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We propose the Kaluza-Klein inspired Brans-Dicke gravity model containing possible existence of dark
matter and dark energy. The massive scalar field coupled with gravity in 5 dimensional space-time can
be reduced to 4 dimensional gravity along with the dilaton ¢, gauge fields A, and the tower of scalar
fields n,. Two additional gauge fields are introduced to form “Cosmic Triad" vector field scenario.
We then use the dynamical system approach to analyse the critical points and their corresponding
physical parameters. We found that in the case where only the zero mode of the Kaluza-Klein scalar
is decoupled, the system contains both dark matter and dark energy phase depending on the mass
parameter with the presence of the gauge field.
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1. Introduction

On the one hand, the mysterious accelerated expansion of
the universe is one of the major problems in modern cosmology
at the present. Recent observational data of supernovae type la
indicates that the universe is expanding with acceleration at a
large scale [1,2]. This is the so-called “Dark Energy” (DE) problem.
According to the observational data, we find that the universe is
dominated by the DE which accounts for 70% of the total energy
density [3,4]. There is no conventional physical mechanism capa-
ble of completely explaining the accelerated cosmic expansion.
The simplest idea of introducing a cosmological constant seems
to agree with the observational data of the accelerating universe.
However the cosmological constant suffers from a serious prob-
lem in the theoretical sense, i.e., the values of the cosmological
constant coming from field theory is extremely bigger than the
value from the observational data [5,6]. Several alternative phe-
nomenological suggestions and theoretical hypotheses have been
proposed to resolve this issue instead. The most popular approach
is to introduce a new form of matter or an exotic matter with
negative pressure as a source of the accelerating universe [7,8].
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So far, however, there is no evidence or experiment to prove the
existence of the exotic matter, yet.

On the other hand, the nature of Dark Matter (DM) is a part
of the unsolved problems in physics [9]. DM was proposed as a
hypothetical particle with no electromagnetic interaction but its
gravitational interaction is responsible for holding galaxies and
forming the large scale structure of the universe [10,11]. The ob-
servational results have been suggesting that DM composes about
27% of the total energy density of the universe. This kind of matter
interacts very weakly, if not at all, to all known fundamental
forces in the standard model of particle physics (SM). Figuring out
what DM is made of is one of current on-going particle physics
research [12-14].

These lead to reconsideration or a modification of GR at the
large scale [15-20]. By retaining prominent features of GR, the
modified gravity is aimed to solve several GR’s problems not
only for DE problem, for instance, non-renormalizability, DM
and so on. Notice that there are countless inequivalent ways
to modify gravity leading to theories that can be designed to
reconcile with current observations. Cosmological observations
suggest that GR must be modified at very low and/or very high
energies. Experimental searches for beyond-GR physics are a
particularly active and well-motivated area of research. The sim-
ple extension of the modified gravity is to consider adding an
additional degree of freedom in the theories. This extension of
modified gravity is equivalent to the scalar-tensor theories which
have been extensively studied in the literature see [21,22] and
references therein. The main idea of the scalar-tensor theories is
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that the gravitational interaction is mediated by scalar and tensor
fields. The most popular and well-behaved model of the scalar-
tensor theories is the Brans-Dicke (BD) theory. Inspired by Mach'’s
principle, the reference frame of the BD theory comes from the
distribution of matters in the universe [23]. In GR, geometry is
determined by mass distribution. However, it is not unique up
to boundary condition. This requires the gravitational constant
of the BD theory depending on space-time. This means that the
gravitational constant plays the role of a dynamical scalar field
¢. In addition, the BD theory is proposed to make the results
of GR compatible with several experimental and observational
data from small to large scales. For example, observations of
the solar system and other gravitational systems constrained the
parameter of the BD theory, w as w > 40, 000 [24] where the
theory approaches to GR when w — oo.

The BD theory has been studied in order to solve various prob-
lems in gravity and cosmology. The dynamical system method
has been utilized as an useful tool for investigating several as-
pects in cosmology [25,26] and see [27] for recent review. In
particular, it is used to gain a qualitative understanding of the
dynamics of the universe in asymptotic regions, i.e., early and
late times of the universe. Having use of the dynamical system
analysis, a good candidate of the cosmological models needs to
consequently evolve following the series of standard cosmolog-
ical epochs, i.e., inflation — radiation — dust (matter) — DE
phase [8]. A huge number of the studies in the BD cosmological
models are extensively analysed using dynamical system in vari-
ous classes of the potentials with additional matter fields [28-44].
Interestingly, the BD gravity with the quadratic potential gives
the de-Sitter (dS) attractor critical point in the phase space of this
model and provides an explanation of the accelerated expansion
of the Universe without introducing any form of the exotic matter
fields [34]. Nevertheless, choosing the types of the potential term
in the BD gravity is somewhat arbitrary and a particular form
of the potential does not occur naturally from the BD model.
We will show in the latter that using only extra fields the same
cosmological consequences can be achieved.

Moreover, a common prediction from the string theory, one
of the candidate of quantum gravity theories with the extra-
dimension, is an existence of the scalar field (spin-0) a counter-
part of the graviton (spin-2) called the dilaton [45]. Therefore, at
low-energies, string theory suggests that the compatible theory
of gravity is the scalar-tensor gravity rather than GR. The dilaton
plays a central role in several observed phenomena in high energy
physics such as the inflaton field [46-48], DM [49], Dark Radia-
tion (DR) [50,51], and cosmological constant [52,53]. Originally,
the Kaluza-Klein (KK) theory was first introduced to combine
gravity (GR) and electromagnetic theory in the single framework
by introducing extra dimension see review and monograph [54-
57]. The idea of compactification of higher dimension has been a
corner stone of the string theory since [58,59].

Inspired by the KK theory, we will show that the BD theory
with a particular value of the w parameter is obtainable by the KK
dimensional reduction process and the residual fields are perfect
candidates for solving DM & DE problems. This work is organized
as follow, the simple toy model of the KK inspired BD gravity is
set up in Section 2. Next section, we derive all relevant equations
of motion. In Section 4, we restrict our model in a lower mass
case of the KK inspired BD. To demonstrate a possibility of DM &
DE existence in our model, the autonomous equations in the light
of the dynamical system framework is derived and the stability
of the fixed points are analysed in Section 5. The results and
discussion are in Section 6. We close this work by conclusion
section with some implication of this work in the last section.
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2. The model

The KK-inspired BD model will be derived in this section.
We start with the 5 dimensional action for KK gravity and a
free massive scalar field, 7 propagating in the 5 dimensional
space-time, it reads,

S= /d“xdy\/—fg'
- 1
x Y <—R + 040" 0™ — M09 — Z¢2F;:BF“B + vmm) (1
a=1

where we used Planck mass unit, +/167G = 1, and the metric
convention is mostly minus. The mass parameter of the scalar
field in 5 dimension space-time is denoted as M;s). Two additional
gauge fields are denoted by Fy, = duAy — dvAy, where a = 1, 2.
In this work, we have used the capital Roman alphabets repre-
senting the 5 dimensional space-time indices as A,B,C,... =
0, 1, 2, 3, 5 while the Greek alphabets stand for physical dimen-
sional space-time indices via u,v,o,... = 0, 1,2, 3. The R =
Rap 828 is the 5 dimensional Ricci scalar and the 5 dimensional
space-time metric, g3 is given by [55],

2 2
B = (glw —(;5];:‘\“1‘\1, ¢>¢13M> ) (2)

where A* is the electromagnetic gauge field and ¢ is the dilaton
field. Assuming that the extra dimension is compactified in a
circle of radius Ry, there is a periodic shift symmetry in the 5th
direction as

y—y+2nRy. (3)

After performing a dimensional reduction, the gravitational part
of the action becomes

"
Sop = — / d'xy/=go (n + R 4 20 Zi"d’) O
The above action is equivalent to the BD gravity with w = —4/3.
We note that the KK gravity with the dimensional reduction in
5 dimension gives a non-minimal coupling to the 4 dimensional
Ricci scalar which is equivalent to the BD gravity with non-
minimal coupling to the EM field. The action for the free scalar
field can also be reduced to 4 dimensional action as follow.
Starting with the Fourier expansion of the complex scalar field,

[e ]

A, y) =y e/ Refa(x), )
n=0

then integration over the extra dimension gives

2Ry
f Y
0

o0
. 1 n’. .
= 2Ry Z |:8M77n8“17:§ + (? + KZAVAV> Rzr)nn,*l] ) (6)

n=0 k

We redefine the new field with

Nn = v/ 27 Refjp. (7)

Using the assumption that the 4 dimensional fields are real,
i.e, nn = nu, the action becomes canonical scalar field which is
the starting point for us to solve the equation of motion:

Sk = /d4ijg¢

oo
1 n?
x Z [altnnaﬂnn - M(25)772 + <p +AVAV> Rﬁnﬁi| . (8)
k

n=0
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The dimensional reduction of the gauge field part can be done
similarly. Fourier transformation of gauge fields is written as

o0
= R (). 9)
n=0
Requiring the gauge fields to be real, and redefine the field
with the factor /27 Ry. The integration over the extra dimension
becomes

S¢ = / d*x/—g¢
2 o
1 Ly ¢2n2 L
3 (g (v - G )R
a=1 n=0 k
1, o~ o~
—quzaw‘;,na“f\i‘ + Vig A8 Ay ) : (10)
where V" = &3 and V) = ‘;2

Before we move forward to calculate the equations of motion
in the next section. It is worth to remark some discussions about
the KK inspired BD gravity in the present work. One sees that
the dilation is generated by the dimensional reduction from the
compactification of the extra (fifth) dimension in the KK gravity
and non-minimally couples to the gravity in 4 dimension. More-
over, having use the Fourier expansion of the complex scalar field
in Eq. (7), this leads to a certain form of the potential from the
KK inspired BD model that the dilaton is coupled with the scalar
fields, n,, from the 5-dimension as shown in Eq. (8). This is a
salient feature of the KK inspired BD gravity with a specific form
of the potential whereas the potential form of the traditional BD
gravity model is arbitrary.

3. Equation of motions

In this section, we are going to work out the equations of
motion in our model that are useful in the following when the
equations of the dynamical system are derived. We would like to
study the FRW universe with the spatially flat that satisfies the

metric
ds? = dt? — a®(t)(dx* + dy* + dz?), (11)

sog: = 1and g; = —Sijaz(t) fori,j = 1,2, 3. where a(t) is the
scale factor in the co-moving frame.
The non-vanishing components of the Christoffel symbol in
Cartesian coordinates are:
) o
rj =aasy, Ij= 58}. (12)

After deriving through the Euler Lagrange equation, we obtain the
equation of motion for ¢ as:

“(V=8hu9)

3 2
_ Z¢2FMVFMU _ ?qbzaud)aﬂ(p

4
= d
3V/—g¢

> 1 n?
Z |:alﬂ7naﬂ77n _M(25)772 + (¢2 +AA ) R? 'Iﬁ:|
n=0

k

3 2,2
(o ). o

where we assume that gauge fields in 5th component are van-
ished, i.e., A" = 0. The equation of motion for the gauge field
from higher dlmenswnal metric, A, is given by:

3on - nzn%
¢ A% Flw = _Av Z R2 s (14)

n=0 k

2

+
S (e

a=1 n=0
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and the additional gauge fields, Afw:

o0

PV, =Y (v -, (15)
n,n v,n 4R£

n=0

and the equation of motion for scalar field, »,’s:
L o =gom) = ¢ [~ +AA il
\/_—g 80uln) = ¢2 R;Z( Mn

The energy-momentum tensor is defined as

2 5(\/ _g»crnatter)

— ¢MEma. (16)

™ = — . (17)
vJ-g  gw
For simplicity, we identify the matter field Lagrangian as
1 20,¢3"¢
Lmatter = _Z 3F2 - 5 £ ¢

2
p +A A”) i nn]. (18)

Let us put this into Eq. (17). We obtain the energy-momentum
tensor in the following form,

+¢ [3uﬂn3“nn - Mé)nz + (

gy 2 a/t¢8u¢

3 g —¢ Y dumdmn  (19)

T;Lv = ¢3FuaFua
n=0

00 n2
22
— 20A,A, Z n +g,w¢Z [<¢2 +A A”) RZ"” M(Zs)nﬁ]
k

n=0 k

Tan " n¢2
e’ Z k! —¢Z(V )

x (2A“ A” — g AC AP,

v,n p.nin

¢F2

In order to simplify the gauge fields sector, we will assume that
only zero mode (n = 0) of each species (a = 1,2) has non-
vanishing spatial components. The Cosmic Triad [60-62] solution
requires that

A, = (0,A,0,0) (20)
A1 0= A1 (0,0,A4,0) (21)
Ai 0= A2 (0,0,0,A), (22)

such that the off-diagonal components of the energy-momentum
tensor vanish. In order to make the diagonal spatial components
equal, we assume that

[o9)

" nzn% 2
1% :Z P = M2, (23)
n=0 k

For the calculation of the field strength tensor, F*, we assume
homogeneous gauge and scalar fields conditions where

dA=0, and 09;¢p =0 (24)
Therefore, the components can be calculated as follow:

Fik _ Ftk1 _Fk2 _ (25)

"= (A + 2HA)S" (26)

F“ ' = (A+2HA)5" (27)

)

F®2 = (A + 2HA)s" (28

where above we use H = 2
Having use all relevant calculations, the Einstein field equation
of the KK inspired BD gravity takes the form

1
¢(Ruv - Egle) +guvva Vafb - Vuvv¢ = Tuv- (29)
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We can arrive at the Friedmann equation by looking for the
tt component in Einstein equation. The time component of the
Einstein tensor is given by

o2
a
G = 2 (30)
and the Friedmann equation becomes
-\ 2 2.2
a 3¢“a
-] =-— A 2HA — =
(a) 7 A+ +3 3¢2 Z n
222 2 2
+ —3a°A° )| = — M , 31
[y le o
on the above calculation we use the fact that
’ﬁm,l’fuﬁ — Ft”‘ZFt‘Z(, — Ft(rFtn — gUFtith S (A + 2HA)2 ,
(32)
and
F) F*1 = F2 F*% = F, F*
= FaF + FyF' = 20 (A + 2HA)” . (33)

In order to calculate the Raychaudhuri’s equation, we use the spa-
tial components of Einstein field equation. The energy-
momentum tensor in the ij components is

(A+ 2HA)’ 3 (A+ 2Ha)? (34)

Ty = ¢3a*

i

o0
_ 2¢A26~

2
) Z [( 3a2A2> - Mé)nﬁ} )
k

We note that the energy-momentum tensor is proportional to §;
satisfying the assumption of the FRW metric, i.e., homogeneous
and isotropy. From Einstein equation in Eq. (29), the left-handed
side is

3o (V—g3°¢) = —¢8; (6* + 2ad) — 8; (3aap + a*P)

(35)

8ij
PG + ——
VA

Using the relation H = 7 — 3—2 and taking trace, we find

—3¢ = 3¢H? + 6¢ (H + H?) + 9H¢
3a2¢3 . 2 S n2n2
- A+ 2HA) — 6¢a’A? n

n2
— 3¢ § [(— - 3a2A2> R—2n§ - Mé)ng] ) (36)
k

In this section, we have derived all related equations of motion in
the KK inspired BD gravity and they will be useful to derive the
autonomous system in the dynamical system analysis below. Due
to the complexity of the system of equations, we will focus our
study only the vacuum case. We consider this work as a toy model
and leave the inclusion of the barotropic fluid for the future work.

4. Lower mode cases
In KK theory, it is known that the eigenvalue of momentum

operator in 5th direction of a higher mode 7, is given by |n|/Ry.
Therefore, a higher mode which has a momentum larger than our
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physical scale, i.e. reduced Planck scale, will be neglected. The
remaining modes satisfying the condition:

n < Ry (37)

will play a role in equation of motions. In this project we will
study the non-obvious simplest case, 1 < Ry < 2. In this case,
only zero mode and the first mode involve in the Lagrangian. The
set of equations of motion becomes: for the dilaton field, ¢,

é +3H¢

9 . 27 3
=——¢ (H +2H?) — —¢>3a2Af +— - ,4,% - f¢ Uk

2 2¢

3 22\ M 3,0 2 2

+ Z¢ ¢2 + 3a°A R—i + Z‘?M(s)"o + Z¢M(5)"1’ (38)

for the zero mode, 1y and the first excited mode, n; scalar fields,
. 9. .
o + o0 + 3Hijo + Mizyno = O, (39)
i+ é7.71 + 3Hi) + MGy = l — 3a’A? . (40)

The equations of motion for gauge fields are
. An%
Ac+3HA+ — =0, (41)
Ry
where A. = A + 2HA. Having use all relevant ingredients and
substituting in Eq. (31), the final form of the Friedman equation
is written as

.\ 2 2.2 32
a 3¢%a” , 29 .2 .2 2 2 2
<,> - AL+ 5 — g — 17 — Misymp — Misyn;

a 2 T ° 0 32
1 2
— —3aa ) I (42)
¢2 Rk
Finally, the Raychaudhuri equation becomes
. 3 . 2 . 3a%¢’ 2 242 77%
—3¢ = 3¢H* + 6¢ (H +H*) + 9H¢p — 5 A2+ 3¢a°A =
k
3 nf
+ 3¢pMyng + 36Myyn} (43)
¢ Rk
Solving Egs. (38) and (43) together gives
13a2A27ﬁ 31 3. 7 n?
_ 2t A A _ 2 MR a2 1
10k 20 COAL — 1+ M 10R2 2
12H* 3 ., 7 ., 5,
- - M Ry 44
5 ]0770 + 10 (50 + 5¢2 (
and
5 18a2A%y) ¢ o ¢ 2 4 6}
5R? i - 5 Misy 5R2¢
.923_2122224'52
—3H¢ + gH ¢+ g‘?’?o - ?M(s)ﬂo¢ T 5 (45)

So far, we have derived all equations of motion which will be used
in the following sections in order to perform a dynamical system
analysis in KK inspired BD model.

5. Dynamical system

In this section, we will demonstrate an existence of DM and DE
in KK inspired BD model by using the dynamical system method.
The dynamical system is very suitable for qualitatively studying
the dynamics of the universe. This might provide some hints of
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the evolution of the universe with matter fields. Next we develop
the dynamical system by defining the set of parameters as follow:

V3a 2 ¢ o R
X —A, X Xs3=—, Xq4=—,
1 c 2 = H¢ 3 H 4 H

1 1o
Xs = —, Xo=+/3aA, X Xg = —. 46
5 P 7 = HRk 8 HR, (46)
Then the Friedmann equation can be used as a constrained equa-
tion
XZ
1= —ﬁ-i-xz —X3—X;+ (X2 — X2) X2 =M )R} (X7 +X3) . (47)
Moreover, we define new parameters as

1
and = — 48
u= HRy (48)
Then the conformal derivative of new parameters can be derived
in terms of newly defined parameters as follow:

A= M(s)Rk

LG 32 4 2 4 XX
Hdt 1077271073 T 1071
+1xx2x2+2X — XeX7
1 —— 6
10 5
13 7 7 31x3
XXEXZ — AP XE — AP X2 4 L (49)
30 10 10 60X2
1dX, 31X2X,  24/6X? , P
20 =X, xx —XoX2X2
H de 60X52+5X2+ I TR
13 7 7
— —XoXEXE — —APXoXZ — —APXpXE
ET 10772 107 778
1 7 /3
- —3X3 - f\/ixz2
10 5V 2
X
2 fxz+ \/“Xz_,r_ \/>X2X2—*\/>X2X2
3
_ffxzxz—ffsxzxz \?f (50)
1dX3_31X]2X3 2 x2x \Fxx+3xx2+1xx2x2
Hdt — 60x2 107277 V272 T 17 T 0
13 7 7
30x3x2x2 10k2X3X2 - EA2X3X2
3 3X;
E 3?— ? —XZMX& (51)
X 31XiXs | 30y \Fxx+3xx+1xx2x2
Hdt ~— 60x2 10727% V27T qp7 M T 0™
Brosxz - Dozxxe - Liaxxe v —x3 - %4
3074677 Tt M T " MR T 0™ T s
+ UX2X7 — pXEX7 — A* Xy, (52)
1.dXs 3
H = Ex2x5, (53)
1 dXs
g =% (54)
1dX;  31X7X; 3xx+3xx+x+3x2x
Hde ~ 6ox2 107277 T 103 THAMT 3
1 13 7
—X2X3 — X2X3 — —AEXXE
ET) 30 T
7 12X
- EM}@ + 7 (55)
1dXs _ 31XiX 3x2x+ x+3xx+3xx
Hdr — eoxz 10728 I TRt T gt
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1 13
T X2X2Xg — %xzxzxs —Oﬁx;xg
7 x4 12Xe (56)
10" 78 5
Tdp 12 31uX? 3 3 ., 3
—— == — —uXZ 4+ X2 4+ —uXx
H de 5 eox2 10772 T 10" T 1M
+ ! X2x2 13 X2X2 / A2 ux?
1017 T 3T T gt A
7
— —A%uX2. 57
10 MAg (57)

In order to find critical points from the dynamical system, we
solve by setting all the derivatives, Eqs. (49)-(56) equal to zero
together with the constraint equation (47). In addition, the critical
point corresponds to the exact solution for each epoch of the
dynamics of the universe.

The stability of a critical point is analysed by finding the
eigenvalues of the matrix:

Moo L (1% (58)
U7 dx; \H dt

If all eigenvalues are negative, then a critical point is a stable fixed
point. Whereas any positive eigenvalue signifies an instability of
a critical point.

The energy densities for each type of field are following:

XZ
9= — XX, 2y =XI+XIX2,
29y = — (X3 + AZXE?) . 82y == (Xj + )‘ZX72) : (59)

The effective equation of state is given by

1 2H 60
Weff = 32 (60)
We can represent the equation of state in terms of the dimen-
sionless variables by using in Eq. (44). We also can use the
effective equation of state to identify the expansion phases where
wesg < —1/3 and wer > —1/3 represent the acceleration and
deceleration expansion of the universe, respectively. Moreover,
the exact solution for each critical point can be obtained by
performing the integration of the effective equation of state in
Eq. (60). One finds,

a(t):{ao(f—fo)y, Werr #—1, and  y = 52

3(1+weff)

C(t—t
agect=t) | we = —1,

(61)

where ag and ty are integration constants of the scale factor and
cosmic co-moving time respectively. For wes = 0, the universe
undergoes the matter-dominated phase, i.e., a(t) o t%3. For
wegr = — 1 with the positive constant, C, this is a dS critical point
which corresponds to the acceleration expansion solution. It is
worth noting that the exact solution of the scale factor is easily
found for each critical point by substituting the effective equation
of state.

6. Result

Since the system involves 8 main parameters, X; — Xg, with
1 auxiliary parameter, u, it would be much easier to see the
behaviours of the solution if the analysis is simplified somewhat.
In this section we will first assume that there is no universal
mass at 5 dimensional field theory M5y = 0. Then, we consider
Msy # 0 in various corners of the phase space of the dynamical
system.
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6.1. Ms) = 0

If M5y = 0, then Xz is decoupled from the Friedman equation.
It is easier to analyse With the assumption that X3 = 0and Xg = 0
1 dXs
since HW =0and 1 7 = 0 are satisfied automatically. After
the analysis, we found that in the case, there is no real solution.

6.2. Ms) # 0

It is evident that the complications of the autonomous system
in Egs. (49)-(56) in the case of M5y # 0 lead to the very com-
plicated solutions of the fixed points which cannot generically
be represented in terms of A and u parameters analytically. To
demonstrate DM and DE profiles of the KK inspired BD model
in this work, we simply analyse the dynamical system in our
model by assuming that there are decoupled fields in various
settings. However it is important to note that, according to the
constraint equation in Eq. (47) and derivative of X; in Eq. (50),
we are forbidden to decouple ¢ (assuming X, = 0 along with
X5 = 0) for all cases.

6.2.1. (¢, no)-system

We first consider the (¢, ng)-system case i.e., X3 # 0 and
Xs # 0 due to the density parameters defined in Eq. (59) and
the constraint equation in Eq. (47). In this case, we obtain,

Xi=Xs=Xs=X;=0. (62)
Moreover, the constraint equation can be rewritten as
1=X7 — X2 - 2%%Z. (63)

This constraint reduces the autonomous system down to 3 di-
mensional phase space as

1 dXs 3 5
—— = 1+ X3 +A%X3) X x 1+X3 + 223
H dt 10( XA X =y Xy 1+
3 3Xs3
~ Lo X3 — == — A2uXs, 64
10 SRR B M (64)
1 dXs
= ‘/ x ,/1 X3 4+ 22X2, 65
H dt sy 1A+ (65)
1dXs v xx 73X + 24, (66)
Hda ~ M2 107" 1007 58
In this case, we found that all real positive fixed points of this
autonomous system always come with the X5 = 0 solution.

This means the dilaton field, ¢ diverges ¢ — oo which is an
unphysical solution. Therefore we do not further analyse the case
where 1y is not decoupled, i.e., we will only assume X3 = Xg =0
from now on.

6.2.2. (¢, n1)-system

In this case, we consider (¢, n1)-system, Xy # 0 and X7 # O.
This leads to,
Xi=X3=Xs =X =0, (67)
with the following constraint equation,
1=X7 — X7 +X2X7 — A°X3. (68)

The autonomous system is reduced to three differential equations

as
1 dXy 3

Ha = 10l

1 3
+ Ex4x52x72 — \/jx4\/ 1+ X2 — X2X2 + 22X?

3
1+ X5 — X2X2 + A°X7) X4 + Ex?,2x4

= T+ oxe - K xex
4477 4 HA5 A7

—A2uX;, (69
10 10 5 uXr,  (69)
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Fig. 1. The contour plot for the equation of state in the case where 7; is not
decoupled.

1 dXs \/
——2 = x 1+ X3 — X2X2 + 22X2, 70
T dr ,/ 541+ + (70)
1 dX; 2 2v2 2 2
—— = —— (1+ X7 — X3X7 + 12 X2) X X xx
T 10( + + ) 7+ [ 4+ 7
12X,
X2x3 ——AZX ) 71
+10 A T = 7D

The critical points in this case are given by
( 75 + /81622142 + 5625 ) (72)
1 27
Xs = —\/Bsoxzm— il ( 75 + /8163247 + 5625 ) (73)
342
A

X; = gv (74)

816A2u2 + 5625 + 75
a2 = YOIOM U462+ 7> (75)
)»2
The effective equations of state in the n; # 0 case are given by
1
Weft = —— (—27 _ /816322 + 5625) . (76)

102

The equation of state as a function of u is depicted in Fig. 1. As
a result, we found that weg < —1. In addition, the non-vanishing
energy density parameters in this case are given by

o A
47 408u

5

Q= — (2\/816)»2“2 15625 + 105) , 77)
306

2, = ( 831 — 10y/81612 5625) 78

Having use the definition of the stability matrix in Eq. (58), the
real parts of the eigenvalues in this case are always coming with
the plus and minus signs for positive A and u. This shows that
these critical points are saddle points. Therefore, n; and ¢ are
insufficient to exhibit DM/DE behaviour.

6.2.3. (¢, n1, A)-system

The final consideration in this section is non-vanishing A,
field. According to the density parameter of the A, field, we
impose,

X3=X4=Xg=0. (79)

Notice that we further simplify the system by assume that the
kinetic term of 7, (X4) vanishes. The constraint equation in this
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case is written by
Xt 2 2 2\ y2 2y2
1:—ﬁ+x2+(x5—x6)x7—x X5 . (80)
5
The autonomous system for this case is composed of four first
order differential equations as

Ld 3 yxe+ Lxxaxz + 20 _xoxz — Byoxex
Hde 1077271077 7 5 ST M
31x3
2 2 1
— —A2XX , 81
10" 777 T ox2 81
1dX, 31X3%, 2v6Xx2 1 .., 13 ,
— == = —XoX2X2 — = XoX2X
Hdr ~ B0xZ | sxZ 107200 T 3002
7 1 7 /3 3X,
— —AZXoX2 — —3X) — = | 2XP - ==
107777 71077 T 5V 27T s
2 2 4 3/6
+ g\/6x52x72 - gdéxgxi - g\/EAZX? + % (82)
1 dXs 3
— =2 = [ ZXoXs, 83
dr 5%eXs (83)
1 dXg
— == = X; — X, 84
0 dr 1—Xs (84)
where the X; variable will be replaced by
) X+2(1-X3)x3
7T 5y2 (12 2 2\ (85)
2X2 (A2 = X2 +X2)
The critical points in this case are read
7
Ci: X] = 0, X2 = 0, X5 = g)\,, XG =0 (86)
4/—39)4 + 6012 4 576 — 54A2 — 81
CziX]Z\/\/ + + , X, =0,
/59
. — V5322 + 74/—39% + 60A2 + 576 — 186
T J118 ’
4/—39)4 + 6022 4 576 — 54)2 — 81
X Va/ 6027 + . ©7)
/59
The equation of state is given by
1
Wefr = X? (—261% + 17X2 — 22X2
T 45x2 (X2 — X2 —AZ)[ a 5 ‘)

+2X2 (X5 (151% — 6X2 + 11X3) + 15X3 — 20X7 — 24x2)]. (88)
For the C; critical point, we obtain,

1
wer =3 (89)

which sits on the border between accelerating and decelerating
universe. The non-vanishing energy density parameters for C; are
read

7 5
m_ 7 m__=
'Q¢ 7 ‘Qm - 2" (90)
While for the C; critical point, the wes takes the complicated form
by substituting C, in Eq. (88). It reads,
2) _ (9926 — 248a)A* — 2614 — 25521* + 62580

et = T3 (¢ — 4332 + 24) (7a + 5312 — 186)
a = v/~3934 + 602 + 576.

To illustrate this, we therefore plot the weg as a function of A and
it is shown in Fig. 2. At A = 1.45, this gives weg = 0 representing
DM phase. We note that at A = 2.062 is the crossing point of the

) (91)
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Fig. 2. The equation of state for (¢, n1, A)-system. Notice that depending on the
value of %, the system is able to exhibit DM and DE behaviour. The green and
red dashed lines are wesr = 0 and wegr = —1/3, respectively.

equation of state for DE. In addition, we found the non-vanishing
energy density parameters for C, as

4 (45 — 540 — 81) (76 — 612 — 186)

0@ _ , 92
A (5 — 4322 + 24) (7 + 5322 — 186) (92)
oD _ (& + A% — 12) (7£ 45322 — 186) (03)
¢ 2(9-222) (£ — 4322 +24)
o _ 5912 (A2 + £ — 12) ’ (84)
(202 —9) (& — 4322 +24)
£ = /576 + 601> — 39,2 (95)
The eigenvalues (real part) of the stability matrix for C; are read
(-1, =1, =1, —1). (96)

We find C; being stable points. On the one hand, the eigenvalues
(real part) of the stability matrix for C; with A = 1.45 (DM phase
i.e., wer = 0) are given by

(7.395, —1.995, —1.995, 1.204), (97)

which means saddle point. On the other hand, the eigenvalues
(real part) for ¢; with A = 2.16 (DE phase with the dS solution,
wegr = —1) are found as

(—0.472, —0.472, —3.292, —0.204), (98)

which means stable (attractor) point. Therefore, in this (¢, 11, A)-
system, DM phase and DE phase are present depending on the A
values.

7. Conclusion and outlook

In this work, we have presented the KK inspired BD model in
order to solve DM & DE problem. We start from the traditional KK
gravitational action with an introduction of the scalar field and 2
gauge fields in the 5 dimensional space-time. The KK compact-
ification process makes the dilaton coupling to the scalar fields
in the bulk space-time giving a particular form of the potential.
The gauge field from 5 dimensional metric and 2 additional gauge
fields can form the mutually orthogonal spatial vectors leading
to consistency with the isotropic universe. We continue to derive
the equations of motion for all relevant matters. The dynamical
system is utilized to demonstrate the existence of DM & DE in
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the model. The autonomous system of equations, the effective
equation of the state and the exact solution of the scale factor
are constructed. Due to its intricacy of the dynamical system, the
qualitative analysis has been done separately for My = 0 and
M;sy # 0 cases in order to aid our understanding.

For the M(sy = 0, we have found that there is no real solution
of the critical points in this case. We conclude that there is no
solution corresponding to DM & DE. Rich phenomena of cosmo-
logical states can be achieved when the mass parameter of the
scalar field, M(s) is turned on. We extensively divide the critical
points analysis into three sub cases as (¢, no), (¢, n1), (¢, 11, Ac)
systems. It is worth mentioning that we do not decouple the
dilaton from the system to prevent the divergence of the dila-
ton which could lead to an unphysical solution. The interesting
physics of the critical points is in the (¢, 11, A;) system. There is
a critical point that exhibits both DM (weg = 0) & DE (wegr = —1)
behaviour depending on the A parameter. At the DM phase, on
the one hand, the critical point has the scaling solution, a  t%/3
and it is a saddle point. In DE phase, on the other hand, we found
a stable critical point with the dS solution, a o e when the A pa-
rameter increasing to a particular value. The results suggest that
A = Ms)Ry is crucial to the KK inspired BD model in the sense that
it controls the DM & DE behaviour. Nevertheless, the presence of
the gauge field is also important to the system as the only case
with DM & DE existences has the gauge field couple to the system.

The unified models of DM/DE, according to the literature sur-
vey, are interesting and active topics in cosmology. The Chaplygin
gas model is the most popular as a description of DM/DE in a sin-
gle framework [63-67]. In addition, various models of scalar fields
and k-essence are also used as the unified DM/DE model. [68-76].
Moreover, BSM physics and string theory also provide alternative
solution for DM/DE models as well [77-83]. In contrast to the
inclusion of the exotic matter as DM/DE models, the modified
theories of gravity and the geometrical effects are widely used as
the explanation of the unified DM/DE models [84-91]. Although,
all those unified DM/DE models mentioned above can be made
to be compatible with current observational data. However, the
model present in the work is a new alternative approach of the
unified DM/DE framework. The merit of this approach is the
strong connection to new physics coming from extra dimension.
Particularly, our model can provide additional potential detection
channel of new physics via the extra gauge field sector. For
example, one could study the connection with the dark photon
constraints. We consider this work as a promising toy model.
To gain a deeper understanding of the problems, the study in
a more realistic set up is required for future work and further
investigation, e.g., inclusion of the barotropic fluid, extraction
of the observables from the model and comparing them to the
cosmological data.
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