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Abstract 
In this paper, general relativistic ray tracing is presented as a tool for 
gravitational physics. It is shown how standard three-dimensional 
ray tracing can be extended to allow for general relativistic visu- 
alization: This visualization technique provides images as seen by 
an observer under the influence of a gravitational field and allows 
to probe spacetime by null geodesics. Moreover, a technique is 
proposed for visualizing the caustic surfaces generated by a grav- 
itational lens. The suitability of general relativistic ray tracing is 
demonstrated by means of two examples, namely the visualization 
of the rigidly rotating disk of dust and the warp drive metric. 
CR Categories: 1.3.8 [Computer Graphics]: Applications- 
General relativity 5.2 [Physical Sciences and Engineering]: 
Physics-Theoretical astrophysics 
Keywords: differential geometry, four-dimensional spacetimes. 
general relativity, ray tracing, scientific visualization 

1 Introduction 
Within Einstein’s general theory of relativity, gravitation is de- 
scribed geometrically in the form of a four-dimensional curved 
spacetime which is formulated by the mathematical theory of dif- 
ferential geometry. Light rays are deflected by gravitational sources 
because of the curvature of spacetime. The bending of light rays 
can be taken into account by non-linear ray tracing. In this way, 
images as seen by an observer-a camera-under the influence of 
a gravitational field can be generated. 

The intent of this paper is to show how general relativistic ray 
tracing can be the basis for various visualization techniques in grav- 
itational physics. First, ray tracing provides an intuitive approach 
to numerical or analytical results of gravitational physics, which is 
especially useful for presentations to colleagues or a wider public. 
Secondly, it allows a systematic investigation of light rays and the 
underlying geometry of spacetime. Thirdly, fractal structures for 
light rays can be identified. Fourthly, the properties of a gravita- 
tional lens can be explored, especially its caustic structure. The a p  
titude of these visualization techniques is demonstrated by means of 
two examples-the rigidly rotating disk of dust and the warp drive 
metric. 

2 Previous and Related Work 
In the physics and computer graphics literature, there are some arti- 
cles concemed with the appearance of objects under the influence of 
gravitational light deflection. Usually, only well-known metrics are 
investigated, which are provided in closed form. The first example 
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is the so-called Schwanschild solution for a spherically symmetric, 
static distribution of matter. In [16,7, 141, for example, the appear- 
ance of a neutron star or the flight to a black hole are investigated. 
Griiller[9] gives a generic approach to non-linear ray tracing as a 
visualization technique. Bryson[4] presents a virtual environment 
for the visualization of geodesics in general relativity, where exam- 
ples of the Schwarzschild and Kerr solutions are shown. (The Kerr 
solution describes the spacetime of a rotating black hole.) 

3 Background 
In this section, only a very brief overview of the mathematical back- 
ground of general relativity can be given. For a detailed presenta- 
tion we refer, e.g., to [13, 191. 

A basic concept of differential geometry is the infinitesimal dis- 
tance ds, 

3 

ds2 = g,,(x)dx’dxY, 

where gpu(x)  is an entry in a 4 * 4 matrix-the metric tensor at the 
point x in spacetime-and dd’  is an infinitesimal distance in the p 
direction of the coordinate system. 

Paths of objects under the influence of gravitation are identical to 
so-called geodesics. Geodesics are the “straightest” lines in curved 
spacetime and have extreme lengths. Geodesics are solutions to 
a set of ordinary second-order differential equations, the geodesic 
equations, 

p.u=o 

where X is an affine parameter for the geodesic line. The Christoffel 
symbols are determined by the metric according to 

with gpa ( x )  being the inverse of gpa ( x ) .  
This paper is focused on a special type of geodesics which are 

denoted lightlike or null geodesics. The null geodesics are of great 
importance because they determine the causal structure of space- 
time, i.e., they separate regions which cannot have any causal influ- 
ence on a given point in spacetime. Light rays are identical to these 
null geodesics. They obey the null condition 

d& (A) dz’ (A) 
dX dX 

gpu(x)-- = 0. 

In the ray tracing program, the initial position in spacetime and the 
initial spatial direction of the light ray are determined by the po- 
sition, orientation, and field of view of the observer’s camera and 
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by the coordinates of the corresponding pixel on the image plane. 
The time component of the initial direction is fixed by the null con- 
dition (2). Therefore, the geodesic equations (1) yield an initial 
value problem for ordinary differential equations. There exist well- 
known numerical methods for solving this problem, cf., e.g., [17]. 

A common problem in general relativity is that many terms de- 
pend on the chosen coordinate system and do not have a direct phys- 
ical or geometric interpretation; for example, this is true for the 
spatial and temporal coordinates or the metric itself. A major ad- 
vantage of ray tracing is its independence of the coordinate system. 
The final images are results of a gedunkenexperiment: What would 
an observer see, what would a camera measure? Hence, the images 
have an immediate physical meaning and are coordinate-free. 

This paper is focused on visualizing the geometric structure of 
light rays in a gravitational field. Therefore, only visual distor- 
tions due to gravitational light bending are considered. Changes 
of color due to the Doppler effect and gravitational redshift, as well 
as changes of the intensity of the incoming light are neglected. 

4 General Relativistic Ray Tracing 
The implementation of general relativistic ray tracing is based on 
RuyviS[lO], which is an object-oriented and easily extensible ray 
tracing program written in C++. In RuyviS, all relevant parts of the 
visualization system are derived from abstract basis classes which 
allow the extension of the original functionality by subclassing. 

Figure 1 shows the basic structure of the program. The im- 
age plane is sampled by the Sample Manager which uses the 
Projector to generate a Ray corresponding to the pixel under 
consideration. The Ray communicates with the Scene in order 
to find intersections with scene objects, calculate secondary rays 
and shadow rays, and determine illumination. Finally, the resulting 
color is stored in the image by the Sample Manager. 

Figure 1: Structure of the ray tracing system. 

Relativistic rendering requires two major extensions of the stan- 
dard three-dimensional Euclidean ray tracing system. 

First, the standard ray class which represents a straight light ray 
in three dimensions is replaced by a class which represents a bent 
light ray in four dimensions. This bent ray is approximated by a 
polygonal line whose points possess one temporal and three spatial 
coordinates. 

Secondly, the standard ray projector which generates a light ray 
corresponding to a pixel on the image plane has to be modified. The 
new projector provides the interface to the physics of spacetime and 
communicates with the solver for the geodesic equations (1). This 
system of ordinary differential equations can be solved by numer- 
ical integration. The standard technique in our implementation is 
the Runge-Kutta method of fourth orderll71. Here, any physical 
configuration can be examined by replacing the module which sup- 
plies the information about the metric and the Christoffel symbols. 
The advantage of this modular and object-oriented concept is a free- 
dom of choice of the simulated system, combined with a complete, 
sophisticated rendering environment and only minimal extra imple- 
mentation costs. 

In standard three-dimensional ray tracing, rendering time is sig- 
nificantly determined by the computation of intersections between 

rays and objects. This is not true for general relativistic ray trac- 
ing because here the generation of bent light rays by solving the 
geodesic equations plays an even more dominant role. Usually, 
general relativistic ray tracing is a couple of magnitudes slower than 
non-relativistic ray tracing. Therefore, parallelization is an urgent 
need for general relativistic ray tracing. Fortunately, the computa- 
tion of the null geodesics and the ray-object intersections for one 
pixel is independent of those for the other pixels. Hence, paral- 
lelization is performed on a per-pixel basis and utilizes a domain 
decomposition on the image plane. The granularity can be as fine 
as a single pixel in order to achieve good load balancing. The imple- 
mentation makes use of MPI[ 121 and thus is platform-independent. 
It scales well, even up to a several hundred nodes on a massive- 
parallel architecture such as the CRAY T3E. 

5 Gravitational Lensing and Caustics 
Gravitational fields bend light rays and can thus play the role of 
a lens-a gravitational lens. Gravitational lensing was early pre- 
dicted by Einstein himself. In fact, the light deflection measured 
during the total eclipse of the sun in 1919 was the first experimen- 
tal evidence for general relativity. Today gravitational lenses are a 
hot topic in astronomy and are extensively used in observations in 
various ways. A comprehensive presentation of gravitational lens- 
ing can be found in [18]. 

The main difference between optical lenses and gravitational 
lenses is that the deflection caused by a typical, spherical convex, 
optical lens increases with the distance of the ray from the optical 
axis, whereas the deflection caused by a gravitational lens decreases 
with the impact parameter. A standard optical lens has a focal point 
onto which rays parallel to the optical axis are focused. In contrast, 
a gravitational lens has no focal point. However, the qualitative 
behavior of a gravitational lens can be described by its caustic sur- 
faces. A gravitational lens might bend light rays in a way that the 
light emitted by the same source can follow different trajectories to 
reach the observer, i.e., the light source is projected onto multiple 
points on the observer's image plane. A caustic surface separates 
regions where the image multiplicity changes. 

Standard gravitational lensing theory uses a couple of approxi- 
mations which are valid for most astrophysical objects. For exam- 
ple, only small angles of deflection are allowed, the mass distribu- 
tion is assumed to be nearly stationary, and the mass of the lens and 
the image source are considered to be projected onto planes-the 
lens plane and the source plane, respectively. Based on these ap- 
proximations, the observed data is normally analyzed to reconstruct 
the properties of the source or the lens, e.g., its mass distribution. 

In this paper, a different approach is pursued. First, image syn- 
thesis is used instead of analysis. We aim at visualizing a known 
gravitational field to gain further insight in its characteristics. Sec- 
ondly, the approximations from above are dropped and the geodesic 
equations are completely solved. In this way, one can deal with 
phenomena related to strong gravitational fields, large angles of de- 
flection, and extended and rotating gravitating objects. 

We have studied two means of visualizing gravitational lenses. 
The first technique directly utilizes general relativistic ray tracing. 
Here, objects are placed around the gravitational lens as image 
sources. The mapping of these background objects reveals distor- 
tions due to gravitational light deflection and a possible multiplicity 
of points in the image plane. In this way, it provides some informa- 
tion about the structure of the caustics. 

We propose a second technique which targets at a more system- 
atic analysis of the caustic surfaces. The deficiency of the first 
method is that the background objects are only two-dimensional 
and thus cannot visualize the caustic surfaces embedded in three- 
dimensional space. This problem can be overcome by a three- 
dimensional volumetric object which determines the image mul- 
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tiplicity for points inside and thus samples the volume for caustic 
structures. 

The procedure is as follows. In RuyviS, both surface and volume 
objects are supported. A standard volume object is subclassed to 
additionally store the number and the initial directions of the light 
rays crossing a voxel of the object. Whenever a voxel is traversed 
by a ray, a counter is incremented and the position of the pixel on 
the image plane corresponding to the current ray is attached to this 
voxel. In a post processing step, each single voxel is evaluated and 
the number of rays coming from different areas of the image plane 
are accumulated. In this way, unintentional counting of nearby rays 
which cross the same voxel is avoided. The minimal required dis- 
tance on the image plane is specified by the user; usual values are 
some ten pixels. Currently, only a regular grid is implemented as a 
caustic finder. 

The scalar field containing the image multiplicities is written to 
a file and visualized by an extemal program. There exist numerous 
techniques for volume visualization. We tested isosurface repre- 
sentations based on the marching cube algorithm, and direct vol- 
ume rendering based on ray casting or, altematively, shear warp 
factorization. Isosurfaces directly indicate a change of multiplicity 
and thus are useful for representing caustic surfaces. Conversely, 
volume rendering is able to show several caustic structures embed- 
ded in one another. Here, shear warp rendering is mainly used for 
interactive explorations, whereas the ray casting program provides 
images of higher quality, as for illustrations. 

In contrast to general relativistic ray tracing of the previous sec- 
tion, the caustic finder provides coordinate-dependent data. This 
might give interpretation problems in regions of high curvature. 
Therefore, this visualization technique is best suited for almost flat 
parts of spacetime, for example behind the gravitational lens at ad- 
equate distance. High computational and memory costs for a fine 
sampling of the volume grid are another problem, which could be 
solved by utilizing an adaptive grid. 

6 Application: Rigidly Rotating Disk of 
Dust 

The first application presented in this paper is the visualization of 
the so-called general relativistic rigidly rotating disk of dust, which 
is a simple model for a galaxy or a galaxy cluster. This project is 
joint work with the group for gravitational theory at the University 
of Jena, in particular, with M. Ansorg. 

In 1995, Neugebauer and Meinel[l5] from Jena succeeded in 
finding the global, analytical solution of Einstein’s equations for the 
gravitational field of a rigidly rotating (i.e., the angular velocity is 
independent of the radial position) pressure-free ideal fluid disk- 
the rigidly rotating disk of dust. The researchers in Jena studied the 
properties of the corresponding geometry of spacetime, for exam- 
ple, by investigating the trajectories of particles[21. 

The cooperation between the theoretical relativists from Jena and 
our visualization group is motivated by the following reasons. First, 
there is great interest in “seeing” the results of theoretical work 
in order to gain some intuitive feeling. Secondly, visualization al- 
lows a compact representation of a vast number of null geodesics 
which are used as another means of probing the gravitational field. 
Thirdly, the communication of the theoretical research to colleagues 
and to the public should be facilitated. 

Results[20] of the cooperation were presented to the relativity 
community at the Journkes Relativistes ’99[11], an international 
conference on gravitation. The film shown at the Joumdes Rela- 
tivistes ’99 is also included in the accompanying video. Several 
visualization techniques which were applied to the rigidly rotating 
disk of dust are presented in the following. 

6.1 Outside View 
The first and straightforward approach to visualizing a given grav- 
itational field is to adopt an outside position. Figure 2 illustrates 
such an outside view. The three images show the disk with varying 
parameter p. This parameter describes the relativistic “character” 
of the disk. For p = 0 the Newtonian, non-relativistic limit is ob- 
tained, for p x 4.6 the ultra-relativistic limit. The parameter p is 
defined in 1151. 

The left image presents an almost Newtonian, classical situation 
with p = 0.1. The top side of the disk is colored blue. An ar- 
tificial “pie slice’’ texture is applied in order to visualize rotational 
distortions. The middle image shows a slightly relativistic case with 
p = 0.7. Due to gravitational light bending, both the top and the 
bottom faces are simultaneously visible. The bottom side is col- 
ored green and brown. The right image shows a more relativistic 
situation with p = 3. Here, multiple images of the top and the bot- 
tom emerge. Moreover, rotational distortions which are caused by 
frame dragging (a general relativistic effect) and by the finite speed 
of light and the rotation of the disk are prominent. 

The outside view gives a first, intuitive approach to the gravitat- 
ing object. This visualization technique can easily be used for any 
metric and provides a coordinate-independent result. Furthermore, 
it is most useful for presenting the theoretical research to the pub- 
lic. For example, pictures of the rigidly rotating disk of dust were 
published in a scientific calendarl61. 

6.2 Parameter Study 
After these first visualization steps a systematic investigation of 
the properties of the light rays in the metric of the rigidly rotating 
disk of dust is required in order to obtain reliable scientific results. 
Therefore, a sampling of the parameter space for the null geodesics 
has to be considered. 

The null geodesics are determined by two types of parameters. 
Parameters of the first kind describe the gravitational source. The 
properties of the disk of dust are completely determined by the pa- 
rameter p. The position of the observer and the direction of the 
incoming light constitute parameters of the second kind. The sam- 
pling of the direction of the light rays is implemented in the form of 
a 47r sterad camera, i.e., an observer looking in all directions simul- 
taneously. Here, the projection onto a virtual sphere surrounding 
the observer is used instead of the standard projection onto an im- 
age plane. Therefore, the parameter space is completely sampled by 
generating 47r sterad images for various values of p and positions 
of the observer. 

The produced panorama images are viewed with a simple. exter- 
nal, OpenGL-based rendering program which maps these images 
onto a sphere. The viewpoint is located at the center of the sphere. 

The parameter study confirms the qualitative results from the 
previous subsection, i.e., multiple images of the top and the bot- 
tom side and rotational distortions. In addition, new interesting re- 
sults were found for disks with sufficiently large values of p. These 
results are described in the following subsection. 

6.3 Fractal Structure 
The most interesting finding of the parameter study is the existence 
of fractal structures created by the gravitational field of the rigidly 
rotating disk of dust. Figure 3 shows a typical example. Here, the 
position of the observer and the parameter p = 3 are fixed. The ob- 
server is located on the axis of symmetry and looking towards the 
edge of the disk. The leftmost picture shows a snapshot with a wide 
angle field of view. Parts of the top side of the disk are visible in 
the lower part of the picture. An image of the bottom side is found 
directly above this first image of the top side. Further above, alter- 
nating images of the top and the bottom faces follow. The pictures 
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to the right document increasing zooming in on the original picture, 
whereas the rightmost image shows a part of the leftmost image 
which has a size approximately ten orders of magnitude smaller 
than the original image. This series reveals self-similarity and a 
fractal structure. 

6.4 Caustics 
Figure 4 shows the structure of the caustic surfaces for /r = 0.3, 
based on the volumetric method from Sect. 5. The regular grid of 
the caustic finder has a size of 2563 voxels. The red colors represent 
regions with many image multiplicities, the green colors represent 
regions with fewer image multiplicities, and the blue colors show 
regions with an image multiplicity of one. 

7 Application: Warp Drive 
The second application presented in this paper is the visualization 
of the warpdrive metric. Alcubierre’s solution[l] of Einstein’s field 
equations allows to travel faster than the speed of light, as measured 
in an outside, flat region of spacetime. Ford and Roman@] give a 
comprehensible introduction the warp metric and a discussion of 
some issues related to energy conditions and causality. 

Basically, the warp drive constructs a warp bubble which sepa- 
rates two flat parts of spacetime. The warp bubble is able to move 
faster than the speed of light with respect to an outside, flat region 
of spacetime. A spaceship which is at rest inside the warp bubble 
would then travel faster than the speed of light. 

The visualization of the warp drive was produced for “Seven 
Hills”[3]. This exhibition intends to give an inkling of what the fu- 
ture of mankind may look like in the next millennium. A leading- 
edge topic of physics like the visualization of the warp metric is 
very well suited for such an exhibition and allows to bring aspects 
of a complex scientific content to a wide public. 

Figure 5 and the accompanying video show examples of the vi- 
sualization of the warp metric. Here, the warp spaceship travels 
in front of the earth and moon, and Saturn. The light deflection at 
its warp bubble causes astonishing visual distortions on the back- 
ground objwts. In addition to this outside view, a position inside 
the warp bubble can be adopted. Respective images are shown at 
the exhibition “Seven Hills”. The view from inside the warp space- 
ship was independently investigated by Clark et al.[5] on a more 
theoretical footing. 

8 Conclusion and Future Work 
In this paper, non-linear ray tracing has been presented as a tool 
for gravitational physics. It has been shown how standard three- 
dimensional ray tracing can be extended to general relativistic ray 
tracing. Furthermore, a parallel implementation has been described, 
which is extremely useful for extensive parameter studies or pro- 
duction of movies. 

General relativistic ray tracing offers several important features. 
First, it gives an intuitive approach to the structure of agravitational 
field and allows a simple and straightforward use. Secondly, the 
generated images are coordinate-independent and can be regarded 
as the result of an experiment. This is of great importance in the 
context of general relativity because many properties of spacetime 
can be hidden by the normally used coordinate-dependent repre- 
sentation. Many other visualization techniques are based on spe- 
cific coordinate systems, e.g.. the visualization of geodesics with 
respect to pseudo-Euclidean coordinates in [4]. Thirdly, the ray- 
traced images are a compact representation of a vast number of null 
geodesics. These null geodesics probe the properties of spacetime, 

especially its causal structure. Moreover, an extension has been 
proposed to visualize the caustic surfaces of a gravitational lens. 

By means of two applications the usability of general relativistic 
ray tracing has been demonstrated both for obtaining further insight 
by the researcher and for presenting results to colleagues and the 
public. 

In future work, the change of color due to the Doppler effect 
and gravitational redshift, as well as the change of intensity of the 
incoming light will be implemented. Furthermore, adaptive algo- 
rithms and data structures for the caustic finder will be investigated. 
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