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An elementary particle such as a photon cannot be cut in two pieces. Still it must be possible
to truncate a photon with an optical shutter. The result is neither another photon nor a mix of a
photon and a vacuum. Instead it is a superposition and mix of photon numbers up to infinity. This
state is rather complicated, but nevertheless locally equivalent to a single photon or vacuum to the
left and right, respectively, of a narrow transition region.

A photon, being an elementary particle, cannot be cut
in two halves. Still, it is clearly possible to remove a
part of an optical pulse, e.g. using an optical shutter. If
a photon is truncated in this way, what is the resulting
state? Despite being a simple question, it appears that
it has not been asked before. In addition to being an
interesting question from a fundamental point of view,
we will argue below that it also has implications for our
understanding of localized states and local equivalence in
quantum field theory.

The simplest case of a forward-propagating photon |1¢)
in a mode §(w) incident on a time-independent mirror
with transmissivity p > 0 is well-known. Instead of be-
ing “cut”, the photon is simply transformed into a super-
position of forward- and backward-propagating modes 1
and 2:

1) = VP[11)[02) + V1= pl0n)[l2). (1)

It is then perhaps tempting to think the same model
can be used to add time dependence to the mirror. Let
&(t) be the inverse Fourier transform of the mode £(w).
With a perfectly reflecting mirror initially present, a part
& (t) of the incoming photon is reflected to the backward
mode, and suddenly removing the mirror lets the rest of
the pulse & (t) = £(t) — &2(¢) through, so that

|1§>'_>\/13|151>|052>+ Vl_p‘0€1>’152>' (2)

Here p is a constant resulting from normalizing & (t)
and &;(t). Tracing out the backward mode, we get the
forward-propagating mixed state

|1§>F—>p|1§1><1£1|+(1—p)|051><051|. (3)

In particular, this seems to suggest that we can use
the mirror to truncate the photon into a mode with some
compact support &1 (¢). This, however, cannot be correct.
Single photons have infinite tails [T} 2], so the right-hand
side of cannot represent a state that looks like vac-
uum outside the support of & (¢). Indeed, the familiar
methods that work for modes in frequency space cannot
simply be employed for temporal modes &;(¢), although
they can be approximately valid for narrow-bandwidth
pulses [3].

So then, what does a truncated photon state look like?
Surprisingly, we will find that a truncated photon is a

complicated state involving photon numbers up to infin-
ity. In other words, by “cutting away part of the photon”
with a shutter, we effectively create a bunch of new pho-
tons. In principle, this is the case even if the shutter is
turned off slowly.

The creation of photons can be understood as a con-
sequence of the breaking of time-translation invariance;
accordingly, by Noether’s theorem, the field energy is not
conserved. In fact, from the extensive literature on the
dynamical Casimir effect [4HIT] with moving or changing
mirrors or dielectrics, it is well known that the trans-
formed vacuum state contains photons. The dynamical
Casimir effect is even observed experimentally [I2]. Here,
of special relevance are the works by Cirone and Rza-
szewski [I0], and Braunstein [I1] in which a mirror in a
cavity is removed. These studies were performed in the
Heisenberg picture to calculate the expected number of
photons in the initial vacuum state.

We want to determine how an incident single photon is
transformed by truncation, using a time-dependent shut-
ter. This turns out to be somewhat tricky in two ways:
First, we will need the detailed form of the state, ex-
pressed with the transformed ladder operators. Since the
system is inhomogeneous in space, different wavevectors
are coupled together. Second, an instantaneous removal
of the shutter, which we treat for simplicity in what fol-
lows, produces an infinite number of photons. Thus, we
must support our treatment with an analysis of grad-
ual removal, which involves a non-local transformation
in time.

In the following, we define the setup, deduce the Bo-
goliubov transformation that governs the shutter, and
describe the form of the resulting state. This includes an
estimate of the fidelity to an exact, forward-propagating
photon state, expressed from the size of the removed tail.
Finally, we discuss how the truncated photon illuminates
concepts of local equivalence and localization in quantum
field theory.

Setup and model. We let the shutter be realized as
a time-dependent, perfect reflector in a vacuum. The
reflector is effective for negative times ¢t < 0; at t = 0, it
is removed instantly. We imagine an exact single photon
incident from the left (see Fig. [I). The photon meets
the reflector and a part of the leading tail gets reflected
before t = 0.

We consider forward- and backward-propagating
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FIG. 1. An incident photon propagating to the right gets
reflected in « = 0. The solid blue line is the expected energy
density of the right-going part; the dashed line is the left-
going part. At ¢t = 0 the reflector is removed. The quantum
field for ¢ < 0 is disconnected into the two regions z < 0 and
x > 0 due to the reflector. The field for ¢ > 0 is the usual
superposition of forward- and backward-propagating parts.

modes in one dimension, and a single polarization. The
electromagnetic field is therefore transverse to the prop-
agation axis x. We first describe the field for ¢ < 0 and
t > 0 separately, before connecting by temporal continu-
ity at ¢t = 0. This leads to Bogoliubov transformations
for the ladder operators. Then we define the initial state
and express it with the transformed ladder operators, cor-
responding to the situation after the reflector has been
removed.

For t > 0 the electric field is given by the standard
expression

E(z,t > 0) :/

— 00

o0

dkE(w)a(k)e e L He o (4)

where w = |k| and £(w) = Ky/w with a constant K > 0.
For simplicity, we have set the speed of light to unity.
Define b(k) = a(—k), k > 0, which is the annihilation
operator for backward-propagating modes. We label the
forward- and backward-propagating parts of by

E,(t) = /000 dwé (w) [a(w)e ™" +al(w)e™’],  (5a)
Ey(t) = /0 h dwE (W) [b(w)e™ ™" + b (w)e™'],  (5b)

respectively, such that the field can be written as
E(z,t >0) = E,(t —xz) + Ep(t + z). (6)

For t < 0, when the reflector is effective, the field gets
reflected at = 0. Since the reflector is assumed perfect,
the field is disconnected into independent fields on each
side, denoted by superscripts I and II. We let the reflec-
tor have 7 phase shift from both the left and the right.
Similarly to 7 the electric field can then be written

E'(t—z)—E(t+z), z<0,

EN(t+x)— BNt —x), x>0, (™)

E(z,t <0) :{

+

B(t) = /O ” dwE W) [al(w)e*iwwal (w)eiwt}, (8a)

E(t) = /O ~ dwE(w) [bﬂ(w)e*iwt+b1“(w)ew}. (8h)

Note that in the absence of the mirror, the forward-
and backward-propagating parts @ are independent,
with different ladder operators. On the other hand,
when the mirror is present, the forward- and backward-
propagating parts (7)) are associated with the same ladder
operator, due to reflection, but there is in return one in-
dependent mode for each region I and II. We therefore
need no b'(w) or a*(w).

Bogoliubov transformations. In time-independent situ-
ations, we typically model devices using transformations
of the mode operators [I3]. With time dependence, we
must go to first principles and impose classical bound-
ary conditions on the field, interpreted as operator equa-
tions [4]. Noting that there is a vacuum away from the
reflector, the temporal boundary conditions connecting
the fields for t <0 and ¢ > 0 are

E(xaoi) :E($,0+), (ga)

B(xaoi) :B(‘r70+)ﬂ (9b)
where B(z,t) is the magnetic field. Eq. is a
consequence of requiring finite displacement current in
Ampere-Maxwell’s law.  Similarly, results from
Faraday’s law [I4].

In vacuum, Faraday’s law and Ampere-Maxwell’s law
give
0B oF OF OB
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respectively. Comparing to @, the magnetic field
B(z,t >0)=E.(t —x) — Ep(t + x), (11)

is consistent with . Also for t < 0, we find the mag-
netic field from the electric field by changing the sign of
the backward-propagating term. Applying the boundary
conditions @, we obtain
El(x) = §(2) Eu(x) — 0(—2)Ey(x),
E'(z) = —0(—2)Eq(z) + 0(2) Ey (),

(12a)
(12b)

where 6(z) denotes the Heaviside step function.

Let &(w) be any spectrum such that ||€|| = 1, where
|| - || denotes the L? norm. We define forward and back-
ward creation operators with spectrum £ by

ag = /Ooodwgwaf(w), bl = /Ooodwaw)b*(w), (13)

respectively. Note that is defined as integrals over
positive frequencies only. Taking the Fourier transform

of , and defining

&(z) = % /000 dwwemx (14)

W)’



we obtain
it b
Gg = Qg +ag- bgi bg7 (15a)
uf 1 T
by = aq Qg + b&f +b§:, (15Db)

where £ (w) = €4 (w) and & (w) = & (—w) with
Er(w) =E(w) /_OO dzf(dz)E(x)e” ", (16)

Egs. can be inverted straightforwardly, and the same
procedure leads to

t_ 1t 1t g
g = Ggy + ag- bfi bfl’ (17a)
t_ 1t ut | oI

Eqgs. (15) (and the inverse (I7)) describe a Bogoliubov
transformation involving both creation operators and an-
nihilation operators on the right-hand side.

The Fock space for t < 0 is based on the vacuum
state of regions I and II, [0)|0™), defined by a£|01> o) =
bg\01>|OH> = 0 for all £(w). Similarly, for ¢ > 0 the vac-
uum state |0)]|0) for forward- and backward-propagating
modes is defined by a¢|0)|0) = b¢|0)]0) = 0.

Truncated photon state. Consider an initial single pho-
ton in region I with frequency spectrum &(w):

at! [01y[0). (18)

The truncated photon state is expressed by formulating
in terms of the ladder operators and vacuum state
of forward- and backward-propagating modes, after the
reflector has been removed. For a- this is just a matter
of substituting (15a). Expressing [0')|0') in terms of
the Fock states of forward- and backward-propagating
modes, however, is more involved. In the Supplemental
Material we find that

ag|01>‘0n> ZN[GZ“’H (19)
.exp[_;/oo dk/jo dk' K (k, k")a' (k)at (k") | |0)]0).

Here, the normalization constant
N = (0[(0[0")]0™) (20)

is the overlap of the two vacua, and the integration kernel
K(k, k") and spectra ¢ and x can be determined from
(see the Supplemental Material).

The right-hand side of , after tracing out the
backward-propagating modes, is our truncated photon
state pe.

Computing the exact partial trace over backward-
propagating modes is cumbersome. The main difficulty
is that the exponential factor in (9], acting on [0)[0),

produces a multimode squeezed vacuum (cf. Eq. (32)
in [20]), which is not written in a form adapted to the for-
ward/backward bipartition. Related squeezed-vacuum
structures also appear in relativistic quantum informa-
tion, where restricting attention to a region of space-
time can make the vacuum appear populated with parti-
cles [25H32]. In certain special cases, such as the Unruh
effect, the squeezed vacuum admits a convenient form in
which the partial trace can be carried out explicitly, yield-
ing a thermal state [27]. Eq. contains in addition
the linear factor az +b;f<, which creates a single excitation
in a superposition of forward- and backward-propagating
modes on top of the squeezed vacuum. It nevertheless
follows from that, after tracing out the backward-
propagating modes, the truncated photon state is mixed
and generally contains contributions with 0,1, 2, ... pho-
tons, up to infinity.

Fidelity. We are interested in the fidelity F¢ of the
truncated photon state p¢ to a forward-propagating sin-
gle photon state with spectrum &(w):

Ff = <O‘a5p§ag0>. (21)

We estimate the fidelity for the case where the number of
photons produced by the mirror removal is small. More
precisely, we require (n) < 1, where (n) is the expected
number of photons in forward-propagating modes if we
started with vacuum in both regions I and II. This quan-
tity can be calculated straightforwardly as

(n) = (0'|(0"|afac|0")[0™)

3

=3Izl + llex 1), (22)
3

where the sum over £ means a sum over a complete set
of orthonormal spectra £(w). The last equality is found

by inserting (17a)) and its hermitian conjugate. Simi-

larly, we can use ({17b)) to calculate the expected number
of photons in backward-propagating modes, which also

amounts to .

We can express

0")[0™) = N|0)[0) + v/1 — A2|multiphotons). (23)
Since the multiphoton state contributes by at least 2 to

the total photon number 2 (n), we have 1 — N2 < (n).
Omitting terms of squared norm O({n)), and substituting

, we find
ot 10)0) = (ol

Tracing out the backward-propagating modes, the fi-
delity is thus

Fe = [(0acal, |0)] = [(€,¢)]. (25)

_ bzi) |0)0). (24)



Using the Plancherel theorem ([33, Ch. 11)) gives

b [ ot ol — [t &)
€)= [ ae@ew = [ wewe@ss

—0o0

-/ " deb(—a)E ()€ ), (26)
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where
o) = [ daligren (27)

Thus, the fidelity in the special case (n) < 1 becomes
F=| [T aocogwen|. e

This is a quite intuitive result: Both &(z) and £(x) can
be seen as “photon wave functions” for ¢ = 0, and the
fidelity is given by the “fraction of the photon” located
at x < 0.

Gradual removal. Unfortunately, for instantaneous
mirror removal it follows from and (22)) that (n) =
0o. This is because there are modes {(w) such that
&(z) # 0 for z = 0; then the Heaviside function leads
to a Fourier transform with asymptotic behavior o< 1/w
for large w. Together with £(w) o y/w, the norms diverge
logarithmically. Physically, the instantaneous mirror re-
moval produces an infinite number of photons [10, [IT].
To bound (n), we must therefore consider a smoother
process.

In the Supplemental Material, we demonstrate that we
can obtain a finite (n) by considering a gradual removal,
from ¢t = =T to t = 0, of an infinitely thin mirror. Eq.
is still valid, with a well-defined N. Concretely, we
consider the dielectric e(z,t) = 14+ k(t)d(z), where k() is
the integrated permittivity of a thin dielectric slab [IT].
We implement the removal of the mirror by letting ()
be a constant value rq for ¢ < —T', and a monotonically
decreasing quadratic function for =7 < ¢ < 0. This leads
to

(29)

The parameter kg is directly related to the initial trans-
missivity |7 (w)|? of the mirror:

1

T = 14 (wko)?/4"

(30)
To ensure a negligible transmission coefficient for the in-
cident photon prior to removing the mirror, we require

woko > 1, where wy is the central frequency of the pho-
ton. To obtain (n) <1, then requires

1/wo < ko ST (31)

At the same time, T" should be small enough such that the
mirror truncates the photon without changing its shape

czaz‘0>77 c4}0>77
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FIG. 2. Considering forward-propagating modes, the trun-
cated photon state is locally equivalent to a single photon
al|0) to the left of the transition region, and vacuum |0) to
£ g )

the right. Equivalence means that all local observables give
the same measurement statistics. In the main text we consider
observables L and R on the left-hand side and right-hand side
of the transition region, respectively.

otherwise, i.e., T must be smaller than the temporal vari-
ation scale of the photon pulse envelope.

As a concrete example, for an optical photon with
wo/2m = 10 Hz, requiring |7 (wp)|> = 10~ allows the
parameter T to be as small as 10714 s before (n) becomes
comparable to 1.

From now on, we assume that the removal process is
gradual. After the mirror has been turned off, there will
be a bounded transition region t < x < t + T where
the forward-propagating field depends on the gradual re-
moval process.

Local equivalence. Outside the transition region the
truncated photon state has a remarkable property, which
we believe is of interest for theoretical quantum optics
and quantum field theory. Recall that the state , af-
ter tracing out backward-propagating modes, is not par-
ticularly nice; it contains superpositions and mixtures of
terms with unbounded photon numbers. Yet, it looks ex-
actly like the vacuum state to the right of the transition
region, and exactly like a single-photon state to the left
of the transition region (Fig. [2)). The truncated photon
state is thus an example of a very complicated state that
produces the exact same measurement statistics as very
simple states, as long as one is interested only in local
observables to the left or right of the transition region.

To prove the local equivalence of the truncated pho-
ton state and a single photon state for x < ¢, we first
establish the following definition [Tl 34, B5]: a local ob-
servable L is an operator expressible as a superposition of
products of fields evaluated in the measurement region.
Here we are interested in the forward-propagating field
for t > 0, meaning that local observables are expressible
from E,(t — x) evaluated at the time and place of the
measurement.

We consider the expectation value of an observable
L local to the region < ¢  From (12) (which
still applies outside of the transition region) we have
E.(t—x) = EY(t —z) for z < t, so L must also be ex-
pressible from E'(t — x) there. Hence,

(0"[(0"akLat' [0")]0™) (32)
T
= <OI|aELa2 |OI> = <0|a5La£‘0>.



The last equality is subtle; it is obtained by thinking of L
as being expressed from E'(t—z) in <OI|a}5La£r |01), while
in <0|a5La§|O> it is expressed from F,(t — ). Since the
formal relation between |01), aé, and E! is exactly the
same as the relation between |0), a¢, and E,, the result
from calculating the expectation values will be the same.
To prove the local equivalence of the truncated photon
state and vacuum for = > t+7T, we consider an observable
R local to z > t + T, i.e., an operator expressible from
E,(t —z)forxz > t+T. Eq. implies that E,(t—z) =
—FE"(t — ) there. A similar calculation then gives

(0'[(0™|akRal' [0")]0™) = (0| R|0™) = (0| R|0). (33)

Remarkably, by letting the transition region be small,
we obtain a state with large expected number of photons,
that looks like vacuum or a single photon everywhere
except in a narrow transition region. This sounds like
a paradox, since and imply that the energy
density is equal to that of a single photon or vacuum,
except in the transition region.

The resolution comes from the realization that the pro-
duced photonic state leads to a high energy density inside
the transition region. To calculate the energy density ex-
cluding the contribution from the vacuum fluctuations,
one may normal order the squared fields in the energy
density expression (see, e.g., [2]). Since the quantity of
interest is the energy density after the mirror has been re-
moved, normal ordering must be in terms of the forward-
propagating ladder operators (for ¢ > 0), not the ladder
operators of regions I and II. For a small transition re-
gion, the difference between these two normal orderings
is substantial, as the Bogoliubov transformation mixes
the creation and annihilation operators strongly. Physi-
cally, we may say that the mirror removal converts vac-
uum energy to real photon energy in the forward- and
backward-propagating modes.

The local equivalence of the truncated photon state
and vacuum for z > ¢t 4+ 7T means that the state is strictly
localized to x < t + T [1, B6][37]. This is also evident
from causality. From Knight’s theorem [I] it is therefore
not surprising that the state involves arbitrarily high
photon numbers. This is the case even if the reflector is
turned off slowly. We also note that the fidelity is
compatible with the upper and lower fidelity bounds for
strictly localized states [38].

Even though the truncated photon state is strictly lo-
calized to x < t+1T, the state before tracing out the
backward-propagating modes is not, considering both the
forward and backward-propagating parts of the field. In-
deed, one can show explicitly that is instead locally
equivalent to the vacuum state |0') for > ¢ + T, which
in turn is not locally equivalent to |0)|0). Intuitively, this
is because |0'!) is the vacuum state associated to a field
where the forward- and backward-propagating parts are
correlated (due to the mirror), while |0)|0) is the vacuum
state associated to a field with uncorrelated forward- and
backward-propagating parts. In other words, if the state

of the system is |0')|0™) one measures interference be-
tween forward and backward-propagating vacuum fluc-
tuations. Due to causality, the situation does not change
for x > t + T even though the mirror is gone. Thus for
x >t + T the state |0")|0") does not look like |0)|0), for
which one measures no such interference.

Having discussed how the truncated photon demon-
strates the idea of local equivalence and strict localiza-
tion, it is natural to mention finally that it is a special
case of states perturbed by classical, localized interac-
tions. While photonic states can be produced on de-
mand by simple components in the lab, and therefore
by causality can be strictly localized, massive particles
such as electrons are usually present to begin with. In
the lab it is usually only a perturbation of the particle
state that is provided by the trigger. By causality, the
perturbation, not the particle state itself, is localized to
the light cone of the trigger. The truncated photon is
a natural example that may help study the set of such
causally perturbed states.

SUPPLEMENTAL MATERIAL

In this supplemental material, we derive the form of the
truncated photon state (before tracing out the backward-
propagating modes) and analyze a gradual removal of
the reflector. This material is divided into two sections,
Appendix [A] and Appendix [B]

In the first section, we begin by treating some of the
analytic properties of Bogoliubov transformations. This
involves stating the so-called Shale-Stinespring condition,
which, when satisfied, guarantees that the new vacuum
state exists in the Fock space. We also derive a lower
bound for the fidelity of the one-particle content of the
truncated photon state before the backward-propagating
modes have been traced out. A critical parameter for
these results is the expected photon number in an initial
vacuum state.

The analysis of a gradual removal of the reflector in
Appendix [B] is motivated by the divergent photon num-
ber found for the instantaneous removal of the reflector
in the main text. We find a finite photon number of
the vacuum state, with an upper bound in terms of the
removal time and initial reflectivity of the reflector.

Appendix A: The Bogoliubov transformation and
truncated photon

This section provides a formal description of both the
Bogoliubov transformation resulting from the removal
of the reflector and properties of the truncated photon
state. We begin by presenting some key aspects of the
Bogoliubov transformation, and, in particular, its associ-
ated new vacuum state. This involves introducing some
general notation to parameterize Bogoliubov transforma-
tions in a convenient way. Using this notation, we then



proceed with deriving the form of truncated photon state
before tracing out backward-propagating modes, and fi-
nally calculate a one-particle fidelity in terms of the ex-
pected photon number of the vacuum.

1. Bogoliubov transformation

In the following, we write
ap = [ abs i), f = [ dksatn),

where f € H = L?(—o00,00), the one-particle Hilbert
space. Here a(k) is the usual annihilation operator as
a function of one-dimensional wavenumber k. We let
the notation f* and f~ represent functions supported
n (0,00) and (—o0,0), respectively, corresponding to
forward- and backward-propagating modes, respectively.
A general Bogoliubov transformation can be character-
ized by two operators, 77 and 75 on H, which describe
how the orlgmal set of ladder operators ay, a} transforms
to a new set af,af That is,

(A1)

af =ars+akc,, fEM. (A2)
Here, C is the complex conjugation operator, defined by
CAf = (Af)*, where A is a general operator. Its adjoint
is understood as (Cf,g) = (Ctg, f), for f,g € H, and
C = C~!' = C*. Note that the expression T,C'f is equal
to To f*, which is different from CT,f. The parameter-
ization of Bogoliubov transformations by use of the two
operators 77 and T5C, or CT5, is common in the mathe-
matical literature on Bogoliubov transformations [39].

A Bogoliubov transformation introduces a new vacuum
state. This is seen from (A2), since if a; annihilates a
state for all f € H, a’f does not when 75 is nonzero.
Requiring the operator T5 to be Hilbert-Schmidt (H.S),
i.e. that it admits a finite H.S. norm, is required for the
implementability of a new vacuum state on the underly-
ing Fock space. This is the so-called Shale-Stinespring
condition [40]. The H.S. norm is given by

IT2llzs =D I Toenll?, (A3)
n

where e,, is some orthonormal basis for H.

In the scenario described in the main text, with the
removal of a reflector located at x = 0, we obtain a Bo-
goliubov transformation from the temporal continuity of
the fields at ¢t = 0. To describe this resulting Bogoliubov
transformation in the notation just introduced, we recall
the field transformation at ¢ = 0 (see main text):

El(z) = 0(x) Ea(x) — 0(—2) Ey(2),
EN(z) = —0(—x)E,(x) + () Ey(z).
Here, superscript I and II refer to the region x < 0 and

x > 0, respectively, while E, and E} denote the forward-
(a) and backward-propagating (b) electric fields for ¢ > 0.

(Ada)
(A4b)

In Appendix [B] we will consider a gradual removal of
the reflector and end up with a transformation which is
different from . However, the following analysis, and
in fact, the remainder of this Appendix will hold for any
general transformation where E' and E™ transform sepa-
rately into some combination of F, and E}. In particular,
for the transformation we find in Appendix Bl

Taking the Fourier transform of and integrating
(Ada)) with f*(k) and ( with f k) leads to the
following relatlonb

(Aba)
(A5b)

aEH = O,Tlf+ +a;ICf+’

af, =armng- +aTHCf )
for some operators Ti, T4 and Ti!, Ti' which act ex-
clusively on forward- and backward-propagating modes,
respectively. By letting the operators 77 and T» in (A2))
be given by

T =T +T1, (A6a)
Ty =T+ Ti, (A6b)

we obtain
ay = a}+ + a?,, (A7)

according to and (| .

Let U be the umtary operator implementing the Bo-
goliubov transformation (A2):
ay = UazU’ (A8)
Its corresponding inverse Bogoliubov transformation is
given by [16]

Ui = d! (A9)

_at
iy Corir
The vacuum |0)]0) is defined as the state annihilated
by all operators a;. The state is written with two |0)’s
to emphasize that it is a tensor product of vacuum for

forward- and backward-propagating modes. Since U is
unitary, (A8) implies that the state
0Ty |0™) = u]0)]0) (A10)

is annihilated by all a’f. Therefore, describes the
vacuum state of the two regions I and II (for ¢ < 0).

Requiring U to be unitary corresponds to demanding
that the transformed ladder operators satisfy the canon-
ical commutation relations, and leads to a set of four
constraint equations on the operators Ty and T, [41]. In
the parameterization we use here, these are [42]:

TiT, — CTIT,C =1, (Alla)
TiT, — CTIT,C =0, (A11b)
T — TT) =1, (Allc)
T\CTJC — TL,CT{C = 0. (A11d)



The constraints (Alla)) and (ATID)) ensure that Ui = 1,
while (AT1d) and (AT1d) ensure that UUT = 1.

Lastly, we can relate the Shale-Stinespring condition
to the expected photon number of the vacuum state:

(Ngot) = Z <OI!<0H|aZnaen OI>‘0H>

= (o[(o[utal, ac,u|0)|0) = | Th|fs.. (A12)

The last equality follows from the expression for the in-
verse Bogoliubov transformation and the fact that
||T2THI2{S = ||T2|%4 s - Eq. means that a finite pho-
ton number is required for the Shale-Stinespring condi-
tion to be satisfied, in other words, for to be well-
defined.

2. Vacuum state

When the mirror is present (¢ < 0), the vacuum state
is |OI>‘0H>. After the mirror has been removed, it is
useful to express this state in terms of the vacuum and
ladder operators of forward- and backward-propagating
modes. This is done with and, e.g., Lemma 5.1 and
Eq. (5.3) in [I6] (compared to the notation in [I6], our
operators 17 and 75 correspond to Uiy and —CU_,C),
respectively):

ulo)]o) = A7
-exp [;/Z dk/o:o dk' K (k, k' )a' (k)a® (k)| [0)]0),

(A13)

where K (k, k') is the integral kernel of

K =TT, 'C. (A14)
The normalization N in is given by
N = ofufoyjoy =TT -x)*  (A15)

n

where \,, are the eigenvalues of the operator |K| (see
(4.10) in [16]). These eigenvalues exist because the oper-
ator K obeys Kt = CKC, as can be seen from .
Such operators are called C-symmetric and admit a
singular-value decomposition (see Theorem 3 in [17]).

The normalization N is well-defined if both ¢ is uni-
tary and the Shale-Stinespring condition is satisfied. Uni-
tarity leads to A, < 1 [I6] (4.9)], in which case the infi-
nite product in is nonzero if - A2 < oo (see [18|
Lemma 2.4.1]). This sum converges because the opera-
tor K is H.S, which follows from the Shale-Stinespring
condition [43]. Indeed, we have that

1K Ifs. = DA% (A16)

which is found from the definition of the H.S. norm and
the fact that | K| has an orthonormal basis.

3. Truncated photon state

In the main text we consider a single photon state
propagating in from the left, a?}01>’0H>. When the re-
flector has been removed (¢ > 0), and after the backward-
propagating modes have been traced out, we refer to this
state as the truncated photon state. Using relation
between the two vacua, the Bogoliubov transformation
(A8]), and (4.47) in [I6], we get that

agl[01)[0™) = (o, ¢ + arsce ) U[0)]0)

= (GTT@ - akcnog) L{]0>|0>

= aU|0)]0), (A17)
where we have defined
(= (T - KCT,0)e =T ¢ (A18)
Together with (A13]) we finally obtain
ag |o"y[0™) = Naz (A19)

- exp [—;/_O;dk/:; dk' K (k, k')a' (k)a' (K')| |0)]0).

Here ((k) is supported for both positive and negative
k. Therefore is the same as the expression in the
main article for the truncated photon state before the
backward-propagating modes are traced out. In the main
article the part of ¢ supported for negative k has been
taken out and denoted Y.

4. One-particle fidelity

The one-particle content of (A19)) can be measured by
the fidelity

F2 = |(0'[(0" ok Pra' [0 o)) = A,

where P; is the projector onto the one-particle sec-
tor. Note that we here consider forward- and backward-
propagating modes. That is, even if F} is close to unity,
the truncated photon state (which results after tracing
out the backward-propagating modes) may be quite dif-
ferent from a single photon. This is because the leading
tail of the incident state has been reflected.

We will now show that the fidelity F} can be bounded
from below in terms of (n.). Note first that a conse-
quence of is that |71 f|| > ||f]l, so T1 is injec-
tive [44]. For f € ran(T}), let g be defined by Tig = f.
Then |T7 L] = lgll < [Tagll = || ], and so

1T < 1.

(A20)

(A21)

Using (A14), (A12), and (A21) we find [|K[|% g < (ntot)-
If we then assume (ni) < 1, we obtain the following
lower bound for the normalization factor

N > (1= (noe))? .

(A22)



This can be found by writing the normalization factor
as N =exp(+ >, In(1 — A2)), expanding the logarithm
and using ||K |} g <1 together with (AT6).

Next, considering the expression for ¢ in , and

bounding TlJr from above using (Allc)), the general prop-
erty that || - || < - |lms. and (A12), we find that

el

2> . A23
I 2 e 2 T (A23)
Combining (A23) and (A22) results in
1— 3
F2 > (1 — (o)) (A24)

1+ <ntot>

which holds for (ng.) < 1.

The expression means that F; =~ 1 can be
achieved by ensuring a sufficiently small (ng). In the
next section, we derive a bound for (nt.) and identify
under what circumstances this quantity is in fact suffi-
ciently small.

Appendix B: Gradual removal

Having described the general form of the Bogoliubov
transformation, we consider the special case of a mirror
removal in more detail. In the main text we mainly dis-
cussed an instantaneous removal, while we will now treat
the more general case of gradual removal. We start with
the general form of the linear transformation, and then
specialize to a time-dependent electromagnetic reflector.

1. General form
We have a linear transformation of the fields:
Eu(o) = [ dyglo ) B ) + [ dyh(e. ) E" ), (BLa)
Ba) = [ duh(e.)E'w) + [ dugle,n)E"(w). (B1b)

for some real functions g(x,y) and h(z,y). Since the mir-
ror is effective only for negative time, the general forms
of g(z,y) and h(x,y) are

9(z,y) = 0(x)d(z —y) + 0(=2) f (2, ),
= (

Y (B2a)
h(z,y) = —0(-z)d(z — y) + 0(—z)

,y). (B2b)

Here f(z,y) is some function that is taken to be the same
in and since the mirror is assumed symmet-
ric about = 0. This will become clearer in the next
section, where we implement the mirror as an infinitely
thin, dielectric slab of infinite permittivity, and deduce
the corresponding f(x,y). Also note that f(x,y) =0 for
y > x due to causality, and we may also take f(z,y) =0
for z > 0.

8

Taking the Fourier transform of (Bla)) and integrating
with £(w)/E(w) as before, we obtain

ag = 5 ; dw/o dyf(w)g(w)
T

(gw,u)al )+ 9(—w, —1)a ()

+ (=, ) () + h(—w, —v)bH(z/)>, (B3)

where g(w,v) and h(w,v) are found from g(x,y) and
h(z,y) by Fourier transforms w.r.t.  and y.
The forward photon number is

(n) =" (0"|(0"|alac|0T)|0™) (B4)
¢

- ﬁ / - / ) dw” [lg(w. 1) + |h(w.0)]

where we have used £2(w) o |w|. The total photon num-
ber, on the other hand, may be written as

(nuot) = (n) + > (0" (0"]blbe[0")]0™), (B5)
13

where the last term is to be interpreted as the expected
number of backward-propagating photons in the initial
vacuum state. The form of bT, which can be obtained

from (BID) in the same way as a! from (Bla), is iden-
i

tical to the right-hand side of (B3)), only with g(—w,v)
and h(—w,v) interchanged. It then follows that the total
photon number becomes

(ntot) = 2(n). (B6)

By substituting (B2|) and using properties of f(z,y), one
can then estimate (n), and at the same time, (1), using

(B1).

Before concretizing the gradual removal, we calculate
a fidelity estimate for a general model (BI), valid for
(n) < 1. Following the derivation for F¢ in the main
text, the more general expression takes the form

Fe = |(€,0:Th8)| = [(T{¢€,€)), (B7)

where 64 (w) = 6(+w). The last equality holds since
&(w) = 0 for w < 0. Comparing (B3) with (A9) and
(A7), we find that

(Tf¢)(v) = ;ﬂ/:o dwg((:;f(w)g(—w, V), v>0. (BS)

Using (B2), the fidelity then takes the form

Fe = [(T1e,6) = (X + £,6)| = [(¢,6X + &),  (BY)

where

)= & / " awE P () (-, w).

27 E(w) (B10)



We have

€0 =5 [ v [ g le@wnew)

—2n [do [ dyt(o)f@0)8 (). (B11)

As in the main article, we conclude that the fidelity is
given by “the fraction of the photon” located to the left
of the transition region for ¢ = 0, but with a correction
term that describes in detail how the part of the photon
in the transition region is cut.

2. Electromagnetic model

Here, we consider a reflector which is gradually turned
off over some transition region —7 < ¢t < 0. We do
so by considering an infinitely thin, dielectric slab, with
permittivity [T1]

€(z,t) =1+ k(t)d(z). (B12)
Here x(t) is equal to a large value kg for t < —T, and
zero for t > 0. In the transition region —T < t < 0, k(t)
is assumed to be continuous everywhere, with continuous
first derivative.

The electric field is assumed to point in the y-direction,
while the magnetic field is in the z-direction. In each
region I (x < 0) and II (x > 0) we decompose the fields
in their forward- (a) and backward-propagating (b) parts:

EL(t — Ei(t 0
Bla,t) = | Pal =0 H Bilt +a), e <0 g
Elt—z)+ El'(t+z), z>0,
Elt—z)—-El(t+x), z<0,

B(x,t) = H( ) bI(I ) (B13b)
E,(t—z)—E,(t+xz), z>0.

From Maxwell’s equations, we find the boundary con-
ditions
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where E(t) is the electric field inside the slab. In ob-
taining the boundary conditions we have introduced a
high-frequency cutoff for the quantum field integral ex-
pressions. While the cutoff can be arbitrarily high, it has
been fixed to make the zero slab thickness meaningful.
Being bandlimited, it is clear that the quantum fields are
continuous in space and time.

It is natural to view EL(t — z) and E{'(t + x) as the
independent input fields, as they propagate from +oo
towards the reflector. For ease of notation we denote
them E'(t —z) = EL(t — x) and E'(t + z) = El}(t + 2),
just as we have done in the main text. Eq. can

be used to express the output fields from the input fields:

Ey(t) =
Bl (t)

(B15a)

E
E (B15b)

(t) — E'(1),

(t) — E"(t).

By eliminating the output fields, becomes
k() E(t) + [i(t) + 2) B(t) = 2 [E'(t) + EY(t)], (B16)

which is the equation of motion for the electric field in
the slab, given an input field excitation.
Dividing (B16]) by (¢) and multiplying with

G(t) = exp[/_tTdT<: + 2)}

_ s ol [
S | B
gives

%(G(t)E(t)) _ Q,ig) (B'(t) + E"(5)].  (BIS)

Integrating from —oo to ¢, we obtain the solution

t
E(t) _ %Gfﬂ{(t)/ dt/eZK(t/) [El(t/) —l—EH(t/)]

-2 ; it esp [—2 / H (B @) + B (]
(B19)

where we have defined

t
K(t) = / i
_7 K(T)

The solution shows that the field in the slab at
time ¢ depends on the input fields at earlier times ' < ¢,
in accordance with causality. It might appear surprising
that there is a memory in the system; one would perhaps
expect that the field in the slab at t is only dependent
on the input field at ¢t. However, even though the thick-
ness of the slab tends to zero, the permittivity is corre-
spondingly large, which leads to large Fresnel reflection
coefficients at the interfaces. The presence of multiple
reflections therefore gives stored energy.

For ¢t < —T the mirror is constantly on, characterized
by k(t) = k9. For a situation where k() = ko all the
time, we can evaluate and calculate the Fourier
transform with the help of the convolution theorem, to
obtain

(B20)

. _ EY(w) + EH(w).

Bw) === (B21)

Eq. (B21) is valid both for quantum fields and classical
fields. Considering an incident, classical wave from the



left, and using (B21]) and (B15]), we obtain the transmis-

sion coefficient

B (w) 1

T EY(w) - 1 —iwko/2"

(B22)

The mirror is perfectly removed at ¢ = 0. Since the
fields (B13)) can be expressed solely in terms of the con-
tinuous input fields and F(t), there will be temporal con-

tinuity across t = 0, provided E(t) is continuous there as
well. Evaluating (BI6) at ¢t = 0% leads to

2

PO = ko)

[EY(0%) + B™(0%)]. (B23)

Hence, ensuring temporal continuity at ¢ = 0 amounts
to ensuring continuity of &(t) there. Since the mirror is
absent for ¢ > 0, we have /#(0") = 0 by construction,
and so we must thus require £(07) = 0. This does mean
that K(0) is divergent; however, this is no issue for the
well-definedness of the expression for E (t) in . We
thus get temporal continuity at t = 0 by an appropriate
choice of k(t). This is valid for any finite (but possibly,
arbitrarily small) mirror removal time 7.

For ¢t > 0 we label the forward-propagating field by
E,(t—x) and the backward-propagating field by Ej(t+x),
just as in the main article. The temporal continuity at
t = 0 gives the connection

Eq(z) = 0(2)E,
Ep(z) = 0(—2)E

a(@) +0(—2) gl (2),
b(2) +0(2) By (@),

(B24a)
(B24b)

J

To verify the commutator relations, we begin with

[Ba(2), Bo(y)] = 0(-)0(~y) ([B(@), Ey)] - [E(@), B'W)] — [E"(2), E(v)] )

From (B19) we have

B (x), E(y)] = e~ 2K (2)=2K (y) " Q2K (@) 42K (y
). Ew) = e [ [

_ 1672 —2K (z)— 2K(y)/dm /dy9 Ji—x

w(@)nly)

_ 16T a2k /dm /dy’ 2K<w>ax_x>di[e(y y)eR ] 6" — ),

w(@)n(y)
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which after inserting (B15)) gives the transformation

) [E(x) — E"(2)],
EY(2)] + 0(z)E" (2).

Eu(z) = 0(2)E
Ep(z) = 0(-

(o) +0(=
z)[E(x) -

Although not needed here, it is also possible to for-
mulate the inverse transformation, i.e., given E,(x) and
Ey(z), determine E'(z) and E"(z). Start with (B25),
which can be written as

(B25a)
(B25b)

oz )+9( )[E( ) Eb( )],
2)[E(z) — Ea(2)] + 6(2) Ey(2).
Consider for t < 0. According to we have

E'(z) + EM(z) = 2E(z) — Eq(z) — Ey(x), for < 0.
Substituting into (B16)) we find

E'(z) = 0(x)E,
E(z) = 0(—

(B26a)
(B26b)

K(E() + [R(t) — 2] E(t) = =2 [Ea(t) + Ep(t)] . (B27)
This is the same equation of motion as for the direct
case, except that the sign of k(t) has been flipped. In
other words, the inverse transformation E, Ey — ET, ET!
has the same form as the direct transformation, the only
difference being the sign of x(t).

3. Commutator relations

In the following, for ease of notation, we have nor-
malized the field such that £(w) = /w. In order for

(B25) with (B19) to describe a unitary transformation,
we should verify that
[Ea(z), Eb(y)] =0,
[Ea(x), Ea(y)] = [E

(B28a)
( )7 Eb(y)] = 27Ti(5/<.’17 - y>7 (B28b)

using the corresponding commutators for E' and E'.
Since our transformation is induced by a physical device
governed by Maxwell’s equations, we expect that this is
the case.

(B29)

V) Arid! (2! — o)

_ y/)eQK(fc’)—&-QK(y’)(S/(x/ _ y/)

(B30)



which by using that df(x)/dx = §(x) becomes [45]

11

- - 16 1 /
E E — O 2K (@)-2K(W) | — o) EW) _ ZpAK ()|
[ (z), (y)] li(x)li(y)e (v —ye 26 min{z,y}
8mi 20 ()~ 2K () 20 (y)—2K (x)
— _ — — . B31
o 19— e Oz —y)e | (B31)
Similarly we find
~ 47i v / 4mi 8mi
E(z),E'(y)] = —(372}((1)/ da' ?K@§ (2 —y) = ——6(x — y) — ————O(x — y)e2 KW 2K@) (B39,
(B, '] = 27 N (@ =) = 2o =) = s bla =) (B322)
~ 4me 8me
E%(2),E =——f§(z—y)+ ———0O(y — 2)e2K@ 2K, B32b
[1(0). Ew)] = —sile = 9) + by ) (B32b)
Substituting (B31)) and (B32)) into (B29) shows that [E,(x), Ey(y)] = 0.
Lastly, we want to show that (B28bl) is satisfied. This follows from the fact that (B28a)) holds, since
[Ba(w), Baly)] = 276’ (v = y) + 0(—2)0(—y) (| E(@), Bw)| — [B(@), B" ()] - [E" (@), B()])
= 2mid"(z — y) + [Ea(z), By(y)] = 2mid"(z — y), (B33)

where we have used (B29) and the fact that [E(z), EY(y)] = [E(x), EX(y)], which follows from (BI9).

4. Photon number estimation

To estimate the photon number in the initial vacuum
state, we use (Bd) with (B2). From (BI), (B2), (BI9)
and (B25]) we have for —co < z < 0 and —00 < y <
that

f(,y) = %Fu,y),

I(z,y) = exp<z / ’ ;E;) .

In the following we will utilize the fact that terms of the
form §(z —y) in g(z,y) or h(x,y) will become (v +w) in
the Fourier domain, and these will not contribute in .
A finite photon number is obtained if these functions oth-
erwise behave sufficiently nicely, such that the Fourier
domain integral is finite. The function f(z,y) is
however not particularly nice, as 6(—z)f(z,y) tends to
0(—x)0(y) as © — 0. Nevertheless, it turns out that this
behavior actually is quite useful for us, since this delta
function combines with the term 6(z)d(z — y) in (B2a)),
effectively extending the support of the 6(x) function to
small negative values of z. In we similarly get a
partial cancellation. Therefore, we expect that the com-
bination in provides the required smoothening of the
instantaneous mirror removal in the main article, giving
a bounded photon number.

We begin by extending the support of §(z)d(z — y) in
by “extracting” 8(—z)d(x—y) from f(z,y). Noting
that

(B34)
with

(B35)

_dl'(z,y)

flay) = ==, (536)

(

integration by parts leads to
0
o= [ anetern
—o0

0 T
—|—iw/ dac/ dyT(z,y)e™ v, (B37)

Here, the boundary term at = = 0 vanishes since x(7) and
/(7) tend to zero as 7 — 0. The first term in will
combine with the term 6(z)d(x — y) in (B2a)), creating a
term (2 —y) that does not contribute to (B4). In (B2b),
we will have an exact cancellation. In both cases, g(w, v)
and h(w,v) effectively take the form as the last term in
(B37).

Considering this last term further, we now split the
z-integral into I; + I, where

I = iw/ d;p/ dyefg(z*y)euux-q—wy
o oo

iwe—i(v+w)T

o1
:(7r(5(w—i—u)—zw+

l B
o +v

V) . (B38)
and

0 T
I, = iw/ dm/ dyT (z, y)e' sty
=T 00

0 > T dt . _
= iw/ dz:/ du exp {2/ } pivtw)z—ivu
-T 0 e—u K(t)

Integration by parts in x and substituting back to
Y= — u gives

(B39)

: —i(w+v)T
w = mwe
L +I,=—7T — 9
1+ 12 Wt v (way)+ :O+iy (W+V)a

(B40)



where
D(w,v) = [T dx /j dyl (z, y)et =ty (B41)
and
~ 2 2
[(z,y) = <K($) - n(y)) (x,y). (B42)

Since terms proportional to d(w + v) do not contribute

to (B4), we end up with

2 > e rvw ~ 9
_ W/o du/o do s ). (B13)

This is our final exact form for the photon number, and
we now proceed to give a bound for this expression.
Note first that vw/(w + v)? < 1/4, which means that

<n>§2(1)2/ dz// dw|P (v, w) 2

= / dm/ dy|T(z,y)|?,

where we have extended the domain of the v- and
w-integral and then used the Plancherel theorem.
We now consider an explicit choice of k(t), namely

~Jrots, —T<t<o,
K(t) =
Ko, t < —T.

(B44)

(B45)

This choice of k(t) means that I'(x, y) takes the form

2 (1°
exp(2 (L +y+2T)), y<-T,
[(z,y) = o 20 T2 T2 -7 (B46)
XP\ %o 7—7)>7 y = -
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We then split up the y-integral in into two re-
gions, y < =T and y > —7T. Note that the y-variable
corresponds to the integration variable in the expression
for E(t) (see (B19)). Hence, these two regions can be
thought of as the contribution from the distant past and
the transition region, respectively. After some algebra,
we end up with

(B47)

where the first term stems from the transition region,
while the last from the distant past. With the result
(B47)), we also have a bound for the total photon number
(ntot) since (ngor) = 2(n).

To interpret this result for our case, we must first pick
a sufficiently large, initial reflector strength kg, such that
the transmissivity for the incident photon is very low. Let
wp denote the central frequency of the incident photon.
From we must have wgrg > 1 to obtain a small
|T|2. Together with we then conclude that the
requirement for both a low transmissivity and a small
photon number is

1
— < ro<T. (B48)
wo

As a numerical example, to achieve a transmissivity
|T|? = 107*, we need workg = 200. Then the photon
number is small provided T' > 200/wy. For a photon
with frequency wg/27 = 10'® Hz, the transition region of
the reflector can be as small as T ~ 107 '* s before the
photon number becomes comparable to 1.
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