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Abstract

This tutorial provides an intuitive connection between many standard 3D geometric concepts used
in computer graphics and their higher-dimensional counterparts. We begin by answering frequently
asked geometric questions whose resolution, though obvious in hindsight, may be obscure to those
who have never ventured beyond the third dimension. We then develop methods for describing,
transforming, interacting with, and displaying geometry in arbitrary dimensions. We discuss sev-
eral examples directly relevant to ordinary 3D graphics, including the treatment of quaternion
frames as 4D geometric objects, and the application of generalized lighting models to 4D repre-
sentations of 3D volumetric density data.
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General Information on the Tutorial

Course Syllabus

Summary: This tutorial will bridge the gap between the familiar geometric methods of 3D com-
puter graphics and their generalizations to higher dimensions. Participants will learn techniques for
describing, transforming, interacting with, and displaying geometric objects in dimensions greater
than three. Examples with direct relevance to graphics will include quaternion geometry and 3D
scalar fields viewed as 4D elevation maps.

Prerequisites: Participants should be comfortable with and have an appreciation for conven-
tional mathematical methods of 3D computer graphics used in polygon rendering, ray-tracing, and
illumination models. Some knowledge of volume rendering would be helpful. These methods will
form the assumed common language upon which the tutorial is based.

Objectives: Participants will learn basic methods of high-dimensional geometry as intuitive gen-
eralizations of 3D graphics techniques. Specific concepts such as projection, normal determination,
and generalized lighting will be applied to examples such as the visualization of quaternions and
3D scalar fields.

Outline: This is a two-hour tutorial and the material will be arranged approximately as follows:

I. Introduction to N-dimensional geometry.

A. (45 min) Develop formulas and techniques of N-dimensional geometry as general-
izations that clarify standard 3D geometric methods such as normals, cross-products,
inside-outside tests, proximity calculations, and barycentric coordinates. Approaches
to treating N-dimensional data points as geometry.

B. (25 min)Rotations in N dimensions and natural interfaces for N-dimensional orienta-
tion control. Quaternion representations of orientation.
Il. Applications in low dimensions.
A. (25 min)Moving 3D frames as 4D quaternion differential equations; the Frenet and
Bishop frame equations; visualizing quaternion frames as 4D geometric objects.

B. (25 min)Displaying 4D geometric objects. Example: viewing 3D scalar fields as 4D
elevation maps. Approaches to display, virtual lighting, and interaction ith= 4
objects in 3D virtual reality environments.



1 Overview

Practitioners of photorealistic computer graphics use many mathematical tools that have origins
in linear algebra, analytic and differential geometry, and the geometric constructs of classical and
even quantum physics. Another growing specialty in graphics is the representation, interactive ma-
nipulation, and display of multi-dimensional data. However, the relationships between the methods
used by these two graphics applications are not widely understood or exploited. The purpose of
this Tutorial is to construct an intuitive bridge between many standard 3D geometric concepts and
their higher-dimensional counterparts.

The Tutorial will begin with the answers to frequently asked geometric questions whose form,
though obvious in hindsight, may be obscure to those who have never ventured beyond the third
dimension. By exploring and generalizing core techniques used throughout ray-tracing, anima-
tion, and photorealistic applications, we will expose powerful arbitrary-dimensional concepts that
help establish geometric interpretations and methods applicable to multi-dimensional data. At the
same time, we will point out how arbitrary-dimensional generalizations of geometry provide new
insights into familiar 3D problem domains. Finally, we will briefly note a number of very useful
special cases that occur in “low” dimensions, particularly in 4D, that are directly relevant to ordi-
nary 3D graphics; these topics will include simple intuitions about quaternions as 4D geometric
objects, the multifaceted relation of moving quaternions to time-dependent 3D orientation frames,
and the generalization of classical lighting models to create intuitive 4D representations of 3D
volumetric density data.

2 Fundamental Concepts

In computer graphics, we begin with a certain family of geometric ideas and mathematical im-
plementations that allow us to generate images by simulating the physical interaction of materials
and light. These ideas are taught for the most part with very little emphasis on their generality,
and many of the terms and techniques are very specific to three dimensions. The specificity to
3D is of course reasonable, since that is the exclusive target of photorealistic graphics problems.
However, there are fascinating issues involved in generalizing the computations involved to higher
dimensions: for one thing, the intrinsic nature of the geometry is sometimes clarified by working
in a general dimension and then reducing it back to 3D to clarify which properties are general
and which are specific to 3D; for another, there are numerous classes of data relevant to graphics,
including, for example, quaternion representations of rotations, that are intrinsically of dimension
greater than three. Other areas such as those involViaigmensional data points from statisti-
cal surveys and such are relevant to this tutorial in a peripheral sense: while we are concerned
mainly with geometrythat is, theconnection@mong points to create curves, surfaces, and higher-
dimensional manifolds, there will be certain parts such as rotation control interfaces that are also
useful for projections of high-dimensional point sets lacking any other geometry.

The basic material covered in these notes will begin with notions that allow one to easily discuss
geometry in many dimensions from a unified viewpoint, and then we will keep dropping back to
3D to see where the familiar specializations come from.

4



3 Geometry for N-Dimensional Graphics

(This section of the lecture notes closely follows the author's Graphics Gems IV article [37].)

Textbook graphics treatments commonly use special notations for the geometry of 2 and 3
dimensions that are not obviously generalizable to higher dimensions. Our purpose here will be to
study a family of geometric formulas frequently used in graphics that are easily extendible to
dimensions as well as being helpful alternatives to standard 2D and 3D notations.

What use are such formulas? In mathematical visualization, which commonly must deal with
higher dimensions — 4 real dimensions, 2 complex dimensions, etc. — the utility is self-evident
(see, e.qg., [5, 31, 44, 65]). The visualization of statistical data also frequently utilizes techniques
of N-dimensional display (see, e.g., [64, 25, 26, 42]). We hope that maing some of the basic tech-
niques more available will encourage further exploitatiodvetlimensional graphics in scientific
visualization problems.

We classify the formulas we will study into the following categories: basic notation and-the
simplex; rotation formulas; imaging iV-dimensions;V-dimensional hyperplanes and volumes;
N-dimensional cross-products and normals; clipping formulas; the point-hyperplane distance;
barycentric coordinates and parametric hyperplanedjmensional ray-tracing methods. An ap-
pendix collects a set of obscure Levi-Civita symbol techniques for computing with determinants.
For additional details and insights, we refer the reader to classic sources such as [75, 18, 52, 3, 22].

4 Rotations for N-Dimensional Graphics

(This section of the lecture notes closely follows the author’'s Graphics Gems V article [38].)

In the previous article [37], “Geometry fa¥-Dimensional Graphics,” we described a family
of techniques for dealing with the geometry tdimensional models in the context of graphics
applications. In this section, we build on that framework to look in more detail at rotations in
N-dimensional Euclidean space. In particular, we give a nafMirdimensional extension of the
3D rolling ball technique described in Graphics Gems Il [35], “The Rolling Ball,” along with the
corresponding analog of the Virtual Sphere method [16]. Next, we touch on practical methods
for specifying and understanding the parameterd afimensional rotations. Finally, we give the
explicit 4D extension of 3D quaternion orientation splines.

5 Quaternion Frames

In this section of the lecture notes, we study the nature of quaternions, which are effectively points
on a 4D object, the three-sphere; the three-sphgtei$¢ analogous to an ordinary ball or two-
sphere §?) embedded in 3D, except that the three-sphere is a solid object instead of a surface. To
manipulate, display, and visualize rotations in 3D, we may convert 3D rotations to 4D quaternion
points and treat the entire problem in the framework of 4D geometry. The methods in this section
follow closely techniques introduced in Hanson and Ma [45, 46] for representing families of coor-
dinate frames on curves in 3D as curves in the 4D quaternion space. The extension to coordinate



frames on surfaces and the corresponding induced surfaces in quaternion space are introduced in
“Constrained Optimal Framings of Curves and Surfaces using Quaternion Gauss Maps” [39].

6 Displaying and Lighting 4D Objects

A natural testing ground for the concept of graphics in higher dimensions is to consider volumetric
objects in 4D: then we imitate the usual projection of surface patches from 3D to 2D film by
projecting volumetric patches from 4D to “3D film.” This has been worked out for a number of
natural application domains in mathematics [41, 42, 40, 19, 6, 8].

A visual introduction to the techniques for rendering 4D solid objects projected to a 3D imaging
space is available in the video animation, “FourSight,” availabBiggraph Video Reviewlume
85 [43].

While these techniques may seem a little esoteric, in fact they should be quite familiar: any
volume-renderable 3D scalar field such as a CT scan, MR image, or 3D pressure density is indis-
tinguishable mathematically from a 4D elevation map [42]. To make the analogy clear, consider a
continuous single-valued function= f(z, y) giving, say, the elevation at each poin{z, y) on
a small patch of the earth. We can represent this graphically in many ways, but one of the options
is to create an alternative 2D image in which we view the data obliquely as a smoothly varying 3D
mountain range lit by the sun. A 3D scalar field is just a similar functiog f(z,y, z), and thus
can be analogously viewed as an alternative 3D volume rendering created by a oblique 4D view
with 4D lighting.

Going beyond four dimensions is of course much harder. Nevertheless, the mathematical meth-
ods involved in trying to create images of various sorts of higher-dimensional data should now be
relatively straightforward. Our readers should now be able to deal with many low-level mathe-
matical problems presented by the manipulation of geometry in dimensions greater than three, and
to focus their energies on the much more difficult question of trying to figure out which display
methods communicate such material effectively to the human viewer.
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Computer Graphics

beyond the Third Dimension

Andrew J. Hanson
Computer Science Department
Indiana University

SIGGRAPH '98 TUTORIAL

Outline

« Part I(A): N-Dimensional Geom-
etry for Computer Graphics

« Part1(B): N-Dimensional Rotations
for Computer Graphics

« Part lI(A): Quaternion Frames

« Partll(B): Four-Dimensional Ren-
dering and 3D Scalar Fields

Methodology

e Background: Knowledge of geometric concepts
underlying 3D graphics: transformations, projec-
tions, rays, proximity, inside-outside tests, normals,
lighting and shading heuristics, volume rendering.

e What we will do: Start from 3D graphics:
Graphics = simulation of the physics of

light interacting with matter in 3D
and imagine we live in a different world:
ND Graphics = simulation of the physics

of hypothetical light interacting with hypo-

thetical matter in ND

e Practical 4D applications:  Quaternion frame fields;
3D data as mountains on 4D terrain.

Key Concepts

e Vectors: Alistof N numbers; homogeneous form

for projection uses (N + 1) numbers.

e Matrix Algebra: Vectors are acted on by

N x N matrix multiplication to perform needed
operations such as rotations.

e Determinants:  Almost every extension from

ungeneralizable 3D graphics geometry to ND
graphics geometry makes use of determinants.

e Polytopes: A systematic extension of geometry

from dimension to dimension: (point, line seg-
ment, triangle, tetrahedron, . ..)




FINAL SUMMARY

Let’s pick four major ideas to take home:

e Cross Product in ND is a determinant of vectors
with empty last column, direction is the normal to
hyperface, size gives face's (N — 1)-volume.

e Rolling Ball Rotations in ND take (N — 1)-dim
tan vector as input, but adding (N —1)(N —-2)/2
subplanes of motion gives full N(N — 1) /2 rota-
tional degrees of freedom.

e Quaternions generalize half-angle formula for 2D
rotations to 3D, obey a “square-root-like” angular
differential equation, become 4D curves describ-
ing twisting of ordinary 3D curve.

e 4D Light creates volume-rendered shadings that
should be just as interpretable as a newspaper
photo, and you can render 3D scalar fields this
way as 4D mountain ranges.




Part I(A): N-Dimensional
Geometry for Computer
Graphics

Andrew J. Hanson
Computer Science Department
Indiana University

Outline

The Simplex: A simple basis for N-Dim objects

e Cross Product: Frequently Asked!

Ray casting and projection

Hyperplanes

Barycentric coordinates, clipping, etc.

Volumes and subvolumes

Motivation

e Usual 3D graphics treatments of geometry are
customized to 3D.

e General-dimension formulas aren'treally harder,
but give additional insight.

e N dimensional formulas for:  normals, cross prod-
ucts, ray-tracing, barycentric coordinates, etc., are
essential for high-dimensional applications.

Basic Ideas: the simplex

oA

1

2D projections of simplexes with dimension 1-4.




Basic Ideas: the simplex

e Simplex generalizes line segment, triangle, etc.,
to ND.

e N-simplex has (N + 1) points.

e Standard coordinates: {(0,0,...,0), (1,0,...,0),
(0,1,0,...,0),...,(0,0,...,0,1)}.

e (N + 1) linearly independent points of simplex
define a hyperplane.

e [ast vector in standard coordinates defines posi-
tive direction of oriented (N — 1) subspace.

MOST FREQUENTLY ASKED QUESTION

...turns out to be this:

What is the 4D cross product?

This picture of the 3D cross product is well known:

A
X
A
y
N
V4

—

C=detf§

Analog for higher dimensions is confusing . ..

Finding the 4D cross product ...

e 3D cross product: intuition doesn’t generalize.

e Rotation of two vectors leaves plane, not vector
fixed.

e Solution: Analog of right-hand rule comes from
Simplex:

= Need (N — 1) vectors, not 2, to make Cross
Product.

Generalize Cross Product

Correct generalization comes from these simple concepts:

e Preserve Simplex Hierarchy. Dot of N-th basis vector with
(N — 1)-simplex’s cross product should give positive value
in each dimension.

o Relate ND Cross Product to measure:  magnitude should
be related to (N — 1) volume (e.g., areain 3D).

e Relate to N-volume: N-th basis vector dotted with Cross
Product should give N-volume.

e Cross product defines normal vector. This is how we
determine signed hyperface normals by analogy to 3D.




Cross Product Equations

This definition obeys the given rules (violated by many people,
including Mathematica and me in my early papers!):

e Given: ordered set of (N — 1) edge vectors (&, — Zo):
(the edges of one of the (N — 1)-simplexes in an object’s
tessellation.)

e Normal Vector is then the generalized cross-product whose
components are cofactors of the last column in the following
(notationally abusive!) determinant:

ﬁ2n1i+ny§’+nz2++nu®=

(x1 —x0) (z2—20) -+ (zy-1—20) X
(y1—yo) (y2—wo) - (yn-1—%) ¥
det | (21 —20) (22—20) --- (2nv-1—20) 2
(w1 - wo) (w2 - wo) - (U)N—ll — wo) "AV

Magnitude of Cross Products

We note a remarkable combinatorial formula, the gen-
eralization to ND of the 3D formula

— —

(Ax B)-(Ax B)=(A-A)B-B)— (A-B)?

The magnitude as well as the direction of a normal is
important:

e v(1,1) v(1,2) v(1,N —1)
o(N—1,1) v(N-1,2) -+ o(N—1,N—1)

= (N—-1)!Vy_1)?.

Here v(i,j) = (Z; — &o) - (&; — Zo), and Viy_1 is the
volume of the (N — 1) simplex (more later).

10

Rays and Perspective

Image /)z(l)
0(1)
X
[
u
Camera
{m Origin
X ¢}
d

()
Projection process for an N-dimensional pinhole camera.

far ‘-l
/7 Ll

near near near
Perspective projections of a wire-frame square, a cube, and a
hypercube in 2D, 3D, and 4D, respectively.

11

ND Projection Procedures

e Orthographic Projections:  Throw out the N-th
coordinate z(™) of each point.

e 3D example:
Project (z,y,2) to (zf/(d — 2),yf/(d — 2)).

e ND Perspective Scaling.  Divide first (N — 1)
coordinates by (dy — ™))/ fx

e Repeat Recursively down to 2D image. Hierar-
chy of up to (N — 2) parameter sets

{(fNadN)a ey (f3ad3)} may be used.

12




Relate Hyperplane to Simplex

Origin

The 2D line from Zy to #1 obeying the equation
n- (f—Zg) = 0. The constant cis justii - Zg

Generalization to ND requires N points (Zg,...,Zn_1
and their normalized cross-product n:

e Hyperplane through Zg perpendicularto

i (F—7g) =0

e Point closest to origin:  Z. = ci.

13

Volumes and subvolumes

The volume of an N-simplex is the determinant of its (N + 1)
defining points (=~ magnitude of its normal in (N + 2) dimen-
sions!):

ry X2 -+ IN TQ
1 Yioy2 YN Yo
VN = mdet : : H
: w1 w2 -+ WN WO
1 1 .- 1 1

e Bottom row of 1's:  homogeneous coordinates.

e Thisis a SIGNED volume: implicitly defines the N-dimensional
generalization of the Right-Hand Rule.

e Disastrous sign inconsistencies  unless g is in the last
column as shown (typically #o = (0,0,...,0,0;1)).

14

Tricks for volumes
In 3D, cross-product gives volume of parallelepiped:
[(F1 — %) x (F2 — Zo)] - (¥3 — 7o) ,

Tetrahedron with vertices at the points (Zq, 1, T2, £3)
has one-sixth the volume of the parallelepiped.

N dimensional simplex volume is 1 /N times the vol-

ume of the parallelepiped whose edges are given by
the matrix columns.

15

Invariant Subspace Forms

Properties of determinants give squared volume as:

1 2
(VN)? = <ﬁ> det|x?t- X|

) v(1,1) v(1,2) --- v(1,N)

_ (i) det v(2,1) v(2,2) --- v(2,N)
NI : : :

v(N,1) v(N,2) --- v(N,N)

where v (i, j) = (Z; — Zo) - (£ — Zo)
This formula is the key to a trick for volume forms

of subspaces of N-dimensional spaces: cannot form
square matrices!

16




Invariant Subspace Forms

e Vi, volume for K < N, is not expressible in terms of a
square matrix of coordinate differences like Vy.

e But Vi is the determinant of a square matrix in one partic-
ular coordinate frame (e.g, rotate triangle to (z, y plane)).

e Multiply by transpose: frame-independent quadratic form.

e Thus Vi is written in terms of its K basis vectors (&, — Zo)
of dimension N as:

) 1 — o
1 Ty — &
2 _ 2 — Zo
(VK) = (F) det 5
T — Zo
[#1—&0 T2—Fo -+ &Fx —Fo |
, [ e(L1) w(1,2) - w(1,K)
1 v(2,1) v(2,2) -+ v(2,K)
(ﬁ) det 5 5 ;
U(Kal) ’U(K,2) U(KaK)

17

Summary: Invariant Subvolumes

To compute a volume of dimension K in N dimen-
sions:

e Find the K independent basis vectors spanning
the subspace.

e Form a square K x K matrix of dot products re-
lated to VI% by multiplying the N x K matrix of
column vectors by its transpose on the left.

When K = 1, we have simply the squared Euclidean
distance in N dimensions
v(1,1) = (&1 — Zo) - (&1 — o)

18

Point-Hyperplane Distance

e General formula: parallelepiped volume = base
times height. But height h = distance to hyper-
plane.

e Solve for h using ratio of volumes:

Wy N'Vy __ NVn

T W1 (N=DIWyq o Vg
Note! Here one must use the trick above to ex-
press Wi _1 interms of the square root of a square
determinant given by the product of two non-square
matrices.

h

19

Point-Hyperplane Distance

X

e Intersection Point.  Line from ¥ to the base hy-
perplane along the normal i to the hyperplane as
Z(t) = Z+tn, writing the implicit equation for the
hyperplane as i - (Z(t) — Zg) = 0, and solving
for the mutual solution ¢, = & - (Zg — &) = —h.
Thus

F o= @+a@-(f- D)
= Z&—hn.

20




Distances . ..

o Tl

. -

Basic idea: distances to hyperplanes vanish, h = 0, if test point
is on hyperplane, i.e., volume vanishes.

Signed volumes divide plane into two regions, one with A > 0,
the other with A < O.

The pictures show how the distance h from a point to a hyper-
plane is computable from the ratio of the simplex volume to the
lower-dimensional volume of its base, i.e., 2A/L or 3V/A.

21

Barycentric Coords in ND
X

2

Any point maybe parameterized relative to an origin
X using the edges of an N-simplex and N parame-
ters ¢;:

Z(t) = &o+ (&1 — o)
Z(t1,t2) = o+ t1(&F1 — o) + ta(d2 — Zo)
Z(t1,t0,13) = Zo+ t1(F1 — Zo) + t2(Z2 — To) +

t3(¥3 — 7o)

22

Barycentric Coords in ND

e The interpolated point lies in the N-simplex pro-
vided

0<t<1
0<t1<1,0<tp<1,0<(1—tg—1) <1
0<¢1<1,0<t,<1,0<#3<1,
0<(Q—-t1—-tr—-t3) <1

e Values of parameters t; are just ratios of volume
determinants coming from Kramer’s rule:

V(max07xl) V(xa:L'Q:xO)
tl = ) 2 = = -
V(xg,z1,x2) V(zg,z1,x2)

and similarly in higher dimensions.

23

Clipping Test from Signed Volumes

If the line to be clipped is given parametrically as Z(t) =
Zq + t(ZF, — o), Where &, and Z, are on opposite
sides of the clipping hyperplane so 0 < ¢t < 1, then
we simply plug Z(t) into V(&) = 0 and solve for ¢:

det[ &y —Zo @p—do -+ &a— o |

det[fl——fo Fn— g - i@——fb]
n- (Zq — Zo)
n- (Za — Tp)

Here 1 is the normal to the clipping hyperplane.

24




Are Normals Vectors?
Almost!

o Transform a Vector: 2/ =Y | R;jz0)

e Transform a Normal:

N'® = Z €irienin liRiljlwnginJgh) <+ Riy i, 196%“:{)
all indices
except i

N
> RN det[R] .
j=1

e This is a pseudotensor : N is seen to behave as a vec-
tor for ordinary rotations (which have det [R] = 1), but
changes sign if [R] contains an odd number of reflections.
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Part I1(B): N-Dimensional
Rotations for Computer
Graphics

Andrew J. Hanson
Computer Science Department
Indiana University

Outline

e What is a rotation? Idea of Rotation Plane

e The Rolling Ball: Context-free interaction

¢ Alternate controls.

e Quaternions in 3D and 4D

What is a Rotation?

3D rotation

It's NOT defined by a fixed axis!
e Familiar idea of rotating “about axis” is 3D ONLY.

e Better generalization: pick two directions X1 and X», rotate
one into the other.

e Remaining (N — 2) axes are the ND analog of familiar
“fixed axis” in 3D.

Rolling Ball Rotations

A
n

<>

To ROLL, tilt the “north pole” vector V¢ in the direction of the

tangent vector n.




Rolling Ball Rotations

=
<>

VRS cosB

1 -sin@ 0 +1

Action of a right-handed 2 x 2 rotation M5 in the plane of vo =
(0,1) and i = (—1,0).

V= Msy-Vy=1sinf 4 vocosf = (—sinh, cosh) ,

Rolling Ball Rotations
The rotation matrix M» can be written
M, = cosf —sinf | _ c —s
2 = +sing cosf | — | +s ¢

e, ]

—MNzS c
If we choose a right-handed overall coordinate frame, the sign of
n will automatically generate the correct sign convention.

Rolling, contd

Synopsis: Qualitatively speaking, if we
imagine looking straight down at the north
pole, the rolling ball pulls the unseen N-th
component of a vector along the direction
n of the (N — 1)-dimensional controller
motion, bringing the unseen component
gradually into view.

Rolling Rotations in ND

r

R

N

e Let R be “ball radius,” rotate North vector vo = (0,0,1)

into X using
c 0 ++s
Ro = 0O 1 0
—-s 0 ¢

e Here D2 = 2 + R?, s0o ¢ = cos§ = R/D and s =
sin@ =r/D.

e = Length and direction of control vector determine both
angle and a direction .




Rolling Rotations in ND

+ North
rn
DV N(¢Ru RV,
0
- Tangent + Tangent

e Already have: North vector vo = (0,0, 1) rotated into X
using Ro(6).

e Now use conjugation by a second matrix R., that takes a
unit X vector into the completely general tangent direction

Rolling Rotations in ND
The result is the 3D Rolling Ball Matrix

M3 = RuyRo(Ruy) *
[ e+ (ny)2(1 —c) —ngny(l—c) ngs

= —ngng(l —c) e+ (ng)?(1 —¢) nys
—MNxS _nys C

[1— (ne)2(1 —¢) —nzny(l —c) ngs
= —ngny(l—c) 1-— (ny)2(1 —c) nys

(fiz, By, 0):
—MNgS _nys C
ng —ny O -
Reyy= | ny ng O
o o0 1
to create M3 = RyyRo(Ruy) !
9 10
3D /4D case
4D case y y
The 4D case uses, e.g., 3D mouse input =t = (z,y,2,0) =
(r ng, My, 72, 0), With n%—|—n§—|—n§ = Py
e First: transform (n,,n.) into a pure y-component. 0 X
X
e Rotate that to a pure z-component
e Rotate by 6 in the (z,w)-plane, and reverse the first two , ‘_A
rotations. [ ] yA—
This gives
M = Ry.RuyRo(Ruy) *(Ry.) 3D cube: “rolling” in z or y direction exposes hidden
1= ()2(1—¢)  —(1—c)nany (1= nane s surfaces — the planesat x = +1 and y = +1.
-(1- c)nzny 1- (ny)z(l —c) —(1- g)nynz SNy
7(1:82)"“"" 7(1:52)"““ 1= ("_Z)m(l —o) STC“ Contrast with 4D hypercube: “rolling” a 3D mouse in
T Y z . . .
the = or y or z direction exposes hidden blocks —
the hyperplanes at + = +1, and y = +1, and and
z==%1.
11 12




ND case

Controller provides (N — 1)-dimensional vector
r=(rni,rng,...,rny_1,0)
with ¥ - ¥ = r?and fi - i = 1. Then with ¢ = cos#é, s = sin 6,
and d = (1 — cos ),
My =
Ry_on-1Bn_3n_2- - Ri2Ro(R12)™ -+
-~ (Ry-3n—2) MRy_an-1)t =

Summary of ND Rolling

The controller input ¥ = rn that selects the direction
to “pull” can also determine ¢ = cosf = R/D, s =
sing = r/D, with D% = R? + r2, or, alternatively,
0 =r/R.

2 . . —~ . .
1-(u)*d  —dnony - —dnyoani - sm Then the hidden vector (like the z vector in 3D) is
—dnino 1—d(n2)? --- —dny_1n2 sno . . R L
: : : : mixed with the nn vector; remember, a rotation is just a
—dniny-1 —dnpny_1 --- 1—d(ny-1)? snyoa mixing of two vectors in a single plane.
—sn1 —sno e —Sny—_1 c
13 14
What about the rest?
We have not said how to control the rest of the orientation:
e Full freedom — N(N — 1)/2 rotational parameters (one Columns are Axes
for N =2,3for N =3,6for N =4,...).
e Default frame: X1 = (1,0,...,0),

e Only N — 1 rolling parameters so far!

e Commutation relation trick. In dimensions N > 2, ro-
tations are order dependent. If R;; rotates in the plane
(%i,%;), and the X direction is perpendicular to the other
(N — 1) directions, there are (N — 1) possible rotations
R;n, © = N parameterized by 1.

e Creating new rotations.
Defining [A, B] = AB — BA, one can prove the matrices
R;n Obey

[Rin: Rjn] = 6ijRny — 6nRin + SinRjn — SnnRij
= _Rij

All other rotations can be derived

from repeated rolling rotations!!

15

%, = (0,1,0,...,0),..., %y = (0,...,0,1)

e Desired frame:
- 1 2 N)\ - .
31:(‘1(1 )7ag_ )a"'vag_ )>aa27"'7aN1

e Rotation matrix then just has the new axes as its

columns:

M=[51 ay - aN].

16




Concatenated subplane rotations

Rotations in the plane of a pair of coordinate axes

(%X4,%;), 4,5 = 1,..., N can be written as the block
matrix
1 ... 0 0 --- 0 0

0 -+ cosb;; O 0 —sind;;

0 --- 0] 1 -0 0

0 0] o - 1 0]

0 -+ sing;; 0 - 0 cosby;

o .- 0 0O --- 0 0

17

o

concatenation, contd

The N(N — 1)/2 distinct R;;(6;;) may be concate-
nated in some order to produce a rotation matrix such
as
M = ] Ri;j(0i;)
1<)
with N(N — 1)/2 degrees of freedom parametrized
by {6;;}.

The matrices Rij do not commute, so different order-
ings give different results.

As for 3D Euler angles, one may even repeat some

matrices (with distinct parameters) and omit others,
and still not miss any degrees of freedom.

18

Quotient Space of Spherical Rotations

Exploit classic quotient property of the topological spaces
of the orthogonal groups

SO(N)/SO(N —1) = sN-1
where SX is a K-dimensional topological sphere.
= Fill out N(N — 1)/2 parameters of SO(N), (N-
dimensional orthogonal rotations), as a nested family

of points on spheres.

(See paper for details.)

19

Interpolating on Sphere

Classic building block of uniform-angular-velocity in-
terpolation is a constant angular velocity spherical in-
terpolation, the “Slerp” between two directions, i1 and
no:

nip(t) = Slerp(iy, N, t)
_sin((1—t)8) , _ sin(th)
" sin(@) 2 sin(#)

where cosf = 1y - np.
(This formula is simply the result of applying a Gram-

Schmidt decomposition while enforcing unit norm in
any dimension.)

20




Quaternion form in 3D

Quaternions allow geodesic approach to paths more
complex than single Slerp, which is the same in either
3 x 3 or quaternion form.

If i is a unit 3-vector, define quaternion
qo = cos(6/2), d =nsin(0/2)

This is automatically a point on S3 due to the con-
straint (go)? + (q1)% + (¢2)% + (¢3)?> = 1. Then
each point g on $3 corresponds to an SO(3) rotation
matrix R3:

@B+d?—d5—d3 2q1a2—2q0q3  291q3 + 29002
29192+ 29093 93+ 393 —af — 43  2a2q43 — 2q0q1
29193 — 29092 2g2q3 +2q001 43+ a3 — a3 — a3

21

Quaternion form in 4D

4D rotation group SO(4) and the spin group Spin(4) that is
its double covering may be computed by extending quaternion
multiplication to act not just on 3-vectors (“pure” quaternions)
v = (0, V), but on full 4-vector quaternions v* in the following
way:
3
Riw =q-v"-pt.

0

=i

Double quaternion parameterization of 4D rotations takes the
form of the following matrix Ra:

qopo + q1p1 + q2p2 + q3ps q1po — qop1 — qzp2 + q2p3
—q1po + qop1 — q3p2 + q2p3  qopo + q1p1 — G2p2 — q3p3
—q2po + qop2 — q1p3 + q3p1 q1p2 + q2p1 + qops + g3po
—q3po + qops — q2p1 + q1p2  q1p3 + q3p1 — qop2 — q2po
q2po — qop2 — q1p3 + q3p1 q3Po — qop3 — q2p1 + q1p2
q1p2 + p1g2 — pogz — qop3  q1p3 + p1g3 + pog2 + qop2
qopo + g2p2 — q1P1 — q3p3  q2p3 + q3p2 — qop1 — q1P0
q2p3 + q3p2 + q1po + Poq1  qopo + q3P3 — q1pP1 — G2p2
Analogs of the N = 3 and N = 4 approaches for general N
involve computing Spin(N') geodesics and thus are quite com-

plex.

22

Arcball and Virtual Sphere Controls

e 4D roll. Elegant user interface for all 6 DOF using
3D position of wand, flying mouse, etc.

e 4D virtual sphere. 4D roll at center, 3D roll at
boundaries of solid sphere.

e 3D roll/sphere pairs. Using the decomposition
of a 4D rotation into two 3D rotations, one can
perform a pair of 3D rotations in turn.

e 3D Archall pairs. Shoemake 3D archall is sim-
ilarly generalizable by picking two pairs of points
instead of one pair; compose two ordinary rota-
tions into one.

e N > 4 Problems. Extendingto N > 4 will re-
quire finding elegant ways of computing geodesics
in the spin groups corresponding to each orthog-
onal group. Clifford algebras appear to handle the
group properties, but explicit geodesic-like splines
in these variables are unknown at present.

23




Outline

Part 11(A): Quaternion o
Frames o Motivation

e 2D Curves: A simple “frame”-work
Andrew J. Hanson
Computer Science Department

e 3D Curves: Frenetand Parallel Transport Frames

Indiana University

e Quaternion Frames for Curves and Surfaces

Motivating Problems: Curves

Motivating Problems: Curves

The (3,5) torus knot.

e Line drawing = useless.

e Tubing based on parallel transport, not periodic.

e Closeup of the non-periodic mismatch. Closeup of the non-periodic mismatch.
Can't apply texture.




Motivating Problems: Curves

Tubings based on Frenet, Geodesic Reference, and
Parallel Transport frames.

Motivating Problems: Surfaces

A smooth 3D surface patch: two ways to get bottom
frame.

No unique orthonormal frame is derivable from the pa-
rameterization.

Motivating Problems: Surfaces

Spherical surface patch.
Frames from Polar, Geodesic Reference, and Projec-
tive coordinates.

Frames in 2D

Tangent and normal of 2D curve x(t).

T(t) = dx(t)/dt =2+ ¢y
N(t) =
Unit length vector notation: ¥ = v/||v||.

yx —2'y .

The column vectors N and T then represent a moving orthonor-
mal coordinate frame.




Frame Evolution in 2D

Demonstrate concepts of 3D frames in simpler 2D context: show
how the 2D coordinate frames evolve:
o o cosf —sind
[N T] - {sin@ cos 6 } ’
Differentiate to find frame equations:
N'(t) = +xT

T(t) = —kN,
where k(t) = df/dt is the curvature .

This is 2D analog of 3D Parallel Transport Frame.

2D “Quaternion” Frames

We are not done yet: we can express this SO(2) frame equa-
tion in terms of the spin group Spin(2). Guess a double-valued
quadratic form in (a, b):

] = cosf —sinf | _ [ a®>—b> —2ab
— | sinf cosf | 2ab  a?—b? |’

=3

[N

where imposing the constraint a®+ b2 = 1 guarantees orthonor-
mality of the frame.
Solution: double-angle formulas:

a = cos(#/2), b =-sin(6/2)

10

2D Quaternions . ..

The matrix equation

=l L

in the two variables with one constraint contains both the frame
equations TV = —kN and N’ = +xT.

| This is square root of frame equations. |

But if we let (a + ib) = exp (i6/2) we see that
rotation is complex multiplication and quaternion frames in 2D
are just complex numbers, with

|evolution eqns = derivative of exp (i 6/2)!]

11

3D Curves: Frenet and PT Frames

Classic Moving Frame:

T/(t) 0 ki(t)  ka(t)|| T(t)
N(t) | =|—k(t) O  o(t)||N()
B'(t) —ko(t) —o(t) 0 B(t)

Serret-Frenet frame: ko = 0, k1 = x(t) is the curvature, and
o(t) = 7(t) is the classical torsion. LOCAL.

Parallel Transport frame (Bishop): o = 0 to get minimal turning.
NON-LOCAL = an INTEGRAL.

12




3D curve frames, contd

Frenet frame is locally defined, e.g., by
x/'(t) x x"(t)
X8 x x"@)]]

but has problems on the “roof”

B(t) =

13

3D curve frames, contd

Bishop’s Parallel Transport frame is integrated over
whole curve, non-local, but no problems on “roof:”

14

Quaternion Frames
We can now repeat our trick of taking the square root
of the 2D frame using quaternions to generalize the
single 2D rotation angle.

Summary of Quaternion Frame properties:

o Unit four-vector. Take ¢ = (q0,q1,42,93) = (g0,q) t0
obey constraint g - ¢ = 1.

e Multiplication rule. Let ¢ * p be the quaternion product of
two quaternions g and p, where

lq * plo qopo — q1P1 — q2p2 — q3P3
[g*p]y | _ | 9op1 + q1po + q2ps — gsp2
[q * pl, qop2 + q2po + q3p1 — q1p3
[g*p]3 qop3 + q3po + q1p2 — q2p1

This = multiplication rule in the group SU(2), the double
covering of SO(3) rotation group.

15

Quaternion Frames . ..

Quaternion Frame properties, contd:

e Rotation Correspondence.  The unit quaternions ¢ and
—q correspond to a single 3D rotation:

@B+ai—dd -3 209 —2q3 2q193 + 2q0q2
R=| 2q1¢2+20e5 @ —a¢+d6—d 24243 = 29091 _
29193 — 2q0q2 2q293 + 29091 95— 91— 9+ &3

e Rotation Correspondence. Let ¢ = (cos£,fisin4), with
n a unit 3-vector, n - n = 1. Then R(#,n) is usual 3D
rotation by 6 in the plane perpendicular to n.

e Inversion. Any 3 x 3 matrix R can be inverted for ¢ up to
a sign. Carefully treat singularities! Can choose sign, e.g.,
by local consistency, to get continuous frames.

16




Quaternion Frames ...
Now find square root of 3D frame eqgns:

Tait (1890) derived a quaternion equation that makes all 9 3D
frame equations reduce to

q 0 —0o —k» —k1 q0
¢ | _1| o O ki ko @
¢ | T 2|k —k1 O o q2
@ ki —ko —o O a

17

Quaternion Frames . ..

Properties of Tait’'s quaternion frame equations:
e Antisymmetry = q(t) - ¢'(t) = 0.

e Nine equations and six constraints become four equations
and one constraint, keeping quaternion on the 3-sphere. =
Good for computer implementation.

e Analogous treatment applies to Weingarten equations, al-
lowing a direct quaternion treatment of the classical differ-
ential geometry of surfaces as well.

18

Quaternion Frames, . ..
Example: torus knot and its (twice around) quaternion
Frenet frame:

see: Hanson and Ma, “Quaternion Frame Approach to Stream-
line Visualization,” IEEE Trans. on Visualiz. and Comp. Graphics,
1, No. 2, pp. 164-174 (June, 1995).

19

Geometric Construction of Space of Frames:

e R(6,T)leaves T invariant, but doesn’t have T as Last Col-
umn.

e Use Geodesic Reference to construct one instance of such
aframe: R(z- T,z x T).

° q(@, T) * q(i : T, Z X T) generates the correct

family of quaternion curves

N
V4
1/

N>
x
—>

20




Invariant Quaternion Frames ...

Invariant frame for trefoil knot:

e Left: Red fan = tangents; Magenta arc = tangent map;
Green vectors = geodesic reference starting points for in-
variant spaces. Right: Short segment of invariant space.

« Full Space.

21

3-Manifold of Frames for a Patch

For surfaces, we simply replace a curve’s tangent by a surface’s
normal.

Basic patch with the available rings of frames for corners:

22

3-manifold of frames for a patch . ..

Each point on patch generates a ring in quaternion map:

G2 0 o 20.4

|

T_A:ﬁ:’l!t\w
MW

\&\\\Q\&,

\

0.5

|

-0.5

23

Minimizing Quaternion Length Solves Periodic
Tube

Quaternion space optimization of the non-periodic parallel trans-

port frame of the (3,5) torus knot.

24




Likewise for Optimal Quaternion Frame on Patch

Quaternion frames for (a) Geodesic Ref. (b) One edge Parallel

Transport. (c¢) Random. (d) Minimal area result. Summary

e Quaternions can represent frames.

Curve frames =- quaternion curves.

Surface patch frames = quaternion surface
patches.

Minimizing quaternion length or area finds par-
allel transport “minimal turning” set of frames.

25 26




Part 11(B): 4D Rendering and
3D Scalar Fields

Andrew J. Hanson
Computer Science Department
Indiana University

Outline

Shading volumetric objects embedded in 4D.

Extensions: Rendering thin 4D objects by thick-
ening analogy.

Video: “FourSight”

4D Terrain. Using 4D rotation and 4D lighting to
extend standard 3D volume rendering.

Video: “4D Views of 3D Scalar Fields”

4D Shading

Need the following pieces:

e Tesselation. Describe volumes using tetrahedra
with 4D verts, or carefully subdivide a cubic lat-
tice.

e Normals. Compute 4D normals to tetrahedra (empty-
right-column determinant).

e Light and Camera. Dot product of light with 4D
versions of usual vectors give Gouraud and Phong
models. (Banks: Modulate power in Phong?)

e Projection. Film = volumetric retina of 4D cy-
clops.

e Volume Render. Splat, Shirley-Tuchman, texture
panels; motion very important. Stereo impossible
without volumetric texture.

Can You Believe 4D Shading?

Consider the Visualization Principle for testing the po-
tential of a visualization:

e Volume rendered projections of 4D lit hypersur-

faces to 3D contain information similar to 2D mag-
azine photo.

e Humans and smart machine vision programs can

reconstruct 3D info from magazine using 2D shape
from shading.

e Therefore it is possible to reconstruct significant

4D information from the proposed rendering meth-
ods: use 3D shape from shading.




Extensions to 4D Rendering

A 4D object need not be volumetric to be rendered!

e A wire in 3D can be made visible by attaching a
shiny tube.

e Imitate in 4D: Surfaces =- handled by “tubing”
with a shiny circle attached to each point, forcing
it to be volumetric and thus renderable.

e Curves have small spheres attached, and even
points can be made structurally visible in 4D by
making them tiny 3-spheres!

Efficient Approximations to 4D Surface
Rendering

A 4D surface can be rendered directly, without attach-
ing a tube to create a thickening.

e In 3D, the Kajiya-Kay “bear hair” algorithm sug-
gests how to replace an expensive shiny tube by
a physically plausible reflectance texture.

e Imitate in 4D: Calculate the light that would be
reflected from a surface if you attached shiny cir-
cles and shrunk them to a point.

e Can derive various heuristic lighting models for
both Phong and Gouraud (Banks, Cross, Han-
son).

e Render surface projected to 3D from 4D directly
by applying (possibly transparent) texture map.

e Avoids volume rendering altogether, yielding large
speedup.

Examples of 4D Rendering

4D “knotted surfaces,” thickened to make a volume,
then lit, projected to 3D “film,” and volume rendered.

The same 4D “knotted surfaces,” but “bear hair” ap-
proximation producing a transparent surface texture
simulating volume rendering 1000 times as fast.

3D Scalar Field Data

A 3D scalar field is a collection of single numbers
w = f(x,y,z) assigned throughout a spatial vol-
ume. Conventionally, some of the following methods
are used to display this data:

e Direct volume rendering:  render pixels directly from the
screen, e.g., by splatting, or by forward or backward ray-
tracing.

e Pseudocolor scalar field values.  — color code the interior
using the data values.

e Slicing: — Look at textured slices, preferably moving, at
various angles to the data.

e |sosurfaces, Marching Cubes: — Look at surfaces that
are computed by connecting the interior points that seem
to have have the same data value, stitch together the total.

e Breakinto tiny cubes. — to help see inside volume, leave
a little space instead of transparency




4D Extensions to 3D Scalar Field Methods
3D scalar fields are to 4D display meth-
ods as 2D elevation maps are to 3D ter-
rain display methods.

Thus the following new ideas arise:

e Rotate in 4D. — to “look obliquely” at the data values, as
though seeing mountains from an unfamiliar valley.

e New Cues: Ridges, occlusion edges, depth from occlusion.
Isosurface markings and colorization may be added.

e llluminate data in 4D. — use methods just learned for
computing normals and lighting effects; rotate light and also
object to get motion parallax.

e New Cues: Shading gives constraints on direction of nor-
mal of the terrain surface. Shininess and lighting effects
make it easier to characterize the surface, materials, etc.
Lighting shows general directions of lights; lighting on ob-
jects produces strong depth using highly directional shini-
ness cues.

Remarks: Multiple cues

3D terrain models are often displayed in oblique views
with multiple cues such as contours:

e Multiple cues. Our 4D terrain models could also

be enhanced by multiple cues such as color, slices,
and isosurfaces.

Cubic Lattice Grids. Just as secondary depth
cues such as lattices or checkerboard patterns
arise naturally on a 2D terrain, we could apply a
cubic checkerboard-like texture to the terrain.

What else can we try? Quaternion forms of rota-
tions and the display of 3D scalar fields just hap-
pened to appear as useful application areas of
ND geometry; we would love to hear about other
such domains of research!

10
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Geometry for N-Dimensional
Graphics

Andrew J. Hanson

Computer Science Department
Indiana University
Bloomington, IN 47405
hanson@cs.indiana.edu

¢ Introduction &

Textbook graphics treatments commonly use special notations for the geometry of 2 and 3
dimensions that are not obviously generalizable to higher dimensions. Here we collect a family
of geometric formulas frequently used in graphics that are easily extendifedilmensions

as well as being helpful alternatives to standard 2D and 3D notations.

What use are such formulas? In mathematical visualization, which commonly must deal
with higher dimensions — 4 real dimensions, 2 complex dimensions, etc. — the ultility is self-
evident (see, e.g., (Banchoff 1990, Francis 1987, Hanson and Heng 1992b, Phillips et al. 1993)).
The visualization of statistical data also frequently utilizes techniquésdimensional display
(see, e.g., (Noll 1967, Feiner and Beshers 1990a, Feiner and Beshers 1990b, Brun et al. 1989,
Hanson and Heng 1992a)). We hope that publicizing some of the basic techniques will encour-
age further exploitation aV-dimensional graphics in scientific visualization problems.

We classify the formulas we present into the following categories: basic notation and the
N-simplex; rotation formulas; imaging iNV-dimensions;V-dimensional hyperplanes and vol-
umes;N-dimensional cross-products and normals; clipping formulas; the point-hyperplane dis-
tance; barycentric coordinates and parametric hyperplaMedimensional ray-tracing meth-
ods. An appendix collects a set of obscure Levi-Civita symbol techniques for computing with
determinants. For additional details and insights, we refer the reader to classic sources such as
(Sommerville 1958, Coxeter 1991, Hocking and Young 1961) and (Banchoff and Werner 1983,
Efimov and Rozendorn 1975).

¢ Definitions — What is a Simplex, Anyway? ¢

In a nutshell, anV-simplex is a set of N + 1) points that together specify the simplest non-
vanishing N-dimensional volume element (e.g., two points delimit a line segment in 1D, 3
points a triangle in 2D, 4 points a tetrahedron in 3D, etc.). From a mathematical point of view,
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All rights of reproduction in any form reserved.
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Figure 1. 2D projections of simplexes with dimension 1-4. An N -simplex is defined by (N+ 1) linearly
independent points and generalizes the concept of a line segment or a triangular surface patch.

there are lots of differenV-dimensional spaces: here we will restrict ourselves to ordinary flat,
real Euclidean spaces &f dimensions with global orthogonal coordinates that we can write as

Z=(z,y,2,...,w)

or more pedantically as

F= @0, 2 g gy

We will use the first, less cumbersome, notation whenever it seems clearer.

Our first type of object inV-dimensions, thé®-dimensionalpoint Z, may be thought of as
a vector from the origin to the designated set of coordinate values. The next type of object is
the 1-dimensionalline, which is determined by giving two poin{gy, #1); the line segment
from %, to 71 is called al-simplex If we now take three noncollinear poirtgy, 71, Z2), these
uniquely specify glane the triangular area delineated by these points 2ssamplex A 3-
simplex is a solid tetrahedron formed by a set of four noncoplanar points, and so on. In figure
1, we show schematic diagrams of the first few simplexes projected to 2D.

Starting with the( N + 1) points(zy, Z1, Z, . . . , Zn) defining a simplex, one then connects
all possible pairs of points to form edges, all possible triples to form faces, and so on, resulting
in the structure of component “parts” given in table 1. The next higher object uses its predeces-
sor as a building block: a triangular face is built from three edges, a tetrahedron is built from
four triangular faces, a 4-simplex is built from 5 tetrahedra.

The general idea should now be cled®v + 1) linearly independent points definehg-
perplaneof dimensionN and specify the boundaries of @dimensional coordinate patch
comprising anV-simplex(Hocking and Young 1961). Just as the surfaces modeling a 3D ob-
ject may be broken up (daessellatedlinto triangular patchedy-dimensional objects may be
tessellated int¢ N — 1)-dimensional simplexes that define their geometry.
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Table 1. Numbers of component structures making up an N-simplex. For example, in 2D, the basic
simplex is the triangle with 3 points, 3 edges, and one 2D face.

Dimension of Space

Type of Simplex N=1]|N=2]|N=3|N=4]..] N
Points (0D) 2 3 4 5 | ... ( N+l ) N+l
Edges (1D simplex) 1 3 6 10 N ;’ !

Volumes (3D simplex) 0 1 5

N
1
Faces (2D simplex) 0 1 4 10 E N;r ! ;
N

. N +1
N — 2)D simple
( )D simplex N1
(N — 1)D simplex <N+1> +1
N
ND simplex 1 <N+1>:1
N +1

¢ Rotations <

In N Euclidean dimensions, there a(e]; > = N(N — 1)/2 degrees of rotational freedom

corresponding to the free parameters of the gr80QNV). In 2D, that means we only have one
rotational degree of freedom given by the angle used to mix:thady coordinates. In 3D,
there are 3 parameters, which can be thought of as corresponding either to three Euler angles
or to the three independent quaternion coordinates that remain when we represent rotations in
terms of unit quaternions. In 4D, there are 6 degrees of freedom, and the familiar 3D picture of
“rotating about an axis” is no longer valid; each rotation leaves an entire plane fixed, not just
one axis.

General rotations inV dimensions may be viewed as a sequence of elementary rotations.
Each elementary rotation acts in the plane of a particular paifisgy of coordinates, leaving
an(N — 2)-dimensional subspace unchanged; we may write any such rotation in the form

2@ = 20 cosh + 2 ging
70 = :Fx(i) sin® + 29 cos 0
B = oW (K £id,5) .

It is important to remember tharder matterswhen doing a sequence of nested rotations; for
example, two sequences of small 3D rotations, one consistin(Ro8aplane rotation followed
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Figure 2.  Schematic view of the projection process for an N -dimensional pinhole camera.

by a(3, 1)-plane rotation, and the other with the order reversed, will differ by a rotation in the
(1,2)-plane. (See any standard reference such as (Edmonds 1957).)

We then have a number of options for controlling rotationsVirdimensional Euclidean
space. Among these are the following:

e (i,7)-space pairs.A brute-force choice would be just to pick a sequencéiof) planes
in which to rotate using a series of matrix multiplications.

e (i,7,k)-space triples. A more interesting choice for an interactive system is to provide
the user with a family ofi, 7, k) triples having a 2D controller like a mouse coupled to
two of the degrees of freedom, and having the 3rd degree of freedom accessible in some
other way — with a different button, from context using the “virtual sphere” algorithm
of (Chen et al. 1988), or implicitly using a context-free method like the “rolling-ball” al-
gorithm (Hanson 1992). The simplest exampl€li2, 3) in 3D, with the mouse coupled
to rotations about th&-axis (2, 3) and they-axis (3, 1), giving z-axis (1, 2) rotations as
a side-effect. In 4D, one would have four copies of such a contrdlie, 3), (2,3,4),
(3,1,4), and(1,2,4), or two copies exploiting the decomposition $(4) infinitesimal

rotations into two independent copies of ordinary 3D rotationsNIdimensions,( ];)] >
sets of these controllers (far too many whens large!) could in principle be used.

¢  N-dimensional Imaging ¢

The general concept of an “image” is a projection of a paint (z(1),z®) ... z(N)) from
dimensionN to a pointz of dimension(N — 1) along a line. That is, the image of a 2D world
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far
far

far —_

near near near

Figure 3.  Qualitative results of perspective projection of a wire-frame square, a cube, and a hypercube
in 2D, 3D, and 4D, respectively.

is a projection to 1D film, 3D worlds project to 2D film, 4D worlds project to 3D film, and so

on. Since we can rotate our coordinate system as we please, we lose no generality if we assume
this projection is along th&/-th coordinate axis. An orthographic or parallel projection results

if we simply throw out theN-th coordinate:(") of each point. A pinhole camera perspective
projection (see figure 2) results when, in addition, we scale the(fi¥st 1) coordinates by
dividing by (dy — ™)/ fx, wheredy is the distance along the positivé-th axis to the
camera focal point andy is the focal length. One may need to project this first image to
successively lower dimensions to make it displayable on a 2D graphics screen; thus a hierarchy
of up to(N — 2) parameter setS(fn,dn), - .-, (f3,ds)} may be introduced if desired.

In the familiar 3D case, we replace a vertex y, z) of an object by the 2D coordinates
(zf/(d - z),yf/(d — z)), so that more distant objects (in the negativ@rection) are shrunk
in the 2D image. In 4D, entire solid objects are shrunk, thus giving rise to the familiar wire-
frame hypercube shown in figure 3 that has the more distant cubic hyperfaces actually lying
insidethe projection of the nearest cube.

As we will see a bit later when we discuss normals and cross-products, the usual shading
approaches allow onlyN — 1)-manifolds to interact uniquely with a light ray. That is, the
generalization of a viewable “object” t¥ dimensions is a manifold of dimensigV — 1) that
bounds anV-dimensional volume; only this boundary is visible in the projected image if the
object is opaque. For example, curves in 2D reflect light toward the focal point to form images
on a “film line,” surface patches in 3D form area images on a 2D film plane, volume patches in
4D form volume images in the 3D film volume, etc. The image of {tNs— 1)-dimensional
patch may be ray traced or scan converted. Objects are typically represented as tessellations
which consist of a collection dfV — 1)-dimensional simplexes; for example, triangular surface
patches form models of the visible parts of 3D objects, while tetrahedral volumes form models
of the visible parts of 4D objects. (An interesting side issue is how to display meaningful
illuminated images of lower dimensional manifolds — lines in 3D, surfaces and lines in 4D,
etc.; see (Hanson and Heng 1992b) for further discussion.)
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Origin
Figure 4.  The line from Z to Z1 whose points obey the equation i1 - (
justn - Zy.

o) = 0. The constant ¢ is

8
|
8

¢ Hyperplanes and Volume Formulas ¢

Implicit Equation of a Hyperplane. In 2D, a special role is played by the single linear
equation defining a line; in 3D, the analogous single linear equation defines a plané. In
dimensions, the following implicit linear equation describes a set of points belonging to an
(N — 1)-dimensional hyperplane:

f- (7 —2) =0. (1)

Herei, is any point on the hyperplane and conventionaéllyin = 1. The geometric interpre-
tation of this equation in 2D is the 1D line shown in figure 4. In gendras, a normalized unit
vector that is perpendicular to the hyperplane, andéy = c is simply the (signed) distance
from the origin to the hyperplane. The poifit = cn is the point on the hyperplane closest to
the origin; the point closest to some other pdihis Z, = P + a{i - (7o — P)}.

Simplex Volumes and Subvolumes. The volume (by which we always mean the
dimensional hypervolume) of aN-simplex is determined in a natural way by a determinant of
its (N + 1) defining points (Sommerville 1958):

ry T2 -+ TN Zo
1 yr Y2 - YN Yo

Vv =qmdet | o0 b ] &)
wyp wz - WN Wo

11 .- 1 1
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The bottom row of 1's in eq. (2) corresponds to the familiar homogeneous coordinate used with
4 x 4 projection matrices in 3D graphics. We will attempt to convince the reader in a mo-
ment that disastrous sign inconsistencies result unless the global ggiginthe N-simplex’s
coordinate system is in the last column as shown.

The expression for the volume in eq. (2signed which means that it implicitly defines the
N-dimensional generalization of tiRight-Hand Ruleypically adopted to determine triangle
orientation in 3D geometry. For example, we observe that it= (0,0,...,0) is the origin
and we choos&; = (1,0,...,0), % = (0,1,0,...,0), and so on, the value of the determinant
is +1. If we had put¥ in the first row in eq. (2), the sign would alternate from dimension to
dimension! We will exploit this signed determinant shortly to defvieimensional normal
vectors, and again later to formula&e-dimensional clipping.

First, we use the standard column-subtraction identity for determinants to reduce the dimen-
sion of the determinant in eq. (2) by one, expressing it in a form that is manifestisiation-
invariant

(r1—20) (w2 —x0) -+ (2N —m0) w0
(yi—v0) (v2—w) - (UNv—%) W
Vy = g det : : ' : :
. (wy —wo) (wa —wo) -+ (wn —wo) wp
0 0 -0 1
[ (z1—z0) (z2—20) -+ (N — o)
_ % det (11 — Yo) (y2 — Yo) (yn — Y0) 3)
L (w1 —wo) (w2 —wp) --- (wn — wp)

These formulas foVy can be intuitively understood as generalizations of the familiar 3D triple
scalar product,

(&1 — To) x (&2 — To)] - (&5 — To) ,
which gives the volume of the parallelepiped with sides — %), (Z2 — %), (Z3 — %p)). The
corresponding tetrahedron with vertices at the pdifits 1, 72, Z3) has one-sixth the volume
of the parallelepiped. The analogous observatioly idimensions is that the factor ®f N'! in
eq. (3) is the proportionality factor between the volume of Maimplex and the volume of
the parallelepiped whose edges are given by the matrix columns.

Invariance. The volume determinant is invariant under rotations. To see this explicitly, let
| X | be the matrix in eq. (3) and leR| be any orthonormal rotation matrix (i.e., one whose
columns are of unit length and are mutually perpendicular, with unit determinant); then, letting
|X'| = |R| - | X]|, we find

det | X'] = det(|R| - |X|) = det |R| det |X| = det |X| = N! Vi ,
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since the determinant of a product is the product of the determinants.
A manifestly translatiomnd rotation invariant form for the square of the volume element is

2
(Vn)? = (%ﬁ det | X" - X|
v(1,1) »(1,2) --- wo(1,N)
2 v(2,1 v(2,2) -+ w(2,N
= () e | YRR e
v(N,1) wv(N,2) --- w(N,N)

whereu(i, j) = (&; — Zo) - (& — Zo).

This invariant form is not presented as an idle observation; we now exploit it to show how to
construct volume forms f@aubspacesf N -dimensional spaces, for which the defining vertices
of the desired simplex cannot form square matrices!

The trick here is to note that whilgy, for K < N, is not expressible in terms of a square
matrix of coordinate differences the w&y is, we may writelic as the determinant of a square
matrix in one particular coordinate frame, and multiply this matrix by its transpose to get a form
like eqg. 4, which does not depend on the frame. Since the form is invariant, we can transform
back to an arbitrary frame to find the following expressionifgrin terms of itsK basis vectors

(Z — @) of dimensionN:

1 — To

1\?2 T9 — T oL L . .

(VK)2 = <F> det : -[:El—xo Lo — Loy - K — 0]

L Tk — %o
Coo(l,1) w(1,2) .- o(l,K)

1\2 v(2,1 v(2,2) - w(2,K

(L) | B A e o

_U(Kal) U(KaQ) U(KaK)

That is, to compute a volume of dimensighin N dimensions, find thél independent basis
vectors spanning the subspace, and form a sgifare K matrix of dot products related to
V2 by multiplying the N x K matrix of column vectors by its transpose on the left. When
K =1, we see that we have simply the squared Euclidean distai¢éalimensionsy(1,1) =

(T — Zo) - (F1 — T).

¢ Normals and the Cross-Product &

A frequently asked question iN-dimensional geometry concerns how to define a normal vec-
tor as a cross-product of edges for use in geometry and shading calculations. To begin with,
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you must have aN — 1)-manifold (a line in 2D, surface in 3D, volume in 4D) in order to
have a well-defined normafector, otherwise, you may have a normsgace(a plane, a vol-
ume, etc.). Suppose you have an ordered seNof 1) edge vector$zy — #) tangent to this

(N — 1)-manifold at a pointz; typically these vectors are the edges of one of(tNe— 1)-
simplexes in the tessellation. Then the normvaht the point is ayeneralized cross-product
whose components are cofactors of the last column in the following (notationally abusive!)
determinant:

N = NX+Nyg+ N+ +Nyw

(:El - (II()) (:Ez — (II()) e ((I,‘N_l — :Eo) X
(yi =) (W2—w) -+ (Uv-1—-%) ¥

= det| (;1—20) (22—20) -+ (2n-1—20) 2 (6)
(w1 — ’wo) (’LUQ — ’wo) et (wN,l - ’w[)) w

As usual, we can normalize usinigV||, the square root of the sum of the squares of the co-
factors, to form the normalized normal= N/||N|. A quick check shows that if the vectors
(Zr, — %) are assigned to the fir6lV — 1) coordinate axes in order, this normal vector points
in the direction of the positivéV-th axis. For example, in 2D, we want the normal to the vector
(1 — o, y1 —yo) tobeN = (—(y1 —yo), (1 — o)) SO that a vector purely in thedirection
has a normal in the positivgdirection; placing the column of unit vectof®,y,z,...,w) in
the first column fails this test. The 3D case can be done either way because an even number
of columns are crossed! It is tempting to move the column of unit vectors to the first column
instead of the last, but one must resist: the choice given here is the one to use for consistent
behavior across different dimensions!

The qualitative interpretation of eq. (6) can now be summarized as follows:

e 2D: Given two pointy Zy, Z1 ) determining aline in 2D, the cross-product afiagle vector
is the normal to the line.

e 3D: Given three points defining a plane in 3D, the cross-product of the two 3D vectors
outlining the resulting triangle is the familiar formuld; — Zy) x (£, — ) for the normal
N to the plane.

¢ 4D: In four dimensions, we use four points to construct the three vegtors ), (2 —
%), (F3 — Zp); the cross product of these vectors ioar-vectorthat is perpendicular
to each vector and thus is interpretable as the normal to the tetrahedron specified by the
original four points.

From this point on, the relationship to standard graphics computations should be evident:
If, in N-dimensional space, théV — 1)-manifold to be rendered is tessellated infé — 1)-
simplexes, use eqg. (6) to compute the normal of each simplex for flat shading. For interpolated
shading, compute the normal at each vertex (e.g., by averaging the normals of all neighboring
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simplexes and normalizing or by computing the gradient of an implicit function specifying the
vertex). Compute the intensity at a point for which you know the normal by taking the dot
product of the appropriate illumination vector with the normal (e.g, by plugging it into the last
column of eq. (6)). If appropriate, set the dot product to zero if it is negative (pointing away
from the light). Back face culling, to avoid rendering simplexes pointing away from the camera,
is accomplished in exactly the same way: plug the camera view vector into the last column of
eg. (6) and discard the simplex if the result is negative.

Dot Products of Cross Products. We conclude this section with the remark that some-
times computing the dot product between a normal and a simple vector is not enough; if we
need to know the relative orientation of two face normals (e.g., to determine whether a finer
tessellation is required), we must compute the dot products of normals. In principle, this can
be done by brute force directly from eq. (6). Here we note an alternative formulation that is the
N-dimensional generalization of the 3D formula for the decomposition of the dot product of
two cross products; in the 3D case, if one normal is given by the cross prﬂ’du:cﬁ x B and

the other by = C x D, we can write

—

X Y=(AxB)-(CxD)y=(A-C)(B-D)—(A-D)B-C). @)

We note that the degenerate case for the square of a cross product is
(AxB)-(AxB)=(A-A)(B-B)—(A-B)?,

which, if 0 is the angle betweed andB, reduces to the identityA||?|| B||* sin® 6 = || A||*|| B||*~

IAI2)BIP cos? 6.

The generalization of this expression Aodimensions can be derived from the product of
two Levi-Civita symbols (see the Appendix). X andY are two cross products formed from

the sets of vectorg,, 7o, ..., Zy_1 andyy, ¥, ..., yn_1, then
XY = Z xgzl)xg”) .. x%’il)yyl)ygﬁ) .. y%lff)
all indices
5i1j1 5i1j2 T 5i1jN—1
2 A ®)
6iN—1j1 6iN—1j2 e 6iN—1jN—1

where the Kronecker delt,;, is defined as

0 = 1 i=j
= 0 i

It is easy to verify that fotV = 3 this reduces to eq. (7).
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More remarkable, however, is the fact that this formula shows that the square magnitude of
the normalN of a hyperplane given in eq. (6) is tlibvolumeof the corresponding paral-
lelepiped specified by eq. (5). That is, not only doesdinection of eq. (6) have an important
geometric meaning with respect to th¥ — 1)-simplex specifying the hyperplane, but so does
its magnitudé We find

v(1,1) v(1,2) v(l, N —1)
NN = det ’U(Q-, 1) ’U(Q:, 2) v(2, N -1) (N - 1) V)
o(N=1,1) o(N—1,2) o(N=1,N —1)

¢ Clipping Tests in N Dimensions <

Now we can exploit the properties of the volume formula to define clipping (“which side”) tests
in any dimension. If we replacery — %) by (# — %), eq. (3) becomes function Vy (Z).
Furthermore, this function has the remarkable property that it is an alternative form for the
hyperplane equation, eq. (1), wh&R (%) = 0.

We can furthermore determirm which sideof the (N — 1)-dimensional hyperplane deter-
mined by(Zy, Z1,...,Zn—1) an arbitrary pointZ lies simply by checking the sign dfy (Z).
That is,

e Vn(Z) = 0 = the pointZ lies on a hyperplane and solves an equation of the form eq. (1).
e Vn(Z) > 0 = the pointZ lies above the hyperplane.
e Vn(Z) < 0 = the pointZ lies below the hyperplane.

Note: The special cas&y = 0 is of course just the general criterion for discoveriimgar
dependencamong a set of NV + 1) vector variables. This has the following elegant geometric
interpretation: In 2D, we use the formula to compute the area of the triangle formed by 3
points (%o, 1, Z); If the area vanishes, the 3 points lie on a single line. In 3D, if the volume
of the tetrahedron formed by 4 points,, #1, Z2, Z) vanishes, all 4 points are coplanar, and
so on. VanishingV-volume means the points lie in a hyperplane of dimension no greater than
(N —1).

These relationships between the signigf(Z) and the relative position of are precisely
those we are accustomed to examining wherclypevectors (e.g., edges of a triangle) to lie on
one side of a plane in a viewing frustum or within a projected viewing rectangle. For example,
a 2D clipping line defined by the vectah — #y = (z1 — =, y1 — yo) has a right-handed
(unnormalized) normaN = (—(y; — yo), (z1 — z0)). Writing the 2D volume as the aref,
eq. (3) becomes

A(%) = L et [ (81— 0)  (z = 20) } =

2 (1 —v) (¥ — o) [ﬁ.(f_f())]

N =



0

Figure 5. In 2D, the line through % to 1 defined by i1 - (£ — Z) = 0 partitions the plane into two
regions, one where this expression is positive (e.g., for £ ) and another where it is negative (e.g., for ).
In 3D, the analogous procedure uses the plane defined by (fo, 1, 56'2) to divide 3-space into two half
spaces. The same pictures serve to show how the distance h from a point to a hyperplane is computable
from the ratio of the simplex volume to the lower-dimensional volume of its base, i.e., 24 /L or 3V /A.

for some arbitrary poing, and so we recover the form of eq. (1) as

24
11 — ol ”

~ —

- (% — 7o)

wheren = N /|| N||; the relationship of? to the clipping line is determined by the sign.

In 3D, when clipping a line against a plane, everything reduces to the traditional form, namely
the dot product between a 3D cross-product and a vector from agpintthe clipping plane
to the pointz being clipped. The normal to the plane through, 1, 2) is

N = (71— &) x (& — &) 9)
_ (y1 —wo) (y2 — o)
= (raa [ Tl I ]

e[ Tm) T [ [T I ])

and we again find the same general form,

s s o 6V
n'(fﬂ—ﬂﬂO):m,

whose sign determines whetdalls. Figure 5 summarizes the relationship of the signed vol-
ume to the clipping task in 2D and 3D.
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Hyperplanes for clipping applications in any dimension are therefore easily defined and
checked by choosingy to be the test poin¥ and checking the sign of eq. (3). N and a
point Z, are easy to determine directly, then the procedure reduces to checking the sign of the
left hand side of eq. (1).

The final step is to find the desired point on the truncated, clipped line. Since the clipped
form of a triangle, tetrahedron, etc., can be determined from the clipped forms of the component
lines, we need only consider the point at which a line straddling the clipping hyperplane inter-
sects this hyperplane. If the line to be clipped is given parametricallytas= 7, + (£, — Z4),
whereZz, andZz;, are on opposite sides of the clipping hyperplané sot¢ < 1, then we simply
plug Z(¢) into V (£) = 0 and solve for:

det[fl—fo :fz—:fo fa—fo] n

(10)

— (fa - 50)
(fa - fb)

Heren is of course just the normal to the clipping hyperplane, discussed in detail above.

_det[fl—f() To— Ty - (I,_"a—fb] n

¢ Point-Hyperplane Distance ¢

The general formula for the volume of a parallelepiped is the product of the base and the height,
W = Bh. In N dimensions, if we tak&/y = N!Vy to be the volume of the parallelepiped

with edges# — %y), (¥2 — 7o), ..., (¥n_1 — To), (¥ — Ty), this generalizes to
Wy =hWn_1,
whererh is the perpendicular distance from the pairtb the( N —1)-dimensional parallelepiped
with vqumeWN_1 = (N — 1)! V-1 and edge$:§1 — f()), (fz — f()), Ceey (fN—l — f()) We
may thus immediately compute the distakciEom a point to a hyperplane as
N! N
b Wn VN _ NVy (11)

T Waa . (N-DWyg Ve

Note! Here one must use the trick of eq. 4 to exprégs_; in terms of the square root of a
square determinant given by the product of two non-square matrices.
Thus in 2D, the area of a triangl€y, 71, Z) is

1 1 (x1 — ) (z — x0) ]
A=Vy==-Wsy = —det
2T 27T g ¢ [ (y1 —yo) (¥ — o)
and the length-squared of the basdlis = (¥ — &) - (&1 — %) SO, with A = (1/2)hL,
the height becomes = 2A/L = Wy/L = Wy/W;. In 3D, the volume of the tetrahedron
(Zo, %1, 29,%) ISV = V3 = (1/6)W3 and the areal = (1/2)W; of the triangular base may be
written

et = =an[ @0 G T GIR)
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Figure 6. Barycentric coordinates in /N dimensions.

We knowV = (1/3)hA, and soh = 3V/A = 6V/2A = W3/W,. (See figure 5.) We note
for reference that, as we showed earlier, the f@6e- 1)-volume is related to its normal by
N-N=W}_,.

Here we also typically need to answer one last question, nawladyeis the pointy on the
base hyperplane closest to the painhose distancé we just computed? This can be found
by parameterizing the line froifito the base hyperplane along the normab the hyperplane
asZ(t) = & + tn, writing the implicit equation for the hyperplane as (Z(t) — Z,) = 0, and
solving for the mutual solution, = i - (Zy — £) = —h. Thus

I3 Z+an - (7 - 1))
Z—hn.
¢ Barycentric Coordinates ¢

Barycentric coordinates (see, e.g., (Hocking and Young 1961), chapter 5) are a practical way to
parameterize lines, surfaces, etc., for applications that must compute where various geometric
objects intersect. In practice, the barycentric coordinate method reduces to specifying two
points (Zy, Z1) on a line, three point$zy, #1,Z2) on a plane, four pointézy, 1, 2, £3) in

a volume, etc., and parameterizing the line segment, enclosed triangular area, and enclosed
tetrahedral volume, etc., respectively, by

B(t) = @+ (@ — o) (12)
Z(t1,ta) = To+ (L) — o) + t2(T2 — Top) (13)
f(tl, tg, t3) = f() + tl(fl — f()) + tg(fg — _‘[)) + t3($3 — :L‘()) (14)
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The line and plane geometries are shown in figure 6. The interpolated point then lies within the
N-simplex defined by the specified points provided
0<t<1
0<t;<1,0<t<1,0< (1~ —t) <1
0<t;<1,0<t<1,0<t3<1,0< (1 -t —tp—t3) <1

Center of What?  However, this is really only half the story of barycentric coordinates. For
the other half, we seek a geometric interpretation of the paramgtetsen we aregiventhe
value ofZ.

First let us look at the simple case wherlies on the line segment betweeyjy and ;.
Solving eq. (12) for directly gives
(7 — %) - (&1 — To)
(Z1 — Zo) - (&1 — &o)
That is,t is the fraction of the distance thathas traveled along the line, thatio between the
length fromz to & and the total length. But, sincgd — %y = #1 — £ + £ — %y, we easily see
that an alternative parameterization would be to take ¢ and
(@ — ) - (&1 — )
(T — o) - (T — )
so thatl = ¢y + t; and eq. (12) folf becomes

t =

to =

Z(to, t1) = toLo + t1 71 .

If £y = 1, then the entire fraction of the distance framto 7 is assigned te, andz = Z,. If
t1 = 1, then the entire fraction of the distance frainto 7 is assigned te, andz = Z;.

Next, suppose we know in a plane and wish to compute its barycentric coordinates by
solving eq. (13) fo(ty, t2). Once we realize thdtt; — #y) and (s — 7) form the basis for an
affine coordinate system for the plane specified By, Z1, #2) in any dimension, we see that
we may measure the relative barycentric coordinates by taking the dot product with each basis
vector:

(& — o) (F1 — o) = bl — Boll* + ta(F2 — o) - (#1 — Fo)

(f— fo) . (fz — f()) = tl(fl — fo) . (fz - fo) + tz”fz — (I,_"()H2 .
Extending the previously introduced abbreviation to the fo(m, j) = (£ — %) - (&; — Zo)
and solving this pair of equations by Cramer’s rule, we get

v(z,1) v(1,2)

i, det v(z,2) 0(2,2)]
v(1,1) »(1,2)

det { UE2,1) 0(2,2) }
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v(1,1) wv(z,1)

. et 1012) ooy |
o(1,1) o(1,2) ]°
e e

The denominator is clearly proportional to teguareof the area of the trianglézy, Z1, Z2),

and the numerators have the form of squared areas as wé\l. dimensions, the numerators
reduce to determinants of products of non-square matrices, and soohbg expressed as

two separate determinants! However, if we transform to a coordinate system that contains the
triangle within the plane of two coordinate axes, onf= 2, an effectively square matrix is
recovered; one factor of area in the denominator then cancels out, giving the intuitively expected
result that the barycentric coordinates are ratios of two ateas:A(%, Zy, Z1)/A(Zo, 1, T2),

te = A(Z, %2, %0)/A(Zo, 1, Z2). This leads us to introduce the generalized versioty dor

the line, namely,

B B A(#1, &9, T)
o= I-h=h= A(_’Oaflafz)
dot | E1 = T0) - (#1 = @) (F1 = o) - (T2 — )
_ (Zy —do) - (F1 — &) (F — &) - (T2 — T)
B v(1,1) v(1,2)
et | el o2)

Here we used the squaring argument given above to exiefim its special-coordinate-
system interpretation as the fraction of the area contributed by the trigfgig, ¥») to the
invariant form. This form obviously has the desired property that 1 whenZ = #j, and we
finally have the sought equation (with= tq + ¢1 + t9)

Z(to, t1,t2) = toZo + t1 &1 + t2Zs .

It is amusing to note that the determinant identity ¢o 4 ¢1 + ¢t and its higher analogs, which
are nontrivial to derive, generalize the simple ideniity- Z, = 71 — ¥ + & — %, that we used
in the 1D case.

Thus we can construct barycentric coordinates in any dimension which intuitively correspond
to fractions of hypervolumegach barycentric coordinate is the hypervolume oiNasimplex
defined by the poinf and all but one of the other simplex-defining points divided by the volume
of the whole simplex. The actual computation, however, is best done using the squared-volume
form because only that form is independent of the chosen coordinate system.

Note The volumes arsigned even ifZ lies outside theV-simplex volume, the ratios remain
correct due to the cancellation between the larger volumes and the negative volumes. We also
remark that the generalized formulas fpim any dimension, with = 3>~ ¢;, give an elegant
geometric interpretation of Cramer’s rule as ratios of simplex volumes.
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X (t)

C

Figure 7. Schematic diagram comparing an ordinary camera ray and a planar “thick ray” used in N -
dimensional ray-tracing methods.

¢ RayTracing ¢

It is often useful to compute the intersection of a ray passing through two points (typically the
camera focal poinﬁ and an image poinf’) with a geometrical object. I dimensions, this
object will typically be an(N — 1)-simplex defining an oriented visible “face” with a normal
vector computable as described above. We need to do several things: compute the intersection
of the ray with the hyperplane containing the “face,” check to see whether the point lies within
the simplex’s boundaries (observe that this is a clipping problem), and see whether the normal
vector points in the direction of the ray (making it visible).

We formulate this procedure by first writing

X(t)=C+tP-C)

for the position of a point on the camera ray, as illustrated in figure 7. Then we consider a single
(N — 1)-simplex of the tessellation to be described either by a known normal or by using the
set of N points giving its vertices to define its normal via eq. (6); in either case, we can write
the equation of angther point Z lying within the simplex as

e (Z— ) =0.

Plugging in the parametric ray equation, we solve for the p&ift) in the simplex that lies on

the ray:
t:ﬁ-(fo—@) |
a-(P-0)

A useful generalization of ray-tracing t¥-dimensions follows from the observation that a
“thick ray” is cast into space by an open-ended simplex that is essentially a barycentric coordi-
nate form with the restrictiof < (1—t;—t,—...) < 1relaxed (see, e.g., (Hanson and Cross 1993)).
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A planar ray such as that shown in figure 7 then has two parameters,
X(tl,tQ) = é + tl(ﬁl — C_:) + tQ(ﬁQ — é) R

with obvious generalizations to volume rays, etc. Intersecting such a planar ray With-a2)-
dimensional manifold (describable usifly —2) barycentric parameters) resultsNhequations

with N unknown parameters, and thus a unigaént is determined as the mutual solution. In

3D, a plane intersects a line in one point, in 4D two planes intersect in a single point, while in
5D a plane intersects a volume in a point. Other generalizations, including rays that intersect
particular geometries in lines and surfaces, can easily be constructed. For example, the inter-
section of a planar ray with the single hyperplane equation for a 3-manifold in 4D leaves one
undetermined parameter, and is therefore a line.

¢ Conclusion &

Geometry is an essential tool employed in the creation of computer graphics images of every-
day objects. Statistical data analysis, mathematics, and science, on the other hand, provide
many problems wher&/-dimensional generalizations of the familiar 2D and 3D formulas are
required. ThelV-dimensional formulas and insights into the nature of geometry that we have
presented here provide a practical guide for extending computer graphics into these higher-
dimensional domains.

¢ Appendix: Determinants and the Levi-Civita Symbol ¢

One of the unifying features that has permitted us throughout this treatment to extend formulas
to arbitrary dimensions has been the usdetErminantsBut what if you encounter an expres-
sion involving determinants that has not been given here and you wish to work out its algebraic
properties for yourself? In this appendix, we outline for the reader a useful mathematical tool
for treating determinants, the Levi-Civita symbol. References for this are hard to locate; the
author learned these techniques by apprenticeship while studying general relativity, but even
classic texts like Mgller (Mgller 1972) contain only passing mention of the methods; somewhat
more detail is given in hard-to-find sources such as (Efimov and Rozendorn 1975).

First we define two basic objects, the Kronecker délia,

dij = 1 i=7
=0 i#]
and the Levi-Civita symbolg;;;..., which is the totally antisymmetric pseudotensor with the
properties

€ijk... = 1 1,7, k,... inan even permutation of cyclic order
= -1 1,7, k,... inan odd permutation of cyclic order
= 0 when any two indices are equal.
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All indices are assumed to range franto N, e.g.,i = {1,2,...,(N — 1), N}, so that, for
example, (234,1342,4132,4321), are even permutations ani3¢4,2134,1243,4312) are odd
permutations.

We can use the Kronecker delta to write the dot product betweetdonensional vectors
as a matrix product with the Kronecker delta representing the unit matrix,

N N N N

A-B=Y"N40;B; =>4 (Y 6;B; | =Y AiB;, (15)
i=1j=1 =1 j=1 =1

and the Levi-Civita symbol to write the determinant of a malthik| as

det [M] = > €iiin My Moy - My,
all 7, indices

The fundamental formula for the product of two Levi-Civita symbols is:

5i1j1 5i1j2 e 5i1jN

Oigji  Oinjy  *++ Oigjy
€irig.in Ejrjojn = det }

Oinji iy Oin jiy

(Note that if we sefj1j2...j8} = {1,2,..., N}, the second Levi-Civita symbol reduces to
+1, and the resulting determinant is an explicit realization of the antisymmetry of the Levi-
Civita symbol itself as a determinant of Kronecker deltas!)

With this notation, the generalized cross prodﬁcof eq. (6), simplified by setting, = 0,
can be written

V 3 i i 1) (i
N = Z 6i1i2...iN,1iN(Eg 1);5% 2) ... xgvlill)x(zlv) :
all indices

wherex(~) are the unit vectoréx, y, . .., w) of the coordinate system. The dot product be-
tween the normal and another vector simply becomes

N.-IL = Z EilimmiMﬂNxgil)xgiz)xgis) ) __x%ﬁl)L(iN) .
all indices

The reader can verify that, in 2DV, = 327, D¢y, = (—y, +x), and so on. We conclude
with two examples of applications:
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Rotations of Normals. Is the normalV a vector?Almost To check this, we must rotate
each column vector in the cross product formula usifiy = 37, R;;=() and compute the

behavior ofN. Using the identity ((Efimov and Rozendorn 1975), p. 203),

€irin...ix_riy A€t [R] = Z €jroein1inBoinin Bjoio =+ Ry yin 1 Rjyin
all j; indices
we find
Gy _ (41) (42) (Jn-1)
N = Z €irigein 111 87 Rinju®3 " -+ Riy 1jy (TN
all indices
except;

N .
= Y R;NU det[R] .
1=1

ThereforeN is a pseudotensorand behaves as a vector for ordinary rotations (which have
det [R] = 1), but changes sign [?] contains an odd number of reflections.

Contraction Formula. ~ The contraction of two partial determinants af — K') N-dimensional
vectors can expanded in terms of products of Kronecker deltas as follows:

Z 6i1i2...iN_KiN_K+1...iN6j1j2...jN_KiN_K+1...iN =
iN—K+1---iN
6i1j1 6i1j2 e 6i1jN—K
2J1 1272 12IN-K
Kl!det ; .
5iN—Kj1 5iN—Kj2 5iN—KjN—K

The expression eq. (8) for the dot product of two normals is a special case of this formula.

Acknowledgment.  This work was supported in part by NSF grant IRI1-91-06389.



Bibliography

(Banchoff and Werner 1983) T. Banchoff and J. Werneinear Algebra through Geometry
Springer-Verlag, 1983.

(Banchoff 1990) Thomas F. BanchofiBeyond the Third Dimension: Geometry, Computer
Graphics, and Higher Dimension$&cientific American Library, New York, NY, 1990.

(Brun et al. 1989) R. Brun, O. Couet, C. Vandoni, and P. ZanafAW — Physics Analysis
Workstation, The Complete ReferenGERN, Geneva, Switzerland, October 1989. Ver-
sion 1.07.

(Chen et al. 1988) Michael Chen, S. Joy Mountford, and Abigail Sellen. A study in interactive
3-d rotation using 2-d control devices. Broceedings of Siggraph 88olume 22, pages
121-130, 1988.

(Coxeter 1991) H.S.M. CoxeterRegular Complex PolytopesCambridge University Press,
second edition, 1991.

(Edmonds 1957) A.R. Edmond&ngular Momentum in Quantum Mechani¢rinceton Uni-
versity Press, Princeton, New Jersey, 1957.

(Efimov and Rozendorn 1975) N.V. Efimov and E.R. Rozenddinear Algebra and Multi-
Dimensional GeometryMir Publishers, Moscow, 1975.

(Feiner and Beshers 1990a) S. Feiner and C. Beshers. Visualizing n-dimensional virtual worlds
with n-vision. Computer Graphics24(2):37—-38, March 1990.

(Feiner and Beshers 1990b) S. Feiner and C. Beshers. Worlds within worlds: Metaphors for
exploring n-dimensional virtual worlds. IRroceedings of UIST '90, Snowbird, Utah
pages 76—83, October 1990.

(Francis 1987) G.K. Franci#\ Topological PictureboakSpringer-Verlag, New York, 1987.

(Hanson and Cross 1993) A.J. Hanson and R.A. Cross. Interactive visualization methods for
four dimensions. INEEE Visualization '931993. To be published.

Copyright(© 1994 by Academic Press, Inc.
All rights of reproduction in any form reserved.
169 ISBN 0-12-336156-7



170 & BIBLIOGRAPHY

(Hanson and Heng 1992a) Andrew J. Hanson and Pheng A. Heng. Four-dimensional views of
3-D scalar fields. In Arie E. Kaufman and Gregory M. Nielson, editBreceedings of
Visualization 92pages 84-91, Los Alamitos, CA, October 1992. IEEE Computer Society
Press.

(Hanson and Heng 1992b) Andrew J. Hanson and Pheng A. Heng. Illuminating the fourth
dimension.IEEE Computer Graphics and Applicatigris2(4):54—62, July 1992.

(Hanson 1992) Andrew J. Hanson. The rolling ball. In David Kirk, edi@naphics Gems ||
pages 51-60. Academic Press, San Diego, CA, 1992.

(Hocking and Young 1961) John G. Hocking and Gail S. Youhgpology Addison-Wesley,
1961.

(Mgller 1972) C. Mgller.The Theory of RelativityOxford, Clarendon Press, 1972.

(Noll 1967) Michael A. Noll. A computer technique for displaying n-dimensional hyperob-
jects. Communications of the ACMO0(8):469-473, August 1967.

(Phillips et al. 1993) Mark Phillips, Silvio Levy, and Tamara Munzner. Geomview: An interac-
tive geometry viewerNotices of the Amer. Math. Socie#0(8):985-988, October 1993.
Available by anonymous ftp from geom.umn.edu, The Geometry Center, Minneapolis
MN.

(Sommerville 1958) D.M.Y. SommervilléAn Introduction to the Geometry &f Dimensions
Reprinted by Dover Press, 1958.



Q1.4

Rotations for N-Dimensional
Graphics

Andrew J. Hanson

Computer Science Department
Indiana University
Bloomington, IN 47405
hanson@cs.indiana.edu

¢ Introduction &

In a previous Gem (Hanson 1994), “Geometry /éfrDimensional Graphics,” we described a
family of techniques for dealing with the geometry dfdimensional models in the context
of graphics applications. Here, we build on that framework to look in more detail at rotations
in N-dimensional Euclidean space. In particular, we give a natNrdimensional extension
of the 3D rolling ball technique described in an earlier Gem (Hanson 1992), along with the
corresponding analog of the Virtual Sphere method (Chen et al. 1988). Next, we touch on
practical methods for specifying and understanding the parametafsiahensional rotations.
Finally, we give the explicit 4D extension of 3D quaternion orientation splines.

For additional details and insights, we refer the reader to classic sources such as (Som-
merville 1958,Coxeter 1991,Hocking and Young 1961,Efimov and Rozendorn 1975).

¢ The Rolling Ballin N Dimensions <

Basic Intuition of the Rolling Ball. The basic intuitive property of a rolling ball (¢&n-
gent spacgrotation algorithm in any dimension is that it takes a unit ve¢tpe (0,0, ...,0,1)
pointing purely in thelV-th direction (towards the “north pole” of the ball) and tips it in the di-
rection of an arbitrary unit vectat = (n1,ns,...,ny_1,0) lying in the(N —1)-plane tangent
to the ball at the north pole, thus producing a new, rotated unit végtehere

v=DMpy-vyg=mnsinf + vycosf ,

as indicated schematically in Figure 1a. (Note: for notational simplicity, we choose to write the
components of column vectors as horizontal lists.)

If we choose the convention that positive rotations are right-handed and progress counter-
clockwise, a positive rotation of the north pole actually tilts it into the negative direction of the
remaining axis of the rotation plane. That is, if the 2D “rolling circle” actsign= (0, 1) and

Copyright(© 1995 by Academic Press, Inc.
All rights of reproduction in any form reserved.
55 ISBN 0-12-543457-X
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5>
5>
O<>

Vo VA cos9

<>
D

1 -sin@ 0 +1

(@) (b)
Figure 1.  Tilting the “north pole” vector v in the direction of the tangent vector 0, as though rolling a
ball by placing one’s finger directly on the north pole and pulling in the direction 1.

n = (—1,0) as shown in Figure 1b, then
Vv =DM, Vo =mnsinf + vycosf = (—sinf, cosf) ,

where the rotation matridZ, can be written

cosf) —sinf c —s
My = { +sinf  cosf ] N { +s ¢ ]
. c +ngs
- {—nxs c ] ’ (1)

If we choose a right-handed overall coordinate frame, the signvafl automatically generate
the correct sign convention.

SynopsisQualitatively speaking, if we imagine looking straight down at the nprth
pole, the rolling balpulls the unseernV-th component of a vector along the direc-

tion n of the (N — 1)-dimensional controller motion, bringing the unseen compo-
nent gradually into view.

Implementationln practice, we choose a radigsfor the ball containing the object or scene
to be rotated and move our controller (slider, 2D mouse, 3D mouse, ...) a distam¢be
tangent directiom, as indicated in Figure 2a. Working from the simplified diagram in Figure
2b, we defineD? = R? + r? and choose the rotation parameters= cos§ = R/D and
s =sinf =r/D.

For interactive systems, this choice has the particular advantage that, however rapidly the
user moves the controlled, < (/D) < +1, so0 < 0 < w/2. Depending upon the desired
interface behavior, an alternative choice would be to take r/R. This requires comput-
ing a trigonometric function instead of a square root, and may cause large discontinuities in
orientation for large controller motion.

3D. The explicit 3D rolling ball formula can be derived starting from an arbitrary 2D mouse
displacemenf = (z,y,0) = (rng,rn,,0), wheren} + n> = 1. Then one replaces Equation
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+ North
(B r
N
DV RV RV, R
D
E q

- Tangent + Tangent

(a) (b)

Figure 2. The notation used in implementing the rolling ball rotation model for NV dimensions.

(1) with n,, = +1 by the analogous 33 matrix R, for (x, z) rotations and encloses this in
a conjugate pair of rotationB,,, that transform the 2D mouse displacemgmtto the strictly
positive z-direction and back. Since even= (—1,0,0) is rotated to the positive-direction
before R, acts, all signs are correct. With the explicit matrices

ng —ny 0 c 0 +s
Ryy=|mny mngy 0],Ry= 0 1 0 ,
0 0 1 -s 0 ¢

we find an alternative derivation of the formula in our earlier Gem (Hanson 1992):

M; = RyyRo(Ryy)

[ e+ (ny)?(1—c¢) —ngny(l—c) ngs
= —ngny(l —c)  c+(ng)?(l—c) nys
—NgS —nys c J

)

= —ngny(l—c) 1—(ny)*(L—c) mnys
—NgS —nys c

: 1—(ng)?(1—c) —ngny(l—c) nys ]

4D. The 4D case takes as input a 3D mouse matien(z,y, z,0) = (rng, rny,rn.,0), with
n2 + nz +n? = 1. Then one first transform@:,, n,) into a purey-component, rotates that
result to yield a pure:-component, performs a rotation Byin the (x, w)-plane, and reverses
the first two rotations. Defining the required matrices as

0 0

1 h 0 Ng —Tyz 0 0 c 0 0 +s
0 =~ - 0 Tys ny 0 0 0 10 0
Rpe=1¢o w2 " o Ba=| ¢ o 1o B=|¢g 01 0|
Tyz Tyz
00 0 1 0 0 01 s 0 0 ¢
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wherer;, = n? +nZ, we find

My = RyszyRO(R:vy)_l (RZIZ)_I

1—(ng)?(L—¢) —(1—c)ngny —(l—c)ngn, sng
_ —(1=¢)ngny  1—(ny)*(1—c) —(1—c)nyn, sny @)
—(1 = ¢)ngn, —(1=¢)nyn, 1—(n)*1—c) sn, |~
— SNy —smy —sn, c

ND. The extension of this procedure to any dimension is accomplished by having the con-
troller interface supply atN — 1)-dimensional vectof = (rni,rns,...,rny—1,0) with
¥-r=r?andn-n = 1 and applying the rotation

My = Ry an 1Ry 3N 2+ RiaRo(Ri2) ' (Rv_3n_2) "(Ry_an_1) "

1—(n)?’(1—-¢) —(1—-cnany - —(1—-c)ny_1m smy
—(1=¢)nina 1 —(n2)’(1—¢) -+ —(1—c)ny_1n2 SM9
= : : : : ©)
—(1 — c)nlnN_l —(1 — C)n2nN_1 R (nN_1)2(1 — C) SNN—-1
—SN —S8Ny e —SNN-1 C

Recall that the controller inpu = rn that selects the direction to “pull” also determines
c=cos® = R/D, s =sinf = r/D, with D> = R? + r?, or, alternativelyf = r/R.

¢ Controlling the Remaining Rotational Degrees of Freedom ¢

There areV (N — 1)/2 parameters in a general-dimensional orthogonal rotation matrix, one
parameter for each possible pair of axes specifyipdpae of rotation(the 3D intuition about
“axes of rotation” does not extend simply to higher dimensions). The mafgxin Equation
(5) has only(N — 1) independent parameters: we must now understand what happened to the
other(IN — 1)(INV — 2)/2 degrees of freedom needed for arbitrary rotations.

In fact, the non-commutativity of the rotation group allows us to generate all the other ro-
tations bysmall circular motionsof the controller in the N — 1)-dimensional subspace of
r = rn. Moving the controller in circles in thél, 2)-plane, (1, 3)-plane, etc., of th¢ N — 1)-
dimensional controller space exactly generates the migaingl ) (N —2)/2 rotations required
to exhaust the full parameter space. In mathematical terms, the additional motions are generated
by the commutation relations of ti#&)(N) Lie algebra fori,j = 1,...,N — 1,

[Rin,Rjn] = 0ijRNN — 0jNRin + SinRjn — ONNR;j
- —Ry.
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The minus sign in the above equation meansdhwkwisecontroller motions in théi, j)-plane
inevitably producecounterclockwiseotations of the object, and vice-versa. Thus the philoso-
phy (Hanson 1992) of achieving the full set of context-free rotation group transformations with
a limited set of controller moves extends perfectlyMedimensionsImplementation Noteln
practice, the effectiveness of this technique varies considerably with the application; the size of
the counter-rotation experienced may be relatively small for parameters that give appropriate
spatial motion sensitivity with current 3D mouse technology.

Alternative Context Philosophies. The rolling ball interface is @ontext-freeinterface

that allows the user of a virtual reality application to ignore the absolute position of the con-
troller and requires no supplementary cursor context display; thus one may avoid distractions
that may disturb stereography and immersive effects in a virtual reality environment. However
some applications are better adaptedcomtext-sensitivénterfaces like the Arcball method
(Shoemake 1994) or the Virtual Sphere approach (Chen et al. 1988). The Virtual Sphere
approach in particular can be straightforwardly extended to higher dimensions by using the
rolling ball equations inside a displayed spatial context (typically a sphere) and changing over
to an(N — 1)-dimensional rolling ball outside the context; that is, as the controller approaches
and passes the displayed inner domain context sphere, the rotation action changes to one that
leaves theV-th coordinate fixed but changes the remaining— 1) coordinates as though an

(N — 1)-dimensional rolling ball controller were attached to the nearest point on the sphere.
Similar flexibility can be achieved by using a different controller state to signal a discrete rather
than a continuous context switch to th¥ — 1)-dimensional controller.

¢ Handy Formulas for N-Dimensional Rotations ¢

For some applications the incremental orientation control methods described above are not as
useful as knowing a single matrix for the enti¥edimensional orientation frame for an object.
We note three ways to represent such an orientation frame:

Columns are new axes.  One straightforward construction simply notes that if the default

coordinate frame is represented by the orthonormal set of unit vektors (1,0,...,0),
xy = (0,1,0,...,0), ...,xx5 = (0,...,0,1), and the desired axes of the new (orthonormal)
coordinate frame are known to ldg = (agl), ag”, .. ,a§N>), as, ..., ay, then the rotation

matrix that transforms any vector to that frame just has the new axes as its columns:
M=[a a --- ay]|.

The orthonormality constraints givel the requiredV (N — 1)/2 degrees of freedom.
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Concatenated subplane rotations. Rotations in the plane of a pair of coordinate axes
(%i,%5),4,5 =1,..., N can be written as the block matrix
r1 .- 0 0 --- 0 0 e 0 W
0 --- cos 02']' 0 --- 0 —sin gij 0
0o --- 0 1 --- 0 0 e 0
Rij(0i) = | & . 1o : SR (6)
0o --- 0 0o --- 1 0 e 0
0 sinfj; 0 --- 0 cosb;; --- 0
0 .- 0 0 --- 0 0 1 J

and thus theV (N — 1)/2 distinct R;;(6;;) may be concatenated in some order to produce a
rotation matrix such as

M =TT Ri;j(6i5)

i<j

with N(N — 1)/2 degrees of freedom parametrized {,}. However, since the matrices
R;; do not commute, different orderings give different results and it is difficult to intuitively
understand the global rotation. In fact, as is the case for 3D Euler angles, one may even repeat
some matrices (with distinct parameters) and omit others, and still not miss any degrees of
freedom.

Quotient Space Decomposition. Another useful decomposition relies on the classic
guotient property of the topological spaces of the orthogonal groups (Helgason 1962),

SO(N)/SO(N —1) = SN=1 | 7

where S is a K-dimensional topological sphere. In practical terms, this means that the
N(N — 1)/2 parameters o6O(N), the mathematical group d¥-dimensional orthogonal
rotations, can be viewed as a nested family of points on spheres. The 2D form is the matrix (1)
parameterizing the points on the cirdé; the 3D form reduces to the standard matrix

c+(n)* (1 —c) ning(l —c) —snz nani(l —c)+ sny
M3(0,0) = | nina(l —c)+sn3 ¢+ (n2)’(1—c) nana(l —c) —sn (8)
nin3(l —c) —sny mang(l —c)+sn;  c+ (n3)?(1 —c)

where the two free parameters #f 1 = (n1)% + (n2)? + (n3)? = 1 describe a point on

the 2-sphere. These two parameters plus a third fronstheescribed by? + s? = 1 (i.e.,

¢ = cos#, s = sinf) yield the required total of three free parameters equivalent to the three
Euler angles. The 4D and higher forms are already too unwieldy to be conveniently written as
single matrices.
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¢ Interpolating N-Dimensional Orientation Frames ¢

To define a uniform-angular-velocity interpolation between tWedimensional orientation
frames, we might consider independently interpolating each angle in Equation (6), or we might
take the quotient space decomposition given by the hierarchy of points on the ggHérés. . ., 52, S1)
and apply a constant angular velocity spherical interpolation to each spherical point in each suc-
cessive dimension using the “Slerp”

sin((1 —¢)0) . sin(t0)

1’112(t) = Slerqnl, ns, t) =n; sin(9) n, sin(9)

wherecos § = i - ny. (This formula is simply the result of applying a Gram-Schmidt decom-
position while enforcing unit norm in any dimension.)

Either of these often achieves the goal of smooth appearance, but the solutions are neither
unique nor mathematically compelling, since the curve is not guaranteed to be a geodesic in
SO(N).

The specification of geodesic curvesS(N) is a difficult problem in general (Barr et al.
1992); fortunately, the two most important cases for interactive systdims,3 and N = 4,
have elegant solutions using the covering or “Spin” groups.3€a{3), geodesic interpolations
and suitable corresponding splines are definable using Shoemake’s quaternion splines (Shoe-
make 1985), which can be simply formulated using SlerpsSoms follows: leth be a unit
3-vector, so that

qo = cos(0/2), d =nsin(0/2)

is automatically a point o5 due to the constrainig)? + (q1)? + (g2)? + (¢3)> = 1. Then
each point orS? corresponds to afO(3) rotation matrix

@+d -6 -4 Qqug - 2goq3 ) 2q1q3 + 29092
R3 = 2q192 +2q0q3 g5 + 95 —qf — q3 22(12(1;, - 2;10@/1 ) 9)
2q193 — 2qoq 2qoq3 + 2901 g5+ 93 —q1 — @3

which the reader can verify reduces exactly to the nested-sphere form in Equation (8). Note
that the quaterniong and —g each correspond to the same 3D rotation. Slergiggnerates
sequences of matrice®;(¢) that are geodesic interpolations. Arbitrary splines can be defined
using the method of Schlag (Schlag 1991).

Quaternions in Four Dimensions. In four dimensions, the correspondence between the
rotation groupSO(4) and the spin group Spit) that is its double covering may be computed
by extending quaternion multiplication to act not just on 3-vectors (“pure” quaternions)
(0,V), but on full 4-vector quaterniong” in the following way:
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We thus find that the general double-quaternion parameterization for 4D rotation matrices takes
the form

qopo + q1p1 + q2p2 +q3p3 q1Po — GoP1 — 43P2 + q2p3
R, = —q1Po + qoP1 — q3p2 + q2P3  qoPo + q1P1 — q2P2 — q3P3
—@2po + qop2 — q1p3 + q3p1 q1P2 + q2p1 + qop3 + g3po
—q3po + qopP3 — q2p1 + P2 q1P3 + g3P1 — qoP2 — 92Po

Q2P0 — qoP2 — 1P3 + q3P1  q3Po — qoP3 — q2P1 + q1P2
q1P2 +P192 — Pogs — QoP3  1P3 + P1g3 + Pog2 + qop2 . (10)
qopo + @2P2 — 1P1 — @3P3  Q2P3 + g3P2 — qopP1 — q1Po
Q203 + q3p2 + q1Po + Poq1  GoPo + g3P3 — q1P1 — G2p2

One may check that Equation (9) is just the lower right-hand corner of the degepetate
case of Equation (10).

Shoemake-style interpolation between two distinct 4D frames is now achieved by applying
the desired Slerp-based interpolation method independently to a set of quaternion coordinates
q(t) on one three-sphere, and to a separate set of quaternion coorgiftates another. The
resulting matrixR4(t) gives geodesic interpolations for simple Slerps, and can be used as the
basis for corresponding spline methods (Schlag 1991,Barr et al. 1992). Analogsof=thg
andN = 4 approaches for general involve computing SpifYV) geodesics and thus are quite
complex.

Controls.  As pointed out in (Shoemake 1994), the Arcball controller can be adapted with
complete faithfulness of spirit to the 4D case, since one cantpiokpoints in a three-sphere

to specify an initial 4D frame, and then pitkvo morepoints in the three-sphere to define
the current 4D frame. Equation (10) gives the complete form of the effective 4D rotation.
Alternately, one can replace the 4D rolling ball or Virtual Sphere controls described earlier by
a pair (or more) of 3D controllers (Hanson 1992).
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