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The general expressions of the variation of the rest mass of a test body with proper time and spatial position in a gravitational
field are given in the framework of Wesson’s SD space-time-mass gravity. The position-dependent variation of the rest mass of a
test body in a quasi-static and spherically symmetric gravitational field is discussed, and it is indicated that such variation embod-
ies the spirit of Mach’s principle in the sense that the inertial mass depends on the distribution of matter in the universe.

1. In 1880, Mach first started a constructive crit-
icism of Newton’s “absolute space”. He pointed out
that the inertia depends on the distribution of matter
in the universe. This is called Mach’s principle [1].
Many authorities on physics, such as Einstein and
Dirac, greatly admired this viewpoint, and have made
attempts to formulate it. Einstein’s theory of general
relativity embodies Mach’s principle to a certain ex-
tent [2]. Dirac’s large number hypothesis [3] is a
generalization of Mach’s principle. However, it is not
explained satisfactorily even in more complete the-
ories of gravity with variable gravitational constant,
such as the Brans-Dicke scalar-tensor theory [4].
Recently, Wesson proposed a new variable gravity,
that is 5D space-time-mass gravity {5,6]. In the
framework of Wesson’s gravity, we have proposed an
explanation of the physical meaning of the fifth di-
mension subspace, in which we supposed that the rest
mass of a body corresponds to the length of a “line
segment” of the fifth subspace [7]. According to this
explanation, we will give, in the present Letter, the
expressions of the variable rest mass of a test body
in a gravitational field, study the position-dependent
variation of the rest mass of a test body in a quasi-
static and spherically symmetric gravitational field
and then discuss the relation of this result to Mach’s
principle.

2.1t is mentioned above that the rest mass of a body
corresponds to the length of a line segment of the fifth

dimension subspace in 5D space-time-mass. It can
be formulated as
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where / is constant for a given body. The differen-
tiation of m with respect to the proper time can be
found as
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where the indices / and ¢ run from 0 to 4 and from
0 to 3, respectively. If g,4 is independent of the fifth
coordinate x*, the expressions (1) and (2) reduce
to
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respectively. The partial differentiations of m with
respect to spatial coordinates are

0375-9601/90/% 03.50 © Elsevier Science Publishers B.V. (North-Holland ) 375



Volume 146, number 7,8

a_m 1 m 3g44

Ix® T 2 ga 0x°

(5)

here index a runs from 1 to 3.

These results show that even if the metric coeffi-
cients do not depend on x*, the rest mass of a test
body in a gravitational field may vary with time and/
or position. When it is further assumed that the met-
ric coefficients are independent of ¢, the rest mass of
a test body varies with the spatial position only. This
variation can give an explanation and a formulation
for Mach’s principle. The basic idea is as follows. The
rest mass of a test body depends on the spatial po-
sition, thereby on the gravitational field, and the lat-
ter depends on the distribution of matter in the uni-
verse. Noting that the inertial mass is equivalent to
the gravitational mass, we are led to conclude that
the inertia of a body depends on the distribution of
matter in the universe. In the next section we will
give a concrete illustration of this idea by solving a
quasi-static and spherically symmetric gravitational
field.

Of course, there is, strictly, no static gravitational
field in an evolving universe. However, we can
sometimes neglect the effect of the evolution for
many astrophysical problems and have a so-called
quasi-static gravitational field.

Furthermore, considering that the fifth coordinate
itself has not any longer direct physical meaning, we
assume, for simplicity, that the metric coefficients
are independent of the fifth coordinate in the
following.

3. For a quasi-static and spherically symmetric
gravitational field, the line element in an isotropic
coordinate system can be written as

ds?=A2%(r) dt?—B2(r) (dr?+r> d6%+r? sin?0 dp?)
+C2(r) dy?. (6)

The nonzero Christoffel symbols are
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where the prime denotes differentiation with respect
to r. The 5D vacuum field equations are
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The solutions of eqs. (7), which have been found by
Davidson and Owen in another 5D theory [8], are
of the forms
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where € =1, and g, « and C, are constants. One of

the geodesic equations gives C>dw/dt=const. If we
set this constant to zero, the rest are identical to those
of the 4D theory. Thus, we can discuss the physical
meaning of the constant a and estimate the value of
i by using the results of the post-Newtonian test in
the 4D theory. For this purpose, we carry out the
Robertson expansions of 4% and B2, which are
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are three post-Newtonian parameters, and M is the
mass of the source of the gravitational field. Ac-
cording to the definition of M, we should set a=1.
Then we have f=1 and y=(x—1)/k. The 4D Ein-
stein theory gives a= f=y=1, which corresponds to
the case x—oo. In fact, the solutions (8) reduce to
the Schwarzschild exterior solutions and C2=C3 if
K is infinite. Brans—-Dicke theory gives a= =1, and
y=(w+1)/(w-1), which corresponds to k=w+2,
The experimental result of the “time delay” of radar
signals gives y=1.00010.002 [9]. This means that
w3 500. If we accept this result and take the upper
limit of the value of y, we have a=2.002¢,/GM. De-
noting m(oco) =m,, we have

. 1+2.002GM/r)°'°°‘ (10)
m= "( 1=2.002GM/r

and
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Of course, expression (11) gives only an upper limit
of the variation of mass.
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4. From the point of view of Mach’s principle, the
inertia depends on the distribution of matter in the
universe, while the inertial mass is the measure of
the inertia. In this sense, the result obtained in this
Letter shows that the 5D space-time-mass theory
embodies Mach’s principle.

From the solutions (8) we can see that C?, thereby
m, becomes infinite if r=¢y/a. This is, of course, un-
acceptable. Our explanation for this is that the treat-
ment as a one-body problem is no longer correct when
m becomes large enough along with the decreasing
of r and the appropriate approach should be a treat-
ment as a two-body problem.

The author would like to thank Professor Hong-ya
Liu and Professor Li-shi Chang for useful discussions.
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