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a b s t r a c t

We propose the Kaluza–Klein inspired Brans–Dicke gravity model containing possible existence of dark
matter and dark energy. The massive scalar field coupled with gravity in 5 dimensional space–time can
be reduced to 4 dimensional gravity along with the dilaton φ, gauge fields Aµ, and the tower of scalar
fields ηn. Two additional gauge fields are introduced to form ‘‘Cosmic Triad" vector field scenario.
We then use the dynamical system approach to analyse the critical points and their corresponding
physical parameters. We found that in the case where only the zero mode of the Kaluza–Klein scalar
is decoupled, the system contains both dark matter and dark energy phase depending on the mass
parameter with the presence of the gauge field.

© 2020 Elsevier B.V. All rights reserved.
1. Introduction

On the one hand, the mysterious accelerated expansion of
he universe is one of the major problems in modern cosmology
t the present. Recent observational data of supernovae type Ia
ndicates that the universe is expanding with acceleration at a
arge scale [1,2]. This is the so-called ‘‘Dark Energy’’ (DE) problem.
ccording to the observational data, we find that the universe is
ominated by the DE which accounts for 70% of the total energy
ensity [3,4]. There is no conventional physical mechanism capa-
le of completely explaining the accelerated cosmic expansion.
he simplest idea of introducing a cosmological constant seems
o agree with the observational data of the accelerating universe.
owever the cosmological constant suffers from a serious prob-
em in the theoretical sense, i.e., the values of the cosmological
onstant coming from field theory is extremely bigger than the
alue from the observational data [5,6]. Several alternative phe-
omenological suggestions and theoretical hypotheses have been
roposed to resolve this issue instead. The most popular approach
s to introduce a new form of matter or an exotic matter with
egative pressure as a source of the accelerating universe [7,8].
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So far, however, there is no evidence or experiment to prove the
existence of the exotic matter, yet.

On the other hand, the nature of Dark Matter (DM) is a part
of the unsolved problems in physics [9]. DM was proposed as a
hypothetical particle with no electromagnetic interaction but its
gravitational interaction is responsible for holding galaxies and
forming the large scale structure of the universe [10,11]. The ob-
servational results have been suggesting that DM composes about
27% of the total energy density of the universe. This kind of matter
interacts very weakly, if not at all, to all known fundamental
forces in the standard model of particle physics (SM). Figuring out
what DM is made of is one of current on-going particle physics
research [12–14].

These lead to reconsideration or a modification of GR at the
large scale [15–20]. By retaining prominent features of GR, the
modified gravity is aimed to solve several GR’s problems not
only for DE problem, for instance, non-renormalizability, DM
and so on. Notice that there are countless inequivalent ways
to modify gravity leading to theories that can be designed to
reconcile with current observations. Cosmological observations
suggest that GR must be modified at very low and/or very high
energies. Experimental searches for beyond-GR physics are a
particularly active and well-motivated area of research. The sim-
ple extension of the modified gravity is to consider adding an
additional degree of freedom in the theories. This extension of
modified gravity is equivalent to the scalar–tensor theories which
have been extensively studied in the literature see [21,22] and

references therein. The main idea of the scalar–tensor theories is
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hat the gravitational interaction is mediated by scalar and tensor
ields. The most popular and well-behaved model of the scalar–
ensor theories is the Brans–Dicke (BD) theory. Inspired by Mach’s
rinciple, the reference frame of the BD theory comes from the
istribution of matters in the universe [23]. In GR, geometry is
etermined by mass distribution. However, it is not unique up
o boundary condition. This requires the gravitational constant
f the BD theory depending on space–time. This means that the
ravitational constant plays the role of a dynamical scalar field
. In addition, the BD theory is proposed to make the results
f GR compatible with several experimental and observational
ata from small to large scales. For example, observations of
he solar system and other gravitational systems constrained the
arameter of the BD theory, ω as ω > 40, 000 [24] where the
heory approaches to GR when ω → ∞.

The BD theory has been studied in order to solve various prob-
lems in gravity and cosmology. The dynamical system method
has been utilized as an useful tool for investigating several as-
pects in cosmology [25,26] and see [27] for recent review. In
particular, it is used to gain a qualitative understanding of the
dynamics of the universe in asymptotic regions, i.e., early and
late times of the universe. Having use of the dynamical system
analysis, a good candidate of the cosmological models needs to
consequently evolve following the series of standard cosmolog-
ical epochs, i.e., inflation → radiation → dust (matter) → DE
phase [8]. A huge number of the studies in the BD cosmological
models are extensively analysed using dynamical system in vari-
ous classes of the potentials with additional matter fields [28–44].
Interestingly, the BD gravity with the quadratic potential gives
the de-Sitter (dS) attractor critical point in the phase space of this
model and provides an explanation of the accelerated expansion
of the Universe without introducing any form of the exotic matter
fields [34]. Nevertheless, choosing the types of the potential term
in the BD gravity is somewhat arbitrary and a particular form
of the potential does not occur naturally from the BD model.
We will show in the latter that using only extra fields the same
cosmological consequences can be achieved.

Moreover, a common prediction from the string theory, one
of the candidate of quantum gravity theories with the extra-
dimension, is an existence of the scalar field (spin-0) a counter-
part of the graviton (spin-2) called the dilaton [45]. Therefore, at
low-energies, string theory suggests that the compatible theory
of gravity is the scalar–tensor gravity rather than GR. The dilaton
plays a central role in several observed phenomena in high energy
physics such as the inflaton field [46–48], DM [49], Dark Radia-
tion (DR) [50,51], and cosmological constant [52,53]. Originally,
the Kaluza–Klein (KK) theory was first introduced to combine
gravity (GR) and electromagnetic theory in the single framework
by introducing extra dimension see review and monograph [54–
57]. The idea of compactification of higher dimension has been a
corner stone of the string theory since [58,59].

Inspired by the KK theory, we will show that the BD theory
with a particular value of the ω parameter is obtainable by the KK
dimensional reduction process and the residual fields are perfect
candidates for solving DM & DE problems. This work is organized
as follow, the simple toy model of the KK inspired BD gravity is
set up in Section 2. Next section, we derive all relevant equations
of motion. In Section 4, we restrict our model in a lower mass
case of the KK inspired BD. To demonstrate a possibility of DM &
DE existence in our model, the autonomous equations in the light
of the dynamical system framework is derived and the stability
of the fixed points are analysed in Section 5. The results and
discussion are in Section 6. We close this work by conclusion
section with some implication of this work in the last section.
2

2. The model

The KK-inspired BD model will be derived in this section.
We start with the 5 dimensional action for KK gravity and a
free massive scalar field, η̃ propagating in the 5 dimensional
space–time, it reads,

S =

∫
d4xdy

√
−g̃

×

2∑
a=1

(
−R̃ + ∂̂Aη̃

∗∂Aη̃ − M2
(5)̃η

∗η̃ −
1
4
φ2̃F a

AB̃F
aAB

+ V (̃Aa
M )
)

(1)

here we used Planck mass unit,
√
16πG = 1, and the metric

convention is mostly minus. The mass parameter of the scalar
field in 5 dimension space–time is denoted asM(5). Two additional
gauge fields are denoted by F̃ a

MN = ∂M Ãa
N − ∂N Ãa

M where a = 1, 2.
In this work, we have used the capital Roman alphabets repre-
senting the 5 dimensional space–time indices as A, B, C, . . . =

0, 1, 2, 3, 5 while the Greek alphabets stand for physical dimen-
sional space–time indices via µ, ν, σ , . . . = 0, 1, 2, 3. The R̃ =

R̃AB g̃AB is the 5 dimensional Ricci scalar and the 5 dimensional
space–time metric, g̃AB is given by [55],

gAB =

(
gµν + φ2AµAν φ2Aµ

φ2Aν φ2

)
, (2)

where Aµ is the electromagnetic gauge field and φ is the dilaton
field. Assuming that the extra dimension is compactified in a
circle of radius Rk, there is a periodic shift symmetry in the 5th
direction as

y → y + 2πRk. (3)

After performing a dimensional reduction, the gravitational part
of the action becomes

SBD = −

∫
d4x

√
−gφ

(
R +

1
4
φ2FµνFµν

+
2
3

∂µφ∂µφ

φ2

)
, (4)

The above action is equivalent to the BD gravity with ω = −4/3.
We note that the KK gravity with the dimensional reduction in
5 dimension gives a non-minimal coupling to the 4 dimensional
Ricci scalar which is equivalent to the BD gravity with non-
minimal coupling to the EM field. The action for the free scalar
field can also be reduced to 4 dimensional action as follow.
Starting with the Fourier expansion of the complex scalar field,

η(xµ, y) =

∞∑
n=0

eiyn/Rk η̂n(xµ), (5)

then integration over the extra dimension gives∫ 2πRk

0
dy∂M η̃∗∂M η̃

= 2πRk

∞∑
n=0

[
∂µη̂n∂

µη̂∗

n +

(
1
φ2 + κ2AνAν

)
n2

R2
k
η̂nη̂

∗

n

]
. (6)

We redefine the new field with

ηn =

√
2πRkη̂n. (7)

Using the assumption that the 4 dimensional fields are real,
i.e., η∗

n = ηn, the action becomes canonical scalar field which is
he starting point for us to solve the equation of motion:

KK =

∫
d4x

√
−gφ

×

∞∑[
∂µηn∂

µηn − M2
(5)η

2
+

(
1
φ2 + AνAν

)
n2

R2 η2
n

]
. (8)
n=0 k
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The dimensional reduction of the gauge field part can be done
imilarly. Fourier transformation of gauge fields is written as

a
M =

∞∑
n=0

eiyn/Rk Ãa
M,n(x

µ). (9)

Requiring the gauge fields to be real, and redefine the field
with the factor

√
2πRk. The integration over the extra dimension

ecomes

G =

∫
d4x

√
−gφ

×

2∑
a=1

∞∑
n=0

(
−

1
4
φ2̃F a

nµν F̃
aµν
n +

(
V ′′

−
φ2n2

4R2
k

)
Ãa

µ,ñA
µ,a
n

−
1
4
φ2∂µÃa

5,n∂
µÃ5,a

n + V ′′

(5)̃A
a
5,ñA

5,a
n

)
, (10)

here V ′′
=

δ2V
δA2µ

and V ′′

(5) =
δ2V
δA25

.
Before we move forward to calculate the equations of motion

n the next section. It is worth to remark some discussions about
he KK inspired BD gravity in the present work. One sees that
he dilation is generated by the dimensional reduction from the
ompactification of the extra (fifth) dimension in the KK gravity
nd non-minimally couples to the gravity in 4 dimension. More-
ver, having use the Fourier expansion of the complex scalar field
n Eq. (7), this leads to a certain form of the potential from the
K inspired BD model that the dilaton is coupled with the scalar
ields, ηn, from the 5-dimension as shown in Eq. (8). This is a
alient feature of the KK inspired BD gravity with a specific form
f the potential whereas the potential form of the traditional BD
ravity model is arbitrary.

. Equation of motions

In this section, we are going to work out the equations of
otion in our model that are useful in the following when the
quations of the dynamical system are derived. We would like to
tudy the FRW universe with the spatially flat that satisfies the
etric

s2 = dt2 − a2(t)(dx2 + dy2 + dz2), (11)

o gtt = 1 and gij = −δija2(t) for i, j = 1, 2, 3. where a(t) is the
cale factor in the co-moving frame.
The non-vanishing components of the Christoffel symbol in

artesian coordinates are:

t
ij = ȧaδij, Γ i

tj =
ȧ
a
δij . (12)

fter deriving through the Euler Lagrange equation, we obtain the
quation of motion for φ as:

=
4

3
√

−gφ
∂µ(

√
−g∂µφ) −

3
4
φ2FµνFµν

−
2

3φ2 ∂µφ∂µφ

∞∑
n=0

[
∂µηn∂

µηn − M2
(5)η

2
+

(
1
φ2 + AνAν

)
n2

R2
k
η2
n

]

+

2∑
a=1

∞∑
n=0

(
−

3
4
φ2̃F a

nµν F̃
aµν
n +

(
V ′′

−
3
4

φ2n2

R2
k

)
Ãa

µ,ñA
µ,a
n

)
, (13)

here we assume that gauge fields in 5th component are van-
shed, i.e., Ãa

5,n = 0. The equation of motion for the gauge field
rom higher dimensional metric, Aµ is given by:

3
∇

µFµν = −Aν

(
∞∑ n2η2

n

R2

)
, (14)
n=0 k

3

and the additional gauge fields, Ãa
µ,n:

φ3
∇

µF̃ a
µν,n = −Ãa

ν,n

∞∑
n=0

(
V ′′

−
n2φ2

4R2
k

)
, (15)

nd the equation of motion for scalar field, ηn’s:

1
√

−g
∂µ(

√
−g∂µηn) = φ

(
1
φ2 + AµAµ

)
n2

R2
k
ηn − φM2

(5)ηn. (16)

he energy–momentum tensor is defined as

µν
= −

2
√

−g
δ(

√
−gLmatter)
δgµν

, (17)

For simplicity, we identify the matter field Lagrangian as

Lmatter = −
1
4
φ3F 2

−
2
3

∂µφ∂µφ

φ

+ φ

[
∂µηn∂

µηn − M2
(5)η

2
+

(
1
φ2 + AνAν

)
n2

R2
k
η2
n

]
. (18)

Let us put this into Eq. (17). We obtain the energy–momentum
tensor in the following form,

Tµν = φ3FµαFν
α

−
gµν

4
φ3F 2

+
2
3

∂µφ∂νφ

φ
− φ

∞∑
n=0

∂µηn∂νηn (19)

− 2φAµAν

∞∑
n=0

n2η2
n

R2
k

+ gµνφ

∞∑
n=0

[(
1
φ2 + AνAν

)
n2

R2
k
η2
n − M2

(5)η
2
n

]

+ φ3
∞∑
n=0

F̃ a
µα,ñF

a,n
ν − φ

∞∑
n=0

(
V ′′

−
n2φ2

4R2
k

)
× (2̃Aa

µ,ñA
a
ν,n − gµν Ãa

ρ,ñA
ρ,a
n ).

In order to simplify the gauge fields sector, we will assume that
only zero mode (n = 0) of each species (a = 1, 2) has non-
vanishing spatial components. The Cosmic Triad [60–62] solution
requires that

Aµ = (0, A, 0, 0) (20)

A1
µ,0 ≡ Ã1

µ = (0, 0, A, 0) (21)

A2
µ,0 ≡ Ã2

µ = (0, 0, 0, A), (22)

such that the off-diagonal components of the energy–momentum
tensor vanish. In order to make the diagonal spatial components
equal, we assume that

V ′′
=

∞∑
n=0

n2η2
n

R2
k

≡ M2
A . (23)

For the calculation of the field strength tensor, Fµν , we assume
homogeneous gauge and scalar fields conditions where

∂iA = 0, and ∂iφ = 0 (24)

Therefore, the components can be calculated as follow:

F ik
= F̃ tk,1

= F̃ tk,2
= 0 (25)

F ti
= (Ȧ + 2HA)δi1 (26)

F ti,1
= (Ȧ + 2HA)δi2 (27)

F ti,2
= (Ȧ + 2HA)δi3 (28)

where above we use H =
ȧ
a .

Having use all relevant calculations, the Einstein field equation
of the KK inspired BD gravity takes the form

φ(Rµν −
1
gµνR) + gµν∇σ ∇

σ φ − ∇µ∇νφ = Tµν . (29)

2
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e can arrive at the Friedmann equation by looking for the
t component in Einstein equation. The time component of the
instein tensor is given by

tt =
ȧ2

a2
, (30)

nd the Friedmann equation becomes

ȧ
a

)2

= −
3φ2a2

2

(
Ȧ + 2HA

)2
+

2φ̇2

3φ2 −

∞∑
n=0

η̇2
n

+

∞∑
n=0

[(
1
φ2 − 3a2A2

)
n2

R2
k

− M2
(5)

]
η2
n, (31)

on the above calculation we use the fact that

F tσ ,1̃F t,1
σ = F̃ tσ ,2̃F t,2

σ = F tσ F t
σ = gijF tiF tj

= −a2
(
Ȧ + 2HA

)2
,

(32)

and

F 1
µν F̃

µν,1
= F̃ 2

µν F̃
µν,2

= FµνFµν

= FtiF ti
+ FitF it

= −2a2
(
Ȧ + 2HA

)2
. (33)

In order to calculate the Raychaudhuri’s equation, we use the spa-
tial components of Einstein field equation. The energy–
momentum tensor in the ij components is

Tij = φ3a4
(
Ȧ + 2HA

)2
δij −

3a4δij
2

φ3 (Ȧ + 2HA
)2

(34)

− 2φA2δij

∞∑
n=0

n2η2
n

R2
k

− a2δijφ
∞∑
n=0

[(
1
φ2 − 3a2A2

)
n2

R2
k
η2
n − M2

(5)η
2
n

]
.

We note that the energy–momentum tensor is proportional to δij
satisfying the assumption of the FRW metric, i.e., homogeneous
and isotropy. From Einstein equation in Eq. (29), the left-handed
side is

φGij +
gij

√
−g

∂0
(√

−g∂0φ
)

= −φδij
(
ȧ2 + 2aä

)
− δij

(
3aȧφ + a2φ̈

)
(35)

sing the relation Ḣ =
ä
a −

ȧ2

a2
and taking trace, we find

3φ̈ = 3φH2
+ 6φ

(
Ḣ + H2)

+ 9Hφ̇

−
3a2φ3

2

(
Ȧ + 2HA

)2
− 6φa2A2

∞∑
n=0

n2η2
n

R2
k

− 3φ
∞∑
n=0

[(
1
φ2 − 3a2A2

)
n2

R2
k
η2
n − M2

(5)η
2
n

]
. (36)

In this section, we have derived all related equations of motion in
the KK inspired BD gravity and they will be useful to derive the
autonomous system in the dynamical system analysis below. Due
to the complexity of the system of equations, we will focus our
study only the vacuum case. We consider this work as a toy model
and leave the inclusion of the barotropic fluid for the future work.

4. Lower mode cases

In KK theory, it is known that the eigenvalue of momentum
operator in 5th direction of a higher mode ηn is given by |n|/Rk.
Therefore, a higher mode which has a momentum larger than our
4

physical scale, i.e. reduced Planck scale, will be neglected. The
remaining modes satisfying the condition:

n < Rk (37)

will play a role in equation of motions. In this project we will
study the non-obvious simplest case, 1 < Rk < 2. In this case,
only zero mode and the first mode involve in the Lagrangian. The
set of equations of motion becomes: for the dilaton field, φ,

φ̈ + 3Hφ̇

= −
9
2
φ
(
Ḣ + 2H2)

−
27
8

φ3a2A2
c +

φ̇2

2φ
−

3
4
φη̇2

0 −
3
4
φη̇2

1

+
3
4
φ

(
1
φ2 + 3a2A2

)
η2
1

R2
k

+
3
4
φM2

(5)η
2
0 +

3
4
φM2

(5)η
2
1, (38)

for the zero mode, η0 and the first excited mode, η1 scalar fields,

η̈0 +
φ̇

φ
η̇0 + 3Hη̇0 + M2

(5)η0 = 0, (39)

η̈1 +
φ̇

φ
η̇1 + 3Hη̇1 + M2

(5)η1 =

(
1
φ2 − 3a2A2

)
η1

R2
k
. (40)

he equations of motion for gauge fields are

˙c + 3HAc +
Aη2

1

R2
k

= 0, (41)

here Ac ≡ Ȧ + 2HA. Having use all relevant ingredients and
substituting in Eq. (31), the final form of the Friedman equation
is written as(
ȧ
a

)2

= −
3φ2a2

2
A2

c +
2φ̇2

3φ2 − η̇2
0 − η̇2

1 − M2
(5)η

2
0 − M2

(5)η
2
1

+

(
1
φ2 − 3a2A2

)
η2
1

R2
k
. (42)

inally, the Raychaudhuri equation becomes

3φ̈ = 3φH2
+ 6φ

(
Ḣ + H2)

+ 9Hφ̇ −
3a2φ3

2
A2

c + 3φa2A2 η2
1

R2
k

−
3
φ

η2
1

R2
k

+ 3φM2
(5)η

2
0 + 3φM2

(5)η
2
1. (43)

Solving Eqs. (38) and (43) together gives

Ḣ =
13a2A2η2

1

10R2
k

−
31
20

a2φ2A2
c −

3
10

η̇2
1 +

7
10

M2
(5)η

2
1 −

η2
1

10R2
kφ

2

−
12H2

5
−

3
10

η̇2
0 +

7
10

M2
(5)η

2
0 +

φ̇2

5φ2 , (44)

and

φ̈ = −
18a2A2η2

1φ

5R2
k

+
18
5

a2φ3A2
c +

3
5
φη̇2

1 −
12
5

M2
(5)η

2
1φ +

6η2
1

5R2
kφ

− 3Hφ̇ +
9
5
H2φ +

3
5
φη̇2

0 −
12
5

M2
(5)η

2
0φ −

2φ̇2

5φ
. (45)

So far, we have derived all equations of motion which will be used
in the following sections in order to perform a dynamical system
analysis in KK inspired BD model.

5. Dynamical system

In this section, we will demonstrate an existence of DM and DE
in KK inspired BD model by using the dynamical system method.
The dynamical system is very suitable for qualitatively studying
the dynamics of the universe. This might provide some hints of
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he evolution of the universe with matter fields. Next we develop
he dynamical system by defining the set of parameters as follow:

1 =

√
3a
H

Ac, X2 =

√
2
3

φ̇

Hφ
, X3 =

η̇0

H
, X4 =

η̇1

H
,

X5 =
1
φ

, X6 =
√
3aA, X7 =

η1

HRk
, X8 =

η0

HRk
. (46)

hen the Friedmann equation can be used as a constrained equa-
ion

= −
X2
1

2X2
5

+X2
2 −X2

3 −X2
4 +
(
X2
5 − X2

6

)
X2
7 −M2

(5)R
2
k

(
X2
7 + X2

8

)
. (47)

Moreover, we define new parameters as

λ ≡ M(5)Rk and µ ≡
1

HRk
. (48)

Then the conformal derivative of new parameters can be derived
in terms of newly defined parameters as follow:

1
H

dX1

dt
= −

3
10

X1X2
2 +

3
10

X1X2
3 +

3
10

X1X2
4

+
1
10

X1X2
5X

2
7 +

2X1

5
− X6X2

7

−
13
30

X1X2
6X

2
7 −

7
10

λ2X1X2
7 −

7
10

λ2X1X2
8 +

31X3
1

60X2
5
, (49)

1
H

dX2

dt
=

31X2
1X2

60X2
5

+
2
√
6X2

1

5X2
5

+
3
10

X2X2
3 +

3
10

X2X2
4 +

1
10

X2X2
5X

2
7

−
13
30

X2X2
6X

2
7 −

7
10

λ2X2X2
7 −

7
10

λ2X2X2
8

−
1
10

3X3
2 −

7
5

√
3
2
X2
2

−
3X2

5
+

1
5

√
6X2

3 +
1
5

√
6X2

4 +
2
5

√
6X2

5X
2
7 −

2
5

√
6X2

6X
2
7

−
4
5

√
6λ2X2

7 −
4
5

√
6λ2X2

8 +
3
√
6

5
, (50)

1
H

dX3

dt
=

31X2
1X3

60X2
5

−
3
10

X2
2X3 −

√
3
2
X2X3 +

3
10

X3X2
4 +

1
10

X3X2
5X

2
7

−
13
30

X3X2
6X

2
7 −

7
10

λ2X3X2
7 −

7
10

λ2X3X2
8

+
3
10

X3
3 −

3X3

5
− λ2µX8, (51)

1
H

dX4

dt
=

31X2
1X4

60X2
5

−
3
10

X2
2X4 −

√
3
2
X2X4 +

3
10

X2
3X4 +

1
10

X4X2
5X

2
7

−
13
30

X4X2
6X

2
7 −

7
10

λ2X4X2
7 −

7
10

λ2X4X2
8 +

3
10

X3
4 −

3X4

5
+ µX2

5X7 − µX2
6X7 − λ2µX7, (52)

1
H

dX5

dt
= −

√
3
2
X2X5, (53)

1
H

dX6

dt
= X1 − X6, (54)

1
H

dX7

dt
=

31X2
1X7

60X2
5

−
3
10

X2
2X7 +

3
10

X2
3X7 + µX4 +

3
10

X2
4X7

+
1
10

X2
5X

3
7 −

13
30

X2
6X

3
7 −

7
10

λ2X7X2
8

−
7
10

λ2X3
7 +

12X7

5
, (55)

1 dX8
=

31X2
1X8
2 −

3
X2
2X8 + µX3 +

3
X2
3X8 +

3
X2
4X8
H dt 60X5 10 10 10

5

+
1
10

X2
5X

2
7X8 −

13
30

X2
6X

2
7X8 −

7
10

λ2X2
7X8

−
7
10

λ2X3
8 +

12X8

5
, (56)

1
H

dµ
dt

=
12µ
5

+
31µX2

1

60X2
5

−
3
10

µX2
2 +

3
10

µX2
3 +

3
10

µX2
4

+
1
10

µX2
5X

2
7 −

13
30

µX2
6X

2
7 −

7
10

λ2µX2
7

−
7
10

λ2µX2
8 . (57)

In order to find critical points from the dynamical system, we
solve by setting all the derivatives, Eqs. (49)–(56) equal to zero
together with the constraint equation (47). In addition, the critical
point corresponds to the exact solution for each epoch of the
dynamics of the universe.

The stability of a critical point is analysed by finding the
eigenvalues of the matrix:

Mij =
d
dXi

(
1
H

dXj

dt

)
. (58)

f all eigenvalues are negative, then a critical point is a stable fixed
oint. Whereas any positive eigenvalue signifies an instability of
critical point.
The energy densities for each type of field are following:

A = −
X2
1

X2
5

− X2
6X

2
7 , Ωφ = X2

2 + X2
5X

2
7 ,

Ωη0 = −
(
X2
3 + λ2X2

8

)
, Ωη1 = −

(
X2
4 + λ2X2

7

)
. (59)

The effective equation of state is given by

weff = −1 −
2Ḣ
3H2 . (60)

We can represent the equation of state in terms of the dimen-
sionless variables by using in Eq. (44). We also can use the
effective equation of state to identify the expansion phases where
weff < −1/3 and weff > −1/3 represent the acceleration and
deceleration expansion of the universe, respectively. Moreover,
the exact solution for each critical point can be obtained by
performing the integration of the effective equation of state in
Eq. (60). One finds,

a(t) =

{
a0(t − t0)γ , weff ̸= −1 , and γ =

2
3(1+weff)

,

a0eC(t−t0) , weff = −1 ,

(61)

here a0 and t0 are integration constants of the scale factor and
osmic co-moving time respectively. For weff = 0, the universe
ndergoes the matter-dominated phase, i.e., a(t) ∝ t2/3. For
eff = −1 with the positive constant, C , this is a dS critical point
hich corresponds to the acceleration expansion solution. It is
orth noting that the exact solution of the scale factor is easily

ound for each critical point by substituting the effective equation
f state.

. Result

Since the system involves 8 main parameters, X1 − X8, with
auxiliary parameter, µ, it would be much easier to see the

ehaviours of the solution if the analysis is simplified somewhat.
n this section we will first assume that there is no universal
ass at 5 dimensional field theory M(5) = 0. Then, we consider
(5) ̸= 0 in various corners of the phase space of the dynamical
ystem.
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.1. M(5) = 0

If M(5) = 0, then X8 is decoupled from the Friedman equation.
It is easier to analyse with the assumption that X3 = 0 and X8 = 0
since 1

H
dX3
dt = 0 and 1

H
dX8
dt = 0 are satisfied automatically. After

he analysis, we found that in the case, there is no real solution.

.2. M(5) ̸= 0

It is evident that the complications of the autonomous system
in Eqs. (49)–(56) in the case of M(5) ̸= 0 lead to the very com-
plicated solutions of the fixed points which cannot generically
be represented in terms of λ and µ parameters analytically. To
demonstrate DM and DE profiles of the KK inspired BD model
in this work, we simply analyse the dynamical system in our
model by assuming that there are decoupled fields in various
settings. However it is important to note that, according to the
constraint equation in Eq. (47) and derivative of X2 in Eq. (50),
we are forbidden to decouple φ (assuming X2 = 0 along with
X5 = 0) for all cases.

6.2.1. (φ, η0)-system
We first consider the (φ, η0)-system case i.e., X3 ̸= 0 and

X8 ̸= 0 due to the density parameters defined in Eq. (59) and
the constraint equation in Eq. (47). In this case, we obtain,

X1 = X4 = X6 = X7 = 0 . (62)

Moreover, the constraint equation can be rewritten as

1 = X2
2 − X2

3 − λ2X2
8 . (63)

This constraint reduces the autonomous system down to 3 di-
mensional phase space as

1
H

dX3

dt
= −

3
10

(
1 + X2

3 + λ2X2
8

)
X3 −

√
3
2
X3

√
1 + X2

3 + λ2X2
8

−
7
10

λ2X3X2
8 +

3
10

X3
3 −

3X3

5
− λ2µX8, (64)

1
H

dX5

dt
= −

√
3
2
X5

√
1 + X2

3 + λ2X2
8 , (65)

1
H

dX8

dt
= µX3 +

3
10

X2
3X8 −

7
10

λ2X3
8 +

12
5

X8 . (66)

n this case, we found that all real positive fixed points of this
utonomous system always come with the X5 = 0 solution.
his means the dilaton field, φ diverges φ → ∞ which is an
nphysical solution. Therefore we do not further analyse the case
here η0 is not decoupled, i.e., we will only assume X3 = X8 = 0

from now on.

6.2.2. (φ, η1)-system
In this case, we consider (φ, η1)-system, X4 ̸= 0 and X7 ̸= 0.

This leads to,

X1 = X3 = X6 = X8 = 0 , (67)

with the following constraint equation,

1 = X2
2 − X2

4 + X2
5X

2
7 − λ2X2

7 . (68)

The autonomous system is reduced to three differential equations
as
1
H

dX4

dt
= −

3
10

(
1 + X2

4 − X2
5X

2
7 + λ2X2

7

)
X4 +

3
10

X2
3X4

+
1
10

X4X2
5X

2
7 −

√
3
2
X4

√
1 + X2

4 − X2
5X

2
7 + λ2X2

7

−
7

λ2X4X2
+

3
X3

−
3X4

+ µX2X7 − λ2µX7, (69)

10 7 10 4 5 5

6

Fig. 1. The contour plot for the equation of state in the case where η1 is not
decoupled.

1
H

dX5

dt
= −

√
3
2
X5

√
1 + X2

4 − X2
5X

2
7 + λ2X2

7 , (70)

1
H

dX7

dt
= −

3
10

(
1 + X2

4 − X2
5X

2
7 + λ2X2

7

)
X7 + µX4 +

3
10

X2
4X7

+
1
10

X2
5X

3
7 −

7
10

λ2X3
7 +

12X7

5
. (71)

The critical points in this case are given by

X4 =
∆

408µ

(
−75 +

√
816λ2µ2 + 5625

)
, (72)

X5 =
1

34µ2

√
1360λ2µ4 −

27
2

µ2
(
−75 +

√
816λ2µ2 + 5625

)
, (73)

X7 =
∆

6
, (74)

∆2
=

√
816λ2µ2 + 5625 + 75

λ2 . (75)

The effective equations of state in the η1 ̸= 0 case are given by

weff =
1

102

(
−27 −

√
816λ2µ2 + 5625

)
. (76)

he equation of state as a function of µ is depicted in Fig. 1. As
result, we found that weff ≤ −1. In addition, the non-vanishing
nergy density parameters in this case are given by

Ωφ =
5

306

(
2
√
816λ2µ2 + 5625 + 105

)
, (77)

Ωη1 =
1

306

(
−831 − 10

√
816λ2µ2 + 5625

)
. (78)

aving use the definition of the stability matrix in Eq. (58), the
eal parts of the eigenvalues in this case are always coming with
he plus and minus signs for positive λ and µ. This shows that
hese critical points are saddle points. Therefore, η1 and φ are
nsufficient to exhibit DM/DE behaviour.

.2.3. (φ, η1, A)-system
The final consideration in this section is non-vanishing Ac

ield. According to the density parameter of the Ac field, we
impose,

X3 = X4 = X8 = 0 . (79)

Notice that we further simplify the system by assume that the
kinetic term of η (X ) vanishes. The constraint equation in this
1 4
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ase is written by

= −
X2
1

2X2
5

+ X2
2 +

(
X2
5 − X2

6

)
X2
7 − λ2X2

7 . (80)

he autonomous system for this case is composed of four first
rder differential equations as
1
H

dX1

dt
= −

3
10

X1X2
2 +

1
10

X1X2
5X

2
7 +

2X1

5
− X6X2

7 −
13
30

X1X2
6X

2
7

−
7
10

λ2X1X2
7 +

31X3
1

60X2
5
, (81)

1
H

dX2

dt
=

31X2
1X2

60X2
5

+
2
√
6X2

1

5X2
5

+
1
10

X2X2
5X

2
7 −

13
30

X2X2
6X

2
7

−
7
10

λ2X2X2
7 −

1
10

3X3
2 −

7
5

√
3
2
X2
2 −

3X2

5

+
2
5

√
6X2

5X
2
7 −

2
5

√
6X2

6X
2
7 −

4
5

√
6λ2X2

7 +
3
√
6

5
, (82)

1
H

dX5

dt
= −

√
3
2
X2X5, (83)

1
H

dX6

dt
= X1 − X6, (84)

here the X7 variable will be replaced by

X2
7 =

X2
1 + 2

(
1 − X2

2

)
X2
5

2X2
5

(
λ2 − X2

5 + X2
6

) . (85)

The critical points in this case are read

C1 : X1 = 0, X2 = 0, X5 =

√
7
5
λ, X6 = 0 (86)

2 : X1 =

√
4
√

−39λ4 + 60λ2 + 576 − 54λ2 − 81
√
59

, X2 = 0,

X5 =

√
53λ2 + 7

√
−39λ4 + 60λ2 + 576 − 186

√
118

,

X6 =

√
4
√

−39λ4 + 60λ2 + 576 − 54λ2 − 81
√
59

. (87)

he equation of state is given by

eff =
1

45X2
5

(
X2
5 − X2

6 − λ2
)[X2

1

(
−26λ2

+ 17X2
5 − 22X2

6

)
+ 2X2

5

(
X2
2

(
15λ2

− 6X2
5 + 11X2

6

)
+ 15X2

5 − 20X2
6 − 24λ2)]. (88)

For the C1 critical point, we obtain,

w
(1)
eff = −

1
3

(89)

hich sits on the border between accelerating and decelerating
niverse. The non-vanishing energy density parameters for C1 are
ead
(1)
φ =

7
2

, Ω (1)
η1

= −
5
2

. (90)

hile for the C2 critical point, the weff takes the complicated form
y substituting C2 in Eq. (88). It reads,

w
(2)
eff =

(9926 − 248α)λ2
− 2614α − 2552λ4

+ 62580
3
(
α − 43λ2 + 24

) (
7α + 53λ2 − 186

) , (91)

α =

√
−39λ4 + 60λ2 + 576 .

To illustrate this, we therefore plot the weff as a function of λ and
t is shown in Fig. 2. At λ = 1.45, this gives weff = 0 representing
M phase. We note that at λ = 2.062 is the crossing point of the
7

Fig. 2. The equation of state for (φ, η1, A)-system. Notice that depending on the
alue of λ, the system is able to exhibit DM and DE behaviour. The green and
ed dashed lines are weff = 0 and weff = −1/3, respectively.

quation of state for DE. In addition, we found the non-vanishing
nergy density parameters for C2 as

(2)
Ac =

4
(
4ξ − 54λ2

− 81
) (

7ξ − 6λ2
− 186

)(
ξ − 43λ2 + 24

) (
7ξ + 53λ2 − 186

) , (92)

(2)
φ =

(
ξ + λ2

− 12
) (

7ξ + 53λ2
− 186

)
2
(
9 − 2λ2

) (
ξ − 43λ2 + 24

) , (93)

(2)
η1

=
59λ2

(
λ2

+ ξ − 12
)(

2λ2 − 9
) (

ξ − 43λ2 + 24
) , (94)

ξ =

√
576 + 60λ2 − 39λ2 . (95)

he eigenvalues (real part) of the stability matrix for C1 are read

−1, − 1, − 1, − 1
)
. (96)

e find C1 being stable points. On the one hand, the eigenvalues
real part) of the stability matrix for C2 with λ = 1.45 (DM phase
.e., weff = 0) are given by

7.395, − 1.995, − 1.995, 1.204
)
, (97)

which means saddle point. On the other hand, the eigenvalues
(real part) for C2 with λ = 2.16 (DE phase with the dS solution,
weff = −1) are found as(
−0.472, − 0.472, − 3.292, − 0.204

)
, (98)

which means stable (attractor) point. Therefore, in this (φ, η1, A)-
system, DM phase and DE phase are present depending on the λ

values.

7. Conclusion and outlook

In this work, we have presented the KK inspired BD model in
order to solve DM & DE problem. We start from the traditional KK
gravitational action with an introduction of the scalar field and 2
gauge fields in the 5 dimensional space–time. The KK compact-
ification process makes the dilaton coupling to the scalar fields
in the bulk space–time giving a particular form of the potential.
The gauge field from 5 dimensional metric and 2 additional gauge
fields can form the mutually orthogonal spatial vectors leading
to consistency with the isotropic universe. We continue to derive
the equations of motion for all relevant matters. The dynamical
system is utilized to demonstrate the existence of DM & DE in
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he model. The autonomous system of equations, the effective
quation of the state and the exact solution of the scale factor
re constructed. Due to its intricacy of the dynamical system, the
ualitative analysis has been done separately for M(5) = 0 and
(5) ̸= 0 cases in order to aid our understanding.
For the M(5) = 0, we have found that there is no real solution

f the critical points in this case. We conclude that there is no
olution corresponding to DM & DE. Rich phenomena of cosmo-
ogical states can be achieved when the mass parameter of the
calar field, M(5) is turned on. We extensively divide the critical
oints analysis into three sub cases as (φ, η0), (φ, η1), (φ, η1,Ac)

systems. It is worth mentioning that we do not decouple the
dilaton from the system to prevent the divergence of the dila-
ton which could lead to an unphysical solution. The interesting
physics of the critical points is in the (φ, η1,Ac) system. There is
critical point that exhibits both DM (weff = 0) & DE (weff = −1)
ehaviour depending on the λ parameter. At the DM phase, on
he one hand, the critical point has the scaling solution, a ∝ t2/3
nd it is a saddle point. In DE phase, on the other hand, we found
stable critical point with the dS solution, a ∝ eCt when the λ pa-
ameter increasing to a particular value. The results suggest that
= M(5)Rk is crucial to the KK inspired BD model in the sense that

t controls the DM & DE behaviour. Nevertheless, the presence of
he gauge field is also important to the system as the only case
ith DM & DE existences has the gauge field couple to the system.
The unified models of DM/DE, according to the literature sur-

ey, are interesting and active topics in cosmology. The Chaplygin
as model is the most popular as a description of DM/DE in a sin-
le framework [63–67]. In addition, various models of scalar fields
nd k-essence are also used as the unified DM/DE model. [68–76].
oreover, BSM physics and string theory also provide alternative
olution for DM/DE models as well [77–83]. In contrast to the
nclusion of the exotic matter as DM/DE models, the modified
heories of gravity and the geometrical effects are widely used as
he explanation of the unified DM/DE models [84–91]. Although,
ll those unified DM/DE models mentioned above can be made
o be compatible with current observational data. However, the
odel present in the work is a new alternative approach of the
nified DM/DE framework. The merit of this approach is the
trong connection to new physics coming from extra dimension.
articularly, our model can provide additional potential detection
hannel of new physics via the extra gauge field sector. For
xample, one could study the connection with the dark photon
onstraints. We consider this work as a promising toy model.
o gain a deeper understanding of the problems, the study in
more realistic set up is required for future work and further

nvestigation, e.g., inclusion of the barotropic fluid, extraction
f the observables from the model and comparing them to the
osmological data.

RediT authorship contribution statement

Chakrit Pongkitivanichkul: Conceptualization, Methodology,
oftware, Validation, Formal analysis, Investigation, Writing -
riginal draft, Writing - review & editing. Daris Samart: Concep-
ualization, Methodology, Software, Validation, Formal analysis,
nvestigation, Writing - original draft, Writing - review & edit-
ng, Supervision. Nakorn Thongyoi: Formal analysis, Writing -
riginal draft. Nutthaphat Lunrasri: Formal analysis, Writing -
riginal draft, Validation, Investigation.

eclaration of competing interest

The authors declare that they have no known competing finan-
ial interests or personal relationships that could have appeared
o influence the work reported in this paper.
8

Acknowledgements

The work of CP has been supported in part by the Thailand Re-
search Fund under contract No. MRG6280131 and by the National
Astronomical Research Institute of Thailand. DS is supported by
Thailand Research Fund under a contract No. TRG6180014.

References

[1] A.G. Riess, et al., Supernova Search Team Collaboration Collaboration,
Observational evidence from supernovae for an accelerating universe and
a cosmological constant, Astron. J. 116 (1998) 1009–1038, http://dx.doi.
org/10.1086/300499, arXiv:astro-ph/9805201.

[2] S. Perlmutter, et al., Supernova Cosmology Project Collaboration Collab-
oration, Measurements of Ω and Λ from 42 high redshift supernovae,
Astrophys. J. 517 (1999) 565–586, http://dx.doi.org/10.1086/307221, arXiv:
astro-ph/9812133.

[3] C. Bennett, et al., WMAP Collaboration Collaboration, First year Wilkinson
Microwave Anisotropy Probe (WMAP) observations: Preliminary maps and
basic results, Astrophys. J. Suppl. 148 (2003) 1–27, http://dx.doi.org/10.
1086/377253, arXiv:astro-ph/0302207.

[4] N. Halverson, et al., DASI First results: A measurement of the cosmic
microwave background angular power spectrum, Astrophys. J. 568 (2002)
38–45, http://dx.doi.org/10.1086/338879, arXiv:astro-ph/0104489.

[5] S.M. Carroll, The cosmological constant, Living Rev. Rel. 4 (2001) 1, http:
//dx.doi.org/10.12942/lrr-2001-1, arXiv:astro-ph/0004075.

[6] T. Padmanabhan, Cosmological constant: The weight of the vacuum,
Phys. Rep. 380 (2003) 235–320, http://dx.doi.org/10.1016/S0370-1573(03)
00120-0, arXiv:hep-th/0212290.

[7] P. Peebles, B. Ratra, The cosmological constant and dark energy, in: J.-P.
Hsu, D. Fine (Eds.), Rev. Modern Phys. 75 (2003) 559–606, http://dx.doi.
org/10.1103/RevModPhys.75.559, arXiv:astro-ph/0207347.

[8] E.J. Copeland, M. Sami, S. Tsujikawa, Dynamics of dark energy, Inter-
nat. J. Modern Phys. D 15 (2006) 1753–1936, http://dx.doi.org/10.1142/
S021827180600942X, arXiv:hep-th/0603057.

[9] G. Bertone, D. Hooper, History of dark matter, Rev. Modern Phys. 90 (4)
(2018) 045002, http://dx.doi.org/10.1103/RevModPhys.90.045002, arXiv:
1605.04909.

[10] F. Zwicky, Die Rotverschiebung von extragalaktischen Nebeln, Helv. Phys.
Acta 6 (1933) 110–127, http://dx.doi.org/10.1007/s10714-008-0707-4.

[11] K. Begeman, A. Broeils, R. Sanders, Extended rotation curves of spiral
galaxies: Dark haloes and modified dynamics, Mon. Not. R. Astron. Soc.
249 (1991) 523.

[12] G. Bertone, D. Hooper, J. Silk, Particle dark matter: Evidence, candidates
and constraints, Phys. Rep. 405 (2005) 279–390, http://dx.doi.org/10.1016/
j.physrep.2004.08.031, arXiv:hep-ph/0404175.

[13] G. Jungman, M. Kamionkowski, K. Griest, Supersymmetric dark matter,
Phys. Rep. 267 (1996) 195–373, http://dx.doi.org/10.1016/0370-1573(95)
00058-5, arXiv:hep-ph/9506380.

[14] J.L. Feng, Dark matter candidates from particle physics and methods of
detection, Ann. Rev. Astron. Astrophys. 48 (2010) 495–545, http://dx.doi.
org/10.1146/annurev-astro-082708-101659, arXiv:1003.0904.

[15] A. De Felice, S. Tsujikawa, f(R) theories, Living Rev. Rel. 13 (2010) 3,
http://dx.doi.org/10.12942/lrr-2010-3, arXiv:1002.4928.

[16] T.P. Sotiriou, V. Faraoni, f(R) theories of gravity, Rev. Modern Phys.
82 (2010) 451–497, http://dx.doi.org/10.1103/RevModPhys.82.451, arXiv:
0805.1726.

[17] S. Capozziello, M. De Laurentis, Extended theories of gravity, Phys.
Rep. 509 (2011) 167–321, http://dx.doi.org/10.1016/j.physrep.2011.09.003,
arXiv:1108.6266.

[18] T. Clifton, P.G. Ferreira, A. Padilla, C. Skordis, Modified gravity and cos-
mology, Phys. Rep. 513 (2012) 1–189, http://dx.doi.org/10.1016/j.physrep.
2012.01.001, arXiv:1106.2476.

[19] S. Nojiri, S.D. Odintsov, Introduction to modified gravity and gravitational
alternative for dark energy, in: A. Borowiec (Ed.), eConf C0602061 (2006)
06, http://dx.doi.org/10.1142/S0219887807001928, arXiv:hep-th/0601213.

[20] S. Capozziello, Curvature quintessence, Internat. J. Modern Phys. D 11
(2002) 483–492, http://dx.doi.org/10.1142/S0218271802002025, arXiv:gr-
qc/0201033.

[21] Y. Fujii, K. Maeda, The Scalar-Tensor Theory of Gravitation, in: Cambridge
Monographs on Mathematical Physics, Cambridge University Press, 2007,
http://dx.doi.org/10.1017/CBO9780511535093.

[22] V. Faraoni, Cosmology in scalar tensor gravity, vol. 139, 2004, http://dx.
doi.org/10.1007/978-1-4020-1989-0.

[23] C. Brans, R.H. Dicke, Mach’s principle and a relativistic theory of gravi-
tation, Phys. Rev. 124 (1961) 925–935, http://dx.doi.org/10.1103/PhysRev.
124.925.

[24] C.M. Will, Theory and Experiment in Gravitational Physics, Cambridge
University Press, 2018.

http://dx.doi.org/10.1086/300499
http://dx.doi.org/10.1086/300499
http://dx.doi.org/10.1086/300499
http://arxiv.org/abs/astro-ph/9805201
http://dx.doi.org/10.1086/307221
http://arxiv.org/abs/astro-ph/9812133
http://arxiv.org/abs/astro-ph/9812133
http://arxiv.org/abs/astro-ph/9812133
http://dx.doi.org/10.1086/377253
http://dx.doi.org/10.1086/377253
http://dx.doi.org/10.1086/377253
http://arxiv.org/abs/astro-ph/0302207
http://dx.doi.org/10.1086/338879
http://arxiv.org/abs/astro-ph/0104489
http://dx.doi.org/10.12942/lrr-2001-1
http://dx.doi.org/10.12942/lrr-2001-1
http://dx.doi.org/10.12942/lrr-2001-1
http://arxiv.org/abs/astro-ph/0004075
http://dx.doi.org/10.1016/S0370-1573(03)00120-0
http://dx.doi.org/10.1016/S0370-1573(03)00120-0
http://dx.doi.org/10.1016/S0370-1573(03)00120-0
http://arxiv.org/abs/hep-th/0212290
http://dx.doi.org/10.1103/RevModPhys.75.559
http://dx.doi.org/10.1103/RevModPhys.75.559
http://dx.doi.org/10.1103/RevModPhys.75.559
http://arxiv.org/abs/astro-ph/0207347
http://dx.doi.org/10.1142/S021827180600942X
http://dx.doi.org/10.1142/S021827180600942X
http://dx.doi.org/10.1142/S021827180600942X
http://arxiv.org/abs/hep-th/0603057
http://dx.doi.org/10.1103/RevModPhys.90.045002
http://arxiv.org/abs/1605.04909
http://arxiv.org/abs/1605.04909
http://arxiv.org/abs/1605.04909
http://dx.doi.org/10.1007/s10714-008-0707-4
http://refhub.elsevier.com/S2212-6864(20)30444-1/sb11
http://refhub.elsevier.com/S2212-6864(20)30444-1/sb11
http://refhub.elsevier.com/S2212-6864(20)30444-1/sb11
http://refhub.elsevier.com/S2212-6864(20)30444-1/sb11
http://refhub.elsevier.com/S2212-6864(20)30444-1/sb11
http://dx.doi.org/10.1016/j.physrep.2004.08.031
http://dx.doi.org/10.1016/j.physrep.2004.08.031
http://dx.doi.org/10.1016/j.physrep.2004.08.031
http://arxiv.org/abs/hep-ph/0404175
http://dx.doi.org/10.1016/0370-1573(95)00058-5
http://dx.doi.org/10.1016/0370-1573(95)00058-5
http://dx.doi.org/10.1016/0370-1573(95)00058-5
http://arxiv.org/abs/hep-ph/9506380
http://dx.doi.org/10.1146/annurev-astro-082708-101659
http://dx.doi.org/10.1146/annurev-astro-082708-101659
http://dx.doi.org/10.1146/annurev-astro-082708-101659
http://arxiv.org/abs/1003.0904
http://dx.doi.org/10.12942/lrr-2010-3
http://arxiv.org/abs/1002.4928
http://dx.doi.org/10.1103/RevModPhys.82.451
http://arxiv.org/abs/0805.1726
http://arxiv.org/abs/0805.1726
http://arxiv.org/abs/0805.1726
http://dx.doi.org/10.1016/j.physrep.2011.09.003
http://arxiv.org/abs/1108.6266
http://dx.doi.org/10.1016/j.physrep.2012.01.001
http://dx.doi.org/10.1016/j.physrep.2012.01.001
http://dx.doi.org/10.1016/j.physrep.2012.01.001
http://arxiv.org/abs/1106.2476
http://dx.doi.org/10.1142/S0219887807001928
http://arxiv.org/abs/hep-th/0601213
http://dx.doi.org/10.1142/S0218271802002025
http://arxiv.org/abs/gr-qc/0201033
http://arxiv.org/abs/gr-qc/0201033
http://arxiv.org/abs/gr-qc/0201033
http://dx.doi.org/10.1017/CBO9780511535093
http://dx.doi.org/10.1007/978-1-4020-1989-0
http://dx.doi.org/10.1007/978-1-4020-1989-0
http://dx.doi.org/10.1007/978-1-4020-1989-0
http://dx.doi.org/10.1103/PhysRev.124.925
http://dx.doi.org/10.1103/PhysRev.124.925
http://dx.doi.org/10.1103/PhysRev.124.925
http://refhub.elsevier.com/S2212-6864(20)30444-1/sb24
http://refhub.elsevier.com/S2212-6864(20)30444-1/sb24
http://refhub.elsevier.com/S2212-6864(20)30444-1/sb24


C. Pongkitivanichkul, D. Samart, N. Thongyoi et al. Physics of the Dark Universe 30 (2020) 100731
[25] J. Wainwright, G. Ellis, Dynamical Systems in Cosmology, Cambridge
University Press, 1997, http://dx.doi.org/10.1017/CBO9780511524660.

[26] A. Coley, Dynamical Systems and Cosmology, vol. 291, Kluwer, Dordrecht,
Netherlands, 2003, http://dx.doi.org/10.1007/978-94-017-0327-7.

[27] S. Bahamonde, C.G. Böhmer, S. Carloni, E.J. Copeland, W. Fang, N. Tamanini,
Dynamical systems applied to cosmology: dark energy and modified
gravity, Phys. Rept. 775-777 (2018) 1–122.

[28] S.J. Kolitch, Qualitative analysis of Brans-Dicke universes with a cosmolog-
ical constant, Ann. Physics 246 (1996) 121–132, http://dx.doi.org/10.1006/
aphy.1996.0022, arXiv:gr-qc/9409002.

[29] C. Santos, R. Gregory, Cosmology in brans-dicke theory with a scalar
potential, Ann. Physics 258 (1997) 111–134, http://dx.doi.org/10.1006/
aphy.1997.5691, arXiv:gr-qc/9611065.

[30] E.J. Copeland, A.R. Liddle, D. Wands, Exponential potentials and cosmolog-
ical scaling solutions, Phys. Rev. D 57 (1998) 4686–4690, http://dx.doi.org/
10.1103/PhysRevD.57.4686, arXiv:gr-qc/9711068.

[31] M. Abdalla, M. Guimaraes, J. Hoff da Silva, Brane cosmic string com-
pactification in Brans-Dicke theory, Phys. Rev. D 75 (2007) 084028, http:
//dx.doi.org/10.1103/PhysRevD.75.084028, arXiv:hep-th/0703234.

[32] J.C. de Souza, A. Saa, Phase space solutions in scalar-tensor cosmological
models, Braz. J. Phys. 35 (2005) 1041–1043, arXiv:gr-qc/0510128.

[33] O. Hrycyna, M. Szydlowski, Brans-Dicke theory and the emergence of
ΛCDM model, Phys. Rev. D 88 (6) (2013) 064018, http://dx.doi.org/10.
1103/PhysRevD.88.064018, arXiv:1304.3300.

[34] O. Hrycyna, M. Szydł owski, Dynamical complexity of the brans-dicke
cosmology, J. Cosmol. Astropart. Phys. 12 (2013) 016, http://dx.doi.org/10.
1088/1475-7516/2013/12/016, arXiv:1310.1961.

[35] O. Hrycyna, M. Szydł owski, M. Kamionka, Dynamics and cosmological
constraints on Brans-Dicke cosmology, Phys. Rev. D 90 (12) (2014) 124040,
http://dx.doi.org/10.1103/PhysRevD.90.124040, arXiv:1404.7112.

[36] R. Garcí a Salcedo, T. González, I. Quiros, Brans-Dicke cosmology does not
have the ΛCDM phase as a universal attractor, Phys. Rev. D 92 (12) (2015)
124056, http://dx.doi.org/10.1103/PhysRevD.92.124056, arXiv:1504.08315.

[37] G. Papagiannopoulos, J.D. Barrow, S. Basilakos, A. Giacomini, A. Paliathana-
sis, Dynamical symmetries in Brans-Dicke cosmology, Phys. Rev. D 95
(2) (2017) 024021, http://dx.doi.org/10.1103/PhysRevD.95.024021, arXiv:
1611.00667.

[38] F. Felegary, F. Darabi, M. Setare, Interacting holographic dark energy
model in brans–dicke cosmology and coincidence problem, Internat.
J. Modern Phys. D 27 (03) (2017) 1850017, http://dx.doi.org/10.1142/
S0218271818500177, arXiv:1612.03406.

[39] N. Roy, N. Banerjee, Generalized Brans-Dicke theory: A dynamical systems
analysis, Phys. Rev. D 95 (6) (2017) 064048, http://dx.doi.org/10.1103/
PhysRevD.95.064048, arXiv:1702.02169.

[40] H. Ghaffarnejad, E. Yaraie, Dynamical system approach to scalar–vector–
tensor cosmology, Gen. Relativity Gravitation 49 (4) (2017) http://dx.doi.
org/10.1007/s10714-017-2213-z.

[41] J. Lu, X. Zhao, S. Yang, J. Li, M. Liu, Dynamical system approach for the
modified Brans–Dicke theory, Internat. J. Modern Phys. D 28 (10) (2019)
1950132, http://dx.doi.org/10.1142/S0218271819501323.

[42] H. Shabani, A.H. Ziaie, Stability of the Einstein static universe in Einstein–
Cartan–Brans–Dicke gravity, Eur. Phys. J. C 79 (3) (2019) http://dx.doi.org/
10.1140/epjc/s10052-019-6754-z.

[43] A. Zucca, L. Pogosian, A. Silvestri, Y. Wang, G.-B. Zhao, Generalized
Brans-Dicke theories in light of evolving dark energy, Phys. Rev. D 101
(4) (2020) 043518, http://dx.doi.org/10.1103/PhysRevD.101.043518, arXiv:
1907.07667.

[44] A. Giacomini, G. Leon, A. Paliathanasis, S. Pan, Cosmological evolution
of two-scalar fields cosmology in the Jordan frame, Eur. Phys. J. C 80
(3) (2020) 184, http://dx.doi.org/10.1140/epjc/s10052-020-7730-3, arXiv:
2001.02414.

[45] A. Zee, A broken symmetric theory of gravity, Phys. Rev. Lett. 42 (1979)
417, http://dx.doi.org/10.1103/PhysRevLett.42.417.

[46] M. Gasperini, G. Veneziano, Inflation, deflation, and frame independence
in string cosmology, Modern Phys. Lett. A8 (1993) 3701–3714, http://dx.
doi.org/10.1142/S0217732393003433, arXiv:hep-th/9309023.

[47] T. Damour, A. Vilenkin, String theory and inflation, Phys. Rev. D53
(1996) 2981–2989, http://dx.doi.org/10.1103/PhysRevD.53.2981, arXiv:
hep-th/9503149.

[48] H.A. Chamblin, H.S. Reall, Dynamic dilatonic domain walls, Nuclear Phys.
B562 (1999) 133–157, http://dx.doi.org/10.1016/S0550-3213(99)00520-9,
arXiv:hep-th/9903225.

[49] T. Damour, G.W. Gibbons, C. Gundlach, Dark matter, time varying G, and a
dilaton field, Phys. Rev. Lett. 64 (1990) 123–126, http://dx.doi.org/10.1103/
PhysRevLett.64.123.

[50] P. Svrcek, E. Witten, Axions in string theory, J. High Energy Phys. 06
(2006) 051, http://dx.doi.org/10.1088/1126-6708/2006/06/051, arXiv:hep-
th/0605206.

[51] B.S. Acharya, C. Pongkitivanichkul, The axiverse induced dark radiation
problem, J. High Energy Phys. 04 (2016) 009, http://dx.doi.org/10.1007/
JHEP04(2016)009, arXiv:1512.07907.
9

[52] C. Wetterich, Cosmology and the fate of dilatation symmetry, Nuclear Phys.
B302 (1988) 668–696, http://dx.doi.org/10.1016/0550-3213(88)90193-9,
arXiv:1711.03844.

[53] M. Shaposhnikov, D. Zenhausern, Quantum scale invariance, cosmological
constant and hierarchy problem, Phys. Lett. B671 (2009) 162–166, http:
//dx.doi.org/10.1016/j.physletb.2008.11.041, arXiv:0809.3406.

[54] T. Appelquist, A. Chodos, P. Freund (Eds.), Modern Kaluza-Klein Theories,
1987.

[55] J.M. Overduin, P.S. Wesson, Kaluza-Klein gravity, Phys. Rep. 283 (1997)
303–380, http://dx.doi.org/10.1016/S0370-1573(96)00046-4, arXiv:gr-qc/
9805018.

[56] P.S. Wesson, Five-Dimensional Physics: Classical and Quantum Conse-
quences of Kaluza-Klein Cosmology, World Scientific, Hackensack, USA,
2006, p. 222.

[57] P.S. Wesson, J.M. Overduin, Principles of Space-Time-Matter, WSP, 2019,
http://dx.doi.org/10.1142/10871.

[58] D. Bailin, A. Love, Kaluza-klein theories, Rep. Progr. Phys. 50 (1987)
1087–1170, http://dx.doi.org/10.1088/0034-4885/50/9/001.

[59] M. Duff, B. Nilsson, C. Pope, Kaluza-Klein Supergravity, Phys. Rep. 130
(1986) 1–142, http://dx.doi.org/10.1016/0370-1573(86)90163-8.

[60] C. Armendariz-Picon, Could dark energy be vector-like? J. Cosmol. As-
tropart. Phys. 07 (2004) 007, http://dx.doi.org/10.1088/1475-7516/2004/
07/007, arXiv:astro-ph/0405267.

[61] A. Golovnev, V. Mukhanov, V. Vanchurin, Vector inflation, J. Cosmol.
Astropart. Phys. 06 (2008) 009, http://dx.doi.org/10.1088/1475-7516/2008/
06/009, arXiv:0802.2068.

[62] A. Maleknejad, M. Sheikh-Jabbari, J. Soda, Gauge fields and inflation, Phys.
Rep. 528 (2013) 161–261, http://dx.doi.org/10.1016/j.physrep.2013.03.003,
arXiv:1212.2921.

[63] A.Y. Kamenshchik, U. Moschella, V. Pasquier, An alternative to
quintessence, Phys. Lett. B 511 (2001) 265–268, http://dx.doi.org/10.
1016/S0370-2693(01)00571-8, arXiv:gr-qc/0103004.

[64] N. Bilic, G.B. Tupper, R.D. Viollier, Unification of dark matter and dark
energy: The inhomogeneous chaplygin gas, Phys. Lett. B 535 (2002)
17–21, http://dx.doi.org/10.1016/S0370-2693(02)01716-1, arXiv:astro-ph/
0111325.

[65] M. Bento, O. Bertolami, A. Sen, Generalized Chaplygin gas, accelerated ex-
pansion and dark energy matter unification, Phys. Rev. D 66 (2002) 043507,
http://dx.doi.org/10.1103/PhysRevD.66.043507, arXiv:gr-qc/0202064.

[66] H. Sandvik, M. Tegmark, M. Zaldarriaga, I. Waga, The end of unified
dark matter? Phys. Rev. D 69 (2004) 123524, http://dx.doi.org/10.1103/
PhysRevD.69.123524, arXiv:astro-ph/0212114.

[67] M. Bento, O. Bertolami, A.A. Sen, The revival of the unified dark energy -
dark matter model? Phys. Rev. D 70 (2004) 083519, http://dx.doi.org/10.
1103/PhysRevD.70.083519, arXiv:astro-ph/0407239.

[68] T. Padmanabhan, T. Choudhury, Can the clustered dark matter and the
smooth dark energy arise from the same scalar field? Phys. Rev. D 66
(2002) 081301, http://dx.doi.org/10.1103/PhysRevD.66.081301, arXiv:hep-
th/0205055.

[69] R.J. Scherrer, Purely kinetic k-essence as unified dark matter, Phys. Rev.
Lett. 93 (2004) 011301, http://dx.doi.org/10.1103/PhysRevLett.93.011301,
arXiv:astro-ph/0402316.

[70] N. Bilic, G.B. Tupper, R.D. Viollier, Cosmological tachyon condensation,
Phys. Rev. D 80 (2009) 023515, http://dx.doi.org/10.1103/PhysRevD.80.
023515, arXiv:0809.0375.

[71] D. Bertacca, S. Matarrese, M. Pietroni, Unified dark matter in scalar field
cosmologies, Modern Phys. Lett. A 22 (2007) 2893–2907, http://dx.doi.org/
10.1142/S0217732307025893, arXiv:astro-ph/0703259.

[72] S. Ansoldi, E.I. Guendelman, Unified dark energy-dark matter model with
inverse quintessence, J. Cosmol. Astropart. Phys. 05 (2013) 036, http:
//dx.doi.org/10.1088/1475-7516/2013/05/036, arXiv:1209.4758.

[73] E. Guendelman, E. Nissimov, S. Pacheva, Unified dark energy and dust
dark matter dual to quadratic purely kinetic k-essence, Eur. Phys. J. C 76
(2) (2016) 90, http://dx.doi.org/10.1140/epjc/s10052-016-3938-7, arXiv:
1511.07071.

[74] G. Koutsoumbas, K. Ntrekis, E. Papantonopoulos, E.N. Saridakis, Unification
of dark matter - dark energy in generalized galileon theories, J. Cosmol.
Astropart. Phys. 02 (2018) 003, http://dx.doi.org/10.1088/1475-7516/2018/
02/003, arXiv:1704.08640.

[75] R. Brandenberger, R.R. Cuzinatto, J. Fröhlich, R. Namba, New scalar field
quartessence, J. Cosmol. Astropart. Phys. 02 (2019) 043, http://dx.doi.org/
10.1088/1475-7516/2019/02/043, arXiv:1809.07409.

[76] R. Brandenberger, J. Fröhlich, R. Namba, Unified dark matter, dark energy
and baryogenesis via a “cosmological wetting transition”, J. Cosmol. As-
tropart. Phys. 09 (2019) 069, http://dx.doi.org/10.1088/1475-7516/2019/
09/069, arXiv:1907.06353.

[77] R. Mainini, L.P. Colombo, S.A. Bonometto, Dark matter and dark energy
from a single scalar field and CMB data, Astrophys. J. 632 (2005) 691–705,
http://dx.doi.org/10.1086/433163, arXiv:astro-ph/0503036.

http://dx.doi.org/10.1017/CBO9780511524660
http://dx.doi.org/10.1007/978-94-017-0327-7
http://refhub.elsevier.com/S2212-6864(20)30444-1/sb27
http://refhub.elsevier.com/S2212-6864(20)30444-1/sb27
http://refhub.elsevier.com/S2212-6864(20)30444-1/sb27
http://refhub.elsevier.com/S2212-6864(20)30444-1/sb27
http://refhub.elsevier.com/S2212-6864(20)30444-1/sb27
http://dx.doi.org/10.1006/aphy.1996.0022
http://dx.doi.org/10.1006/aphy.1996.0022
http://dx.doi.org/10.1006/aphy.1996.0022
http://arxiv.org/abs/gr-qc/9409002
http://dx.doi.org/10.1006/aphy.1997.5691
http://dx.doi.org/10.1006/aphy.1997.5691
http://dx.doi.org/10.1006/aphy.1997.5691
http://arxiv.org/abs/gr-qc/9611065
http://dx.doi.org/10.1103/PhysRevD.57.4686
http://dx.doi.org/10.1103/PhysRevD.57.4686
http://dx.doi.org/10.1103/PhysRevD.57.4686
http://arxiv.org/abs/gr-qc/9711068
http://dx.doi.org/10.1103/PhysRevD.75.084028
http://dx.doi.org/10.1103/PhysRevD.75.084028
http://dx.doi.org/10.1103/PhysRevD.75.084028
http://arxiv.org/abs/hep-th/0703234
http://arxiv.org/abs/gr-qc/0510128
http://dx.doi.org/10.1103/PhysRevD.88.064018
http://dx.doi.org/10.1103/PhysRevD.88.064018
http://dx.doi.org/10.1103/PhysRevD.88.064018
http://arxiv.org/abs/1304.3300
http://dx.doi.org/10.1088/1475-7516/2013/12/016
http://dx.doi.org/10.1088/1475-7516/2013/12/016
http://dx.doi.org/10.1088/1475-7516/2013/12/016
http://arxiv.org/abs/1310.1961
http://dx.doi.org/10.1103/PhysRevD.90.124040
http://arxiv.org/abs/1404.7112
http://dx.doi.org/10.1103/PhysRevD.92.124056
http://arxiv.org/abs/1504.08315
http://dx.doi.org/10.1103/PhysRevD.95.024021
http://arxiv.org/abs/1611.00667
http://arxiv.org/abs/1611.00667
http://arxiv.org/abs/1611.00667
http://dx.doi.org/10.1142/S0218271818500177
http://dx.doi.org/10.1142/S0218271818500177
http://dx.doi.org/10.1142/S0218271818500177
http://arxiv.org/abs/1612.03406
http://dx.doi.org/10.1103/PhysRevD.95.064048
http://dx.doi.org/10.1103/PhysRevD.95.064048
http://dx.doi.org/10.1103/PhysRevD.95.064048
http://arxiv.org/abs/1702.02169
http://dx.doi.org/10.1007/s10714-017-2213-z
http://dx.doi.org/10.1007/s10714-017-2213-z
http://dx.doi.org/10.1007/s10714-017-2213-z
http://dx.doi.org/10.1142/S0218271819501323
http://dx.doi.org/10.1140/epjc/s10052-019-6754-z
http://dx.doi.org/10.1140/epjc/s10052-019-6754-z
http://dx.doi.org/10.1140/epjc/s10052-019-6754-z
http://dx.doi.org/10.1103/PhysRevD.101.043518
http://arxiv.org/abs/1907.07667
http://arxiv.org/abs/1907.07667
http://arxiv.org/abs/1907.07667
http://dx.doi.org/10.1140/epjc/s10052-020-7730-3
http://arxiv.org/abs/2001.02414
http://arxiv.org/abs/2001.02414
http://arxiv.org/abs/2001.02414
http://dx.doi.org/10.1103/PhysRevLett.42.417
http://dx.doi.org/10.1142/S0217732393003433
http://dx.doi.org/10.1142/S0217732393003433
http://dx.doi.org/10.1142/S0217732393003433
http://arxiv.org/abs/hep-th/9309023
http://dx.doi.org/10.1103/PhysRevD.53.2981
http://arxiv.org/abs/hep-th/9503149
http://arxiv.org/abs/hep-th/9503149
http://arxiv.org/abs/hep-th/9503149
http://dx.doi.org/10.1016/S0550-3213(99)00520-9
http://arxiv.org/abs/hep-th/9903225
http://dx.doi.org/10.1103/PhysRevLett.64.123
http://dx.doi.org/10.1103/PhysRevLett.64.123
http://dx.doi.org/10.1103/PhysRevLett.64.123
http://dx.doi.org/10.1088/1126-6708/2006/06/051
http://arxiv.org/abs/hep-th/0605206
http://arxiv.org/abs/hep-th/0605206
http://arxiv.org/abs/hep-th/0605206
http://dx.doi.org/10.1007/JHEP04(2016)009
http://dx.doi.org/10.1007/JHEP04(2016)009
http://dx.doi.org/10.1007/JHEP04(2016)009
http://arxiv.org/abs/1512.07907
http://dx.doi.org/10.1016/0550-3213(88)90193-9
http://arxiv.org/abs/1711.03844
http://dx.doi.org/10.1016/j.physletb.2008.11.041
http://dx.doi.org/10.1016/j.physletb.2008.11.041
http://dx.doi.org/10.1016/j.physletb.2008.11.041
http://arxiv.org/abs/0809.3406
http://refhub.elsevier.com/S2212-6864(20)30444-1/sb54
http://refhub.elsevier.com/S2212-6864(20)30444-1/sb54
http://refhub.elsevier.com/S2212-6864(20)30444-1/sb54
http://dx.doi.org/10.1016/S0370-1573(96)00046-4
http://arxiv.org/abs/gr-qc/9805018
http://arxiv.org/abs/gr-qc/9805018
http://arxiv.org/abs/gr-qc/9805018
http://refhub.elsevier.com/S2212-6864(20)30444-1/sb56
http://refhub.elsevier.com/S2212-6864(20)30444-1/sb56
http://refhub.elsevier.com/S2212-6864(20)30444-1/sb56
http://refhub.elsevier.com/S2212-6864(20)30444-1/sb56
http://refhub.elsevier.com/S2212-6864(20)30444-1/sb56
http://dx.doi.org/10.1142/10871
http://dx.doi.org/10.1088/0034-4885/50/9/001
http://dx.doi.org/10.1016/0370-1573(86)90163-8
http://dx.doi.org/10.1088/1475-7516/2004/07/007
http://dx.doi.org/10.1088/1475-7516/2004/07/007
http://dx.doi.org/10.1088/1475-7516/2004/07/007
http://arxiv.org/abs/astro-ph/0405267
http://dx.doi.org/10.1088/1475-7516/2008/06/009
http://dx.doi.org/10.1088/1475-7516/2008/06/009
http://dx.doi.org/10.1088/1475-7516/2008/06/009
http://arxiv.org/abs/0802.2068
http://dx.doi.org/10.1016/j.physrep.2013.03.003
http://arxiv.org/abs/1212.2921
http://dx.doi.org/10.1016/S0370-2693(01)00571-8
http://dx.doi.org/10.1016/S0370-2693(01)00571-8
http://dx.doi.org/10.1016/S0370-2693(01)00571-8
http://arxiv.org/abs/gr-qc/0103004
http://dx.doi.org/10.1016/S0370-2693(02)01716-1
http://arxiv.org/abs/astro-ph/0111325
http://arxiv.org/abs/astro-ph/0111325
http://arxiv.org/abs/astro-ph/0111325
http://dx.doi.org/10.1103/PhysRevD.66.043507
http://arxiv.org/abs/gr-qc/0202064
http://dx.doi.org/10.1103/PhysRevD.69.123524
http://dx.doi.org/10.1103/PhysRevD.69.123524
http://dx.doi.org/10.1103/PhysRevD.69.123524
http://arxiv.org/abs/astro-ph/0212114
http://dx.doi.org/10.1103/PhysRevD.70.083519
http://dx.doi.org/10.1103/PhysRevD.70.083519
http://dx.doi.org/10.1103/PhysRevD.70.083519
http://arxiv.org/abs/astro-ph/0407239
http://dx.doi.org/10.1103/PhysRevD.66.081301
http://arxiv.org/abs/hep-th/0205055
http://arxiv.org/abs/hep-th/0205055
http://arxiv.org/abs/hep-th/0205055
http://dx.doi.org/10.1103/PhysRevLett.93.011301
http://arxiv.org/abs/astro-ph/0402316
http://dx.doi.org/10.1103/PhysRevD.80.023515
http://dx.doi.org/10.1103/PhysRevD.80.023515
http://dx.doi.org/10.1103/PhysRevD.80.023515
http://arxiv.org/abs/0809.0375
http://dx.doi.org/10.1142/S0217732307025893
http://dx.doi.org/10.1142/S0217732307025893
http://dx.doi.org/10.1142/S0217732307025893
http://arxiv.org/abs/astro-ph/0703259
http://dx.doi.org/10.1088/1475-7516/2013/05/036
http://dx.doi.org/10.1088/1475-7516/2013/05/036
http://dx.doi.org/10.1088/1475-7516/2013/05/036
http://arxiv.org/abs/1209.4758
http://dx.doi.org/10.1140/epjc/s10052-016-3938-7
http://arxiv.org/abs/1511.07071
http://arxiv.org/abs/1511.07071
http://arxiv.org/abs/1511.07071
http://dx.doi.org/10.1088/1475-7516/2018/02/003
http://dx.doi.org/10.1088/1475-7516/2018/02/003
http://dx.doi.org/10.1088/1475-7516/2018/02/003
http://arxiv.org/abs/1704.08640
http://dx.doi.org/10.1088/1475-7516/2019/02/043
http://dx.doi.org/10.1088/1475-7516/2019/02/043
http://dx.doi.org/10.1088/1475-7516/2019/02/043
http://arxiv.org/abs/1809.07409
http://dx.doi.org/10.1088/1475-7516/2019/09/069
http://dx.doi.org/10.1088/1475-7516/2019/09/069
http://dx.doi.org/10.1088/1475-7516/2019/09/069
http://arxiv.org/abs/1907.06353
http://dx.doi.org/10.1086/433163
http://arxiv.org/abs/astro-ph/0503036


C. Pongkitivanichkul, D. Samart, N. Thongyoi et al. Physics of the Dark Universe 30 (2020) 100731
[78] P. Hung, A model of dark energy and dark matter, Nuclear Phys.
B 747 (2006) 55–87, http://dx.doi.org/10.1016/j.nuclphysb.2006.04.021,
arXiv:hep-ph/0512282.

[79] I.Y. Aref’eva, A. Koshelev, S. Vernov, Stringy dark energy model with cold
dark matter, Phys. Lett. B 628 (2005) 1–10, http://dx.doi.org/10.1016/j.
physletb.2005.09.017, arXiv:astro-ph/0505605.

[80] F. Takahashi, T. Yanagida, Unification of dark energy and dark matter, Phys.
Lett. B 635 (2006) 57–60, http://dx.doi.org/10.1016/j.physletb.2006.02.026,
arXiv:hep-ph/0512296.

[81] A.R. Liddle, L. Urena-Lopez, Inflation, dark matter and dark energy in the
string landscape, Phys. Rev. Lett. 97 (2006) 161301, http://dx.doi.org/10.
1103/PhysRevLett.97.161301, arXiv:astro-ph/0605205.

[82] O. Bertolami, R. Rosenfeld, The higgs portal and an unified model for dark
energy and dark matter, Internat. J. Modern Phys. A 23 (2008) 4817–4827,
http://dx.doi.org/10.1142/S0217751X08042675, arXiv:0708.1784.

[83] R. Brandenberger, J. Fröhlich, Dark energy, dark matter and baryogenesis
from a model of a complex axion field, 2020, arXiv:2004.10025.

[84] H. Kim, Brans-dicke theory as an unified model for dark matter - dark
energy, Mon. Not. R. Astron. Soc. 364 (2005) 813–822, http://dx.doi.org/
10.1111/j.1365-2966.2005.09593.x, arXiv:astro-ph/0408577.

[85] P.D. Mannheim, Alternatives to dark matter and dark energy, Prog. Part.
Nucl. Phys. 56 (2006) 340–445, http://dx.doi.org/10.1016/j.ppnp.2005.08.
001, arXiv:astro-ph/0505266.
10
[86] S. Capozziello, S. Nojiri, S. Odintsov, Unified phantom cosmology: Infla-
tion, dark energy and dark matter under the same standard, Phys. Lett.
B 632 (2006) 597–604, http://dx.doi.org/10.1016/j.physletb.2005.11.012,
arXiv:hep-th/0507182.

[87] S. Capozziello, V. Cardone, A. Troisi, Dark energy and dark matter as
curvature effects, J. Cosmol. Astropart. Phys. 08 (2006) 001, http://dx.doi.
org/10.1088/1475-7516/2006/08/001, arXiv:astro-ph/0602349.

[88] M. Banados, Eddington-Born-infeld action for dark matter and dark energy,
Phys. Rev. D 77 (2008) 123534, http://dx.doi.org/10.1103/PhysRevD.77.
123534, arXiv:0801.4103.

[89] M. Dehghani, S. Assyyaee, Matter and dark energy in 4 dimensions from
an empty Kaluza-Klein spacetime, Phys. Lett. B 676 (2009) 16–20, http:
//dx.doi.org/10.1016/j.physletb.2009.04.056, arXiv:0811.0877.

[90] D. Benisty, E.I. Guendelman, Unified dark energy and dark matter from
dynamical spacetime, Phys. Rev. D 98 (2) (2018) 023506, http://dx.doi.
org/10.1103/PhysRevD.98.023506, arXiv:1802.07981.

[91] F.K. Anagnostopoulos, D. Benisty, S. Basilakos, E.I. Guendelman, Dark en-
ergy and dark matter unification from dynamical space time: observational
constraints and cosmological implications, J. Cosmol. Astropart. Phys. 06
(2019) 003, http://dx.doi.org/10.1088/1475-7516/2019/06/003, arXiv:1904.
05762.

http://dx.doi.org/10.1016/j.nuclphysb.2006.04.021
http://arxiv.org/abs/hep-ph/0512282
http://dx.doi.org/10.1016/j.physletb.2005.09.017
http://dx.doi.org/10.1016/j.physletb.2005.09.017
http://dx.doi.org/10.1016/j.physletb.2005.09.017
http://arxiv.org/abs/astro-ph/0505605
http://dx.doi.org/10.1016/j.physletb.2006.02.026
http://arxiv.org/abs/hep-ph/0512296
http://dx.doi.org/10.1103/PhysRevLett.97.161301
http://dx.doi.org/10.1103/PhysRevLett.97.161301
http://dx.doi.org/10.1103/PhysRevLett.97.161301
http://arxiv.org/abs/astro-ph/0605205
http://dx.doi.org/10.1142/S0217751X08042675
http://arxiv.org/abs/0708.1784
http://arxiv.org/abs/2004.10025
http://dx.doi.org/10.1111/j.1365-2966.2005.09593.x
http://dx.doi.org/10.1111/j.1365-2966.2005.09593.x
http://dx.doi.org/10.1111/j.1365-2966.2005.09593.x
http://arxiv.org/abs/astro-ph/0408577
http://dx.doi.org/10.1016/j.ppnp.2005.08.001
http://dx.doi.org/10.1016/j.ppnp.2005.08.001
http://dx.doi.org/10.1016/j.ppnp.2005.08.001
http://arxiv.org/abs/astro-ph/0505266
http://dx.doi.org/10.1016/j.physletb.2005.11.012
http://arxiv.org/abs/hep-th/0507182
http://dx.doi.org/10.1088/1475-7516/2006/08/001
http://dx.doi.org/10.1088/1475-7516/2006/08/001
http://dx.doi.org/10.1088/1475-7516/2006/08/001
http://arxiv.org/abs/astro-ph/0602349
http://dx.doi.org/10.1103/PhysRevD.77.123534
http://dx.doi.org/10.1103/PhysRevD.77.123534
http://dx.doi.org/10.1103/PhysRevD.77.123534
http://arxiv.org/abs/0801.4103
http://dx.doi.org/10.1016/j.physletb.2009.04.056
http://dx.doi.org/10.1016/j.physletb.2009.04.056
http://dx.doi.org/10.1016/j.physletb.2009.04.056
http://arxiv.org/abs/0811.0877
http://dx.doi.org/10.1103/PhysRevD.98.023506
http://dx.doi.org/10.1103/PhysRevD.98.023506
http://dx.doi.org/10.1103/PhysRevD.98.023506
http://arxiv.org/abs/1802.07981
http://dx.doi.org/10.1088/1475-7516/2019/06/003
http://arxiv.org/abs/1904.05762
http://arxiv.org/abs/1904.05762
http://arxiv.org/abs/1904.05762

	A Kaluza–Klein inspired Brans–Dicke gravity with dark matter and dark energy model
	Introduction
	The model
	Equation of motions
	Lower mode cases
	Dynamical system
	Result
	M(5) = 0
	M(5) 0
	(, 0)-system
	(, 1)-system
	(, 1, A)-system


	Conclusion and outlook
	CRediT authorship contribution statement
	Declaration of competing interest
	Acknowledgements
	References


