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1 Introduction

It is the aim of Kaluza-Klein theory to explain the existence and behavior of
gauge fields solely as the dynamics of gravitation. Integral to the Kaluza-Klein
approach is the assumption that the spacetime manifold in which we live is
not four dimensional, but rather is a higher dimensional manifold in which the
higher dimensions have curled up, or compactified, to a degree that dynamics
in the compactified dimensions may be understood simply as the wrapping of
the four dimensional spacetime around the compactified dimensions.

2 Manifold and Vielbein

Assume that the universe is an orientable, n-dimensional, pseudo-Riemannian
manifold. The geometry of the manifold is completely described in any coordi-
nate patch by a set of orthogonal unit vectors, the vielbein, frame, or tetrad,

—

€o = (ea)iai (1)
that satisfy . .
€a € = (ea)'(e) gij = Nap (2)

in which 51 is a coordinate basis vector, roman indices are coordinate indices, g
is the metric, i is the Minkowski metric, and greek indices are labels raised and
lowered by 7. The vielbein naturally implies a set of basis 1-forms, the fielbein

6% = da' (0)® (3)



dual to the vielbein vectors

(ea) () = 07 (4)

[e3

or, more compactly in matrix notation, ec = I, where the components of e are
(ea)'. On a pseudo-Riemannian manifold the 1-forms may be identified with
vectors via the metric, 8; = g;; do? = gi; & and hence 6* = n® &5 , and often
go under the name of covariant vectors. Any vector may be represented in terms
of the coordinate or vielbein basis vectors

—

T=0'9; = v, = (v (07)*) e = V" gij dr? = 0,6 (5)
The fielbein can be considered a factorization of the metric, since
9i; = (03)* 11ag (05)” (6)

or g = ono’. However, the frame of orthogonal unit vectors tangent to a man-
ifold seems a more satisfying intuitive description than the equivalent metric,
and I interpret it as being more fundamental. Also note that the vielbein de-
scribes an orientation on the manifold, information absent from the metric. The
metric is, however, a more compact description of the geometry, having @
degrees of freedom compared to the vielbein’s n2. The metric is invariant under
local orthonormal ( Lorentz ) transformations of the fielbein,

6% s LOg6" (7)

with L*gnau L*, = ng, (or LTnL = n ), which leads to the natural unique
decomposition of the fielbein matrix,

(01)* = I ()" (8)

in which ~ is Upper Triangular and L" is a proper Lorentz transformation,
det L* > 0. This decomposition capitalizes on the metric invariance (7) to
factor the fielbein into a gravitational part, the UT fielbein, 47, which has
@ degrees of freedom and gives ¢ = ono” = yny”, an UDL decomposition,
and the rotational part, I, which has @ degrees of freedom. Note that
this decomposition is not coordinate independent, but may always be performed
anew after a coordinate transformation.

3 F

The exterior derivative of the basis 1-forms gives a set of 2-forms,

F* = do” 9)
= Z (0 (05)" = 05(04)®) dzt A da? (10)

i<j
Y Rt ao (11)
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where the field strength Fjg,* = (eg)*(e4)? (F;;)® and (Fj;)® = 9;(0;)*—0;(0;)“.
The field strength first appears in the equation for a geodesic. For a param-
eterized curve, u'(7), extremizing the square of the path length,

/dmiuﬂ'gij (12)
gives the unit geodesic equation,
0= o + Tfv'e’ (13)

d

where v* = 4" = I
=

basis,

u* and T is the torsionless connection. Or, in the vielbein

0 =% 4+ F* 5,0 0" (14)

where v® = v'(0;)®, parenthesis around indices indicate symetricisation, and
the greek indices are raised and lowered with 7.

4 Curvature and Gravitational Action
The covariant derivative applied to tensors is
Div’ = 9’ + T, ok (15)
The curvature scalar can be calculated from the vielbein as
R = (e*)/(DiD; — D;Dj)(ea)’ (16)
Since the Einstein-Hilbert action is
S = / dz"+/]g|R (17)
we may rewrite R as
R = Di[(e”)’ Dj(ea)']=Dj[(e®)’ Di(ea)']+[Di(ea) 1D (e*)]=[Di(ea)’][D; ((61"‘8);]

and drop the divergence terms, assuming no boundary contribution, to give us
our equivalent action

S = /dz"|a|L (19)
in which we may now calculate L directly from the field strength as

1 [e3% 1 [e3% (o3
L=—FupF By — 5 Fas P B 4 Fog’F™ (20)

Note that this gravitational Lagrangian contains no second derivatives. Note
also that the use of a vielbein and field strength, F', as well as the dropping of
divergence terms in the action, is not a requirement of Kaluza-Klein theory, but
gives a simpler exposition.



5 Kaluza-Klein theory

We adopt the Kaluza-Klein hypothesis that we live in a universe in which one
or more spacelike dimensions have compactified, leaving an effective universe
of four dimensional spacetime, S, and a collection of gauge fields. This may
be imagined as our spacetime submanifold, S, embedded in a tightly wrapped,
higher dimensional universe possessing symmetries ( Killing vectors ) in the
wrapped directions (Figure ??). For one compactified direction, 54, we begin
by assuming a five dimensional vielbein of the form

; €g i A
(eoc)l—< ( Oa) la >
P
where (es,)® are the vielbein components for the spacetime indices 0 < a,i <
3 and the vielbein is assumed independent of the compactified fourth spatial
coordinate. p may be imagined as the radius of compactification and A will be

our U(1) gauge field. The corresponding basis 1-forms are

O @)

Giving the field strength components

Fﬁ'ya<4 — FSBVQ (22)
1

F54 = ;8ﬁp (23)

Fpo' = —plesp)'(esy)’ (0idj — 9;4:) = —pFp, (24)

where we have used the abbreviation 93 = (eg)'d;. Integrating over the com-
pactified dimension gives the effective action

1
S = / drsloslp(Ls — 37 FapF™?) (25)

The p multiplying Lg may be scaled away by multiplying the original vielbein
by p3 ( a Weyl scaling ) and dropping two resulting divergence terms, giving
the effective action

1 4 ,
5= [ duslosl(Ls = 1 FuaF™ + 3 @0)@'0)  (20)

Assuming constant p produces the action for gravity and our one gauge field.
We note also that the equation for a geodesic through a Kaluza-Klein universe
with flat spacetime,

0= 19"+ pv'F 507 (27)

is the Lorentz force law for a charged particle moving in an electromagnetic
field. The U(1) field strength, F* = do?, describes the curvature of S around
the compactified dimension, a curvature that cannot be untwisted by coordinate



transformation. A coordinate transformation of the compactified coordinate,
x* — 2% — \(2), results in the gauge transformation, A; — A; + 9;), via the
corresponding Lorentz transformation, and leaves F'* unchanged.

Although it is standard practice to assume that all fields are independent
of the compactified coordinate, we may choose to keep this dependency and
expand the fields in a Fourier series in the compact dimension. If this is done
we obtain the U(1) field as the zero mode as well as an infinite collection of
interacting higher modes. These higher mode gauge fields may be calculated to
have a large mass due to the small compactification scale and are thus usually

discarded.

6 SU(2)

We have obtained an effective U(1) gauge field by considering a universe with
a compactified dimension admitting U(1) symmetry. Now we wish to obtain
non-abelian SU(2) gauge fields. The double cover of S? is a maximally sym-
metric solution of Einstein’s equations that has SU(2) symmetry. We begin by
confirming this SU(2) symmetry explicitly by obtaining the Killing vectors, then
use the Killing vectors to construct our SU(2) gauge theory via Kaluza-Klein
theory.

We use polar coordinates 0 < 8 < w and 0 < ¢ < 4, and use the vielbein

on the sphere,
) 1 0
e’ =(5 ) 28)

7 sin 6

which implies the basis 1-forms and metric,

o r 0 . r? 0
(03)* = ( 0 rsiné ) 9ij = ( 0 r2sin%0 ) (29)

The symmetries of a space are the coordinate transformations that leave the
metric unchanged. The infinitesimal coordinate transformations can be written
2t 2t +e%," where g; are the set of Killing vector fields, each corresponding
to a metric symmetry, and € are the parameters of the transformation. Each

¢ represents a flow that leaves the space unchanged, and hence each must be a
solution to Killing’s equation,

0= [Leglij = £ Ongij + 9 0iE" + gind;€* (30)
For our S2 metric, this equation gives
0 = 2r20¢! (31)
0 = r2sinf?8p€? + r29,¢! (32)
0 = 2r’sinfcosf&! + 2r?sin 629,¢2 (33)

which admit three Killing vectors as solutions,

i —sin¢ i Cos ¢ i (0
&' = ( —cos¢cot ) &' = ( —singcot § ) & _( 1 ) (34)



corresponding to rotations about the z,y and z axes. These vectors satisfy the
commutation relations corresponding to the SU(2) Lie algebra,

[5175)] = L{le; = _eabcg; (35)
Or, in components,
[€as &) = € 008’ — & Ok’ = —eanel’ (36)

The vectors also satisfy the normalization relation,

T 47
Lo 2
/ / dOdgr? sinf < £,,&, > = 87T7”2§T25ab (37)
0 0

Now we construct the Kaluza-Klein space for SU(2) as we did for U(1) by
starting with the vielbein,
, (esa)’ &AL AL
(ea)' = 0 1 0
0 0 !

7 sin 6

(38)

where A” will be our three SU(2) gauge fields corresponding to the three Killing
vectors of the compactified space. The corresponding basis 1-forms are

(05:)* —r& AT —rsinfE AT
(o) = 0 T 0 (39)
0 0 rsinf

Giving the field strength components

F3,"~* = Fsz," 40
By By
1
Fi5° = —cotf (41)
1
Fgi* = F555:;aﬁr (42)
Fgs' = —Fp,° =secf A (43)
Fo' = —r&F5, (44)
F,> = —rsin0Fg, (45)

where we have used the Killing vector commutation relations to obtain the
SU(2) field strength,

Fg, = (egﬁ)i(egw)j (&Aj — 0; A5 — eabcAng?) (46)
We sum the field strength components to obtain the action,

T 4 1 oL 2 )
5— / dzs|o| / / A0 sinO(Ls — 1 < £0,6 > B3, " + 2 (0ir) (@)
0 0
(47)



and complete the integral over the compactified space, using the Killing vector
normalization relation, to obtain the effective action,

2

1
S = /dms|05|87rr2(Ls ~ 13

c c 2 A
r?F5 FO7 + = (0ir)(0'r)) (48)
which, after another Weyl scaling, we identify as the non-abelian SU(2) action.

A similar calculation for the manifold C'P? produces the gauge fields of
SU(3).



