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Abstract:  Although it is well known that Kaluza-Klein and Yang-Mills theories define equivalent structures 

on principal bundles, the general conditions for equivalence of their Lagrangians have not been explicitly 

stated.  In this paper we address the conditions for equivalence.  The formulation of these conditions is based 

on previous work in which the Dirac and Einstein equations were unified in a tetrad formulation of the Kaluza-

Klein model.  This Kaluza-Klein model is derived from mapping a bispinor field Ψ  to a set of 

)1(U)R,2(SL ×  gauge potentials 
K
Fα  and a complex scalar field ρ .  (A straightforward derivation of this 

map using Hestenes’ tetrad for the spin connection in a Riemannian space-time is included in this paper.)  

Investigation of this Kaluza-Klein model reveals two general conditions for establishing an exact equivalence 

between Kaluza-Klein and Yang-Mills theories.  The first condition is that only horizontal vector fields occur 

in the Kaluza-Klein Lagrangian.  The second is that the scalar curvature be restricted to a sum over horizontal 

sectional curvatures.  We conclude that all known fields (including fermion fields) can then be represented as 

components of a Kaluza-Klein metric together with scalar fields.  

 

1.  Introduction 
 

It is well known that Kaluza-Klein and Yang-Mills theories define equivalent 

structures on principal bundles.  However, the general conditions for equivalence of their 

Lagrangians have not been explicitly stated [1] – [18].  In this paper we address Kaluza-

Klein manifolds of the form M = X × G, where X is a four-dimensional space-time, and G 
is an arbitrary Lie group (gauge group) with a fixed right-invariant metric that, to conform 

to Yang-Mills theory, does not depend on the space-time.  For the corresponding Yang-

Mills theory, M is then a trivial principal G-bundle.  Defining a Yang-Mills connection on 

the principal bundle M then defines the Kaluza-Klein metric uniquely on M given the 

following three requirements [2]: 

 

(1) The horizontal and vertical subspaces in the tangent bundle of M, defined by the 

Yang-Mills connection, are orthogonal with respect to the Kaluza-Klein metric. 

(2) The space-time metric is the Kaluza-Klein metric restricted to the horizontal 

subspaces. 

(3) The Kaluza-Klein metric restricted to the vertical subspaces is the right-invariant 

metric chosen on the gauge group G. 
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Conversely, given a Kaluza-Klein metric on M, we can derive a Yang-Mills connection as 

follows.  The Kaluza-Klein metric decomposes the tangent bundle of M into two orthogonal 

subbundles, that is, into the vertical subbundle of all tangent vectors of G and the horizontal 

subbundle of all vectors orthogonal to the tangent vectors of G.  The horizontal subbundle 

inherits the right invariance of the Kaluza-Klein metric, and hence defines a unique Yang-

Mills connection on the principal bundle M.  Thus, there is a one-to-one correspondence 

between the Kaluza-Klein metrics satisfying conditions (1), (2), and (3), and Yang-Mills 

connections on the manifold M = X × G.  In this sense Kaluza-Klein and Yang-Mills 
theories define equivalent structures. 

 

However, the Lagrangian in current Kaluza-Klein theory differs from the Yang-Mills 

Lagrangian.  Generally, a Kaluza-Klein Lagrangian has terms not present in the Yang-Mills 

Lagrangian.  For example, vertical as well as horizontal vector fields act on the scalar fields 

in a Kaluza-Klein Lagrangian, whereas only horizontal vector fields act on the scalar fields 

in a Yang-Mills Lagrangian [6], [14].  Also, the scalar curvature (i.e. the sum over all 

sectional curvatures of M) in a Kaluza-Klein Lagrangian, produces a cosmological constant 

that is not present in a Yang-Mills Lagrangian [4], [5], [7].  Furthermore, if the right-

invariant metric on the gauge group G is not bi-invariant, unwanted terms occur in the 

Kaluza-Klein Lagrangian [2], [10].  Thus for the Kaluza-Klein and Yang-Mills Lagrangians 

to be equal, additional conditions are required. 

 

In this paper we will derive two conditions for establishing equality of Kaluza-Klein and 

Yang-Mills Lagrangians based on recent work in unifying the Dirac and Einstein equations 

in a tetrad formulation of Kaluza-Klein theory [19] − [22].  The first condition is that only 
horizontal vector fields occur in the Lagrangian.  The second condition is that the scalar 

curvature in the Kaluza-Klein Lagrangian be restricted to the horizontal subbundle.   That 

is, the sum over sectional curvatures of M in the Kaluza-Klein Lagrangian must be 

restricted to horizontal sectional curvatures. 

 

Note that in Yang-Mills theory, scalar fields transform covariantly under the gauge 

group G.  No additional assumption is required for this in Kaluza-Klein theory, since 

covariant scalar fields are special solutions of the Kaluza-Klein equations (see Section 3). 

 

Given the condition that we restrict to horizontal vector fields and horizontal curvature 

in the Kaluza-Klein Lagrangian, we will show in Section 3 that the Kaluza-Klein and Yang-

Mills Lagrangians are equivalent, using as an example the unification of gravity and 

fermions [19] − [22].  It is common in Kaluza-Klein theory to consider higher dimensional 
bispinor fields defined on the Kaluza-Klein manifold that are not unified with the Kaluza-

Klein metric, with supernumerary boson degrees of freedom in addition to the fermion 

degrees of freedom [6], [13], [17], [18].  This paper uses a different approach, whereby 

four-dimensional gravitational and fermion fields are faithfully represented by components 

of a Kaluza-Klein metric together with a scalar field.  In this formulation, the Kaluza-Klein 

Lagrangian precisely reduces to the usual Einstein-Dirac Lagrangian.  Also, in this 

formulation, there are no superfluous fields or supernumerary degrees of freedom (see 
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Section 3). This parsimonious feature has not been achieved in previous theories of 

fermions in a curved space-time.   

 

That is, in order to define bispinors, reference tetrad fields, or their equivalent, must 

be defined on the space-time manifold [23] − [31].  However, only ten of the sixteen 
components of a tetrad field describe gravity.  The remaining six components are 

supernumerary boson fields in current gravitational theories.  In the Kaluza-Klein tetrad 

model, the tetrads, which simply define the Kaluza-Klein metric, describe both fermions 

and gravity without superfluous degrees of freedom [19] − [22].  For the rest of this 
introduction we will further describe the unification of the Einstein-Dirac equations to 

support the argument that all known fields (including fermion fields) can be unified as 

components of a Kaluza-Klein metric together with covariant scalar fields.  

 

Using geometric algebra, Hestenes showed in 1967 that a bispinor field Ψ  on a 

Minkowski space-time is equivalent to an orthonormal tetrad of vector fields α
ae  together 

with a complex scalar field s , and that fermion plane waves can be represented as 

rotational modes of the tetrad [32].  As stated by Takahashi, who in 1983 derived the tensor 

form of the Dirac bispinor Lagrangian in terms of Hestenes’ tetrad and scalar field, and who 

is well known for his work in quantum field theory [33] − [35], “…. a tetrad in a 
Minkowski space implies the existence of a spinor, and the [spinor] orthogonality and 

completeness conditions are automatically satisfied, when the tetrad is expressed in terms of 

the spinor.” [33]  These orthogonality and completeness conditions give rise to the 

oscillator modes that lead directly to fermion creation and annihilation operators [36].  

Indeed, the oscillator modes of a bispinor field are precisely the oscillator modes of a tetrad 

field.  From this point of view, as recognized by both Hestenes and Takahashi, there can be 

no difference between the bispinor and tensor theories for establishing the quantum field 

theory of fermions. 

 

Hestenes explains the relation between the bispinor field Ψ  and the tensor fields 

α
ae  and s  as follows:   “One sometimes finds in the literature the cryptic assertion that 

spinors are more fundamental than vectors, because a spinor is a kind of square root of a 

vector.  This view reveals an incomplete grasp of the geometric meaning of spinors.  

Spinors cannot be defined without reference to vectors. …. The geometric meaning of a 

spinor is operational: it transforms one vector (or frame of vectors) into another.”  (See 

[37], page 1023.)  In this quotation of Hestenes, the “initial” frame of vectors refers to an 

arbitrary reference frame, such as a laboratory frame, defined on a Minkowski space-time, 

and the transformed frame of vectors refers to Hestenes’ tetrad field α
ae , determined by 

the bispinor field Ψ  itself.  In saying that spinors are not “more fundamental than 

vectors”, Hestenes argues that all physical properties of bispinors are manifested in the 

tetrad field α
ae  and scalar field s .   
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However, there are two assumptions which underlie Hestenes’ and Takahashi’s 

claim that Hestenes’ tensor fields are equivalent to bispinors and that they describe 

fermions.  The first assumption is that global tetrad fields exist on the space-time.  This 

assumption is satisfied if the space-time is four-dimensional, admits spinor structure, and is 

non-compact [38] − [44].  On such space-times, spinor structures and homotopy classes of 
global tetrad fields are synonymous [40].  The second assumption, required for a consistent 

interpretation within quantum mechanics, is that we restrict to solutions of the tensor Dirac 

equation having “unique continuation”.  That is, for any observer, the history of a tetrad 

field in the past must uniquely determine its evolution into the future [45] − [51].  Non-
unique continuation of solutions occurs in other areas of physics, such as in fluid dynamics, 

but is not considered to be appropriate for quantum mechanics.  Note that there can be a 

bispinor field having unique continuation, whose tetrad field cannot be uniquely predicted 

into the future [45] − [47].  However, in a Minkowski space-time, continuation of the tetrad 
field is unique if we restrict to physically realizable bispinor solutions of the Dirac equation 

whose energy spectrum is bounded from below [48] − [51].  For example, the thought 
experiment [45] proposed by Y. Aharonov and L. Susskind to observe the sign change of 

bispinors under π2  rotations is not physically realizable, because the bispinor field would 

have to have an unbounded energy spectrum stretching from negative infinity to positive 

infinity.  This could only be achieved by superposition of particle and anti-particle 

solutions, which is forbidden by a superselection rule in quantum mechanics [36]. 

 

In this paper, we treat a bispinor field Ψ  as a classical field, rather than as a 

quantum mechanical wave function as in the discussion above.  It has been shown that 

every bundle of spin frames on a non-compact four-dimensional space-time with spinor 

structure is trivial [40], [44].  Hence, on any open subset U  of the space-time where a 

reference tetrad is defined, bispinor fields Ψ  can be simply expressed as maps 

4CU: →Ψ , where 4C  is a four-dimensional complex vector space [40], [44].  

Furthermore, in a non-compact four-dimensional space-time with spinor structure, the 

Einstein-Dirac equations depend only on a tetrad and a scalar field [52], [53].  This can be 

demonstrated by an appropriate choice of reference tetrad.  The appropriate choice is 

provided by Hestenes’ orthonormal tetrad of vector fields, denoted as α
ae , where α = 0, 1, 

2, 3 is a space-time index and a = 0, 1, 2, 3 is a tetrad index [32].  Relative to this special 

reference tetrad, a bispinor field Ψ  is “at rest” at each space-time point and has 

components given as follows:  (See Section 2.) 

 

                              



















−

=

]s[Imi

0

]s[Re

0

Ψ                                 (1.1) 

 

where s is a complex scalar field defined in Section 2 by formula (2.4).  Note that Hestenes’ 

tetrad α
ae  and the complex scalar field s  are smoothly defined locally in open regions 
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about each space-time point where s is nonvanishing.  In each open region, the Dirac 

bispinor Lagrangian depends only on the reference tetrad α
ae  and on the bispinor field Ψ  

[23] – [30].  We show in Section 2, using formula (1.1), that the Einstein-Dirac Lagrangian 

can be expressed entirely in terms of the tensor fields, α
ae  and s, once Hestenes’ tetrad has 

been chosen as the reference. 

 

Whenever Ψ  vanishes, both s and its first partial derivatives vanish.  Setting s and 

its first partial derivatives to zero in the tensor form of Dirac’s bispinor equation shows that 
α
ae  can be chosen arbitrarily at all space-time points where Ψ  vanishes.  Thus, all aspects 

of Dirac’s bispinor equation are faithfully reflected in the tensor equations (see Section 2).  

Since the tetrad α
ae  is unconstrained by the Dirac equation when Ψ  vanishes, a 

gravitational field exists even if the fermion field vanishes.  In Section 3 we show that the 

gravitational field  αβg  and the bispinor field  Ψ   (which together have 10 + 8 = 18 real 

components), are represented accurately by Hestenes’ tensor fields α
ae  and s  (which also 

have 16 + 2 = 18 real components) [19] − [22].   
 

Hestenes’ tetrad has been of interest for other applications.  Zhelnorovich used 

Hestenes’ tetrad together with the bispinor field at rest as in formula (1.1) to derive spatially 

flat Bianchi type I solutions of the Einstein-Dirac equations [52], [53].  Hestenes’ tetrad in 

this application has the advantages of reducing the number of unknowns by six and of not 

requiring special symmetry directions for choosing the tetrad, which considerably simplifies 

the Einstein-Dirac equations for non-diagonal metrics and makes it possible to obtain new 

exact solutions [52], [53].   

 

It might seem that Hestenes’ tensor fields do not lead to a well posed initial value 

problem when isolated parts of a bispinor field, with disjoint (closed) supports in a 

Minkowski space-time, are rotated 360 degrees relative to one another [45] – [47].  

However, such isolation is not possible because physical bispinor fields with energy 

bounded from below have closed supports filling all of space-time [48] – [51].  For 

example, in realistic beam splitting experiments [36], [46], [47], the beams always overlap, 

since bispinor fields with energy bounded from below cannot vanish identically on any open 

subset of the space-time [48] – [51].  For the special case of freely propagating bispinor 

fields, Thaller and Thaller state that “ free Dirac wave packets with positive energy cannot 

be localized in any finite region and even cannot vanish on any open region of space” [49].  

Hence, the tensor fields α
ae  and s determine a physical bispinor field Ψ  uniquely, up to a 

single unobservable sign [50], [51].  Thus, the two possible signs for Ψ , manifested by the 

s  in formula (1.1), have no physical consequence when representing Ψ  with the tensor 

fields α
ae  and s. [36]  

 

Note that from a quantum mechanics standpoint, the relative 360 degrees rotation of 

fermion particles in disjoint regions of space-time is not directly observed in current 
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experiments. As stated by Byrne for double beam neutron experiments: “The relative 

rotation of the spins in the two beams and the interference pattern are mutually 

incompatible observables” that cannot be jointly measured [46].  “Although one can 

measure the rotation of neutrons along one path relative to those along the other, to do so 

would destroy the interference pattern.” [47]  In this paper, we treat a bispinor field Ψ  as a 

classical field, rather than as a quantum mechanical wave function describing a point 

particle, as in the arguments presented by Byrne and Silverman [46], [47].  Note, however, 

that Hestenes’ tensor fields α
ae  and s faithfully represent all observable properties of a 

bispinor field Ψ  in either interpretation. 

 

The Kaluza-Klein tetrad model is based on a constrained Yang-Mills formulation of 

the Dirac theory [19], [20].  In this formulation Hestenes’ tensor fields α
ae  and s are 

mapped bijectively onto a set of SL(2,R) × U(1) gauge potentials KFα and a complex scalar 

field ρ .  Thus we have the composite map  ),F( )s,(e  K
a ρ→→Ψ α
α   (see Section 2).  The 

fact that α
ae  is an orthonormal tetrad of vector fields imposes an orthogonal constraint on 

the gauge potentials KFα  given by 

 

                     αββα ρ= gFF
2

K
K                                (1.2) 

 

where αβg  denotes the space-time metric.  The gauge index K = 0, 1, 2, 3 is lowered and 

raised using a gauge metric JKg and its inverse JKg  (see Section 2).  Repeated indices are 

summed.  In Section 2 we show, for massive fermions, that putative differences between the 

bispinor field Ψ  and the tensor fields KFα  and ρ  cannot be observed in experiments.  We 

further show that via the map ),F(   K ρ→Ψ α  the Dirac bispinor Lagrangian (2.3) equals a 

constrained Yang-Mills Lagrangian (2.18) in the limit of an infinitely large coupling 

constant, denoted as 0g (see Section 2).  

 

In the Kaluza-Klein formulation of the tensor Dirac theory, we map the fermion 

field ),F( K ρα  to a tetrad of horizontal vector fields Kv  and a complex scalar field, also 

denoted as ρ, on a smooth manifold  M = X × G, where X is a space-time and  
U(1)R)SL(2,G ×=  (see Section 3).  The horizontal tetrad Kv  together with a (fixed) 

vertical basis of right-invariant vector fields on G determines a Kaluza-Klein metric 

denoted as 〈 , 〉, a volume form denoted as dγ, and also a curvature two-form denoted as 
),(R , on M (see Section 3).  The unified action S for the gravitational and fermion fields 

is given by   

 

             γdLS ∫=             (1.3) 
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where the unified Lagrangian, L, is (see Section 3): 

 

 

)µρ(v)µρ(v
g

1
R

πκ16

1
L K

K
0

v
0

+++=          (1.4) 

 

 

where 0κ  is Newton’s gravitational constant, 0g  is the Yang-Mills coupling constant 

referred to previously, and  µ is a complex scalar Higgs field defined on M which generates 

the fermion mass.  In formula (1.4), we employ the sum of sectional curvatures restricted to 

the horizontal subspaces spanned by the tetrad Kv : 

 

                    〉〈∑∑
=

K
3

0K

J
KJ

3

0=J

v v,v)v,v(R=R                                   (1.5) 

 

Also in formula (1.4), only the horizontal vector fields Kv  act on the scalar fields ρ and µ .  
By formulating the Kaluza-Klein Lagrangian (1.4) with the horizontal tetrad Kv , the 

orthogonal constraint (1.2) is eliminated  (see Section 3).   

 

The limit on the Yang-Mills coupling constant 0g  also has a geometric significance 

in the Kaluza-Klein tetrad model, in that as 0g  becomes infinitely large, as required to 

obtain the usual Einstein-Dirac equations from the Lagrangian (1.4), the radius of the higher 

compact dimensions in the Kaluza-Klein model becomes vanishingly small [21].  This can 

be seen from the following argument.  In the Lagrangian (1.4) the constants 0g  and 0κ  are 

functions of two “fundamental” constants 0δ  and Pλ , where 0δ  is a radius which 

characterizes the size of the higher compact dimensions of the Kaluza-Klein manifold M, 

and Pλ  is the Planck length.  In Section 3 we show that 

 

           P

2/1

3
0

0 λ
g

π8
δ 










=                       (1.6) 

 

Thus, in the limit required to obtain Dirac’s equation, as 0g  becomes infinitely large, 0δ  

becomes vanishingly small (i.e., much smaller than the Planck length Pλ ). 

   

In a five-dimensional Kaluza-Klein theory, which unifies gravity with 

electromagnetism, it can be shown that by unifying the electromagnetic field with gravity as 

dimensionless components of a Kaluza-Klein metric, both Newton’s constant and the 

electric charge can be replaced in the Kaluza-Klein equations by the higher dimensional 

radius [22].  A reasonable goal for a Kaluza-Klein model is that all fields have the same 
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physical dimensions, as well as that all physical constants should originate from geometry 

in a unified field theory.  With this in mind, we can define a “geometric model” to be one in 

which all fields (like the gravitational field) are dimensionless, and with no physical 

constants (except mass) appearing explicitly in the Lagrangian.  Defining higher 

dimensional bispinor fields on the Kaluza-Klein manifold [6], [13], [17], [18] does not 

satisfy these two conditions for a “geometric model”.  Recently, we showed that these 

conditions are uniquely satisfied in the tetrad formulation of the Kaluza-Klein model [22].   

 

While it is generally agreed that the classical limit for (a large number) of photons is 

the classical electromagnetic field, it is also widely believed that no classical limit exists in 

the same sense for fermions [36], [42], [47].  However, the belief that fermions are not 

associated with a classical field is unfounded given that fermions, gravitons, and gauge 

bosons can be unified at a classical level as dimensionless components of a Kaluza-Klein 

metric together with scalar fields [20], [22].  In this formulation, the Kaluza-Klein 

Lagrangian precisely reduces to the usual Einstein-Maxwell-Dirac Lagrangian.  Moreover, 

as shown in this paper, the unification at a classical level reveals the conditions for which 

Yang-Mills and Kaluza-Klein Lagrangians are equal.   

 

2.  Hestenes’ tetrad and the tensor form of the Dirac  

     Lagrangian  
 

Because the Dirac gamma matrices are regarded as constant matrices, the Dirac 

equation, as described in most textbooks, is not covariant even under Lorentz 

transformations of the coordinates in the usual sense [31], [54].  A generally covariant 

tensor form of the Dirac Lagrangian was first derived by Takahashi using trace formulas of 

the Dirac matrices known as Fierz identities [33] – [35].  A simpler derivation, using trace 

formulas of the Pauli matrices, was presented as Appendix A and B of reference [55].  In 

this section we will give a straightforward derivation of the tensor form of the Dirac 

Lagrangian by using Hestenes’ tetrad [32] as the reference tetrad for the spin connection 

[23] – [30].  For those familiar with spin connections this derivation will be the most direct.  

As in previous work, we show that the Dirac bispinor Lagrangian equals a constrained 

Yang-Mills Lagrangian in the limit of an infinitely large coupling constant.  Both the 

constraint and the limit will be explicated in the Kaluza-Klein model in Section 3. 

 

The existence of a globally defined tetrad of orthonormal vector fields is both 

necessary and sufficient for a noncompact four-dimensional space-time to admit a “spinor 

structure” [38] – [44].  At each point of the space-time, bispinors are defined relative to a 

reference tetrad of orthonormal vectors [23] – [30].  Usually in a Minkowski space-time the 

reference tetrad consists of coordinate vector fields associated with Cartesian coordinates, 

but this special choice of reference tetrad is not necessary. 
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In this section we will consider non-compact four-dimensional space-times with 

spinor structure [38] – [44].  A general reference tetrad, defined on an open subset U of the 

space-time, will be denoted by ae  where a  =  0, 1, 2, 3 is a tetrad index.  Without further 

mentioning it, we will always assume that all bispinor and tetrad fields are smooth, except 

for some exceptional points where fields are allowed to be singular.  We assume that these 

exceptional points are contained in the complement of an open dense subset of the space-

time, which we define to be the complement of U.  Also, without further mention, the 

space-time components of tensor fields will be defined for arbitrary coordinate charts in U.   

In each coordinate chart of U, we can express the tetrad ae  as α
α
aa ee ∂=  where α∂  denote 

the partial derivatives with respect to space-time coordinates αx  where α  =  0, 1, 2, 3, and 
α
ae  denote the tensor components of ae .  Tensor indices α, β, γ, δ are lowered and raised 

using the space-time metric, denoted as αβg , and its inverse 
αβg .  Tetrad indices a, b, c, d 

are lowered and raised using a Minkowski metric abg  (with diagonal elements 

}1,1,1,1{ −−−  and zeros off the diagonal), and its inverse 
abg .  Repeated tensor and 

tetrad indices will be summed from 0 to 3.   

 

It has been shown that every bundle of spin frames is trivial on a non-compact four-

dimensional space-time [40], [44].  Hence, on the open subset U of the space-time where 

the reference tetrad ae  is defined, bispinor fields Ψ  can be simply expressed as maps 

4
  CU: →→→→Ψ  with the spin group SL(2,C) acting on the complex vector space 4C .  The 

canonical spin connection a∇  acting on bispinor fields, induced from the Riemannian 

connection, is uniquely defined in U as follows [23] – [30]. 

 

bc
cbaaa )e(ee

4

i
e σ∇−∂=∇ βα

βα
α

α           (2.1) 

where  

)(
2

i bccbbc γγ−γγ=σ                                          (2.2)  

                   

and where α∇  denotes the Riemannian connection acting on the vector fields ae  in each 

coordinate chart of U, and aγ  are (constant) Dirac matrices [56].  By formula (2.1) the spin 
connection a∇  acts on bispinor fields Ψ  defined on the open set U where the reference 

tetrad ae  is defined.  The reference tetrad ae  transforms under the regular representation of 

the Lorentz group [23] – [31].  Note that the bispinor field 4CU:Ψ →→→→  has four complex 

scalar components that transform under the spinor representation of the Lorentz group 

whose Lie algebra generators are abiσ−  [24], [56].  The relationship between the spin 

connection a∇  in formula (2.1) acting on bispinor fields Ψ  and the Riemannian connection 

α∇  acting on tensor fields will be further discussed below. 
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Dirac’s bispinor Lagrangian in a Riemannian space-time is given by [24], [26], [27], 

[30]:  

]smΨγΨi[ReL 0a
a

D −∇=                      (2.3) 

where 0m  denotes the fermion mass and the complex scalar field s is defined by 

ΨγΨi]s[Im

ΨΨ]s[Re

5=

=

                                                (2.4) 

where (using bispinor notation)  0γΨΨ += , and 32105 i γγγγγ ====  is the fifth Dirac matrix.  

(Throughout this section we adopt the bispinor notation of Bjorken and Drell [56].  In 

particular, for bispinors, *Ψ  denotes the ordinary complex conjugate of Ψ , whereas, 
+Ψ  

denotes the Hermitian conjugate of Ψ ).  Formula (2.3) generalizes the usual Dirac bispinor 

Lagrangian for a Minkowski space-time, which uses the coordinate reference tetrad 

α
α
aa δe ∂= , where α

aδ  equals one if a = α and zero otherwise.  In Theorem 1, a different 

choice of reference tetrad ae  (Hestenes’ tetrad) will lead to the tensor form of the Dirac 

Lagrangian.  

  

Except for the mass term, Dirac’s bispinor Lagrangian (2.3) is invariant under    

SL(2,R) × U(1) gauge transformations acting on the bispinor field Ψ , with infinitesimal 
generators Kτ  for K = 0, 1, 2, 3 defined by [56]: 

 

,ΨΨτ

,ΨiΨτ

C
2

0

=

−=

               

ΨγiΨτ

ΨiΨτ

5
3

C
1

=

=

                            (2.5) 

 

where *ΨγiΨ 2C =  denotes the charge conjugate of Ψ .  Note that the action of          

SL(2,R) × U(1)  on Ψ  is real linear, whereas usually only complex linear gauge 
transformations of bispinors are considered.  The infinitesimal gauge generators 210 τ,τ,τ  

generate SL(2,R), and 3τ  generates U(1). 

 

The SL(2,R) × U(1) gauge transformations generated by Kτ  commute with Lorentz 

transformations [56].  From formula (2.5) the commutation relations of the gauge 

generators Kτ  are given by [56]: 

 

  021120210 τ2]τ,τ[,τ2]τ,τ[,τ2]τ,τ[ −=−==                (2.6)  
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and 3τ  commutes with all the Kτ  .   Formula (2.6) can be expressed as 

 

                   L
L
JKKJ τf2]τ,τ[ =                       (2.7) 

 

where L
JKf  are the Lie algebra structure constants for the gauge group  SL(2,R) × U(1).  

Note that from formula (2.6): 

 

            3JKL
M
JKLMJKL εfgf −==                      (2.8) 

 

where LMg is the Minkowski metric (with diagonal elements {1,−1, −1, −1} and zeros off 

the diagonal), and JKLMε  is the permutation tensor (with 1εε 0123
0123 =−= ).  Gauge 

indices J, K, L, M are lowered and raised using the gauge metric JKg , and its inverse JKg .   

Repeated gauge indices are summed from 0 to 3. 

 

The scalar field s in formula (2.4) is invariant under SL(2,R) gauge transformations, 

and transforms as a complex U(1) scalar under the U(1) gauge transformations (i.e., chiral 

gauge transformations [57]).  To make the Lagrangian (2.3) invariant for all  

)1(U)R,2(SL ×  gauge transformations, it suffices that 0m  transform like s  (the complex 

conjugate of s).  Since 0m  appears in the Lagrangian (2.3) without derivatives, the 

assumption that 0m  transform like s  under U(1) chiral gauge transformations, has no 

effect on the Dirac equation.  For example, an alternative form of the four dimensional 

Dirac equation, proposed by Dirac in 1935, rotates the bispinor field Ψ by the U(1) chiral 

gauge transformation 
5γ)4/πi(e−  or, equivalently, the scalar field s by 2/πie−  so that 0m  is 

replaced by 0im  in the bispinor Lagrangian [58], [59].  The mass term in the bispinor 

Lagrangian then becomes ΨγΨim 5
0  instead of ΨΨm0−  (see formulas (2.3) and (2.4)). 

  

From the Dirac bispinor Lagrangian (2.3) we can derive the following 

)1(U)R,2(SL ×  Noether currents: 

 

                  ]ΨτγΨi[Reej K
a

aK =                                (2.9) 

 

Specifically, substituting the infinitesimal gauge generators Kτ  from formula (2.5) into 

(2.9) we have    

                              

ΨγγΨj,]ΨγΨ[Imj

]ΨγΨ[Rej,ΨγΨj

5
a

3
a

C
a

2
a

C
a

1
aa

0
a

==

==

                 (2.10)   
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where K
aj  denote the tetrad components of 

aK
a

K ejj = .  Note that 0j , 1j , and 
2j  are 

SL(2,R) Noether currents and 3j  is the U(1) Noether current.  In particular 0j  is the 

electromagnetic current and 3j  is the chiral current.  The real Noether currents Kj  and 

complex scalar field s satisfy an orthogonal constraint known as a Fierz identity [33], [34]. 

[55]: 

JK2KaJ
a

ab
2

Kb
K
a

gsjj

gsjj

=

=

                                       (2.11)  

 

Note that since the infinitesimal gauge generators Kτ  and the Dirac matrices aγ are 

constants, both the scalar field s and the tetrad components of the Noether currents K
aj  

depend only on the bispinor field Ψ .  That is from formulas (2.4) and (2.10) both Kaj  and s 

are bilinear functions of the components of Ψ .  Using the Leibniz product rule for covariant 

derivatives, the spin connection a∇∇∇∇  defined in formula (2.1) acts on Kaj  and s by its action 

on Ψ .  Using the fact that the infinitesimal gauge generators Kτ  commute with the 

infinitesimal Lorentz transformations abσi− , and using the bispinor identities given in 

formula (2.23), it is easily shown that the spin connection a∇  acting on Kaj  and s is related 

to the Riemannian connection α∇  by 

 

                                      

α
aαa

β
b

α
a

K
βα

K
ba

e)s(s

ee)j(j

∇=∇

∇=∇

                                           (2.12) 

 

where  b
β

K
b

K
β ejj = .  This relationship justifies the definition of the canonical spin 

connection a∇  in formula (2.1).   

 

A derivation of the tensor form of Dirac’s bispinor Lagrangian (2.3) follows from 

the map )s,j(Ψ K
a→ .  Apart from the singular set where s vanishes, we can make a special 

choice of orthonormal reference tetrad as follows: 

 

                  K
K
a

1
a jδse

−=          (2.13) 

 

where K
aδ equals one if Ka ====  and zero otherwise.  The following lemma shows that 

relative to this special reference tetrad, which is Hestenes’ tetrad [32], the bispinor field 
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Ψ at each point in the space-time is “at rest”, and Ψ  becomes locally a function of a 

complex scalar field σ , which has s as its square. 

 

LEMMA:  Relative to Hestenes’ tetrad (2.13), at each space-time point where Hestenes’ 

tetrad is defined, every bispinor field Ψ  has the form: 

 

              



















−

=

]σ[Imi

0

]σ[Re

0

Ψ           (2.14) 

 

where σ  is a locally defined complex scalar field, which has s as its square. 
 

 

PROOF:  Given Kj  and s, we will solve for Ψ .  Substituting Kj  defined by formula (2.9) 

into formula (2.13) for Hestenes’ tetrad, gives 

 

      K
a

K
a

K
a δs]ΨτγΨi[Rej ==                    (2.15) 

 

It is then straightforward to verify that all solutions of equations (2.4) and (2.15) are of the 

form (2.14) with the complex scalar σ  having s as its square.  Q. E. D. 

 

 Note that choosing Hestenes’ tetrad as the reference tetrad reduces the bispinor field 

Ψ  to locally depend only on a scalar field σ , at all points where Hestenes’ tetrad is defined.  
Substitution of formula (2.14) for Ψ  into formula (2.3), expresses the Dirac bispinor 

Lagrangian in terms of Hestenes’ tensor fields ),e( a σ .  Further examination of formulas 

(2.1), (2.3), and (2.14) shows that the Dirac Lagrangian can be expressed solely with the 

tensor fields )s,j( K .  This result is proved below in Theorem 1, and was first derived by 

Takahashi, who used Fierz identities [33], [34]. 

  

To show that the tensor form of Dirac’s bispinor Lagrangian (2.3) is a constrained 

Yang-Mills Lagrangian in the limit of an infinitely large coupling constant, we map           

SL(2,R) × U(1) gauge potentials KFα  and a complex scalar field  ρ  into )s,j( K  by setting:  

 

                   

ρρ4s

Fρ4j

2

K
α

2K
α

=

=

                                                 (2.16) 
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where a
K

K
a

K
α ejj =  are the tensor components of Kj .  From formulas (2.11) and (2.16), 

since the reference tetrad ae is orthonormal, the gauge potentials 
KFα  satisfy an orthogonal 

constraint, which can be expressed in two equivalent ways: 

 

                           

JK2αKJ
α

αβ
2

βK
K
α

gρFF

gρFF

=

=

                                         (2.17)

                                                 

Consider the following Yang-Mills Lagrangian for the gauge potentials KFα  and the 

complex scalar field ρ : 

 

            )µρ(D)µρ(D
g

1
FF

g4

1
L α

α
0

αβ
K

K
αβg +++=                     (2.18) 

 

where, because of the symmetry of the Riemannian connection, the Yang-Mills field tensor 
KFαβ  is given by 

  N
β

M
α

K
MN

K
αβ

K
βα

K
αβ FFfgFFF +∇−∇=        (2.19) 

and where the Yang-Mills coupling constant g is a self-coupling of the gauge potentials 
KFα .  Furthermore, in the Lagrangian (2.18), the complex Higgs scalar µ  satisfies [57]: 

  

           
0

0

g

m2
µ ==== ,         0µα ====∂∂∂∂         (2.20) 

where 0m  is the fermion mass, and g
2

3
g0 = .  As previously stated for Dirac’s bispinor 

Lagrangian (2.3) both the complex scalar field s and the fermion mass 0m  transform as 

U(1) scalars.  The same is true for ρ  and µ  by formulas (2.16) and (2.20).  Hence the 

covariant derivative αD acts on µρ +  as follows: 

        )(Fig∂)(D 3
0 µ+ρ−ρ=µ+ρ ααα           (2.21) 

That is, 0g  is the Yang-Mills constant which couples the U(1) scalars ρ and µ  to the U(1) 

gauge potential 3Fα .  Note that from formula (2.8), the Lie algebra structure constants 
L
JKf  

vanish if any gauge index J, K, L equals 3, so that 0g  can be different than g , and we have 

defined g
2

3
g0 = .  
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THEOREM 1:  At every space-time point where Hestenes’ tetrad is defined, Dirac’s 

bispinor Lagrangian (2.3) equals the Yang-Mills Lagrangian (2.18) in the limit of a large 

coupling constant.  That is, 

 

                g
g

D LLimL
∞→

=                      (2.22) 

 

PROOF: From formulas (2.1), (2.2), (2.3), (2.10), and using the following identities for 

Dirac matrices [60]: 

 

  

a00a

a55a

d
5abcdabcbaccabcba

γγγ)γ(

γγγγ

γγεiγgγgγgγγγ

=+

−=

++−=

                       (2.23) 

 

we can express Dirac’s bispinor Lagrangian (2.3) in a Riemannian space-time as a sum of 

two terms: 

 

           3
dcβα

β
b

α
a

abcd
0α

α
a

a
D j)e(eeε

4

1
]smΨ∂eγΨi[ReL ∇+−=       (2.24) 

 

We will express each of these terms with the tensor fields )ρ,F( K
α .  Substituting formula 

(2.14) for Ψ  in the first term of DL , we get using formula (2.16), 

 

      ]ρρm4ρ∂Fρi2[Re]smΨ∂eγΨi[Re
2

0
α3

α0α
α
a

a −=−   (2.25) 

  

Noting that 3
d

3
d δsj =  by formulas (2.9) and (2.15), and using formulas (2.13) and (2.16), 

the second term of DL becomes: 

 

           βα
βα

3
dcβα

β
b

α
a

abcd )(j)e(eeε
4

1
FFF ×•∇−=∇              (2.26) 

 

where )F,F,F( 2
α

1
α

0
αα =F .  Summing the two terms (2.25) and (2.26), formula (2.24) 

becomes: 

 

        ]ρρm4)ρ(Fρi2[Re)(L
2

0
α3

α
βα

βαD −∇+×•∇−= FFF       (2.27) 
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To complete the proof it remains to show that formula (2.27) equals the limit in (2.22).  

Observe that all terms in the Yang-Mills Lagrangian (2.18) which are quartic in the fields 

)ρ,F( K
α  cancel by virtue of the orthogonal constraint (2.17) and the relation between the 

coupling constants g)2/3(g0 = .  Quadratic terms in the fields )ρ,F( K
α  vanish in the limit 

(2.22).  Thus, the limit (2.22) only contains terms cubic in the fields )ρ,F( K
α .  The cubic 

terms of the Yang-Mills Lagrangian (2.18) are given by:  

 

               ]ρFFm4)ρ(Fρi2[ReFF)F(fL α33
α0

α3
α

βLαKJ
βαJKL

)3(
g +∇+∇=        (2.28)   

    

which equals DL  given in formula (2.27), after applying the orthogonal constraint (2.17) to 

obtain 

                        
2α33

α ρFF −=                      (2.29) 

 

and using formula (2.8) to replace the triple vector product with the Lie algebra structure 

constants JKLf .  Q. E. D.   

 

Since Theorem 1 shows that the Dirac bispinor Lagrangian (2.3) and its tensor form 

(2.22) are equal at all space-time points where Hestenes’ tetrad is defined, we will briefly 

discuss the physical interpretation of the singularities, where Hestenes’ tetrad is not defined.  

By formula (2.13) Hestenes’ tetrad ae  is defined wherever the scalar field s does not vanish.  

When s vanishes there are two types of singularities.  First, if the bispinor field Ψ  vanishes, 

both s and its first partial derivatives vanish by formula (2.4), and the tensor form of the 

Dirac equation allows ae  to be arbitrary.  At such space-time points the tensor fields 
KFα  

and ρ  in the Lagrangian (2.18) vanish.  Second, if s vanishes but Ψ  does not, then the 
nonvanishing fermion particle current lies on the light cone [32].  For physical solutions 

representing massive fermions, these singularities must form an exceptional (nowhere 

dense) set.  Thus singularities in the tensor fields KFα  and ρ  can only occur in the 

complement of an open dense subset of the space-time.   Consequently, putative differences 

between the bispinor field Ψ  and the tensor fields KFα  and ρ  cannot be observed in 

experiments.   

 

Note also from the Lagrangian (2.18) that we can derive all bispinor observables 

(e.g., the energy-momentum tensor αβT , spin polarization tensor αβγS , and the electric 

current vector αJ ) directly from the Yang-Mills formulas.  For example, the Dirac spin 

polarization tensor αβγS  is usually expressed as follows using bispinor notation [61]:  

 

      Ψγσ+σγΨ−= αβγβγααβγ )(
4

1
S                    (2.30) 
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where  aα
a

α γeγ =   and where ))(2/i( αββααβ γγ−γγ=σ .  Using the following 

identity [60]:   

 

    52 γγε=γσ+σγ δ
αβγδαβγβγα         (2.31) 

 

together with formulas (2.10), (2.16), and (2.17), formula (2.30) reduces to: 

 

              γβα
δ

αβγδ
δ

αβγδαβγ ×•=ε−=ΨγγΨε−= FFF2j
2

1

2

1
S 35     (2.32)   

 

The Yang-Mills version of the spin polarization tensor is easily shown from the Lagrangian 

(2.18) to be [61], [62]:  

       ]FFFFRe[
g

1
S K

K
K

Kg
βαγγαβαβγ −=         (2.33) 

 

In the limit of a large coupling constant g, the Yang-Mills formula (2.33) becomes using the 

definition of  
αβ
KF given in formula (2.19): 

 

     γβααβγ

∞→
×•= FFF2SLim g

g
    (2.34) 

 

which equals αβγS  by formula (2.32).  Similarly, we can derive αβT  and αJ  directly from 

the Yang-Mills formulas.   

 

 We mention in passing that, just as for Yang-Mills fields, the bispinor canonical 

(non-symmetric) energy-momentum tensor αβT and spin polarization tensor αβγS  satisfy a 

relation [62]: 

 

                          0TTS γββγαβγ
α =+−∂                               (2.35) 

 

From this relation we can define a symmetric energy-momentum tensor, which is also 

conserved as follows: 

 

   )SSS(
2

1
TΘ γαβαγββγα

γ
αβαβ −+∂+=   (2.36) 

 

In general relativity, the symmetric tensor αβΘ  is the bispinor source of the gravitational 

field, which is derived by varying the action with respect to the metric tensor [62].  (The 

action is formed of the Lagrangian (2.18) with the orthogonal constraint (2.17) expressed 

using Lagrange multiplyers.) Note that the general relativistic derivation of a symmetric 

energy-momentum tensor αβΘ  is more self-evident using the Yang-Mills formulas rather 
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than the bispinor formulas [30].  Also, for those interested in torsion theory generalizations, 

the interaction with torsion is much simpler to derive using the Yang-Mills formulas [29].  

 

 

3.  Conditions for equality of the Einstein-Dirac and  

     Kaluza-Klein Lagrangians 
 

In this section we will derive the conditions for equality of the Einstein-Dirac 

Lagrangian and the Lagrangian in the Kaluza-Klein tetrad model.   This model explicates 

both the orthogonal constraint (2.17) and the limit (2.22).  It will be shown that while the 

orthogonal constraint is inherent in the structure of the tetrads, the limit implies that the 

radius of the higher compact dimensions is vanishingly small compared with the Planck 

length.  We will show that equality of the Einstein-Dirac and Kaluza-Klein Lagrangians 

requires restricting to horizontal vector fields and horizontal sectional curvatures. 

 

Let M = X × G be the Kaluza-Klein manifold, with X a four dimensional space-
time, and G the four-dimensional real Lie group )1(U)R,2(SL × .  On the space-time X, let 

Kβ  be a global, nonsingular tetrad of one-forms with K = 0, 1, 2, 3.  (This assumption, 

which is equivalent to the existence of spinor structure, simplifies the derivations in this 

section, but is stronger than necessary.  As discussed in Section 2, the tetrad field Kβ  is 

allowed to be singular at exceptional points in X.)  The gravitational field on X, which we 

denote as β , is defined to be the unique metric tensor with the Minkowski signature, for 

which the tetrad Kβ  is orthonormal.  That is: 

 

            KJ
JK ββgβ ⊗=                        (3.1) 

 

where 

   



















−

−

−
==

1000

0100

0010

0001

gg JK
JK           (3.2) 

 

The tetrad of smooth one-forms Kβ  uniquely determines its dual tetrad of smooth vector 

fields Kb  on X satisfying 

     K
JJ

K δ)b(β =            (3.3) 

 

where K
Jδ  equals one if  J = K, and equals zero otherwise.  From formula (3.1), the vector 

fields Kb  form an orthonormal basis for each tangent space of X.   
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The fermion field on X we denote as )ρ,F( K , where ρ  is a complex scalar field and 

KK βρF = .  Thus the dynamical fields are the tetrad of one forms Kβ  and ρ .  We will 

show that the gravitational field β  and the bispinor field Ψ  (which together have 10 + 8 = 

18 real components), are represented faithfully by Kβ  and ρ  (which also have 16 + 2 = 18 

real components).  Note that this parsimonious feature has not been achieved in previous 

theories of fermions in a curved space-time, in which the tetrad field adds six 

supernumerary boson fields to the gravitational and bispinor fields [6], [13], [17], [18].  We 

will then derive the usual Einstein-Dirac Lagrangian from the Kaluza-Klein Lagrangian 

(3.22) for the fields Kβ  and ρ .   

 

On G, the four-dimensional real Lie group )1(U)R,2(SL × , we fix a nonsingular 

tetrad of right-invariant one-forms Kα  with K = 0, 1, 2, 3.  The tetrad of right-invariant 

one-forms Kα  defines a right-invariant metric on the Lie group G given by: 

 

      KJ
JK ααgα ⊗=            (3.4) 

 

where JKg  has the same form as the Minkowski metric in the definition (3.2).  Since G is a 

four-dimensional Lie group, the Kα  form a basis for the dual of the Lie algebra of G.   

 

For vector fields v and w on G, we will denote the inner product with respect to the 

metric α  by w,v , that is: 

 

   )w(α)v(αg)w,v(αw,v KJ
JK==           (3.5) 

 

The tetrad of right-invariant one-forms Kα  uniquely determines a dual tetrad of right-

invariant vector fields Ka  on G satisfying 

 

    K
JJ

K δ)a(α =          (3.6) 

 

The right-invariant vector fields Ka  form a basis for the Lie algebra of G.  This basis is 

orthonormal, since from formulas (3.5) and (3.6) we get: 

 

JKKJ ga,a =          (3.7) 

 

We can choose the fixed tetrad Kα  so that the vector fields Ka  satisfy the following     

)1(U)R,2(SL ×  commutation relations: 
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[ ]

[ ]

[ ] 0
1

21

1
1

20

2
1

10

aδa,a

aδa,a

aδa,a

−

−

−

−=

−=

=

                                                  (3.8) 

 

where δ  is a length parameter.  All other commutators vanish.  As usual in general 
relativity, both length and time carry the same unit.  As on any physical manifold, the one-

forms Kα  carry units of length, so that their duals, the vector fields Ka  in formula (3.8), 

carry units of mass (i.e., inverse length).  From formulas (3.7) and (3.8) it is evident that δ  
is the radius of the U(1) subgroups of SL(2,R).  Formula (3.8) can be written more 

succinctly as: 

 

    [ ] L
L
JKKJ af

δ

1
a,a =         (3.9) 

 

which defines the Lie algebra structure constants L
JKf .  Note that the structure constants L

JKf  

are dimensionless, so that the length parameter δ  is required in formula (3.9) to balance the 
dimensions.  Also, in formula (3.4), the metric constants JKg  are dimensionless.  Although 

we do not make use of the following property in the tetrad Kaluza-Klein model, note from 

formulas (3.2) and (3.8) that M
JKLMJKL fgf =  is completely antisymmetric in the indices J, 

K, and L.  When this property holds, the metric is called “bi-invariant”, since it is both right 

and left invariant [63].   We will see generally that the tetrad Kaluza-Klein model does not 

require that the right-invariant metric α  given in formula (3.4) be bi-invariant. 

 

Note that while the orthonormal and commutation relations (3.7) and (3.8) 

determine the radius of the U(1) subgroups of SL(2,R), they do not determine the radius of 

the U(1) factor of the Lie group G = SL(2,R) × U(1).  The radius of the U(1) factor of G will 
be denoted as 0δ .  The ratio 0δ/δ  is a parameter which we can equate to the ratio g/g0  of 

coupling constants in the Yang-Mills Lagrangian (2.18).  That is, the length parameters 0δ  

and δ of the tetrad Kaluza-Klein model will be set as δ)3/2(δ0 =  in correspondence with 

g)2/3(g0 =  in the Lagrangian (2.18). 

 

Thus on the Kaluza-Klein manifold M = X × G, we can define a fixed tetrad of one-

forms Kα  and a dynamic tetrad of one-forms Kβ  induced from the projections of M onto 

its factors G and X.  ( Kα  and  Kβ  on M are the pullbacks of Kα  on G and Kβ  on X by the 

projection maps.)   We define a third tetrad of one-forms Kν  on M by: 
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K3/1KK )( βρκδ−α=ν                 (3.10) 

 

where κ  is 3/π16  times Newton’s constant 0κ , and ρ  is a complex scalar field on M.  

Note that the constant κ  has dimension of length squared, the constant δ  has dimension of 

length as in formula (3.9), the scalar field ρ  has dimension of mass, and the one-forms Kα , 

Kβ , and Kν  each have dimension of length.   

  

The one-forms )ν,β( KK  form a basis for each cotangent space of  M = X × G.  The 
Kaluza-Klein metric on M is defined to be: 

 

    )ννββ(gγ KJKJ
JK ⊗+⊗=      (3.11) 

 

which depends only on the dynamical fields Kβ and ρ , since Kα in formula (3.10) is fixed 

by the basis chosen for the Lie algebra of G. 

 

To demonstrate that γ  is a Kaluza-Klein metric, we define local coordinate one-

forms αdx  with 3,2,1,0α =  on a local coordinate chart of X.  The gravitational field β  is 

expressed locally by: 

 

    βα
αβ dxdxgβ ⊗=                        (3.12) 

 

Writing  αK
α

K dxββ = , we obtain from formulas (3.1) and (3.12): 

 

    K
β

J
αJKαβ ββgg =                      (3.13) 

 

If we choose )α,dx( Kα  for a basis of one-forms, then from formulas (3.10) and (3.13), the 

Kaluza-Klein metric (3.11) has the following components: 

 

   












−

−+
=

JK
K
βJK

JK
J
α

K
β

J
αJK

2
αβ

gFgλ

gFλFFgλg
γ         (3.14) 

 

where 3/1)κδ(λ =  is a Kaluza-Klein parameter having dimension of length [9], and 

 
K
α

K
α βρF =                     (3.15) 

 

Thus, γ  is precisely the Kaluza-Klein metric [9] for the gravitational field αβg  and the 

gauge potentials K
αF .  By formulas (3.13) and (3.15) the K

αF  satisfy: 
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                αβ
2K

β
J
αJK gρFFg =          (3.16) 

 

which is precisely the orthogonal constraint (2.17).  Furthermore, by formula (3.13), the 

gravitational field αβg  has the same (Minkowski) signature as JKg  on G. 

  

We denote the vector fields dual to )α,β( KK  as )a,b( KK .  The vector fields dual 

to )ν,β( KK  are then the horizontal and vertical vector fields )a,v( KK , where from 

formula (3.10): 

 

           K
3/1

KK aρ)κδ(b   v +=                             (3.17) 

 

From formula (3.11), the vector fields )a,v( KK  form an orthonormal basis with respect to 

the Kaluza-Klein metric γ  on each tangent space of M.    

  

We extend the inner product notation in formula (3.5) to vector fields v and w 

defined on M as follows: 

 

  )]w(ν)v(ν)w(β)v(β[g)w,v(γw,v KJKJ
JK +==       (3.18) 

 

Thus, for the orthonormal vector fields Kv  and Ka  defined on M: 

 

   

0a,v

ga,av,v

KJ

JKKJKJ

=

==

                                              (3.19) 

 

for all indices J, K = 0, 1, 2, 3.  That is, with respect to the basis )a,v( KK , the Kaluza-

Klein metric γ  becomes: 

 

    







=

JK

JK

g0

0g
γ           (3.20) 

 

The manifold M = X × G has a natural right action of G defined by )gh,x()g,x(h =  for 

each M)g,x( ∈  and Gh∈ .   For Kv  to be right invariant, it is necessary and sufficient that 

Kb  and ρ  depend only on the space-time coordinates Xx∈ .  For Kaluza-Klein 

solutions of interest, the complex scalar field ρ  has the form:  (See discussion of ρ  

following Theorem 2.)   
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    )x(ρ~eρ 0δ/iy=           (3.21) 

 

where y is a global coordinate of the U(1) factor of the gauge group  SL(2,R) × U(1)  for 
which y/a3 ∂−∂=  is a unit vector field.      

  

Our goal in this section is to derive the Einstein and Dirac Lagrangians from the 

following Lagrangian for the fields )ρ,β( K : 

 

  )µρ(v)µρ(v
g

1
R

πκ16

1
L K

K
0

v
0

+++=         (3.22) 

 

where 0κ  and 0g  are constants ( 0κ  is Newton’s constant), and where J
JKK vgv = .  The 

mass parameterµ  is defined on M by: 
 

    µ~eµ 0δ/iy=           (3.23) 

 

where µ~  is a constant. (µ  acts as a Higgs field in this model.  See discussion of the scalar 

fields  ρ  and  µ   following Theorem 2.)  vR  is the sum of sectional curvatures over the 

four-dimensional horizontal subspaces spanned by the orthonormal tetrad Kv  in each 

tangent space of M: 

 

   MKLJ
LMJK

v v,v)v,v(RggR =         (3.24) 

 

where ),(R  is the curvature two-form [63] associated with the Kaluza-Klein metric γ  on 
M. 

 

Let γd  denote the volume form on  M = X × G  defined by the Kaluza-Klein metric 
γ .  (We do not confuse the symbol “d” with exterior differentiation since the metric γ  is 
not a differential form.)  Similarly let αd  and βd  denote the volume forms defined by the 

metrics α  and β  on the manifolds G and X, respectively.  Note that αd  is a fixed volume 

form on G, whereas βd  depends on the dynamic fields Kβ .  Since the one-forms )ν,β( KK  

are orthonormal, we see from formula (3.10) that 

 

    αdβdγd ∧=            (3.25) 

 

 Therefore, the action associated with the Lagrangian (3.22) is given by: 

 

   αdβd)ρ,β(LS K ∧= ∫           (3.26) 
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Note that in the action (3.26), the gravitational field αβg  and the bispinor field Ψ , which 

together have 10 + 8 = 18 real components, are represented by Kβ and ρ , which also have 

16 + 2 = 18 real components [19] − [22].  We show in the following theorem that the 
Lagrangian (3.22) equals the Hilbert-Einstein Lagrangian for the gravitational field  plus the 

Dirac-Yang -Mills Lagrangian (2.18).  The orthogonal constraint (2.17) of the Dirac-Yang-

Mills equation has already been shown to be a consequence of the tetrad in formula (3.16). 

 

 

THEOREM 2:  If we define the constants κ , g , 0g  in terms of Newton’s constant 0κ and 

the length parameters δ  and 0δ  as follows: 

 

    

0

3/1

0

3/1

0

δ

)κδ(
g

δ

)κδ(
g

κ
3

π16
κ

=

=

=

                                                        (3.27) 

     

then the total Lagrangian L given in formula (3.22) equals the Hilbert-Einstein Lagrangian 

X
1

0 R)πκ16( −  for the gravitational field plus the Dirac-Yang-Mills Lagrangian gL  given in 

formula (2.18) for the fermion field, and similarly for the total action (3.26).  Furthermore, 

the limit (2.22) required to obtain Dirac’s bispinor equation, forces the length parameters δ  
and 0δ  in the Kaluza-Klein model to become vanishingly small compared with the Planck 

length 
2/1

0P κλ = . 

 

 

PROOF:  We will derive an alternative local expression for the Lagrangian (3.22), which 

simplifies the computations.  Define a local coordinate tetrad αv  as follows: 

 

    K
K3/1 aF)(v ααα κδ+∂=         (3.28) 

 

where α∂  are the coordinate vector fields dual to αdx in formula (3.12).  Since K
K
αα vβv = , 

the tetrads Kv and αv  in formulas (3.17) and (3.28) span the same four dimensional 

horizontal distribution over the Kaluza-Klein manifold M. 
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The inverse relation, α
α
KK vbv = , where α

Kb  are the components of the vector fields 

α
α
KK bb ∂= , follows from formulas (3.3), (3.15), (3.17), and (3.28).  Similarly, formulas 

(3.3) and (3.13) imply: 

 

    

β
K

α
J

JKαβ

J
α

αβ
JK

β
K

bbgg

βggb

=

=

                                                     (3.29)

        

Then, substituting α
α
KK vbv =  into vR , the sum of sectional curvatures over the horizontal 

distribution spanned by Kv  in formula (3.24), gives: 

 

           δβγα
γδαβ

v v,v)v,v(RggR =         (3.30) 

 

and the Lagrangian (3.22) equals: 

 

              )µρ(v)µρ(v
g

1
R

πκ16

1
L α

α
0

v
0

+++=        (3.31) 

 

Formula (3.30) is evaluated by computing vR using the vector fields )a,v( Kα  as a 

basis on M.  Note that with respect to this basis, the Kaluza-Klein metric (3.11) has the 

following components: 

 

          







=

JK

αβ

g0

0g
γ          (3.32) 

 

The local expressions of αv , vR , and γ  given in formulas (3.28), (3.30), and (3.32) are 

equal to the usual expressions in Kaluza-Klein theory [9]. A straightforward derivation 

using the commutation relations (3.9) shows that: 

 

    
αβ
K

K
αβ

3/2
Xv FF)κδ(

4

3
RR +=         (3.33) 

 

where XR  denotes the scalar curvature of  X, and 

 

         N
β

M
α

K
MN

K
αβ

K
βα

K
αβ FFfgFFF +∂−∂=        (3.34) 

 

where 3/12 )δ/κ(g = .  Note in formula (3.33) that indices are raised and lowered in the 

obvious way.  That is 
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             J
γδJK

δβγααβ
K FgggF =         (3.35) 

 

(Because in formula (3.24), we restricted vR  to the tetrad Kv , the scalar curvature of G 

does not occur in formula (3.33)). 

  

Having computed vR  in formula (3.33), and choosing the constants κ , g , and 0g  

as in formula (3.27), we see in formula (3.31) that the total Lagrangian L equals the Hilbert-

Einstein Lagrangian for αβg  plus the Dirac-Yang-Mills Lagrangian gL  given in formula 

(2.18) for K
αF and ρ . 

  

Furthermore, since 0δ)2/3(δ = , formula (3.27) gives: 

 

                    P

2/1

3
0

0 λ
g

π8
δ 










=          (3.36) 

 

which relates the Kaluza-Klein radius 0δ  to the Planck length 
2/1

0P κλ = .  Thus in the 

limit required to obtain Dirac’s equation, that is as 0g  becomes infinitely large, 0δ  must 

become vanishingly small compared to the Planck length.  The same is true for the radius  

0δ)2/3(δ = .  Q. E. D. 

  

The Lagrangian (3.22) generalizes as follows.  From formulas (3.10), (3.11), (3.13), 

and (3.15), and from the local expressions of the Lagrangian in formulas (3.28), (3.30), and 

(3.31), the gauge group G of the Kaluza-Klein manifold M = X × G can be generalized to 

larger Lie groups of dimension d > 4.  For such generalizations we define β
β
KK vbv =  

where J
αJK

αββ
K βggb = .  Although, the d global vector fields Kv  are too many to form a 

tetrad when d > 4, they span a four dimensional horizontal distribution (spanned locally by 

the coordinate tetrads αv ).  

  

The nonphysical cosmological constant, which is the scalar curvature (denoted as 

GR ) of the Lie group G occurring in the Lagrangian of the usual Kaluza-Klein model [5], 

[7], [9], is absent in the Lagrangian (3.22) because in formula (3.24) we restricted vR  to the 

four dimensional horizontal distribution spanned by the Kv . 

  

For the same reason, even though the metric given in formula (3.4) is bi-invariant 

(i.e., both right and left invariant), the theorem does not require that the right-invariant 

metric to also be left-invariant, which in the usual Kaluza-Klein model restricts the choice 

of Lie groups [2], [10]. 
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The complex scalar fields  ρ  and  µ  generalize to maps from the Kaluza-Klein  

manifold M to a complex vector space V, where V is a unitary representation of the gauge 

group G, acting on the right side of  V.  Note that ρ  is a special solution of the Euler-

Lagrange equation for the Kaluza-Klein Lagrangian (3.22) which is covariant; i.e., ρ  

commutes with the right action of G on M and V, as required for a Yang-Mills Lagrangian 

[14].  Only horizontal vector fields act on the scalar fields ρ  and  µ   in the Lagrangian 

(3.22).  

 

The Kaluza-Klein tetrad model has been generalized to include fermions, gravitons, 

and gauge bosons as components of a Kaluza-Klein metric together with covariant scalar 

fields [20], [22].  With the additional terms in the Lagrangian that are required for the Higgs 

mechanism, µ  acts as a Higgs field in this model [22]. 
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