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The inertial properties of ordinary matter cannot be ascribed solely to the inertial mass appearing in Newton's second law of motion; the contribution

made by space-time must also be considered. Herein special relativity is used to show that inertia is ultimately relativistic in origin. Two observers

moving relatively in Minkowski space-time are considered. The moving observer accelerates tangentially along a circular path of constant radius,

passing by a stationary observer with greater velocity upon each revolution. The stationary observer uses the dilation of time arising between the two

observers to derive an expression for the inertial resistance of the moving observer. The form of the resulting expression implies that inertia is chiefly a

local relativistic phenomenon. The case in which an arbitrary force acts on an observer undergoing uniform, relativistic translation in Minkowski

space-time is then considered. The time dilation approach leads directly to the well-known relativistic form of Newton's second law of motion, de-

rived on the basis of special relativity.

1. Introduction

Previous analyses [1,2] argued that the inertial properties of or-
dinary matter cannot be ascribed solely to the inertial mass m
appearing in Newton's second law of motion,

F-4 (mv) 1)
dt
The role played by space-time must also be considered. Special
and general relativity show that inertia is purely relativistic in
origin [1,2]. In particular, [1] considers the case of an observer
accelerating uniformly under the influence of an external force in
flat, Minkowski space-time. As such an observer moves, time
intervals in the co-moving reference frame (CMRF) of the ob-
server become increasingly dilated relative to time experienced
by observers in Minkowski space-time. The changing time dila-
tion was shown to cause a second force on the observer, given by

F=-EyV(dt/dv) @)

where E is the rest mass-energy of the observer, and dt/dt
expresses the distortion of time [3] in the CMRF of the observer
relative to Minkowski space-time. Assuming no other forces
were present, the second force was identified as the inertial re-
sistance of the observer. The form of the inertial resistance, given
herein by Eq. (2), implied that all forms of energy exhibit inertial
properties, arising as a direct manifestation of space-time inho-
mogeneity within accelerating systems [1-5].

In the present analysis, this line of reasoning is continued. The
next Section provides a further demonstration that inertia arises
out of space-time. As in previous analyses [1,2], two observers
who move relatively in Minkowski space-time determine an ex-
pression for the force of inertia by exchanging light signals. Un-
like previous analyses, however, the moving observer consid-
ered herein does not undergo linear acceleration, but rather ac-
celerates tangentially along a circular path of constant radius.
Upon each revolution the moving observer passes by the station-
ary observer with greater velocity. The stationary observer de-
termines the change in time dilation arising between the two

observers by measuring the frequency of a light source carried
by the moving observer. Using the change in time dilation to
derive an expression for the inertial resistance of the moving
observer, the stationary observer finds an expression identical to
Eq. (2).

In Section 3, the time-dilation approach from Section 2 is used to
derive the well-known relativistic form of Newton's second law
of motion [6-7]. First an observer initially undergoing uniform,
relativistic translation in Minkowski space-time is considered.
Then an arbitrary external force is imagined to act on the moving
observer, changing the observer's velocity. As the velocity
changes, so too does the dilation of time in the CMRF of the
moving observer relative to Minkowski space-time. An expres-
sion for the changing time dilation is derived and then used to
determine an expression for the force acting on the observer.
This leads to expressions for the longitudinal and transverse
components of the force that are identical to those derived on the
basis of special relativity [8].

2. Inertia of an Observer Accelerating
Tangentially Along a Circular Path

Consider two observers, residing in Minkowski space-time, who
conduct an experiment to show that inertia has its origin in
space-time. As depicted in Fig. 1, an S’ observer accelerates
tangentially along a circular-path with radius vector r, while a
second observer remains stationary in an inertial system S.
While accelerating, the moving observer carries a light source of
proper frequency Vvg. The stationary observer measures the fre-
quency of light as the moving observer passes by; that is, when
the relative velocity is entirely transverse, as shown in Fig. 1. As
the moving observer acquires greater velocity, the stationary
observer finds that the frequency of light becomes increasingly
Doppler-shifted according to

v :v01/1—v2 /c? 3)

where v is the moving observer's instantaneous tangential veloc-
ity, and c is the velocity of light. Upon observing the Doppler-
shift, the stationary observer measures an initial frequency v;;
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and then at some later time during the experiment, takes a final
measurement of the frequency v.

As the moving observer gains greater velocity, time intervals in
the moving observer's CMRF appear increasingly dilated relative
to those in stationary system S. The stationary observer can

compute the dilation of time by solving Eq. (3) for v? /¢c? and
then substituting the resulting expression into

dt/dt = 1/ J 1-07 / . Carrying this out leads directly to
dt/dt=vg/v 4)

where dt is a time interval in S, and dr is an interval of proper
timein S’ [9]. Thus, the ratio of the proper and observed fre-
quencies gives the stationary observer a direct measure of the
time dilation arising between systems S and S’. Using Eq. (4)
for frequencies v; and vy, the stationary observer can then com-
pute two subsequent values for the time dilation:

i) _vo (dt] _v
dt ), v;’ d'cf \7:

ar S

(5a,b)

Figure 1. An S’ observer undergoes tangential acceleration ap along a
circular path of constant radius r, while an S observer remains station-
ary nearby. While accelerating, the S observer carries a light source of
proper frequency v,. The S observer measures the frequency of light
each time the relative velocity between the two observers is entirely
transverse. The S observer finds a frequency v that is Doppler-shifted
due to the velocity of the moving observer.

With values for the time dilation in hand, the stationary observer
can compute the force acting on the moving observer by ex-
pressing the change in time dilation in the form

RN e

where it is tacitly assumed that the magnitude of the tangential
acceleration, ar, remains constant during the experiment. To
derive the force by use of Eq. (6), the stationary observer notes
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that the change in time dilation can be expressed as a line inte-

gral of the form
an) (dr) _(ffa) o
dt / dr). Ji dt

where dl is a vector representing an infinitesimal interval of the
circular path along which the moving observer travels. Simi-
larly, the right-hand side (RHS) of Eq. (6) can be expressed as an
integral of the form

v-dv

1 :Ljf—
-2/ & i(1—u2/c2)3/2

®)

1
‘ll—v/%/cz

Substituting Eqgs. (7) and (8) into Eq. (6) then gives

I d)a-df o

3/2
(1 - vz/c2] /
The RHS of this expression can be simplified by noticing that

1 1

(1 *U2/62)3/2 . 1/1 - Uz/c2

(v-v)
3/2 (10)
cz(l - UZ/CZ)

Substituting this relation into Eq. (9), and performing some alge-
braic manipulation, leads to

SERER

v(v~dv)

(1 - v2/02 )3/2

‘/1 U2/2

As a further simplification, the stationary observer notices that

dv v(v . dv)

d Y = +
Ji-v?/ | 1-o?/ cz(l - vz/cz)s/z

Using this, and expressing the moving observer's velocity as
v =dl/dt, Eq. (11) can be recast in the form

_[fv[ﬂ]dl=Cizjif%~d[v/1/1—v2/c2} (13)

dt

Then, upon writing the RHS in terms of the moving observer's
rest mass m, and simplifying a bit, the stationary observer ar-

rives at
f f
| V[ﬂ}.dl:Lj d_m g

i dt 1—v2//cz
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Upon identifying the integrand on the RHS of this expression
with the relativistic form of Newton's second law [6-7], the sta-
tionary observer writes Eq. (14) as

L [gﬂ dl——I F.dl (15)

in which E = mc? is the moving observer's rest mass-energy,
and F is the external force on the moving observer. While the
acceleration takes place, however, a second force acts on the
moving observer that has equal magnitude, but opposite direc-
tion, to the external force F. Assuming that no other forces are
present, the second force is the inertial resistance force of the
moving observer, given by F;,, = —F. Using this force in Eq.
(15), and eliminating the integration on both sides of the expres-
sion, the stationary observer then finds that

= ~EV(dt/d) (16)

According to the stationary observer, this is the inertial resis-
tance of the moving observer, arising due to the local inhomoge-
neity of time within the moving system. From the form of Eq.
(16), the stationary observer can deduce that all forms of energy,
regardless of embodiment, exhibit inertial properties, which arise
as a direct manifestation of the relativistic nature of space-time
[1-5].

3. Relativistic Form of Newton's Second Law

The preceding Section showed that inertia has its origin in space-
time. In this Section, a time dilation approach is used to derive
the well-known relativistic form of Newton's second law of mo-
tion [6-7].

Consider an S’ observer traveling along the x-coordinate axis of
inertial system S, as shown in Fig. 2. The observer's initial ve-
locity is v; = v;,i. Then, an arbitrary external force acts on the
observer, changing the observer's velocity to

Vi =Vai+vgj+vgk. Atany point along the observer's world
line, while the force is applied, the dilation of time in the moving
observer's CMREF relative to system S can be expressed as

dt 2 . .2 ,.2)/2
= /‘/17(vfx+vfy+vfz)/c (17)
where dt is an interval of time in system S, and dt is an interval

of proper time in the CMRF of the moving observer. Equation
(17) can be easily simplified by first writing it in the form

%: /‘/[14,5 /(e 7v§+v2)}[17(l}§ +v§)/c2} (18)

where, for simplicity, the subscript f has been dropped from vy,

g, and vg,. Noting that (v,,v,) << ¢?,and neglecting terms of

order greater than v/ 02,
mate form

Eq. (18) can be recast in the approxi-
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;[1+(v +uy 2)/2¢2 /1}1 vz/c (19)

Eq. (19) is the dilation of time in the CMRF of the moving ob-
server relative to time experienced by observers in inertial sys-
tem S. To determine the force acting on the moving observer,
Eq. (19) can be substituted into F = EV(d#/dt), where E is the
moving observer's rest mass-energy. Carrying this out gives

E/2c? w2/ aU A Bv

e G e

(20)

in which terms of order greater than v? / ¢? have again been
neglected. To simplify Eq. (20), note that the moving observer's
initial and final velocities are related according to

v}% = v? +2(a -x), where a is the acceleration imparted to the
moving observer by the external force. For the present case of an
observer initially undergoing uniform translation along the x-
axis, we have

v,% = Uizx +2a,x, vﬁ =2a,y, v? =2a,z (2la,b,c)

where the acceleration (a,,a,,a,) is assumed constant. Sub-
stituting Egs. (21) into Eq. (20), and simplifying somewhat, leads
to

Ay

/ 2 2
Jl U2 2 ( _ULx/C)

in which 2a,x << ¢® has been assumed. Inspection of Eq. (22)

it+a,jt+ak (22)

shows that the longitudinal and transverse components of the
force are, respectively,

ma,

(1 - UZ/CZ)s/—Z ,

F, - —2L __  (23a,b)

F, =
171)2/02

in which the subscripts have been dropped from v;, for simplic-
ity. These expressions for the force on a moving body are identi-
cal to those derived on the basis of the special relativistic form of
Newton's second law of motion [9].
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Figure 2. An arbitrary external force acts upon an S’ observer moving
along the x-axis of inertial system S with relativistic velocity v;. The
force changes the S’ observer's velocity to v ., having vector compo-

nents (Vg Vg, Ve ).

4. Discussion

As pointed out in the Introduction, previous analyses used spe-
cial and general relativity to show that all forms of energy ex-
hibit inertial properties, resulting due to the inhomogeneity of
space-time within accelerating systems [1-2]. The present analy-
sis has presented another demonstration of the connection be-
tween inertia and relativity. It began with consideration of an
observer accelerating tangentially along a circular path of con-
stant radius. It was pointed out that, as such an observer's tan-
gential velocity increases, time in the observer's co-moving refer-
ence frame becomes increasingly dilated relative to time experi-
enced by stationary observers in Minkowski space-time. It was
then shown that the changing time dilation gives rise to a second
force on the moving observer that has equal magnitude, but op-
posite direction, to the externally applied force. Under the as-
sumption that no other forces are present, the second force must
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then be the inertial resistance of the moving observer, arising as a
direct manifestation of the relativistic nature of space-time [1-2].
The analysis then treated the case in which an arbitrary force is
applied to an observer undergoing uniform, relativistic transla-
tion in Minkowski space-time. Using the time dilation approach
presented herein, the longitudinal and transverse components of
the force acting on the moving observer were derived. The form
of the resulting expressions was found to be identical to the well-
known relativistic form of Newton's second law of motion, de-
rived on the basis of special relativity [6-9].
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