Relativity and electromagnetism: The force on a magnetic monopole
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On the occasion of the: 100th anniversary of the first publication, by Oliver Heaviside, of what is
now known as the Lorentz force law in electromagnetic theory, the analogous force law for
magnetic monopoles is examined. Its relevance and limitations in calculating the force and torque
on small current loops are discussed, and both its heuristic and practical uses are demonstrated.

L. 100 YEARS OF LORENTZ FORCE

The year 1989 marks the 100th anniversary of the first
publication, by Oliver Heaviside, of the well-known for-
mula' F = gvXB/c for the mechanical force on a point
charge ¢ moving with velocity v through a magnetic field B.
Generalized toF = q(E + v)XB/¢) (in Gaussian units), it
now constitutes the “fifth axiom” of electromagnetism,
along with Maxwell’s four equations, and is usually re-
ferred to as the Lorentz force law. 1 would like to take this
occasion to make some remarks on the analogous formula
(but note the minus sign!)

F=g,(B—-vXE/c) (1

for the force on a magnetic chargeg,, (a monopole), which
has been variously discussed, e.g., by Sommerfeld,? but to
my mind not as sympathetically as it deserves to be.

Einstein, even before inventing special relativity in 1905,
“was convinced that the (Lorentz) force acting on.a
charged body in motion through a magnetic field was noth-
ing else but an electric field (in the body’s rest frame),””*
and so it turned out to be. This shows the intimate connec-
tion of Heaviside’s formula with relativity. We shall there-
fore begin with an excursion into that theory.

II. RELATIVITY AND ELECTROMAGNETISM

Einstein’s relativity principle asserts that any physical
law valid in one inertial frame is valid in all inertial frames.
(In particular, this holds for the five basic axioms of elec-
tromagnetism.) Thus, when a given experiment is observed
from several different inertial frames, its outcome must be
explainable in each of these by using the same totality of
laws. Consider, then, the application of this principle to the
following two electromagnetic experiments:*

- (1) An electric charge moving through the B field of a
stationary magnet in general (i.e., unless it moves tangen-
tially to a field line) experiences a (Lorentz) force; refer-
ring our observations next to the instantaneous inertial rest
frame of the charge, we see that a stationary charge must
therefore experience a force when a magnet is moved in its
vicinity.

(2) A stationary magnetic dipole (e.g., a compass nee-
dle) in general experiences a torque in the presence of a
moving charge, since the latter creates a B field; transfer-
ring our observations once more to the inertial rest frame of
the charge, we conclude that a magnetic dipole moving
through a static electric field must experience a torque.

It is now natural to pose the problem whether these and
perhaps other similar conclusions can be reached from
Maxwell (i.e., standard electromagnetic) theory without
appeal to relativity and, if so, at what cost in complication.
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For problem 1 it would be tempting to use the “sixth axi-
om,” our Eq. (1), if it were part of Maxwell theory. The
magnet moving in the field of the charge is then immediate-
ly seen to experience a force, so that by Newton’s law of
action and reaction the charge must similarly experience a
force due to the magnet. Problem 2 becomes even more
immediately obvious by appeal to Eg. (1). However,
whereas for problem 1 a little “trick” strictly within Max-
well theory will yield the result, we shall show that no non-
relativistic method will solve problem 2.

The “trick” for problem 1 is to use the Eulerian deriva-
tive of the vector potential A, i.e., the time rate of change of
A at a point moving with velocity v = dx,/dt,

dA _JA JA dx;

dt ot dx; dt
Suppose a bar magnet is moved with uniform velocity v
through an inertial frame. The vector potential A of its B
field will then be constant along all comoving points, d A/

dt = 0. Thus, from the usual relation between E and A and
Eq. (2),

(2)

- CLA—zc"(v-vV)A,

E= —c¢
and it is this nonzero E field that will set a stationary charge
in motion as the magnet passes.

III. THE MONOPOLE LAW

As we have just seen, the monopole axiom (1) would be
a handy tool in the solution of some electromagnetic prob-
lems. But, of course, since standard Maxwell theory denies
the existence of monopoles (V-B = 0), such an axiom at
first sight seems superfluous. Nevertheless, the theory ad-
mits the existence of magnetic dipoles in the guise of cur-
rent loops. (Here we shall think of realistic current loops,
asin a copper wire, where the net charge in the rest frame of
the wire is strictly zero.) Hence the theory must provide a
means of calculating the torque on such a dipole when in
motion. And indeed it does, since it is a well-defined prob-
lem in mechanics to evaluate the torque on a current loop
as it moves through a static E field. However, classical me-
chanics yields unsatisfactory results. For the simplest case,
when the plane of the loop is orthogonal to the direction of
motion, the calculated torque is zero. For the force on each
charge g, whether moving or not, is gE, so the net force on
any current element is zero. Classically this remains true
even if the plane of the loop is not perpendicular to the
motion, but then one might be tempted to mix in “some”
relativity, allowing for the different length contractions of
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the positive and negative sets of charges in the wire.> In-
deed this does give a torque, but in general too little.

Thus it is only relativistic mechanics that can—and in-
deed must—give the required torque. The actual calcula-
tion in the frame of the pure E field is tricky and involves
not only the above-mentioned length contractions but also
continuum mechanics somewhat along the lines of Tol-
man’s lever.® However, if we are prepared to use full rela-
tivity, we might as well fall back on the archetypal relativis-
tic technique, namely, transforming the far more easily
obtainable’ torque mXB in the rest frame of the current
dipole m to the general frame. Even so, complications arise
in the exact calculation, since the torque transforms awk-
wardly, being the 3 X 3 part of a 4 x4 “world” tensor.

Far simpler than doing any of the above is the appeal to
the monopole law (1), after replacing the current-loop di-
pole by a charge-pair dipole. Let us derive it from the basic
assumption: A monopole g,, experiences a force

F=g¢4,B (3)

when at rest. (This is certainly consistent with the torque
on a stationary dipole being mB.) We must also assume
that the measure ¢,, of a monopole is invariant, i.e., inde-
pendent of its motion. Consider the usual two inertial
frames.Sand S’ in standard configuration (collinear x axes,
parallel y and z axes, velocity of S’ relative to S:v). Let a
monopole g,, be at rest in §'. The background field E', B’
acting on itin S is the usual Lorentz transform of the field
E, B in S, in particular,®

B{ =B, Bj;=vy(B,+vE/c),
B =vy(B,—vE,)/c), 4

with ¥ = (1 — v?/c®) ~'/%. By hypothesis, the force on the
monopolein S’ is F' = g,, B'. Transforming this force® to .S
and using (4), we find

F1=Fi :qu; =quI?
F2=’}/_IF, :7/4IQmB£ qun(B2+UE3/C) 1
Fy=y 'Fi=y"'9,B; =4q,(B;—vEy/c).  (5)

With v = (v,0,0), we recognize Egs. (5) to be equivalent to
Eq. (1), the monopole law. (Of course, the Lorentz force
law itself can be quite analogously derived from the basic
law F = ¢E in the rest frame, thus bearing out Einstein’s
pre-1905 “hunch” we mentioned earlier. )

1V. CONCLUSIONS

To what extent is a small (“point”-) charge-pair dipole
equivalent to a small (“point”’-) current-loop dipole? Both
experience the same torque mXB when at rest in a given
external field, as we have already noted. They also give rise
to identical farfields.'® By appeal to Newton’s third law one
might therefore be tempted to think that they must also
experience the same force in a given external field B. How-
ever, in the framework of special relativity, Newton’s third
law is not valid—or even meaningful—in time-dependent
fields. And, in fact, the forces are given by different expres-
sions: F = V(m-B) for the current loop,'' and F = (mV)B
for the charge pair,'> when at rest. These are equal only if
VB =0, i.e. (in vacuum), if 3 E/dr = 0. The reason for
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the discrepancy is that the internal fields of the two kinds of
dipole are different, and that these affect the forces experi-
enced. A good way of seeing this is via the well-known
formulas'® giving the force either as a volume integral ex-
tended over the object in question or a surface integral ex-
tended over its surface, in terms of the total Maxwell stress
tensor, to which the internal field of course contributes.

One may therefore replace small .current loops with
small charge pairs and apply to the latter the monopole
law, only if one bears in mind the limitations spelled out
above. When these limitations are exceeded, one must con-
tent oneself with regarding the results as approximate.
(After all, VXXB = ¢~ ' dE/Jt is often small compared to
VB.) The same applies to the use of Newton’s third law in
electromagnetism. For example, the force calculated by its
use on the stationary charge in problem 1, though qualita-
tively correct, cannot be regarded as exact.

In sum, the monopole law furnishes a help to our intu-
ition in predicting qualitatively the outcome of a large class
of problems involving permanent magnets, current loops,
and charges. It gives exact answers for the torque on small
current loops and, under certain circumstances, also for
the corresponding force.
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