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Abstract. Spherically symmetric, vacuum solutions in five- and seven-dimensional Kaluza–Klein
theory are obtained. These solutions are flux tubes with constant cross sectional size, located
between(+) and(−) Kaluza–Klein ‘electrical’ and ‘magnetic’ charges disposed, respectively, at
r = ±∞ and filled with constant Kaluza–Klein ‘electrical’ and ‘magnetic’ fields. These objects are
surprisingly similar to the flux tubes which form between two monopoles in type II superconductors
and also the hypothesized colour field flux tube that is thought to form between two quarks in the
QCD vacuum.

PACS numbers: 0420J, 0450, 1127

1. Introduction

From Einstein and Wheeler down to the present day, wormholes (WH) have been one of the
most intriguing objects of study in general relativity. For example, if WHs exist in nature then
what is the linear size of the mouth of the wormhole? If the mouth is sufficiently large then
one has a classical gravitational object which can carry matter and energy between different
spacetime points [1]! If the mouth size is small (approximately the Planck length≈LPl) then
one has a gravitational object which could play an important role in spacetime foam, and may
even serve as a geometrical model for material particles such as the electron [2, 3]. Wheeler
coined the name ‘charge without charge’ and ‘mass without mass’ for such objects.

In four-dimensional (4D) Euclidean gravity WH solutions were obtained in [4]. A full
review of this problem can be found in [5]. In [6] a WH-like solution in multidimensional
gravity without any kind of matter was given. Our point of view is that such vacuum WHs
should be important for Wheeler’s ‘charge without charge’ and ‘mass without mass’ objects
[7]. The flux tube solutions discussed in this paper represent a limiting case of the vacuum WH-
like solutions, where the wormhole mouths are separated by an infinite distance, and the cross
section size of the WH-like solution is constant. In addition, the string-like character of the flux
tube solutions, as well as their similarity to the flux tube structures in type II superconductors
and the QCD vacuum in the presence of quarks, make them interesting objects of study.
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2. Five-dimensional flux tube solution

In this paper we first examine the standard vacuum five-dimensional (5D) Kaluza–Klein theory.
We take the form of the metric as

ds2 = e2ν(r) dt2 − r2
0 e2ψ(r)−2ν(r)(dχ + ω(r) dt − n cosθ dϕ)2

−dr2 − a(r)(dθ2 + sin2 θ dϕ2), (1)

whereχ is the fifth extra coordinate;r, θ, ϕ are three-dimensional (3D) ‘spherical-polar’
coordinates (the quotations marks indicate that these coordinates are not the same as the
standard spherical-polar coordinates of flat space);n is an integer;r ∈ {−R0,+R0}. The
form of the metric and the limit ofr indicates that our metric is that for a WH (R0 may be
equal to∞). As in [8] the presence of then cosθ dϕ term indicates the possible presence of
a ‘magnetic’ charge in the solution. We consider 5D Kaluza–Klein theory as gravity on the
principal bundle with aU(1) structural group and with ordinary 4D Einstein spacetime as the
base space [9]. In this kind of theory no quantities depend on the fifth coordinate because the
fifth dimension is a symmetric space (the gauge groupU(1)).

Using a REDUCE package for symbolic calculation, the 5D Einstein equations for the
metric given in equation (1) are

ν ′′ + ν ′ψ ′ +
a′ν ′

a
− 1

2
r2

0ω
′ 2 e2ψ−4ν = 0, (2)

ω′′ − 4ν ′ω′ + 3ω′ψ ′ +
a′ω′

a
= 0, (3)

a′′

a
+
a′ψ ′

a
− 2

a
+
Q2

a2
e2ψ−2ν = 0, (4)

ψ ′′ +ψ ′2 +
a′ψ ′

a
− Q2

2a2
e2ψ−2ν = 0, (5)

ν ′ 2 − ν ′ψ ′ − a
′ψ ′

a
+

1

a
− a′ 2

4a2
− 1

4
r2

0ω
′ 2 e2ψ−4ν − Q2

4a2
e2ψ−2ν = 0 (6)

whereQ = nr0. We will find that this represents the Kaluza–Klein ‘magnetic’ charge. A
particularly simple solution of these equations is

q = Q, (7)

a = 1
2q

2 = constant, (8)

eψ = eν = cosh

(
r
√

2

q

)
, (9)

ω =
√

2

r0
sinh

(
r
√

2

q

)
. (10)

In order to define the Kaluza–Klein ‘electrical’ field of this solution we multiply equation (3)
by 4π and rewrite it in the following way:(

ω′e3ψ−4ν4πa
)′ = 0. (11)

This can be compared with the normal 4D Gauss’s law,(
E4DS

)′ = 0, (12)

whereE4D is the 4D electric field andS = 4πr2 is the area of the 2-sphereS2. For the solution
given in equations (7)–(10), wherer2 is replaced bya = constant, we find that the surface



Flux tube solutions in Kaluza–Klein theory 975

area of the flux tube solution isSf lux = 4πa. Using this fact and comparing equations (11)
and (12) we can identifyω′e3ψ−4ν as the Kaluza–Klein ‘electric’ field:

EKK = ω′e3ψ−4ν = 2

r0q
= q

r0a
= constant. (13)

The Kaluza–Klein ‘magnetic’ field can be derived as in [8]. The gauge field associated with the
metric in equation (1) has aϕ component asAϕ = −r0n cosθ . The Kaluza–Klein ‘magnetic’
field is then found fromHKK = ∇×A, where the curl is taken using the metric of equation (1)
and the solution of equations (7)–(10). The resultant Kaluza–Klein ‘magnetic’ field derived
from this is

HKK = 1

a sinθ

(
∂

∂θ
(−r0n cosθ)

)
r̂ = r0n

a
r̂ = Q

a
r̂. (14)

Thus, this solution isa flux tubewith constant Kaluza–Klein ‘electrical’ and ‘magnetic’ fields.
The tube-like geometry of this solution comes from the fact thata(r) = constant rather than
a(r) = r2. The metric functiona(r) can be thought of as the cross sectional size of the space
at a particularr. For the present solution the cross sectional size of the space remains constant
asr is varied and one has a tube-like space. The unit vectorr̂ then points along the axis of the
tube. Similar flux-tube-like solutions were investigated by Davidson and Gedalin [10]. The
direction of both the ‘electric’ and ‘magnetic’ fields is along ther̂-direction (i.e. along the
axis of the flux tube). The sources of these Kaluza–Klein fields (5D ‘electric’ and ‘magnetic’
charges) are located atr = ±∞. This permits us to view this solution as a 5D ‘electric’ and
‘magnetic’ dipole.

It is interesting to compare the 5D solution of equations (7)–(10) with the following 4D,
nonasymptotically flat, electrogravity solution which was originally investigated by Levi-Civita
[11] and rediscovered in [12]:

ds2 = a2
(
cosh2 ζ dt2 − dζ 2 − dθ2 − sin2 θ dϕ2

)
, (15)

F01 = ρ1/2 cosα, F23 = ρ1/2 sinα, (16)

where

G1/2aρ1/2 = 1. (17)

α is an arbitrary constant angle;a andρ are constants defined by equation (17);G is Newton’s
constant (c = 1, the speed of light);Fµν is the electromagnetic field tensor. For cosα = 1
(sinα = 1) one has a purely electric (purely magnetic) field. Since our 5D solution had
G55 = constant the solutions of equations (7)–(10) and equations (15)–(17) are similar.
However, our 5D solution had the condition thatα = π/4 (EKK = HKK ). This constraint
indicates a difference between the 5D and 4D cases. Generally speaking, 5D gravity is
equivalent to 4D gravity + electromagnetic + scalar fields [13]. For our 5D solution we
find that as a consequence of the conditionEKK = HKK the 5D gravitational field solutions
are identical to the 4D gravitational plus electromagnetic field solutions.

In [14] the 4D solution of equations (15)–(17) was used to construct a composite WH.
At the centre of this composite WH the solution of equations (15)–(17) was matched to two
Schwarzschild solutions. A similar construction was carried out in [7] with one distinction:
the centre of the composite WH in [7] was a vacuum solution of 5D gravity withG5t 6= 0 (this
led to the appearance of the 5D ‘electric’ field).
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3. Seven-dimensional flux tube solution

Next we examine seven-dimensional (7D) Kaluza–Klein theory where the gauge group of the
fibre is nowSU(2). We take our metric to be of the form

ds2 = e2ν(r) dt2 − r2
0

3∑
a=1

(σ a − Aaµ(r) dxµ)2 − dr2 − a(r)(dθ2 + sin2 θ dϕ2). (18)

This is a simplified form of the metric used in [6]. The 1-formsσa are given by

σ 1 = 1
2(sinα, dβ − sinβ cosα dγ ) (19)

σ 2 = − 1
2(cosα, dβ + sinβ sinα dγ ) (20)

σ 3 = 1
2(dα + cosβ dγ ) (21)

where 06 β 6 π , 0 6 γ 6 2π , 0 6 α 6 4π are Euler angles for theSU(2) group. The
potentials,Aaµ, are chosen to have the following monopole-like form:

Aaθ = 1
2(sinϕ;− cosϕ; 0) (22)

Aaϕ = 1
2sinθ(cosϕ cosθ; sinϕ cosθ;− sinθ) (23)

Aat = v(r)(sinθ cosϕ; sinθ sinϕ; cosθ). (24)

Substituting the metric ansatz of equation (18) into the 7D Einstein vacuum equations we find,
again using a REDUCE package for symbolic manipulations, the following set of coupled
equations:

ν ′′ + ν ′2 +
a′ν ′

a
− r

2
0

2
e−2νv′2 = 0 (25)

ν ′′ + ν ′2 +
a′′

a
− a′2

2a2
− r

2
0

2
e−2νv′2 = 0 (26)

a′′

a
+
a′ν ′

a
− 2

a
+
r2

0

4a2
= 0 (27)

r2
0

6
e−2νv′2 − 2

r2
0

− r2
0

24a2
= 0 (28)

v′′ − v′
(
ν ′ − a

′

a

)
= 0 (29)

equation (29) can be integrated once to give

v′ = q

r0a
eν (30)

whereq is an integration constant. Inserting this result back into equations (25)–(29) one finds
a solution which is almost identical to the 5D case given by equations (8)–(10),

a = 2
7q

2 = 1
8r

2
0 = constant (31)

eν = cosh

(
7r

2
√

2q

)
(32)

v =
√

2

r0
sinh

(
7r

2
√

2q

)
. (33)

By comparing equations (33) and (30), we find that the integration constantq = √7a/2. This
constantq is the electric ‘charge’ of the present solution. This 7D solution also has colour
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‘electric’ and ‘magnetic’ fields similar to those of the 5D solution. To see this most directly
one can apply the following gauge transformation to the potentials of equations (22)–(24):

A′µ = S−1AµS − i(∂µS
−1)S (34)

where

S =
(

cos1
2θ −e−iφ sin 1

2θ

eiφ sin 1
2θ cos1

2θ

)
(35)

with this gauge transformation we find that the gauge potentials become

A′ aθ = (0; 0; 0) (36)

A′ aϕ = (cosθ − 1)(0; 0; 1) (37)

A′ at = v(r)(0; 0; 1). (38)

So that only theσ 3-direction in isospin space is non-zero. The calculation of the Kaluza–Klein
‘magnetic’ and ‘electric’ fields is now the same as for the 5D case since the ‘Abelian’ gauge
transformation given by equations (34)–(35) brings us to a gauge where the non-Abelian fields
take on an Abelian form. Putting back the factor ofr0 from the metric of equation (18) in the
gauge potentials we find that the Kaluza–Klein ‘magnetic’ field for the 7D case becomes

HKK = H 3
KK =

1

a sinθ

(
∂

∂θ
(r0A

3
ϕ)

)
r̂ = −r0

a
r̂. (39)

(Compared to the 5D case, we have from the outset specialized ton = 1 for the 7D case.) The
Kaluza–Klein ‘electric’ field is given by

EKK = E3
KK =

1

eν

(
∂

∂r
(r0A

3
t )

)
r̂ = 7

2r0q
r̂ = q

r0a
r̂. (40)

Thus, just as in 5D Kaluza–Klein theory, 7D Kaluza–Klein theory yields an infinite length flux
tube solution. The constant cross section size of this solution is set by the constant,a. Also,
as in the 5D case, the length of this tube is filled with uniform ‘electric’ and ‘magnetic’ fields.
The 7D ‘electric’ and ‘magnetic’ charges which produce these fields are taken to be located at
r = ±∞.

4. Discussion

We would like to emphasize the important role that the ‘magnetic’ charge plays in the formation
of these flux tubes. If the ‘magnetic’ charge is zero (i.e. ifn = 0) then we would have
a wormhole-like solution located between two null surfaces as in [6, 9]. The addition of
‘magnetic’ charges results in the wormhole-like solutions becoming the flux tube solutions
presented here. This situation has similarities to the formation of flux tubes in type II
superconductors. When a magnetic monopole and anti-monopole are placed within a type II
superconductor a flux tube will form between them. Also, in the dual-superconductor picture
of confinement for QCD, colour ‘electric’ monopoles are necessary in order for a colour field
flux tube to form between two colour ‘electric’ charges. One difference is that in these cases the
flux tube is usually only filled with ‘magnetic’ or ‘electric’ fields. For the solutions presented
here both ‘electric’ and ‘magnetic’ fields occur within the flux tube.

The asymptotic behaviour of this flux tube solution is interesting. At infinity the time-

time part of the 5D metric approachesGtt = exp(2ν)
r→±∞−→ ∞. This situation is easy to

understand: at infinity the area of theS2 sphere is 4πa rather than 4πr2. This means that
our solution is not an asymptotically flat wormhole. This indicates that this solution, while
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probably having limited use as a macroscopic object as in [1], may be of interest as a Planck
scale object in connection with ideas of spacetime foam or as a geometrical model for material
objects such as electrons or strings.
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