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Abstract. The Cosmological Principle is a cornerstone of the standard model of cosmology
and shapes how we view the Universe and our place within it. It is imperative, then, to
devise multiple observational tests which can identify and quantify possible violations of this
foundational principle. One possible method of probing large-scale anisotropies involves the
use of weak gravitational lensing. We revisit this approach in order to analyse the imprint
of late-time anisotropic expansion on cosmic shear. We show that the cross-correlation of
shear E- and B-modes on large scales can be used to constrain the magnitude (and possibly
direction) of anisotropic expansion. We estimate the signal to noise for multipoles 10 < ¢ <
100 that is achievable by a Euclid-like survey. Our findings suggest that such a survey could
detect the E-B signal for reasonable values of the late-time anisotropy parameter.


mailto:james.g.adam1997@gmail.com

Contents

1

2

Introduction

Modelling anisotropic expansion

2.1 Metric and shear

2.2 Equations of motion

2.3 Equation of state and anisotropic stress model

Weak shear limit and perturbation scheme

Angular power spectra

4.1 Non-linear corrections

4.2  Euclid tomographic source distributions
4.3 E- and B-mode auto-correlations

4.4 E-B cross-correlation

Detectability of the E-B cross-correlation
5.1 Estimator
5.2 Signal-to-noise ratios

Concluding remarks

Bianchi-I and the weak shear limit
A.1 Perturbed metric

A.2 Procedure for extracting contributions at arbitrary order

Model parameters and initial conditions
B.1 Cosmological parameters
B.2 Anisotropic stress model

Details on the computation of angular correlators

C.1 E- and B-mode auto-correlations
C.2 E-B cross-correlation

Harmonic expansions on the sphere
D.1 Spin-weighted spherical harmonics
D.2 Wigner 33 symbols

D.3 Bipolar spherical harmonics

Computation of tomographic source distributions

(o2 G; BTSN

11
12
13
15
17

17
17
19

21

23
23
23

24
24

26
26
27

27
28
30
31

32




1 Introduction

A key assumption that underlies the standard model of cosmology is that, on sufficiently
large scales, the universe is both homogeneous and isotropic — the Cosmological Principle.
Because of its numerous and far-reaching implications, this crucial assumption has deservedly
been subjected to a litany of observational tests (see e.g. [1, 2]).

The cosmic microwave background (CMB) provides tight constraints of ~ 10~% on aniso-
tropy around the time of recombination. The rapid decay of un-sourced anisotropic expansion
from recombination to today yields the shear constraint ~ 1071°-107% [3-7]. Combining CMB
data with measurements of galaxy baryon acoustic oscillations can improve this constraint by
several orders of magnitude [8]. Additionally, a period of inflation rapidly isotropises the Uni-
verse and severely diminishes any primordial anisotropy [9, 10]. These considerations, along
with observations of the relative abundances of light elements [11-14], appear to disfavour a
period of significant anisotropic expansion during the early evolution of the Universe.

Nevertheless, these considerations do not completely rule out the possibility of a period of
anisotropic expansion. In particular, late-time anisotropy driven by dark energy with intrinsic
anisotropic pressure is quite compelling, since it has the potential to generate deviations from
isotropy at late times when dark energy begins to dominate the Universe’s energy content.
Anisotropic pressure appears in models of magnetised dark energy [15, 16] as well as dark
energy possessing an anisotropic equation of state [17-24|. Moreover, the presence of effective
anisotropic stresses is a fairly general feature of modified theories of gravity [25-28|.

Measurements of late-time anisotropy and anisotropic expansion have primarily focused
on probes of the Hubble diagram using type la supernovae (SNIa) data [29-55]. Tests of
isotropy have also been performed to check whether the rest-frame of matter coincides with
that of the CMB, as required by the Cosmological Principle [56]. There are many claims of
an inconsistency in radio continuum and quasar samples (see e.g. [1]), but a recent analysis
of the eBOSS surveys finds consistency [57].

A lesser-known probe of late-time anisotropy is weak gravitational lensing [58]. The
presence of B-modes on large scales in the weak-lensing signal is indicative of a violation of
isotropy [59]. This contrasts starkly with standard weak-lensing wisdom which, being built
on perturbed Friedmann-Lemaitre-Robertson-Walker (FLRW) spacetimes, predicts that B-
mode shear should not be generated by large-scale structure at significant levels [60-62]. On
the contrary, detection of these odd-parity shear patterns at significant levels is usually seen
as a sign of non-linearities [63-66], or even systematic effects that need to be removed [61, 67—
70]. On large scales where late-time anisotropy is probed, the non-linear effects will not be
a problem, but systematics can arise on very large scales. Nevertheless, once all systematic
sources of error and spurious signals are eliminated, the detection of large-scale B-modes at
a particular magnitude would allow us to place bounds on large-scale anisotropic expansion
in the late Universe.

The fundamental object in gravitational lensing is the Jacobi matrix D which maps from
observed angular size 6 to physical separation at source &g

s = Dbo. (1.1)

The Jacobi matrix is usually decomposed into convergence «, rotation v, and shear v as
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where d 4 is the background FLRW angular diameter distance. One can show that the rotation
angle 1) ~ ~2 can be safely ignored in the weak-lensing regime where v < 1. Being a
scalar object on the celestial sphere, the convergence can be expanded in terms of spherical
harmonics

k(M) =3 K Yem(n), (1.3)
m

where the observation direction n specifies a point on the sphere. The shear, on the other
hand, is a spin-2 tensor variable and thus needs to be expanded in terms of spin-weighted
spherical harmonics

() £ive(n) =Y (Epm £ iBem) Y (n). (1.4)

lm

This decomposition separates the shear multipoles into even (E) and odd (B) parity contri-
butions. Importantly, however, linear scalar perturbations of FLRW spacetimes generate only
FE-modes. Within the FLRW context, only vector, tensor, or higher-order scalar perturbations
give rise to B-modes [63, 71, 72].

Building on their previous work, [59] developed a two-parameter perturbation scheme
which handles small deviations from isotropic expansion in a systematic way [73| and used it to
calculate the B-mode shear generated by the coupling of large-scale anisotropic expansion and
scalar metric perturbations. Subsequently, these results were used to quantify the magnitude
and behaviour of observables for surveys that will be carried out using the Euclid satellite
and the Square Kilometre Array (SKA) radio telescope [74]. However, due to the limited
availability of cosmic shear data at the time, [74] was only able to make a very rough estimate
of og/Ho < 0.4 for the strength of late-time anisotropic expansion using CFHTLenS data [75].
In addition, the estimate by [74] was made using the E-B cross-correlation at an angular scale
of £ ~ 2000, where additional B-mode signals are generated by non-linear dynamics.

In this work, we make use of the two-fold perturbation framework of [59], giving details
of a model for generating late-time anisotropy and carrying out a systematic analysis of the
E-E, E-B and B-B signals. We confirm that the B-B signal is below the noise for reasonable
values of the anisotropy parameter. Then we consider the larger F-B power, exploiting the
tomography of a Euclid survey [76, 77|. We make a careful estimate of the signal to noise, using
a conservative range of multipoles that avoids the very largest scales ¢ < 10, where difficult
systematics typically arise, while staying in the large-scale regime ¢ < 100, in order to avoid
non-linear contamination. We make use of Halofit [78-80] in order to account for (mild) non-
linearities in observed signals and to determine a cut-off scale £y, Which avoids any possible
small-scale B-mode effects. We construct a simple statistical estimator (Equation 5.4) which
contains information about the magnitude and direction of anisotropic expansion. We then
estimate the signal-to-noise ratios of this observable for the Euclid tomographic photometric
survey, concluding that the signal should be detectable for anisotropy parameters that are
consistent with current constraints.

Notation: We work in units where ¢ = 1 and the metric has signature — + +4. Spacetime
indices run from 0 to 3 and are represented by lower-case Greek letters, while lower-case
Latin letters i, j, . . . denote spatial indices. These indices are also used to label the ten Euclid
tomographic redshift bins, but there should be no confusion, since the two types of index are
never used in the same expressions simultaneously. Upper-case Latin letters index the two
angular directions associated with screen space.



2 Modelling anisotropic expansion

The standard ACDM model is built upon the framework of a perturbed FLRW universe.
Since it is constructed to obey the Cosmological Principle, the general FLRW metric (i.e.
possibly spatially curved) possesses spatial slices that are both isotropic and homogeneous.
If one relaxes the constraint of isotropy then one arrives at the so-called Bianchi models of
spacetime. The simplest of these models — Bianchi-I — describes a universe which expands
along three orthogonal spatial directions.

For the purposes of clarity and illustration, we restrict ourselves to an axisymmetric
Bianchi-I model, for which two of the expansion rates are equal. Nevertheless, most of the
equations we present do not rely upon this assumption.

2.1 Metric and shear

A Bianchi-I universe is described by a spatially-Euclidean, homogeneous, and anisotropic
metric. This simple anisotropic geometry enjoys three orthogonal spatial Killing vectors 0;.
In co-ordinates in which the spatial axes are aligned with these directions of symmetry, the
general form of the line element is given by

ds® = —dt* + a®(t)v,;(t)da'da’ = a®(n)[ — dn® + 7ij(n)dz'da’], (2.1)

where cosmic time ¢ and conformal time 7 are related in the usual manner: a(n)dn = dt. The
spatial metric ~ is defined as (no sum over )

7i3(t) = exp[28:(t))6y5, 7 (1) = exp[—25:(1)]67. (2.2)

The three f; functions are subject to the constraint ), 8;(t) = 0. Clearly, if 51(t) = S2(t) =0
(up to a constant) we recover the FLRW spacetime. If the f3; are not equal to one-another,
however, we will have anisotropic expansion (or contraction). In analogy to the conformal
Hubble parameter H = a’/a, which quantifies isotropic expansion, the (conformal) geometric
shear o is a measure of the rate of anisotropic expansion. This quantity is defined as

1
oij = 5%{]' = Bi"vij, (2.3)
where the prime represents a derivative with respect to conformal time 7. It is clear that o is
both symmetric and traceless (i.e. v7o;; =Y, i = 0). Furthermore, we define the (squared)

amplitude of the shear to be
o =050 = Z B2, (2.4)
i

If we impose axisymmetry and choose to align the axis of symmetry with the z-direction,
the expansion coefficients and components of the shear simplify to

1

1
Pr=P2=—5B o1=02=—503, (2.5)

where (0’3) = diag(o1,02,03) and o; = f3;.



2.2 Equations of motion

The momentum constraint of the Einstein equations precludes the possibility of a net
momentum density/energy flux in Bianchi-I spacetimes. Thus, the most general energy-
momentum tensor that is consistent with the restrictions of a Bianchi-I geometry is

TH = (p+ P)uru” + Pgh + TIM. (2.6)

The energy density p, isotropic pressure P, and fluid velocity u are analogous to their perfect-
fluid counterparts. One can easily confirm that u = a_lan is a geodesic in Bianchi-I and hence
that we can work in a frame in which the fluid velocity u# = a=1§",. The anisotropic stress
tensor is symmetric (II,, = II,,,), traceless (II",, = 0), and transverse (u,II*” = 0).

The Einstein field equations for a Bianchi-I metric take the form [81]

881G 1
H? = T(TCLQ/) + 602 (2.7a)
4 1
H = —WTG(f(p +3P) — §02 (2.7b)
(O’ij)/ = —2’Ho'ij + 87rGa27~Tij where a*7;; =I5, (2.7¢c)

while the general conservation equation reads
p'=—=3H(p+ P) — "7, (2.8)

for each species of fluid. Note that we have defined 7;; so that its indices can be raised
(lowered) by v/ (7;;). In the above equations, the total energy density p = pm + py+ pae is the
sum of the non-relativistic matter (cold dark matter and baryons), radiation, and dark energy
densities, respectively. The non-relativistic matter and radiation possess barotropic equation
of state parameters w,, = 0 and w, = 1/3, and vanishing anisotropic stress ﬁg;? = sz = 0.
Furthermore, in order to close this set of equations one needs to specify an equation of state
for the pressure Py, as well as a model for the anisotropic stress term 7;;.

Defining the density parameters

_ 87Ga’p _ o?
Qp = 377_[2’ Qo’ = 677_[27 (2.9)
allows us to write the Friedmann constraint Equation 2.7a as
Q + Qae + 2, +Qp = 1. (2.10)

The quantities €,,, (4. and €2, have been measured to sub-percent precision by the Planck
survey [82]. This allows us to place bounds on the value of o/ and hence quantify the
possible amount of anisotropic expansion. Now, we know that on large scales the universe is
well-described by the isotropic ACDM model (i.e. cold or non-relativistic dark matter with
a cosmological constant A). For an anisotropic model to be consistent with observations, we
must therefore demand that the ratio o/H be very small over the history of the universe. In
other words, our consistency condition is

g
— < 1. 2.11
o < ( )

The current values of the matter (baryonic and cold dark) and dark energy density
parameters obtained by the Planck mission in a six-parameter ACDM model fit are €0 =



0.315(7) and Qgeo = Qa0 = 0.685(7), respectively [82, 83]. If we assume that the shear
density parameter €2, is smaller than the uncertainty brackets surrounding €2,,0 and Qge,
we can obtain a crude estimate for a consistent value of 2,9. The shear density parameter
can be thought of as ‘hiding’ in the uncertainties of the other density parameters. In other
words, we set the constraint 2,0 < 1072, In the case of axisymmetry, this translates to

| (o1)o/Ho | S 1071

2.3 Equation of state and anisotropic stress model

Without a mechanism to drive it, the shear decays as o o« a2 and any effects of
anisotropic expansion quickly become negligible. One possible source of late-time anisotropic
expansion is a type of anisotropic dark energy. Following [73], we assume that the matter in
the universe is described by a pressureless fluid (perfect fluid with w,, = 0) and a dark energy
component with anisotropic pressure.

In order to close the Einstein Equation 2.7 and conservation Equation 2.8 system, both
the pressure and anisotropic stress of the dark fluid need to be modelled or given an equation
of state. The specific form of this model can, in principle, mimic the expected anisotropic
stresses generated by some physical process. For our purposes, we consider a toy model
inspired by [74]

I1";(a) = fla)W?, (2.12)

where W’j is a constant matrix and f is a time-dependent function which has the dimensions
of energy density. For models of this type, the formal solution to Equation 2.7c is

o' (a) = (;}) - or'; + 87Ga3 /a da <a>3 /(@) W’f] . (2.13)

ap 01 \ar) H(a)
where ay is the value of the scale factor at some time ¢;, and oﬂj = aij(aj). The solution in

Equation 2.13 contains a decaying mode (~ a~2) and a possible growing mode (the integral)
which correspond, respectively, to the homogeneous and particular solution of the differential
Equation 2.7c. The growing mode is responsible for late-time anisotropic expansion while the
decaying mode should become negligible during the early evolution of the Universe. If we
wish to constrain the value of the spatial shear today, we therefore need to consider carefully
how to select only the growing mode in a numerical implementation of Equation 2.13 as this
solution is highly sensitive to model parameters. In Appendix B.2 we detail how we use this
solution to select model parameters sz which carefully avoid the decaying mode.
We use a particularly simple form for f which encourages shear growth at late times:

2
f(a) = 0.0y (a), (2.14)

with the dark energy density parameter Qg. = 8mGa?pg./H?. The evolution of the dark
energy density depends on the behaviour of the shear and anisotropic stress. For a constant
equation of state parameter wge = Pge/pge, the analytic solution is of the form

A quick sanity check confirms that if wge = —1 and the anisotropic stress is weak, then the
dark energy density is approximately constant. Although we could in principle investigate



other parametrisations, we fix the the dark energy equation of state for the isotropic pressure

pressure Py to be
o Pye
Wde =
Pde

Importantly, we note that since we expect |o;;|/H < 1 to be of the same order as |7;;|/pge, the
product of the shear and anisotropic stress in Equation 2.15 should be doubly small. Thus,
in accordance with the perturbation scheme described in §3, we neglect this contribution and
the dark energy density is approximated by a cosmological constant

= —1. (2.16)

B A
- 811G

Pde = PA (2.17)
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Figure 2.1: Evolution of density parameters €2,,,, Q4e, and €, (scaled by a factor of 100) up
to z = 2.5 for various values of .

The effect of varying the current shear density parameter €2, up to a maximum value
of 1072 is shown in Figure 2.1. The procedure for generating the initial conditions and model
parameters necessary to compute the evolution of o is outlined in Appendix B.2.

3 Weak shear limit and perturbation scheme

In principle, one could derive (as presented in [10, 81, 84]) and subsequently solve the
perturbed Einstein equations for a Bianchi-I universe to predict the behaviour of universes
with large-scale anisotropies. Thereafter, one could solve the Sachs equation to quantify the
effect that these spacetime geometries would have on lensing observables. The effect of a
background Bianchi-I universe on weak gravitational lensing has already been solved exactly
in [85].



It is easy to understand why the prospect of solving the perturbed Einstein equations
for a Bianchi-I universe is a daunting one. Because there are fewer symmetries and more
degrees of freedom at the background level, the perturbation equations are naturally more
complex and do not decouple cleanly into scalar, vector, and tensor modes. Moreover, many
Boltzmann codes (such as CAMB or CLASS) that solve perturbation equations as part of their
repertoire are built on the backbone of FLRW cosmologies. Besides, it is well known that our
Universe is described rather well by FLRW cosmologies on large scales. The natural question
of treating large-scale anisotropies perturbatively has been investigated in detail by [86] and
subsequently by [87]. The advantage of this framework is that anisotropic cosmologies can
be treated as homogeneous, deterministic (i.e. non-stochastic) perturbations atop an FLRW
background and analysed accordingly. Moreover, many of the tools (both theoretical and
numerical) that have been developed for traditional cosmological perturbation theory can be
brought to bear. Using this idea, [59] employed a two-fold perturbation scheme in [73, 74]
which treats Bianchi-I degrees of freedom as a small perturbation of a spatially-flat FLRW
spacetime in order to estimate B-mode shear generated by large-scale, late-time anisotropies.

The shear o adds degrees of freedom that are not present in FLRW cosmologies. More
concretely, it adds homogeneous anisotropic expansion which can lead to anisotropies on large
scales. However, since the universe appears to be (mostly) well-described by an isotropic
cosmology, we expect the anisotropic expansion encoded by o to be much weaker than the
isotropic expansion described by the Hubble rate H. Thus, we work in the weak shear limit
described by [73, 74]

2 < 1. (3.1)

More precisely, it is assumed that |3;| < 1 are small perturbations to Euclidean space and
hence that the spatial metric is given by

Yij & 0i5 + 2845, (3.2)

with ;; = diag(;) if our axes align with the principal directions of shear. Furthermore, we

assume that .
dgi _
dlna ~ H (33)

is of the same order as j3;;.

This means we can treat o and related quantities as small perturbations to an isotropic
FLRW spacetime. These zero-mode (homogeneous) perturbations are independent of the
usual scalar-vector-tensor (SVT) perturbations that are introduced upon an FLRW back-
ground when studying inhomogeneities in our universe. This suggests that we make use of a
two-fold perturbation scheme which captures the order of both types of perturbations. Fol-
lowing [73], we define the perturbation order {n,m} to correspond to a perturbed quantity
of order n in the shear o (and its time derivatives) and order m in the scalar variables (and
derivatives thereof). Thus, orders {1,0} and {0,1} correspond to first-order perturbations
in shear and scalar degrees of freedom, respectively, and quantities of the form (o/H)" ®™
and (8')"(0¥)™ are of order {n,m}. Vector and tensor perturbations are of at least order
{1,1} since they are dominated by scalar perturbations in FLRW cosmologies (at least in the
late universe due to their rapid decay) and because they only couple to the scalar evolution
equations through the shear [10, 81]. Clearly order {0,0} corresponds to the un-perturbed
background (flat FLRW) cosmology. Written schematically, a quantity @ is expanded up to
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Figure 3.1: Diagram illustrating the perturbed path z{™™} of a light ray and its direction
vector di™™} up to order {1,1}. The perturbed quantities are colour coded, with first-order
shear perturbed quantities (order {1,0}) being blue and first-order scalar FLRW perturbed
quantities ({0, 1}) being red. The order {1, 1} perturbed path and direction vector (which may
contain products of {1,0} and {0, 1} quantities as well as vector and tensor perturbations)
are coloured magenta.

order {1,1} as

BI BIXS+V+T
—
Q{Ll} — Q{O,O} + 562{1’0} + 5Q{0’1} + 5Q{1’1} , (3.4)
FLRW S

where BI stands for Bianchi-I, S for scalar, V for vector, and T for tensor modes, respectively.
For clarity, note that the object Q{™™} contains terms of the order up to and including {n,m}
whereas 6Q{™™} contains only terms of the order {n,m}. Now the problem of extracting
particular perturbation orders from an expression rears its head. A general method for solving
this problem is outlined in appendix A.2.

The process of solving the Sachs equation in order to obtain the perturbed lensing
variables up to order {1,1} is long and involved. In this section, we summarise the key results
of [59] and clarify the reasoning they employed to isolate the dominant contribution to the
shear multipoles. More details can be found in their paper [73|. The perturbed Bianchi-I
metric along with our particular gauge choice can be found in appendix A.1.

E-modes appear at all perturbation orders up to {1,1}, while B-modes are only gener-
ated at order {1,1}

B =6 ol 1 0Bl (3.50)
B — spih1} (3.5b)



Order {1,0}
The order {1,0} Bianchi-I correction to the shear is given by!

5E2[11n70}(x) =6 [ng(X> — >2</ox dx1 52m(X1)} 0r2, (3.6)

where x = ng — 1 is the conformal distance down the lightcone. The quadrupole coefficients
Eom are defined in terms of the homogeneous perturbation 3;;:

_\/77/5(62:m+6yy) m=0,
Eam = { 2¢/7/30 ( F Baz +iByz) m==+1, (3.7)

V7/30 (Boz — Byy F 2iBzy) m = £2.

Clearly, aligning our co-ordinate axes with the principal axes of expansion greatly simplifies
the form of Equation 3.7. Furthermore, imposing axisymmetry along the z-axis means that
the m = 0 quadrupole is the only non-zero harmonic coefficient.

Order {0,1}
At order {0,1}, the standard result expresses the F-mode shear in terms of the Weyl
potential p = & + ¥

/2 rxs
5E§3{1}(Xs)5—;[$t;m /0 dx q(x, xs)2em(X), (3.8)

where the function ¢ has been defined as a weighted integral over the source distribution
function A/

xs X1—X
, = d N . 3.9
q(X, xs) /x X1 Y1X (x1) (3.9)

For tomographic source distributions, we label the weight function corresponding to a tomo-
graphic bin i as ¢*, and simply replace N in Equation 3.9 with the source distribution N%.

The multipoles of ¢ can be expressed in terms of the transfer function T, and the
primordial curvature perturbation R:

(2N sy (R
pon(0) =i (2) 7 [ kY, ()b T (kYR (), (3.10)
where Yy, is a spherical harmonic and j; is a spherical Bessel function.

Order {1,1}

The dominant contribution to the shear at order {1, 1} is given by a post-Born correction
[73]. More specifically, the Bianchi-I angular deflection a0t couples to the scalar potential
© to produce a source term in the Sachs equation of the form

1
siyt = ;aC{I’O}DCD(ADB)@a (3.11)

which contains three covariant angular derivatives D4. Each derivative generates a factor
of O(¢) in multipole space. This post-Born source term is therefore O (63), which should

!Note that we do not project with the source distribution A since the {1,0} correction is not stochastic
and thus does not appear in the {1,1} correlation functions.
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dominate other terms at sufficiently large ¢. With this simplification, the {1,1} corrections
to the F-modes and B-modes are

m+1
s o) = S 3 [t ] bt (00ptama ()
2 (3.12a)
2 /L
£+€2 2
[1 + ( m mq m2> FQZQ
s ) = = 3 [ avates) [ (5 27" a2 60 tam 0
s (3.12b)
L 2 ¥/
. _ (1)l 2 \2
[1 (=1) ] <—m mi m2> Featy.
The quadrupole coefficients 04;71,;0} are defined in terms of the matrix
92 [X
a;(x) = _X/o dx1 Bij(x1) (3.13)

and follow the same pattern as Equation 3.7.

We note, however, that, as with the CMB, this kind of gradient expansion is only valid
for describing structures on scales larger than the typical deflection angle & corresponding to
a multipole ¢ ~ 7/a.

4 Angular power spectra

Under parity, the shear E-modes transform like multipoles of a scalar quantity, while
the B-modes transform like those of a pseudo-scalar

Epm — (=1)’Epm, Bom — (=11 By, (4.1)

These transformation properties have implications for the allowed angular correlation func-
tions of shear E- and B-modes. In particular, the auto- and cross-correlation functions satisfy
[73, 88, 89|

(EpmEj, ) = (=) (B EL, ) (4.2a)
(BimBi) = (=) (Bpn B, 1) (4.2b)
(BpmBj) = (=) F Y By Bl Y (4.2¢)

Hence, provided that no parity-violating physics is at play, the auto-correlations vanish
whenever ¢ + ¢ is an odd integer while the cross-correlation vanishes whenever ¢ + ¢ is
even. These selection rules necessitate that we use statistical measures well-suited to study
the off-diagonal correlators that arise frequently in studies of anisotropy.

One set of special functions that are particularly well-adapted to quantifying deviations
from isotropy are bipolar spherical harmonics (BipoSHs). These harmonics (the properties
of which are summarised in Appendix D.3) have been used extensively in the context of
the CMB in order to investigate a wide range of possible sources of anisotropy [90-96]. For

— 11 —



two stochastic variables X and Z, the BipoSH multipole coefficients are given by linear
combinations of the raw angular correlations <Xng(}",m,> [92]

¢ 0 L

XZ ALM L *

AGM =V2LH1) (-1l (_m o M) (Xt Zim) - (4.3)
m,m/’

where the 2 x 3 matrix is a Wigner 35 symbol. For a statistically-isotropic Universe these

coefficients reduce to the (re-scaled) diagonal power spectrum

YAG" = (-1)'V2U +1CF7 6500 m0- (4.4)

Although they are a mathematically elegant measure of deviations from isotropy, it
is impossible to accurately determine each BipoSH multipole individually. This is because
Equation 4.3 is an invertible change of basis and we only have access to one set of multipole
coefficients Xy, and Zy,,,, from any single all-sky map. In practice, in order to beat down
cosmic variance, one has to form combinations of BipoSH coefficients or construct an estimator
based on some model of anisotropy.

Although not essential, we make use of the Limber approximation in order to compute all
theoretical angular power spectra and BipoSH coefficients. Nevertheless, this approximation
should be fairly accurate for lensing observables even for ¢ 2> 12 [97]. The non-Limber
expressions for all spectra can be found in Appendix C.

4.1 Non-linear corrections

The kernels that arise in weak lensing are broad and have a smoothing effect on the
matter power spectrum. During line-of-sight projection, these kernels mix large angular modes
with small spatial modes (and vice-versa). Moreover, weak lensing surveys are sensitive to
redshifts z < 3. Consequently, non-linear features in the matter power spectrum manifest
themselves at relatively large angular scales in lensing power spectra and need to be accounted
for.

B-modes can be generated by non-linear effects at small scales. We need to avoid scales
where these additional B-mode mechanisms could play a significant role and overshadow the
effect we are trying to study. Including some non-linear effects in our B-mode angular power
spectra will therefore allow us to gauge the limiting scale of our analysis more effectively.

Properly accounting for non-linear features in the matter power spectrum is a complex
endeavour. Nevertheless, we can make significant headway by re-scaling the scalar transfer
function T, according to [98, 99|

T, (2, k) — ext 00 b) Ty (2, k). (45)

The non-linear correction factor ey, is defined in terms of the linear and non-linear matter
power spectra
Py (2, k)
PL(z,k)’
and allows for a smooth interpolation between the two regimes. In this work we make use of
HaloFit (through its implementation in CLASS [100]) in order to model the non-linear matter
power spectrum PEL.

In the Limber approximation, for a given multipole value ¢, the transfer functions are
evaluated along the k = v;/x curve in the k-x plane with v, = £+ 1/2. Plots of enxp(z, v¢/X)

enw(z, k)* = (4.6)
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Figure 4.1: Non-linear correction factor calculated using HaloFit up to z = 2.5 and 10 <
¢ < 2500.

for several values of £ are shown in Figure 4.1. As would be expected, non-linear effects are
most prominent at low redshift and small angular scales. Nevertheless, the integrated effect
becomes noticeable even around ¢ 2 100.

4.2 Euclid tomographic source distributions

Physical lensing observables are usually the average of some quantity measured along the
line of sight. For example, the weak-lensing shear at some point in the sky can be estimated
by determining the average ellipticity of galaxies in the bin/set of pixels corresponding to that
particular direction. Theoretical calculations and predictions therefore require knowledge of
galaxy source distributions. These are survey-specific and are usually measured in terms of
redshift.

The normalised source distribution N () is defined such that dP = N (x)dx represents
the probability of finding a source in the interval [, x +dx]. However, these distributions are
usually modelled as functions of redshift z. The source redshift distribution n(z) allows us to
calculate the probability of finding a source dP = n(z)dz over the redshift interval [z, z 4 dz].
These two distributions are clearly related through

dz ag

Nx) = n(Z(X))a = n(z(x))

H(x), (4.7)

where the final equality follows from the redshift relation in an FLRW spacetime 14z = ag/a.
Suppose that the survey in question is only sensitive up to some redshift zg corresponding to
a conformal light-cone distance xg. The effective, expected value of a quantity @ up to this

~13 -



cut-off is then
Qlxs) = / AN (0 Q) = / P dzn(2) Q(z) = / * dxn(z(0) SHO Q). (49

This is essentially a projected version of ) along a particular line of sight. The source
distributions must therefore be normalised such that

/OXS dxN(x) = /OZS dzn(z) = 1. (4.9)

//—\\\
8 / \
/ \\
II \\
6 ,’ \
N \
N / \
~ Il \
Q 4 1 ] w \\
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\
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0 - r—— - -
0.5 1.0 1.5 2.0 2.5
Z

Figure 4.2: Plot illustrating how the full source distribution ng (dashed line) has been
decomposed into 10 tomographic source distributions n; (coloured lines). The full source
distribution ng has been scaled by a factor of 10 so that the area beneath it is equal to the
sum of the areas beneath the tomographic distributions. Since the bins are equi-populated,
the area underneath each coloured line is the same as the area of the corresponding shaded
region.

Along with providing some information about time evolution, sub-dividing a population
of source galaxies into redshift bins increases the amount of information available and can
improve parameter constraints [101]. In its modelling and forecasts [76, 77|, Euclid uses ten
equi-populated bins with edges zzi € {0.0010, 0.42, 0.56, 0.68, 0.79, 0.90, 1.02, 1.15, 1.32,
1.58, 2.50}, where 1 < i < 10 is the bin label and zl-+ = 2;,1- The ith tomographic source
distribution n;(z) is constructed by weighting the underlying source distribution n(z) by the
probability that a galaxy at redshift z has a measured photometric redshift within the range
z; < zph < zi+ . The resulting tomographic source distributions are shown alongside the full
distribution in Figure 4.2. Specific details on the n; functions can be found in Appendix E.
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4.3 FE- and B-mode auto-correlations

The correlation between {1,1} E-mode multipoles in Equation 3.5a calculated for tomo-
graphic bins ¢ and j includes a combination of {0,1} and {1,1} terms

(BB = (6B sE") + (5B s BN

+ (BB + (SE L e B 10
Note that corrections at order {1,0} are fully deterministic and so do not contribute to any
two-point correlation functions up to order {1,1}: <X{1’0}Z{071}> = x{1.0} <Z{0’1}> =0
and <X{1’0}Z{1’1}> = x {10} <Z{1’1}> = 0 since linear stochastic perturbations have zero
mean. Furthermore, since we are considering late-time anisotropic expansion, we assume
that the primordial curvature perturbation R is a Gaussian random variable and its variance
is diagonal and rotationally invariant

(R(K)R(K)*) = P(k)d(k — K'). (4.11)

The primordial power spectrum P wholly specifies the statistics of R.

The first term in Equation 4.10 is the usual E-mode correlation generated by scalar
perturbations and scales as ~ ¢?. Due to statistical isotropy and homogeneity at this level,
this correlation function reduces to the E-mode power spectrum CfZE]. Applying the Limber
approximation to Equation C.2 leads to the well-known expression

igi 1(04+2)! (X dx A 1% v\ |
cF® - 1 )/0 X4 xs) ¢ (x, xs)P <XZ> T, <X>f>' : (4.12)

T 4(-2)! X
Although the B-mode correlation function in Equation C.9 has off-diagonal contribu-

with v, =0+ 1/2.

tions, in order to compare its magnitude to that of CfiEj we compute the B-mode power
spectrum defined as
o BiBj 400 1 ) )
C *BI = (-1 l o <Bl{171}BJ{171}*> ) 4.13
£ =) %H; im” Bim (4.13)
Using the Limber approximation leads to
2
oBB _ T (0+T+2)! (PFpesr)
¢ 150 (C+1-2) 20+1
I=£1 (4.14)

Xs d 4 - Vﬂ + I
/ %q (X,Xs)q](x,Xs)P< >
0o X X

with |a|? = aj0¥.

The intrinsic ellipticities of galaxies introduce unavoidable uncertainty into weak lensing
observations called shape noise. Although real-world lensing analyses use far more sophistic-
ated methods of quantifying this uncertainty contribution, a crude estimate can be obtained
by modelling it as white noise that is un-correlated between different redshift bins. For both
the F- and B-mode power spectra, this approximation of the statistical error amounts to

a(x)T, <x, W;:I)r,

-~ 9 V2 (2
ACY = LA 4.15
¢ [(2€+ 1)fsky} N; VY (4.15)
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where fg; = 0.35 is the fraction of the sky covered by the Euclid survey, <’YiQnt.> = 0.3% is the
intrinsic ellipticity variance, and N; & 2.7 arcmin~2 is the number density of galaxies in the
selected redshift bin. Euclid is expected to measure around 1.5 billion galaxy shapes in its
survey area corresponding to a total density of N ~ 27 arcmin™2, which is then split among
its ten equi-populated bins.

-2
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R
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10—10
0.0
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Figure 4.3: Linear (solid) and HaloFit (dashed) F-mode (black) B-mode (multi-coloured)
power spectra for full source distribution np plotted alongside shape noise (dotted) over the
range 10 < ¢ < 2500.

The behaviour of CfB, which scales as ~ ¢?(o/H)?, is shown for several values of Q¢
in Figure 4.3, alongside the dominant E-mode power spectrum contribution Equation 4.12.
These power spectra were computed using the full underlying source distribution ng and hence
the corresponding shape noise is reduced by a factor of 10 compared to a single tomographic
bin. Although dialling 2,0 up to a value of 1072 (i.e. o9/Ho ~ 107!) naturally increases
CfB , it never exceeds the shape noise baseline even in this best-case scenario. This suggests
that any {1,1}x{1,1} corrections to angular power spectra will likely be very difficult, and
maybe even impossible, to detect with upcoming surveys. A similar issue was found by [59]
in their letter [74] when trying to obtain a rough estimate of o¢/Ho using the B-mode auto-
correlation data from CFHTLenS [75]. It is for this reason that we suggest looking at the
E-B cross-correlation, since its leading-order contribution is {0,1}x{1,1} and hence scales
like ~ ¢?(o/H). Moreover, to a reasonable approximation, shape noise should not correlate
between E- and B-modes due to their parity properties. Making use of tomography, along
with providing information about anisotropy evolution, will help to reduce statistical error
since shape noise does not correlate over large redshift separations.
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4.4 FE-B cross-correlation

Unlike in Equation 4.10, the cross-correlation between the E and B multipoles only has

two terms ) .
<EZ{1 1}35,{1/1}*> <5Ez{0 1}5BZ,{1,1}*> i <5E;E’1}6Bj,{ri’,1}*> . (4.16)

m

Keeping only the dominant first term leads to the BipoSH coefficient

.A z nglgg(erQ)

E‘BI

Pgﬂ 5 (4.17)

which is pure imaginary and non-zero only for L = 2. The Limber-approximated quantity?

7
T X >
v < X

contains the five degrees of freedom present in the metric shear o. Note that Pg\/[ is only
symmetric under the interchange of ¢ and j in the Limber regime.

As can be seen from Equation 3.7, imposing axisymmetry about the z-axis forces the
BipoSH coefﬁcients in Equation 4.17 to be non-zero only for M = 0. Figure 4.4 depicts the
coefficient £'B’ AZ 1.1 10 the case of axisymmetry. As one would expect, the signal is markedly
stronger at hlgher redshifts while non-linear corrections are more noticeable at lower redshifts.
As with the auto-correlation power spectra in Figure 4.3, the linear and HaloFit coefficients
begin to deviate significantly from one another around ¢ ~ 100. This observation will help us
to identify a cut-off scale for our analysis in §5.

2

Xs dy
: (4.18)

o . . v ;
Piy = . 2 ‘06 xs) @ (x; xs) P <>f) aé,l(g]}w)(’()

5 Detectability of the E-B cross-correlation

As we mentioned in §4, cosmic variance prohibits one from measuring each BipoSH
coefficient from a single sky map. Instead, one needs to combine a subset of these coefficients
in order to isolate some theoretically-predicted quantity. In this section, we construct a simple
estimator for the quantity PZ\/[ in Equation 4.18 and investigate its expected signal-to-noise
ratios for a Euclid-like survey.

5.1 Estimator

Suppose we have a set of £~ and B-mode multipoles obtained from a map, which we
choose to represent as Eém and Bém, respectively. An unbiased statistical estimator for the
E-B BipoSH coefficient is then

i ¢ 0 L\ ri 5

E BJ L+ %
AM = 2L 11 Z m <_m o M> E;.B) . (5.1)
In order to simplify our analysis and to quantify deviations from isotropy, we adopt a ‘null
hypothesis’ of statistical 1sotr0py Under this assumption, Bg coefficients are composed
solely of shape noise while the E@m contain shape noise as well as the {0,1} F-mode signal
Equation 3.8. If we additionally assume that the F- and B-mode multipoles obey Gaussian

“Note that our definition differs from the one in [73, 74] through the index M +—— —M.
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Figure 4.4: Linear (solid) and HaloFit (dashed) tomographic BipoSH coefficient EZBJAZ’E)H
for 10 < ¢ < 2500 calculated using ten values of 2,9 < 1072. The auto- and cross-correlations
between redshift bins 1, 4, 7, and 10 are shown. The scaling y/¢(¢ + 1) is used to highlight
the effect of varying (2,9 and the differences between the linear and HaloFit spectra. the £—1
coefficient EzBJAz’g_l is not shown because it is visually indistinguishable from the £+ 1 case.

statistics, we can analytically compute the isotropic part of the covariance of the estimator
Equation 5.1 as

Ei‘BI gL1M; E*B' §LoM 1 E‘Ek BiB! L1 Lo s M1 M-
COV( A 126, 2)31 - (Czl )SI(Ci )515514254%(s TR, (62
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where the statistically-isotropic angular power spectra are defined through

<EszZ/jnl>SI = (CfiEj>815£€,5mm' - (<7]1\1;t >5ZJ +Cy ZEJ) 00t Omm’ (5.3a)
<Bém3§%/>81 = (Cég iBj) o0 Ommy = <fy]%:>5ijéﬁ’5mm’ : (5.3b)
<E§m3%”’>81 = (CZ iBj>SI(5M6mm’ =0, (5.3¢)

and we have divided through by the observed sky fraction fs, in order to account for the
increase in variance caused by a partially-surveyed sky.
By inverting Equation 4.17, we can construct the simple estimator

EBJ

2f TR Z Avli : (5.4)

2o

which weights both the £ 4+ 1 and ¢ — 1 contributions equally. Using Equation 5.2, we find
that the isotropic part of this estimator’s covariance is given by

i ok i Bl
- e (cF) (c2eF')
U fa LIEE2)Y] (2Fri120)

Cov <P2M7PZ’M’) S 5gg/5MM/. (5.5)

One could also construct an estimator for Pg\/[ using the BipoSH coefficients EZEJ.A%]y

and &' EJ.Ag r12- However, if we consider the variance of the corresponding estimator,

Var (E@EZAM )SI = f:ky |:(CZEiEi>SI (Cga‘Ej)SI + (CfiEf);éw] : (5.6)

we see that it contains extra contributions from shape noise and the E-mode power spectrum.
An estimator constructed from these coefficients will therefore have lower signal-to-noise than
the one in Equation 5.4. This is another reason why we believe the cross-correlation of the
shear F-modes and B-modes is a better way to detect large-scale anisotropy than the E-FE
and B-B auto-correlations.

5.2 Signal-to-noise ratios

In principle, one could compute the total signal-to-noise ratio (SNR)

S -1 kl
<N> Z Z PégWCOV (PEM’ PKIM/> PZ’J\/;/ (57)
00 1,5,k
MM

which combines all multipole and tomographic information using the inverse of the covariance
matrix in Equation 5.5. However, in order to investigate how the potential strength of the
signal varies with redshift, we consider each tomographic correlation separately and calculate
the cumulative SNR for each P}, as

S 2 emax Pz] 2 B 1/2
=) = — M h A = D] ) .
< N) ) gg ’ (A%) where AP = |Var (PKM)SI (5.8)
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Figure 5.1: Individual (top) and cumulative (bottom) signal-to-noise ratios for ﬁéio com-
puted for redshift bins ¢ = 1,4,7, 10, as well as the full redshift range. The linear (solid) and
HaloFit (dashed) ratios have been calculated for ten values of Q,¢ < 1072. Note that we use
linin = 10 for the cumulative SNR.

Heuristically, the cumulative SNR is a measure of the constraining power of a particular
observable and is closely related to Fisher information. In order to simplify our analysis and
argument, we consider only the diagonal tomographic correlations and set ¢ = j from now on.

The individual and cumulative SNRs for the diagonal (i.e. i = j) tomographic estimators
73%0 are shown in Figure 5.1. As can be seen from the top row of this figure, cosmic variance
strongly suppresses the SNRs for £ < 10. We also note that the Limber approximation that
we have used breaks down on these largest scales. Moreover, like with the BipoSH coefficients
shown in Figure 4.4, the linear and non-linear SNRs in Figure 5.1 begin to deviate significantly
for £ 2 100. Nevertheless, it is evident that much of the constraining power derives from larger
scales corresponding to 10 < ¢ < 100. With this in mind, we choose to set fni, = 10 and
lmax = 100 for the remaining analysis. These conservative bounds ensure that we do not miss
too much information on the largest scales while avoiding any additional B-mode sources on
smaller scales.

In Figure 5.2, we see that our choice of £y, = 100 ensures that the contribution of any
non-linear effects is sufficiently small. Naturally, the cumulative SNR increases in tandem
with the strength of Q,9. Again, we see that the majority of the constraining power is
provided by the higher redshift bins. Nevertheless, it is clear that combining all tomographic
information will yield a higher SNR and tighter constraints than using the (non-tomographic)
full distribution by itself.

We highlight, however, that this somewhat rudimentary analysis can certainly be im-
proved and expanded upon. For example, more sophisticated versions of the estimators
Equation 5.1 and Equation 5.4 which make use of inverse-variance weighting and band-power
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Figure 5.2: Linear (solid) and HaloFit (dashed) cumulative 75?0 signal-to-noise ratios
summed from £, = 10 up to fhpax = 100 as a function of 2,9. The different colours
are used to represent the redshift bins ¢ = 1,4, 7,10, as well as the full redshift range.

averaging would certainly improve the quality of the observed signal. We also acknowledge
that our analysis does not fully account for the effects of a masked sky — which can lead
to spurious correlations between different scales. That being said, we believe that our SNR
estimates are likely an underestimate of what is possible with surveys like Euclid. Most im-
portantly, we emphasise the cross-correlation of the F- and B-modes of cosmic shear as a
possible way to constrain late-time violation of the Cosmological Principle.

6 Concluding remarks

This work revisits and builds upon the analysis of |73, 74]. We reviewed their formalism
and argument for identifying the dominant contribution to the B-mode shear and computed
the weak-lensing signal generated by a phenomenological model of late-time anisotropic ex-
pansion with axisymmetry. We found in §4.3 that the strength of the B-mode power spectrum
is below Euclid’s detectability threshold for all realistic values of Q,5. We then argued that
the cross-correlation of - and B-mode shear offers a better prospect for detecting large-scale
anisotropy.

Using the apparatus of bipolar spherical harmonics, we constructed a simple estimator
(Equation 5.4) for an observable which, in principle, contains all information necessary to
reconstruct the magnitude and direction of anisotropic expansion. By analysing the signal-
to-noise ratios for this statistical estimator, we found that much of the constraining power of
the F-B cross-correlation derives predominantly from angular scales corresponding to ¢ < 100
(where the B-mode signal is not contaminated by any non-linear effects) and higher redshifts.
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Exploiting available tomographic information will also significantly tighten any constraints
that can be made using this method.

The primary purpose of this work is not to provide a rigorous analysis of the potential
constraining power of Euclid, but to emphasise the E-B cross-correlation as an additional
test of the Cosmological Principle. We hope that our analysis will provide a general basis for
future investigations into this topic.
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A Bianchi-I and the weak shear limit

A.1 Perturbed metric

The most general perturbed Bianchi-I line element takes the form
ds? = a? -1+ 28)dn? + 2Vidax'dn + (yij + ﬁj)dmidx‘j], (A.1)

where S is a scalar and the remaining functions are defined as [10, 73, 81]

V, =8V +V, (A.22)
Ti; = 2C (’Yij + %) +20;0;T + 2(9@7}) + 2T;;. (A.2b)

We have therefore introduced four scalar-valued functions (S, V, C, and T), two vector-valued
functions (V; and 7;), and one tensor-valued function (T;;). The inclusion of o;;/H in the
perturbed metric is not mandatory, but is justified a posteriori by the simpler transformation
properties it generates [81]. The vector variables are subject to the usual transversality and
conditions

RV =0, T =0, (A.3)

while the symmetric tensor perturbation is traceless in addition to being transverse
;T =T, = 0. (A.4)

Gauge freedom allows us to place a maximum of four restrictions on the perturbed degrees
of freedom. Following [73], we make use of a gauge defined by the conditions

V=T=T'=0. (A.5)
The Bardeen variables then simplify to
=5, v=-C, 6;=V;, Ty, (A.6)
and the line element Equation A.1 becomes
ds? = a? {—(1 +2®)dn? + ©;dz'dn + [%-j -2V (%'j + %) + 2']I‘Z-j] dxidxj} . (A.7)

A.2 Procedure for extracting contributions at arbitrary order

The issue of obtaining contributions of arbitrary order from a general expression can be
solved in a straightforward and systematic way. To achieve this, we introduce two smallness
parameters €1, €2 < 1 which control the order of our expansions. These smallness parameters
are merely a bookkeeping device that we use to derive perturbed expressions and we shall
absorb them into the definitions of relevant quantities after determining these expressions.
We write a formal expansion of some quantity () as

L sQUikd e, (A.8)

_ N{0,0}
@=0Q + Z 5k

J,k=0
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where Q{%9} is the (un-perturbed) background value of @, 5QU7k} is the correction of order
{4, k} to this quantity and we have defined §Q{%%} = 0. A truncated series up to order {n,m}
defines the perturbed quantity of order {n,m}

n,m - 1 ' /
Qinmt = 100} 4 ; QP e, (A-9)
7,k=0

For clarity, note that the object Q{"™™} contains terms of the order up to and including
{n,m} whereas 6Q{™™} contains only terms of the order {n,m}. We can extract the {n,m}
correction to () using

an+m

{nm} _
°Q O€t Oey?

(A.10)

Q

€1,e2=0

As an example, consider a quantity of the form @ = PS. The corrections up to {1,1} are
given by

sQ1L0F = ;;Q = s pi10tgi00} o p{0.0}56{1.0} (A.1la)
€1,e2=0
sQO1 = a‘le = 6 P01t g{00} 4 p{0.0}55{0.1} (A.11D)
€1,e2=0
2
so = 2 g _ splli g0} | 5pl10}500.1)
Oe10¢€s €1,62=0 (A.11c)

+ P10 55{L0} 4 pl00}5g{LL},

The expressions for higher-order corrections and more complex functions can become increas-
ingly verbose and arcane. Nevertheless, these corrections can be readily computed for any
quantity using the method detailed above.

B Model parameters and initial conditions

B.1 Cosmological parameters

For the purposes of this investigation we used the CLASS Boltzmann software [100]
in order to compute the required background and perturbed ACDM quantities. We made
use of the default CLASS cosmological paramater values found in the explanatory.ini and
default.ini configuration files.

h Qmoh? Tembo  Qxo  109A Ng Epiv

0.67810 0.1424903 2.7255 K 0 2.100549  0.9660499 0.05 Mpc~*

Table B.1: Values of relevant cosmological constants used during this investigation.

A list of the cosmological parameters used in this investigation is shown in Table B.1.
All other relevant ACDM can be inferred from those listed above. In particular, the the value
of the cosmological constant density parameter today is

QAozl—Qmo—Qvo—QKowo.Gg. (Bl)
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In CLASS conventions, the dimensionless primordial power spectrum is given by

Pk = P2 — A, ( i )ns_l . (B.2)

272 Kpiv
B.2 Anisotropic stress model
If we align our spatial co-ordinate system with the principal axes of expansion, the
spatial shear o can be represented as a diagonal matrix

(aij) = diag(o1, 02, —(01 + 02)). (B.3)

The shear density parameter is then

o2 1

= (01 + 03 + 0109) . (B.4)

Q== rn
6H2 ~ 3H?

For a fixed value of ., the allowed values of the shear parameters lie on an ellipse in the
o1-09 plane. Imposing rotational symmetry about the z-axis requires o1 = g9 and hence

‘%‘ — /. (B.5)

Recall that the general solution to the shear equation of motion Equation 2.7c for spe-
cified value of the shear at time ¢ is

o' (a) = (Z) 7 ort, 4 8nGa2 /ad“ (“)3 fa) W@] | (B.6)

o a1 \ar/) H(a)
We choose the positive solution to this equation so that o1 > 0 and o3 < 0. If the current value
of the shear is set to o, the value of the model parameters which satisfies these boundary
conditions is

2 7 7
. ap/ay)” oot — ot

" 8rGa? / (da/ar) (a/ar)? [f(@)/H(@)]

I

Now, from CMB measurements, we know that the Universe well described by the isotropic
FLRW metric throughout much of its history. This means that the ratio o/H (equivalently
Q,) must be very small at sufficiently high redshifts. Therefore, if we fix the value of the
shear at present and at some high redshift deep in the matter-dominated epoch (say z ~ 10),
we can determine parameter values W% that ensure late-time growth of anisotropy whilst
simultaneously eliminating the decaying mode in the late Universe.

Assuming that the anisotropic stress is negligible during the matter-dominated epoch,
we find that the anisotropy ratios at zypg = 10 and zoyp ~ 1100 (i.e. recombination) are

related through
OMDE _ (1+ZMDE>3 (HCMB> <UCMB> (B.8)
HMDE 1+ zovB Hype ) \Homs /- '
Using the constraint oovp/Hems ~ 107° and substituting in appropriate values for the
Hubble rate we obtain oypr/HMmpE ~ 1078 — ie. Qs MDE ~ 10716, We use this value

in conjunction with Equation B.7 to fix model parameters for the anisotropic stress while
varying oy.
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C Details on the computation of angular correlators

C.1 FE- and B-mode auto-correlations

The first term in Equation 4.10 is simply the ordinary F-mode correlation generated by
scalar perturbations and scales as ~ ¢?. Due to statistical isotropy and homogeneity at this
level, the correlator is diagonal

(SESISELD") = b CE'P G
and hence is entirely described by the angular power spectrum
CEP'F = /dk k2P (k) AL(k)AJ(K), (C.2)

where we have defined the tomographic kernels

Aj(k) = 5

T (0 —2)!

1/2 s .
1[2 (£+2)!} /OX dx ' (x, xs) Je(kx) Typ(x, k). (C.3)

The two {1,1} x {0, 1} cross terms in Equation 4.10 scale linearly with the spatial shear
as ~ (o /H). A straightforward calculation reveals

<5E1§7{73’1}5EZ/{,,1{/1}*> _ (=™ [1 + (—1)£+e'} 3 < ¢ 2 £>2Fefze

2 !
mp L (C.4a)
2 i j
[ aviPmsimaL, )
i{1,1} ¢ 27{0,1}*\ (_1)m YAy 14 2 U 2
mi )

. / dk K2 P(k) AL, (k) A, (K),
where the isotropic kernel Equation C.3 now multiplies the direction-dependent kernel

A /2 rxs )
A =52GE0] [ a9t el 00T, (@9

The selection rule for the 3j symbol (Equation D.19) combined with the alternating factor in
Equation C.4a and Equation C.4b imply that £ — ¢ = 0 or £ — ¢/ = +2, in agreement with
Equation 4.2a. The final term in the expansion in Equation 4.10 is {1,1} x {1, 1} and is thus
beyond leading order. Putting this together, we find the non-zero BipoSH coefficients

BB ALM =(—1)' V20 + 1 CF 5 6™05M0

1 i o (C.6)
+ 7 [2sz Chrr + ()M 2Fpoy Cle] (8eer + Sox2,0r) 672,
where we have defined the object
ch = (M / dk K2 P (k)AL (k)AL (k) = / dk B2 P(k)Aj(k)A) _y (K). (C.7)
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We also define the auxiliary quantity

(¢ —2)!
((+2)

Py =4 Conr> (C.8)
which strips away the shape factors common to A, and Ayyy.

Since it only contains a {1,1} contribution, the auto-correlation of the B-mode multipoles
is

(ot a0?) = S5 5 () o)
mi,m;
s iy v (©9
2P Foy 1= (<1)%] [1 = (-1)"+%]
[ AR PE) AL, (DAL, 0,
from which we can calculate the BipoSH coefficients
e 2 o) (52 8 ()
m,m! my my
2 Z2’72@ t+0 I, (C.10)
“Foge,"Fora, {1 — (= 2] {1 - (=" 2]
. / Ak K P(k) A, ., ()AL (k).
The B-mode power spectrum is then
igi 2
cp? = (—1)@% - ;I:;m (zi‘gﬁ) / dk K> P(R) A1 (R) AT, 1 (R)- (C.11)

C.2 E-B cross-correlation

The leading-order expression for the cross-correlation between the E-modes and B-
modes is almost identical to Equation C.4a

) . _1\m , /
(BBl = = 12) [1- (-] ; <_€n jl £>2FW

(C.12)
. /R K2 P(k) Al (k)AL (),

and is only non-zero for £ — ¢/ = 4+1. The corresponding BipoSH coefficient is therefore

pigigonr . U2 2y i o
A = e Pl (C.13)

D Harmonic expansions on the sphere

Spherical harmonics Yy, are special functions defined on the surface of the sphere S2.
They are labelled with two integer-valued indices ¢ and m which satisfy the relations ¢ > 0
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and —¢ < m < /, respectively. For a fixed point (6, ¢) corresponding to an observation
direction n, they can be expressed as [105, 106]

20410 —m)!
dr ({+m)!

1/2 ‘
Yim(1) = Yom (6, 6) = <—1>m[ ] Pam(cos 0)¢™, (D.1)

where Py, is an associated Legendre polynomial. Spherical harmonics are the eigenfunctions
of the (scalar) Laplace operator on the sphere V252 and satisfy

Vi Yom = =Ll + 1) Y. (D.2)

Spherical harmonics form a complete basis for scalar functions on S2. The completeness and
orthogonality properties can be expressed in the form

> Vi (1) Yo (n) = 6@ (n — 1) (D.3a)
lm
/52 dQQ}/Z;TL(n)}/eIm/(n) = 5€1Z26m1m27 (ng)

where 6 (n — n’) = §(¢ — ¢')d(cos § — cos @) and d2Q = df sin fd¢ are the two-dimensional
Dirac delta function and the volume element on the sphere, respectively. The completeness
and normalisation of spherical harmonics allows us to expand a scalar function f on the sphere
as

F0) =" fomYim(n), (D.4)
lm
where the multipole coefficients are given by

fon = [ @0 (0)f(m), (05)

The complex conjugate of a spherical harmonic flips the m index and introduces a phase
factor

Yim () = Yo (0, —¢) = (=1)"Yy(—p (m). (D.6)

Under the parity inversion n — —n
}/Em(_n) = Yvﬁm(ﬂ- - 97 ¢ + 77) = (—1)5Yzm(n), (D7)
and hence that for even (odd) ¢, Yz, is parity even (odd).

D.1 Spin-weighted spherical harmonics

‘Spin’, ‘spin weight’, or ‘helicity’ is a property of certain functions on S? related to their
behaviour under three-dimensional rotations. Consider a counter-clockwise rotation by an
angle o about the axis n. Under this mapping, an object which transforms according to

fP(m) — e f*(n), (D.8)

where s € Z, is said to be of spin |s| or helicity s [107]. Scalar functions are necessarily
spin-0 due to their simple transformation properties. Moreover, ordinary spherical harmonics
are used to expand scalar functions and must therefore inherit their spin. Objects with non-
zero spin are actually (components of) tensor-valued functions on S? and are only defined
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relative to a certain co-ordinate basis. Any symmetric and traceless rank-2 tensor field (like
polarisation or lensing shear) is automatically spin-2. Geometrically, this is because — when
viewed as linear operators — they have the effect of distorting circles into ellipses and thus have
180° rotational symmetry. Objects of a particular spin need to be expanded in harmonics
which respect their rotational symmetries.

The spin raising-operator d and the spin-lowering operator 0 have the effect of increasing
and decreasing an object’s spin, respectively. Written in terms of the spherical co-ordinates
0 and ¢, the action of these operators on a spin-s function is

frl=af=— (Op +icscf0y — scotB) f° (D.9a)
Fl =0 = — (9p —icscBdy + scot ) f°. (D.9b)
We can therefore construct harmonics of higher spin through successive actions of these
operators on ordinary (spin-0) spherical harmonics. In analogy with ladder operators of

quantum mechanics, the spin-weighted spherical harmonic (SWSH) Y7 of spin-weight s is
given by [108-110]

s VIO =)oY, for 0<s<{t
Yém: _
(_1)8\/(5—8)!/(6—1—3)! 5‘3‘Y£ for —¢<s<0.

Like normal spherical harmonics, the SWSHs are eigenfunctions of the Laplace operator on
the sphere, albeit with an altered eigenvalue [111]

(D.10)

V&Y, = — [0t +1) — %] Yy, (D.11)
For fixed s, SWSHs are orthogonal
[ ROV Y (1) = b (D.12)
S2

and form a complete basis for objects of their particular spin. A spin-s quantity f° can
therefore be expanded in terms of spin-s harmonics as

@) =" finYinm), (D.13)
lm
where the multipoles f; —are given by
fim = [ ROV 0 (). (D14
Under complex conjugation, Equation D.6 becomes
Yin(n) = (-1 () (D.15)
while the parity relation Equation D.7 generalises to
Vi (—1) = (=1)Y,,°(n). (D.16)

For the particular case of the spin-2 shear variable v; +iy2, the multipole decomposition
reads
() i) =Y (Bpm £ iBm) Yt (n). (D.17)
lm
Using Equation D.15, we see that Ej, = (—1)"Ey_y,) and By, = (=1)"By(_p,), as with real
scalar variables. Furthermore, Equation D.16 and the parity relation [y; £ iy2](n) — [y1 F
i2](—n) imposes the transformation properties Ep,, +— (—1)*Ep,, and By, — (—1)1 By,
on the E-modes and B-modes, respectively.
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D.2 Wigner 35 symbols

Integrals of the product of three SWSHs arise frequently in the study of anisotropy. The
Gaunt integral [106]

. . . (201 + 1)(205 + 1)(265 + 1)]Y/2
[ v, v, g, o) < -

by Uy A3 0 Uy f3

—81 —S9 —S3 mi mo M3
expresses integrals of this type in terms of Wigner 3j symbols. These objects are only non-zero
if its elements satisfy the selection rules

(D.18)

m1+mo+m3=0 and wi—ﬁj’ §£k§€i+€j. (D.19)
They also satisfy the following symmetries

1. Even permutation of columns:

by by L3 _ ls 41 {o _ by 3 0 (D.20a)
miy mo ms3 m3 1mi1 M mo MmM3 Mmq '

2. Odd permutation of columns:

(ﬁl Lo 63) _ (_1)€1+f2+53(£2 141 €3> _ (_1)Z1+52+53<£1 & 62) (D20b)

my m2 ms3 m2 my1 ms3 my m3 my

3. Negation of second row:

<£1 Ly £3> _ (_1)€1+€2+53< 1 ta t3 > (D.QOC)

my1 ma ms3 —mip —ma —ms

Moreover, the 3j symbols possess the useful orthogonality properties

(A e o
;(2“ 1)(75;11 75;22 i) (75;1’1 15;2,2 i > = Gy, O, (D.21b)

Following [111], we define the integral
ity = /32 QY5 (1) [DYgm, ()] [DAY, ()] (D.22)

which appears in post-Born corrections to lensing variables and lensed CMB power spectra.
By making use of the product rule for derivatives and defining the symbol [73, 111]

1
nglg2g3 Ei [fz(fg =+ 1) =+ 53(53 + 1) - fl(fl + 1)]
_ [(251 +1)(200 4 1)(205 + 1)}1/2 (61 I £3>

47 s 0 —s

(D.23)
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we can separate the parts of SIZ%Z;W’ that depend on s from those that depend on mq, mao,

and ms

by by £
symimams __ S mi-+s 1 2 3
1615}2&;2 P ="Fpe(-1)™ <_m1 ™M m3>. (D.24)
Using Equation D.20c, we see that both of these quantities inherit the property
Tpipe, = (1) (D.25a)
_SF£1€2£3 - (_1)£1+é2+€38F6132€3' (D25b)

Four specific sets of values of *Fy, 4,0, — which emerge in {1,1} corrections to the B-mode
shear multipoles — are given by Mathematica as

_ 1/2

Fpi0= (1) (£ -2) [1: M] (D.26a)
_ 1/2

2Frao0= (1)1 +3) {17? W] (D.26D)

B 1/2
*Fraen = (-1 + )| 2 200 (D 260

15 w—ww] v (D.26d)

2F€,2,€71 = (—1)€(€ - 3) |:7T €<£ — 1)(£ + 1)

D.3 Bipolar spherical harmonics

Departures from statistical isotropy induce correlations between different scales which
cannot be captured by standard angular power spectra. Bipolar spherical harmonics (Bi-
poSHs) are a particular class of special function that can be used to study the tell-tale
signatures of various sources of anisotropy.

We define the bipolar spherical harmonic as a particular linear combination of Wigner
3j symbols and products of spherical harmonics [92]

Vi) @ Yp()},,, = DML+ 1) ( i ﬁ: , _?W> Yo (0) Yo (n').  (D.27)

BipoSHs form a complete set of basis functions on S? x S2. Moreover, they are orthonormal

*

/SQdQ/SQdQ' {Yzl(n) ® Ye'l(n/)}LlMl{Yez(n) ® Yé;(n')}L v = 006000,00, 1200y

2412
(D.28)
and its indices {¢, ¢/, L} must satisfy the triangle inequality [¢ — ¢'| < L < {+ /.
Without any assumptions on statistical symmetry, the real-space correlation of the
stochastic variables X and Z

CXZ(n,n') = (X(m)Z*(n)) (D.29)

is a two-point function defined on S? x S2. This bivariate function can be written as the
linear combination

)= S XZARM (vy(n) @ Ve(m)},, (D.30)
Lml m'

)
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where the BipoSH coefficients X4ALM are given by
XZALM — /QdQ/QdQ’{Yg(n) ®Yy(n)},,, C*7(n,n). (D.31)
S S
Written in terms of the correlations between the multipoles Xy, and Zyr,,, this becomes [92]

—-mm' M

/
XZALM _ /57 + 1 Z(—l)“m( £ L) (XomZ 1) . (D.32)

Suppose the multipoles X ¢m and Zg/m/ have been determined from some sky map. An
un-biased statistical estimator for the corresponding BipoSH coefficient for this map is then

A~ / A A
Y YNy Z(—1)L+m< e ! L)Xgng,m,. (D.33)

—mm' M

Under the assumption of statistical isotropy, the auto- and cross-correlations between the
multipoles are diagonal

<Xgmf(;,m,>81 = (CFX) o600 Srmm (D.34a)
<ngZ;,m,>SI = (CF?) e S (D.34b)
<X€mzz’m’>51 = (CF7) 4 B4t - (D.34c)
The expected value of the estimator in Equation D.33 is thus
<XZA§% >s1 — (1) + 1(CX?) SerS100 10, (D.35)
The (statistically isotropic) covariance between two different BipoSH coefficients is defined as
Cov (XlzlAélezll\ﬁ’XQ@AZL;évfz)SI = <X121A£11€J/1\41 ,X222A522£242*>SI

(D.36)
- <X1Z1AL1M1> <X2Z2AL2M2*>

010 ST 020 ST
If we further assume that the stochastic variables X1, Xo, Z1, and Zs are Gaussian, applying
Wick’s/Isserlis’s theorem reduces this expression to

Cov ( B ) st [(Cgl&) SI (CZZﬁlb) S,I(Sglbé‘/“ﬂlel2

! X17Z Z1 X
+ (_1)L+€1+Zl (C£11 Q)SI(Cé’l 2)816515'265/152} 5L1L26M1M2.

1

(D.37)

In §5 we make use of this expression in order to calculate approximate signal-to-noise ratios
for the estimator P}, .

E Computation of tomographic source distributions

For Euclid, the underlying source distribution is modelled as [76, 77|
2\ 2 2\?
— - — E.1
o) (£) exp[ (2) ] (E1)
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where zp = 2,/ V2 and the median redshift z, = 0.9. Euclid uses 10 equi-populated bins with
edges zli € {0.001, 0.42, 0.56, 0.68, 0.79, 0.90, 1.02, 1.15, 1.32, 1.58, 2.50}. The tomographic
galaxy source distribution for the ith redshift bin is given by

[zl
, (E.2)

Z) - Zmax Z+
[ [ dmnmmtale)

Zmin

where z; and z;" define the edges of the bin, and (zmin, Zmax) = (21,275) = (0.001,2.5).
The full source distribution np(z) is obtained by replacing the integral limits (z;,2;") —
(Zmin, Zmax) SO that the entire redshift range is taken into account. In Equation E.2, the
underlying distribution n(z) has been convolved with the probability distribution function
Pph(2p|2) describing the probability that a galaxy with redshift z has a measured redshift zp.

The probability distribution is modelled as
(zp]2) = _ L= Jow expd L [z — % T Zb]
Pl V2moyn (1 + 2) P12 op(l+2)
fout 1 [z—cozp—zor
+——"expl —= | —————— ,
Voroo(l+2) P17 2| oo(l+2)

with (¢, 2b, Ob, Coy 2oy To, fout) = (1.0,0.0,0.05,1.0,0.1,0.05,0.1). The result of this convolu-
tion process is shown in Figure 4.2.

(E.3)
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