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Abstract. Spherically symmetric, vacuum solutions in five- and seven-dimensional Kaluza—Klein
theory are obtained. These solutions are flux tubes with constant cross sectional size, located
between(+) and(—) Kaluza—Klein ‘electrical’ and ‘magnetic’ charges disposed, respectively, at

r = +oo and filled with constant Kaluza—Klein ‘electrical’ and ‘magnetic’ fields. These objects are
surprisingly similar to the flux tubes which form between two monopoles in type Il superconductors
and also the hypothesized colour field flux tube that is thought to form between two quarks in the
QCD vacuum.

PACS numbers: 0420J, 0450, 1127

1. Introduction

From Einstein and Wheeler down to the present day, wormholes (WH) have been one of the
most intriguing objects of study in general relativity. For example, if WHs exist in nature then
what is the linear size of the mouth of the wormhole? If the mouth is sufficiently large then
one has a classical gravitational object which can carry matter and energy between different
spacetime points [1]! If the mouth size is small (approximately the Planck leagth) then

one has a gravitational object which could play an important role in spacetime foam, and may
even serve as a geometrical model for material particles such as the electron [2, 3]. Wheeler
coined the name ‘charge without charge’ and ‘mass without mass’ for such objects.

In four-dimensional (4D) Euclidean gravity WH solutions were obtained in [4]. A full
review of this problem can be found in [5]. In [6] a WH-like solution in multidimensional
gravity without any kind of matter was given. Our point of view is that such vacuum WHs
should be important for Wheeler’s ‘charge without charge’ and ‘mass without mass’ objects
[7]. The flux tube solutions discussed in this paper represent a limiting case of the vacuum WH-
like solutions, where the wormhole mouths are separated by an infinite distance, and the cross
section size of the WH-like solution is constant. In addition, the string-like character of the flux
tube solutions, as well as their similarity to the flux tube structures in type Il superconductors
and the QCD vacuum in the presence of quarks, make them interesting objects of study.
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2. Five-dimensional flux tube solution

Inthis paper we first examine the standard vacuum five-dimensional (5D) Kaluza—Klein theory.
We take the form of the metric as

ds® = e?) dr? — rg eV I=20(dy + w(r) df — n cosd dp)?
—dr? — a(r)(dh? + sirf 6 dg?), (1)

where x is the fifth extra coordinater, 6, ¢ are three-dimensional (3D) ‘spherical-polar’
coordinates (the quotations marks indicate that these coordinates are not the same as the
standard spherical-polar coordinates of flat spagd} an integery € {—Ro, +Ro}. The
form of the metric and the limit of indicates that our metric is that for a WH{ may be
equal tooco). As in [8] the presence of thecost dy term indicates the possible presence of
a ‘magnetic’ charge in the solution. We consider 5D Kaluza—Klein theory as gravity on the
principal bundle with a/ (1) structural group and with ordinary 4D Einstein spacetime as the
base space [9]. In this kind of theory no quantities depend on the fifth coordinate because the
fifth dimension is a symmetric space (the gauge graup)).

Using a REDUCE package for symbolic calculation, the 5D Einstein equations for the
metric given in equation (1) are

14,/ 1

\)” + l),l//‘/ + 2 _ —7'2(1),2 e21//74v — 0’ (2)
a 20

— 4o + 30y’ +ﬂ =0, 3)

a
a_+a1ﬁ 2 Q V-2 _ g 4)
a a a a?

w”+¢/2+aw Q V-2 =, (5)
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whereQ = nro. We will find that this represents the Kaluza—Klein ‘magnetic’ charge. A
particularly simple solution of these equations is

q=0, (1)

a = 3¢* = constant (8)

e =¢' = cosl-(rqg), )

=% h(qf) (10)
ro

In order to define the Kaluza—Klein ‘electrical’ field of this solution we multiply equation (3)
by 47 and rewrite it in the following way:

('€ *4ara) = 0. (11)
This can be compared with the normal 4D Gauss's law,
(EapS) =0, (12)

whereE,p is the 4D electric field and = 4772 is the area of the 2-sphesé. For the solution
given in equations (7)—(10), wheré is replaced by: = constant, we find that the surface
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area of the flux tube solution ;. = 4ra. Using this fact and comparing equations (11)
and (12) we can identify'e® ~* as the Kaluza—Klein ‘electric’ field:

2
Exx =we¥ 4 =% — 9 _ constant (13)
roq roa

The Kaluza—KIlein ‘magnetic’ field can be derived as in [8]. The gauge field associated with the
metric in equation (1) has@component agl, = —rgn cosf. The Kaluza—Klein ‘magnetic’
fieldis then found fronH g x = V x A, where the curlis taken using the metric of equation (1)
and the solution of equations (7)—(10). The resultant Kaluza—Klein ‘magnetic’ field derived
from this is

1 0 . ton, Q.
Hyx = — — (—ron cosf = —r=—7. 14
KK ™ dsing <89( ron ))r a " a " (14)

Thus, this solution ia flux tubewith constant Kaluza—Klein ‘electrical’ and ‘magnetic’ fields.
The tube-like geometry of this solution comes from the fact #ia} = constant rather than
a(r) = r?. The metric function:(r) can be thought of as the cross sectional size of the space
at a particular. For the present solution the cross sectional size of the space remains constant
asr is varied and one has a tube-like space. The unit vectioen points along the axis of the
tube. Similar flux-tube-like solutions were investigated by Davidson and Gedalin [10]. The
direction of both the ‘electric’ and ‘magnetic’ fields is along thealirection (i.e. along the
axis of the flux tube). The sources of these Kaluza—Klein fields (5D ‘electric’ and ‘magnetic’
charges) are located at= +o0o. This permits us to view this solution as a 5D ‘electric’ and
‘magnetic’ dipole.

It is interesting to compare the 5D solution of equations (7)—(10) with the following 4D,
nonasymptotically flat, electrogravity solution which was originally investigated by Levi-Civita
[11] and rediscovered in [12]:

ds? = a?(cosif ¢ dr? — d¢? — do? — sir? 0 dy?), (15)

For = ,01/2 COS«, Fo3 = ,01/2 sina, (16)
where

GY2apY? = 1. (17)

« is an arbitrary constant angleandp are constants defined by equation (17)s Newton’s
constant ¢ = 1, the speed of light)F,,, is the electromagnetic field tensor. For aos- 1
(sine = 1) one has a purely electric (purely magnetic) field. Since our 5D solution had
Gss = constant the solutions of equations (7)—(10) and equations (15)—(17) are similar.
However, our 5D solution had the condition that= 7 /4 (Exx = Hkg). This constraint
indicates a difference between the 5D and 4D cases. Generally speaking, 5D gravity is
equivalent to 4D gravity + electromagnetic + scalar fields [13]. For our 5D solution we
find that as a consequence of the conditiyy = Hgk the 5D gravitational field solutions
are identical to the 4D gravitational plus electromagnetic field solutions.

In [14] the 4D solution of equations (15)—(17) was used to construct a composite WH.
At the centre of this composite WH the solution of equations (15)—(17) was matched to two
Schwarzschild solutions. A similar construction was carried out in [7] with one distinction:
the centre of the composite WH in [7] was a vacuum solution of 5D gravity @igh# O (this
led to the appearance of the 5D ‘electric’ field).
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3. Seven-dimensional flux tube solution

Next we examine seven-dimensional (7D) Kaluza—Klein theory where the gauge group of the
fibre is nowSU (2). We take our metric to be of the form

3

ds? =€ dr® — 1§ Y (0" — AL(r) dx")® — dr® — a(r)(dO? + sir? 6 do?). (18)
a=1
This is a simplified form of the metric used in [6]. The 1-forasare given by
o' = X(sina, dB — sinp cosa dy) (19)
o? = —3(cosx, dB +sing sina dy) (20)
0® = 1(da +cosp dy) (21)

where 0< 8 < 7, 0< y < 2r, 0 < o < 4 are Euler angles for th8U (2) group. The
potentials,Af,, are chosen to have the following monopole-like form:

Aj = 3(sing; — cosp; 0) (22)
Al = £sin6(cosy cosy; sing cosy; — sind) (23)
A = v(r)(sind cosy; sind sing; coss). (24)

Substituting the metric ansatz of equation (18) into the 7D Einstein vacuum equations we find,
again using a REDUCE package for symbolic manipulations, the following set of coupled
equations:

v+ %+ % - g e2y?=0 (25)
u”+v/2+z//—57/22—§e_2”v’2=0 (26)
¢ 25 (27)

v’ — 1/(1/ - a_) =0 (29)

U/ = — el) (30)
roa

whereg is an integration constant. Inserting this result back into equations (25)—(29) one finds
a solution which is almost identical to the 5D case given by equations (8)—(10),

a = 2¢* = 1r§ = constant (31)
Tr
e’ =cosh —— 32
I-<2~/§q) (32)
2 7
N sinh(—r>. (33)
ro 2V'2g

By comparing equations (33) and (30), we find that the integration congtany/7a/2. This
constanty is the electric ‘charge’ of the present solution. This 7D solution also has colour
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‘electric’ and ‘magnetic’ fields similar to those of the 5D solution. To see this most directly
one can apply the following gauge transformation to the potentials of equations (22)—(24):

Al =5"1A,8—i3,5HS (34)
where
cos3 —e’sino
S = o (35)
( g% sino cos30 )
with this gauge transformation we find that the gauge potentials become
Ay = (0; 0,0 (36)
Al = (cosd — 1)(0; 0; 1) (37)
A =v(r)(0; 0; 1). (38)

So that only ther3-direction in isospin space is non-zero. The calculation of the Kaluza—Klein
‘magnetic’ and ‘electric’ fields is now the same as for the 5D case since the ‘Abelian’ gauge
transformation given by equations (34)—(35) brings us to a gauge where the non-Abelian fields
take on an Abelian form. Putting back the factor@from the metric of equation (18) in the
gauge potentials we find that the Kaluza—Klein ‘magnetic’ field for the 7D case becomes

1 d —rp
Hyxx =H, = —— —(r0A®) |)r = — 7. 39
kx =tk aS|n9<89(r0 “’)>r a (39)

(Compared to the 5D case, we have from the outset specializeg-tb for the 7D case.) The
Kaluza—Klein ‘electric’ field is given by

1/9 7 q
Exx =E3, = = —(0Ad) )f = —7 = 17 40
KK KK e"(ar (ro ,))r 2roqr rod (40)

Thus, just as in 5D Kaluza—Klein theory, 7D Kaluza—Klein theory yields an infinite length flux
tube solution. The constant cross section size of this solution is set by the constat#p,
as in the 5D case, the length of this tube is filled with uniform ‘electric’ and ‘magnetic’ fields.
The 7D ‘electric’ and ‘magnetic’ charges which produce these fields are taken to be located at
r = Zo0.

4. Discussion

We would like to emphasize the important role that the ‘magnetic’ charge plays in the formation
of these flux tubes. If the ‘magnetic’ charge is zero (i.ez i= 0) then we would have

a wormhole-like solution located between two null surfaces as in [6,9]. The addition of
‘magnetic’ charges results in the wormhole-like solutions becoming the flux tube solutions
presented here. This situation has similarities to the formation of flux tubes in type II
superconductors. When a magnetic monopole and anti-monopole are placed within a type Il
superconductor a flux tube will form between them. Also, in the dual-superconductor picture
of confinement for QCD, colour ‘electric’ monopoles are necessary in order for a colour field
flux tube to form between two colour ‘electric’ charges. One difference is thatin these cases the
flux tube is usually only filled with ‘magnetic’ or ‘electric’ fields. For the solutions presented
here both ‘electric’ and ‘magnetic’ fields occur within the flux tube.

The asymptotic behaviour of this flux tube solution is interesting. At infinity the time-
time part of the 5D metric approaché€s, = exp(2v) "2X° 0. This situation is easy to
understand: at infinity the area of 58 sphere is #a rather than #r2. This means that
our solution is not an asymptotically flat wormhole. This indicates that this solution, while
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probably having limited use as a macroscopic object as in [1], may be of interest as a Planck
scale object in connection with ideas of spacetime foam or as a geometrical model for material
objects such as electrons or strings.
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