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ABSTRACT. An algorithm, one that is economical and fast, for generating the convex polytope
of aset S of points lying in an n-dimensional Euclidean space E* is described. In the existing
brute force method for determining the convex hull of a set of points lying in a two-dimen-
sional space, one computes all possible straight lines joining each pair of points of S and tests
whether the lines bound the given set S. This method can easily be generalized for computing
the convex hull of a set S € E*, n > 2. However, it turns out that this approach is not feasible
due to excessive computer run time for a set of points lying in E» when n > 3. The algorithm de-
scribed in this paper avoids all the unnecessary calculations, and the convex polytope of a set
S C Eis generated by systematically computing the faces from the edges of the desired con-
vex polytope. A numerical comparison indicates that this new approach is far superior to the
existing brute force technique.
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Introduction

The study of convex polytopes has received a considerable impetus from its applica-
tion to engineering problems. However, a search through the available published
literature seems to indicate that practically no effort has been made to develop
numerically efficient procedures to determine the convex hull of a finite set S of
points lying in E™.

The existing brute force technique for computing the faces of the convex poly-
tope of a given set of points in E”, n > 2, is not feasible due to excessive computer
run time even when the size of the set is reasonably small. The approach presented
here is essentially a systematic way for computing the faces sequentially from the
edges of the desired convex polytope.

The algorithm is based on the observation that exactly two faces of the convex
polytope C(S) of a set 8 C E" intersect along each edge of C(S). If one edge and
one of the two faces containing this edge are known, then the second face can be
computed by a process which is practically equivalent to a rotation of the known
face about the known edge through an appropriate angle. The determination of
each new face gives rise to at least (n — 1) edges of C(S) that are different from
the known edge. This process is continued until each edge is the intersection of two
adjacent faces of the convex polytope. A method is presented for generating the
first face that is needed to initiate the algorithm.

A ForTRAN program was developed, which is being used at Lockheed-Georgia
Company. The computer run time is reasonably low to treat practical problems
consisting of one thousand six-dimensional points.
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Mathematical Analysis

Let S be a set of (m + 1) distinet points P'= (ppd - ,pa), 5=0,1,---,m
lying in E".

Definition 1. An r-flat is a region determined by (r 4 1) points and having
dimension r. An r-flat (r > n) is herein called a hyperplane of r dimensions and is
denoted by H™".

Definition 2. A hyperplane H" " is the set of points X = (21, 2z, =+, &)
which satisfy an equation of the form D 7 as — 8 = 0, where not all a; are zero.
A hyperplane H" ™" separates the space E™ into two half-spaces.

Definition 3. A normal to the hyperplane H" ™' is a vector parallel to n, where
n= (a,a, -, an). The unit normal to H" ' is denoted by f and is given by

1

7 n \¢$ (011, ag, -, Oln)-
i=1

Definition 4. A hyperplane H" ™" bounds the set S C E" if and only if all points
of S lie either on H" " or in one half-space. If ¥; denotes a unit vector along QP’,
Q € H, and P € S, then we say that H"" bounds the set S iff either the
inner product (f+%;) > 0 for¢ = 0,1, -+, n or the inner product (f+¢;) < 0
fori = 0,1, --- , m; i being the unit normal to H" .

Definition 5. A hyperplane H" " is called a support plane of S if H*~' bounds S
and at least one point of S lies on H" ™",

Definition 6. A system of (I 4+ 1) points is said to be linearly independent if no
set of (r + 1) points lies in the same (r — 1)-flat (r < ).

Definition 7. 'The convex polytope C(8), to be called the n-polytope, of the set
S < E" is the set of points which is the intersection of all the convex sets in E”
that contain S.

Definition 8. A support plane H" ™' of § is said to be an n-face of C(S) if n
independent points of S lie on H" ™",

Definition 9. An n-edge of C(8) is an (n — 2)-flat contained in a support plane
of C(S8) which is not an n-face of C(S).

TareorEM 1. Fach n-edge of the n-polytope C(S) lies in two and exactly two n-faces
of C(S).

Proor. Let E be an n-edge of the n-polytope C(S). The proof of this theorem is
constructive. That is, the two adjacent n-faces of C(S) intersecting along the edge
E are constructed.

Let P°, P!, ..., P" " be (n — 1) linearly independent points of S that define
the n-edge E. The definition of E asserts the existence of a support plane H of S,
containing E, which is not an n-face of C(S). Let i be the unit normal to the sup-
port plane H that is directed toward the points in S. That is, if ¥, denotes the unit
vector along pep: then

ﬁ:

(fe9;) >0, =12 -, m. (1.1)

As pointed out in the Introduction, we need to compute the two appropriate
angles through which the support plane H is to be rotated about E so as to generate
the desired two adjacent n-faces of C(S). A three-dimensional case shown in Figure
1 suggests that we compute the angles between the support plane H and each of
the hyperplane H.’s obtained by adjoining a point P* € S to the points of E such
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If fi; = Ay + pé then tan @ = Mp.

that the new system has n linearly independent points. Clearly the hyperplanes
corresponding to the maximum angle and the minimum angle are the desired n-
faces of C(S).

To determine the angle between the support plane H and the hyperplane H; one
needs to know the normals i and #i; to H and H; respectively, and a normal #i; to
H,; is determined by solving an (n — 1) X n linear homogeneous system. Thus to
compute the desired maximum and minimum angles, one needs to generally solve
the (n — 1)#n linear system (m — n — 1) times. But in the approach deseribed
here the desired two adjacent n-faces are computed by solving an (n — 1)*n lincar
system exactly once.

To minimize numerical computation we extremize the tangent of the angle be-
tween the vector &, to be constructed, and the normals to hyperplanes H; as follows
(see Figure 2): Construct a unit vector & = (e, ez, - -+ , €,) such that

(i) (&) =0,

(1.2)
(i) (&.9;) = 0, 1=1,2, .-, (n —2).
The components e; of & are calculated by solving the linear homogeneous system
(1.2) of (n — 1) equations in n variables.

Since the n vectors ¢1, 92, + -+, ¥,_2 , 1, & form a basis, any veetor in E* can be
expressed linearly in terms of these. For each k such that " ¢ Sand P* ¢ H,
let i, denote the unit normal to the hyperplane H;, spanned by n independent points
P P! ..., P"® P* The direction of i is specified by the relation

(&) > 0. (1.3)

Since ny, is normal to the n-edge E it must lie in the plane spanned by fi and é.
Thercfore, fix = Mit + uré, where N, g are constants satisfying the relations:
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1) M4 w' =1,
(ii) M = (fyed), (1.4)
(iii) w = (Dg-&) > 0, using (1.3).
Further, i, being orthogonal to ¥ implies

([N + ]eve) = 0

or
No(DeWy) = —u(&o9).
Using (1.1) and (1.4) we obtain
M _ (8Ve) (1.5)
M (fl'f’k>

We know a hyperplane H,, will be an n-face of C(S) if either (fi,*vx) > 0 or
(fin+9;) < 0 holds for each P* ¢ S. But
(ﬁm'vk) = ([)\mﬁ -+ I/'mé]'f’k>
= pp(fevy) [&" — Z\f] , using (1.5).
1223

Mm

Since un > 0 and (fi+9;) > 0, for each P° € §, it follows that H,, will be an n-face
of C(S) if and only if either Am/ptm > Ne/tk OF Am/ttm < e/ holds for each P* € S

and P* ¢ H. Thus we have shown the existence of exactly two n-faces, say Fi and
Fy , each containing the edge E, whose normals fig; and fig; are given by the relations

figr = Mg/ + ug€,
figg = A + up€,

KE1 l"kj

where

A

£ — max {&5 ;

ME2 ﬂkj

the minimum and the maximum are taken over all k such that P* € S and P* ¢ H;

Ar (&evi)

Mg (Bewy)

and N + w’ = 1.

TuEOREM 2. Let Sy be a subset of S consisting of points lying on an n-face F of
C(S). Then an (n — 1)-face of C(Sy) 7s an n-edge of C(S).

Proor. Let & be the normal to the n-face F such that

(fie9:) 2 0, k=12, ---,n, (2.1)

—

¥ being a unit vector along P°P*.
Suppose P°, P!, -~ , P  are (r + 1) points (r > n — 1) of S that form the sub-
set Sy . Determine the convex hull C(Sy) of the set Sr in the (n — 1)-dimensional
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subspace F. Suppose P°, P, --- | P" " are (n — 1) independent points that define
an (n — 1)-face f of C(Sr). Let & be a unit vector normal to f such that (&+9;) > 0,
k=12, .-, r Since & lies in the subspace F, it follows that (&) = 0 and thus
this vector € is identical to the vector & constructed in Theorem 1 and satisfies the
extra condition

(&%) 2 0, k=12 - m. (2.2)
Proceeding as in the proof of Theorem 1, the unit normal #i; to the hyperplane,

generated by adjoining P* € S, P* ¢ F, to the points defining f, can be expressed
linearly in terms of i and &. That is,

n; = )\kﬁ + [.l.ké, (23)

where 1 = N + w’.
The direction of i is specified by the relation

Me = (ﬁk‘é) > 0. (24)

The condition that f, is orthogonal to ¥, can be expressed in the form

Mo (80 (25)
Mk (fl'vk)

Let P € S be a point such that
Am _ max {Z\—’f\t , (26)
fem Iikf

where the maximum is taken over each k such that P* € S. Then, using (2.5),

(flm'vk) = (D\mfl + Nmé]’vk)

Mm Hi

Using relations (2.1), (2.4), and (2.6) it follows that (fi,+%:) > 0 for each P* ¢ 8.
This shows that the hyperplane obtained by adjoining the point P™ € S to the
points defining f is an n-face F* of C(S).

Consider the hyperplane H passing through the (n — 1) points P’, P, --- , P"™*
whose normal n* is given by the relation n* = af + (1 — a)f., with0 < a < 1.
Clearly the hyperplane H bounds the set S and contains the (n — 1)-face f of
C(Sr). Since H is not an n-face of C(8) it follows that the (n — 1)-face f is an
n-edge of C(S).

CoroLLARY 1. Suppose an n-edge E and an n-face F of C(8) containing E are
gwen. Then an n-face F* of C(8), distinct from F and adjacent to F along the n-edge
E, may be generated as follows. Let & be the unit normal to F and & be a unit vector
orthogonal to i and normal to E such that (fi+9;) > 0 and (&%) > 0, k = 1, 2,

-, m. Define \i/ur = — (&%) /(R%), k= 1,2, --- , m. Let P™ € 8 be a point
such that Am/um = mazx {\/u}. Then the hyperplane obtained by adjoining the point
P™ to the points defining E is an n-face of C(S) whose normal £ is given by the rela-
tion B* = At + pmé, with 1 = \® + -
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Determination of Edges

If an n-edge of the desired convex polytope C(S) is given, and if a support plane
H of 8 containing the given edge, which may or may not be an n-face of C(8), is
known, then the proof of Theorem 1 or Corollary 1 determines a new n-face F of
C(8) which intersects the support plane H along the known edge. The n-edges of
C(8) lying on F can be found, according to Theorem 2, by computing the (n — 1)-
faces of the convex polytope of points of S lying on F in the (n — 1)-dimensional
subspace. If exactly n points of S lie on an n-face of C(S) then there exist exactly
n n-edges of C(S) that lie on that n-face and these n n-edges are determined by
taking all combinations of (n — 1) points from these n points. Thus an n-edge and
a support plane of S containing this n-edge of C(S) produces an n-face of C(S)
which in turn gives rise to new n-edges of C(iS). The process may be repeated by
choosing one of the new n-edges and the n-face containing this n-edge to produce a
new n-face of C(S) and thereby new n-edges. Theorem 1 asserts that each n-edge
of G(S) lies in exactly two n-faces of C(.S); therefore, once the two adjacent n-faces
of C(8) containing an n-edge of C(S) are found, then that n-edge should be omitted
from further consideration. Hence, a repeated application of Theorems 1 and 2 and
Corollary 1, as suggested above, should generate all the n-faces of the desired convex
polytope C(8), provided a starting n-edge and a support plane of S containing this
n-edge are known.

TueorEM 3. Let H be a support plane of S, containing r (r < n) linearly inde-
pendent points of S, whose normal # is of the form & = (a1, 00, -+, @, 0, -+, 0).
Then there exists at least one point of S which when adjoined to the r points of S on H
form a linearly independent subset S* of S which lies in a support plane H * of S whose
normal is of the form & = (81,82, s Br, Br41,0, - -+, 0).

Proor. Suppose P°, P!, - -, P! are r linearly independent points of S lying
on the support plane H whose normal is the unit vector fi such that (f+¥;) > 0.
As in the proof of Theorem 1, construct a unit vector & of the form é = (e, €,
o+ e, €1, 0, -+, 0) such that

(é«0i) =0 (3.1)
and (&+9;) = 0,7 = 1,2, ---, (r — 1), ¥; as usual being the unit vector along
—

p’p". Observe (3.1) is a linear system of 7 equations in (7 + 1) variables.
For each point P* € S, k > (r — 1), compute the ratio

Ax _ (&+9x)

o NOVE (3.2)
733 (fl'Vk)
provided (A +¥x) > 0.
Let P" € S be a point such that
r k>r ,Ukj

Consider the hyperplane H * whose normal A” is given by

-k —~ A
i = A0 4 ué,
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with
1=+ (34)
and
My = ﬁ*°é) > 0.
We show that H* is the desired support hyperplane of S containing r + 1 linearly
independent points of S and its normal is of the form (81,8, *++ , Br41,0, - -+, 0).
Clearly, fork = 0,1, --- ;r — 1
(% +9) = M(B+9) + u (&%) = 0, using (3.1),
and
(2%9,) = M(e¥,) + p(8+9,) = 0, using (3.2).
Therefore, H passes through (r + 1) points P°, P', --- , P".
Forany P ¢ 8, k > r — 1,
(8%e9) = (v + w8]ov)
= ur(BeVi) [N/ — (&95)/(e¥x)).

Using (3.2), (3.3), and (3.4), it follows that (2*+%;) > 0. Thus (8*+9;) > 0, k =
0,1,2, - -, m. Hence H is a support plane of S. Iinally, from (3.4) it is evident
that 2™ has the desired form (81, B2, -+, Bry1, 0, <=+, 0).

Starting Edge

The following procedure may be used for computing a starting n-edge of C(S).
Determine point(s) of the set S with least first component. Then the hyperplane
H, , defined by z; = min {p;"}, passes through all points of S with least first com-

ponent and its normal is of the form fi; = (1,0, 0, --- , 0). Now Theorem 3 can
be used repeatedly to generate support planes H, of S whose normals are of the
form fi, = (g, a2, -, ,0, -+-,0) until r = n. Clearly H, is an n-face of

C(8) and the n-edges of C(S) lying on H, can be found by using Theorem 2.

ALGORITHM

The convex polytope C(S) of the set S is generated by repeating a cycle of steps; each cycle
computes a new face of the desired polytope until all the faces are determined.

Let S. denote the subset of S whose convex polytope is being generated and let n. denote
the current dimension of the space. Let m, denote the number of points of S. .

Stepl. SetSc =8, ne=n, me =m+ 1.

Step 2. Determine point(s) of S. with least first component. Let S, be the set consisting of

points P! € 8. such that pi7 = min;<i<m, {pi*}. The hyperplane H, x, = p7, is a support

hyperplane of S and its normal is parallel to the vectorn = (1,0,0, ---, 0).

Step 3. Construct a unit vector & such that (&+) = 0, (é+v;) = 0, P; € S, v, being a unit
—>

vector along pip? and (eevi) > 0, P, € S, .
Step 4. For each point P* € S., compute the ratio

Ak (ésvi)

Kk (Beve)
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and determine point(s) P/ € S, such that

)\J Ak
— = max §y—
My 123

where the maximum is taken over all k such that P¥ ¢ S, .
The normal to the d-flat defined by adjoining to Sy the points for which the ratio of X and u
is maximum, is given by A* = ;A + usé, where 1 = A,° + u,’

Step 5. If d < n. the starting face of C(S.) has not been computed yet; therefore, replace S,
by the points on d-flat and return to step 3 with i = a*. If d > n. an n.-face of C(S.) has been
comptuited. In the case d > n.let S; denote the points on the d-flat and return to step 2 with
ne = n, — 1. When d = n. proceed to step 6.

Step 6. Check whether the n. edges of the computed face are in storage. An edge in store im-
plies that one face containing this edge was found before and now that the second face has
been computed this edge will be omitted from further consideration. If some edges are not
already in storage, store all except one. Return to step 3 with S, consisting of points defining
this edge and with i = h*. However, if all edges are in storage, proceed to step 7.

Step 7. Search the storage for an edge. Pick an edge and compute the normal i to the face
containing this edge. Return to step 3 with S. consisting of points on this edge. If no edge
exists in the storage then the n.-polytope has been computed; proceed to step 8.

Step 8. Check whether n, = n. If yes, the desired convex polytope C(S) has been generated.

Ifn, < nreturn to step 6 with the faces of the n.-polytope being the edges of then, = (n. + 1)-
polytope.

Total Number of Points in Each Dimension = 20

110
100
90
g0
70
60

50

Execution Time in Sec.

40

30

20

Dimension of Space

Fic. 3
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Numerical Results

A ForTRAN program was developed and is being used as a produetion program at
Lockheed-Georgia Company-. Figure 3 shows that the results obtained are signifi-
cantly superior to the brute force technique mentioned in the Introduetion.
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