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This article is concerned with creating more realistic images of 3D scenes which are moving
relative to the viewer at such high speeds that the propagation delay of light signals and other
relativistic effects can not be neglected. Creating images of 3D scenes in relativistic motion
might have important applications to science-fiction films, computer games, and virtual
environments. We shall discuss the following problems: (1) how to determine the visual
appearance of a rapidly moving object, (2) how to determine the apparent radiance of a scene
point on a moving object, (3) how to determine the incident irradiance at a scene point coming
from a moving light source, (4) how to determine the color of a rapidly moving object, and (5)
how to generate shadows when there are relative motions between the viewer, the scenes, and
the light sources. Detailed examples are also given to show the result of shading with the
relativistic effects taken into account.

Categories and Subject Descriptors: I.3.7 [Computer Graphics]: Three-Dimensional Graph-
ics and Realism—color, shading, shadowing, and texture; J.2 [Computer Applications]:
Physical Science and Engineering—physics

General Terms: Algorithms, Theory

Additional Key Words and Phrases: Aberration of light, Doppler effect, Lorentz transforma-
tion, shading, shadow, special relativity.

1. INTRODUCTION

In traditional computer graphics, an underlying assumption is that the
speed of light is infinite or the speeds of the scenes relative to the viewer
are very small compared to that of light so that the propagation delay of
light signals and other relativistic effects can be neglected. For example, in
some science-fiction movies and computer games, an object (e.g., a space
ship) may move with a speed comparable to that of light, but nothing in its
shape, brightness, color, or shadow shows the consequences of special
relativity. Although we can not experience directly the fundamental phe-
nomena that special relativity predicts, one would like to experience the
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phenomena through science-fiction movies, computer games, or virtual
environments. In addition to the main applications for entertainment, the
creation of realistic pictures with relativistic effects will also be helpful in
learning the concepts of relativity itself, because people usually learn more
easily when presented with pictures illustrating the concepts they are
learning.
According to special relativity, a moving object with speed y will be

measured as contracted in the direction of motion by a factor [1 2 (y/c)2]1/ 2

(where c is the speed of light in a vacuum). This phenomenon is called the
Lorentz contraction. Ever since Einstein presented his special theory of
relativity in 1905 there has been a general belief that the Lorentz contrac-
tion could in general be seen or photographed at sufficiently high speeds.
For example, Lorentz stated in 1922 that the contraction could be photo-
graphed [Terrell 1959]. However, the process of observing is different from
the process of seeing. An observation of the shape of a moving object
involves simultaneous measurement of a number of points on the object. If
the measurements are optical, then the photons must leave the two points
of the object at the same time, as measured by the observer. On the other
hand, in seeing or photographing a moving object, it is necessary that
photons from various parts of the object arrive at the eye or camera
simultaneously. Since the various points of the object are generally at
different distances from the eye, the simultaneously arriving photons could
not all have left the object simultaneously for the viewer. This distinction
was not noticed until 1959, when it was first pointed out by James Terrell
[1959]. Terrell showed that a rapidly moving object which subtends a small
solid angle with respect to the viewer will appear to have undergone
rotation, not contraction. Since Terrell’s work, there have been many other
papers dedicated to the visual appearance of rapidly moving objects.
Weisskopf considered the appearance of moving objects under nonrelativis-
tic conditions (where light moves with light velocity c only in the stationary
frame of reference of the viewer and a moving object is assumed not to
suffer a Lorentz contraction) and showed why a rapidly moving object
appears to have undergone rotation under relativistic conditions [Weiss-
kopf 1960]. Boas considered the results of removing the restriction that the
moving object subtends a small solid angle with respect to the viewer, and
showed that spheres always present a circular outline to all viewers and
that straight lines may appear curved [Boas 1961]. Scott and Viner showed
that the Lorentz contraction is still visible under suitable conditions [Scott
and Viner 1965], contrary to an impression which might be taken from
some papers on the subject (e.g., see [Terrell 1959]). Scott and Viner also
discussed the calculated geometrical appearance of objects moving at
relativistic speeds.
In this article, we shall deal with the problem of shading objects which

are in relativistic motion. There are no constraints on relative motions
between the scene objects, the light sources and the viewer. In addition to
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addressing the problem of determining the visual appearance of objects, we
shall also treat the following problems: (1) how to determine the scene
radiance of a rapidly moving object, (2) how to determine incident irradi-
ance at a scene point coming from a moving light source, (3) how to
determine the color of a rapidly moving object, and (4) how to generate
shadows for moving objects and moving light sources.
In the next section, some background knowledge of relativity theory,

including the Lorentz transformation, the velocity transformation, the
aberration of light, and the Doppler effect is reviewed. In Section 3 we shall
deal with the problem of determining the apparent appearance of an object
moving at relativistic speeds. This section is based on the work performed
by Scott and Viner [1965], and it may be regarded as an extension of their
work to more general cases. Section 4 treats the problem of determining the
apparent scene radiance of a rapidly moving object. In Section 5 we shall
deal with the problem of determining the incident irradiance at a scene
point coming from a moving light source. Shadow generation is also
considered in this section. In Section 6 the shading process for scenes in
relativistic motion is summarized and examples are given to demonstrate
the effects of shading. In Section 7, a detailed comparison to the work by
Hsiung et al. [1990] is presented. We shall describe the difference in
methodology and intended goal of the two methods.

2. BACKGROUND: SURVEY OF SOME IMPORTANT RESULTS IN
RELATIVITY THEORY

2.1 Lorentz Transformation

In a given inertial system I, an event which occurs at a point P at the time
t can be characterized by four figures, namely, the three coordinates
specifying the point P and the time parameter t. If, for instance, we use a
Cartesian system of coordinates S in the inertial system I, the space-time
coordinates of the event are ( x, y, z, t), where x, y, z are the Cartesian
coordinates of the point P. If we consider another inertial system, I9, an
event in the system will also be specified by four space-time coordinates
( x9, y9, z9, t9) defining a space-time system of coordinates S9. For
convenience we shall assume that the Cartesian axes in S and S9 are
parallel to each other and S9 is moving relative to S with velocity v 5 (yx,
yy, yz). Moreover, let us assume that the origin O9 of S9 coincides with the
origin O of S at the time t 5 t9 5 0. Then, the connection between the
space-time coordinates ( x, y, z, t) and ( x9, y9, z9, t9) of the same event in
S and S9 can be established by the Lorentz Transformation (see, e.g.,
[Møller 1955]).

1 xy
z
t

2 5 1L11~v!

L21~v!

L31~v!

L41~v!

L12~v!

L22~v!

L32~v!

L42~v!

L13~v!

L23~v!

L33~v!

L43~v!

L14~v!

L24~v!

L34~v!

L44~v!

2 1 x9

y9

z9

t9

2 , (1)
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where

L11~v! 5 1 1 ~g 2 1!yx
2/y2,

L14~v! 5 yxg,
L23~v! 5 ~g 2 1!yyyz/y2,
L32~v! 5 ~g 2 1!yzyy/y2,
L41~v! 5 gyx/c2,
L44~v! 5 g,

L12~v! 5 ~g 2 1!yxyy/y2,
L21~v! 5 ~g 2 1!yyyx/y2,
L24~v! 5 yxg,
L33~v! 5 1 1 ~g 2 1!yz

2/y2,
L42~v! 5 gyy/c2,

g 5 1/Î1 2 ~y/c!2,

L13~v! 5 ~g 2 1!yxyz/y2,
L22~v! 5 1 1 ~g 2 1!yy

2/y2,
L31~v! 5 ~g 2 1!yzyx/y2,
L34~v! 5 yzg,
L43~v! 5 gyz/c2,

y 5 ivi 5 Îyx
2 1 yy

2 1 yz
2,

and the constant c denotes the speed of light in a vacuum. The inverse
relations, which can be obtained by solving Eq. (1) with respect to the
variables x9, y9, z9, t9, are

1 x9

y9

z9

t9

2 5 1L11~2v!

L21~2v!

L31~2v!

L41~2v!

L12~2v!

L22~2v!

L32~2v!

L42~2v!

L13~2v!

L23~2v!

L33~2v!

L43~2v!

L14~2v!

L24~2v!

L34~2v!

L44~2v!

2 1 xy
z
t

2 . (2)

2.2 Velocity Transformation

It often happens that the velocity of an object is known in one frame of
reference, which in turn is moving with respect to a second frame of
reference, and we wish to find the velocity of the object in this second frame
of reference. Let us again consider the two systems of inertia S and S9
whose space-time coordinates are connected by Eqs. (1) and (2). The motion
of an arbitrarily moving object will then in S be described by a set of
equations:

x 5 x~t!, y 5 y~t!, z 5 z~t!. (3)

In S9 the same motion is described by the equations

x9 5 x9~t9!, y9 5 y9~t9!, z9 5 z9~t9!, (4)

which may be obtained from Eq. (3) by means of the Lorentz transforma-
tion in Eq. (2).
The velocities of the object relative to S and S9 are defined, respectively,

by:

u 5 ~ux, uy, uz! 5 Sdx
dt
,
d y

dt
,
dz

dt
D ,

and

u* 5 ~u9x, u9y, u9z! 5 Sdx9

dt9
,
d y9

dt9
,
dz9

dt9
D .
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The equations that relate velocities u and u9 measured in two different
frames of reference are often referred to as the relativistic velocity addition
equations, which are

u 5
Î1 2 ~y/c!2u* 1 $@1 2 Î1 2 ~y/c!2# ~v z u*/y2! 1 1%v

1 1 ~v z u*/c2!
,

u* 5
Î1 2 ~y/c!2u 1 $@1 2 Î1 2 ~y/c!2# ~v z u/y2! 2 1%v

1 2 ~v z u/c2!
.

Fig. 1. Aberration of light. (a), (b): A particle P emits a light beam at an angle f to the
x9-axis in its own coordinate system S9, however, the light beam makes a new angle f with the
x-axis when viewed in the laboratory coordinate system S. (c), (d): If the particle emits light
uniformly in all directions in S9, the light is thrown predominantly in the forward direction
when viewed in S.
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2.3 Aberration of Light

If a particle P, moving through the laboratory coordinate system S at a
speed y along the x-axis, emits a light beam at an angle f9 to the x9-axis, as
measured in its own coordinate system S9, the light beam is pushed
forward in the laboratory coordinate system S to a new angle f (as before,
we have assumed the axes in S and S9 coincided at t 5 t9 5 0). Figure 1(a)
shows the particle P at rest in its own coordinate system S9 emitting light
at an angle f9, and Figure 1(b) shows it moving through the laboratory
coordinate system S where the new angle of emission is f. The relation
between f9 and f is given by

tan f 5
sin f9Î1 2 b2

cosf9 1 b
, (5)

tan f9 5
sin fÎ1 2 b2

cos f 2 b
,

where b 5 y/c. The phenomenon that the direction of a light beam depends
on the velocity of the light source relative to the observer is called
aberration. Now suppose the particle P emits light uniformly in all direc-
tions, as shown in Figure 1(c). Then, when viewed from the laboratory
coordinate system S, the light is thrown predominantly in a forward
direction because of the effect of aberration, as shown in Figure 1(d).

2.4 Doppler Effect

The observer of a wave does not always observe the same frequency as that
emitted by the source. If either the source or the observer is moving, a
different frequency is observed. This phenomenon of frequency shift due to
the relative motion of the observer and the source is called the Doppler
effect. The Doppler effect for light is described as follows. Let Pl be a light
source moving with respect to the observer with constant velocity v, and let
the light beam emitted from Pl have a frequency of f9 as measured in the
rest coordinate system of Pl ( f9 is called the proper frequency). If from the
viewpoint of the observer, the light beam arrives along the direction of V,
then the apparent frequency of the light beam for the observer, denoted as
f, is given by

f 5 f9
Î1 2 b2

1 2 b(v z V/ uviV u)
, (6)

where b 5 y/c. Notice that when the observer and the light source are
approaching each other, the received apparent frequency is greater than
the emitted proper frequency, and when they are receding from each other,
the received apparent frequency is less than the emitted proper frequency.
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3. APPARENT SHAPE OF RAPIDLY MOVING OBJECTS

When a viewer sees or photographs an object, he records light photons
emitted by the object when they arrive simultaneously at the retina or at
the photographic film. Since the various points of the object are generally
at different distances from the eye (or camera), the simultaneously arriving
photons could not all have left the object simultaneously for the viewer. The
points further away from the viewer have emitted their part of the picture
earlier than have the closer points. Hence, if the object is in motion, the eye
or the photograph gets a distorted picture of the object, since the object has
been at different locations when different parts of it have emitted the light
seen in the picture.
As shown in Figure 2, in the following we shall use S to denote the

coordinate system in which the viewer O is at rest, and S9 is the rest
system of the object. Let v 5 (yx, yy, yz) be the velocity of S9 relative to S,
and let the axes of S and S9 be parallel to each other and the two origins O
and O9 coincide at t 5 t9 5 0. Then the Lorentz transformation formulae
connecting S and S9 are just like those given in Eqs. (1) and (2). Since an
event might have different space-time coordinates with respect to different
coordinate systems, when it is necessary we shall add a subscript, such as
S or S9, to the space-time coordinates of an event to emphasize the
coordinate system in which the space-time coordinates are specified.
Since an object in any shape can be approximated by a net of planar

polygonal facets, let us first consider the visual appearance of a plane in
motion. Suppose the plane passes through a point ( x90, y90, z90)S9 in its own
rest coordinate system S9 and has a plane normal (A, B, C)S9; then it can
be represented in S9 by the equation

A~ x9 2 x90! 1 B~ y9 2 y90! 1 C~ z9 2 z90! 5 0. (7)

Fig. 2. Coordinate systems used in this paper. The viewer is still at the origin of the
coordinate system S, and the object is at rest in the coordinate system S9, which is moving
relative to S with a velocity v 5 (yx, yy, yz).
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Consider a point P on the plane with space coordinates ( x9, y9, z9)S9, and
we want to determine the apparent position of point P with respect to the
viewer O who sees or photographs the plane at the instant t 5 ts (where t
is the time parameter of S; ts is a constant and we shall call it the seeing
time in the following). We call (x, y, z)S the apparent position of point P if, at
the instant t 5 [ts 2 (x2 1 y2 1 z2)1/2/c], P is at (x, y, z)S such that the light
emitted from point P(x, y, z)S at that instant will arrive at the viewer O
exactly at the instant t 5 ts (the propagation delay of light signals from (x, y,
z)S to (0, 0, 0) accounts for the term 1⁄c(x2 1 y2 1 z2)1/2). Figure 3 illustrates
the idea more clearly. In this figure, Event 1 represents the place and time
that P emits the photons that will arrive at the viewer O at t 5 ts, and Event
2 represents the place and time that the viewer O receives the photons. From
the viewpoint of coordinate system S, the light is emitted from P(x, y, z)S to (0,
0, 0)S and the transmission of light signals takes 1⁄c(x2 1 y2 1 z2)1/2 units of
time. However, from the viewpoint of coordinate system S9, the light is emitted
from P(x9, y9, z9)S9 to (2yxgts 2yygts, 2yzgts)S9, and the transmission of light
signals takes [g/c2(yxx 1 yyy 1 wzz) 1 g/c(x2 1 y2 1z2)1/2] units of time. From
the Lorentz transformation given in Eq. (2), x9, y9, z9, t9, can be expressed in
terms of x, y, z:

x9 5 L11~2v! x 1 L12~2v! y 1 L13~2v! z 1 L14~2v! z @ts 2 ~ x2 1 y2 1 z2!1/ 2/c#,

y9 5 L21~2v!x 1 L22~2v!y 1 L23~2v!z 1 L24~2v! z @ts 2 ~x2 1 y2 1 z2!1/ 2/c#,

(8)

z9 5 L31~2v!x 1 L32~2v!y 1 L33~2v!z 1 L34~2v! z @ts 2 ~x2 1 y2 1 z2!1/ 2/c#,

t9 5 L41~2v!x 1 L42~2v!y 1 L43~2v!z 1 L44~2v! z @ts 2 ~x2 1 y2 1 z2!1/ 2/c#.

Since P( x9, y9, z9)S9 is on the plane specified by Eq. (7), ( x9, y9, z9) must
satisfy Eq. (7). Substituting Eq. (8) into Eq. (7) gives

@A z L11~2v! 1 B z L21~2v! 1 C z L31~2v!# x

1 @A z L12~2v! 1 B z L22~2v! 1 C z L32~2v!# y

1 @A z L13~2v! 1 B z L23~2v! 1 C z L33~2v!# z (9)

1 @A z L14~2v! 1 B z L24~2v! 1 C z L34~2v!# z @ts 2 ~ x2 1 y2 1 z2!1/ 2/c#

2 ~Ax90 1 By90 1 Cz90! 5 0,

which represents the visual appearance of the plane under consideration
with respect to the viewer O with the seeing time ts.
In general, if the original shape of an object, as described in its own rest
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coordinate system S9, is given by the system of equations

f91~ x9, y9, z9! 5 0,

f92~ x9, y9, z9! 5 0,

···

(10)

f9n~ x9, y9, z9! 5 0,

then we can obtain the apparent shape of the object with respect to the
viewer O with seeing time ts by expressing the ( x9, y9, z9) in Eq. (10) in
terms of ( x, y, z) (i.e., substituting Eq. (8) into Eq. (10)):

f1~ x, y, z! 5 f91~ x9~ x, y, z!, y9~ x, y, z!, z9~ x, y, z!! 5 0,

f2~ x, y, z! 5 f92~ x9~ x, y, z!, y9~ x, y, z!, z9~ x, y, z!! 5 0,

···

(11)

fn~ x, y, z! 5 f9n~ x9~ x, y, z!, y9~ x, y, z!, z9~ x, y, z!! 5 0.

4. SCENE RADIANCE OF RAPIDLY MOVING OBJECTS

In the last section, we dealt with the problem of where some point on the
rapidly moving object will appear on the image. In the next two sections we
shall deal with the problem of how bright the image of some surface on the
rapidly moving object will be. The image intensity is proportional to the
scene radiance (the power per unit of foreshortened area emitted into a unit

Fig. 3. The relations between the space–time coordinates of Event 1 and Event 2.
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solid angle), and the scene radiance depends on (1) the amount of light that
falls on the surface, (2) the fraction of the incident light that is reflected,
and (3) the direction from which the surface is viewed and from which it is
illuminated. Mathematically, we can use the bidirectional reflectance dis-
tribution function BRDF(ur, fr, ui, fi) to describe the characteristics of a
surface. The BRDF(ur, fr, ui, fi) specifies how bright a surface appears
when viewed from one direction while light falls on it from another. The
direction of incident and reflected light rays can be specified in a local
coordinate system by using polar angle u and azimuth angle f. Let the
amount of light falling on the surface from the direction (u9i, f9i)—the
irradiance—be Ji9(u9i, f9i), and let the brightness of the surface as seen
from the direction (u9r, f9r)—the radiance—be Jr9(u9r, f9r). Then the differ-
ential reflectance model can be described as

dJr9~u9r , f9r , u9i , f9i! 5 dJi9~u9i , f9i! z BRDF~u9i , f9i , u9r , f9r!. (12)

This equation states that the differential emitted radiance (w/m2-sr) in
the direction (u9r, f9r) is equal to the incident differential irradiance
dJi9(u9i, f9i) (w/m

2) times the bidirectional reflectance distribution function
BRDF(u9i, f9i, u9r, f9r) (1/sr). To determine the radiance from the differential
form, we must integrate the product of the BRDF and the irradiance over
the hemisphere of possible directions from which light can fall on a surface.
Thus,

Jr9~u9r , f9r! 5 E
u 9i50

p/ 2 E
f 9i50

2p

dJr9~u9r , f9r , u9i , f9i!sin u9idu9idf9i . (13)

In Eqs. (12) and (13), we have used the superscript prime to emphasize
that the equation is described with respect to the coordinate system S9, in
which the object is at rest. Now the problems are (1) if the light sources are
not stationary relative to the scenes, how to determine the scene irradiance
contributed from the moving light sources, and (2) if the radiance at a scene
point in coordinate system S9, Jr9(u9r, f9r), is already known, how to
determine the apparent radiance at the scene point, Jr(ur, fr), for a viewer
at rest in S.
Since the two problems may be solved separately, for convenience we

shall consider the second problem first, and the first problem is left to the
next section.
Figures 4 and 5 illustrate why, for the same scene point, the value of

Jr9(u9r, f9r) is generally different from that of Jr(ur, fr). In Figure 4(a), let
us consider a scene point P9( x9, y9, z9)S9 on the plane whose equation w.r.t.
the coordinate system S9 is given as in Eq. (7). Let Jr9(u9r, f9r) be the
radiance at P9( x9, y9, z9)S9, and let dA9 be the area of a small planar patch
centered at P9( x9, y9, z9)S9. Then the differential radiant power d`9
emitted from the planar patch dA9 through a viewing cone of solid angle
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dV9 in the direction (u9r, f9r) is

d`9 5 Jr9~u9r , f9r!cos c9dA9dV9, (14)

where c9 is the angle that the viewing direction (u9r, f9r) makes with the
plane normal N* 5 (A, B, C), and the term cosc9 accounts for the
foreshortening of the planar patch dA9 as seen from the direction (u9r, f9r).
However, from the viewpoint of a viewer at rest in S (see Figure 4(b)), the
same amount of radiant power d`9 is emitted from a surface patch of area
dA flowing into a viewing cone of solid angle dV in the direction (ur, fr),
where the values dA, dV, and (ur, fr) might be very different from those of
dA9, dV9, and (u9r, f9r). Figure 5 illustrates why they are different. For
convenience, let us assume the small planar patch dA9 in Figure 4(a) is
discretely composed of radiating particles P91, P92, . . . , P96, as shown in
Figure 5(a). The particles P91, P92, . . . , P96 are assumed to be spaced evenly
and emit light uniformly in all directions. According to the discussion of the
last section, the apparent positions of P9a, P92, . . . , P96 w.r.t. a viewer at
rest in S, denoted as P1, P2, . . . , P6 in Figure 5(b), might no longer be
spaced evenly, so the area of surface patch dA comprising P1, P2, . . . , P6
might be different from that of dA9. Moreover, because of aberration of
light, the light emitted from each of P1, P2, . . . , P6 is no longer distrib-
uted uniformly in all directions, and the angle that the viewing direction
makes with the surface normal might vary. Hence, to find the relation
between Jr(ur, fr) and Jr9(u9r, f9r), we must first find the relations
between cos c and cos c9, dA and dA9, dV and dV9.

Fig. 4. The scene radiance Jr(ur, fr) might be different from Jr9 (ur, f9r) because the values
of dA9, dV9, (u9r, f9r) may be different from those of dA, dV, (ur, fr).
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4.1 Relation between cos c and cos c9

According to the discussion of the previous section, the differential surface
patch dA is located on the surface specified by Eq. (9), which can be
rewritten as

F~ x, y, z! 5 k1x 1 k2y 1 k3z 1 k4@ts 2 ~ x2 1 y2 1 z2!1/ 2/c# 1 k5 5 0, (15)

where

k1 5 A z L11~2v! 1 B z L21~2v! 1 C z L31~2v!,

k2 5 A z L12~2v! 1 B z L22~2v! 1 C z L32~2v!,

k3 5 A z L13~2v! 1 B z L23~2v! 1 C z L33~2v!, (16)

k4 5 A z L14~2v! 1 B z L24~2v! 1 C z L34~2v!,

k5 5 2~Ax90 1 By90 1 Cz90!.

The surface normal at P( x, y, z)S is

N 5
1

ÎFx
2 1 Fy

2 1 Fz
2

~Fx , Fy , Fz!, (17)

Fig. 5. (a) In the rest system of the object S9, the radiating particles P91, P92, . . . ,P96 are
spaced evenly and emit light uniformly in all directions; (b) from the viewpoint of a viewer at
rest in the coordinate system S, those particles are no longer spaced evenly and the light
emitted from them is not distributed uniformly in all directions.
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where

Fx 5
F

 x
5 k1 2

k4x

cÎx2 1 y2 1 z2
,

Fy 5
F

 y
5 k2 2

k 4y

cÎx2 1 y2 1 z2
, (18)

Fz 5
F

 z
5 k3 2

k4z

cÎx2 1 y2 1 z2
.

From the viewpoint of the viewer O at the origin of system S, the light is
emitted from P( x, y, z)S to O(0, 0, 0)S. Thus, the viewing direction vector
V in Figure 4(b) is

V 5
21

Îx2 1 y2 1 z2
~ x, y, z!. (19)

Now, cos c can be obtained by taking the inner product of N and V:

cosc 5 N z V

5
2k1x 2 k 2y 2 k3z 1 k4~ x2 1 y2 1 z2!1/ 2/c

Îx2 1 y2 1 z2 ÎFx
2 1 Fy

2 1 Fz
2

.

Substituting Eq. (15) into the above equation leads to

cos c 5
k4ts 1 k5

Îx2 1 y2 1 z2 ÎFx
2 1 Fy

2 1 Fz
2
. (20)

On the other hand, the plane normal at P9( x9, y9, z9)S9 is given by

N* 5
1

ÎA2 1 B2 1 C2
~A, B, C!. (21)

From the viewpoint of the object rest system S9, the light is emitted from
P9( x9, y9, z9)S9, to (2yxgts, 2yygts, 2yzgts)S9 (see Figure 3). Thus, the
viewing direction vector V* is given by

V* 5
2~yxgts 1 x9, yygts 1 y9, yzgts 1 z9!

Î ~yxgts 1 x9!2 1 ~yygts 1 y9!2 1 ~yzgts 1 z9!2
(22)

5
21

c ugts 2 t9 u
~yxgts 1 x9, yygts 1 y9, yzgts 1 z9!.
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Now cos c9 can be obtained by taking the inner product of N* and V*:

cosc9 5 N* z V*

5
2Ayxgts 2 Byygts 2 Cyzgts 2 Ax9 2 By9 2 Cz9

c ugts 2 t9 uÎA2 1 B2 1 C2
.

From Eqs. (7) and (16), the above equation can be rewritten as

cos c9 5
k4ts 1 k5

c ugts 2 t9 uÎA2 1 B2 1 C2
. (23)

Thus, from Eqs. (20) and (23), we get the relation between cos c and cos c9:

cos c9 5
Îx2 1 y2 1 z2 ÎFx

2 1 Fy
2 1 Fz

2

c ugts 2 t9 uÎA2 1 B2 1 C2
cos c. (24)

4.2 Relation between dA and dA9

The differential area dA9 can be expressed in terms of dx9d y9:

dA9 5
ÎA2 1 B2 1 C2

uC u
dx9d y9.

Similarly, the differential area dA can be expressed in terms of dxd y:

dA 5
ÎFx

2 1 Fy
2 1 Fz

2

uFzu
dxd y,

where Fx, Fy, Fz are given in Eq. (18). dx9d y9 and dxd y are related by the
Jacobian of x9 and y9 with respect to x and y, denoted by ( x9, y9)/( x, y).
The relation is given by

dx9d y9 5 U ~ x9, y9!

~ x, y!
Udxd y, (25)

where ( x9, y9)/( x, y) is defined as

~ x9, y9!

~ x, y!
5 *  x9

 x
 y9

 x

 x9

 y
 y9

 y

* 5
 x9

 x

 y9

 y
2

 y9

 x

 x9

 y
. (26)

From Eq. (8), we have
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 x9

 x
5 L11~2v! 1 L13~2v!

 z

 x
1 L14~2v!F 1

cÎx2 1 y2 1 z2
S x 1 z

 z

 x
D G ,

 y9

 y
5 L22~2v! 1 L23~2v!

 z

 y
1 L24~2v!F 1

cÎx2 1 y2 1 z2
S y 1 z

 z

 y
D G ,

(27)

 x9

 y
5 L12~2v! 1 L13~2v!

 z

 y
1 L14~2v!F 1

cÎx2 1 y2 1 z2
S y 1 z

 z

 y
D G ,

 y9

 x
5 L21~2v! 1 L23~2v!

 z

 x
1 L24~2v!F 1

cÎx2 1 y2 1 z2
S x 1 z

 z

 x
D G .

Substituting Eq. (27) into Eq. (26) and simplifying, we obtain

~ x9, y9!

~ x, y!
5 1 1 ~g 2 1!

yx
2

y2
1 ~g 2 1!

yy
2

y2
1 ~g 2 1!

yxyz

y2
 z

 x
1 ~g 2 1!

yyyz

y2
 z

 y
(28)

2 gyxF 1

cÎx2 1 y2 1 z2
S x 1 z

 z

 x
D G 2 gyyF 1

cÎx2 1 y2 1 z2
S y 1 z

 z

 y
D G .

From Eq. (18), we have

 z

 x
5 2

Fx

Fz

5 2Sk1 2
k4x

cÎx2 1 y2 1 z2
DYFz ,

(29)

 z

 y
5 2

Fy

Fz

5 2Sk2 2
k 4 y

cÎx2 1 y2 1 z2
DYFz .

Substituting Eq. (29) into Eq. (28) and simplifying lead to

~ x9, y9!

~ x, y!
5 F c uC u

Îx2 1 y2 1 z2
SgÎx2 1 y2 1 z2

c
1

gyxx

c2
1

gyyy

c2
1

gyzz

c2
D GYFz

5 F cuCu
Îx2 1 y2 1 z2

SL44~2v!Îx2 1 y2 1 z2

c
2 L44~2v! x 2 L42~2v! y 2 L43~2v! zD GYFz

5 F c uCigts 2 t9 u
Îx2 1 y2 1 z2

GYFz .
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Consequently, the relation between dA and dA9 is

dA9 5
ÎA2 1 B2 1 C2

ÎFx
2 1 Fy

2 1 Fz
2

c ugts 2 t9 u
Îx2 1 y2 1 z2

dA. (30)

4.3 Relation between dV and dV9

dV and dV9 can be expressed as

dV 5 sin ududf,

dV9 5 sin u9du9df9.

However, since the polar and azimuth angles are specified in a local
coordinate system, we can freely choose a new coordinate system, like the
XYZ-coordinate system shown in Figure 6, such that the viewing direction
vectors V and V* fall on the XY-plane. In the XYZ-coordinate system, the
direction of V can be specified with polar angle Q 5 p/2 and azimuth angle
F; the direction of V* can be specified with polar angle Q9 5 p/2 and
azimuth angle F9. According to the formula of aberration given in Eq. (5),
we have

Q9 5 Q, (31)

tan F9 5
sin FÎ1 2 b2

cos F 2 b
.

Fig. 6. The XYZ-coordinate system. In this coordinate system, the viewing direction vectors
V and V* fall on the XY-plane.

280 • Meng-Chou Chang et al.

ACM Transactions on Graphics, Vol. 15, No. 4, October 1996.



The differential solid angle dV and dV9 now can be expressed as

dV 5 sin QdQdF 5 sin~p/ 2!dQdF 5 dQdF,

dV9 5 sin Q9dQ9dF9 5 sin~p/ 2!dQ9dF9 5 dQ9dF9.

To determine the relation between dQdF and dQ9dF9, we must first
find the Jacobian of Q and F w.r.t. Q9 and F9,

~Q9, F9!

~Q, F!
5 * Q9

Q

F9

Q

Q9

F

F9

F

* .
From Eq. (31), we have

Q9

Q
5 1,

Q9

F
5 0, and

F9

Q
5 0.

Thus,

~Q9, F9!

~Q, F!
5

F9

F
.

Again, from Eq. (31), we have

d~tan F9! 5 dS sin FÎ1 2 b2

cos F 2 b
D . (32)

Thus,

sec2F9 z dF9 5
Î1 2 b2~1 2 bcos F!

~cos F 2 b2!2
dF. (33)

Since sec2F9 5 tan2F9 1 1, we have

sec2F9 5
~1 2 b cos F!2

~cos F 2 b!2
. (34)

Substituting Eq. (34) into Eq. (33) yields

dF9 5
Î1 2 b2

1 2 b cos F
dF.
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Hence, we get

dV9 5 dQ9dF9 5 U~Q9, F9!

~Q, F!
UdQdF 5

Î1 2 b2

1 2 b cos F
dQdF 5

Î1 2 b2

1 2 b cos F
dV.

(35)

Since F is the angle that the object velocity v makes with the viewing
direction vector V, cos F can be expressed as follows:

cos F 5
v z V

uviV u
.

Substituting the above equation into Eq. (35) yields

dV9 5
Î1 2 b2

1 2 b~v z V/ uviV u!
dV, (36)

which is the relation between dV and dV9.
Having found the relations between cos c and cos c9, dA and dA9, and

dV and dV9, now we can determine the apparent scene radiance Jr(V(ur,
fr)). From the definition of radiance, Jr(V(ur, fr)) can be expressed as

Jr~V~ur , fr!! 5
d`9

cos cdAdV
.

Substituting Eq. (14) into the above equation gives

Jr~V~ur , fr!! 5
Jr9~V9~u9r , f9r!!cos c9dA9dV9

cos cdAdV
. (37)

From the relations in Eqs. (24), (30), and (36), we get

cos c9dA9dV9

cos cdAdV

5 SÎx2 1 y2 1 z2 ÎFx
2 1 Fy

2 1 Fz
2

cugts 2 t9uÎA2 1 B2 1 C2
cos cD 3 SÎA2 1 B2 1 C2

ÎFx
2 1 Fy

2 1 Fz
2

cugts 2 t9u
Îx2 1 y2 1 z2

dAD
3 S Î1 2 b2

1 2 b~v z V/ uviV u!
dVD /~coscdAdV!.

Notice the effect of cos c9 variation (the first term in the above equation)
counteracts the effect of dA9 variation (the second term in the above
equation) such that the foreshortened area cos c9dA9 seen from direction
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V* in coordinate system S9 equals the foreshortened area cos cdA seen
from direction V in coordinate system S. Thus, we have

cos c9dA9dV9

cos cdAdV
5

Î1 2 b2

1 2 b~v z V/ uviV u!
.

Substituting the above equation into Eq. (37), we get the relation between
Jr(V(ur, fr)) and Jr9(V(u9r, f9r)):

Jr~V~ur , fr!! 5
Î1 2 b2

1 2 b~v z V/viV)
Jr9~V9~u9r , f9r!!. (38)

The above equation has overlooked the Doppler effect. When the Doppler
effect is taken into account, the scene radiance can be expressed as a
spectral energy distribution function of wavelength and Eq. (38) can be
written as

Jr~V~ur , fr!, l! 5
Î1 2 b2

1 2 b~v z V/ uviV u!
Jr9~V9~u9r , f9r!, l9!, (39)

where l9 is the observed wavelength observed in S9 and l is the corre-
sponding apparent wavelength observed in S and they are related by

l 5
1 2 b~v z V/ uviV u!

Î1 2 b2
l9. (40)

Doppler effect states the difference of photon energy between reference
frames. Since photon energy Ephoton 5 hn 5 hc/l is inversely proportional
to wavelength, all the differences in photon energy can attribute to spectral
shift.

5. SCENE IRRADIANCE AND SHADOWS

Two problems are discussed in this section: (1) how to determine the
incident irradiance at a scene point coming from a moving light source; and
(2) how to generate shadows. Let’s first consider the first problem. Let Pl be
a point light source with uniform radiant intensity Il (watts per steradian),
and let S0 be the rest coordinate system of Pl, which is moving with velocity
vl 5 (y lx, y ly, y lz) relative to the object rest coordinate system S9. As shown
in Figure 7, let P9obj( x9obj, y9obj, z9obj)S9 be a scene point on the object, and
we want to determine the incident irradiance at P9obj due to Pl at time t9 5
t9obj.
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The Lorentz transformation connecting the space-time coordinates ( x9,
y9, z9, t9)S9 and ( x0, y0, z0, t0)S0 for the same event can be expressed as

1 x9

y9

z9

t9

2 5 1L11~v l!

L21~v l!

L31~v l!

L41~v l!

L12~v l!

L22~v l!

L32~v l!

L42~v l!

L13~v l!

L23~v l!

L33~v l!

L43~v l!

L14~v l!

L24~v l!

L34~v l!

L44~v l!

2 1 x0

y0

z0

t0

2 . (41)

Suppose the light source Pl is at rest at ( x 0l0, y 0l0, z 0l0)S0 in its coordinate
system S0, then the motion equation for Pl with respect to the object rest
coordinate system S9 can be described as

x9l 5 x9l0 1 y lxt9l , (42)

y9l 5 y9l0 1 y lyt9l ,

z9l 5 z9l0 1 y lzt9l ,

where ( x9l, y9l, z9l)S9 is the position of Pl when time t9 5 t9l and ( x9l0, y9l0,

Fig. 7. Determining the incident irradiance at the scene point P9obj coming from a moving
light source Pl. P9l is the apparent position of Pl w.r.t. P9obj at time t9 5 t9obj.
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z9l0)S9 is the position of Pl at t9 5 t0 5 0, that is,

x9l0 5 L11~v l! x 0l0 1 L12~v l! y 0l0 1 L13~v l! z 0l0 ,

y9l0 5 L21~v l! x 0l0 1 L22~v l! y 0l0 1 L23~v l! z 0l0 ,

z9l0 5 L31~v l! x 0l0 1 L32~v l! y 0l0 1 L33~v l! z 0l0 .

To evaluate the action of Pl on P9obj at time t9 5 t9obj, we must take the
propagation delay of light signals into account and find the apparent
position of Pl with respect to P9obj at time t9 5 t9obj. The space coordinates
( x9l, y9l, z9l)S9 are regarded as the apparent position of Pl w.r.t. P9obj at the
instant t9 5 t9obj if they satisfy the motion equation given in Eq. (42) and
the following requirement:

~x9l 2 x9obj!
2 1 ~y9l 2 y9obj!

2 1 ~z9l 2 z9obj!2 5 c2~t9obj 2 t9t!2, t9l , t9obj . (43)

Let ( x9ll, y9ll, z9ll) be the solution for ( x9l, y9l, z9l) to Eqs. (42) and (43), and
in Figure 7 we denote this apparent position as P9l. Although the point light
source Pl emits power uniformly in all directions in its own rest coordinate
system S0, from the viewpoint of S9 the apparent radiant intensity of Pl,
denoted as Ia, is no longer isotropic because of the effect of aberration. As
shown in Figure 7, let dA9 be the area of a small planar patch centered at
P9obj, and let dV9obj be the solid angle subtended by dA9, as seen from
P9l( x9ll, y9ll, z9ll)S9. According to the discussion in the previous section, from
the viewpoint of the coordinate system S0, the solid angle subtended by
dA9, denoted by dV 0obj, might be different from dV9obj. Similar to Eq. (35),
the relation between dV9obj and dV 0obj is connected by

dV 0obj 5
Î1 2 b l

2

1 2 b lcos c1

dV9obj 5
Î1 2 b l

2

1 1 b l~v l z L9/ uv liL9 u!
dV9obj , (44)

where b l 5 ivli/c and

L9 5 ~ x9ll 2 x9obj , y9ll 2 y9obj , z9ll 2 z9obj!. (45)

Since for the same amount of power the radiant intensity is inversely
proportional to the solid angle the power flows through, the apparent
radiant intensity Ia can be expressed in terms of Il:

Ia 5
dV 0obj

dV9obj
Il 5

Î1 2 b l
2

1 1 b l~v l z L9/ uv liL9 u!
Il .

dV9obj can be written as

dV9obj 5
cosc2 z dA9

uL9 u2
5
L* z N*/ uL*iN* u

uL* u2
dA9.
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The power originating from P9l passing the solid angle dV9obj, d` l, can be
obtained by multiplying the apparent radiant intensity with the solid angle
dV9obj:

d` l 5
Î1 2 b l

2

1 1 b l~v l z L*/ uv liL* u!
Il z dV9obj

5
Î1 2 b l

2

1 1 b l~v l z L*/ uv liL* u!

L* z N*/ uL*iN* u

uL* u2
IldA9.

Divide d`l by dA9 and we can obtain the incident irradiance at P9obj coming
from the point light source P9l:

Ji9~L9~Pl!! 5
d` l

dA9
5

Î1 2 b l
2

1 1 b l~v l z L*/ uv liL* u!

L* z N*/ uL*iN* u

uL* u2
Il . (46)

Again, if the Doppler effect is taken into account, Ji9(L9(Pl)) and Il must
be expressed as spectral energy distribution functions of wavelength and
the above equation can be written as

Ji9~L9~Pl!; l9! 5
Î1 2 b l

2

1 1 b lv l z L*/ uv liL* u

L* z N*/ uL*iN* u

uL* u2
Il~l0!, (47)

where l0 is the observed wavelength observed in S0 and l9 is the corre-
sponding apparent wavelength observed in S9, that is,

l9 5 l0
1 1 b l~v l z L*/ uv liL* u!

Î1 2 b l
2

. (48)

So far, we have assumed that the light beams emitted from the light
sources will arrive at the scene points without blocking. However, objects
may cast shadows on one another. When the relativistic effects are taken
into account, the generation of shadows is more complicated and time-
consuming than it is in traditional computer graphics, because now the
propagation delay of light signals is no longer negligible and this prevents
the application of some traditional shadow algorithms, such as scan-line
generation [Appel 1968; Bouknight and Kelly 1970], shadow volumes [Crow
1977], shadow polygons [Atherton et al. 1978], and shadow z-buffer [Wil-
liams 1978]. Let’s take the shadow z-buffer algorithm as an example to
show why those algorithms fail. The shadow z-buffer algorithm is a
two-step process. In the first step, a scene is ‘rendered’ (in fact, no
intensities are calculated) and depth information is stored into the shadow
z-buffer taking the light source as a view point. This step computes a ‘depth
image’ from the light source, of those polygons visible to the light source.
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The second step is to render the scene for the real view point with the
shadow information contained in the depth images. Notice that the shadow
information in a depth image is valid only with respect to the correspond-
ing light source at some instant, say, t0 5 t 0l. However, since it generally
takes different amounts of time for the photons emitted from the light
source to travel to the various points on the object, reflect on the surface of
the object, and reach the viewer, the shadow information is generally
useless for the real view point unless there is no relativistic relative motion
between the light source, the scene, and the viewer.
Figure 8 shows how to determine shadows correctly. Let Pl and P9obj

denote the light source and the scene point mentioned above, and let Q
denote a surface patch, which is moving relative to the scene point P9obj. We
want to determine whether the light beam from Pl to P9obj is blocked by the
surface patch Q. As before, the apparent position of Pl w.r.t. P9obj at t9 5
t9obj, denoted by P9l in Figure 8, is first found. From the viewpoint of P9obj,
the light beam from Pl propagates along the line segment P9lP9obj, and if not
blocked, will arrive at P9obj at t9 5 t9obj. Hence, the problem of determining
whether Q will cast shadow on P9obj at t9 5 t9obj is equivalent to that of
determining whether P9lP9obj intersects with the apparent shape of Q w.r.t.
P9obj at t9 5 t9obj, because the light beam will be blocked at the intersection
point if there exists an intersection.
Since with different scene points the apparent position of Pl and the

apparent shape of Q might be different, the process of generating shadows
might be very time-consuming. Hence, shadows may be considered only
when more realistic image and additional depth cues are pursued.

Fig. 8. Determining whether the scene point P9obj is illuminated by the light source Pl.
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6. EXAMPLES

The shading process is summarized as follows:

(1) Find the apparent shape of the object with respect to the viewer O who
sees or photographs the object at time t 5 ts.

(2) For each point Pobj( xobj, yobj, zobj)S on the surface of the apparent
shape:
(a) Determine whether Pobj( xobj, yobj, zobj)S is visible. If it is invisible,

skip the following steps.
(b) Determine the viewing direction vector V for Pobj( xobj, yobj, zobj)S

by Eq. (19).
(c) Determine the space-time coordinate ( x9obj, y9obj, z9obj, t9obj) by Eq.

(8). ( x9obj, y9obj, z9obj, t9obj)S9 represent the position and time in the
object rest coordinate system S9, that the scene point P9obj, ( x9obj,
y9obj, z9obj)S9 emits the photons which arrive at the viewer O at time
t 5 ts.

(d) For each light source Pl (with radiant intensity Il(l0)):
(i) Find the apparent position of Pl with respect to P9obj( x9obj, y9obj,

z9obj)S9 at time t9 5 t9obj. Let the apparent position be denoted
as P9l.

(ii) Determine the light direction vector L* for P9l by Eq. (45).
(iii) Determine whether the light coming from P9l is blocked from

the scene point P9obj( x9obj, y9obj, z9obj)S9.
(iv) If the light coming from P9l is not blocked from P9obj, determine

the incident irradiance Ji9(L*(Pl); l9) coming from the light
source Pl by Eqs. (47) and (48). If the light from P9l is blocked
from P9obj, J

i9(L*(Pl); l9) is set to 0.
(e) Find the reflected radiance at P9obj in the direction V* in the object

rest system S9, Jr9(V*; l9). That is,

Jr9~V9; l9! 5 O
all light source Pl

BRDF~L9, V9; l9! z Ji9~L*~Pl!; l9!.

(f) Find the apparent scene radiance at Pobj( xobj, yobj, zobj)S with
respect to the viewer O at time t 5 ts, J

r(V; l), by Eqs. (39) and
(40).

Three examples showing the visual appearance of objects in relativistic
motion are given in Figure 9. In the following, we always take the x-axis to
be horizontally oriented, pointing to the right, the y-axis to be vertically
oriented, pointing above, and the z-axis to be pointing out of the paper.
Also, planar geometric projection is adopted, and the projection is obtained
with respect to the z-axis. Figures 9(a), (c), and (e) show the original shapes
of the illustrating objects, including a teapot, two cubes, and a sphere,
when viewed in their own rest system S9. All the objects are moving
relative to the viewer O with velocity v 5 (0.95c, 0, 0); that is, they are
moving in the direction of the x-axis. Figures 9(b), (d), and (f) show the
snapshots of the objects taken by the viewer O when the central point of
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Fig. 9. The visual appearances of objects moving at relativistic speeds. All the objects in the
examples are moving relative to the viewer O with velocity v 5 (0.95c, 0, 0). The left images
(a), (c), (e) show the original shapes of the objects. The right images (b), (d), (f) show the visual
appearances of the objects for the viewer O.
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the object appears at the center of the projection plane (that is, when the
viewing direction vector for the center of object makes a right angle with
the direction of motion). If the relativistic effects were negligible, the
pictures in Figures 9(b), (d), and (f) should be the same as those in Figures
9(a), (c), and (e), respectively. From these examples, we see obvious
distortion in the appearance of rapidly moving objects. For example, the
spout of the teapot keeps pointing in the direction of the positive x-axis
during the motion, but there is an obvious rotation of the teapot around the
y-axis in Figure 9(b), and the spout of the teapot becomes invisible.
Moreover, we see that one side of the teapot has swollen and the other side
has shrunk, and the symmetric axis of the body of the teapot has bent.
From Figure 9(d), a similar effect of rotation can be observed: the faces
with plane normals originally pointing in the direction of the z-axis have
foreshortened and the faces with plane normals pointing in the direction of
the negative x-axis have become more exposed. Moreover, the edges of the
cubes originally parallel to the y-axis have bent. For the example of the
sphere, a similar effect of rotation and distortion is also observed. Surpris-
ingly, although part of the sphere has swollen and part of it has shrunk, a
rapidly moving sphere still has a circular outline, which Boas had proven
by mathematical approach in his paper [Boas 1961].
Figure 10 shows a series of snapshots of the teapot when it is moving

from left to right. The spout of the teapot always points to the right during
the motion, and the successive snapshots are taken by the viewer O at the
same time intervals. Notice that although the teapot is moving at constant
speed, the viewer feels that it is moving at varying speed; the speed is
reducing during the motion. From this example, we also see that when the
teapot moves at a higher speed, the effect of rotation and distortion is more
obvious. As shown in Figure 10(c), where the speed of the teapot is 0.999c,
even though the teapot is still approaching the viewer, only the rear side
(the face with the handle) of the teapot is visible while the front face is
invisible.
Figures 11 and 12 show the apparent appearance of more complex scenes,

the STREET, including a street with buildings on both sides. Figure 11
shows the original shape of the STREET, and Figures 12(a) and (b) show
the visual appearance of the STREET when the viewer rushes into the
street and rushes out of the street at a speed of 0.99c. From Figure 12(a),
we first observe that both buildings have rotated. The right building has
rotated around the y-axis, and the left building around the negative y-axis.
This effect makes the front faces of the buildings (the faces with plane
normal originally pointing in the direction of the z-axis) invisible, and the
side faces of the buildings more exposed. Especially near the upper left
corner of the picture, the back face of the tower of the left building, which is
originally invisible, becomes visible. Next we observe that the buildings
have bent to the center of the scenes in the longitudinal direction. This
effect is more obvious for the scene points whose projectors make a larger
angle with the z-axis. On the other hand, from Figure 12(b), it is found that
when the viewer is moving rapidly away from the scenes the picture will
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look like the orthographic projection of the original scenes. That is because
the angle that a light beam from the scenes makes with the z-axis is
amplified in the coordinate system S such that only those light beams
which originally make a tiny angle with the z-axis can reach the viewer.
Figure 13 shows the effect of radiance variation due to the motion of the

scenes. In the example, there are three distant light sources which illumi-
nate the teapot with light direction vectors (0, 0, 1), (1, 0, 21), and (21, 0,
21), respectively, and the light sources are at rest in the coordinate system
of the teapot. Compare this picture with that in Figure 10(b), where the
effect of radiance variation is neglected. From Figure 13 we find that the
teapot is brighter when it is at the left side of the viewer, and it grows
darker and darker during its motion. That is because the angle that the
viewing vector (from the teapot to the viewer) makes with the direction of

Fig. 10. Visual appearance of a moving teapot. (a) The teapot is still relative to the viewer.
(b) The teapot is moving from the left to the right with a speed of 0.95c. (c) The teapot is
moving from the left to the right with a speed of 0.999c.
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motion becomes larger and larger during the motion. Figure 14 shows the
STREET taking into account the effect of radiance variation. When the
viewer is running into the street rapidly, he sees an image whose bright-
ness is enhanced near the center. On the other hand, when the viewer is
running away from the street rapidly, he sees an image whose brightness is
reduced.
Figure 15(a) shows the effect due to the motion of light sources. Again,

the teapot is moving relative to the viewer with a velocity of (0.95c, 0, 0),
but now the light sources are at rest in the coordinate system of the viewer
(that is, there is a relative motion between the teapot and the light
sources). Notice how different the pictures in Figure 15(a) and Figure 13
look just owing to a change in the velocity of the light sources. The motion
of light sources causes a variation in the incident irradiance at the teapot,
and this effect is shown in Figure 15(b), where the snapshot is taken by
another viewer at rest in the coordinate system of the teapot. From the
viewpoint of the teapot the light sources are moving with a velocity of
(20.95c, 0, 0), and this makes the front side of the teapot get more
irradiance from the light sources than the rear side. Hence, the picture in
Figure 15(a) is a result of the mixed effects of scene radiance and irradi-
ance variation, the relative motion between the light sources and the teapot
causes the rear side of the teapot to be darker than the front side and the

Fig. 11. Original appearance of the STREET.
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relative motion between the teapot and the viewer causes the teapot to
become darker and darker during its motion. Figure 16 gives another
example, the STREET, showing the effect due to the motion of the light

Fig. 12. Apparent appearance of the STREET with respect to a moving viewer. (a) The
viewer is rushing into the street with a speed of 0.99c. (b) The viewer is rushing out of the
street with a speed of 0.99c.
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source. All the conditions in Figures 16 and 14(a) are the same except the
velocity of the light sources, but the appearances of the STREET in Figures
16 and 14(a) are quite different.
Figure 17 shows the Doppler effect. Here we have assumed that the

surface of the teapot reflects light only at three narrow wavelength inter-
vals around 460, 540, and 600 nanometers with different reflectivities, and
the spectral energy distributions of the light sources are uniform over the
spectral space (For the case of general spectral reflectance functions,
spectral sampling like that in Hall and Greenberg [1983] is required for
color calculations). The original color of the teapot is the same as that
shown in Figure 9(a). From Figure 17, where the teapot is moving with a
velocity of (0.5c, 0, 0) relative to the viewer, we see that the teapot has a
color with shorter dominant wavelength when it is approaching the viewer
and has a color with longer dominant wavelength when it is departing from
the viewer. That is because the angle that the viewing vector (from the
teapot to the viewer) makes with the direction of motion becomes larger
and larger during the motion.
Figure 18 shows the unusual appearance of shadows under relativistic

conditions. In this example there is a sphere, a floor, and a point light
source. Both the floor and the light source are motionless relative to the
viewer, and the light source is a great distance from the floor, with a light
direction vector of (0, 1, 0) with respect to the floor. In Figure 18(a), where
the sphere is at rest above the floor, its shadow has a circular outline, just
as expected. However, as shown in Figure 18(b), when the sphere is moving
with a velocity of (0.95c, 0, 0) relative to the viewer, its shadow is
lengthened in the direction of motion and is lagging behind such that the
viewer has the illusion that the light direction vector has changed.

7. RELATED WORK

In the papers by Hsiung [1990], Hsiung and Dunn [1989], Hsiung and
Thibadeau [1990], and Hsiung et al. [1990d], a relativistic ray-tracer
exploring the special-relativistic effects in graphics is implemented. Hsiung
coined the term REST—frame for his method of rendering, based on the
Lorentz transformation of light rays between the two coordinate systems S

Fig. 13. Effect of scene radiance variation due to motion. The teapot is moving relative to the
viewer from the left to the right with a speed of 0.95c. The light sources are at rest in the
coordinate system of the teapot.
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and S9, as defined in Section 3. A ray is a single space-time event. The
Lorentz transformation is applied on rays fired from camera frame S, and
the hit times of the transformed rays in the object frame S9 are calculated

Fig. 14. Effect of scene radiance variation due to motion. (a) The viewer is rushing into the
street with a speed of 0.99c. (b) The viewer is rushing out of the street with a speed of 0.99c.
The light sources are at rest in the coordinate system of the street.
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[Hsiung et al. 1990b]. Further reflected and refracted rays are generated
from the hit events in S9, and the hit times for these generated rays in
frame S9 are calculated recursively. Multiple frames moving at different
speeds relative to the camera frame S can also be processed by the
extension of the REST—frame method. The reflected and refracted rays
between different object frames can recursively reach other frames by
applying Lorentz transformation and calculating the hit times of the rays.
Light sources can be handled by adding shadow rays at hit events. Light
sources moving at various speeds related to the viewer’s frame S can be
processed by finding one frame in which the light source is static. The
Doppler effect is accounted for by adopting approximate spectrum for
visible light, implemented by matrices. The resulting shifted spectrum is
then converted into the RGB color system to comply with common raster
display systems [Hsiung et al. 1990a; 1990c]. Since the ray-tracing tech-
nique is inherently too slow for most real-time interactive systems, the
T—buffer approach is proposed [Hsiung et al. 1990e]. The T—buffer is
similar to the conventional Z—buffer, except the time is stored in the buffer
instead of the depth. Rays are fired from the camera frame and are
transformed onto object frames. In this scheme, no recursive reflected or
refracted rays are generated. The resulting color of a certain pixel is
determined by the event with least delay time observed in the S frame. In
the T—buffer scheme, however, the spatial reflection and refraction effects
are not presented.

Fig. 15. Effects produced by the motion of light sources. (a) The teapot is moving relative to
the viewer with a velocity of (0.95c, 0, 0), and the light sources are at rest in the coordinate
system of the viewer. (b) The light sources are moving relative to the teapot with a velocity of
(20.95c, 0, 0), and the viewer is still relative to the teapot.
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The techniques used in Hsiung’s paper are different from our work. We
use a generic bidirectional reflectance distribution function B R D F (ur,
fr, u i, f i) for the derivation; thus, every surface model can be readily
substituted into the BRDF(ur, fr, ui, fi), and all the effects in the original
non-relativistic model can be retained with special relativity taken into
account, with the overhead of Lorentz transformation matrix multiplication
Eq. (41). Some surface models depend on wavelength; for example,
Fresnel’s equation in the Torrance-Sparrow model is wavelength-depen-
dent. For such models, Eqs. (39) and (40) can be applied to take the Doppler
effect into account. Wavelength-dependent models can further apply Eqs. (47)

Fig. 17. Variation in color due to the Doppler effect. The teapot is moving from the left to the
right with a speed of 0.5c, and the light sources are at rest in the coordinate system of the
teapot.

Fig. 16. Effects produced by the motion of light sources. All the conditions are the same as
those in Figure 14(a), except that now the light sources are at rest in the coordinate system of
the viewer.
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and (48) to include light sources moving relative to the objects. The rendering
pipeline is essentially the same as the conventional non-relativistic approach,
thus our methodology is especially suitable for interactive applications based
on current systems. Shadows are also considered, although at a cost of
significant additional computation. Our work, however, does not take refrac-
tion effects into account. To generate complicated scenes with shadows and
refraction effects, we recommend ray-tracing methods such as Hsiung’s.
We believe our goal of design is quite practical. All the current existing

surface models or shading methods can be readily applied, with barely any
performance penalty. By applying our methodology, an interactive relativ-
istic environment can be constructed.

8. CONCLUSION

We have shown how to determine the visual appearance, apparent bright-
ness, and apparent color for a rapidly moving object, and we have also
shown how to generate shadows. Some important results are: (1) If an
object is moving rapidly relative to the viewer, the viewer will get a rotated
and distorted picture of the object, and the effect of rotation and distortion
is more obvious as the relative speed increases; (2) Even though the object
keeps moving at a constant speed, the viewer feels that it is moving at
varying speeds; (3) If the light sources are at rest in the object rest
coordinate system, the moving object will have a brighter appearance when
it is approaching the viewer and a darker appearance when it is departing
from the viewer; (4) If the light sources are at rest in the object rest

Fig. 18. Effect of generating shadows with the relativistic effects taken into account. (a) The
sphere is still relative to the viewer. (b) The sphere is moving with a velocity of (0.95c, 0, 0)
with respect to the viewer.
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coordinate system, the moving object will have a color with a shorter
dominant wavelength when it is approaching the viewer and will have a
color with a longer dominant wavelength when it is departing from the
viewer; (5) If the light sources are not fixed in the object rest coordinate
system, the apparent brightness of the object reflects the mixed effects of
irradiance variation and radiance variation. Moreover, a dramatic change
in the apparent brightness may occur just owing to a change in the
velocities of the light sources, as shown in Figures 15 and 16; (6) To
determine whether one object may cast shadow on another object, the
apparent positions of the light sources and the apparent shape of the first
object with respect to the second object must be found.
Although in our daily lives we do not directly experience relativistic

phenomena, the results can be applied in virtual environments and for
entertainment and educational purposes in the future.
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