasner

The Kasner spacetime in cartesian coordinates (t,x,y,z) is represented by the line element[MTW73,
Kas21] (c = 1)

ds2 = −dt2+ t2p1dx2 + t2p2dy2 + t2p3tz2, (2.15.1)

where p1, p2, p3 have to fulfill the two conditions

p1 + p2+ p3 = 1 and p2
1 + p2

2+ p2
3 = 1. (2.15.2)

These two conditions can also be represented by the Khalatnikov-Lifshitz parameter u with

p1 = − u
1+ u + u2, p2 =

1+ u
1+ u + u2, p3 =

u(1+ u)

1+ u + u2. (2.15.3)

Christoffel symbols:

Γx
tx =

p1

t
, Γy

ty =
p2

t
, Γz

tz =
p3

t
, (2.15.4a)

Γt
xx =

p1t2p1

t
, Γt

yy =
p2t2p2

t
, Γt

zz =
p3t2p3

t
. (2.15.4b)

Riemann-Tensor:

Rtxtx =
p1(1− p1)t2p1

t2 , Rtyty =
p2(1− p2)t2p2

t2 , Rtztz =
p3(1− p3)t2p3

t2 , (2.15.5a)

Rxyxy =
p1p2t2p1t2p2

t2 , Rxzxz =
p1p3t2p1t2p3

t2 , .Ryzyz =
p2p3t2p2t2p3

t2 . (2.15.5b)

The Ricci tensor as well as the Ricci scalar vanish identically. The Kretschman scalar reads

K =
4
t4

(

p2
1−2p3

1+ p4
1+ p2

2−2p3
2+ p4

2+ p2
1p2

3 + p2
3−2p3

3+ p4
3+ p2

1p2
2 + p2

2p2
3

)

(2.15.6a)

=
16u2(1+ u)2

t4(1+ u + u2)3 . (2.15.6b)

Local tetrad:

e(t) = ∂t , e(x) = t−p1∂x, e(y) = t−p2∂y, e(z) = t−p3∂z. (2.15.7)

Dual tetrad:

θ (t) = dt, θ (x) = t p1dx, θ (y) = t p2dy, θ (z) = t p3dz. (2.15.8)

Ricci rotation coefficients:

γ(t)(r)(r) =
p1

t
, γ(t)(ϑ )(ϑ ) =

p2

t
, γ(t)(ϕ)(ϕ) =

p3

t
. (2.15.9)

The contractions of the Ricci rotation coefficients read

γ(t) = −1
t
. (2.15.10)

Riemann-Tensor with respect to local tetrad:

R(t)(x)(y)(x) =
p1(1− p1)

t2 , R(t)(y)(t)(y) =
p2(1− p2)

t2 , R(t)(z)(t)(z) =
p3(1− p3)

t2 , (2.15.11a)

R(x)(y)(x)(y) =
p1p2

t2 , R(x)(z)(x)(z) =
p1p3

t2 , R(y)(z)(y)(z) =
p2p3

t2 . (2.15.11b)
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2.16 Bertotti-Kasner

The Bertotti-Kasner spacetime in spherical coordinates (t,r,ϑ ,ϕ) is represented by the line element[Rin98]

ds2 = −c2dt2 + e2
√

Λctdr2 +
1
Λ
(

dϑ 2 +sin2 ϑdϕ2) . (2.16.1)

Christoffel symbols:

Γr
tr = c

√
Λ, Γt

rr =

√
Λ

c
e2

√
Λct , Γϕ

ϑϕ = cotϑ , Γϑ
ϕϕ = −sinϑ cosϑ . (2.16.2)

Riemann-Tensor:

Rtrtr = −Λc2e2
√

Λct , Rϑϕϑϕ =
sin2 ϑ

Λ
. (2.16.3)

Ricci-Tensor:

Rtt = −Λc2, Rrr = Λe2
√

Λct , Rϑϑ = 1, Rϕϕ = sin2 ϑ . (2.16.4)

The Ricci and Kretschman scalars read

R = 4Λ, K = 8Λ2. (2.16.5)

Weyl-Tensor:

Ctrtr = −2
3

Λc2e2
√

Λct , Ctϑ tϑ =
c2

3
, Ctϕtϕ = −1

3
e2

√
Λct , (2.16.6a)

Crϑ rϑ = −1
3

e2
√

Λct , Crϕrϕ = −1
3

e2
√

Λct sin2 ϑ , Cϑϕϑϕ =
2
3

sin2 ϑ
Λ

. (2.16.6b)

Local tetrad:

e(t) =
1
c

∂t , e(r) = e−
√

Λct ∂r, e(ϑ ) =
√

Λ∂ϑ , e(ϕ) =

√
Λ

sinϑ
∂ϕ . (2.16.7)

Dual tetrad:

θ (t) = cdt, θ (r) = e
√

Λctdr, θ (ϑ ) =
1√
Λ

dϑ , θ (ϕ) =
sinϑ√

Λ
dϕ . (2.16.8)

Ricci rotation coefficients:

γ(t)(r)(r) =
√

Λ, γ(ϑ )(ϕ)(ϕ) = −
√

Λcotϑ . (2.16.9)

The contractions of the Ricci rotation coefficients read

γ(t) = −
√

Λ, γ(ϑ ) =
√

Λcotϑ . (2.16.10)

Riemann-Tensor with respect to local tetrad:

R(t)(r)(t)(r) = −R(ϑ )(ϕ)(ϑ )(ϕ) = −Λ. (2.16.11)

Ricci-Tensor with respect to local tetrad:

R(t)(t) = −R(r)(r) = −R(ϑ )(ϑ ) = −R(ϕ)(ϕ) = −Λ. (2.16.12)

Weyl-Tensor with respect to local tetrad:

C(t)(r)(t)(r) = −C(ϑ )(ϕ)(ϑ )(ϕ) = −2Λ
3

, (2.16.13a)

C(t)(ϑ )(t)(ϑ ) = C(t)(ϕ)(t)(ϕ) = −C(r)(ϑ )(r)(ϑ ) = −C(r)(ϕ)(r)(ϕ) =
Λ
3

. (2.16.13b)
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