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Abstract A systematic method for constructing Wess-Zummo supergauge transformatmns ~s 
exhibited 

In a recent  art icle Wess and  Z u m l n o  [1 ] have inven ted  an in te res t ing  new symme-  

try. G e n e r a h z m g  f rom the  dual  mode l  super-gauge s y m m e t r y  [2] these au tho r s  suc- 

ceeded m def in ing  an ana logous  t r a n s f o r m a t i o n  group m fou r -&mens lona l  space- 

t ime This  i nven t ion  is q m t e  r emarkab le  m at least two respects  (1) the i r reducible  

r ep re sen t a t i ons  o f  this  s y m m e t r y  c o m b i n e  fe rmlons  wi th  bosons  and (11) the stric- 

tures  o f  O'Raxfeartaxgh's  t h e o r e m  are c i r cum ven t ed  - we seem to have here  a rela- 

tivistic sp in -con ta in ing  s y m m e t r y  which  is cons i s t en t  wi th  u n l t a n t y  ~ Moreover ,  m 

a s imple Lagranglan model  revolving two scalars and a Malorana spmor ,  Wess and 

Z u m m o  found  tha t ,  m the  one- loop  app rox lma taon ,  there  Is on ly  one  ( loga r i t hmic )  
divergence [3] 

The  purpose  o f  this  paper  is to  present  a ra ther  snnp le  m e t h o d  which  can be 

used for the  c o n s t r u c t i o n  o f  at least some o f  the  r e p r e s e n t a t m n s  o f  th~s s y m m e t r y .  

We shall con f ine  our  cons ide ra t ions  to the  14-paramete r  suba lgebra  o f  the  W e s s -  

* q'he group of Wess and Zummo can be looked upon as a sort of quasi U(2, 3) the set of umtary 
5 X 5 matrices, g, whose elementsg~, a, t3 = 1, 2, 3, 4, andg~ are ordinary complex numbers 
while g~ and gs are anti-commuting c-numbers. The subgroup SU (2, 2) X U( 1 ) of the ordinary 
sort is identified with the product of the 15-parameter conformal group of space-tmle and a 
1-parameter group of 7s transformations. The antlcommutmg parts are identified with super- 
gauge transformations. Looked at m this way an Immediate generahzatmn to U(2,4) (or U(25)) 
ts suggested The ordinary subgroup SU(2, 2) X U(2) (or SU(2,2) X U(3)) might then be stud 
to include a strictly internal SU(2) (or SU(3)) symmetry Contrasted with this mamage of in- 
ternal symmetries with space-time symmetries, one may also consider a rather trwml generah- 
zatmn of Wess and Zummo's work where each one of their fields is considered as (for example) 
the adlomt representation of an internal symmetry U(n). 
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Z u m m o  sys tem which  is genera ted  by  the Pomcare  ope ra to r s  Ju~' Pu and the  

Majorana spmor  Sc~. In a d d m o n  to the  usual c o m m u t a t m n  rules revolving Juv and 

Pu only ,  we have 

ls ,e] =o, 

I S ,  = 

where  C d e n o t e s  the  charge c o n j u g a t m n  mat r ix* .  The last o f  these  rules can be ex- 

pressed m the  a l t e rna twe  version 

[gl S, Se2]  = - Cl 7u e 2 P  ' (2) 

where el and e 2 are two arbltrary Majorana spmors whmh antmommute with one 
another and with S (Notlce that ~S = Sc is a hermltmn operator and that 

glT~e 2 = --g27ne I Is an imaginary 4-vector ~ ) 
Our basle approach is to work out the group actmn on the space of left cosets 

wlth respect to the subgroup of homogeneous Lorentz transformatmns This "space" 
is essentmHy mght-d]mensmnal, being parametnzed by the 4-vector xn and the 
(anttcommutmg c-number) Majorana spmor 0c~ A slmple way to obtain the group 
actmn on this homogeneous space is to define the umtary operators 

L(x,O)=exp[tx P ] e x p [ l ~ a S ]  , (3) 

and conslder what happens to them when any one of the operators representing, 
respectlvely, a translatmn, a homogeneous Lorentz transformatmn or a super-gauge 
transformatmn Is apphed on the left One finds, 

exp [tcuPu] L(x, O) 

exp [½toauvJw, ] L(x, O) 

exp [zgS]  L(x,  O) 

= L ( x  + c, 0 ) ,  

= L ( A x ,  a ( A ) 0 )  exp [~toouJuu ] , (4)  

= L [ x  - -~z~'r 0 ,  0 + el  , 

w h e r e a ( A )  = exp 1 (at)~ou~Ouv deno t e s  the  usual spmor  representa txon o f  the h o m o -  

geneous  Loren tz  group**.  (Not ice  t ha t ,  because  o f  the  Majorana  cons t r a in t s  on  e 

* Our notational conventions are as follows The Dirac matrices satisfy (½) {"l v, 7v} = nt, v = 
= drag (+ - - - ) and adlolnt spmors are defined by ~ = #~70. The matrices 70, 7oTtt, "toOu,,, 
7ntTtt7s, 70"t'5 are hermman The charge conjugate of qJ iS defined by 6c = c ~ T w h e r e  r 
C "T= - C a n d  C -1 7#C = - 7  T By a MaJorana spmor we mean 6c = ~). It is useful to remember 

I that the matrices 7uC and ouuC = (i*) [Tta, 7v]C are symmetric while (2", 7sC and tT_ta7sC are 
antlsymmetnc In partmular, it follows that ~ l #  2 = 52 ~ I, ~17~# z = -~27g¢ '  i,#loguq j 2 = 
= -- ~20'btV ~ 1, ~ l / 7 / . t T s ~ 2  = ~21~gTS ~91' 7d175~2 = ~275t~ 1 i l ~  I and ¢'2 are antlcommutmg 
Majorana spmors. 

** Space reflections are incorporated by requiring that 0 transform according to the rule 0 
t 700 Likewise for dilations, x --, hx, 0 --* h{ 0 and ms transformations, 0 --* (cos a + 7s smu)O 

with real 
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and 0, tile displacement m x u caused by a super-gauge transformation is real ) Eqs 
(4) serve to define tile action of  the group on the space of  the parameters x and 0 
and indicate how any field defined over this space should transform. Thus, for ex- 
ample, the scalar super-field 4~(x, 0) should satisfy 

exp [teSI ,l~(x, O) exp [ - t ~ S ]  = ,:b Ix - ½i~TuO , 0 + e] (5) 

By appending a Lorcntz index* one could define a vector super-field cpu(x, 0), a 
spmor super-field q,~(x, 0), etc 

If we were deahng with an arbitrary group then we should not be very pleased 
with fields defined on an elght-dxmenslonal space-time It was tlus aspect of  the 
old at tempts at combining mternal symmetries m a non-trwml way w~th the Pore- 
care group which hindered their development.  The truly remarkable and excmng 
feature of  the Wess Zummo group is that the superfield 4~(x, 0) m eight dnnenstons 
is exactly equwalent to a 16-component set of  ordinary fields m four dimensions 
One simply has to expend '-Pm powers of  0 a and observe that the serxes must term- 
mate m the fourth order Tins ~s due, of  course, to the fact that tile mononuals 

06, 0%, ,O~n 

must be completely ant lsymmetnc and therefore vamsh for n > 4 Therefore we can 
wrxte 

• ( x , O ) : ~ ( x ) + ~ f x ) O  + ~ l ~ l ( x ) O ~ O  

+-~qS[~71(x)0 0~0 + ~ ~[~vSlO6OrO~O ~ . (6) 

The number of  mdependent  real components  involved here can be halved by im- 
posmg the reahty condmon 

• (x, 0)* = ¢(x ,  0 ) ,  (7) 

which reads, in terms of  the component  fields, 

~Cx) 

Ol,~-tl (x) 

¢[~t3,~6 ](x) 

= ~(x) ,  

= c ,  ~'~'(x), 

(8) 

The super-gauge transformations induce no I.orentz transformation 
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where the barred quantmes are defined m the usual way, ~(x)  = ~ x ) * ,  ~ ( x )  = 

= * ~ ~ t ~ l  (x) (Y0)a'(70~', etc ~t~(x) (3'0)#, (x) = q~la'~'l 
The behawour of  these components  under an mfimtes~mal super-gauge transforma- 

tion can be extracted from (5). One finds 

I = _ ~ t - e l  e - ~ ( ~ 7 ~ , ) a a , , b  , 

+½t(gT~)t~Ou~ l'r~al - ~ 7 ~  

(These rules ~mply, m pamcular ,  that the space-time integral of  the component  
4~[~.r~ ] should be an mvarlant if surface effects can be neglected ) The representa- 
non (9) turns out to be reducible (although not fully reducible) To see thls, ~t ~s 
convenient to introduce a new notat ion for the components  Write 

(5(x) = A ( x )  , 

a" (x )  = ~ '~(x),  

(9) 

t~t31 (x) : (C -1)a~F(x)  + ( C - I  3,5)~ G(x)  + (C-117u75)~  [au(x) + ½ ~uB(x)] ,  

I 8' FI"~-, l(x)  = c'~¢', 6 [X6(x ) + ~t('ru)6 a qJ6,(x)l, 

~ t - ~ l ( x )  = ~ . ~ 8  [D(x) - ¼a2A(~)l 0 0 )  

If the reality condmons  (8) are imposed then all boson components  are real and 
the fermwn components  ~ and ;k are Malorana spxnors. The axial-vector field a~ is 
constrained to be transverse, 3ua~ = 0 The transformatmn rules (9) now take the 

form ~ 

8A = ~ - ~ ,  

I 

* Some of the detads m these rules are affected by conventions m the defmlnon of C Our C is 
defined such that (-~) e a~33'6 C~5 = - (C -q )af3, (~) e~/3.,tS(y s C).,t5 = + (C 13,s)e~# and 
(. /)£"~') '6(t~yo.,ysf),y 6 = ,4" (C  -1 l,y/d~5) Ot~ 
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8ll/ = {13uATue  + {13uBTu75e  + Fe + G75e + aulTu-r5e , 

(11) 

8X = 

~ a  = 

De + lal [ a a - avau] ouv75e , 

- -  1 IA P 

aD =-~1~-i~ k ,  (12) 

and It appears that we are deahng with one of  those curious represen tanons  that 
does not  reduce m the usual way The exght independent  componen t s  m the set D, 

~, and au(aua u = 0) clearly t ransform I r reduobly  However, unless they are set equal 
to zero, they revolve themselves m the t ransformatmns  of  the other  e~ght compo- 
nents,  A, B, if, F and G* 

The setting to zero of  D, X and au can be viewed as a covanant  constraint .  In 
fact one can construct  an axml vector which generahzes the wel l -known Pauh- 
Lubanskl operator ,  

Kts J e = 2 ut~K,oPvJ~o ~St ' ) 'u75S,  (13) 

whose transverse part IS super-gauge mv a n an t  Thus, the antxsymmetnc tensor 

Kuv = P K  v - PvKu (14) 

commutes  with bo th  t rans lauons  and super-gauge t ransformattons This operator  Is 
reahzed by the following dxfferentml expression 

K ,I,= (Xu C)~ ~ b-O 00~ 

+ 
t (Xu~ , O Ox aO ax Ox ' (15) 

P ~ p P 

where Xuv = - ( ~ )  (7u75 ~v - 7v75 ~u )" The equatxons K u f b  = 0 are solved by 
D = X = a = 0  

The combin ing  of  representanons  into products  Is, at least m some cases, qmte 

easy One simply multxphes the super-fields The detailed combmat tons  of  compo- 

* We have adapted our notanon here to that of Wess and Zummo, ref [ 1 ] Thus, our eq (11 ) 
with h, a u and D set equal to zero corresponds to their eq (8) with i3txo~ = 0 Similarly, our 
(12) corresponds to thetr formulae on p 48 
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nents wdl be revealed by expanding the result in powers of 0 For example if 

qb3(x, 0) = qSl(X, 0)qb2(x, 0 ) ,  

then, using the components  defined by (6), 

~b3 = 01~b2 , 

q~ = (bl gS~ + ~ 2  ' 

: 

2 ,  

+ + 

cyc. 

~ - y 6  = ~ l ~ v ~  + ~ ~7~2~v6 + ~ 7 t ~ 6  + ~ ' ~  ~ + ~,t3"r6 O2 (16) 

In pamcular ,  with 'b 1 = q~2 sausfymg KuvCb = 0, it IS a s~mple matter to show that 

4A 32A + ~-~ ~ + ¼(3uB)2 + F 2 + G 2] 

= t  - ~ 3 u ( A  . ( 1 7 )  ~ec#3"r~[{(~uA)2 +½(i)uB)2 +~li)q/+ 2F2+2G2 5 ~)uA)] 

According to the rules (9) ttus object must transform by a gradient Its space-trine 
integral IS mvanant.  Wess and Zummo have proposed to use it as a Lagrangxan den- 
sity [1 ,3]  

The approach dtscussed m this paper may not prove to be the most serviceable 
one avadable but, with the present hazy understanding of  this curtous and potentmlly 
tmportant symmetry,  ~t seems worthwhile to examine every avenue*. 
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