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Wheeler  1) has  p roposed  the  fnves t igaUon of pos-  
s i b l e  p e r s i s t e n t  s t r u c t u r e s  of s o u r c e l e s s  e l e c t r o -  
magnet ic  f ie lds  conta ined  by the  c u r v a t u r e  of spl ice-  
t i m e  a s s o e i a t e d  with t h e ~  own energy  densi ty .  Such 
c o n c e n t r a t e d  p e r s i s t e n t  s t r u c t u r e  have  been  ca l l ed  
"geons'. Though the inves t iga t ions  (and the t e r m )  
have  h i the r to  r e f e r r e d  ~-mly to dyrmmtc (wave) s t r u c -  
twres,  R s e e m e d  worthwhi le  to t ry  the  s i m p l e r  c a s e  
of ~t s t a t i c  magnetic or  e l ec t r i c  field.  Th i s  note  i s  a 
r e p o r t  of an inves t iba t ion  in which t h e r e  was found a 
r i go rous  s ta t ic  c y t i n d r i c a l t y ~ s y m m e t r l e  solut ion ~,. 
the combmed  s o u r c e l e s s  E ins t e in -Maxwel l  s y s t e m  
sD~wing the p£rslstent local energy-stres~ concen- 
tration which may be taken as the defining charac- 
teristic of a geon. With the one added idea ~hat 
s t r e s s - e n e r g y  ac t s  a s  g~'avitating m a s s ,  we can  de-  
scribe t h i s  solution in ctassical-mechanlcal lan-  
guage as  follows : the solutzon represer~ts a parallel 
bun4le of magnetic or electric flux held together by 
i~s ¢m,n gramlahonat pull. The ex i s tence  of s u c h  a 
M m p t ~ ,  ~ o r o u s  so luhon  to the  combined  g r a v l t a t i -  
o. ,~al-electromagaetic equat ions  i s  of c o n s i d e r a b l e  
phys ica l  i n t e r e s t .  It can  s e r v e  a s  a s t a r t i ng  point  
for  a n u m b e r  of f u r t h e r  inves t iga t ions .  

The ana ly s i s  may be gene r a l i z ed  in s e v e r a l  ways. 
F i r s t  the solut ion does not depend spec i f ica l ly  upon 
the  a s sumpt ion  that  the s ea t  of the e n e r g y - s t r e s s  
u i s t r ibu t ion  is  an e l ec t r om agne t i c  field.  Any po la r -  
cy l ind r i ca l  s y s t e m  of s t r e s s e s  in which t h e r e  is  a 
t ens ion  T22 along the p r inc ipa l  ax is  ( longitudinal)  
d i rec tAonx2,  and a p r e s s u r e  T l i  = -T22 of equal  
maguA~ude a long the pe rpend icu l a r  r a d i a l  d i r ec t ion  
x 1, will have  a s i m i l a r  f o rm  of so*~ut~on for  the  d i s -  
tributio}~ of g rav i t a t iona l  po ten t i a l s  and of s t r e s s ,  
p rovided  the s t r e s s  T33 along the  t h i r d - a z i m u t h a l -  
d i r ec t ion  x 3 ~. ~p is r e l a t e d  to the ene rgy  dens i ty  T44 
by the equation 

T44 = (p - l ) / ' 33  (p a cons tan t )  . 

We can thip.k of space  wi th  such  a d i s t r ibu t ion  of 
s t r e s s e s  in i t  a s  a med ium - whe the r  or  not  ~t con-  
ra ins  "matte~ '" made of p a r t i c l e s .  To give i t  a spe -  
cific: lmme we c;tll it a " p l a s m  of t~de~ p".  F o r  such  

A ~ k a o w l e d ~  t ~ .  ~ support of the Florida State U~tversity 
Rese~xch Counc~l. 

a p l a sm Umre wiD be  an  equi i ibr i tun solut ion 
which r e d u c e s  to that  of the ~tatlc magnet ic  o r  
e l e c t r i c  geon when the index p i s  s e t  equal  to 2. 

Second one may  cons ider  m o r e  gene ra l  s ta t ic  
d i s t r ibuf ions  with h~ngitudinal a s  wel l  as  r ad i a l  
var ia t ion .  Th i rd ,  one may  keep  the ful l  cy l inder  
s y m m e t r y ,  but  a l low a t ime  va r i a t ion  as  well  a s  a 
r ad ia l  variati~)n. Such a t r e a t m e n t  wil l  allow us  to 
s tudy the evolut ion of ~ut in i t ia l ly  s ta t ic  geon when 
i t  ts  pe r tu rbed  away f rom equi l ib r ium.  

B e s i d e s  the  value  of treeing a s i m p l e  r i go rous  
equ i l ib r ium solut ion to study, t h e r e  i s  another  t ime-  
ly mot ivat ion.  In the  las t  two oi" t h r e e  y e a r s  t he re  
have  been  d i s c o v e r e d  among the  ga lax ies  2) what 
appea r  to  be  eno rmous  energy  sou rce s  - s e v e r a l  
hundred  t i m e s  l a r g e r  than any lu ther to  known. Each 
such  s o u r c e  r a d i a t e s  ene rg i e s  of the o r d e r  of one 
e a r t h  m a s s  pe r  second.  No one has  been  ab le  to 
sugges t  any adequate  sou rce  of th is  energy  except  
g r av i t a t i ona l  col lapse ,  and it  may  wel l  be  tha t  the  
phenomena  a r e  within the  co l l apse  r e g i m e  pred ic ted  
by g e n e r a l  r e l a t iv i ty  fo r  s e v e r a l  d i f ferent  ~ p e s  of 
s y s t e m s .  Grav i t a t i ona l  ins tab i l i ty  i s  thus at  th i s  
t ime  a g r e a t  i s sue ,  and one wants  examples  to study. 
It  can be expected - as  pointed out by J . A . W h e e l ~ r  
in  a d i s cus s ion  - tha t  the s ta t i c  solut ion to be de° 
s c r i b e d  h e r e  i s  uns table .  It p rov ides  a s imp le  ca ~. 
in which the  dynamics  of g rav i t a t iona l  co l lapse  = y 
be  s tudied explici t ly.  

The  bas ic  n o n - l i n e a r  equat ions  of the E ins te in -  
Maxwell  s y s t e m  can  be  r educed  in the  c a s e  of 
cy l i nd r i ca l  s y m m e t r y  to a suff ic ient ly  s i m p l e  fo rm 
to be  so lved  for  equ i l ib r ium d i s t r ibu t ions .  Th i s  i s  
done by following with r e s p e c t  to the g rav i t a t iona l  
t e r m s  the  p r o c e d u r e  of Weyl  3) and L~vi-Civi ta  4) 
for  s ta t ic  g rav i t a t i ona l  f ie lds  with  polar  5) t sym-  
m e t r y .  In tiffs p rocedure ,  the  only a s s u m p t i o n  ad-  
d i t ional  to tha t  of s y m m e t r y  i s  the  + the  s t r e s s  t e n -  

- p 
so r  densxt ies  ~ 'v  ~ sa t i s fy  ~'11 + 2 ' = 0 ;  fo r tuna te -  
ly by the  wel t -known ba l ances  wRhin the s y s t e m  of 
Fa raday -Maxwe l l  s t r e s s e s  th i s  a s sumpt ion  is  auto* 

Our space-symmetry terminology follo~s that indicated 
in ref. 5). The use of the adjective ,,axial,' as in W,~yl 
and Bach is not consistent with the standard nomen- 
clature for vectors and tensors.  
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matically vaiid for a static e lec t r ic  o r  magnetic 
field, a fact which oddly enough does not s e e m  to 
have been noticed o r  used by Weyl and al l  those who 
followed him in exploiting the assumption.  

Whatever be the or iginal  radial  and longitudinal 
coordtr~ates, canonical ones can be chosen so  that 
only two gravl ta tkmal  potentials tutve to be de te r -  
mined. We designate these cammlcal radial  and 
longitudinal coordinates x l  c r, and ;~2 ~ z, the 
axtmuthal coordinate x~ ~ q ,  and the t ime ~oordi-  
r a te  x 4 ~ L Under these conditions the line e lement  
takes the form 

ds 2 = e2~ tit 2 - e - 2 ~  (e2~ • d r  2 + e2) ' dz 2 +r2dq~2). 

The potential ¢, he re  is  formal ly  equal to the (1) 
Newtonian potent ia l /c  2, ~nd sat isf ies  Poisson ' s  
equation wlt.b the tram i / c 2 ( ~ 4  - ~ 3 ) / r  - essent ia l -  
ly the energy dens-~y pltm the azimuthal  p re s su re  - 
acting as gravi ta t ional  mass  density. (The contri~ 
butions of the radia l  presmJxe 5g~l/~ ", and of the 
longitudinal tension, '~22/r ,  to the m a s s  just  cancel  
each other): 

(k ~ Einstein's gra~tationa~ ~ormtanO. The "ac- 
" ' - "  c2e, and c 2 m the ceiera t ions  of gravi ty  , -rr  ~'z, ' 

radia l  and longitudinal direct ions respec t ive ly ,  
obey the equations 

o~2 -'~ i .-3 

¢z2 ~ 2  
= - j  

(~r  ~ ~ 4 ~ r ) ,  
(3) 

@ z  = ; ,~/~z)  , 

(39 

where, as  indicated, ~ e r e n t i a t i o n  with r e spec t  
to a ~-ariable i s  labeled ei ther  by a subscript le t ter  
v4thout a preceding s lash  o r  by a s lash  foUowed by 
t~e appropriate  he:tuber index. These  cor respond  to 
the s t ress-balance  eq~ t ion~  of Newton,~ mechaaics~ 
with (1/c~)(.>44-.~3)/r again r e p ~ e s e n t ~  the m ~ss 
density. Once ~p Ires been d e t e r m i n , ~  the secona 
~ote'~tial 7 is  determined by qu~dratures  as soon as  
the s~ress densi t ies  ~22 and 5~41 a re  known: 

2 ~2 
~'r = r ( ~ r -  Pz) -,=i 2 ' (4) 

Actually the s t revse$  ar~ to be obteJned f rom the 
fields satisfying MaxwelPs equations in the curved 
spacet ime,  therefore  themselves  d~:gending upon 
the po~nf ia ts  ~ a n d  ),. In principle,  var ious  , -er ic  
eqmlibr ium :mlutions for  the Einstein-  M,~xwe~l 
equations coupled in this way can be calculated,  
with cer ta in  r~ suiting f ield dis t r ibut ion: .  

The s imples t  in teres t ing equi l ibr ium solution is  
that of a cyl indrical ly  symmet r  ~c pure  magnetic 
f ie ld  (or~ atternafiveiy~ pure  e ! e c ~ i c  field) pointin~ 

along the z di rect ion and a function only of the radia l  
var iab le  r. The  Einste in-Maxwell  ~ lUa~l~s  in this 
case  reduce  to 

I d(r@r) k:~/r  (5) 
~r d r  

~r * r ~ r  2 + k : r .  (7) 

Eq. (6), which has the s imple  s ignif icance of an 
equation of hydrostat ic  equi l ibr ium,  yields 

~- ~B o e (e9 

(B o an a rb i t r a ry  constant)° At this point we do not 
yet have to go into detai ls  a s  to hew the s t r e sv  or  
energy density J in eq. (6'), in e.g. ,  the case  of 
magnetic geon, is part i t ioned into a B (magnetic 
flux field) part  and an lI (current  potenti~i) tmrL 
In this s imple  case  one can think in t e rms  of a 
Newtonian model  which - with the one aupp.~emen ~ 
tary  idea that mass  (grav:iatL~g) = energy/c  ? ' 
presm, t re /¢  2 _ employs on!y the e~luatl~ms of hydro- 
s ta t ic  equlUbrlum, eq, (6) and P o i s ~ m ' e  equattor,~ 
eq. (5). These  de te rmine  an equation for ~ - in 
ordinary  cyl indr ica l  c ~ r d t n a t e s  ~ of exact ly the 
s a m e  form as  that given by genera l  re ta t lv i ty  in 
c ~,~,~onAca! coordinates. 

This key equation, found by combir4ng eqs. ~)  
and (6'), can be wri t ten 

p d~ 

where 

~'r }o~ I C%Bo ~ 1,108)<1024Bo 

Here 5 is  a length p ,  a m e t e r  governing the 
rat~,e (in ~-coordtnate measure)  of the distr ibution 
in the radia l  direct ion,  Intrc~:PJJcing the new in- 
dep~r~tent v a r ~ t e  x and the new dependent va r l -  
ble ~ . / t h e  c~nsecutive de~i~4fion~ 

th-  : fffere • a l  equation take~ the lo rm 

~ 2  

r~-:d this has the firs'z in tegra l  

_(d~.)2 = q2 .~ 4e -2~ (B-) 

where  
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q~ ~ ~e'~ + (%1 ~ i)2, *I ~ #%=v 
(e,,,) 

Substitution of the integration variable ~ ~ ~ke O, 
quadra ture  and inversion,  yields th~ solution 

~ = in {-~(Bp)q +.~oT~]} , (9) 

where/~ is a coustant o f  integrat ion. Now f f  we re -  
qui re  only that ~ be regular at o = O, ~his deter- 
mines q to be equal to 1 and, it i s  then evldent~ fl i s  
a trivial scale factor which can be set equal to 1. 
Thus eq. (8), subject  only to the condition that 
be regu la r  at  0 = 0,  has the unique ~o|ution 

~(0)  = in (I  + 0 2) • '~ (99 

Eq. (7) then yields 

-Ao} .-' a in ( l  + ~ ) .  (10) 

The llne element, e¢~.. (I), then becomes 

ds2= (I ,.pb2dt 2- (1 ~ ¢)2)2 (dr2 ,. dz2) - r 2  

The radia l  proper d~stance out to a given value (11) 
of p is 

o 

and the cLrcumfe,-ence of a circle wiL': _,zdius given 
by p ,~md perpendicular  to the axis  is  

2~p 
• " i rcu~nferencep = ~ ) ~  ,v 

This  has  a maximum at p = i mud goes  to z e r o  hy- 
perb~:: :=Uy for  la rge  p, so  ~b.at as  one goes  out 
radial ly 0~e geometry  obtained is  l ike what one 
wo~d find if one moved along the s tem of a wine- 
gl~ss  towards the narro~,~ng end. 

Fr<.,,,'~ eq, (9') we see  t t a t  the skgaificx~c<: of the 
parameter ~ is that it is the r-coordlnate interval 
out to the rad~u~ .. ~ 1 where ~ has a point of in- 
Ae×~on, Le., where the o.cce!e~ z~lon of gravity ~:~ 
i s  a mv~L~um - what one may catt  the "~surfase" o~ 
the= s ta t ic  g e ~ .  The corresponding proper  dis tance 
~s ~ ~, ~ d  the prc~z, ~ : i r e u m f e r e n c e  at  the sur face  

'~ 'corn now to the specific interpre%*Aion of 
static ge~:t as a magnetic (alternatively electric) 
structure. The ten~or density of s t r e s s  o r  energy  
density is given in the mo~ genera~ (metric-in- 
depet dent) form of Maxwell theory for Lhis case  by 

The genera l  signifiem~ee of the H c ~ :  (H, D) and 

B~v ~- (B, E )  i s  as  fol lows:  Elec t romagnet i sm c~m 
be founded on the two basic pr inciples  of eormer- 
vatton of cha rge -cu r r en t  j a  and conservat ion of 
magnetoe lec t r ic  flttg B~w. F r o m  chax~e.q~'.wrent 
conservat ion  it  follows that je t  is representable  a~ 
the d ivergence  cf  a eontravar iant  bivector  density 
liaql 

j a  ~ Ha~l~, (14) 
in  ~na!ogy to the manner in  which f rom f lux con- 
servat ion i t  fo l inwg that Bix v is representable as 
the cur l  of a vec tor  potential. The H a~ plays the 
ro l e  of a " cha rge - cu r r en t  potential".  

How the express ion  for  ~ i n  eq. (69 is  to be 
part i t ioned into Hand Bparis ,  is given Im~aediate- 
ly by the relewant Maxwell equation 

(//31)/1 = O,  (14') 

or  H is everywhere a cormorant, which we choose 
equal to B o. Thas f rom eq. (6') there  follows : 

B31 = B o r e "2~p , (15) 

so that the physical compon~t  B of the magnetic 
flux distribution, which is f~ivon by the covariant 
B31 divided by the x3 and x ~ sca le  factors ,  is  

B = (g33g11) -½ B31 = ~ e -) '(r) . (15') 

We note that i t  i s  only because of  the ncnuniformity 
v f  the metric that B, and also the s t ress  energy 
density, shows a concenD'aled distribution. 

Eq. (!5) i s  just the same  as  would be obtained 
from the basic postulate of the theory of electro- 
magnet i sm in gravi ta t ional  fields,  according to 
genera l  r e la t iv i ty :  

H c~/3 ~ .f~" B a / ~  ,4T'ga~g~VBp.v, (16) 

which may be described as defining the "perme- 
ability" ~" "' ...... "d ie lec t r i c  constant" of space in the 
presence ol  g rav i  "ration. When appl ied to eq. (14') 
this g ives  

(H31)r = (j~'g33g 11 B31) r = ~ - ~ B a l ) r  = O, (14") 

Thus, in this s imple  case ,  one need not make ex-  
pl ici t ly the gener~l  re la t iv i ty  poetula~e for the 
electrom~nc~ ic f ield equations in curved space- 
tizae. The flux distributlcm follows directly from 
the equation for the balance of Maxwell stress 
against  the fo rce  of gravi ty ,  together with the gen-  
e r a l  metric-independent equations of electromag- 
netism * 

* J~e Newton|all modeI~ in which gravitattcya is an extra 
entity added onto a fiat-space background, comprises an 
~lternattve description of the phoaomeas to that of gen- 
era] relativity in which gravitation is an intrinsic ¢speet 
of the curved geometry. In e~ le r  case we should think 
of the ~pace as filled with a medium - the "mag~etic 
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From eqs. (15') and (i0) we have 

Bo 
B = (1+p2) 2 . ( t7)  

On the axis  the flux f ield s t r eng th  is  B o ;  a t  the 
" s u r f a c e " r  =ii o r  p = 1 i t  fa l l s  to ~ ~md, at  P = 2~ 
to t~ i t s  c en t r a l  valw~, We note that  with B o ~ 10 -5 
gauss ,  the o rde r  of magni tude of magnet ic  l i e lds  
found in i n t e r s t e l l a r  reg ions  6), the r ange  Zl of a 
s t a t i c  magnet ic  geon is  3.5 × 1029 cm. (When gaus -  
s i an  uni ts  a r e  used,  we mus t  r e p l a c e  B o in the 
Heavis ide-  Lorentz  uni ts  which we have  b e e n  using 
h i ther to  by B o ( g a u s s ) / , ~ .  ) With B o = 34 000 g a u s s  
cor responding  to the ve ry  l a rge  magnet ic  f ie lds  ob-  
s e r v e d  in e x t r e m e  magnet ic  s t a r s  7), the r ange  ~i 
equals  1.2 × 1020 cm, o r  aLout four  mi l l ion  t i m e s  
the d i ame te r  of the e a r t h ' s  o rb i t  about  the sun. 

The tota l  magnet ic  flux ¢ i s  obtained by in te-  
gra t ing  the physical  component  of B over  the  e n t i r e  
physical  a r e a  perpendicu la r  to the z axis  : 

foo 1 
¢'equiL = 2~B° o (1+-~  l+a ° "  ~ (1 + 0 2) ~ d~ = 

c z (!8) 
va2B o = ~?--V_ ~t, 

G~ 

We define the  "ef fec t ive  e l ec t romagne t i c  e n e r g y "  
Eem per  unit  phys ica l  length in the z d i rec t ion  by 
the in tegra l  of the physical  magne t ic  energy  dens i ty  

over  the volume spamued by the  e n t i r e  phys ica l  a r e a  
perpendicu la r  to the z -ax i s  and  by the  phys ica l  d i s -  
tance co r respond ing  to the z - i n t e r v a l  0 lo ~. The  
in tegrand d i f fe rs  f rom that  of eq. (18) only by the 
addit ional  fac tor  Bo / ( l+02 )  dz  and we obtain 

ptasm',. If we wan¢ to ex~mnd the flat-space rootlet to 
inc.~ude the deseripti,m of the mag~etm fie~i dlztr ~bution 
we must arbitrarily zndow the plasm w~tb permeability 
e2V/r, as can be seen from eq. (14"). 

~ii2Bo 2 @B o ~b 2 c 4 

Thus  we find the "e l ec [ romagne t i c  m a s s  pe r  unit  
length ') to be  

c2 
mere  = ~  ~ = 3,3f l9  x 1027 ~ J e m  . (20) 

The s t ab i l i ty  of the  s y s t e m  and the  bea r ing  on 
the grav i t a t i ona l  co l l apse  p rob lem will be  dis- 
cussed in a subsequent communication. 

If we go from the magnetic (or electric) case 
to the more general case of an index-p plasm geon 
we find that we can integrate the dynamical eqna- 
ttcrm in the same way as before.  Only slight gen- 
eralisations oI the form8 for J/r, ~, and ~ arise: 

~_B2 e - P ~  
~ a 7 ~ = 2  0 

7/~a 
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by M o r ~ a g a  and Gugelot  1) by m e a s u r i n g  the  
g a m m a  r a y s  fol lowing the  ( a ,  4n} r e a c t i o n  on Od 160. 
Following their work an experiment has been c a r -  
r i e d  out to search for states with higher angular 
momen tum in o r d e r  to clmck the  p red ic t ion  of 
Mot te l son  ~ Vala t in  2) about  the  upper  l imi t  of 


