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Abstract

It is shown that in the weak field approximation solutions of Brans-Dicke equations are simply related to the solutions
of general relativity equations for the same energy-momentum tensor. A method is developed which permits one to obtain
Brans-Dicke solutions from Einstein solutions. To illustrate the method some examples are discussed. (© 1998 Elsevier

Science B.V.

It is a well known fact that most of the mathematical
difficulties of general relativity theory lies in the high
non-linearity of the Einstein field equations. On phys-
ical grounds this non-linearity means that the gravi-
tational field interacts with itself, and the field con-
tributes to its own source. However, under the special
circumstance when the gravitational field is weak one
can linearize the field equations thereby ignoring this
feedback effect. Such a procedure, which leads to a
great mathematical simplification of the gravitational
field equations, has always found a wide range of ap-
plications over the years.

Certainly, the weak field approximation technique is
not restricted to general relativity. It has been applied
to the Brans-Dicke theory of gravity, another metric
theory which also makes use of a highly non-linear
set of field equations [1].

In this paper we investigate how solutions of lin-
earized Einstein equations are related to solutions of
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linearized Brans-Dicke equations when both corre-
spond to the same energy-momentum tensor.

To begin with let us recall that in the weak field ap-
proximation of general relativity we assume that the
space-time metric tensor deviates only slightly from
the flat space-time metric tensor. To put it more pre-
cisely we write

g,u.v=77,u.u+hy,y, (1)

where %,,,, denotes Minkowski metric tensor and B
is to be considered a small perturbation term. The lin-
earized equations are obtained from direct substitution
of (1) into the Einstein’s equations keeping only first-
order terms in A,

On the other hand, Brans-Dicke field equations are
given by

8
G,u.p = gTﬂv + %(¢,/A¢,V - %guv(ﬁ,a‘ﬁ’a)
1
+g(¢,#;u—gp,lll:|¢) ’ (2)
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Ug= 3 (3)

where ¢ is a scalar field, @ is a dimensionless cou-

pling constant and T denotes the trace of the energy-

momentum tensor T, Although (2) and (3) repre-
sent the more usual or standard form of Brans-Dicke
equations we are going to consider equivalently the
so-called Einstein representation [2] given by

G,,,,, = 8'7TGO
[ = 2w+3 _ o]
X [Tpu + 167G ¢2 (¢ ;l.¢v - %g,uv¢,a¢' )J
(4)
877'G
D In(Godp) = -——2T, (5)
w + 3

which are obtained from (2) and (3) by doing the
transformation

g,’i# = G0¢g;.£l' * (6)
T/.w: 61¢_1T;w, (7

where Gy is an arbitrary constant and the bar i

(7 and T just means that these quantities are now cal-
culated using the unphysical metric ...

In the weak field approximation of Brans-Dicke
theory in addition to (1) we must also assume that

$=go+e. (8)
where € = €(x) is a first-order term in the energy
density and |e/¢o| < 1.

Taking into account (8) and setting Go = 1/¢; the
transformation equations (6) and (7) become

Bur = T + B 9)
T;w ( 6(;O)T;w = T,uu » (10)
where

'Tl,u.v = h,uu + EGOTI/LV s (11)

and only first-order terms in the mass density have
been kept.
Now, substituting (8) in the field equations (4) and

1 i F1NN oo s
having in view (9) and {10) we get

G ooy = 87GoTn. (12)

On the other hand, the scalar field equation (3) be-

CULLICS

87T
(13

Oe= .
¢ 2w+3 Y

It turns out then that Eqs. (12) are formally iden-
tical to the field equations of general relativity with
Gy replacing the Newtonian gravitational constant G.
Therefore, if 3,, (G, x) is a known solution of the Ein-
stein equations in the weak field approximation for a
gi\jcn T , then the Brans-Dicke solution correspond-

AT ST DRIANRSTLANAS SUNRUULL LULISPUN

ing to the same T, will be given in the weak field
approximation just by taking the inverse of Eq. (6),
ie.,

8ur(x) =Gy ' &' 8, (Go, x)
= [1 — €(x)GolZu(Go, x) , (14)

or, equivalently,

P (X) = By (Go, %) — €(x) GoMy . (15)

Thua, W COnCiuGe uiat ine gener
ing solutions of Brans- Dxcke equations of gravity
in the weak field approximation may be reduced to
solving Einstein field equations for the same energy-
momentum tensor.

It should be noted that the Einstein tensor G, which
appears in the left hand side of (12) must be calculated
in the weak field approximation, i.c., taking 2., as
given by (9).

As to the function e(x), which appears in the con-
formal factor of the metric 2., (Go, x), it may be cal-
culated directly from (13) and will be given as a re-
tarded integral in the form

ye o2 [TUZl XX s (g
€(x _2w+3/ lx — x/| *o

with 7,, = diag(1,—1,—1,—1) in Eq. (13). Let us
conclude this paragraph with a remark concerning the
constant ¢, which comes out in the weak field ap-
proximation. Actually, in order that Brans—Dicke the-
ory possesses a Newtonian limit this constant must be
related to the Newtonian gravitational constant G by

setting [1]

1 2w+ 3
%_<2w+4>6' (17
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Thus we have

2w+3
= . i8
Go (2w+4)G (18)

We shall go through two solutions of Brans-Dicke
equations in the weak field approximation and show
how they can be directly obtained with the help of the

mathnad inet antlinad
HIGUIUJU JUOL uuuluuu

Let us start with the line element which describes
the space-time generated by a static string the energy-
momentum tensor of which is given by

T# = 8(x)8(y)diag(p,0,0,—p),

where u is the linear energy density and p is the pres-
sure in the z direction. The solution of this problem
in the context of general relativity was first worked
out by Vilenkin [3]. Using the weak field approxima-
tion Vilenkin solved the field equations and obtained

in cartesian coordinates

hoo = h33 =4G(u + p) In(p/po) , (19)
hyy = hy =4G(p - p) In(p/po) , (20)

where p = (x* + y2)"/2 and pyp is a constant. Now,

using the weak field approximation to approach this
problem in Brans-Dicke theory we have to solve
Eq. (13), which takes the form

8
v26=-2wz3(u—p)6<x)é(y), (21)

whose solution is readily found to be

d(p—p) p
BERAY. A 4y Py 22
20+3 " (22)

Then, from (14) it follows that the sought-for line
element, which describes the space-time generated by
the string in Brans-Dicke theory, is given by

Ap-p)Go _g]

ds*=|1+
[ 2w +3 Po

x [ (1 +4(u+ p)Goln ﬁ) dr?
Po
~ (1 —4(u—p)Goln %) (dx? + dy?)

( —4(u+ p)Goln ;) dz } (23)

Particularly, for a vacuum string, p = —u, and turning
to cylindrical coordinates (23) reduces to

S/J.Go
2 _
ds—[l+2 3 pJ[dt

- (1 — 8uGoln pﬁ) (dp? + p2d62}}. (24)
0

Finally, introducing a new coordinate p’ by the
transformation p = po(p'/a)®, where a = pp(1 —
8uGo)~"/% and b = (1 — 4uGp)~', and neglecting
second-order terms in pGy we arrive at

ds? [1+ S“G"l ﬂl}

L 20+3 po

x [drf —dz? —dp? — (1 - 8uGo) p?d6*], (25)

which is the result obtained in Ref. [4].

The second example comes from Vilenkin’s solu-
tion corresponding to the space-time of a static mas-
sive plane [3]. In this case, the source of the gravita-
tional field consists of an infinite static plane wall par-
allel to the (y,z) plane. For a homogeneous energy
surface distribution o the energy-momentum tensor
T is given by T}’ = 8(x)diag(o,0, —p, —p), where
p is the pressure. In the weak field approximation of
the linearized Einstein equations yield the solution

ds” = [1 + 405G (o + 2p)|x|1dr?
— {1 - 47G(o — 2p)|x|]dx?
— [1 — 47Golx|1(dy” +dz?). (26)

As before, in order to get the corresponding solution in
Brans-Dicke theory, we must solve Eq. (13), which
in this case will be given by

87 :
Oe= 2ahL?’(O'—2p)6()c), (27)

Due to planar symmetry € = €(x) and (27) is reduced
to

d2e 8
0= 530 28,

hence yielding the solution

47
2w+3(0—2p)|x|- (28)
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Therefore, from (14) we obtain

ds? =[l + 4Gy

T (-2

X [(1 + 47Go(o + 2p) |x|)dr?
— (1 — 47Gy(o — 2p) |x|)dx?

~ (1 — 47Goo)x|) (dy* + dzz)] , (29)

which represents the space-time generated by the static
massive plane in Brans-Dicke theory. For a vacuum
domain wall, p = —¢ and

87Goow|x|

, 30
2w+ 3 (30)

hoo = —hyp = —h3z = —

247Goo(w + 1) x|
2w+ 3

hi) = 31
in accordance with Ref. [4].

An interesting Brans-Dicke solution that can be eas-
ily worked out in this context corresponds to the space-
time and the scalar field generated by a static point of
mass {1]. Another illustrative example is provided by
the global monopole [5,6].

To conclude we would like to briefly comment on
the result expressed by Eq. (14). Essentially, this
equation means that in the weak field approxima-
tion the metric tensor calculated from Brans-Dicke
equations is quasi-conformaily related to the metric
tensor calculated from Einstein equations for the same
energy-momentum tensor. The term quasi-conform
here should be understood in the sense that in going
from the Einstein solution g,, (G, x) to the corre-
sponding Brans-Dicke solution g,,(x) apart from
the scale factor A(x) = 1 — e(x)Gp one must replace

G for Go in g, i.€., gup (X) = A(X)8us (Go, ).
An immediate physical consequence of that con-
cerns the trajectories of light rays. For it is evident

that null geodesics in both space-times described by

8. and g, are closely related: the only change in-
volved is the replacement of the Newtonian gravita-
tional constant G by the new w-dependent “effective”
gravitational constant Go = [ (2w + 3) /(2w + 4) ]G.
For a value of w consistent with solar system obser-
vations and experiments, say w ~ 500 [7], it means
that massiess paﬁncles tfavcumg in the space- time de-
scribed by g,,, would “feel” a decrease in the gravita-
tional strength as Gy ~ 0.999G.

Finally, it is worth mentioning that in the weak field
approximation when @ — oo the Brans-Dicke so-
lution goes over the corresponding Einstein solution,
although this does not always happen in the case of
exact solutions [8]. Indeed, to prove this statement
just note that when @ — oo we have, respectively,
from (16) and (18) that e(x) — 0 and Gy — G.
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