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1 Introduction

In the universe, two inspiralling compact objects will steadily lose their
gravitational binding energy by emission of gravitational radiation, which
can be detectd nowadays by LIGO and VIRGO. The gravitational waves
from this kind of binaries, like neutron stars binaries or black holes bi-
naries, are also expected to be detectable by LISA in the future. These
inspiralling binaries systems are very relativistic and require a high-order
post-Newtonian correction as their orbital velocities as high as 0.5c in the
last rotations.

Recent studies [2] have demonstrated that the results correspond grossly
with the post-Newtonian precision which is required to implement succes-
sively the optimal filtering technique in the LIGO/VIRGO detectors.

As large number of orbital rotations are monitored by detectors in their
frequency bandwidth, the orbital phase of the binary can be measured accu-
rately. The post-Newtonian approximation is valid under the assumptions
of a weak gravitational field inside the source, and of slow internal motions.
When assuming a source is post-Newtonian, it mainly means that the source
is at once slowly moving and weakly stressed. This article will show how we
come to the post-Newtonian expansion and present some important math-
ematical equations with the proof.

2 Post-Newtonian Sources

2.1 Einstein Field Equations

Consider the Einstein’s Equation coupled to matter: Gµν = 8πG
c4
Tµν .

Because Tµν doesn’t vanish, we need to keep the metric perturbation. Define
the gravitational-field amplitude:

hαβ =
√
−ggαβ − ηαβ (1)

where g the determinant of the covariant metric, g = det(gαβ) and ηαβ

represents an auxiliary Minkowskian metric.
Using the conservation of the matter tensor, we will get four equations,

which are called the harmonic-coordinate condition:

∂µh
αµ = 0 (2)

Plugging (1) into the Einstein’s tensor Gµν = Rµν − 1
2ηµνR and using

(2), the Einstein field equations in harmonic coordinates can be written in
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the form of inhomogeneous flat d’Alembertian equations:

�hαβ =
16πG

c4
ταβ (3)

where � = ηµν∂µ∂ν , is the d’Alembert operator, and ταβ = |g|Tαβ +
c4

16πGΛαβ. Λαβ is the gravitational source term, whose exact expression,
including all non-linearities, is[2]

Λαβ =− hµν∂2µνhαβ + ∂µh
αν∂νh

βµ +
1

2
gαβgµν∂λh

µτ∂τh
νλ

− gαµgντ∂λhβτ∂µhνλ − gβµgντ∂λhατ∂µhνλ + gµνg
λτ∂λh

αµ∂τh
βν

+
1

8
(2gαµgβν − gαβgµν)(2gλτgεπ − gτεgλπ)∂µh

λπ∂νh
τε

= Nαβ(h, h) +Mαβ(h, h, h) + Lαβ(h, h, h, h) +O(h5)

(4)

Also, we have ∂µτ
αµ = 0. Outside the domain of the source, the gravi-

tational source term also has the property: ∂µΛαµ = 0.
Assume that the gravitational field is independent of time (stationary)

in some remote past and the metric was stationary in the past, which means

∂

∂t
hαβ(x, t) = 0

lim
r→∞

hαβ(x, t) = 0
(5)

when t is smaller than some finite negative constant −T , ensuring that the
matter source is isolated from the rest of the Universe and does not receive
any radiation from infinity.

The solution of Eq.(3) can be obtained by using a Green function

�xG(xµ − x′µ) = δ(4)(xµ − x′µ) (6)

where �x denotes the d’ Alembertian with respect to coordinate xµ, because
the general solution of Eq.(3) can be written in the form as

hαβ(xµ) = −16πG

c4

∫
G(xµ − x′µ)ταβ(x′µ)d4x′ (7)

As the waves travel towards in time, we use the retarded Green function,
which is given by

G(xµ − x′µ) = − 1

4π|x− x′|
δ(|x− x′| − (x0 − x′0))θ(x0 − x′0) (8)
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Here the boldface is the space vectors x = (x1, x2, x3).
Plugging (8) into (7), the Einstein differential field equations (3) can

be written equivalently into the form of the integro-differential equations:

hαβ =
16πG

c4
�−1retτ

αβ (9)

where the usual retarded inverse d’Alembertian operator is defined as

(�−1retf)(x, t) = − 1

4π

∫ ∫ ∫
d3x′

|x− x′|
f(x′, t− |x− x′|/c) (10)

2.2 post-Newtonian expansion

Now we have the Einstein’s Equations, but the problem is that it is
difficult to solve the equation exactly and analytically. Only a little special
cases which have many geometric symmetries allow us to get exact solution.
Currently, scientists use perturbation to get the approximate solutions, one
of which is the post-Newtonian expansion.

The post-Newtonian expansion expands the motion of matter or metric
field configuration in powers of 1/c. First, let’s assume that the matter
source is expanded as

Tµν =
+∞∑
m

1

cn
Tµν(n) (11)

Since we are talking about post-Newtonian source (slow and weak self
gravitation), metric field is generated from very slow matter. As v/c � 1,
which indicates that the matter source is non-relativistic, the metric field
is given by instant potential field as Newton gravity. The change of metric
field in time is smaller than spatial gradient of metric field due to the slow
matter, making the d’Alembert operator become a Laplacian operator.

∇2 − 1

c2
∂2

∂t2
= ∇2(1 +O(v/c)2) (12)

Moreover, it is natural to think that the retarded effect is also very small,
so post-Newtonain expansion includes

F (t− r

c
) = F (t)− r

c
F (1)(t) +

r2

2c2
F (2)(t) + ... (13)

From the above equation, we can find that the radius r is required to be
small for the validity of post-Newtonian expansion, which the near zone is te
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region surrounding the source of small extent with respect to the wavelength
of the emitted radiation: r � λ.

Then we do the expansions in the powers of c in the region where r is
small

hµν =

+∞∑
n=2

1

cn
hµν(n)

τµν =

+∞∑
n=−2

1

cn
τµν(n)

(14)

Put these expansions into Eq.(3), and then equate terms with the same
power of c, we will get a recursive series of Poisson-type equations

∇2hµν(n) = 16πGτµν(n−4) + ∂2t h
µν
(n−2) (15)

The solution, with general homogeneous part requring only non-singular
term at r = 0, can be expressed as[6][10]

hµν(n) = 16πG∆−1τµν(n−4) + ∂2t ∆−1τµν(n−2) +
+∞∑
l=0

Bµν
(n),L(t)x̂L (16)

where ∆−1ρ(x) = − 1
4π

∫
d3x′

|x−x′|ρ(x′) is the Poisson Integration. After pro-
ceeding iteration, we will get

hµν(n) = 16πG

n/2−1∑
k=0

∂2kt ∆−k−1τµν(n−4−2k) +

+∞∑
l=0

n/2−1∑
k=0

∂2kt B
µν
(n−2k),L∆−kx̂L (17)
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Put (17) into (14), we get

hµν =
+∞∑
n=2

1

cn
hµν(n)

= 16πG
+∞∑
n=2

1

cn

n/2−1∑
k=0

∂2kt ∆−k−1τµν(n−4−2k) +
+∞∑
l=0

+∞∑
n=2

n/2−1∑
k=0

1

cn
∂2kt B

µν
(n−2k),L∆−kx̂L

= 16πG
+∞∑
k=0

+∞∑
n=2+2k

1

cn
∂2kt ∆−k−1τµν(n−4−2k) +

+∞∑
k=0

+∞∑
n=2+2k

+∞∑
l=0

1

cn
∂2kt B

µν
(n−2k),L∆−kx̂L

= 16πG

+∞∑
k=0

+∞∑
n=0

1

c(n+2k+2)
∂2kt ∆−k−1τµν(n−2) +

+∞∑
k=0

+∞∑
n=0

+∞∑
l=0

1

cn+2k+2
∂2kt B

µν
(n+2),L∆−kx̂L

=
16πG

c4

+∞∑
k=0

(
∂

c∂t
)2k∆−k−1(

+∞∑
n=0

1

c(n−2)
τµν(n−2)) +

+∞∑
l=0

+∞∑
k=0

1

c2k
∂2kt (

+∞∑
n=0

Bµν
(n+2),L

cn+2
)∆−kx̂L

=
16πG

c4

+∞∑
n=0

1

c(n−2)
�−1instτ

µν
(n−2) +

+∞∑
l=0

+∞∑
k=0

1

c2k
∂2kt (

+∞∑
n=0

Bµν
(n+2),L

cn+2
)∆−kx̂L

=
16πG

c4

+∞∑
n=−2

1

cn
�−1instτ

µν
(n) +

+∞∑
l=0

+∞∑
k=0

1

c2k
∂2kt (

+∞∑
n=0

Bµν
(n+2),L

cn+2
)∆−kx̂L

=
16πG

c4
�−1instτ

µν +
+∞∑
l=0

+∞∑
k=0

1

c2k
∂2kt (

+∞∑
n=0

Bµν
(n+2),L

cn+2
)∆−kx̂L

(18)

where

�−1inst =
+∞∑
k=0

(
∂

c∂t
)2k∆−k−1 (19)

The homogeneous part with the function Bµν
(n)(t) is not in the best form

for the purpose. So a new function AµνL (t) is introduced. we change the
variable B to A by

+∞∑
n=0

Bµν
(n+2),L

cn+2
= −

∂2l+1
t AµνL (t)

c2l+1(2l + 1)!!
(20)

Using the identity[1]

∆−k(x̂L) =
(−)l

l!

(2l + 1)!!

(2l)!!(2l + 2k + 1)!!
r2k+ln̂L (21)
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and

∂̂L =

l/2∑
k=0

(−)k
(2l − 2k − 1)!!

(2l − 1)!!
δ{i1i2...δi2k−1i2k...∂i2k+1...il}∆

k

∂̂L(rλ) = n̂Lr
λ−l λ!!

(2l)!!
, (if λ ≥ 2l, otherwise 0),

(22)

we have

+∞∑
l=0

+∞∑
k=0

1

c2k
∂2kt (

+∞∑
n=0

Bµν
(n+2),L

cn+2
)∆−k(x̂L) = −

∞∑
l=0

∞∑
k=0

∂2k+1
t AµνL (t)

c2k+1

∂̂Lr
2k

(2k + 1)!

(23)
By Taylor expansions, we know that

AµνL (t− r

c
)−AµνL (t+

r

c
) =

+∞∑
k=0

1

k!
(−)k(

r

c
)k∂kt A

µν
L (t)−

+∞∑
k=0

1

k!
(
r

c
)k∂kt A

µν
L (t)

= −2

+∞∑
k=0

1

(2k + 1)!
(
r

c
)2k+1∂2k+1

t AµνL (t)

(24)

as only odd terms remain.
Then the solution (18) will become

hµν =
16πG

c4
�−1instτ

µν −
∞∑
l=0

∞∑
k=0

∂2k+1
t AµνL (t)

c2k+1

∂̂Lr
2k

(2k + 1)!

=
16πG

c4
�−1instτ

µν − 4G

c4

∞∑
l=0

(−)l

l!
∂̂L[

AµνL (t− r
c )−A

µν
L (t+ r

c )

2r
]

(25)

Even though the post-Newtonian approximation works well in the do-
main of its validity, it does not work at far region. So one need to develop
new construction of approximate expression of exterior field, which leads to
the post-Minkoswkian approximation. Usually this method equips multipole
expansion, so it is also called MPM expansion.

2.3 Post-Minkowskian Approximation

In the vacuum region outside the compact-support source, the field
equations (2) and (3) can be solved in the form of a formal non-linearity
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or post-Minkowskian expansion, considering the field variable hαβ as a non-
linear metric perturbation of Minkowski space-time. We don’t need to con-
sider any physical constraints of matter. Expand the exact solution

hαβext =
+∞∑
n=1

Gnhαβ(n) (26)

At the linearized level (or first-post-Minkowskian approximation), we wirte:

hαβext = Ghαβ(1) +O(G2) (27)

where the subscript “ext” means that the solution is valid only in the exterior
of the source. hαβ(1) is the linear coefficient with the dimension of the inverse
of G. In vacuum, it satisfies

�hαβ(1) = 0 (28)

∂µh
αµ
(1) = 0 (29)

2.3.1 General solution of the linearized vacuum eqautions

From (28), we can obtain

(− 1

c2
∂2t + ∂2r +

2

r
∂r −

l(l + 1)

r2
)hαβ(1)(r, t) = 0 (30)

Using the retarded and advanced time variables, u = t− r
c and v = t+ r

c ,
define

f(u, v) = (v − u)−lhαβ(1)(r, t) (31)

Then Eq.(30) can be transformed into

[(v − u)∂uv + (l + 1)∂u − (l + 1)∂v]f = 0 (32)

where ∂uv = ∂2

∂u∂v
.

This equation is called Euler-Poisson-Darboux equation Em,n, defined
as

Em,n(f) = [(v − u)∂uv + (l + 1)∂u − (l + 1)∂v]f = 0 (33)

It can easily proved by checking both sides that

∂uEm,n(f) = Em,n+1(∂uf) (34)

Thus, if f is the solution of Em,n, then ∂u is a solution of Em,n+1, which
means that if the general solution of Em,n is known as f , then the general so-
lution of Em,n+1 can also be obtained. Also, we can get the general solution
Em+1,n by exchanging u and v, m and n.
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First, consider

E1,1 = [(v − u)∂uv + ∂u − ∂v]f
= ∂uv[(v − u)f ] = 0

(35)

So, the general solution of E1,1 is

f1,1 =
U(u) + V (v)

v − u
(36)

where U(u) and V (v) are arbitary functions.
As long as we have the general solution of E1,1, by using (34), we can

have the general solution of El+1,l+1[1]

f =
2

l!cl+1

∂2l

∂ul∂vl
[
U(u) + V (v)

v − u
] (37)

where U and V are arbitary functions of order cl+1 and here introduces a the
factor 2

l!cl+1 for later convenience. Then back to the definition of f , Eq.(31),

we will get the general solution of hαβ(1)(r, t):

hαβ(1)L =
2

l!cl+1
(v − u)l

∂2l

∂ul∂vl
[
UαβL (u) + V αβ

L (v)

v − u
]

=
(−)l

2l

l∑
j=0

2j(2l − j)!
j!(l − j)!

U
(j)αβ
L (r − r/c) + (−)jV

(j)αβ
L (t+ r/c)

cjrl−j+1

(38)

Using the expression of ∂̂L, we will have[1]

n̂Lhαβ(1)L = ∂̂L[
UαβL (r − r/c) + V αβ

L (t+ r/c)

r
] (39)

where ∂̂L denotes the tracefree part of ∂i1i2...il = ∂i1∂i2 ...∂il .
From ∂̂Lf(r) = n̂L(2r)l( ∂

∂(r2)
)lf(r)[1], and ∂th

αµ
(1) = 0(t ≤ −T ), we can

know that for t ≤ −T , ∂tU
αβ
L (r − r/c) + ∂tV

αβ
L (r + r/c) must be an odd

polynomial in r of maximum degree 2l − 1, with coeffient depending on t.
So, for t < −T , we can write

∂tU
αβ
L (r − r/c) + ∂tV

αβ
L (r + r/c) =

2l−1∑
j=1

jCj [(t− r/c)j − (t+ r/c)j ] (40)
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Separtating ∂tU(t− r/c) and ∂tV (t+ r/c), we will get that, for r < −T

UαβL (t− r/c) = A+

2l−1∑
j=0

Cj(t− r/c)j+1 = A+

2l+1∑
j=1

Cj(t− r/c)j

V αβ
L (t+ r/c) = B +

2l−1∑
j=0

Cj(t+ r/c)j+1 = B −
2l+1∑
j=1

Cj(t+ r/c)j

(41)

From ∂̂L(rλ) = n̂Lr
λ−l λ!!

(2l)!! , (if λ ≥ 2l, otherwise 0) (Eq.(22)), we have

∂̂L(r2j) = 0, (j = 0, 1, 2, ..., l − 1) (42)

Also we know that in (t+ r)i − (t− r)i, only odd terms of r remain, where
u = t− r, v = t+ r. Thus we have

∂̂L(
(t+ r)i − (t− r)i

r
) = 0, (i = 0, 1, 2, ..., 2i) (43)

Therefore, when t ≤ −T , only the term with degree 2l + 1 remains,
which will give

n̂Lh
αβ
(1)L = ∂̂L[(A+B)/r − 2(C2l+1/c

2l+1)r2l] (44)

Now consider lim
r→∞

hαβ(1)(x, t) = 0, which ensures that C2l+1 must be zero.

As C2l+1 = 0 and ∂̂L( (t+r)
i−(t−r)i
r ) = 0, (i = 0, 1, 2, ..., 2i), the value of hαβ(1)L

will not change even if the function V changes as below

V αβ
L = B −

2l∑
j=1

Cj(t− r/c)j (45)

Then the general soluton of hαβ(1) can be represented as

hαβ1 =
∑
l

∂̂L(
UαβL (t− r/c)

r
) (46)

We will find that evidently a monopolar wave satisfies �(UL(u)
r ) = 0.
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Following Ref.[11] to algebraically decompose UαβL and then construst-

ing new functions A(u), ..., J(u), hαβ(1) can be reprensented as [1]

h001 =
∑
l≥0

∂L(r−1AL(u))

h0i1 =
∑
l≥0

∂iL(r−1BL(u)) +
∑
l≥1

[∂L−1(r
−1CiL−1(u)) + εiab∂aL−1(r

−1DbL−1(u))]

hij1 =
∑
l≥0

[∂ijL(r−1EL(u)) + δij∂L(r−1FL(u))]

+
∑
l≥1

[∂L−1(i(r
−1Gj)L−1(u)) + εab(i∂j)aL−1(r

−1HbL−1u))]

+
∑
l≥2

[∂L−2(r
−1IijL−2(u)) + ∂aL−1(r

−1εab(iJj)bL−2(u))]

(47)

Eq.(29), the harmonicity condition gives algebraic and differential constraints
among A,B, ... and J . To express the constraints simply, define

(l ≥ 0)ML(u) = AL + 2B
(1)
L + E

(2)
L + FL

(l ≥ 1)SL(u) = −DL −
1

2
H

(1)
L

(l ≥ 0)WL(u) = BL +
1

2
E

(1)
L

(l ≥ 0)XL(u) =
1

2
EL

(l ≥ 0)YL(u) = −B(1)
L − E

(2)
L − FL

(l ≥ 1)ZL(u) =
1

2
HL

(48)

where F (n)(u) denotes dnF/dun. Then the constrains are [1]

M
(1)
L =0

M
(2)
L =0

S
(1)
L =0

(49)
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and

CL = M
(1)
L − Y

(1)
L

GL = 2YL

IL = M
(2)
L

JL = 2S
(1)
L

(50)

The general solution of hαβ(1) can also be expressed uniquely in terms
of M,S,W,X, Y and Z, which satisfy the above constraints. In previous
studies[2], the most general solution of the linearized field equations (28,
29) has been found in the form of

hαβ(1) = kαβ(1) + ∂αϕβ(1) + ∂βϕα(1) − η
αβ∂µϕ

µ
(1) (51)

The first term depends on two STF-tensorial multipole moments, ML(u)
and SL(u), which are arbitrary functions of time, but obeythe laws of con-
servation of the monopole:M = const and dipoles: Mi = const, Si = const.

The conservation of these two lowest-order moments ensures the fol-
lowing constancy: the total mass of the source, M = const, center-of-mass

position, Xi ≡ Mi/M = const, total linear momentum Pi ≡ M
(1)
i = 0,

and total angular momentum, Si = const. By translating the origin of our
coordinates to the center of mass, we can easily have Xi = 0

The first term is given by the following equations:

k001 = − 4

c2

∑
l≥0

(−)l

l!
∂L(

ML(u)

r
)

k0i1 = − 4

c3

∑
l≥1

(−)l

l!
{∂L−1(

M
(1)
iL−1(u)

r
) +

l

l + 1
εiab∂aL−1(

SbL−1(u)

r
)}

kij1 = − 4

c4

∑
l≥2

(−)l

l!
{∂L−2(

M
(2)
iL−2(u)

r
) +

2l

l + 1
∂aL−2(εab(iS

(1)
j)bL−1(u)(

1

r
))}

(52)
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The components of the gauge-vector ϕα1 are given by:

ϕ0
1 = − 4

c3

∑
l≥0

(−)l

l!
∂L(

WL(u)

r
)

ϕi1 = − 4

c4

∑
l≥0

(−)l

l!
∂iL(

XL(u)

r
)

− 4

c4

∑
l≥1

(−)l

l!
{∂L−1(

YiL−1(u)

r
) +

l

l + 1
εiab∂aL−1(

ZbL−1(u)

r
)}

(53)

The detailed expressions of M,S,W,X, Y and Z can be found in Ref.[2].

2.3.2 Full post-Minkowskian solution

Consider the full post-Minkowskian series hαβext =
∑+∞

n=1G
nhαβ(n), and

plugge it into the vacuum Einstein field equations (2,3); with ταβ = c4

16πGΛαβ,
as Tαβ = 0, we can get the set of equations:

�hαβ(n) = Λαβ(n)(h(1), h(2), ..., h(n−1)) (54)

∂µh
αµ
(n) = 0 (55)

In detail, we have [3]

�hαβ2 =Nαβ(h1, h1)

�hαβ3 =Mαβ(h1, h1, h1) +Nαβ(h1, h2) +Nαβ(h2, h1)

�hαβ4 =Lαβ(h1, h1, h1, h1)

+Mαβ(h1, h1, h2) +Mαβ(h1, h2, h1) +Mαβ(h2, h1, h1)

+Nαβ(h2, h2) +Nαβ(h3, h1) +Nαβ(h1, h3)

(56)

Ref.[5] gives more explicit expressions for Nαβ, Mαβ and Lαβ.
Define that

�−1retρ(t, x) = FPB=0[−
1

4π

∫
d3x′

|x− x′|
|x
′

r0
|Bρ(t− |x′ − x|/c, x)] (57)

Using ∇2( 1
r−r′ ) = 4πδ(r − r′), we can easily find that

�[− 1

4π

∫
d3x′

|x− x′|
|x
′

r0
|Bρ(t− |x′ − x|/c, x)] = (

r

r0
)Bρ(t, x) (58)
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Thus � ·�−1retρ(t, x) = ρ(t, x). The general solution with a homogeneous
solution is

hµν(m)(t, x) = �−1retΛ
µν
(m)(t, x) +

+∞∑
l=0

∂̂L(
Uµν(m)L(t− r/c)

r
) (59)

where r = |x| and the functions Uµν(m) are smooth functions of retarded

time u = t − r/c, which become constant in the past. We can find that a
monopolar wave satisfies �(Uµν(0)(u)/r) = 0.

2.3.3 Near-zone and far-zone structures

Ref.[1] proves that the general structure of the expansion of the post-
Minkowskian exterior metric in the near-zone (when r → 0) can be written
in the form as

hµν(m)(x, t) =
∑

n̂Lr
q(ln r)pFL,q,p,m(t) +O(rN ), ∀N ∈ N (60)

where q ∈ Z with q0 ≤ q ≤ N (q0 is a negative integer and p ≤ m− 1), and
functions FL,q,p,m are multilinear functionals of the source multipole mo-
ments. Paralleling the structure of the near-zone expansion, we have a simi-
lar result concerning the structure of the far-zone expansion at Minkowskian
future null infinity (r → +∞)

hµν(m)(x, t) =
∑ n̂L(ln r)p

rk
GL,k,p,m(u) +O(

1

rN
), ∀N ∈ N (61)

where u = t− r/c.

3 The matching equation

Now, we have solution of Einstein Equations in the Near-zone and Far-
zone expansion by the post-Newtonian expansions and post-Minkowskian
expansions respectively and each solution have different domain of validity.
Fortunately, there is a fundamental fact that there always exist a ”matching”
region around post-Newtonian sources, in which both the expansions are
valid.

In the matching region d < r < λ, let h be the exact solution. Then
the one from post-Minkowskian expansion M(h) is numerically equal to h.

h =M(h), (r > d) (62)
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The solution from post-Newtonian expansion h̄ is also numerically equal to
h in r < λ.

h = h̄, (r < λ) (63)

Thus we have
h̄ =M(h), (d < r < λ) (64)

To change Eq.(64) into a matching equation, we replace M(h) by its
near zone expansionM(h), and replace h byM(h), its multipole expansion.
The matching equation is

M(h) =M(h) (65)

3.1 General expression of the multipole expansion

Taking the hypothesis of matching, Eq.(65), the multipole expansion of
the solution of Einstein field equation outside the post-Newtonian source is

M(hµν) = �−1retM(Λµν)− 4G

c4

+∞∑
l=0

(−)l

l!
∂̂L(
HµνL (t− r/c)

r
) (66)

where the ”multipole moments” are given by

HµνL (u) = FPB=0

∫
d3x|x|BxLτµν(x, u) (67)

Here, τµν is the post-Newtonian expansion of the stress-energy pseudo-
tensor. The proof is given below.

Consider ∆µν as the difference between hµν , the solution of the field
equation everywhere both inside and outside the source, and the first term
of (66), defined as

∆µν = hµν −�−1retM(Λµν) (68)

According to Eq.(9), it becomes

∆µν =
16πG

c4
�−1retτ

µν −�−1retM(Λµν)

=
16πG

c4
�−1ret[τ

µν −M(τµν)]

(69)

where we usedM(Λµν) = 16πG
c4
M(τµν) because Tµν has a compact support.

Here we can see from the above equation that ∆µν is a retarded integral of a
source with spatially compact support. Therefore,M(τµν) can be obtained
from the formula for the multipole expansion of the retarded solution of a
wave equation with compact-support source.
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To get the solution ofM(∆µν), let us consider a general situation first.
Following Ref.[4], let S(x, t) be some source and S(x, t) = 0 when |x| > r0,
where r0 is some finite fixed radius. V is the slution of

�V = −4πS (70)

Thus, we have

V (x, t) = −4π�−1retS =

∫
d3x′

|x− x′|
S(x′, t− |x− x′|

c
) (71)

To slove Eq.(70), we expand the source S(x, t) in spherical harmonics

S(x, t) =
∑
l≥0

n̂L(θ, ϕ)SL(r, t) (72)

For each term in Eq.(72), we apply the �−1ret and have [4]

�−1ret[(n̂LSL)(x, t)] =∂̂L{
1

r

∫ t−r

−∞
dτR

[a]
L (

t− r − τ
2

, τ)}

−
∫ t−r

−∞
dτ ∂̂L{

1

r
R

[a]
L (

t+ r − τ
2

, τ)}
(73)

where (with c=1)R
[a]
L (ρ, τ) is related to SL(r, t)

R
[a]
L (ρ, τ) = ρl

∫ ρ

a

(ρ− x)l

l!
(
2

x
)l−1SL(x, τ + x). (74)

This result is valid everywhere both inside and outside the source for
any source (with compact or unbounded support), and it is independent of
choice of a. Now, consider the case that a field point is outside a compact
source (r > r0), if we choose a = r0, the second term of Eq.(73) will vanish
when r > r0. Then we have

−4π�−1ret(n̂LSL) =
(−)l

l!
∂̂L(

FL(t− r/c)
r

) (75)

where

FL(u) = −4π(−)ll!

∫ u

−∞
dτ(

u− τ
2

)l×
∫ (u−τ)/2

r0

dx
(u−τ2 − x)l

l!
(
2

x
)l−1SL(x, τ+x)

(76)
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Transforming the equation by z = τ−u+x
x , it becomes

FL(u) =
4π

2l+1

∫ +1

−1
dz(1− z2)l

∫ r0

0
dxxl+2SL(x, u+ zx) (77)

Then using[4]

SL(r, t) =
(2l + 1)!!

(4πl!)

∫
dΩn̂LS(x, t), (78)

finally we get

V =
∑
l≥0

(−)l

l!
∂̂L(

FL(t− r/c)
r

) (79)

where

FL(u) =

∫
d3xx̂LSl(x, u) (80)

with

Sl(x, u) =
(2l + 1)!!

2l+1l!

∫ +1

−1
dz(1− z2)lS(x, u+ z|x|/c). (81)

Therefore, we have

M(∆µν) = −4G

c4

+∞∑
l=0

(−)l

l!
∂̂L(
HµνL (u)

r
) (82)

where

HµνL (u) = FPB=0

∫
d3x|x|BxL[τµν −M(τµν)] (83)

However, the moments are not match Eq.(67), as we need to apply the
assumption of a post-Newtonian source here.

Because the sources are covered in their near zone, and the integral
should have a compact support limited to the domain of the source, we can
replace the terms in Eq.(83) with post-Newtonian expansion, which is valid
in the near zone.

HµνL (u) = FPB=0

∫
d3x|x|BxL[τµν −M(τµν)] (84)

The matching equation in the near zone, Eq.(65) and Eq.(60), gives us

M(h) =
∑

n̂Lr
m(ln r)pFL,m, p(t) =M(h) (85)

Thus, the second term in the integral is actually zero, proven in Ref.[2]. So,
it will give Eq.(67).
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3.2 Matching

We will use two equations shown as below, of which detailed proof can
be found in Ref.[7].

M(�−1inst(τ)) = �−1inst(M(τ))− 1

4π

∞∑
l=0

(−)l

l!
∂̂L(

FL(t− r
c ) + FL(t+ r

c )

2r
),

(86)
and

�−1ret[M(τ)] = �−1instM(τ)− 1

4π

∞∑
l=0

(−)l

l!
∂̂L(

RL(t− r
c )−RL(t+ r

c )

2r
) (87)

where the two functions are defined as

FL(t) = FPB=0

∫
d3yŷL|y|B

∫ +1

−1
dzδl(z)τ(t± z|y|/c, y), (88)

and

RL(t) =

∫
d3yŷL|y|B

∫ +∞

+1
dz[−2δl(z)]M(τ)µν(y, t− z|y). (89)

Here

δl(z) =
(2l + 1)!!

2l+1l!
(1− z2)l, (90)

which is normalized by ∫ 1

−1
dzδl(z) = 1 (91)

Recall that

h
µν

=
16πG

c4
�−1instτ

µν − 4G

c4

∞∑
l=0

(−)l

l!
∂̂L[

AµνL (t− r
c )−A

µν
L (t+ r

c )

2r
] (92)

M(hµν) = �−1retM(Λµν)− 4G

c4

+∞∑
l=0

(−)l

l!
∂̂L(

UµνL (t− r/c)
r

) (93)

Then Eq.(65) becomes

�−1retM(Λµν)− 4G

c4

+∞∑
l=0

(−)l

l!
∂̂L(

UµνL (t− r/c)
r

)

=
16πG

c4
�−1retM(τµν)− 4G

c4

+∞∑
l=0

(−)l

l!
∂̂L(

UµνL (t− r/c)
r

)

=
16πG

c4
M(�−1instτ

µν)− 4G

c4

∞∑
l=0

(−)l

l!
∂̂L[

AµνL (t− r
c )−A

µν
L (t+ r

c )

2r
].

(94)
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as 16πG
c4
M(τ) =M(Λ).

Applying Eq.(86) and (87), it becomes

�−1instM(Λ)− 4G

c4

+∞∑
l=0

(−)l

l!
∂̂L(

RL(t− r/c)−RL(t+ r/c)

2r
)

− 4G

c4

+∞∑
l=0

(−)l

l!
∂̂L(

UL(t− r/c)
r

)

=
16πG

c4
�−1instM(τ)− 4G

c4

∞∑
l=0

(−)l

l!
∂̂L[

FL(t− r
c ) + FL(t+ r

c )

2r
]

− 4G

c4

∞∑
l=0

(−)l

l!
∂̂L[

AL(t− r
c )−AL(t+ r

c )

2r
].

(95)

Then we finally have

UL(t) = FL(t)

AL(t) = RL(t) + FL(t)
(96)

4 Summary

Post-Newtonian expansions are a good wasy to calculate an approxi-
mate solution of the Einstein field equations for the metric tensor. It expands
the metrix tensor in small parameters, usually the ratio of the velocity of
the matter in gravitational field to the speed of light, which indicates devi-
ations from classical Newton’s law. Thus, Post-Newtonian approximations
are valid in the case of weak fields and slow motion.

Here, we rougly go through the main results of the post-Newtonian ap-
proximation with some proof. The post-Newtonian expansion have terms in
power of 1/c, which is valid in the near zone of the PN source (slow and weak
self gravitation). In the exterior region, where the vaccum region doesn’t
have a compact-source support, we use the multiplole post-Minkowskian
expansion. Due to the fact that there exists a ”matching” region aroung
post-Newtonian sources, we can use the ”matching” equation. By match-
ing the exterior solution to the metric of the post-Newtonian source in the
near-zone we obtain the explicit expressions of the solutions.

This section will summarize and list those results.
(a) The post-Newtonian field in the near zone of a post-Newtonian
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source is in the form of

hµν =
16πG

c4
�−1instτ

µν − 4G

c4

∞∑
l=0

(−)l

l!
∂̂L[

AµνL (t− r
c )−A

µν
L (t+ r

c )

2r
] (97)

The first term represents a particular solution of the post-Newtonian equa-
tions, while the second one is a homogeneous multipolar solution of the wave
equation.

(b) The general solution of the linearized vacuum field equations (28,
29), which is stationary in the past is

hαβ(1) = kαβ(1) + ∂αϕβ(1) + ∂βϕα(1) − η
αβ∂µϕ

µ
(1) (98)

with details of the funtions in Section.(2).
(c) Under the hypothesis of matching, the multipole expansion of the

solution of the Einstein field equation outside a post-Newtonian source is

M(hµν) = �−1retM(Λµν)− 4G

c4

+∞∑
l=0

(−)l

l!
∂̂L(
HµνL (t− r/c)

r
), (99)

where

HµνL (u) = FPB=0

∫
d3x|x|BxLτµν . (100)

The inspiralling compact binaries are usually very relativistic, as the or-
bital velocities usually reach as high as 0.5c in the late rotations. Thus, they
are ideal applications for post-Newtonian expansion. This article only men-
tions the metric tensor of the gravitational field around the Post-Newtonian
sources. Further study and calculation can give an approxiamte expression
of different orders for the waveform of the gravitational waves from the com-
pact binaries. The mathematics are also complicated to reach those results,
so I don’t include them here.
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