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Abstract. The Cosmological Principle is a cornerstone of the standard model of cosmology
and shapes how we view the Universe and our place within it. It is imperative, then, to
devise multiple observational tests which can identify and quantify possible violations of this
foundational principle. One possible method of probing large-scale anisotropies involves the
use of weak gravitational lensing. We revisit this approach in order to analyse the imprint
of late-time anisotropic expansion on cosmic shear. We show that the cross-correlation of
shear E- and B-modes on large scales can be used to constrain the magnitude (and possibly
direction) of anisotropic expansion. We estimate the signal to noise for multipoles 10 ≲ ℓ ≲
100 that is achievable by a Euclid-like survey. Our findings suggest that such a survey could
detect the E-B signal for reasonable values of the late-time anisotropy parameter.
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1 Introduction

A key assumption that underlies the standard model of cosmology is that, on sufficiently
large scales, the universe is both homogeneous and isotropic – the Cosmological Principle.
Because of its numerous and far-reaching implications, this crucial assumption has deservedly
been subjected to a litany of observational tests (see e.g. [1, 2]).

The cosmic microwave background (CMB) provides tight constraints of ∼ 10−5 on aniso-
tropy around the time of recombination. The rapid decay of un-sourced anisotropic expansion
from recombination to today yields the shear constraint ∼ 10−10–10−9 [3–7]. Combining CMB
data with measurements of galaxy baryon acoustic oscillations can improve this constraint by
several orders of magnitude [8]. Additionally, a period of inflation rapidly isotropises the Uni-
verse and severely diminishes any primordial anisotropy [9, 10]. These considerations, along
with observations of the relative abundances of light elements [11–14], appear to disfavour a
period of significant anisotropic expansion during the early evolution of the Universe.

Nevertheless, these considerations do not completely rule out the possibility of a period of
anisotropic expansion. In particular, late-time anisotropy driven by dark energy with intrinsic
anisotropic pressure is quite compelling, since it has the potential to generate deviations from
isotropy at late times when dark energy begins to dominate the Universe’s energy content.
Anisotropic pressure appears in models of magnetised dark energy [15, 16] as well as dark
energy possessing an anisotropic equation of state [17–24]. Moreover, the presence of effective
anisotropic stresses is a fairly general feature of modified theories of gravity [25–28].

Measurements of late-time anisotropy and anisotropic expansion have primarily focused
on probes of the Hubble diagram using type Ia supernovae (SN Ia) data [29–55]. Tests of
isotropy have also been performed to check whether the rest-frame of matter coincides with
that of the CMB, as required by the Cosmological Principle [56]. There are many claims of
an inconsistency in radio continuum and quasar samples (see e.g. [1]), but a recent analysis
of the eBOSS surveys finds consistency [57].

A lesser-known probe of late-time anisotropy is weak gravitational lensing [58]. The
presence of B-modes on large scales in the weak-lensing signal is indicative of a violation of
isotropy [59]. This contrasts starkly with standard weak-lensing wisdom which, being built
on perturbed Friedmann-Lemaître-Robertson-Walker (FLRW) spacetimes, predicts that B-
mode shear should not be generated by large-scale structure at significant levels [60–62]. On
the contrary, detection of these odd-parity shear patterns at significant levels is usually seen
as a sign of non-linearities [63–66], or even systematic effects that need to be removed [61, 67–
70]. On large scales where late-time anisotropy is probed, the non-linear effects will not be
a problem, but systematics can arise on very large scales. Nevertheless, once all systematic
sources of error and spurious signals are eliminated, the detection of large-scale B-modes at
a particular magnitude would allow us to place bounds on large-scale anisotropic expansion
in the late Universe.

The fundamental object in gravitational lensing is the Jacobi matrix D which maps from
observed angular size θO to physical separation at source ξS

ξS = DθO. (1.1)

The Jacobi matrix is usually decomposed into convergence κ, rotation ψ, and shear γ as

D = dA

[(
1− κ 0
0 1− κ

)
+

(
0 −ψ
ψ 0

)
+

(
−γ1 γ2
γ2 γ1

)]
, (1.2)
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where dA is the background FLRW angular diameter distance. One can show that the rotation
angle ψ ∼ γ2 can be safely ignored in the weak-lensing regime where γ ≪ 1. Being a
scalar object on the celestial sphere, the convergence can be expanded in terms of spherical
harmonics

κ(n) =
∑

ℓ,m

κℓmYℓm(n), (1.3)

where the observation direction n specifies a point on the sphere. The shear, on the other
hand, is a spin-2 tensor variable and thus needs to be expanded in terms of spin-weighted
spherical harmonics

γ1(n)± iγ2(n) =
∑

ℓ,m

(Eℓm ± iBℓm)Y ±2
ℓm (n). (1.4)

This decomposition separates the shear multipoles into even (E) and odd (B) parity contri-
butions. Importantly, however, linear scalar perturbations of FLRW spacetimes generate only
E-modes. Within the FLRW context, only vector, tensor, or higher-order scalar perturbations
give rise to B-modes [63, 71, 72].

Building on their previous work, [59] developed a two-parameter perturbation scheme
which handles small deviations from isotropic expansion in a systematic way [73] and used it to
calculate the B-mode shear generated by the coupling of large-scale anisotropic expansion and
scalar metric perturbations. Subsequently, these results were used to quantify the magnitude
and behaviour of observables for surveys that will be carried out using the Euclid satellite
and the Square Kilometre Array (SKA) radio telescope [74]. However, due to the limited
availability of cosmic shear data at the time, [74] was only able to make a very rough estimate
of σ0/H0 ≲ 0.4 for the strength of late-time anisotropic expansion using CFHTLenS data [75].
In addition, the estimate by [74] was made using the E-B cross-correlation at an angular scale
of ℓ ∼ 2000, where additional B-mode signals are generated by non-linear dynamics.

In this work, we make use of the two-fold perturbation framework of [59], giving details
of a model for generating late-time anisotropy and carrying out a systematic analysis of the
E-E, E-B and B-B signals. We confirm that the B-B signal is below the noise for reasonable
values of the anisotropy parameter. Then we consider the larger E-B power, exploiting the
tomography of a Euclid survey [76, 77]. We make a careful estimate of the signal to noise, using
a conservative range of multipoles that avoids the very largest scales ℓ ≲ 10, where difficult
systematics typically arise, while staying in the large-scale regime ℓ ≲ 100, in order to avoid
non-linear contamination. We make use of Halofit [78–80] in order to account for (mild) non-
linearities in observed signals and to determine a cut-off scale ℓmax which avoids any possible
small-scale B-mode effects. We construct a simple statistical estimator (Equation 5.4) which
contains information about the magnitude and direction of anisotropic expansion. We then
estimate the signal-to-noise ratios of this observable for the Euclid tomographic photometric
survey, concluding that the signal should be detectable for anisotropy parameters that are
consistent with current constraints.

Notation: We work in units where c = 1 and the metric has signature − + ++. Spacetime
indices run from 0 to 3 and are represented by lower-case Greek letters, while lower-case
Latin letters i, j, . . . denote spatial indices. These indices are also used to label the ten Euclid
tomographic redshift bins, but there should be no confusion, since the two types of index are
never used in the same expressions simultaneously. Upper-case Latin letters index the two
angular directions associated with screen space.
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2 Modelling anisotropic expansion

The standard ΛCDM model is built upon the framework of a perturbed FLRW universe.
Since it is constructed to obey the Cosmological Principle, the general FLRW metric (i.e.
possibly spatially curved) possesses spatial slices that are both isotropic and homogeneous.
If one relaxes the constraint of isotropy then one arrives at the so-called Bianchi models of
spacetime. The simplest of these models – Bianchi-I – describes a universe which expands
along three orthogonal spatial directions.

For the purposes of clarity and illustration, we restrict ourselves to an axisymmetric
Bianchi-I model, for which two of the expansion rates are equal. Nevertheless, most of the
equations we present do not rely upon this assumption.

2.1 Metric and shear

A Bianchi-I universe is described by a spatially-Euclidean, homogeneous, and anisotropic
metric. This simple anisotropic geometry enjoys three orthogonal spatial Killing vectors ∂i.
In co-ordinates in which the spatial axes are aligned with these directions of symmetry, the
general form of the line element is given by

ds2 = −dt2 + a2(t)γij(t)dx
idxj = a2(η)

[
− dη2 + γij(η)dx

idxj
]
, (2.1)

where cosmic time t and conformal time η are related in the usual manner: a(η)dη = dt. The
spatial metric γ is defined as (no sum over i)

γij(t) = exp[2βi(t)]δij , γij(t) = exp[−2βi(t)]δ
ij . (2.2)

The three βi functions are subject to the constraint
∑

i βi(t) = 0. Clearly, if β1(t) = β2(t) = 0
(up to a constant) we recover the FLRW spacetime. If the βi are not equal to one-another,
however, we will have anisotropic expansion (or contraction). In analogy to the conformal
Hubble parameter H ≡ a′/a, which quantifies isotropic expansion, the (conformal) geometric
shear σ is a measure of the rate of anisotropic expansion. This quantity is defined as

σij ≡
1

2
γ′ij = βi

′γij , (2.3)

where the prime represents a derivative with respect to conformal time η. It is clear that σ is
both symmetric and traceless (i.e. γijσij =

∑
i β

′
i = 0). Furthermore, we define the (squared)

amplitude of the shear to be
σ2 ≡ σijσ

ij =
∑

i

β′2i . (2.4)

If we impose axisymmetry and choose to align the axis of symmetry with the z-direction,
the expansion coefficients and components of the shear simplify to

β1 = β2 = −1

2
β3, σ1 = σ2 = −1

2
σ3, (2.5)

where
(
σij

)
= diag(σ1, σ2, σ3) and σi = β′i.
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2.2 Equations of motion

The momentum constraint of the Einstein equations precludes the possibility of a net
momentum density/energy flux in Bianchi-I spacetimes. Thus, the most general energy-
momentum tensor that is consistent with the restrictions of a Bianchi-I geometry is

Tµν = (ρ+ P )uµuν + Pgµν +Πµν . (2.6)

The energy density ρ, isotropic pressure P , and fluid velocity u are analogous to their perfect-
fluid counterparts. One can easily confirm that u = a−1∂η is a geodesic in Bianchi-I and hence
that we can work in a frame in which the fluid velocity uµ = a−1δµ0 . The anisotropic stress
tensor is symmetric (Πµν = Πνµ), traceless (Πµ

µ = 0), and transverse (uµΠµν = 0).
The Einstein field equations for a Bianchi-I metric take the form [81]

H2 =
8πG

3
a2ρ+

1

6
σ2 (2.7a)

H′ = −4πG

3
a2(ρ+ 3P )− 1

3
σ2 (2.7b)

(σij )
′ = −2Hσij + 8πGa2π̃ij where a2π̃ij ≡ Πij , (2.7c)

while the general conservation equation reads

ρ′ = −3H(ρ+ P )− σij π̃ij , (2.8)

for each species of fluid. Note that we have defined π̃ij so that its indices can be raised
(lowered) by γij (γij). In the above equations, the total energy density ρ = ρm+ργ+ρde is the
sum of the non-relativistic matter (cold dark matter and baryons), radiation, and dark energy
densities, respectively. The non-relativistic matter and radiation possess barotropic equation
of state parameters wm = 0 and wγ = 1/3, and vanishing anisotropic stress π̃mij = π̃γij = 0.
Furthermore, in order to close this set of equations one needs to specify an equation of state
for the pressure Pde as well as a model for the anisotropic stress term π̃ij .

Defining the density parameters

Ωρ ≡ 8πGa2ρ

3H2
, Ωσ ≡ σ2

6H2
, (2.9)

allows us to write the Friedmann constraint Equation 2.7a as

Ωm +Ωde +Ωγ +Ωσ = 1. (2.10)

The quantities Ωm, Ωde and Ωγ have been measured to sub-percent precision by the Planck
survey [82]. This allows us to place bounds on the value of σ/H and hence quantify the
possible amount of anisotropic expansion. Now, we know that on large scales the universe is
well-described by the isotropic ΛCDM model (i.e. cold or non-relativistic dark matter with
a cosmological constant Λ). For an anisotropic model to be consistent with observations, we
must therefore demand that the ratio σ/H be very small over the history of the universe. In
other words, our consistency condition is

σ

H ≪ 1. (2.11)

The current values of the matter (baryonic and cold dark) and dark energy density
parameters obtained by the Planck mission in a six-parameter ΛCDM model fit are Ωm0 =
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0.315(7) and Ωde0 = ΩΛ0 = 0.685(7), respectively [82, 83]. If we assume that the shear
density parameter Ωσ is smaller than the uncertainty brackets surrounding Ωm0 and Ωde0,
we can obtain a crude estimate for a consistent value of Ωσ0. The shear density parameter
can be thought of as ‘hiding’ in the uncertainties of the other density parameters. In other
words, we set the constraint Ωσ0 ≲ 10−2. In the case of axisymmetry, this translates to
| (σ1)0/H0 | ≲ 10−1.

2.3 Equation of state and anisotropic stress model

Without a mechanism to drive it, the shear decays as σ ∝ a−2 and any effects of
anisotropic expansion quickly become negligible. One possible source of late-time anisotropic
expansion is a type of anisotropic dark energy. Following [73], we assume that the matter in
the universe is described by a pressureless fluid (perfect fluid with wm = 0) and a dark energy
component with anisotropic pressure.

In order to close the Einstein Equation 2.7 and conservation Equation 2.8 system, both
the pressure and anisotropic stress of the dark fluid need to be modelled or given an equation
of state. The specific form of this model can, in principle, mimic the expected anisotropic
stresses generated by some physical process. For our purposes, we consider a toy model
inspired by [74]

Πi
j(a) = f(a)W i

j , (2.12)

where W i
j is a constant matrix and f is a time-dependent function which has the dimensions

of energy density. For models of this type, the formal solution to Equation 2.7c is

σij (a) =

(
a

aI

)−2
[
σI

i
j + 8πGa2I

∫ a

aI

dā

aI

(
ā

aI

)3 f(ā)

H(ā)
W i

j

]
. (2.13)

where aI is the value of the scale factor at some time tI , and σI ij = σij (aI). The solution in
Equation 2.13 contains a decaying mode (∼ a−2) and a possible growing mode (the integral)
which correspond, respectively, to the homogeneous and particular solution of the differential
Equation 2.7c. The growing mode is responsible for late-time anisotropic expansion while the
decaying mode should become negligible during the early evolution of the Universe. If we
wish to constrain the value of the spatial shear today, we therefore need to consider carefully
how to select only the growing mode in a numerical implementation of Equation 2.13 as this
solution is highly sensitive to model parameters. In Appendix B.2 we detail how we use this
solution to select model parameters W i

j which carefully avoid the decaying mode.
We use a particularly simple form for f which encourages shear growth at late times:

f(a) =
H2

0

8πG
Ωde(a), (2.14)

with the dark energy density parameter Ωde ≡ 8πGa2ρde/H2. The evolution of the dark
energy density depends on the behaviour of the shear and anisotropic stress. For a constant
equation of state parameter wde ≡ Pde/ρde, the analytic solution is of the form

ρde(a) =

(
a

a0

)−3(1+wde)
[
ρde0 −

∫ a

a0

dā

a0

σij(ā)π̃ij(ā)

H(ā)

(
ā

a0

)2+3wde
]
. (2.15)

A quick sanity check confirms that if wde = −1 and the anisotropic stress is weak, then the
dark energy density is approximately constant. Although we could in principle investigate
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other parametrisations, we fix the the dark energy equation of state for the isotropic pressure
pressure Pde to be

wde =
Pde

ρde
= −1. (2.16)

Importantly, we note that since we expect |σij |/H ≪ 1 to be of the same order as |π̃ij |/ρde, the
product of the shear and anisotropic stress in Equation 2.15 should be doubly small. Thus,
in accordance with the perturbation scheme described in §3, we neglect this contribution and
the dark energy density is approximated by a cosmological constant

ρde ≈ ρΛ =
Λ

8πG
. (2.17)

0.0 0.5 1.0 1.5 2.0 2.5

z

0.0

0.2

0.4

0.6

0.8

1.0

Ωde

Ωm

100Ωσ

0.0

0.2

0.4

0.6

0.8

1.0

Ωσ0

×10−2

Figure 2.1: Evolution of density parameters Ωm, Ωde, and Ωσ (scaled by a factor of 100) up
to z = 2.5 for various values of Ωσ0.

The effect of varying the current shear density parameter Ωσ0 up to a maximum value
of 10−2 is shown in Figure 2.1. The procedure for generating the initial conditions and model
parameters necessary to compute the evolution of σ is outlined in Appendix B.2.

3 Weak shear limit and perturbation scheme

In principle, one could derive (as presented in [10, 81, 84]) and subsequently solve the
perturbed Einstein equations for a Bianchi-I universe to predict the behaviour of universes
with large-scale anisotropies. Thereafter, one could solve the Sachs equation to quantify the
effect that these spacetime geometries would have on lensing observables. The effect of a
background Bianchi-I universe on weak gravitational lensing has already been solved exactly
in [85].
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It is easy to understand why the prospect of solving the perturbed Einstein equations
for a Bianchi-I universe is a daunting one. Because there are fewer symmetries and more
degrees of freedom at the background level, the perturbation equations are naturally more
complex and do not decouple cleanly into scalar, vector, and tensor modes. Moreover, many
Boltzmann codes (such as CAMB or CLASS) that solve perturbation equations as part of their
repertoire are built on the backbone of FLRW cosmologies. Besides, it is well known that our
Universe is described rather well by FLRW cosmologies on large scales. The natural question
of treating large-scale anisotropies perturbatively has been investigated in detail by [86] and
subsequently by [87]. The advantage of this framework is that anisotropic cosmologies can
be treated as homogeneous, deterministic (i.e. non-stochastic) perturbations atop an FLRW
background and analysed accordingly. Moreover, many of the tools (both theoretical and
numerical) that have been developed for traditional cosmological perturbation theory can be
brought to bear. Using this idea, [59] employed a two-fold perturbation scheme in [73, 74]
which treats Bianchi-I degrees of freedom as a small perturbation of a spatially-flat FLRW
spacetime in order to estimate B-mode shear generated by large-scale, late-time anisotropies.

The shear σ adds degrees of freedom that are not present in FLRW cosmologies. More
concretely, it adds homogeneous anisotropic expansion which can lead to anisotropies on large
scales. However, since the universe appears to be (mostly) well-described by an isotropic
cosmology, we expect the anisotropic expansion encoded by σ to be much weaker than the
isotropic expansion described by the Hubble rate H. Thus, we work in the weak shear limit
described by [73, 74] ∣∣∣σijH

∣∣∣≪ 1. (3.1)

More precisely, it is assumed that |βi| ≪ 1 are small perturbations to Euclidean space and
hence that the spatial metric is given by

γij ≈ δij + 2βij , (3.2)

with βij ≡ diag(βi) if our axes align with the principal directions of shear. Furthermore, we
assume that

dβij
d ln a

=
σij
H (3.3)

is of the same order as βij .
This means we can treat σ and related quantities as small perturbations to an isotropic

FLRW spacetime. These zero-mode (homogeneous) perturbations are independent of the
usual scalar-vector-tensor (SVT) perturbations that are introduced upon an FLRW back-
ground when studying inhomogeneities in our universe. This suggests that we make use of a
two-fold perturbation scheme which captures the order of both types of perturbations. Fol-
lowing [73], we define the perturbation order {n,m} to correspond to a perturbed quantity
of order n in the shear σ (and its time derivatives) and order m in the scalar variables (and
derivatives thereof). Thus, orders {1, 0} and {0, 1} correspond to first-order perturbations
in shear and scalar degrees of freedom, respectively, and quantities of the form (σ/H )nΦm

and (β′)n(∂Ψ)m are of order {n,m}. Vector and tensor perturbations are of at least order
{1, 1} since they are dominated by scalar perturbations in FLRW cosmologies (at least in the
late universe due to their rapid decay) and because they only couple to the scalar evolution
equations through the shear [10, 81]. Clearly order {0, 0} corresponds to the un-perturbed
background (flat FLRW) cosmology. Written schematically, a quantity Q is expanded up to
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Figure 3.1: Diagram illustrating the perturbed path x{n,m} of a light ray and its direction
vector d{n,m} up to order {1, 1}. The perturbed quantities are colour coded, with first-order
shear perturbed quantities (order {1, 0}) being blue and first-order scalar FLRW perturbed
quantities ({0, 1}) being red. The order {1, 1} perturbed path and direction vector (which may
contain products of {1, 0} and {0, 1} quantities as well as vector and tensor perturbations)
are coloured magenta.

order {1, 1} as

Q{1,1} = Q{0,0}
︸ ︷︷ ︸
FLRW

+

BI︷ ︸︸ ︷
δQ{1,0}+ δQ{0,1}

︸ ︷︷ ︸
S

+

BI×S+V+T︷ ︸︸ ︷
δQ{1,1} , (3.4)

where BI stands for Bianchi-I, S for scalar, V for vector, and T for tensor modes, respectively.
For clarity, note that the object Q{n,m} contains terms of the order up to and including {n,m}
whereas δQ{n,m} contains only terms of the order {n,m}. Now the problem of extracting
particular perturbation orders from an expression rears its head. A general method for solving
this problem is outlined in appendix A.2.

The process of solving the Sachs equation in order to obtain the perturbed lensing
variables up to order {1,1} is long and involved. In this section, we summarise the key results
of [59] and clarify the reasoning they employed to isolate the dominant contribution to the
shear multipoles. More details can be found in their paper [73]. The perturbed Bianchi-I
metric along with our particular gauge choice can be found in appendix A.1.

E-modes appear at all perturbation orders up to {1, 1}, while B-modes are only gener-
ated at order {1, 1}

E
{1,1}
ℓm = δE

{1,0}
ℓm + δE

{0,1}
ℓm + δE

{1,1}
ℓm (3.5a)

B
{1,1}
ℓm = δB

{1,1}
ℓm . (3.5b)
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Order {1,0}

The order {1,0} Bianchi-I correction to the shear is given by1

δE
{1,0}
ℓm (χ) =

√
6

[
E2m(χ)− 2

χ

∫ χ

0
dχ1 E2m(χ1)

]
δℓ2, (3.6)

where χ ≡ η0 − η is the conformal distance down the lightcone. The quadrupole coefficients
E2m are defined in terms of the homogeneous perturbation βij :

E2m =





−
√
π/5

(
βxx + βyy

)
m = 0 ,

2
√
π/30

(
∓ βxz + iβyz

)
m = ±1 ,√

π/30
(
βxx − βyy ∓ 2iβxy

)
m = ±2 .

(3.7)

Clearly, aligning our co-ordinate axes with the principal axes of expansion greatly simplifies
the form of Equation 3.7. Furthermore, imposing axisymmetry along the z-axis means that
the m = 0 quadrupole is the only non-zero harmonic coefficient.

Order {0,1}

At order {0,1}, the standard result expresses the E-mode shear in terms of the Weyl
potential φ ≡ Φ+Ψ

δE
{0,1}
ℓm (χS) ≡ −1

2

[
(ℓ+ 2)!

(ℓ− 2)!

]1/2 ∫ χS

0
dχ q(χ, χS)φℓm(χ), (3.8)

where the function q has been defined as a weighted integral over the source distribution
function N

q(χ, χS) =

∫ χS

χ
dχ1

χ1 − χ

χ1χ
N (χ1). (3.9)

For tomographic source distributions, we label the weight function corresponding to a tomo-
graphic bin i as qi, and simply replace N in Equation 3.9 with the source distribution N i.

The multipoles of φ can be expressed in terms of the transfer function Tφ and the
primordial curvature perturbation R:

φℓm(χ) = iℓ
( 2
π

)1/2 ∫
d3kY ∗

ℓm(k̂)jℓ(kχ)Tφ(χ, k)R(k), (3.10)

where Yℓm is a spherical harmonic and jℓ is a spherical Bessel function.

Order {1,1}

The dominant contribution to the shear at order {1, 1} is given by a post-Born correction
[73]. More specifically, the Bianchi-I angular deflection α{1,0} couples to the scalar potential
φ to produce a source term in the Sachs equation of the form

S
{1,1}
AB =

1

χ
αC{1,0}DCD⟨ADB⟩φ, (3.11)

which contains three covariant angular derivatives DA. Each derivative generates a factor
of O(ℓ) in multipole space. This post-Born source term is therefore O

(
ℓ3
)
, which should

1Note that we do not project with the source distribution N since the {1,0} correction is not stochastic
and thus does not appear in the {1,1} correlation functions.
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dominate other terms at sufficiently large ℓ. With this simplification, the {1,1} corrections
to the E-modes and B-modes are

δE
{1,1}
ℓm (χS) =

(−1)m+1

4

∑

m1
ℓ2,m2

∫ χS

0
dχ q(χ, χS)

[
(ℓ2 + 2)!

(ℓ2 − 2)!

]1/2
α
{1,0}
2m1

(χ)φℓ2m2(χ)

·
[
1 + (−1)ℓ+ℓ2

]( ℓ 2 ℓ2
−m m1 m2

)
2F ℓ2ℓ2

(3.12a)

δB
{1,1}
ℓm (χS) =

(−1)m+1

4i

∑

m1
ℓ2,m2

∫ χS

0
dχ q(χ, χS)

[
(ℓ2 + 2)!

(ℓ2 − 2)!

]1/2
α
{1,0}
2m1

(χ)φℓ2m2(χ)

·
[
1− (−1)ℓ+ℓ2

]( ℓ 2 ℓ2
−m m1 m2

)
2F ℓ2ℓ2 .

(3.12b)

The quadrupole coefficients α{1,0}
2m are defined in terms of the matrix

αij(χ) ≡ − 2

χ

∫ χ

0
dχ1 βij(χ1) (3.13)

and follow the same pattern as Equation 3.7.
We note, however, that, as with the CMB, this kind of gradient expansion is only valid

for describing structures on scales larger than the typical deflection angle ᾱ corresponding to
a multipole ℓ̄ ∼ π/ᾱ.

4 Angular power spectra

Under parity, the shear E-modes transform like multipoles of a scalar quantity, while
the B-modes transform like those of a pseudo-scalar

Eℓm 7−→ (−1)ℓEℓm, Bℓm 7−→ (−1)ℓ+1Bℓm. (4.1)

These transformation properties have implications for the allowed angular correlation func-
tions of shear E- and B-modes. In particular, the auto- and cross-correlation functions satisfy
[73, 88, 89]

⟨EℓmE
∗
ℓ′m′⟩ = (−1)ℓ+ℓ′ ⟨EℓmE

∗
ℓ′m′⟩ (4.2a)

⟨BℓmB
∗
ℓ′m′⟩ = (−1)ℓ+ℓ′ ⟨BℓmB

∗
ℓ′m′⟩ (4.2b)

⟨EℓmB
∗
ℓ′m′⟩ = (−1)ℓ+ℓ′+1 ⟨EℓmB

∗
ℓ′m′⟩ . (4.2c)

Hence, provided that no parity-violating physics is at play, the auto-correlations vanish
whenever ℓ + ℓ′ is an odd integer while the cross-correlation vanishes whenever ℓ + ℓ′ is
even. These selection rules necessitate that we use statistical measures well-suited to study
the off-diagonal correlators that arise frequently in studies of anisotropy.

One set of special functions that are particularly well-adapted to quantifying deviations
from isotropy are bipolar spherical harmonics (BipoSHs). These harmonics (the properties
of which are summarised in Appendix D.3) have been used extensively in the context of
the CMB in order to investigate a wide range of possible sources of anisotropy [90–96]. For

– 11 –



two stochastic variables X and Z, the BipoSH multipole coefficients are given by linear
combinations of the raw angular correlations

〈
XℓmZ

∗
ℓ′m′
〉

[92]

XZALM
ℓℓ′ =

√
2L+ 1

∑

m,m′

(−1)L+m

(
ℓ ℓ′ L

−m m′ M

)
⟨XℓmZ

∗
ℓ′m′⟩ . (4.3)

where the 2 × 3 matrix is a Wigner 3j symbol. For a statistically-isotropic Universe these
coefficients reduce to the (re-scaled) diagonal power spectrum

XZALM
ℓℓ′ = (−1)ℓ

√
2ℓ+ 1CXZ

ℓ δℓℓ′δL0δM0. (4.4)

Although they are a mathematically elegant measure of deviations from isotropy, it
is impossible to accurately determine each BipoSH multipole individually. This is because
Equation 4.3 is an invertible change of basis and we only have access to one set of multipole
coefficients Xℓm and Zℓ′m′ from any single all-sky map. In practice, in order to beat down
cosmic variance, one has to form combinations of BipoSH coefficients or construct an estimator
based on some model of anisotropy.

Although not essential, we make use of the Limber approximation in order to compute all
theoretical angular power spectra and BipoSH coefficients. Nevertheless, this approximation
should be fairly accurate for lensing observables even for ℓ ≳ 12 [97]. The non-Limber
expressions for all spectra can be found in Appendix C.

4.1 Non-linear corrections

The kernels that arise in weak lensing are broad and have a smoothing effect on the
matter power spectrum. During line-of-sight projection, these kernels mix large angular modes
with small spatial modes (and vice-versa). Moreover, weak lensing surveys are sensitive to
redshifts z ≲ 3. Consequently, non-linear features in the matter power spectrum manifest
themselves at relatively large angular scales in lensing power spectra and need to be accounted
for.

B-modes can be generated by non-linear effects at small scales. We need to avoid scales
where these additional B-mode mechanisms could play a significant role and overshadow the
effect we are trying to study. Including some non-linear effects in our B-mode angular power
spectra will therefore allow us to gauge the limiting scale of our analysis more effectively.

Properly accounting for non-linear features in the matter power spectrum is a complex
endeavour. Nevertheless, we can make significant headway by re-scaling the scalar transfer
function Tφ according to [98, 99]

Tφ(z, k) 7−→ cNL(χ, k)Tφ(z, k). (4.5)

The non-linear correction factor cNL is defined in terms of the linear and non-linear matter
power spectra

cNL(z, k)
2 ≡ PNL

m (z, k)

PL
m(z, k)

, (4.6)

and allows for a smooth interpolation between the two regimes. In this work we make use of
HaloFit (through its implementation in CLASS [100]) in order to model the non-linear matter
power spectrum PNL

m .
In the Limber approximation, for a given multipole value ℓ, the transfer functions are

evaluated along the k = νℓ/χ curve in the k-χ plane with νℓ ≡ ℓ+ 1/2 . Plots of cNL(z, νℓ/χ)
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Figure 4.1: Non-linear correction factor calculated using HaloFit up to z = 2.5 and 10 ≤
ℓ ≤ 2500.

for several values of ℓ are shown in Figure 4.1. As would be expected, non-linear effects are
most prominent at low redshift and small angular scales. Nevertheless, the integrated effect
becomes noticeable even around ℓ ≳ 100.

4.2 Euclid tomographic source distributions

Physical lensing observables are usually the average of some quantity measured along the
line of sight. For example, the weak-lensing shear at some point in the sky can be estimated
by determining the average ellipticity of galaxies in the bin/set of pixels corresponding to that
particular direction. Theoretical calculations and predictions therefore require knowledge of
galaxy source distributions. These are survey-specific and are usually measured in terms of
redshift.

The normalised source distribution N (χ) is defined such that dP = N (χ)dχ represents
the probability of finding a source in the interval [χ, χ+dχ]. However, these distributions are
usually modelled as functions of redshift z. The source redshift distribution n(z) allows us to
calculate the probability of finding a source dP = n(z)dz over the redshift interval [z, z+dz].
These two distributions are clearly related through

N (χ) = n(z(χ))
dz

dχ
= n(z(χ))

a0
a(χ)

H(χ), (4.7)

where the final equality follows from the redshift relation in an FLRW spacetime 1+z = a0/a.
Suppose that the survey in question is only sensitive up to some redshift zS corresponding to
a conformal light-cone distance χS . The effective, expected value of a quantity Q up to this
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cut-off is then

Q(χS) =

∫ χS

0
dχN (χ)Q(χ) =

∫ zS

0
dz n(z)Q(z) =

∫ χS

0
dχn(z(χ))

a0
a(χ)

H(χ)Q(χ). (4.8)

This is essentially a projected version of Q along a particular line of sight. The source
distributions must therefore be normalised such that

∫ χS

0
dχN (χ) =

∫ zS

0
dz n(z) = 1. (4.9)

0.5 1.0 1.5 2.0 2.5

z

0

2

4

6

8

n
i(
z)

Figure 4.2: Plot illustrating how the full source distribution nF (dashed line) has been
decomposed into 10 tomographic source distributions ni (coloured lines). The full source
distribution nF has been scaled by a factor of 10 so that the area beneath it is equal to the
sum of the areas beneath the tomographic distributions. Since the bins are equi-populated,
the area underneath each coloured line is the same as the area of the corresponding shaded
region.

Along with providing some information about time evolution, sub-dividing a population
of source galaxies into redshift bins increases the amount of information available and can
improve parameter constraints [101]. In its modelling and forecasts [76, 77], Euclid uses ten
equi-populated bins with edges z±i ∈ {0.0010, 0.42, 0.56, 0.68, 0.79, 0.90, 1.02, 1.15, 1.32,
1.58, 2.50}, where 1 ≤ i ≤ 10 is the bin label and z+i = z−i+1. The ith tomographic source
distribution ni(z) is constructed by weighting the underlying source distribution n(z) by the
probability that a galaxy at redshift z has a measured photometric redshift within the range
z−i ≤ zph ≤ z+i . The resulting tomographic source distributions are shown alongside the full
distribution in Figure 4.2. Specific details on the ni functions can be found in Appendix E.
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4.3 E- and B-mode auto-correlations

The correlation between {1,1} E-mode multipoles in Equation 3.5a calculated for tomo-
graphic bins i and j includes a combination of {0,1} and {1,1} terms

〈
E

i{1,1}
ℓm E

j{1,1}∗
ℓ′m′

〉
=

〈
δE

i{0,1}
ℓm δE

j{0,1}∗
ℓ′m′

〉
+
〈
δE

i{0,1}
ℓm δE

j{1,1}∗
ℓ′m′

〉

+
〈
δE

i{1,1}
ℓm δE

j{0,1}∗
ℓ′m′

〉
+
〈
δE

i{1,1}
ℓm δE

j{1,1}∗
ℓ′m′

〉
.

(4.10)

Note that corrections at order {1,0} are fully deterministic and so do not contribute to any
two-point correlation functions up to order {1,1}:

〈
X{1,0}Z{0,1}〉 = X{1,0} 〈Z{0,1}〉 = 0

and
〈
X{1,0}Z{1,1}〉 = X{1,0} 〈Z{1,1}〉 = 0 since linear stochastic perturbations have zero

mean. Furthermore, since we are considering late-time anisotropic expansion, we assume
that the primordial curvature perturbation R is a Gaussian random variable and its variance
is diagonal and rotationally invariant

〈
R(k)R(k′)∗

〉
= P (k)δ(k− k′). (4.11)

The primordial power spectrum P wholly specifies the statistics of R.
The first term in Equation 4.10 is the usual E-mode correlation generated by scalar

perturbations and scales as ∼ φ2. Due to statistical isotropy and homogeneity at this level,
this correlation function reduces to the E-mode power spectrum CEiEj

ℓ . Applying the Limber
approximation to Equation C.2 leads to the well-known expression

CEiEj

ℓ =
1

4

(ℓ+ 2)!

(ℓ− 2)!

∫ χS

0

dχ

χ2
qi(χ, χS) q

j(χ, χS)P

(
νℓ
χ

) ∣∣∣∣Tφ
(
χ,
νℓ
χ

)∣∣∣∣
2

, (4.12)

with νℓ ≡ ℓ+ 1/2 .
Although the B-mode correlation function in Equation C.9 has off-diagonal contribu-

tions, in order to compare its magnitude to that of CEiEj

ℓ we compute the B-mode power
spectrum defined as

CBiBj

ℓ ≡ (−1)ℓ
BiBjA00

ℓℓ√
2ℓ+ 1

=
1

2ℓ+ 1

∑

m

〈
B

i{1,1}
ℓm B

j{1,1}∗
ℓm

〉
. (4.13)

Using the Limber approximation leads to

CBiBj

ℓ =
π

150

∑

I=±1

(ℓ+ I + 2)!

(ℓ+ I − 2)!

(
2Fℓ2ℓ+I

)2

2ℓ+ 1

·
∫ χS

0

dχ

χ2
qi(χ, χS)q

j(χ, χS)P

(
νℓ + I

χ

) ∣∣∣∣α(χ)Tφ
(
χ,
νℓ + I

χ

)∣∣∣∣
2

,

(4.14)

with |α|2 ≡ αijα
ij .

The intrinsic ellipticities of galaxies introduce unavoidable uncertainty into weak lensing
observations called shape noise. Although real-world lensing analyses use far more sophistic-
ated methods of quantifying this uncertainty contribution, a crude estimate can be obtained
by modelling it as white noise that is un-correlated between different redshift bins. For both
the E- and B-mode power spectra, this approximation of the statistical error amounts to

∆Cij
ℓ =

[
2

(2ℓ+ 1)fsky

]1/2 〈γ2int.
〉

N̄i
δij , (4.15)
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where fsky = 0.35 is the fraction of the sky covered by the Euclid survey,
〈
γ2int.

〉
= 0.32 is the

intrinsic ellipticity variance, and N̄i ≈ 2.7 arcmin−2 is the number density of galaxies in the
selected redshift bin. Euclid is expected to measure around 1.5 billion galaxy shapes in its
survey area corresponding to a total density of N̄ ≈ 27 arcmin−2, which is then split among
its ten equi-populated bins.

101 102 103

`

10−10

10−9

10−8

10−7

10−6

10−5

10−4

10−3

`(
`

+
1)
C
`/

(2
π

)

0.0

0.2

0.4

0.6

0.8

1.0

Ωσ0

×10−2

Figure 4.3: Linear (solid) and HaloFit (dashed) E-mode (black) B-mode (multi-coloured)
power spectra for full source distribution nF plotted alongside shape noise (dotted) over the
range 10 ≤ ℓ ≤ 2500.

The behaviour of CBB
ℓ , which scales as ∼ φ2(σ/H)2, is shown for several values of Ωσ0

in Figure 4.3, alongside the dominant E-mode power spectrum contribution Equation 4.12.
These power spectra were computed using the full underlying source distribution nF and hence
the corresponding shape noise is reduced by a factor of 10 compared to a single tomographic
bin. Although dialling Ωσ0 up to a value of 10−2 (i.e. σ0/H0 ≈ 10−1) naturally increases
CBB
ℓ , it never exceeds the shape noise baseline even in this best-case scenario. This suggests

that any {1,1}×{1,1} corrections to angular power spectra will likely be very difficult, and
maybe even impossible, to detect with upcoming surveys. A similar issue was found by [59]
in their letter [74] when trying to obtain a rough estimate of σ0/H0 using the B-mode auto-
correlation data from CFHTLenS [75]. It is for this reason that we suggest looking at the
E-B cross-correlation, since its leading-order contribution is {0,1}×{1,1} and hence scales
like ∼ φ2(σ/H). Moreover, to a reasonable approximation, shape noise should not correlate
between E- and B-modes due to their parity properties. Making use of tomography, along
with providing information about anisotropy evolution, will help to reduce statistical error
since shape noise does not correlate over large redshift separations.
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4.4 E-B cross-correlation

Unlike in Equation 4.10, the cross-correlation between the E and B multipoles only has
two terms 〈

E
i{1,1}
ℓm B

j{1,1}∗
ℓ′m′

〉
=
〈
δE

i{0,1}
ℓm δB

j{1,1}∗
ℓ′m′

〉
+
〈
δE

i{1,1}
ℓm δB

j{1,1}∗
ℓ′m′

〉
. (4.16)

Keeping only the dominant first term leads to the BipoSH coefficient

EiBjALM
ℓℓ±1 = − i

4

2Fℓ±1,2,ℓ√
5

(ℓ+ 2)!

(ℓ− 2)!
P ij
ℓMδ

2L , (4.17)

which is pure imaginary and non-zero only for L = 2. The Limber-approximated quantity2

P ij
ℓM ≡

∫ χS

0

dχ

χ2
qi(χ, χS) q

j(χ, χS)P

(
νℓ
χ

)
α
{1,0}
2,(−M)(χ)

∣∣∣∣Tφ
(
χ,
νℓ
χ

)∣∣∣∣
2

, (4.18)

contains the five degrees of freedom present in the metric shear σ. Note that P ij
ℓM is only

symmetric under the interchange of i and j in the Limber regime.
As can be seen from Equation 3.7, imposing axisymmetry about the z-axis forces the

BipoSH coefficients in Equation 4.17 to be non-zero only for M = 0. Figure 4.4 depicts the
coefficient EiBjA2,0

ℓ,ℓ+1 in the case of axisymmetry. As one would expect, the signal is markedly
stronger at higher redshifts while non-linear corrections are more noticeable at lower redshifts.
As with the auto-correlation power spectra in Figure 4.3, the linear and HaloFit coefficients
begin to deviate significantly from one another around ℓ ∼ 100. This observation will help us
to identify a cut-off scale for our analysis in §5.

5 Detectability of the E-B cross-correlation

As we mentioned in §4, cosmic variance prohibits one from measuring each BipoSH
coefficient from a single sky map. Instead, one needs to combine a subset of these coefficients
in order to isolate some theoretically-predicted quantity. In this section, we construct a simple
estimator for the quantity P ij

ℓM in Equation 4.18 and investigate its expected signal-to-noise
ratios for a Euclid-like survey.

5.1 Estimator

Suppose we have a set of E- and B-mode multipoles obtained from a map, which we
choose to represent as Êi

ℓm and B̂i
ℓm, respectively. An unbiased statistical estimator for the

E-B BipoSH coefficient is then

EiBjÂLM
ℓℓ′ =

√
2L+ 1

∑

m,m′

(−1)L+m

(
ℓ ℓ′ L

−m m′ M

)
Êi

ℓmB̂
j∗
ℓ′m′ . (5.1)

In order to simplify our analysis and to quantify deviations from isotropy, we adopt a ‘null
hypothesis’ of statistical isotropy. Under this assumption, B̂i

ℓm coefficients are composed
solely of shape noise while the Êi

ℓm contain shape noise as well as the {0,1} E-mode signal
Equation 3.8. If we additionally assume that the E- and B-mode multipoles obey Gaussian

2Note that our definition differs from the one in [73, 74] through the index M 7−→ −M .
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Figure 4.4: Linear (solid) and HaloFit (dashed) tomographic BipoSH coefficient EiBjA2,0
ℓ,ℓ+1

for 10 ≤ ℓ ≤ 2500 calculated using ten values of Ωσ0 ≤ 10−2. The auto- and cross-correlations
between redshift bins 1, 4, 7, and 10 are shown. The scaling

√
ℓ(ℓ+ 1) is used to highlight

the effect of varying Ωσ0 and the differences between the linear and HaloFit spectra. the ℓ−1
coefficient EiBjA2,0

ℓ,ℓ−1 is not shown because it is visually indistinguishable from the ℓ+1 case.

statistics, we can analytically compute the isotropic part of the covariance of the estimator
Equation 5.1 as

Cov
(
EiBjÂL1M1

ℓ1ℓ′1
,E

kBlÂL2M2

ℓ2ℓ′2

)
SI

=
1

fsky

(
CEiEk

ℓ1

)
SI

(
CBjBl

ℓ′1

)
SI
δℓ1ℓ2δℓ′1ℓ′2δ

L1L2δM1M2 , (5.2)
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where the statistically-isotropic angular power spectra are defined through

〈
Êi

ℓmÊ
j∗
ℓ′m′

〉
SI

≡
(
CEiEj

ℓ

)
SI
δℓℓ′δmm′ =

(〈
γ2int.

〉

N̄i
δij + CEiEj

ℓ

)
δℓℓ′δmm′ , (5.3a)

〈
B̂i

ℓmB̂
j∗
ℓ′m′

〉
SI

≡
(
CBiBj

ℓ

)
SI
δℓℓ′δmm′ =

〈
γ2int.

〉

N̄i
δijδℓℓ′δmm′ , (5.3b)

〈
Êi

ℓmB̂
j∗
ℓ′m′

〉
SI

≡
(
CEiBj

ℓ

)
SI
δℓℓ′δmm′ = 0 , (5.3c)

and we have divided through by the observed sky fraction fsky in order to account for the
increase in variance caused by a partially-surveyed sky.

By inverting Equation 4.17, we can construct the simple estimator

P̂ ij
ℓM = 2

√
5 i

(ℓ− 2)!

(ℓ+ 2)!

∑

I=±1

EiBjÂ2M
ℓ,ℓ+I

2Fℓ+I,2,ℓ
, (5.4)

which weights both the ℓ + 1 and ℓ − 1 contributions equally. Using Equation 5.2, we find
that the isotropic part of this estimator’s covariance is given by

Cov
(
P̂ ij
ℓM , P̂kl

ℓ′M ′

)
SI

=
20

fsky

[
(ℓ− 2)!

(ℓ+ 2)!

]2 ∑

I=±1

(
CEiEk

ℓ

)
SI

(
CBjBl

ℓ+I

)
SI

(2Fℓ+I,2,ℓ)
2 δℓℓ′δMM ′ . (5.5)

One could also construct an estimator for P ij
ℓM using the BipoSH coefficients EiEjA2M

ℓ,ℓ

and EiEjA2M
ℓ,ℓ±2. However, if we consider the variance of the corresponding estimator,

Var
(
EiEjÂ2M

ℓℓ′

)
SI

=
1

fsky

[(
CEiEi

ℓ

)
SI

(
CEjEj

ℓ′

)
SI
+
(
CEiEj

ℓ

)2
SI
δℓℓ′

]
, (5.6)

we see that it contains extra contributions from shape noise and the E-mode power spectrum.
An estimator constructed from these coefficients will therefore have lower signal-to-noise than
the one in Equation 5.4. This is another reason why we believe the cross-correlation of the
shear E-modes and B-modes is a better way to detect large-scale anisotropy than the E-E
and B-B auto-correlations.

5.2 Signal-to-noise ratios

In principle, one could compute the total signal-to-noise ratio (SNR)
(
S

N

)2

tot
≡
∑

ℓ,ℓ′

M,M ′

∑

i,j,k,l

P ij
ℓMCov−1

(
P̂ ij
ℓM , P̂kl

ℓ′M ′

)
SI
Pkl ∗
ℓ′M ′ , (5.7)

which combines all multipole and tomographic information using the inverse of the covariance
matrix in Equation 5.5. However, in order to investigate how the potential strength of the
signal varies with redshift, we consider each tomographic correlation separately and calculate
the cumulative SNR for each P̂ ij

ℓM as

(
S

N

)2

ij

=

ℓmax∑

ℓ=ℓmin

(
P ij
ℓM

∆P ij
ℓM

)2

where ∆P ij
ℓM ≡

[
Var

(
P̂ ij
ℓM

)
SI

]1/2
. (5.8)
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Figure 5.1: Individual (top) and cumulative (bottom) signal-to-noise ratios for P̂ ii
ℓ,0 com-

puted for redshift bins i = 1, 4, 7, 10, as well as the full redshift range. The linear (solid) and
HaloFit (dashed) ratios have been calculated for ten values of Ωσ0 ≤ 10−2. Note that we use
ℓmin = 10 for the cumulative SNR.

Heuristically, the cumulative SNR is a measure of the constraining power of a particular
observable and is closely related to Fisher information. In order to simplify our analysis and
argument, we consider only the diagonal tomographic correlations and set i = j from now on.

The individual and cumulative SNRs for the diagonal (i.e. i = j) tomographic estimators
P̂ ii
ℓ,0 are shown in Figure 5.1. As can be seen from the top row of this figure, cosmic variance

strongly suppresses the SNRs for ℓ ≲ 10. We also note that the Limber approximation that
we have used breaks down on these largest scales. Moreover, like with the BipoSH coefficients
shown in Figure 4.4, the linear and non-linear SNRs in Figure 5.1 begin to deviate significantly
for ℓ ≳ 100. Nevertheless, it is evident that much of the constraining power derives from larger
scales corresponding to 10 ≲ ℓ ≲ 100. With this in mind, we choose to set ℓmin = 10 and
ℓmax = 100 for the remaining analysis. These conservative bounds ensure that we do not miss
too much information on the largest scales while avoiding any additional B-mode sources on
smaller scales.

In Figure 5.2, we see that our choice of ℓmax = 100 ensures that the contribution of any
non-linear effects is sufficiently small. Naturally, the cumulative SNR increases in tandem
with the strength of Ωσ0. Again, we see that the majority of the constraining power is
provided by the higher redshift bins. Nevertheless, it is clear that combining all tomographic
information will yield a higher SNR and tighter constraints than using the (non-tomographic)
full distribution by itself.

We highlight, however, that this somewhat rudimentary analysis can certainly be im-
proved and expanded upon. For example, more sophisticated versions of the estimators
Equation 5.1 and Equation 5.4 which make use of inverse-variance weighting and band-power
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Figure 5.2: Linear (solid) and HaloFit (dashed) cumulative P̂ ii
ℓ,0 signal-to-noise ratios

summed from ℓmin = 10 up to ℓmax = 100 as a function of Ωσ0. The different colours
are used to represent the redshift bins i = 1, 4, 7, 10, as well as the full redshift range.

averaging would certainly improve the quality of the observed signal. We also acknowledge
that our analysis does not fully account for the effects of a masked sky – which can lead
to spurious correlations between different scales. That being said, we believe that our SNR
estimates are likely an underestimate of what is possible with surveys like Euclid. Most im-
portantly, we emphasise the cross-correlation of the E- and B-modes of cosmic shear as a
possible way to constrain late-time violation of the Cosmological Principle.

6 Concluding remarks

This work revisits and builds upon the analysis of [73, 74]. We reviewed their formalism
and argument for identifying the dominant contribution to the B-mode shear and computed
the weak-lensing signal generated by a phenomenological model of late-time anisotropic ex-
pansion with axisymmetry. We found in §4.3 that the strength of the B-mode power spectrum
is below Euclid’s detectability threshold for all realistic values of Ωσ0. We then argued that
the cross-correlation of E- and B-mode shear offers a better prospect for detecting large-scale
anisotropy.

Using the apparatus of bipolar spherical harmonics, we constructed a simple estimator
(Equation 5.4) for an observable which, in principle, contains all information necessary to
reconstruct the magnitude and direction of anisotropic expansion. By analysing the signal-
to-noise ratios for this statistical estimator, we found that much of the constraining power of
the E-B cross-correlation derives predominantly from angular scales corresponding to ℓ ≲ 100
(where the B-mode signal is not contaminated by any non-linear effects) and higher redshifts.
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Exploiting available tomographic information will also significantly tighten any constraints
that can be made using this method.

The primary purpose of this work is not to provide a rigorous analysis of the potential
constraining power of Euclid, but to emphasise the E-B cross-correlation as an additional
test of the Cosmological Principle. We hope that our analysis will provide a general basis for
future investigations into this topic.
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A Bianchi-I and the weak shear limit

A.1 Perturbed metric

The most general perturbed Bianchi-I line element takes the form

ds2 = a2
[
−(1 + 2S)dη2 + 2Vidx

idη + (γij + Tij)dxidxj
]
, (A.1)

where S is a scalar and the remaining functions are defined as [10, 73, 81]

Vi ≡ ∂iV + Vi (A.2a)

Tij ≡ 2C
(
γij +

σij
H
)
+ 2∂i∂jT + 2∂(iTj) + 2Tij . (A.2b)

We have therefore introduced four scalar-valued functions (S, V, C, and T ), two vector-valued
functions (Vi and Ti), and one tensor-valued function (Tij). The inclusion of σij/H in the
perturbed metric is not mandatory, but is justified a posteriori by the simpler transformation
properties it generates [81]. The vector variables are subject to the usual transversality and
conditions

∂iV
i = ∂iT i = 0, (A.3)

while the symmetric tensor perturbation is traceless in addition to being transverse

∂iTij = Ti
i = 0. (A.4)

Gauge freedom allows us to place a maximum of four restrictions on the perturbed degrees
of freedom. Following [73], we make use of a gauge defined by the conditions

V = T = T i = 0. (A.5)

The Bardeen variables then simplify to

Φ = S , Ψ = −C , Θi = Vi , Tij , (A.6)

and the line element Equation A.1 becomes

ds2 = a2
{
−(1 + 2Φ)dη2 +Θidx

idη +
[
γij − 2Ψ

(
γij +

σij
H
)
+ 2Tij

]
dxidxj

}
. (A.7)

A.2 Procedure for extracting contributions at arbitrary order

The issue of obtaining contributions of arbitrary order from a general expression can be
solved in a straightforward and systematic way. To achieve this, we introduce two smallness
parameters ϵ1, ϵ2 ≪ 1 which control the order of our expansions. These smallness parameters
are merely a bookkeeping device that we use to derive perturbed expressions and we shall
absorb them into the definitions of relevant quantities after determining these expressions.
We write a formal expansion of some quantity Q as

Q = Q{0,0} +
∞∑

j,k=0

1

j!k!
δQ{j,k}ϵj1ϵ

k
2, (A.8)
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where Q{0,0} is the (un-perturbed) background value of Q, δQ{j,k} is the correction of order
{j, k} to this quantity and we have defined δQ{0,0} ≡ 0. A truncated series up to order {n,m}
defines the perturbed quantity of order {n,m}

Q{n,m} = Q{0,0} +

n,m∑

j,k=0

1

j!k!
δQ{j,k}ϵj1ϵ

k
2. (A.9)

For clarity, note that the object Q{n,m} contains terms of the order up to and including
{n,m} whereas δQ{n,m} contains only terms of the order {n,m}. We can extract the {n,m}
correction to Q using

δQ{n,m} =
∂n+m

∂ϵn1∂ϵ
m
2

Q

∣∣∣∣
ϵ1,ϵ2=0

. (A.10)

As an example, consider a quantity of the form Q = PS. The corrections up to {1, 1} are
given by

δQ{1,0} =
∂

∂ϵ1
Q

∣∣∣∣
ϵ1,ϵ2=0

= δP {1,0}S{0,0} + P {0,0}δS{1,0} (A.11a)

δQ{0,1} =
∂

∂ϵ1
Q

∣∣∣∣
ϵ1,ϵ2=0

= δP {0,1}S{0,0} + P {0,0}δS{0,1} (A.11b)

δQ{1,1} =
∂2

∂ϵ1∂ϵ2
Q

∣∣∣∣
ϵ1,ϵ2=0

= δP {1,1}S{0,0} + δP {1,0}δS{0,1}

+ δP {0,1}δS{1,0} + P {0,0}δS{1,1}.

(A.11c)

The expressions for higher-order corrections and more complex functions can become increas-
ingly verbose and arcane. Nevertheless, these corrections can be readily computed for any
quantity using the method detailed above.

B Model parameters and initial conditions

B.1 Cosmological parameters

For the purposes of this investigation we used the CLASS Boltzmann software [100]
in order to compute the required background and perturbed ΛCDM quantities. We made
use of the default CLASS cosmological paramater values found in the explanatory.ini and
default.ini configuration files.

h Ωm0h
2 TCMB0 ΩK0 109As ns kpiv

0.67810 0.1424903 2.7255 K 0 2.100549 0.9660499 0.05 Mpc−1

Table B.1: Values of relevant cosmological constants used during this investigation.

A list of the cosmological parameters used in this investigation is shown in Table B.1.
All other relevant ΛCDM can be inferred from those listed above. In particular, the the value
of the cosmological constant density parameter today is

ΩΛ0 = 1− Ωm0 − Ωγ0 − ΩK0 ≈ 0.69 . (B.1)
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In CLASS conventions, the dimensionless primordial power spectrum is given by

P(k) ≡ P (k)
k3

2π2
= As

(
k

kpiv

)ns−1

. (B.2)

B.2 Anisotropic stress model

If we align our spatial co-ordinate system with the principal axes of expansion, the
spatial shear σ can be represented as a diagonal matrix

(
σij
)
= diag(σ1, σ2,−(σ1 + σ2)). (B.3)

The shear density parameter is then

Ωσ =
σ2

6H2
=

1

3H2

(
σ21 + σ22 + σ1σ2

)
. (B.4)

For a fixed value of Ωσ, the allowed values of the shear parameters lie on an ellipse in the
σ1-σ2 plane. Imposing rotational symmetry about the z-axis requires σ1 = σ2 and hence

∣∣∣σ1H
∣∣∣ =

√
Ωσ. (B.5)

Recall that the general solution to the shear equation of motion Equation 2.7c for spe-
cified value of the shear at time tI is

σij (a) =

(
a

aI

)−2
[
σI

i
j + 8πGa2I

∫ a

aI

dā

aI

(
ā

aI

)3 f(ā)

H(ā)
W i

j

]
. (B.6)

We choose the positive solution to this equation so that σ1 > 0 and σ3 < 0. If the current value
of the shear is set to σ0, the value of the model parameters which satisfies these boundary
conditions is

W i
j =

(a0/aI)
2 σ0

i
j − σI

i
j

8πGa2I

∫ a0

aI

(dā/aI) (ā/aI)
3 [f(ā)/H(ā)]

. (B.7)

Now, from CMB measurements, we know that the Universe well described by the isotropic
FLRW metric throughout much of its history. This means that the ratio σ/H (equivalently
Ωσ) must be very small at sufficiently high redshifts. Therefore, if we fix the value of the
shear at present and at some high redshift deep in the matter-dominated epoch (say z ≈ 10),
we can determine parameter values W i

j that ensure late-time growth of anisotropy whilst
simultaneously eliminating the decaying mode in the late Universe.

Assuming that the anisotropic stress is negligible during the matter-dominated epoch,
we find that the anisotropy ratios at zMDE = 10 and zCMB ≈ 1100 (i.e. recombination) are
related through

σMDE

HMDE
=

(
1 + zMDE

1 + zCMB

)3(HCMB

HMDE

)(
σCMB

HCMB

)
. (B.8)

Using the constraint σCMB/HCMB ∼ 10−5 and substituting in appropriate values for the
Hubble rate we obtain σMDE/HMDE ∼ 10−8 – i.e. Ωσ,MDE ∼ 10−16. We use this value
in conjunction with Equation B.7 to fix model parameters for the anisotropic stress while
varying σ0.
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C Details on the computation of angular correlators

C.1 E- and B-mode auto-correlations

The first term in Equation 4.10 is simply the ordinary E-mode correlation generated by
scalar perturbations and scales as ∼ φ2. Due to statistical isotropy and homogeneity at this
level, the correlator is diagonal

〈
δE

i{0,1}
ℓm δE

j{0,1}∗
ℓ′m′

〉
= δℓℓ′δmm′CEiEj

ℓ (C.1)

and hence is entirely described by the angular power spectrum

CEiEj

ℓ ≡
∫

dk k2P (k)∆i
ℓ(k)∆

j
ℓ(k), (C.2)

where we have defined the tomographic kernels

∆i
ℓ(k) ≡

1

2

[
2

π

(ℓ+ 2)!

(ℓ− 2)!

]1/2 ∫ χS

0
dχ qi(χ, χS) jℓ(kχ)Tφ(χ, k). (C.3)

The two {1, 1}×{0, 1} cross terms in Equation 4.10 scale linearly with the spatial shear
as ∼ φ2(σ/H ). A straightforward calculation reveals

〈
δE

i{0,1}
ℓm δE

j{1,1}∗
ℓ′m′

〉
=

(−1)m
′

2

[
1 + (−1)ℓ+ℓ′

]∑

m1

(
ℓ′ 2 ℓ

−m′ m1 m

)
2F ℓ′2ℓ

·
∫

dk k2P (k)∆i
ℓ(k)∆

j∗
ℓm1

(k)

(C.4a)

〈
δE

i{1,1}
ℓm δE

j{0,1}∗
ℓ′m′

〉
=

(−1)m

2

[
1 + (−1)ℓ+ℓ′

]∑

m1

(
ℓ 2 ℓ′

−m m1 m
′

)
2F ℓ2ℓ′

·
∫

dk k2P (k)∆i
ℓ′m1

(k)∆j
ℓ′(k),

(C.4b)

where the isotropic kernel Equation C.3 now multiplies the direction-dependent kernel

∆i
ℓm(k) ≡ 1

2

[
2

π

(ℓ+ 2)!

(ℓ− 2)!

]1/2 ∫ χS

0
dχ qi(χ, χS) jℓ(kχ)α

{1,0}
2m (χ)Tφ(χ, k). (C.5)

The selection rule for the 3j symbol (Equation D.19) combined with the alternating factor in
Equation C.4a and Equation C.4b imply that ℓ − ℓ′ = 0 or ℓ′ − ℓ′ = ±2, in agreement with
Equation 4.2a. The final term in the expansion in Equation 4.10 is {1, 1}×{1, 1} and is thus
beyond leading order. Putting this together, we find the non-zero BipoSH coefficients

EiEjALM
ℓℓ′ =(−1)ℓ

√
2ℓ+ 1CEiEj

ℓ δℓℓ′δ
L0δM0

+
1√
5

[
2Fℓ′2ℓ Cij

ℓM + (−1)M 2Fℓ2ℓ′ Cji∗
ℓ′M

] (
δℓℓ′ + δℓ±2,ℓ′

)
δL2,

(C.6)

where we have defined the object

Cij
ℓM ≡ (−1)M

∫
dk k2P (k)∆i

ℓ(k)∆
j∗
ℓM (k) =

∫
dk k2P (k)∆i

ℓ(k)∆
j
ℓ,−M (k). (C.7)
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We also define the auxiliary quantity

P ij
ℓM ≡ 4

(ℓ− 2)!

(ℓ+ 2)!
Cij
ℓM , (C.8)

which strips away the shape factors common to ∆ℓ and ∆ℓM .
Since it only contains a {1,1} contribution, the auto-correlation of the B-mode multipoles

is
〈
δB

i{1,1}
ℓm δB

j{1,1}∗
ℓ′m′

〉
=

(−1)m+m′

4

∑

m1,m′
1

ℓ2,m2

(
ℓ 2 ℓ2

−m m1 m2

)(
ℓ′ 2 ℓ2

−m′ m′
1 m2

)

· 2F ℓ2ℓ2
2F ℓ′2ℓ2

[
1− (−1)ℓ+ℓ2

] [
1− (−1)ℓ

′+ℓ2
]

·
∫

dk k2P (k)∆i
ℓ2m1

(k)∆j∗
ℓ2m′

1
(k),

(C.9)

from which we can calculate the BipoSH coefficients

BiBjALM
ℓℓ′ =

1

4

∑

m,m′

∑

m1,m′
1

ℓ2,m2

(−1)m
′
(

ℓ ℓ′ L
−m m′ M

)(
ℓ 2 ℓ2

−m m1 m2

)(
ℓ′ 2 ℓ2

−m′ m′
1 m2

)

· 2F ℓ2ℓ2
2F ℓ′2ℓ2

[
1− (−1)ℓ+ℓ2

] [
1− (−1)ℓ

′+ℓ2
]

·
∫

dk k2P (k)∆i
ℓ2m1

(k)∆j∗
ℓ2m′

1
(k).

(C.10)

The B-mode power spectrum is then

CBiBj

ℓ ≡ (−1)ℓ
BiBjA00

ℓℓ√
2ℓ+ 1

=
1

5

∑

I=±1,m

(
2F ℓ,2,ℓ+I

)2

2ℓ+ 1

∫
dk k2P (k)∆i

ℓ+I,m(k)∆j∗
ℓ+I,m(k). (C.11)

C.2 E-B cross-correlation

The leading-order expression for the cross-correlation between the E-modes and B-
modes is almost identical to Equation C.4a

〈
δE

i{0,1}
ℓm δB

j{1,1}∗
ℓ′m′

〉
=

(−1)m
′

2

[
1− (−1)ℓ+ℓ′

]∑

m1

(
ℓ′ 2 ℓ

−m′ m1 m

)
2F ℓ′2ℓ

·
∫

R
k2P (k)∆i

ℓ(k)∆
j∗
ℓm1

(k),

(C.12)

and is only non-zero for ℓ− ℓ′ = ±1. The corresponding BipoSH coefficient is therefore

EiBjALM
ℓℓ′ = − i

4

(ℓ+ 2)!

(ℓ− 2)!

2Fℓ′2ℓ√
5

P ij
ℓM δL2. (C.13)

D Harmonic expansions on the sphere

Spherical harmonics Yℓm are special functions defined on the surface of the sphere S2.
They are labelled with two integer-valued indices ℓ and m which satisfy the relations ℓ ≥ 0
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and −ℓ ≤ m ≤ ℓ, respectively. For a fixed point (θ, ϕ) corresponding to an observation
direction n, they can be expressed as [105, 106]

Yℓm(n) = Yℓm(θ, ϕ) = (−1)m
[
2ℓ+ 1

4π

(ℓ−m)!

(ℓ+m)!

]1/2
Pℓm(cos θ)eimϕ, (D.1)

where Pℓm is an associated Legendre polynomial. Spherical harmonics are the eigenfunctions
of the (scalar) Laplace operator on the sphere ∇2

S2 and satisfy

∇2
S2Yℓm = −ℓ(ℓ+ 1)Yℓm. (D.2)

Spherical harmonics form a complete basis for scalar functions on S2. The completeness and
orthogonality properties can be expressed in the form

∑

ℓ,m

Y ∗
ℓm(n′)Yℓm(n) = δ(2)(n− n′) (D.3a)

∫

S2

d2ΩY ∗
ℓm(n)Yℓ′m′(n) = δℓ1ℓ2δm1m2 , (D.3b)

where δ(2)(n− n′) = δ(ϕ− ϕ′)δ(cos θ − cos θ′) and d2Ω = dθ sin θdϕ are the two-dimensional
Dirac delta function and the volume element on the sphere, respectively. The completeness
and normalisation of spherical harmonics allows us to expand a scalar function f on the sphere
as

f(n) =
∑

ℓ,m

fℓmYℓm(n), (D.4)

where the multipole coefficients are given by

fℓm =

∫

S2

d2ΩY ∗
ℓm(n)f(n). (D.5)

The complex conjugate of a spherical harmonic flips the m index and introduces a phase
factor

Yℓm(n)∗ = Yℓm(θ,−ϕ) = (−1)mYℓ(−m)(n). (D.6)

Under the parity inversion n 7−→ −n

Yℓm(−n) = Yℓm(π − θ, ϕ+ π) = (−1)ℓYℓm(n), (D.7)

and hence that for even (odd) ℓ, Yℓm is parity even (odd).

D.1 Spin-weighted spherical harmonics

‘Spin’, ‘spin weight’, or ‘helicity’ is a property of certain functions on S2 related to their
behaviour under three-dimensional rotations. Consider a counter-clockwise rotation by an
angle α about the axis n. Under this mapping, an object which transforms according to

f s(n) 7−→ eisαfs(n), (D.8)

where s ∈ Z, is said to be of spin |s| or helicity s [107]. Scalar functions are necessarily
spin-0 due to their simple transformation properties. Moreover, ordinary spherical harmonics
are used to expand scalar functions and must therefore inherit their spin. Objects with non-
zero spin are actually (components of) tensor-valued functions on S2 and are only defined
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relative to a certain co-ordinate basis. Any symmetric and traceless rank-2 tensor field (like
polarisation or lensing shear) is automatically spin-2. Geometrically, this is because – when
viewed as linear operators – they have the effect of distorting circles into ellipses and thus have
180◦ rotational symmetry. Objects of a particular spin need to be expanded in harmonics
which respect their rotational symmetries.

The spin raising-operator ð and the spin-lowering operator ð̄ have the effect of increasing
and decreasing an object’s spin, respectively. Written in terms of the spherical co-ordinates
θ and ϕ, the action of these operators on a spin-s function is

f̃s+1 ≡ ðfs = − (∂θ + i csc θ∂ϕ − s cot θ) fs (D.9a)

f̃s−1 ≡ ð̄fs = − (∂θ − i csc θ∂ϕ + s cot θ) fs. (D.9b)

We can therefore construct harmonics of higher spin through successive actions of these
operators on ordinary (spin-0) spherical harmonics. In analogy with ladder operators of
quantum mechanics, the spin-weighted spherical harmonic (SWSH) Y s

ℓm of spin-weight s is
given by [108–110]

Y s
ℓm =

{ √
(ℓ+ s)!/(ℓ− s)! ðsY ℓ

m for 0 < s ≤ ℓ

(−1)s
√
(ℓ− s)!/(ℓ+ s)! ð̄|s|Y ℓ

m for − ℓ ≤ s < 0.
(D.10)

Like normal spherical harmonics, the SWSHs are eigenfunctions of the Laplace operator on
the sphere, albeit with an altered eigenvalue [111]

∇2
S2Y

s
ℓm = −

[
ℓ(ℓ+ 1)− s2

]
Y s
ℓm. (D.11)

For fixed s, SWSHs are orthogonal∫

S2

d2ΩY s∗
ℓm(n)Y s

ℓ′m′(n) = δℓℓ′δmm′ (D.12)

and form a complete basis for objects of their particular spin. A spin-s quantity fs can
therefore be expanded in terms of spin-s harmonics as

fs(n) =
∑

ℓ,m

fsℓmY
s
ℓm(n), (D.13)

where the multipoles f sℓm are given by

fsℓm =

∫

S2

d2ΩY s∗
ℓm(n)f s(n). (D.14)

Under complex conjugation, Equation D.6 becomes

Y s∗
ℓm(n) = (−1)s+mY −s

ℓ(−m)(n) (D.15)

while the parity relation Equation D.7 generalises to

Y s
ℓm(−n) = (−1)ℓY −s

ℓm (n). (D.16)

For the particular case of the spin-2 shear variable γ1± iγ2, the multipole decomposition
reads

γ1(n)± iγ2(n) =
∑

ℓ,m

(Eℓm ± iBℓm)Y ±2
ℓm (n). (D.17)

Using Equation D.15, we see that E∗
ℓm = (−1)mEℓ(−m) and B∗

ℓm = (−1)mBℓ(−m), as with real
scalar variables. Furthermore, Equation D.16 and the parity relation [γ1 ± iγ2](n) 7−→ [γ1 ∓
iγ2](−n) imposes the transformation properties Eℓm 7−→ (−1)ℓEℓm and Bℓm 7−→ (−1)ℓ+1Bℓm

on the E-modes and B-modes, respectively.
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D.2 Wigner 3j symbols

Integrals of the product of three SWSHs arise frequently in the study of anisotropy. The
Gaunt integral [106]

∫

S2

d2ΩY s1
ℓ1m1

(n)Y s2
ℓ2m2

(n)Y s3
ℓ3m3

(n) =

[
(2ℓ1 + 1)(2ℓ2 + 1)(2ℓ2 + 1)

4π

]1/2

·
(
ℓ1 ℓ2 ℓ3
−s1 −s2 −s3

)(
ℓ1 ℓ2 ℓ3
m1 m2 m3

) (D.18)

expresses integrals of this type in terms of Wigner 3j symbols. These objects are only non-zero
if its elements satisfy the selection rules

m1 +m2 +m3 = 0 and |ℓi − ℓj | ≤ ℓk ≤ ℓi + ℓj . (D.19)

They also satisfy the following symmetries

1. Even permutation of columns:
(
ℓ1 ℓ2 ℓ3
m1 m2 m3

)
=

(
ℓ3 ℓ1 ℓ2
m3 m1 m2

)
=

(
ℓ2 ℓ3 ℓ1
m2 m3 m1

)
(D.20a)

2. Odd permutation of columns:
(
ℓ1 ℓ2 ℓ3
m1 m2 m3

)
= (−1)ℓ1+ℓ2+ℓ3

(
ℓ2 ℓ1 ℓ3
m2 m1 m3

)
= (−1)ℓ1+ℓ2+ℓ3

(
ℓ1 ℓ3 ℓ2
m1 m3 m1

)
(D.20b)

3. Negation of second row:
(
ℓ1 ℓ2 ℓ3
m1 m2 m3

)
= (−1)ℓ1+ℓ2+ℓ3

(
ℓ1 ℓ2 ℓ3

−m1 −m2 −m3

)
. (D.20c)

Moreover, the 3j symbols possess the useful orthogonality properties

∑

m1,m2

(
ℓ1 ℓ2 ℓ
m1 m2 m

)(
ℓ1 ℓ2 ℓ′

m1 m2 m
′

)
=

1

2ℓ+ 1
δℓℓ′δmm′ (D.21a)

∑

ℓ,m

(2ℓ+ 1)

(
ℓ1 ℓ2 ℓ
m1 m2 m

)(
ℓ1 ℓ2 ℓ
m′

1 m
′
2 m

)
= δm1m′

1
δm2m′

2
. (D.21b)

Following [111], we define the integral

sIm1m2m3
ℓ1ℓ2ℓ3

≡
∫

S2

d2ΩY s∗
ℓ1m1

(n)
[
DAYℓ2m2(n)

] [
DAY

s
ℓ3m3

(n)
]
, (D.22)

which appears in post-Born corrections to lensing variables and lensed CMB power spectra.
By making use of the product rule for derivatives and defining the symbol [73, 111]

sFℓ1ℓ2ℓ3 ≡1

2

[
ℓ2(ℓ2 + 1) + ℓ3(ℓ3 + 1)− ℓ1(ℓ1 + 1)

]

·
[
(2ℓ1 + 1)(2ℓ2 + 1)(2ℓ3 + 1)

4π

]1/2(
ℓ1 ℓ2 ℓ3
s 0 −s

)
,

(D.23)
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we can separate the parts of sIm1m2m3
ℓ1ℓ2ℓ3

that depend on s from those that depend on m1,m2,
and m3

sIm1m2m3
ℓ1ℓ2ℓ3

= sF ℓ1ℓ2ℓ3(−1)m1+s

(
ℓ1 ℓ2 ℓ3

−m1 m2 m3

)
. (D.24)

Using Equation D.20c, we see that both of these quantities inherit the property

−sI
m1m2m3

ℓ1ℓ2ℓ3 = (−1)ℓ1+ℓ2+ℓ3sIm1m2m3
ℓ1ℓ2ℓ3

(D.25a)
−sF ℓ1ℓ2ℓ3 = (−1)ℓ1+ℓ2+ℓ3sF ℓ1ℓ2ℓ3 . (D.25b)

Four specific sets of values of sFℓ1ℓ2ℓ3 – which emerge in {1,1} corrections to the B-mode
shear multipoles – are given by Mathematica as

2Fℓ+1,2,ℓ = (−1)ℓ+1(ℓ− 2)

[
15

π

(ℓ− 1)(ℓ+ 3)

ℓ(ℓ+ 1)(ℓ+ 2)

]1/2
(D.26a)

2Fℓ−1,2,ℓ = (−1)ℓ+1(ℓ+ 3)

[
15

π

(ℓ− 2)(ℓ+ 2)

ℓ(ℓ− 1)(ℓ+ 1)

]1/2
(D.26b)

2Fℓ,2,ℓ+1 = (−1)ℓ(ℓ+ 4)

[
15

π

(ℓ− 1)(ℓ+ 3)

ℓ(ℓ+ 1)(ℓ+ 2)

]1/2
(D.26c)

2Fℓ,2,ℓ−1 = (−1)ℓ(ℓ− 3)

[
15

π

(ℓ− 2)(ℓ+ 2)

ℓ(ℓ− 1)(ℓ+ 1)

]1/2
. (D.26d)

D.3 Bipolar spherical harmonics

Departures from statistical isotropy induce correlations between different scales which
cannot be captured by standard angular power spectra. Bipolar spherical harmonics (Bi-
poSHs) are a particular class of special function that can be used to study the tell-tale
signatures of various sources of anisotropy.

We define the bipolar spherical harmonic as a particular linear combination of Wigner
3j symbols and products of spherical harmonics [92]

{
Yℓ(n)⊗ Yℓ′(n

′)
}
LM

≡ (−1)ℓ−ℓ′+M
√
2L+ 1

∑

m,m′

(
ℓ ℓ′ L
m m′ −M

)
Yℓm(n)Yℓ′m′(n′). (D.27)

BipoSHs form a complete set of basis functions on S2 × S2. Moreover, they are orthonormal
∫

S2

dΩ

∫

S2

dΩ′
{
Yℓ1(n)⊗ Yℓ′1(n

′)
}∗

L1M1

{
Yℓ2(n)⊗ Yℓ′2(n

′)
}
L2M2

= δℓ1ℓ2δℓ′1ℓ′2δL1L2δM1M2 ,

(D.28)
and its indices {ℓ, ℓ′, L} must satisfy the triangle inequality |ℓ− ℓ′| ≤ L ≤ ℓ+ ℓ′.

Without any assumptions on statistical symmetry, the real-space correlation of the
stochastic variables X and Z

CXZ(n,n′) =
〈
X(n)Z∗(n′)

〉
(D.29)

is a two-point function defined on S2 × S2. This bivariate function can be written as the
linear combination

CXZ(n,n′) =
∑

ℓ,m,ℓ′,m′

L,M

XZALM
ℓℓ′
{
Yℓ(n)⊗ Yℓ′(n

′)
}
LM

(D.30)
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where the BipoSH coefficients XZALM
ℓℓ′ are given by

XZALM
ℓℓ′ =

∫

S2

dΩ

∫

S2

dΩ′ {Yℓ(n)⊗ Yℓ′(n
′)
}∗
LM

CXZ(n,n′). (D.31)

Written in terms of the correlations between the multipoles Xℓm and Zℓ′m′ , this becomes [92]

XZALM
ℓℓ′ =

√
2L+ 1

∑

m,m′

(−1)L+m

(
ℓ ℓ′ L

−m m′ M

)
⟨XℓmZ

∗
ℓ′m′⟩ . (D.32)

Suppose the multipoles X̂ℓm and Ẑℓ′m′ have been determined from some sky map. An
un-biased statistical estimator for the corresponding BipoSH coefficient for this map is then

XZÂLM
ℓℓ′ =

√
2L+ 1

∑

m,m′

(−1)L+m

(
ℓ ℓ′ L

−m m′ M

)
X̂ℓmẐ

∗
ℓ′m′ . (D.33)

Under the assumption of statistical isotropy, the auto- and cross-correlations between the
multipoles are diagonal

〈
X̂ℓmX̂

∗
ℓ′m′

〉
SI

≡
(
CXX
ℓ

)
SIδℓℓ′δmm′ (D.34a)

〈
ẐℓmẐ

∗
ℓ′m′

〉
SI

≡
(
CZZ
ℓ

)
SIδℓℓ′δmm′ (D.34b)

〈
X̂ℓmẐ

∗
ℓ′m′

〉
SI

≡
(
CXZ
ℓ

)
SIδℓℓ′δmm′ . (D.34c)

The expected value of the estimator in Equation D.33 is thus
〈
XZÂLM

ℓℓ′

〉
SI

= (−1)ℓ
√
2ℓ+ 1

(
CXZ
ℓ

)
SIδℓℓ′δL0δM0. (D.35)

The (statistically isotropic) covariance between two different BipoSH coefficients is defined as

Cov
(
X1Z1ÂL1M1

ℓ1ℓ′1
,X2Z2ÂL2M2

ℓ2ℓ′2

)
SI

≡
〈
X1Z1ÂL1M1

ℓ1ℓ′1
· X2Z2ÂL2M2∗

ℓ2ℓ′2

〉
SI

−
〈
X1Z1ÂL1M1

ℓ1ℓ′1

〉
SI

〈
X2Z2ÂL2M2∗

ℓ2ℓ′2

〉
SI

(D.36)

If we further assume that the stochastic variables X1, X2, Z1, and Z2 are Gaussian, applying
Wick’s/Isserlis’s theorem reduces this expression to

Cov
(
· · ·
)

SI
=
[(
CX1X2
ℓ1

)
SI

(
CZ1Z2

ℓ′1

)
SI
δℓ1ℓ2δℓ′1ℓ′2

+ (−1)L+ℓ1+ℓ′1
(
CX1Z2
ℓ1

)
SI

(
CZ1X2

ℓ′1

)
SI
δℓ1ℓ′2δℓ′1ℓ2

]
δL1L2δM1M2 .

(D.37)

In §5 we make use of this expression in order to calculate approximate signal-to-noise ratios
for the estimator P̂ ij

ℓM .

E Computation of tomographic source distributions

For Euclid, the underlying source distribution is modelled as [76, 77]

n(z) ∝
(
z

z0

)2

exp

[
−
(
z

z0

) 3
2

]
, (E.1)
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where z0 = zm/
√
2 and the median redshift zm = 0.9. Euclid uses 10 equi-populated bins with

edges z±i ∈ {0.001, 0.42, 0.56, 0.68, 0.79, 0.90, 1.02, 1.15, 1.32, 1.58, 2.50}. The tomographic
galaxy source distribution for the ith redshift bin is given by

ni(z) =

∫ z+i

z−i

dzpn(z)pph(zp|z)
∫ zmax

zmin

dz

∫ z+i

z−i

dzpn(z)pph(zp|z)
, (E.2)

where z−i and z+i define the edges of the bin, and (zmin, zmax) = (z−1 , z
+
10) = (0.001, 2.5).

The full source distribution nF(z) is obtained by replacing the integral limits (z−i , z
+
i ) 7→

(zmin, zmax) so that the entire redshift range is taken into account. In Equation E.2, the
underlying distribution n(z) has been convolved with the probability distribution function
pph(zp|z) describing the probability that a galaxy with redshift z has a measured redshift zp.
The probability distribution is modelled as

pph(zp|z) =
1− fout√
2πσb(1 + z)

exp

{
−1

2

[
z − cbzp − zb
σb(1 + z)

]2}

+
fout√

2πσo(1 + z)
exp

{
−1

2

[
z − cozp − zo
σo(1 + z)

]2}
,

(E.3)

with (cb, zb, σb, co, zo, σo, fout) = (1.0, 0.0, 0.05, 1.0, 0.1, 0.05, 0.1). The result of this convolu-
tion process is shown in Figure 4.2.
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