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We propose that the infrared (IR) running of Newton’s coupling provides a simple and universal explanation
for large-distance modifications of gravity relevant to dark matter phenomenology. Within the effective field
theory (EFT) framework, we model G(k) as a scale—-dependent coupling governed by an anomalous dimension #.
We show that the marginal case n = 1 is singled out by renormalization group (RG) and dimensional arguments,
leading to a logarithmic potential and a 1/r force law at large distances, while smoothly recovering Newtonian

gravity at short scales. The logarithmic correction is universal and regulator independent, indicating that the 1/r
force arises as the robust IR imprint of quantum-field—theoretic scaling. This provides a principled alternative
to particle dark matter, suggesting that galactic rotation curves and related anomalies may be understood as
manifestations of the IR running of Newton’s constant.

1. Introduction

One of the most persistent puzzles in modern physics is the nature
of dark matter (DM) (see [1,2] for detailed reviews and [3] for a recent
review). While the dominant paradigm assumes new particle species
beyond the Standard Model, which is the ACDM model or the standard
model of cosmology, and is successful in explaining a wide variety of
observations, such as flat rotation curves of galaxies, CMB, and large-
scale structure formation [4], an alternative line of thought is that the
missing-mass phenomenon reflects infrared (IR) modifications of grav-
ity itself. One such proposal is MOND [5,6]. IR modifications to General
Relativity (GR) have also been proposed by imposing spherical sym-
metry in addition to diffeomorphism invariance, such that gravity is
effectively described as a 2D dilaton gravity [7,8]. In this spirit, a key
question is whether such modifications can arise in a principled, model-
independent way from quantum field theory (QFT), rather than through
ad hoc phenomenological assumptions.

In quantum field theory (QFT), the strength of interactions is never
truly constant: couplings evolve with the characteristic momentum scale
u at which the theory is probed. This scale-dependence is encoded in the
renormalization group (RG) equation

ﬂM = plg(w)), (€))
dp

with p(g) the beta function and, for a dimensionful coupling, an associ-
ated anomalous dimension
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The RG flow interpolates between fixed points of the theory, governing
how short-distance (UV) physics matches onto long-distance (IR) behav-
ior. Familiar examples include the logarithmic running of the QED cou-
pling, asymptotic freedom of QCD, and the scale-invariance of critical
phenomena near a second-order phase transition.

Gravity is no exception. In effective field theory (EFT), the Einstein-
Hilbert term acquires a scale-dependent coefficient (see [9] for GR as
an EFT),
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where integrating out quantum fluctuations above scale y renormalizes
Newton’s constant G(u) and generates higher-derivative operators O;. At
laboratory and solar-system scales, G(y) is essentially constant, but noth-
ing forbids a nontrivial infrared (IR) running once very long-wavelength
fluctuations are taken into account.

In this work, we take this perspective seriously: we model G(u) as
flowing in the IR with a nonzero anomalous dimension,

k n
G(k) ~ GN<7*> , k< k,, 4)

with k the physical momentum scale of the process and k, a dynami-
cally generated crossover scale. Note that k, is not introduced ad hoc,
but instead arises from the infrared dynamics of the renormalization
group (RG) flow, in close analogy with the emergence of Aqcp in strong
interactions. Although absent in the bare action, such a scale is induced
once the nonanalytic 1/k correction appears. Physically, k;! marks the
transition between the Newtonian regime, where the familiar 1/r2 force
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\begin {equation}\label {eq:RGE} \mu \frac {d g(\mu )}{d\mu } = \beta (g(\mu )),\end {equation}


$\beta (g)$


\begin {equation}\label {eq:anomalous} \eta (\mu ) = -\mu \frac {d\ln g(\mu )}{d\mu }.\end {equation}


\begin {equation}\label {eq:EHactionRG} S_\text {grav} = \frac {1}{16\pi G(\mu )}\int d^4x \sqrt {-g}\,R + \sum _i \frac {c_i(\mu )}{\Lambda ^{2i-2}}\mathcal {O}_i,\end {equation}
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\begin {equation}\label {eq:Gscale} G(k)\;\sim \;G_N\left (\frac {k_\ast }{k}\right )^{\eta },\qquad k\ll k_\ast ,\end {equation}
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$\Phi (\mathbf {r})$


$k:=|\mathbf {k}|$


$M$


\begin {equation}\label {eq:PhiFourierMaster} \Phi (\mathbf {r}) = -\,M\!\int \!\frac {d^3\mathbf {k}}{(2\pi )^3}\,e^{i\mathbf {k}\cdot \mathbf {r}}\, \frac {4\pi \,G(k)}{k^2}\,.\end {equation}


$k\gg k_\ast $


$G(k)\to G_N$


$k\ll k_\ast $


\begin {equation}\label {eq:IRansatz} \frac {d\ln G}{d\ln k}=-\eta \quad \Longrightarrow \quad G(k)\simeq G_N\,{\Big (\frac {k_\ast }{k}\Big )}^{\eta },\qquad k\ll k_\ast ,\end {equation}
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$(2\pi )^{-d}$


\begin {equation}\label {eq:Riesz} \int \frac {d^d\mathbf {k}}{(2\pi )^d}\, \frac {e^{i\mathbf {k}\cdot \mathbf {x}}}{|\mathbf {k}|^{\alpha }}=\frac {\Gamma \!\big (\tfrac {d-\alpha }{2}\big )}{2^{\alpha }\,\pi ^{d/2}\,\Gamma \!\big (\tfrac {\alpha }{2}\big )}\,|\mathbf {x}|^{\,\alpha -d}, \quad 0<\alpha <d,\end {equation}


$d=3$


$0<2+\eta <3$


$\eta <1$


\begin {equation}\label {eq:PhiEtaNot1} \Phi _\text {IR}(r)= -\,4\pi G_N M\,k_\ast ^{\eta }\; \frac {\Gamma \!\big (\tfrac {1-\eta }{2}\big )}{2^{2+\eta }\,\pi ^{3/2}\,\Gamma \!\big (\tfrac {2+\eta }{2}\big )} \, r^{\eta -1}\,.\end {equation}
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$G(k)\to G_N$


$k\gg k_\ast $


$F(r)=-\Phi '(r)$


\begin {equation}\label {eq:ForceGeneralEta} F(r)\;\propto \; r^{\eta -2}\,,\end {equation}


$\eta =1$


$F\propto 1/r$


$\eta =1$


$\eta =1$


$\alpha =3$


\begin {equation}\Phi (\mathbf {k}) \;\sim \; \frac {4\pi \, G(k)}{k^2}\,\rho (\mathbf {k}) , \label {Xeqn10-10}\end {equation}


$G(k)$


$[-\nabla ^2]=k^2$


$(-\nabla ^2)^{\alpha }$


\begin {equation}\frac {1}{k^2} \;\;\longrightarrow \;\; \frac {1}{k^{2\alpha }} . \label {Xeqn11-11}\end {equation}


\begin {equation}\frac {1}{k^2}\,\bigg (1 \;+\; c\,k^{-p} \;+\;\cdots \bigg ) , \label {Xeqn12-12}\end {equation}


$p$


$d=3$


$1/k^{2+\eta }$


\begin {equation}\int \!\frac {d^3k}{(2\pi )^3}\; \frac {e^{i \mathbf {k}\cdot \mathbf {r}}}{k^{2+\eta }} \;\;\propto \;\; \begin {cases} r^{\eta -1}, & \eta \neq 1 , \\[6pt] \ln r , & \eta = 1 . \end {cases} \label {Xeqn13-13}\end {equation}


$\eta =1$


$\eta <1$


$1/r$


$\eta >1$


\begin {equation}G(k) \;\sim \; \frac {1}{k} , \label {Xeqn14-14}\end {equation}


$\eta =1$


\begin {equation}\label {eq:DimRegIntegral} I_\epsilon (r):=\int \frac {d^3\mathbf {k}}{(2\pi )^3}\,\frac {e^{i\mathbf {k}\cdot \mathbf {r}}}{|\mathbf {k}|^{3-\epsilon }}=\frac {\Gamma \!\big (\tfrac {\epsilon }{2}\big )}{2^{3-\epsilon }\,\pi ^{3/2}\,\Gamma \!\big (\tfrac {3-\epsilon }{2}\big )}\,r^{-\epsilon },\end {equation}


$\epsilon >0$


$\Gamma (\epsilon /2)=2/\epsilon -\gamma _E+\mathcal {O}(\epsilon )$


$\Gamma (3/2)=\sqrt {\pi }/2$


$r^{-\epsilon }=1-\epsilon \ln r+\mathcal {O}(\epsilon ^2)$


\begin {equation}\label {eq:LogKernelIdentity} \int \frac {d^3\mathbf {k}}{(2\pi )^3}\,\frac {e^{i\mathbf {k}\cdot \mathbf {r}}}{|\mathbf {k}|^{3}}= -\,\frac {1}{2\pi ^2}\,\ln (\mu r)\,,\end {equation}


$\mu $


$G(k)\to G_N$


$k\gg k_\ast $


$\mu $


$\ln r$


\begin {align*}\Phi (r)=& -\,M\!\int \!\frac {d^3\mathbf {k}}{(2\pi )^3}\,e^{i\mathbf {k}\cdot \mathbf {r}}\,\frac {4\pi }{k^2}\Big [G_N + G_N\Big (\frac {k_\ast }{k}\Big )\Big ]\nonumber \\ &+\text {(UV-finite matching)}\nonumber \\ =& -\frac {G_N M}{r}\;+\;\frac {2\,G_N M\,k_\ast }{\pi }\,\ln \!\Big (\frac {r}{r_0}\Big ), \label {eq:PhiMarginal}\end {align*}


$r_0\equiv \mu ^{-1}\times (\text {matching constant})$


$k\sim k_\ast $


$r_0$


$\Phi (r_0)=-G_N M/r_0$


$r_0$


$\Phi $


\begin {equation}\label {eq:ForceMarginal} F(r)\;=\;-\frac {d\Phi }{dr}\;=\;-\frac {G_N M}{r^2}\;-\;\frac {2\,G_N M\,k_\ast }{\pi }\,\frac {1}{r}.\end {equation}


$r\gg r_c:=1/k_\ast $


$1/r$


\begin {equation}\label {eq:IRforce} F(r)\;\xrightarrow {\,r\gg r_c\,}\;-\frac {2\,G_N M\,k_\ast }{\pi }\,\frac {1}{r}.\end {equation}


$r\ll r_c$


$k_\ast r\ll 1$


$|F_{1/r}|/|F_{1/r^2}| \sim (2/\pi )(k_\ast r)\ll 1$


$\Phi $


$r$


$-\Phi '(r)<0$


$\chi (-\nabla ^2)\equiv {\big (G(-\nabla ^2)/G_N\big )}^{-1}$


\begin {equation}\nabla \!\cdot \!\big [\chi (-\nabla ^2)\,\nabla \Phi (\mathbf {r})\big ]=4\pi G_N\,\rho (\mathbf {r})\,. \label {eq:SpectralG}\end {equation}


$-k^2\chi (k)\Phi (k)=4\pi G_N\rho (k)$


$\Phi (k)=-4\pi \,G(k)\rho (k)/k^{2}$


$\chi (k)=[G(k)/G_N]^{-1}$


$G(k)$


$\eta =1$


\begin {equation}G(-\nabla ^2)=G_N\!\left [\,1+k_\ast (-\nabla ^2)^{-1/2}\right ] \label {Xeqn20-20}\end {equation}


$1/r$


$(-\nabla ^2)^{-1/2}$


$( -\Box )^{-\alpha }$


$\ln \Box $


$G(k)=G_N\big [1+(k_\ast /k)f(k/\Lambda )\big ]$


$f(0)=1$


$f(x)\to 0$


$x\to \infty $


$\Lambda \gg k_\ast $


$k$


\begin {align}\Phi (r)=&-\frac {G_N M}{r}\;+\;\frac {2\,G_N M\,k_\ast }{\pi }\,\ln r\;\nonumber \\ &+\text {const}\;+\;\mathcal {O}\!\big (r^{-2}\big ), \label {eq:Universality}\end {align}


$2G_N M k_\ast /\pi $


$\ln r$


$r_0$


$\eta =1$


$(-\nabla ^2)^{-1/2}$


$\eta =1$


$1/r$


$\eta =1$


\begin {equation}I_\eta (r) \equiv \int \frac {d^3k}{(2\pi )^3} \, \frac {e^{i k\cdot r}}{|k|^{2+\eta }}. \label {Xeqn21-22}\end {equation}


$d$


\begin {equation}\int \frac {d^d k}{(2\pi )^d} \, \frac {e^{i k \cdot x}}{|k|^\alpha }= \frac {\Gamma \!\left (\tfrac {d-\alpha }{2}\right )} {2^\alpha \pi ^{d/2}\, \Gamma \!\left (\tfrac {\alpha }{2}\right )} \, |x|^{\alpha -d}, \qquad 0<\alpha <d, \label {Xeqn22-23}\end {equation}


$d=3$


\begin {equation}I_\eta (r) \propto \begin {cases} r^{\eta -1}, & \eta \neq 1, \\[6pt] \ln r, & \eta = 1. \end {cases} \label {Xeqn23-24}\end {equation}
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$\ln r$
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$k \in [\mu ,\mu +d\mu ]$


\begin {equation}\mu \frac {dG}{d\mu } = \beta (G) = -\eta G. \label {Xeqn24-25}\end {equation}


\begin {equation}G(\mu ) \sim \mu ^{-\eta }. \label {Xeqn25-26}\end {equation}


$d=3$


$\eta =1$


$G(\mu )$


$\mu \gg k_\ast $


$1/r$


$\mu \ll k_\ast $


\begin {align}S =& \frac {1}{16\pi G_N} \int d^4x \sqrt {-g} \, R\nonumber \\ &+ \frac {k_\ast }{16\pi G_N} \int d^4x \sqrt {-g} \, R \, \mathcal {P}_s \, (-\Box )^{-1/2} R ,\end {align}


$\mathcal {P}_s$


\begin {equation}\nabla ^2 \Phi (r) = 4\pi G(-\nabla ^2)\, \rho (r), \label {Xeqn26-28}\end {equation}


\begin {equation}G(-\nabla ^2) = G_N \Big [1 + k_\ast (-\nabla ^2)^{-1/2}\Big ]. \label {Xeqn27-29}\end {equation}


$(-\Box )^{-1/2}$


\begin {equation}(-\Box )^{-1/2} = \int _0^\infty \frac {d\mu ^2}{\pi \mu } \, \frac {1}{-\Box + \mu ^2}, \label {Xeqn28-30}\end {equation}


$1/(\pi \mu )$


$\eta =1$


$r_c = 1/k_\ast $


$V_0$


$\sim $


$M_{\rm bar}$


$1.33$


\begin {equation}k_\ast \;=\; \frac {\pi V_0^2}{2\,G\,M_{\rm bar}}\,, \qquad r_c \;=\; \frac {1}{k_\ast }\, , \label {Xeqn29-31}\end {equation}


$G = 4.30091 \times 10^{-6}\,\mathrm {kpc\,km^2\,s^{-2}\,M_\odot ^{-1}}$
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$k_\ast \approx (2.6\text {--}2.8)\times 10^{-2}\,\mathrm {kpc}^{-1}$


$r_c \approx 36\text {--}38\,\mathrm {kpc}$


$M_{\rm bar}$


\begin {equation}\label {eq:Gk} G(k)=G_N\!\left (1+\frac {k_\ast }{k}\right ),\qquad k \equiv |\mathbf p|\simeq \frac {1}{r},\end {equation}


$k_\ast /k$


\begin {equation}S_{\rm IR}=\frac {M_{\rm Pl}^2\,\alpha }{2}\int d^4x\,\sqrt {-g}\;R\,(-\Box )^{-1/2}R , \label {Xeqn31-33}\end {equation}


$V\equiv (-\Box )^{-1/2}R$


$\mathcal {K}_{\mu \nu }[g;R,V]$


$R(t)=6(\dot H+2H^2)$


$(-\Box )^{-1/2}$


$R(t)$


\begin {equation}V(t)\;\simeq \;\gamma _1\,\ln a(t)+\gamma _0, \label {Xeqn32-34}\end {equation}


$1/k \leftrightarrow \ln r$


$00$


\begin {align}\rho _L(a)=&\kappa _L\,M_{\rm Pl}^2 H_0^2\,a^{-2}[-\ln a]\nonumber \\ =&\kappa _L\,M_{\rm Pl}^2 H_0^2\,(1+z)^2\ln (1+z),\end {align}


$\kappa _L\propto \alpha \,\gamma _1>0$


\begin {align}\frac {H^2(z)}{H_0^2}=& \Omega _{r0}(1+z)^4+\Omega _{m0}(1+z)^3+\Omega _{\Lambda 0}\nonumber \\ &+\Omega _{L0}\,(1+z)^2\ln (1+z),\end {align}


$\ln (1+z)$


$\ln (1+z)$


$-k^2\tilde \Phi (\mathbf k)=4\pi \,G(k)\,\tilde \rho (\mathbf k),$


$k_\ast /k$


$\displaystyle \int \! \frac {d^3k}{(2\pi )^3}\,e^{i\mathbf k\cdot \mathbf r}\,k^{-3} = -\frac {1}{2\pi ^2}\ln (\mu r)$


$r_0$


\begin {equation}\label {eq:log-pot} \Phi (r)= -\frac {G_N M}{r} + \lambda \,M\,\ln \!\frac {r}{r_0} + \text {const}, \qquad \lambda \equiv \frac {2G_N k_\ast }{\pi } >0 .\end {equation}
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$M=\tfrac {4\pi }{3}\rho R^3$
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$\Lambda $


\begin {equation}\frac {1}{2}\dot R^2 - \frac {G_N M}{R} - \frac {\Lambda }{6}R^2 + \lambda \,M\,\ln \!\frac {R}{R_0} = 0 . \label {Xeqn34-38}\end {equation}
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$M=\tfrac {4\pi }{3}\rho R^3$


\begin {equation}\left (\frac {\dot R}{R}\right )^2 = \frac {8\pi G_N}{3}\rho -\frac {8\pi }{3}\lambda \,\rho \,R\,\ln \!\frac {R}{R_0} +\frac {\Lambda }{3}. \label {Xeqn35-39}\end {equation}
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\begin {equation}\label {eq:H2a} H^2(a) \equiv \left (\frac {\dot a}{a}\right )^2 = \frac {8\pi G_N}{3}\,\rho _0\,a^{-3} -\frac {8\pi }{3}\,\lambda \,\rho _0\,r_\ast \,a^{-2}\,\ln a +\frac {\Lambda }{3}.\end {equation}


\begin {align*}\rho _{c0}\equiv & \frac {3H_0^2}{8\pi G_N},\qquad \Omega _{m0}\equiv \frac {\rho _0}{\rho _{c0}},\qquad \Omega _{\Lambda 0}\equiv \frac {\Lambda }{3H_0^2},\\ \Omega _{L0}\equiv & \frac {8\pi \,\lambda \,\rho _0\,r_\ast }{3H_0^2},\end {align*}


$a=(1+z)^{-1}$


\begin {align}\label {eq:H2ln} \frac {H^2(z)}{H_0^2} =& \Omega _{r0}(1+z)^4 + \Omega _{m0}(1+z)^3 + \Omega _{\Lambda 0} \nonumber \\ & + \Omega _{L0}\,(1+z)^2\,\ln (1+z).\end {align}
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\begin {equation}\left .\frac {\rho _L}{\rho _r}\right |_{z} = \frac {\Omega _{L0}\,\ln (1+z)}{\Omega _{r0}\,(1+z)^2}\approx 2.3\times 10^{-13}\,\Omega _{L0}. \label {Xeqn37-42}\end {equation}
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\begin {align}\frac {H^2(z)}{H_0^2} =& \Omega _{r0}(1+z)^4 + \Omega _{m0}(1+z)^3 + \Omega _{\Lambda 0} \nonumber \\ & + \Omega _{L0}\,(1+z)^2\,\ln (1+z),\end {align}
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$f(\mathbf {r})=\int \frac {d^3\mathbf {k}}{(2\pi )^3}\,e^{i\mathbf {k}\cdot \mathbf {r}}\,\tilde f(\mathbf {k}).$


\begin {equation}\label {eq:1overk2} \int \frac {d^3\mathbf {k}}{(2\pi )^3}\,\frac {e^{i\mathbf {k}\cdot \mathbf {r}}}{k^{2}}=\frac {1}{4\pi r}.\end {equation}
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\begin {equation}\label {eq:Riesz3D} \int \frac {d^3\mathbf {k}}{(2\pi )^3}\,\frac {e^{i\mathbf {k}\cdot \mathbf {r}}}{k^{\alpha }} =\frac {\Gamma \!\big (\tfrac {3-\alpha }{2}\big )}{2^{\alpha }\,\pi ^{3/2}\,\Gamma \!\big (\tfrac {\alpha }{2}\big )}\, r^{\alpha -3}.\end {equation}


$\alpha =3$


$\alpha =3-\epsilon $


\begin {equation}\int \frac {d^3\mathbf {k}}{(2\pi )^3}\,\frac {e^{i\mathbf {k}\cdot \mathbf {r}}}{k^{3}} = \lim _{\epsilon \to 0^+} \frac {\Gamma \!\big (\tfrac {\epsilon }{2}\big )}{2^{3-\epsilon }\,\pi ^{3/2}\,\Gamma \!\big (\tfrac {3-\epsilon }{2}\big )}\,r^{-\epsilon } = -\,\frac {1}{2\pi ^2}\,\ln (\mu r), \label {Xeqn46-52}\end {equation}


$\mu $


\begin {align}S =& \frac {1}{16\pi G_N}\int d^4x\,\sqrt {-g}\,R\nonumber \\ &+\frac {k_*}{16\pi G_N}\int d^4x\,\sqrt {-g}\; R\,P_s\,(-\Box )^{-1/2}R, \label {eq:A-action}\end {align}


$P_s$


$(-\Box )^{-1/2}$


$g_{\mu \nu }=\eta _{\mu \nu }+h_{\mu \nu }$


$\partial ^\mu \bar h_{\mu \nu }=0$


$\bar h_{\mu \nu }:=h_{\mu \nu }-\tfrac 12 \eta _{\mu \nu } h$


$\Phi $


$h_{00}=-2\Phi $


$\partial _0=0$


$T_{00}\simeq \rho $


$-\Box \to -\nabla ^2$


\begin {equation}G_{\mu \nu } \;+\; k_*\,\mathcal H_{\mu \nu } \;=\; 8\pi G_N\,T_{\mu \nu }, \label {eq:A-feq}\end {equation}


$\mathcal H_{\mu \nu }$


$P_s$


$00$


$k^0=0$


\begin {equation}-\,k^2\,\Phi (\mathbf k) \;=\; 4\pi \,G_N\!\left [\,1+\frac {k_*}{k}\,\right ]\rho (\mathbf k), \label {eq:A-kspace}\end {equation}


$k=|\mathbf k|$


\begin {equation}\nabla ^2 \Phi (\mathbf r) \;=\; 4\pi \, G(-\nabla ^2)\,\rho (\mathbf r), \label {Xeqn49-56}\end {equation}


\begin {equation}G(-\nabla ^2) \;\equiv \; G_N\!\left [\,1 + k_*\,(-\nabla ^2)^{-1/2}\right ]. \label {eq:A-operator-poisson}\end {equation}


\begin {equation}(-\Box )^{-1/2}= \frac {1}{\Gamma (\tfrac 12)}\int _0^\infty \! ds\, s^{-1/2}\, e^{\,s\Box }=\int _0^\infty \!\frac {d\mu ^2}{\pi \,\mu }\,\frac {1}{-\Box +\mu ^2}, \label {eq:A-frac-def}\end {equation}


$(-\Box )^{-1/2}$


$-\Box \to -\nabla ^2$


$k^{-1}$


$(-\Box +\mu ^2)^{-1}$


$G(k)=G_N[1+k_*/k]$
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law dominates, and the long-distance regime, where the logarithmic po-
tential induces a 1/r force.

Such behavior is entirely natural in QFT: an anomalous dimension
n > 0 signals that the coupling becomes relevant in the IR. For the special
value n = 1, the static Newtonian potential becomes logarithmic, and the
force law softens from its usual 1/r2 form to 1/r at large distances. This
modified force law has been recently argued to solve the problems usu-
ally attributed to dark matter [10,11]. The modified force law was first
proposed in [12] and later in [13,14] to solve the dark matter problem
in spiral galaxies. Moreover, this force law supports the recent findings
that galactic rotation curves remain indefinitely flat [15].

This RG viewpoint provides a principled and model-independent
motivation for exploring IR modifications of gravity: rather than pos-
tulating an ad hoc long-range potential, we derive it as the univer-
sal large-distance consequence of a scale-dependent Newton coupling.
The resulting 1/r force is thus the gravitational analogue of how QFT
couplings at criticality acquire nontrivial scaling laws, with the IR be-
having as if spacetime has effectively reduced dimensionality. This of-
fers a new perspective on dark matter phenomenology: the flatten-
ing of galactic rotation curves may be viewed as the macroscopic im-
print of quantum-field-theoretic running of Newton’s coupling in the
infrared.

Although within the framework of Quantum Einstein Gravity, Reuter
and Weyer [16] have already explored the idea that IR renormal-
ization effects could mimic the presence of DM. By promoting New-
ton’s constant G to a spacetime-dependent scalar G(x), obtained from
renormalization group (RG) trajectories, they constructed modified Ein-
stein equations and investigated spherically symmetric spacetimes. They
showed that suitable power-law runnings of G(k) could lead to non—
Keplerian rotation curves without the need for DM halos. However,
the trajectories considered in [16] were essentially phenomenological
ansitze, and no unique principle was identified that singled out the
correct IR behavior of gravity. The novelty of this work lies in deriv-
ing the IR running of Newton’s coupling from a principled effective
field theory (EFT) perspective by showing that the RG flow of gravity
in the IR is characterized by an anomalous dimension #, and that the
marginal value = 1 is uniquely singled out by dimensional and scaling
arguments.

Organization of the Paper.. The paper is organized as follows. In Sec-
tion 2, we present the effective field theory framework for the infrared
(IR) running of Newton’s coupling, showing that the marginal anoma-
lous dimension # = 1 is uniquely singled out by scaling and dimensional
arguments. This leads to a logarithmic correction to the Newtonian po-
tential and a 1/r force law at large distances. Section 3 provides fur-
ther theoretical justifications, including Fourier-Riesz analysis, Wilso-
nian renormalization group arguments, and a covariant nonlocal action
formulation. In Section 4, we confront the model with galactic rota-
tion curve data from the S-sample of Sofue, demonstrating that a single
crossover scale k, consistently accounts for the flattening of rotation
curves across different systems. Section 5 discusses cosmological-scale
implications, including consistency with the background expansion, Big
Bang Nucleosynthesis (BBN), and Cosmic Microwave Background (CMB)
observations, as well as implications for dark energy. Section 6 summa-
rizes our findings and discusses broader implications for dark matter
and dark energy phenomenology.

The Appendices collect a few technical derivations. Appendix A pro-
vides detailed Fourier-space derivations of the logarithmic potential. Ap-
pendix B discusses the covariant nonlocal formulation and its relation
to the effective action.

2. IR running of Newton’s coupling and the emergence of a 1/r
force

We work in the static, weak-field limit where the Newtonian po-
tential ®(r) obeys Poisson’s equation. Allowing the Newton coupling to

Physics Letters B 871 (2025) 140008

run with momentum magnitude & :=
a point mass M is

|k|, the Fourier-space solution for

ikr 4w G(k
(I)(I') —M/ (2”)3 1 ﬂkz( ) (5)

At short distances (k > k,) we require G(k) - Gy to recover Newton’s
law, while in the IR (k < k,) we assume an anomalous-dimension flow

dinG
dInk

PN
oy = G(k):GN(f) . k<k,. (6)
with a fixed crossover scale k, and (constant) anomalous dimension 7
in the deep IR.

General n: Riesz transform and large-r asymptotics

We now insert the IR form (6) into (5). The IR contribution to ®
involves the inverse Fourier transform of k~*. Using the standard d-
dimensional Riesz transform identity with the (27)~¢ convention (see
Appendix A),

ddk eik»x
Qm)d |k|*

d—a
— F( 2 ) |X|a—(1

zaﬂ.d/Zr‘(z) ?

we obtainind =3for0<2+n<3 (e n<1)

1=y
—4zGNM K" r(—z)zﬂ
2241 73/2 r(T)

O<a<d, @)

DR(r) = R (8)

For > 1 the same expression follows by analytic continuation.'
Differentiating, the force F(r) = —®'(r) scales as

F(r) « 72, 9

which already shows that the marginal value n = 1 is special: it yields
Fx1/r.

Marginal case n = 1: exact logarithm and constants

For n =1, the power in (7) hits the endpoint a =3 and (7) turns
into a logarithm. The marginal case is based on the following EFT and
marginality principle.

EFT and Marginality Argument.. The running of Newton’s coupling
in the infrared can be understood directly from an effective field theory
(EFT) perspective, without ad hoc assumptions. In the static, weak—field
limit, the potential is governed by the kernel

4r G(k)

Dk) ~ oK), (10)
so that the scale—dependence of G(k) reflects which nonlocal operators
may appear in the EFT action.

In three spatial dimensions, the Laplacian carries a scaling dimen-
sion [-V?] = k2. Allowing for fractional powers (—V?)?, the propagator
acquires the scaling

1 1

k_2 — ﬁ. 11

Accordingly, infrared deformations of Newton’s law may be
parametrized as

Ly ckr 4 o 12)
K ’

with p determining the anomalous dimension.

! The k-integral is IR dominated for # > 0 and UV dominated for # < 0; UV
issues are controlled by the G(k) — G, matching at k > k.
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The key observation is that in d = 3 spatial dimensions the Fourier
transform of 1/k2*" behaves as

d3 k eik»r
/ (2,1.)3 J2+n
Thus n =1 is the marginal case: it yields a logarithmic potential, the
unique scale-invariant deformation consistent with rotational symmetry
and locality in time. For n < 1 the corrections decay faster than 1/r and

are irrelevant in the IR, while for > 1 they grow too strongly and spoil
scale invariance. Therefore, effective field theory arguments single out

N E SN

13
Inr, n=1.

G ~ . a4

corresponding to an anomalous dimension = 1, as the unique marginal
running of Newton’s coupling in the infrared.

We next move to extract the coefficient. A clean way to extract the
coefficient is to evaluate

3 ik-r €
I.(r) := (;i”l)(} |li|3’5 = e ]‘[1—3(/221)—‘(3—5) rT¢, (15)
2

and expand for small ¢ > 0. Using I'(¢/2) =2/e¢ — v + O(e), I'(3/2) =
\/7/2, and r=¢ = 1 — eInr + O(e?), one finds

d’k kT 1
=L i, 16
Qmp WF 22 M0 (16

where p is an arbitrary renormalization scale absorbing scheme-
dependent constants (coming from the finite part of (15)).? With (16),
the full potential in the marginal case reads

K e dn k,
o) =— M "—[G +G —)]
(r) /(2”)39 2 LN N(k
+ (UV-finite matching)
GyM 2GyMk
__GuM 2GyMb. 1)

r T ro

where ry = u~! x (matching constant) is fixed by whatever renormaliza-
tion/matching prescription is used at k ~ k,.>
Taking the radial derivative,
dd GyM 2GyMk, 1

For) = =22 - _
) dr r2 b r

17

Hence at sufficiently large r > r, :=1/k, the 1/r piece dominates the
force law:
rr,  2GyMk, |
_ -
s r

F(r) 1s)
Consistency checks.. (i) The short-distance limit r <« r, is Newtonian
up to a small logarithmic correction suppressed by k,r < 1 in the force:
|Fy /| Fy /,zl ~ (2/7)(k,r) < 1. (ii) The sign of (18) is attractive because
@ increases with r in (17), so —®'(r) < 0.

Nonlocal/operator representation.. It is convenient to encode the
running in real space via a positive, self-adjoint “gravitational permit-
tivity” 4(~V2) = (G(=V2)/Gy) ™ ":

V- [1(=V?) V()| = 472Gy p(r). 19)

In Fourier space this gives —k2y(k)®(k) = 4zGyp(k), i.e. ®(k) =
—4x G(k)p(k)/k* with y(k) = [G(k)/Gy]~", which matches with the in-
tegrand of (5) with G(k) as in (6) at n = 1, therefore, choosing

G(=V?) = Gy[ 1 + k,(-VH)71/] (20)

2 Any smooth UV matching G(k) — G at k > k, merely shifts u; the coeffi-
cient of Inr is universal.

3 For instance, one may choose r, so that ®(r)) = —Gy M /r,, i.e. the Newto-
nian piece is used to define the zero of potential at r,. Any such choice only
changes @ by an additive constant and does not affect forces.
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reproduces the marginal IR running and thus Egs. (17)-(18). This shows
that the 1/r force is equivalently viewed as arising from the nonlocal op-
erator (—V2)~!/2 acting on the standard Coulomb kernel. Such nonlocal
operators naturally arise when incorporating the running of Newton’s
constant into a covariant effective action, where the coupling is pro-
moted to a function of the d’Alembertian. In particular, fractional pow-
ers like (—[])~* and logarithmic terms In[] have been explicitly derived
in this context [17].

Matching and regulator independence.. Any smooth interpolating
coupling G(k) = Gy [1 + (k. /k)f(k/N)] with £(0) =1 and f(x) — 0 suf-
ficiently fast as x — oo (UV matching scale A > k,) yields the same long-
distance law. Expanding the small-k integrand gives

GyM 2GyMk
D(r) =— N + N * Inr
r T
+const + O(r?), (21)

i.e. the coefficient 2GyMk,/x of Inr is universal (regulator-
independent), while the additive constant encodes regulator/matching
details and defines r( in (17).

Therefore, we conclude that the marginal anomalous dimension
n =1 renders the long-distance potential logarithmic, as if the static
sector effectively reduces to two spatial dimensions in the IR. Eq. (19)
realizes this via the fractional power (—V2)~!/2, whose Green kernel is
logarithmic. The form of potential given by Eq. (21) has been derived
using a non-local generalization of gravity [18].

3. Further theoretical justifications

In this section, we expand on several theoretical aspects of the in-
frared (IR) running of Newton’s constant, which establish the unique-
ness, robustness, and consistency of the n =1 marginal case. These
derivations strengthen the claim that the logarithmic potential and
1/r force law emerge universally and consistently from quantum-field-
theoretic scaling.

Uniqueness of the marginal case = 1.. We begin with a simple but
important observation. The IR form of the Newtonian potential is ob-
tained from the Fourier transform of a momentum-space kernel of the
form

d3k eik<r
1,(r) = . 22
"= ] oy @2
Using the Riesz transform identity in d dimensions,
d—a )
d ik-x -
d _kd < —r( 2/ _xed, 0<a<d. (23)
@m? |k za,,d/z[(%>
we obtain in d = 3:
Ml
I,(r) 24
Inr, n=1

Thus 5 =1 is the unique marginal case: it corresponds to the logarith-
mic potential, the only scale-invariant deformation consistent with ro-
tational symmetry and locality in time. For n < 1, the correction decays
as ! and is irrelevant in the IR, while for # > 1 the correction grows
faster than Inr and spoils scale invariance. We therefore conclude that
the RG-driven running of Newton’s coupling naturally singles out n = 1
as the universal IR fixed trajectory.

Wilsonian RG derivation.. The emergence of n =1 can also be seen
from a Wilsonian perspective. Integrating out momentum shells k €
[u, 4 + d u] renormalizes Newton’s constant according to

W2 = §(G) = —nG. 25)
u
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Solving this flow equation gives
Gu) ~ p". (26)

In d = 3 spatial dimensions, the marginal scaling dimension of the New-
tonian coupling is precisely one, i.e. n = 1. This corresponds to the
unique case where G(y) runs linearly in inverse momentum and gener-
ates a logarithmic correction in real space. The flow therefore interpo-
lates between Newton’s law at short distances (x4 > k) and a universal
1/r force law in the deep IR (4 < k,).

Covariant nonlocal action and Newtonian limit.. To connect the RG
running to a covariant framework, we introduce the nonlocal action

1 4
S=— d*x\/—g R
16erN/ B
k
* /d4xa/—gRPS (-0)~'/2R, 27)

+
167Gy
where P; is the scalar projector ensuring only the spin-0 sector is mod-
ified. Linearizing about Minkowski space and working in harmonic
gauge, the field equations reduce in the static limit to (see Appendix B)

V2O(r) = 4nG(=V?) p(r), (28)
with
G(-V%) = Gy [1 ¥ k*(—vz)—lﬁ]. (29)

Thus, the nonlocal action provides a diffeomorphism-invariant realiza-
tion of the running Newton coupling, and its linearized static limit, re-
produces the logarithmic potential.

Causality and spectral representation.. Finally, we must address
causality and the absence of instabilities. The operator (—[])~'/? is de-
fined using the retarded Green’s function, ensuring that propagation re-
spects causality. Moreover, it admits a Kéllén-Lehmann-type spectral
representation:

e [Tde 1
s [T 30)
with positive spectral density 1/(zu). This shows that the nonlocal ker-
nel is ghost-free and introduces no new poles or tachyonic instabilities:
it is equivalent to a superposition of healthy Yukawa propagators with
positive weight. Thus, the IR running with # = 1 is consistent with both
unitarity and causality.

4. Galactic scale consistency

We now test whether a single crossover length r, = 1/k,, consistently
characterizes the flattening of galaxy rotation curves across different
systems. For each galaxy, we estimate the asymptotic circular velocity V;,
from the outer tail of the rotation curve (last ~30 % in radius), compute
the total baryonic mass M,, by integrating the observed stellar and
gas surface mass densities (including a helium factor 1.33), and then
determine

T 1/02 1
k*=m, r‘.=k—*, (31)
where G =4.30091 x 10~®kpckm? s~ M. All calculations are carried
out in consistent units with radii in kpc, velocities in kms~!, and surface
densities in My, /pc?. The uncertainty in k, and r, is propagated from the
error on V), which dominates over the uncertainty in M,,,.

The results for three representative galaxies are summarized in Ta-
ble 1 and shown in Fig. 1. For each system, we list the baryonic mass
M,,,, the outer-tail velocity V;, the derived k,, and the corresponding
crossover radius r., with 1o uncertainties.

All three galaxies independently yield k, ~ (2.6-2.8) x 10~2kpc™"', corre-
sponding to r, ~ 36-38kpc. The narrow spread indicates that the same
galactic length scale governs the onset of flat rotation curves across differ-
ent systems, without the need to invoke dark matter halos. The scatter is
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Table 1

Fitted baryonic mass M,,, outer-tail velocity V,, derived k,, and
crossover radius r, = 1/k, for three galaxies. Uncertainties correspond
to 1o errors from the tail velocity fit.

Galaxy ID M, [M,] V, [km s7'] k, [kpc™'] r. [kpc]

S:700624 1.01 x 102 2714 +2.6 (2.66 +0.05) x 1072 37.5+0.7
S:700916 5.85x 10! 2104 +24 (2.76 + 0.06) x 1072 36.2+0.8
S:705253 3.55x 10" 1589+ 1.9 (2.60 + 0.06) x 1072 385+09

within the expected uncertainties from inclination corrections, surface-
density truncation radii, and tail-selection procedures, and shows no
significant correlation with My, in this sample.

5. Cosmological consistency and infrared running

We analyze cosmological consistency within a single framework in
which the infrared (IR) running of Newton’s constant modifies the ho-
mogeneous FRW expansion history. The running is taken to be

G(k)=GN<1+%>, k=|p|l~-, (32)

~ =

so that the k,/k contribution induces a logarithmic correction to the
Newtonian potential at large distances.

5.1. Modified friedmann equation

The IR running can be implemented covariantly through the nonlocal
action
2

Pl
SIR = 2

¢ /d4x\/—_g R(-[)"'/?R, (33)

with the fractional operator defined via the retarded Green’s function.
Introducing an auxiliary field V = (-[])~!/2R, the modified Einstein
equations acquire an additional conserved tensor £, [g; R, V]. On a flat
FRW background, R(t) = 6(H +2H?), and the action of (—[)~!/2 re-
duces to a causal time integral with a fractional kernel. For slowly vary-
ing R(7), the small-frequency behavior of the kernel generates a secular
logarithm,

V() =~ y; Ina(t) + yo. (34

in exact analogy with the static Fourier relation 1/k < Inr. This loga-
rithmic growth feeds into the 00 component of the modified Einstein
equations, yielding an effective energy density

pr(a) =k Mngg a?[-Ina]

=k My Hy (1+2)% In(1 + 2), (35)
where k; « ay; > 0. The Friedmann equation thus becomes
H(2)

2
HO

=001+ 2)* + Q,0(1 +2)° + Q¢

+ Q1+ 2)%In(1 + z), (36)

showing that the characteristic In(1 + z) dependence arises directly from
the infrared action of the fractional operator in a homogeneous cosmo-
logical background.

Static/Newtonian derivation of the In(1 + z) term

The above derivation can be simply understood in the static/New-
tonian picture: the modified Poisson equation in momentum space,
—k?*®(k) = 47 G(k) j(k), implies, after Fourier transforming the k,/k
term,* the potential

Gy M 2G vk,
N= L aM Il + const, J= N
rO Va

() = -

> 0. (37)

3 P
4 Using Lk KT == L In(ur), with the reference scale absorbed into
3 2

(2r) 2r?
ro-
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Galaxy: S:700624

Galaxy: 5:700916
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Galaxy: 5:705253
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Fig. 1. Observed rotation curves (blue points) and best-fit tail profiles (red dashed) for three representative galaxies (700624, 700916, and 705253) from the S-
sample rotation curve database of Sofue (2016) [19]. The outermost velocity points (orange) are used to determine the asymptotic flat velocity V;, which is then
related to the IR running scale k, through our modified gravitational law. In each case, the outer rotation curve is well reproduced by the model with a single
parameter k,, corresponding to crossover radii in the range 36-38 kpc with small statistical uncertainties. (For interpretation of the references to colour in this figure

legend, the reader is referred to the web version of this article.)

Consider a uniform spherical top-hat of physical radius R(¢) enclosing

mass M = 4T’”,{:R3 (dust, p = pya=3). The specific energy per unit mass for

a boundary particle in the presence of A and (37) is

1.,, GyM A , R
—R” — —=R°+AM In— =0. 38
2 R e TAMINR (38)
Dividing by R? and using M = 4?” PR3 gives

o\ 2

R 87Z'GN 81 R A

R) - 3R R 39
<R> 3 PT3APRR T3 (39)

Writing R(t) = a(t)r, with fixed comoving radius r, and choosing R, = r,
simplifies this to

a\? _ 8zG - 87 _ A
Hz(a)E<;) = 3Npoa3—?1p0r*azlna+§. (40)
Introducing the density parameters
_ 3y _n _ A
pEO_SnGN’ o = A0 = 3H§’
_8xApyr,
L0O=""m
3H;
and using a = (1 + z)~!, the background expansion law becomes
H2
(ZZ) =Q,0(1 + 20" + Q01 + 2 + Qy
H,
+Qp0(1+2)% In(1 + 2). (41)

This equation has been obtained earlier in Ref [10] to explain cosmo-
logical phenomena without dark matter.

Flatness at z = 0 is unchanged because In(1 +0) = 0: Q,,( + Qpo =1
(neglecting Q, today).

5.2. Best-fit analysis using H(z) data

To constrain the parameters of the logarithmic IR modification
model, we performed a Markov Chain Monte Carlo (MCMC) analysis
using the latest compilation of H(z) measurements. The dataset consists
of 38 H(z) measurements in the redshift range 0.07 < z < 2.36, taken
from Table 1 of Farooq et al. [20] (Ref. [20], Table 1), which combines
cosmic chronometer and BAO determinations of the expansion rate. This
compilation provides a robust and widely used set of unbinned H (z) data
for cosmological parameter estimation.

We employed the emcee ensemble sampler [21], using 128 walk-
ers and 2000 production steps after a burn-in of 800 steps to en-
sure convergence. The free parameters were the present matter den-
sity Q o, the Hubble constant H,,, and the logarithmic correction am-
plitude Q,,. Flat priors were chosen in the ranges 0.2 < Q , < 04,

Table 2

Best-fit cosmological parameters from the H(z) dataset (38
data points from Ref. [20]). Uncertainties correspond to the
16th and 84th percentiles of the marginalized posterior distri-

butions.
Parameter Best fit —lo +lo
Qo 0.245 0.023 0.025
H, [kms™! Mpc'] 69.64 1.57 1.46
Qp 0.056 0.031 0.030

40 < Hy < 90 kms™! Mpc™!, and 0.01 < Q, < 0.1. The likelihood func-
tion assumed Gaussian errors on the H(z) measurements, and marginal-
ized posterior distributions were obtained by flattening the converged
chains.

The best-fit values and marginalized 1o uncertainties are summa-
rized in Table 2. Fig. 2 shows the corner plot of the posterior distribu-
tions, and Fig. 3 displays the data and the best-fit model curve.

The analysis shows that the logarithmic IR modification model provides
an excellent fit to the expansion history measured by the H(z) data. The
best-fit value of the Hubble constant, H, = 69.64*] 35 kms~! Mpc~!, lies
between the Planck and SHOES determinations, while the matter den-
sity Q9 = 0.245%00° is consistent with ACDM expectations. The loga-
rithmic amplitude Q;, = 0.056f818§? is small but non-zero, contributing
primarily at intermediate redshifts (z ~ 0.5-1.5). The weak parameter
correlations seen in Fig. 2 indicate that current H(z) data constrain Q;
mainly through the shape of H(z) rather than its normalization. These
results demonstrate that the model can successfully reproduce the ob-
served background expansion while remaining compatible with stan-

dard cosmological bounds.

It is worth noting that while a small value Q;, < 0.05 allows the IR
logarithmic term to remain fully consistent with BBN, CMB, and late-
time H(z) measurements, it does not eliminate dark matter at the cos-
mological level, since Q,,, must still exceed the baryonic fraction. One
can, in principle, consider an alternative strategy in which Q,, is re-
duced (to the baryonic value) and Q,, is increased to mimic the missing
matter component at the background level. This is the approach taken in
Ref. [10], where the authors fit SN Ia and H(z) data with Q,; ~ 0.11 and
Q;, ~ 0.5, obtaining an excellent fit to low-redshift background probes.
While such a large Q;, remains BBN-safe and compatible with late-time
expansion data, it fails to reproduce the matter content at recombina-
tion: the IR component scales more slowly than (1 + z)* and contributes
only a few percent of the required energy density at z, ~ 1100. Conse-
quently, the acoustic peak structure of the CMB may not be correctly
reproduced in this scenario. The underlying issue is that at high red-
shifts, the contribution from the modified force law is too small, and
additional matter beyond the baryonic component is still required. Its
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Fig. 2. Corner plot showing the marginalized posterior distributions and covari-
ances for Q,, H,, and Q,, obtained from the H(z) dataset (38 data points from
Ref. [20]). Dashed vertical lines indicate the 16th, 50th, and 84th percentiles.
The filled contours correspond to the lo (68 %), 26 (95 %), and 36 (99.7 %)
credible regions, respectively. A mild degeneracy between Q,, and H,, is visi-
ble, while Q,, is largely uncorrelated with the other parameters. The latter is
entirely expected for a new, sub-dominant physical effect.
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Fig. 3. Observed H(z) data points (blue) with 1o error bars, along with the
best-fit model curve (orange) corresponding to the median parameter values in
Table 2. The model provides an excellent fit to the background expansion history
over the entire observed redshift range. (For interpretation of the references to
colour in this figure legend, the reader is referred to the web version of this
article.)

effects become significant only at late times (low redshifts). Therefore,
explaining the acoustic peak structure of the CMB without invoking a
dark matter component remains a key open challenge for any modified
gravity models that aim to replace dark matter entirely.

5.3. BBN, CMB, and late-time H(z)

During Big Bang Nucleosynthesis (BBN) (z~ 10%), the Universe is ra-
diation dominated and the fractional contribution of the infrared (IR)
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component is exceedingly small:

pr| Qo In(l+2)

= ~23x1073 Q. 42
ol Qo +22 ro “2)

Even for Q;,~0.1, this corresponds to a fractional change in G of
order 107'2, far below the ®(10%) bound permitted by light-element
abundances and N [22]. Hence, the IR term is completely negligible
at BBN and does not affect primordial nucleosynthesis.

At recombination (z, ~ 1100), the IR-to-matter energy-density ratio
is
- QLO 11’1(1101)
T Q,, 10l

oL

~0.021Q
Pn r

(Q,0 =03).

Zy
The resulting fractional change in the expansion rate,

AH
H

Ny

~ ~1%forQ;n=1,
. Y20, Lo

Z*

scales linearly with Q,,. Thus, for the observationally preferred Q;, <
0.05, the modification to H(z,) is only ~ 0.05 %.

This minute variation has a correspondingly small effect on the CMB
anisotropy spectrum. A 1 % shift in H(z,) changes the angular-diameter
distance to last scattering by only AD, /D4 ~ 0.2 %, leading toa < 0.2%
shift in the positions of the acoustic peaks. Similarly, the change in
the gravitational potential amplitude that sources the Sachs-Wolfe ef-
fect is < 1%, producing at most a sub-percent modification in the over-
all height of the low-# plateau and the first-peak amplitude. Both ef-
fects lie well below the ~ 1-2% statistical uncertainties of the Planck
2018 power spectrum and within cosmic-variance limits on large an-
gular scales [23]. Consequently, the IR logarithmic component is fully
consistent with current CMB data and does not alter the acoustic peak
structure in any measurable way.

Furthermore, the nonlocal kernel (—[])~!/2 modifies only the long-
wavelength background and introduces no new poles or propagating
degrees of freedom; hence it does not induce any phase shift or damp-
ing of the acoustic oscillations. The Sachs-Wolfe plateau and peak hier-
archy are preserved apart from an overall sub-percent rescaling of the
potential amplitude.

At late times, the logarithmic term contributes an additional slowly
varying component to the Hubble rate,

H2(z)
2
HO

= E2(2) + Qo (1 + 2)*In(1 + 2),

where E2(z) = Q,0(1 + 2)° + Q, is the standard ACDM background.
Defining S; (z) = (1 + z)? In(1 + z), the fractional correction to the Hub-
ble rate reads

1 Qo SL(2)

A_H(Z) ~
H W2 E;"\(z)

For Q,,c = 0.3 and Q,, = 0.7, this gives

AH AH
22051 S5 ~0266Q),  z=11 S ~04470Q

Demanding 5 2 % deviations from the observed H (z) measurements over
z ~ (0.5-1 constrains

Qo $0.04-0.08,

in excellent agreement with our MCMC posterior analysis using the 38-
point H(z) dataset.

To summarize, the IR running produces a unique (1 + z)>In(1 + z)
correction to the Hubble rate. This contribution is (i) strongly suppressed
at BBN, (ii) percent-level at recombination for Q;, < 0.1, and (iii) most
tightly constrained by late-time H(z) data, which favor Q;, < 0.05 for
percent-level agreement. Within this range, the model is fully consistent
with cosmological background observations.
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6. Conclusion and discussion

In this work, we have explored the infrared (IR) running of Newton’s

coupling as a universal and theoretically well-motivated modification of
gravity at large distances. By treating G(k) as a scale-dependent param-
eter in the effective field theory of gravity, we identified the marginal
anomalous dimension n = 1 as the unique case leading to a logarithmic
correction to the Newtonian potential. This IR running yields a 1/r force
law at large distances while smoothly recovering the standard 1/r2 be-
havior in the short-distance limit. The universality of this correction —
being independent of regulator choices or microscopic details — high-
lights its robustness as an IR prediction of gravitational RG flow.
Galactic scale fits. We have further demonstrated that this IR modifi-
cation provides an excellent fit to galactic rotation curves without in-
voking particle dark matter. By fitting high-quality rotation curve data
from the S-sample rotation curve database of Sofue (2016) [19], we
extracted the characteristic crossover scale r, = k7! for several repre-
sentative galaxies. The best-fit values of k, cluster around a common
scale k, ~ (2.6-2.8)kpc™!, corresponding to r, ~ 36-38 kpc. This is pre-
cisely the scale at which the logarithmic term begins to dominate over
the Newtonian contribution, leading to flattened rotation curves. These
results support the interpretation of galactic rotation curve phenomenol-
ogy as a manifestation of IR gravitational running, rather than requiring
a dark matter halo component.
Cosmological consistency. At the homogeneous FRW level, the log-
arithmic correction leads to a definite modification of the Friedmann
equation, corresponding to an additional energy-density component
with scaling (1 + z)? In(1 + z). This arises directly from the IR correction
to the Newtonian potential in the top-hat energy equation and repre-
sents a single-parameter deformation of ACDM characterized by Q.
We derived the modified background expansion law

H*(z) _
2
0

Qo1 +2)* + 9,01 + 2)° + Qy

+Qp0(1+2)% In(1 + 2), (43)

where the last term encodes the IR running. This contribution is auto-
matically negligible during Big Bang Nucleosynthesis (BBN) because it
is suppressed by (1 + z)~2 relative to radiation, ensuring standard light-
element abundances and N,;. At recombination, the relative size of the
IR term is at the percent level for Q;, ~ O(1) and scales linearly with
Q;(, so CMB background geometry remains intact for Q;, < 0.1. Late-
time H (z) measurements provide the most stringent constraints: around
z ~ 0.5-1, where data are most precise, consistency at the ~ 2 % level re-
quires Q;, < 0.05. Within this range, the IR running is fully compatible
with cosmological expansion history while offering a potential back-
ground signature to be tested with future data. It is important to note
that replacing dark matter altogether at cosmological scale by reducing
the value of Q,,, to baryonic mass and increasing Q; can be in tension
with CMB while remaining consistent with BBN and late time expansion.
Therefore, explaining CMB acoustic peaks remains an open challenge for
modified gravity theories that seek to replace dark matter altogether.
The underlying issue is that at high redshifts the contribution from the
modified force law is too small, and additional matter beyond the bary-
onic component is still required. Its effects become significant only at
late times (low redshifts). Therefore, explaining the acoustic peak struc-
ture of the CMB without invoking a dark matter component remains a
key open challenge for any modified gravity models that aim to replace
dark matter entirely.

Dark energy and other gravitational probes. The present framework
modifies the matter sector while leaving the late-time accelerated expan-
sion governed by A intact. Beyond galactic dynamics, the logarithmic
potential also has distinct observational consequences for gravitational
lensing. As shown in Ref. [11], the logarithmic correction enhances the
deflection angle relative to the Newtonian prediction for a fixed bary-
onic mass. This implies that lensing-based mass estimates for galaxies
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and clusters are systematically biased high if the logarithmic term is ne-
glected. In particular, lensing observations of cluster scales, including
systems like the Bullet Cluster, can be consistently explained without
invoking additional dark matter components. This provides an impor-
tant, independent probe of the IR modification complementary to both
rotation curves and cosmological expansion tests.

Outlook. Several avenues for future work remain open. A system-
atic analysis of galaxy cluster dynamics, lensing profiles, and structure
growth within this framework would help assess its viability as a com-
prehensive alternative to dark matter. Embedding the IR running in spe-
cific quantum gravity scenarios (e.g., asymptotic safety or holography)
could also allow the crossover scale k, to be predicted from first princi-
ples. Finally, precision cosmological data offer the opportunity to con-
strain or detect deviations from GR on very large scales, providing a
complementary test to galactic dynamics.

In summary, the IR running of Newton’s coupling with anomalous
dimension # = 1 yields a simple, universal, and observationally consis-
tent modification of gravity. It explains the flattening of galactic rota-
tion curves, remains compatible with cosmological expansion data, and
leaves the cosmological constant sector untouched. This offers a promis-
ing and conceptually economical route toward addressing the dark mat-
ter problem through large-distance gravitational physics.

Funding

This research received no external funding and was carried out inde-
pendently of the author’s doctoral research at IIT Gandhinagar, India.

Data Availability

All datasets used for the observational analysis are publicly available
and duly cited within the paper.

Declaration of competing interests

The authors declare that they have no known competing financial
interests or personal relationships that could have appeared to influence
the work reported in this paper.

Acknowledgments

The author gratefully acknowledges the anonymous referee for the
constructive and insightful suggestions that greatly improved this work.
In particular, the referee’s recommendation to include a quantitative
comparison with galactic rotation curves and the cosmological expan-
sion history led to a significantly strengthened and more comprehensive
presentation of the results.

Appendix A. Fourier/Riesz identities used

4’k

s e¥T 7(k). With this conven-

Our Fourier convention is f(r) =

tion, the standard Coulomb kernel is
3 ik-r

dk o7 _ 1 a1

2r)3 k2 dxr

The Riesz transform identity (7) then gives, ford =3 and 0 < a < 3,

i} 3—a
ek ot N5 L (A2)
@ry K epin(E)

The marginal case a = 3 is obtained by analytic continuation a =3 — ¢
and yields the logarithm (16):
PPk kT ns) = 1

= lim ——— =——1 , A3
@z} K v o8 Y3 132 1_(3_;) r ) n(ur) (A.3)

where the scale u collects scheme-dependent constants into the argu-
ment of the logarithm. Finally, combining (A.1) and (16) reproduces
a7.
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Appendix B. From the covariant nonlocal action to the
Newtonian operator equation

We start from the covariant action quoted in the main text,

1 4
S=—— [ d*x/=gR
167rGN/ TVTE
k. 4 -1/2
+ —— [ d*x+\/=g RP,(-[0)"'/’R,
167:GN/ x V=g RE DD

where P, projects onto the scalar (spin-0) sector of metric fluctuations
and (-[])~'/2 is a nonlocal, self-adjoint operator. We linearize around
Minkowski space g,, = #,, + h,,,, adopt harmonic gauge 0*h,,, = 0 with

(B.1)

hyy i=h,, — %nw h, and focus on the weak, static limit relevant for the
Newtonian potential ® via hy, = —2®. For static sources (9, = 0, Tp, =~
p), the d’Alembertian reduces to the Laplacian, —-[] — —V?2.

Varying (B.1) yields field equations of the form

G, + k.H,, = 81GyNT,,

(B.2)
where H,,, denotes the contribution from the nonlocal term. At linear
order about flat space, the modification affects only the scalar (trace)
sector because of the projector P,. Taking the 00-component and going
to Fourier space for static fields (k = 0), one finds
k
— K ®Kk) = 4r GN[I + f]p(k), (B.3)
where k = |k|. This is the modified Poisson relation in momentum space.
Equivalently, in position space it corresponds to the operator-valued
Poisson equation

V2O(r) = 4r G(=V?) p(r), (B.4)
where
G(-V?) = Gy[1+k, (-V)7'2]. (B.5)

Egs. (B.3)—(B.5) are precisely Egs. (28)-(29) in the main text.
For completeness, the fractional operator can be defined in terms of
the d’Alembertian as

(-2 = 1 /mdss—‘ﬂ s = /mﬁ 1
0 0

_ (B.6)
ri) mu —O+u?

where the second representation exhibits (—[])~!/2 as a superposition of

massive, Yukawa-type resolvents with positive spectral weight. In the
static limit, -] - —V? and (B.6) reduces to the Fourier multiplier k=
used above. With the retarded prescription for each resolvent (—[J+
u?)~!, the construction ensures causal response.

Thus the nonlocal action (B.1) reproduces the momentum-space run-
ning G(k) = Gy[1 + k, /k] in the static Newtonian limit, and the corre-
sponding position-space operator Eq. (B.5) follows directly.
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