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An introduction to quantum rotational tunneling and libration is presented with an emphasis on
obtaining a qualitative understanding of this phenomenon through visualization of the dynamics,
simple approximations, and measurements. The tunneling and librational dynamics of small
molecular rotors are discussed using a very simple model of the rotational potential. Numerical
calculations of the evolution of probability packets are carried out for the low-lying states and the
connection is made between the quantum and classical librational dynamics. Finally, we present
measurements of these quantum rotations using inelastic neutron scattering and show in particular
how neutron scattering measurements of the ground state tunnel splitting and first librational
transition can be used to characterize the magnitude and shape of the potential hindering the motion
of the rotor. Some conceptual and computational problems are included that are suitable for
undergraduate students. ©2003 American Association of Physics Teachers.
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I. INTRODUCTION

Studying the quantum rotational dynamics of molecu
systems can provide detailed information on the forces
tween molecules~intermolecular interactions! and between
the molecular constituents within a single molecule~intramo-
lecular interactions!. It is not surprising then that rotationa
spectroscopy has been widely used as a means to chara
ize these interactions.1 Obtaining an understanding of th
rotational dynamics requires one to have a physically reas
able model of the molecular system. In general, howeve
microscopic description of the rotational dynamics of a m
lecular system can be quite complicated. For molecules
even modest complexity there can be many sub-units un
going simultaneous rotation1 translation thus requiring
multiple coordinate systems for a detailed analysis. A sim
three-dimensional rotor such as solid hydrogen (H2) is es-
sentially a free spherical rigid rotor and its rotational dyna
ics have been studied extensively.2 The rotational motion of a
tetrahedral molecule such as methane (CH4) is somewhat
more difficult to analyze but the dynamics of the molecu
solid are still tractable.3

Arguably the simplest type of rigid rotors are those th
have a single rotational degree of freedom such as the me
halides containing methyl groups (CH3) or the ammonia
compounds~containing ammonia groups, NH3). In these
molecular solids, the methyl or ammonia groups can ro
about a fixed molecular axis, under the influence of a cry
field ~an orientational potential! hindering rotation, thus dis
playing a variety of different rotational motions. The types
motions that can be observed are libration, stochastic re
entation, and quantum rotational tunneling. Libration is
quantum analog of classical torsional oscillation in which
CH3 group ~for instance! oscillates within the hindering po
tential. Stochastic reorientation is a rotational motion
which thermal fluctuations in the crystal provide enough
ergy to overcome the hindering barrier, thus enabling sp
taneous reorientation of the CH3.

Quantum rotational tunneling is somewhat more diffic
to understand because it has no classical analog. Tra
tional tunneling is better known and has been discusse
885 Am. J. Phys.71 ~9!, September 2003 http://ojps.aip.or
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length.4–13 Pauling recognized in 1930 that molecular cry
tals such as hydrogen can exhibit quantized rotational mo
including rotational tunneling.14,15 Rotational tunneling is a
phenomenon whereby a molecule~or a molecular sub-unit!
whose rotational motion is hindered by an orientational b
rier, reorients itself via tunneling through the barrier. Sin
the 1930s, rotational tunneling has been observed in m
molecular systems from solids to gases.3,16 In rotational tun-
neling the ‘‘particle’’ that tunnels can be a molecular su
group such as a methylene group (CH2), a CH3 group, or
even an entire molecule such as H2 or CH4. The description
of the coherent motion of the constituent atoms is called
single particle model. The single particle motion is det
mined by the molecular environment. If there is no molec
lar field that hinders the single particle motion, then the ro
undergoes quantized free rotation. If the motion of the sin
particle is hindered, a situation that we will consider, then
quantum rotations can include rotational tunneling a
librations.3,16

The related problem of quantum rotations in pend
where the potential,V(u)5V0(12cosu) for V05mgl, has
only a single minimum rendering tunneling impossible.17–21

Nevertheless, the quantum pendulum provides a useful
ample of torsional oscillations in the limit of largeV0 and
free quantum rotations in the limit of small values ofV0 .21

Recent experimental illustrations of free rotations in etha
~containing CH3 groups! and torsional oscillations of potas
sium hexachloroplatinate~with a PtCl2 group! have been
discussed in this context of quantum pendula.21

In the same way that the Josephson junction, scann
tunneling microscope, and the tunnel diode exploit trans
tional tunneling, rotational tunneling spectroscopy has fou
a practical use, namely the identification and refinemen
atom—atom potentials. Recently the method of rotatio
tunneling spectroscopy has been used in conjunction w
crystallographic measurements and molecular mecha
methods to provide a comprehensive set of techniques for
microscopic characterization of molecular solids.22 The sub-
ject of quantum rotational tunneling, although straightfo
ward, has not appeared in this journal to our knowled
However, the level of physics and mathematics necessary
885g/ajp/ © 2003 American Association of Physics Teachers
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an understanding is at an advanced undergraduate level
we illustrate the main features of rotational tunneling vis
ally. In this paper we discuss the tunneling and libratio
dynamics of CH3 groups within the single particle model an
illustrate how measurements of tunneling and libration c
be used to extract detailed information on the local molecu
environment.

This paper is organized as follows. In Sec. II we revie
the problem of hindered rotation for CH3 groups and discus
the different types of motion possible. Section III contain
brief review of neutron scattering, particularly from CH3

groups, and measurements from CH3I are presented and dis
cussed. Section IV contains a number of conceptual
computational problems suitable for advanced undergrad
students.

II. METHYL GROUP DYNAMICS

The single particle model often can be used to describe
dynamics of solids composed of molecules with at least
methyl group. A methyl group is best described as a pyra
composed of three hydrogen atoms at the base and a ca
atom at the apex with an H–H distancedHH.1.78 Å. One
particular small molecule, methyl iodide (CH3I!, contains a
single methyl group and is shown in Fig. 1. The moment
inertia about the C atom perpendicular to the plane of th
atoms is 5.3310247kg m2, which sets the energy scale fo
the quantum rotational dynamics. Unhindered rotations
the CH3 group can be described in terms of the Schro¨dinger
equation,

2
\2

2I

d2

du2
cn~u!5Encn~u!, ~1!

whereu is the coordinate specifying the angular orientati
of the CH3 group. The free rotor wave functions~see Appen-
dix A! form a complete basis set for Eq.~1! and can be used
to obtain the energy levels,Ej5B j2, where B5\2/2I
5654meV andj is the rotational quantum number.

The motion of the CH3 group sub-unit can be described
terms of a potential composed of an intramolecular term
an intermolecular term. In the gas phase the intramolec
term dominates whereas the intermolecular term is domin
in the dense solid phase. We restrict our discussion in
paper to the low temperature solid phase and hence
consider the intermolecular potential. This term can be
composed into an attractive van der Waal’s term, a term
to steric~short-range! repulsion, and other electrostatic mu

Fig. 1. Stick diagram of methyl iodide, CH3I. Rotations considered in this
paper are shown with the arrow.
886 Am. J. Phys., Vol. 71, No. 9, September 2003
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tipole forces.23 A calculation of the overall contribution to
the intermolecular potential of each of these terms can
performed for a molecular solid whose structure is kno
and can often result in a simplification where the total pot
tial is replaced by a term encapsulating the symmetry of
rotating group and a term encapsulating the symmetry of
local environment. In this view the threefold symmetry
the CH3 group constrains the symmetry of the total interm
lecular potential to be at least threefold. Thus the poten
can be expanded in a Fourier series in multiples of 3u,

V~u!5 (
m50

`

v3m cos~3mu1am!. ~2!

If the local molecular environment has no symmetry then
first two terms (m50,1) provide an adequate description
the dynamics and the phase factors,a0 anda1 , can be set to
zero without loss of generality.16 Then the full Hamiltonian
can be expressed as

H52
\2

2I

d2

du2
1

V3

2
~12cos 3u!. ~3!

This is the Mathieu equation whose solution has been p
sented in this journal.21 This Hamiltonian can be solved nu
merically for a particular value of the barrier height,V3 , as
discussed in Appendix A. The solution over a broad range
barrier heights is shown in Fig. 2. As a reference, the das
lines in Fig. 2 indicate the barrier heights for two system
sodium acetate trihydrate (CH3COONa•3H2O) and CH3I.
There are two limits for the motion shown in Fig. 2. In th
limit of high barrier, small deviations from one of the thre
equilibrium positions results in nearly harmonic motion wi
the usual quantized energy levels,

En5~nlib1 1
2!\v0 , ~4!

where the oscillation frequency is given by

v053AV3

2I
, ~5!

Fig. 2. Eigenvalues for a CH3 group as a function of the barrier height,V3 .
The dashed line labeled a corresponds to the barrier for sodium ac
trihydrate and b corresponds to methyl iodide. The first two librational lev
are labeled by the quantum numbernlib .
886R. M. Dimeo
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and I is the moment of inertia.21 The librational transitions
~the energy difference between the librational levels! in this
limit are approximately constant, given by\v0 . In the limit
of low barrier, the energy levels are approximately the f
rotation levels discussed previously with transitions given
DEj5Ej2Ej 215(2 j 21)B for j 51,2,3, . . . .

In the intermediate regime where the barrier is not
high or too low, we can understand the rotational dynam
from the simplified energy-level diagram shown in Fig. 3.
this figure, which emphasizes the eigenvalues intersecte
one of the dashed lines in Fig. 2, we have exaggerated
spacing between the levels. The lowest two librational lev
nlib50 and 1, are shown as well as their tunnel split su
levels. The transition from the ground state (nlib50) to the
first excited librational state (nlib51), denoted by\v01, can
differ from the ground state tunnel splitting (\v tunnel

0 ) by
several orders of magnitude. This large difference in the
brational and tunneling transitions is an important practi
point to consider in measurements of rotational tunneli
Effectively this means that, at low temperature where
thermal population of the excited librational states is ne
gible, the system can be approximated by a two-state mo

We note also that the invariance of the Hamiltonian~3!
under rotations of 2p/3 causes a degeneracy in the tunn
split librational states. In the language of group theory, so
tions of H in Eq. ~3! belong to theC3 point group which
possesses two symmetry species.24 These species, designate
A ~a singlet!, which is symmetric and E~a doublet!, which is
antisymmetric, are labeled accordingly in Fig. 3. The sy
metry of the rotational wave function has a profound eff
on the overall molecular wave function and its influence w
be discussed in Sec. III.

The rotational excitations observed in measurements
volve transitions between the eigenvalues shown in Fig
Measurement techniques such as nuclear magnetic reson
~NMR! and neutron scattering~discussed in Sec. III! probe
these transitions directly by the transfer of precisely
amount of energy by which the eigenvalues differ. The tu
neling transition, also called the tunnel splitting of the libr
tional ground state, is shown in Fig. 4 as a function of bar
height. Clearly, the Bohr frequency corresponding to the t
neling energy decreases as the barrier increases. This be
ior is due to the fact that the wave functions tend to over

Fig. 3. Schematic illustration of the first two librational levels as intercep
by one of the dashed lines in Fig. 2. The symmetries of the eigenstate
denoted by labels A and E and the degeneracy of the states is give
parentheses.
887 Am. J. Phys., Vol. 71, No. 9, September 2003
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less for larger barriers. Thus the frequency of the tunnel
events diminishes. Perhaps the most important character
of Fig. 4 is the apparent exponential dependence of the
nel energy on barrier height,V3 . The sensitivity of the tunne
energy on barrier height can be exploited to probe the m
nitude of the barrier.

The barrier height dependence of the first librational tra
sition calculated from a numerical diagonalization of t
Hamiltonian in Eq.~3! using the harmonic approximation i
shown in Fig. 5. The first librational transition is simply th
difference between the average of the lowest two and
following two eigenvalues in the limit of high barriers. W
expect the harmonic approximation for the librational fr
quency, Eq.~5!, to improve as the barrier height increase
However, Fig. 5 clearly shows that whenV3 /B@1, the
slopes of the curves agree, but the harmonic approxima
systematically overestimates the actual value. In fact
agreement improves with increasing barrier height but
convergence is quite slow. It can be shown~see Appendix B!

d
are
in
Fig. 4. Tunnel splitting of the ground librational state. The approxim
exponential dependence of the tunnel splitting on the barrier height is cle
seen.

Fig. 5. Barrier height dependence of the first librational transition~solid
line!. The dashed line is the harmonic approximation,\v0.
887R. M. Dimeo
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that the classical turning point decreases only asV3
21/4, and

thus the small angle approximation is approached v
gradually.

We can calculate the dynamics of the tunneling and lib
tion processes using the eigenfunctions and eigenva
found through the numerical diagonalization procedure.
will be described in Sec. III, a neutron is capable of induc
a transition between the rotational eigenstates. In genera
process can be described by

P~u,t !5uc~u,t !u2, ~6!

which is the probability of finding the methyl group oriente
at an angleu ~with respect to some arbitrary direction! at
time t ~with respect to some arbitrary origin in time!. In Eq.
~6! c is represented as a sum over the eigenstates,^uun&, of
the Hamiltonian, Eq.~3!, as

c~u,t !5 (
n51

`

an exp~2 iEnt/\!^uun&, ~7!

where

an5E
0

2p

duc~u,0!^uun&. ~8!

Note that in Eqs.~6! and ~7! n denotes the~possibly degen-
erate! eigenstates. For simplicity, we will assume that t
neutron couples the lowest two eigenstates of the Ha
tonian, Eq.~3!. The results of such a coupling are shown f
V/B563 in Fig. 6. It is clear that the region of largest pro

Fig. 6. Time evolution of the probability density when transitions are
duced between the two levels in the tunnel split librational ground state.
upper right-hand panel shows the potential barrier forV3542 meV and the
probability densities for the lowest three stationary librational states
reference. The bottom panels show the probability densities at two poin
time, t150.3 ns andt252.1 ns.
888 Am. J. Phys., Vol. 71, No. 9, September 2003
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ability density oscillates in time among the three poten
minima, whereas the region of least probability is at t
maxima of the potential.

The librational dynamics can be illustrated similarly e
cept that now we assume that the neutron couples the gro
librational state and the first excited librational state. T
result is shown in Fig. 7. We can see that the probabi
density ‘‘sloshes’’ back and forth within each of the potent
minima. This type of motion is consistent with the classic
notion of libration in which the librating particle oscillates i
space. This behavior, a consequence of Ehrenfest’s theo
is similar to the behavior of a Gaussian wave packet in
harmonic potential where the expectation values of the m
mentum and position operators follow classic
trajectories.25,26 In fact the classical probability density fo
the librating system is given by

Pcl@u~ t !#5d@u~ t !2ucl~ t !#, ~9!

whereucl(t) can be written as

ucl~ t !5u tp sin~vt1a!. ~10!

The classical turning point,u tp , is given by

u tp5
1

3
cos21S 12

\v

V3
D , ~11!

anda is the phase shift andv5v01 is the frequency differ-
encev between the librational levels. Equation~10! is su-
perposed on Fig. 7 to show the correspondence between
quantum and classical librational motion.

The evolution of the excited state tunneling proce
\v tunnel

1 , is shown in Fig. 8. The similarity with Fig. 6 is
obvious and the main difference is the appearance of a n
in the center of each well. The time-development of the
brational transition,nlib51→2 or \v12, is shown in Fig. 9.

-
e

r
in

Fig. 7. Evolution of the probability density when transitions are induc
between the ground librational state and first excited librational state,\v01 .
The probability density sloshes back and forth periodically within each
tential minimum. The white solid lines are given by Eq.~10! indicating the
classical oscillatory equation of motion. Note the difference in time sc
compared with Fig. 6.
888R. M. Dimeo



ion

re
th
in
-
t

ill
li
el
he

I
ing

ros-
ther
r
bout
lar
ot
H
the
ch
be

u-

the
n–

d in
on
ry

cat-
he

ing
a-
-
H

led
lar
s
the

they
the

he

In
the
is,

the

c,
s,
e
. At

er-
he
ve
ms.

s.

-
ve

ve

t a
Again we can immediately see the similarity to the transit
\v01 in Fig. 7. The classical trajectory, Eq.~10!, based on
the excited state classical turning point and librational f
quency,v5v12, has also been superposed to illustrate
semi-classical nature of the motion. In both cases involv
transitions between~or within! the higher librational eigen
states, the increase in the kinetic energy is made manifes
the increased ‘‘wiggliness’’ of the probability density. In st
higher excited states, differences in the amount of ‘‘wigg
ness’’ can be seen in different regions of the potential w
thus illustrating the ‘‘wiggliness’’ as a local measure of t
kinetic energy.27,28

Fig. 8. Same as Fig. 6 but for the transition induced between the two le
of the tunnel split first excited librational state,\v tunnel

1 .

Fig. 9. Same as Fig. 7 except for the transition induced between the firs
second excited librational states,\v12 .
889 Am. J. Phys., Vol. 71, No. 9, September 2003
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III. MEASUREMENTS OF ROTATIONAL
TUNNELING

The hindered motions of a CH3 group discussed in Sec. I
can be measured using a number of techniques includ
NMR, neutron scattering, heat capacity, microwave spect
copy, optical spectroscopy, infrared spectroscopy, and o
techniques.16 Microwave spectroscopy is typically used fo
systems in the gas phase where one seeks information a
the intramolecular interactions rather than intermolecu
interactions.1 In general, light scattering techniques cann
be used to measure quantum rotational tunneling of C3
groups because such rotations involve a change in
nuclear spin state of the molecular wave function. Su
changes, which require coupling to the nuclear spin, can
induced using NMR, via dipole–dipole coupling, and ne
tron scattering. The neutron, possessing nuclear spin\/2,
couples directly to the nucleus of the scatterer via
nucleon–nucleon interaction. The short-range neutro
nucleon interaction for low-energy neutrons can be treate
the first Born approximation, thus making the interpretati
of the scattering data relatively straightforward. In a ve
simple view, rotational spectra measured with neutron s
tering provide direct information on the energy levels of t
scattering system.

To appreciate the utility of neutron scattering in measur
quantum rotations, we must first clarify the notion of rot
tional tunneling from the point of view of the rotor’s con
stituents. For our purposes the hydrogen atoms in the C3

group can be viewed as protons. If we imagine a CH3 group
with a well-defined orientation such that we have labe
protons on labeled sites, then we can identify a particu
orientation of the CH3 group by the proton location such a
u123&. The successive state of a 120° reorientation of
molecule via tunneling is then represented asu312&. These
states are often referred to as ‘‘pocket states,’’ because
correspond to wave functions that are highly localized in
minima of the potential well, that is, in the ‘‘pockets.’’3,16

The tunneling dynamics evolve according tou123&→u312&
→u231& with the Bohr frequency given byEtunnel/h.

Section II alluded to the fact that the symmetry of t
rotational wave functions, the solutions to~3!, has a pro-
found influence on the overall molecular wave function.
fact, the nature of a quantum rotation is directly related to
symmetry of the wave function. In order to understand th
we must examine the components ofCmol , the molecular
wave function. In the Born–Oppenheimer approximation
molecular wave function can be decomposed asCmol

5c transcelcvibc rotcns, which are the translational, electroni
vibrational, rotational, and nuclear spin function
respectively.29 In order to induce a quantum rotation of th
CH3 group, a change in the nuclear spin state must occur
low temperature we can assume thatCmol is in the ground
electronic state. A quantum rotation of a CH3 group is a
symmetry operation and thus it is equivalent to a cyclic p
mutation of the nuclei. Permutation of the nuclei leave t
translational and vibrational parts of the molecular wa
function unchanged so that we may ignore these ter
Therefore the only portions ofCmol relevant to rotational
motion are the rotational and nuclear spin wave function

Because the CH3 group is composed of three~indistin-
guishable! fermions,Cmol must be antisymmetric under ex
change of any two protons. Therefore, the rotational wa

ls

nd
889R. M. Dimeo
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function must be of the symmetric A species when
nuclear spin wave function is antisymmetric.3,16,30Therefore
the allowed combinations of the molecular wave function

Cmol5c rot
E cns

A c transcelcvib , ~12!

and

Cmol5c rot
A cns

E c transcelcvib . ~13!

Equations~12! and~13! state that, in order to keep the ove
all antisymmetry of the molecular wave function, a change
the rotational state requires a change in the nuclear spin.
neutron scattering experiment, the neutron couples dire
to the nuclear spin of the target and can change the spin s

As mentioned in Sec. II, the two-state model can be u
as an approximate description of the methyl dynam
Therefore one might consider using heat capacity to obs
the Schottky anomaly31 associated with the energy diffe
ence,\v tunnel

0 , of the two states. This method has been s
cessful in measurements of one particular tunnel splitting
CH4 where phonons induce the transition,32 a phenomenon
known as spin conversion. However, the heat capacity
nitromethane (CH3NO2) showed no evidence for the tunne
ing transition.33 Neutron scattering measurements, thou
revealed a tunneling excitation at 34meV.34,35 The disagree-
ment between the measurements was appreciated by th
searchers who performed the calorimetric measuremen
they pointed out ‘‘it is thus possible for neutron scatteri
and calorimetric measurements to yield apparently contra
tory views of an array of tunneling states.’’33 The origin of
the different results comes from the nature of the two m
surement processes. In the calorimetric measurements,
is no mechanism that can induce a change in the nuclear
state that can subsequently induce the necessary chan
the rotational state. Contrary to the heat capacity meas
ment of CH3NO2 where phonons induce a transition betwe
states of the same symmetry, phonons cannot induce a
sition between states of different symmetry. As discusse
the previous paragraph, the tunnel split states for methyl
tors have different symmetry~see Fig. 3!, so they require a
change in the nuclear spin state which is not possible w
phonons. Thus neutron scattering allows direct observa
of the tunneling excitations regardless of the symmetry of
states.

In an inelastic neutron scattering measurement the incid
neutron can impart both energy~E! and momentum (p) to
the scattering system.36 Cold neutrons refer to those whos
de Broglie wavelength (l5h/p) is on the order of 4–10 Å,
and energies in the range of 0.1–5 meV. The variation
scattering intensity with momentum transfer provides inf
mation on the geometry of the motion and the variation w
energy transfer provides information on the eigenstates of
system. The combination of geometrical and dynamical
formation make neutron scattering uniquely suited as a pr
of molecular dynamics.

The geometry of the scattering process is illustrated in F
10. The incident neutron has an energyEi and a momentum
pi5\Qi , whereQi denotes the wave vector of the incide
neutron. The magnitude of the wave vector is related to
wavelength viaQi52p/l i , so that the dimension ofQ is
inverse length and the popular units used are Å21. Similarly,
the energy and momentum of the scattered neutron are g
by Ef and pf5\Qf , respectively. Thus the energy transf
and magnitude of the momentum transfer are given byE
890 Am. J. Phys., Vol. 71, No. 9, September 2003
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5Ei2Ef and p25pi
21pf

222pipf cosu. Neutron spectrom-
eters typically can measure molecular dynamics in the
ergy ~time! range from less thanmeV ~ns! to meV ~ps!.

Usually one measures rotational tunneling below 50 K.
the temperature increases, phonons with an energy com
rable to the librational transition energy,\v01, modulate the
potential barrier thus destroying the coherence of the tun
ing motion of the rotor.37,38Because the librational levels ar
so far apart (;O ~10 meV!!, thermal population of the
higher librational states does not become appreciable at
temperature. Because the tunnel-split librational ground s
energy is much lower in magnitude than the first excit
state, the effects of the higher excited states on the gro
state can safely be ignored at low temperatures.

The scattered intensity of CH3I for very low energy trans-
fers collected over a wave vector transfer spanning 0.62
1.68 Å21 is displayed in Fig. 11. These measurements w
performed at the NIST Center for Neutron Research~NCNR!
using a technique known as neutron backscatter
spectroscopy.39 There are three prominent features in t
spectrum. The large scattering intensity centered onE50 is
the elastic peak and is due to scattering from molecules
either do not move on the time scale of the instrument
whose original orientation is identical to its final orientatio
The two satellite peaks located around62.4meV are peaks

Fig. 10. Geometry of an inelastic neutron scattering experiment.

Fig. 11. Neutron scattering data for mi at 10 K. Satellite peaks arise f
transitions within the tunnel-split ground librational state.
890R. M. Dimeo
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arising from the tunnel split librational ground state. T
interpretation of this inelastic spectrum is straightforwa
The incident neutron has approximately equal probability
gaining or losing 2.4meV, thus causing a transition betwee
the E and A states (\v tunnel

0 ) in the ground librational state
(nlib50). Note that the measurements here were taken
temperature low enough that the excited states were lar
unpopulated. Thus the shape of each of the peaks is d
mined by the resolution of the instrument.

An inelastic neutron scattering measurement of the low
librational transition,\v01, is shown in Fig. 12. The mea
surements shown here were carried out using a filter-anal
neutron spectrometer.40 In this technique, only neutrons tha
lose energy are detected. This means that the neutron
create a librational excitation. Unfortunately, measureme
at these larger energy transfers are not as straightforwa
interpret as the tunneling measurements. The main reaso
the difficulty is that there are many different types of exci
tions that the incident neutron can create whose energies
of the same order as the librational transitions. The d
shown in Fig. 12 clearly show at least two peaks who
centers are very close together. Disentangling the origin
the peaks can be aided by deuterating the methyl gro
(CH3 becomes CD3). The deuteration increases the mome
of inertia by a factor of 2 and reduces the librational tran
tion by a factor ofA2 @see Eq.~5!#. Indeed such measure
ments were performed resulting in a clear separation of
two peaks with the lower energy peak decreased byA2.41

Thus the lower energy peak is assigned as the\v01 transi-
tion. The value of the transition based on a fit of a Gauss
to the data is 13.4 meV. In a similar type of analysis, t
higher energy component in the figure is assigned to r
tions (Rxy) of the molecule about an axis perpendicular
the main molecular axis.

The values for the tunneling energy and librational tran
tion energy can be used to determine the validity of
model Hamiltonian, Eq.~3!, and to extract the barrier heigh
V3 . As discussed in Appendix A, numerical diagonalizati
of the Hamiltonian is used to determine the tunneling a

Fig. 12. Neutron scattering data for mi at 10 K. The two dominant featu
are the 0→1 librational transition (\v01) and a rotation of the molecule
about an axis perpendicular to the main molecular axis (Rxy).
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librational energies for a particular barrier height. The tu
neling energy, 2.43meV, corresponds to a barrier height o
V3542.2 meV. The librational transition corresponding
V3542.2 meV is 14.0 meV. Conversely, a librational tran
tion of 13.4 meV corresponds to a barrier height of 39.0 m
and a tunneling energy of 3.5meV. These differences in the
resulting tunnel splitting illustrate the sensitivity of the tu
neling energy to changes in the barrier height. We select
first value, 42.2 meV, for the barrier because the tunnelin
so much more sensitive to the barrier than the libratio
transition. Thus our measurement of the librational tran
tion, \v01513.4 meV is close but too low by a margi
larger than the uncertainty in the measurement. The disc
ancy could come from a number of sources. First, the tr
cation of the Fourier series for the potential, Eq.~2!, at the
first two terms may be premature. In fact, the measurem
by Prager and co-workers41 were analyzed using an add
tional small sixfold term in the potential energy functio
Another source of the disagreement could be a coupling
tween the rotations of the methyl group about the main m
lecular axis and the perpendicular axis (Rxy) not accounted
for in the potential. Such discrepancies could be explain
via a calculation of thetrue potential barrier via a molecula
mechanics calculation in which the potential is calcula
based on the low temperature solid structure and the cor
interactions between the atoms.

IV. PROBLEMS FOR FURTHER DISCUSSION

~1! For a molecular gas, why does the intramolecular p
tential term generally dominate the total potential of the s
tem?

~2! For an n-fold symmetric barrier,V(u)5 (Vn/2) (1
2cosnu), calculate the approximate frequency of the grou
librational state. Make sure that you recover Eq.~5! for n
53.

~3! For then-fold symmetric barrier considered in the pr
vious problem, how many sub-states comprise the gro
librational state?

~4! Describe a suitable set of basis functions in which o
could expand the Hamiltonian~3! so that convergence to th
exact eigenvalues would be rapid in the limit of high bar
ers.

~5! In the limit of small barrier height, what do you expe
the ‘‘tunneling’’ plot shown in Fig. 6~upper left panel! to
look like?

~6! What will be the measurable effects, if any, of a d
tribution of barrier heights,g(V3)? Note that we have con
sidered a single barrier height exclusively in this paper
distribution of barrier heights has been used extensively
model the effects of disorder on tunneling in polymers a
confined molecular solids.42–45

~7! What effect on the ground state tunnel splitting wou
deuterating the CH3 group have~that is, replace CH3 groups
with CD3 groups!? Hint: consider how the librational fre
quency of the ground state changes upon deuteration@via Eq.
~5!# and how this affects the overlap of the new ground st
wave function through the barrier.

V. CONCLUSION

The quantum rotational dynamics for a molecular so
composed of methyl group sub-units have been discus

s
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using a simple parametrization of the intermolecular pot
tial. Using this simple model we obtained a wealth of info
mation on the dynamics of the rotor in a variety of dynam
regimes ranging from quantum tunneling to libration. T
dynamics can be easily computed using standard matrix
agonalization routines, thus allowing one to visualize
time-evolution of the rotational dynamics. A simple ha
monic oscillator approximation of the Hamiltonian, Eq.~3!,
can be used to estimate the librational transitions in the li
of infinite barrier height. Furthermore, the simple harmo
oscillator approximation can be used to illustrate the osci
tory nature of the quantum motion, appealing to our not
of the classical picture of libration. Finally, we showed th
the dynamics can be measured using inelastic neutron
tering which probes the eigenvalue spectrum. The values
the tunneling and librational transitions as measured us
neutron scattering are in reasonable agreement with
simple model of the rotational potential discussed here.

The simplicity of rotational tunneling, especially its ea
of observation using inelastic neutron scattering, makes i
ideal example of quantum dynamics. There are numer
examples of systems that display quantum rotational dyn
ics as discussed here. In fact, there are over 300 systems
have been studied,16 many of them using inelastic neutro
scattering. The system presented in this paper, CH3I, has
served as one of the featured hands-on experiments fo
NCNR biennial summer school on Methods and Applicatio
of Neutron Spectroscopy.46 Those interested in more infor
mation about the experiment can download the student h
out containing instrumental and experimental details.47 Fi-
nally, animations for rotational tunneling in the groun
librational state and the first librational transition can
found on-line.48
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APPENDIX A: MATRIX ELEMENTS OF THE
METHYL ROTOR

The Hamiltonian for the rigid rotor in the threefold sym
metric potential is given by Eq.~3! and reproduced here fo
convenience,

H52
\2

2I

d2

du2
1

V3

2
~12cos 3u!. ~A1!

The matrix elements can be calculated using the free-r
basis eigenfunctions,

^uun&FR5
1

A2p
exp~ inu! ~n50,61,62,63, . . . !.

~A2!

The Hamiltonian~A1! can be decomposed into two part
Hmn5Hmn

0 1Vmn , where the elementsHmn
0 are related to the

free-rotor energy levels as
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Hmn
0 5

n2\2

2I
dmn , ~A3!

wheredmn is the Kronecker delta. This matrix element ca
be found via the eigenvalue equation for the free rotor Sch¨-
dinger equation,

2
\2

2I

d2

du2
^uun&FR5En^uun&FR, ~A4!

where the eigenfunctions are given by Eq.~A2! and the
eigenfunctions are given byEn5Bn2 with B5\2/2I
5654meV. The elements of the potential matrix,Vmn , are
found by calculating the integral,

Vmn5E
0

2p

du^muu&FR

V3

2
~12cos 3u!^uun&FR. ~A5!

Explicit calculation of~A5! and including the zero-potentia
energy matrix elements~A3! results in the final expressio
for the matrix elements of the total Hamiltonian,

Hmn5Hmn
0 1Vmn , ~A6!

where

Vmn5
V3

4
~2dmn2dn2m13,02dn1m13,0!, ~A7!

andHmn
0 is given by Eq.~A3! for n,m50,61,62,63, . . . .

Standard numerical routines can be used to compute the
genvalues and eigenvectors of Eq.~A6! to any desired accu
racy.

APPENDIX B: CONVERGENCE OF THE
HARMONIC APPROXIMATION TO THE
LIBRATIONAL TRANSITION

The rate of convergence of the harmonic approximation
the exact first librational transition can be seen quite clea
in Fig. 5. We obtain an estimate of the convergence rate
function of barrier height for large barriers in this append

We can obtain the classical turning point about theu0

50 equilibrium position for the ground librational state
the harmonic approximation via Taylor series expansion
the potential energy term in Eq.~3!,

\v0

2
'

V3

2 F12S 12
1

2
~3u tp!

2D G . ~B1!

Next we can substitute the expression forv0 , Eq. ~5!, into
Eq. ~B1! and arrive at the result,

u tp5S 2

9

\2

V3I D
1/4

. ~B2!

Table I. Evaluation of Eq.~B2! for a number of barrier heights~in units of
B whereB50.654 meV!, illustrating the slow improvement of the smal
angle approximation with increasing barrier height.

V3 /B u tp (°) u tp/60°

1 62 1.0
10 35 0.58

100 20 0.33
1 000 11 0.18

10 000 6 0.1
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The evaluation ofu tp for a few barrier heights is shown i
Table I. Because the classical turning point~that is, the maxi-
mum deviation from the equilibrium position! decreases so
slowly, it is clear that the small angle approximation used
the harmonic approximation will converge slowly as well
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