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We show a relationship between the entropy production in stochastic thermodynamics and the
stochastic interaction in the information integrated theory. To clarify this relationship, we newly
introduce an information geometric interpretation of the entropy production for a total system and
the partial entropy productions for subsystems. We show that the violation of the additivity of the
entropy productions is related to the stochastic interaction. This framework is a thermodynamic
foundation of the integrated information theory. We also show that our information geometric
formalism leads to a novel expression of the entropy production related to an optimization problem
minimizing the Kullback-Leibler divergence. We analytically illustrate this interpretation by using

the spin model.

PACS numbers:

Information geometry ﬂj, E] is differential geometric
theory for elucidating various results in information the-
ory, probability theory and statistics. Applications of in-
formation geometry have been found in a variety of fields
including machine learning B], neurosmencigf], statis-
tical physics ﬂﬂ I and thermodynamlcs ) ].
The projection theorem ﬂﬂ | plays a crucial role in
applications of information geometry. For example, the
projection theorem unifies the conventional definitions of
information measures such as the mutual information,
the transfer entropy and several measures in the inte-
grated information theory E, 13, @]

The integrated information theory seeks for measures
of inseparability of networks Several measures
have been proposed by considering different ways of di-
viding networks m ﬁ . A possible promising mea-
sure of information 1ntegrat10n is the stochastic interac-
tion ﬂﬂ, @], that quantifies inseparability of stochastic
dynamics in two interacting systems.

In the field of stochastic thermodynamics m, @], a
similar problem of inseparability takes place. For ex-
ample, in the context of Maxwell’s demon, information
thermodynamic measures of the correlation between two
interacting dynamics have been discussed M] For
two interacting dynamics, we introduce a measure of in-
formation thermodynamics, namely the partial entropy
production for the subsystem @f’é If two interacting
dynamics are well separated, the sum of the partial en-
tropy productions for each subsystem are equivalent to
the total entropy production. This fact is known as the
additivity of the entropy productions. If two interact-
ing dynamics are not well separated, this additivity is
generally violated.

In this letter, we introduce a novel framework of
stochastic thermodynamics based on information geom-

ps(8) be the joint probability, where S = {5, ...,

etry. We introduce several submanifolds related to back-
ward dynamics, and the total entropy production and
the partial entropy production can be considered to be
given by the projections of the entire system onto these
submanifolds. From the inclusion property of these sub-
manifolds, we obtain a geometric interpretation of the
additivity of the entropy productions. This interpreta-
tion clarifies a relationship between the violation of the
additivity and the stochastic interaction. Additionally,
our framework leads to a novel expression of the entropy
production by considering an optimization problem to
minimize the Kullback-Leibler divergence. We analyti-
cally illustrate our results by using the spin models.

The projection theorem.— We first introduce the projec-
tion theorem in information geometry, which is a differen-
tial geometrical theory for the manifold of the probability
distribution , ] In information geometry, a Rieman-
nian metric is given by the Fisher information matrix
and a dual pair of affine connections are defined @] Let
SN} is
the set of random variables and s = {s1,...,sn} is the
set of events, respectively. In information geometry, the
set of the joint probabilities is considered as a manifold.
A subset of probabilities gives a submanifold M, and a
probability ps(s) corresponds to a point.

We now consider an optimization problem to minimize
the Kullback-Leibler divergence between two probabili-

ties ps(s) and gs(s),

D" (ps||M) := mingge mD(psllgs), (1)
= Ypston 55 @)

when gg(s) is in a submanifold M. If the submanifold M
is flat, we have the unique solution gg € M that satisfies

pS||Qs
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D (ps||M) = D(ps||qs)
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(Flatess of My L(Psllas) = D(psllgs) + D(dsllas)

FIG. 1: Schematic of the projection theorem. The subset of
probabilities gives a submanifold M, and the probability p
corresponds to a point. If M is flat, we have a unique solu-
tion g% of the optimization problem to minimize the Kullback-
Leibler divergence between the probability p and the proba-
bility gs € M. The flatness of the manifold is given by the
Pythagorean theorem, and the solution ¢§ is the projection
onto the flat submanifold M.

DP*(pg||M) = D(ps||gs). This unique solution g% can
be interpreted as the projection from the point pg onto
the flat submanifold M. In Fig.[I we show an intuitive
schematic of the projection theorem.

This projection can be understood by considering the
Pythagorean theorem

D(psllgs) = D(psllas) + D(gsllas), (3)

for any probability gs on the flat submanifold M [1].
This Pythagorean theorem can be regarded as the defi-
nition of the flatness of a submanifold M. In informa-
tion geometry, the Pythagorean theorem holds when the
geodesic connecting ps and ¢g is orthogonal to the dual
geodesic connecting ¢g and ¢s. From the nonnegativ-
ity of the Kullback-Leibler divergence D(g§||gs) > 0, we
obtain the fact that g% is the unique solution of an opti-
mization problem

D(psllgs) > D(psllas) = D" (ps||M). (4)

The total entropy production and projection.— We here
consider a Markov process. Let Z and Z’ be random
variables of the state of a system Z at time ¢ and t + dt,
respectively. Let pz, z(z,z’) be the joint probability of
the states s = {z,2’} corresponding to random vari-
ables S = {Z,Z'}. The transition probability is given
by T'(2', z) := pz/z(2'|z), where the conditional proba-
bility is defined as pz/z(2'|z) := pz/ z(2', 2)/pz(z) =
ps(s)/[>_. ps(s)]. Because the transition probabil-
ity T(2’,z) is a function of (2’,z), we can define a
new quantity T'(z, z’) by replacing z with z’. Remark
that T'(z’, z) is not equal to the conditional probability
Pz (212) = ps(9)/[, ps(s)]

In stochastic thermodynamics 23], the total entropy
production o2, is defined as the sum of the entropy

ps
Total entropy production

ol = D (ps||Mg)

ds

Backward manifold My

FIG. 2: Schematic of the total entropy production and the
projection onto the backward manifold Mg. The entropy
production ¢, is given by the minimum length from the
backward manifold D°P*(pg||Mg).

changes,

z . _Z zZ
Otot +— Usys + Obath- (5)

The entropy change of the system o2 is defined as the

Sys
Shannon entropy change from time ¢ to ¢ + dt.

O'sz;s = H(ZI)_H(Z)a (6)
where H(Z) = =), pz(2)Inpz(z) is the Shannon en-
tropy. The entropy change of the heat bath afath is de-
fined as

ot =E [ln %] =E[-InT(z,2")] - H(Z'|Z)
(7)

where the symbol E[-- -] := " _pg(s)--- denotes the ex-
pected value and H(Z'|Z) := H(Z',Z) — H(Z) is the
conditional Shannon entropy. The entropy change of the
heat bath can be regarded as the difference between the
conditional cross entropy E[—InT(z,2’)] and the con-
ditional Shannon entropy. The nonnegativity of the en-
tropy production is known as the second law of thermo-
dynamics. If the entropy production is zero, the system
is reversible and the detailed balance pz(2)T(z’,z) =
pz/(2")T(z,2') holds [51]. Hence, o2, quantifies irre-
versibility of dynamics.

We show that the total entropy production can be ob-
tained by the projection of pg onto a submanifold, called
the backward manifold. The backward manifold Mgy is
defined as the set of probabilities gg satisfying

Mz = {gslgs(s) = qz:(2")T(z, 2")}, (8)

where gz/(2') = >, qs(s) and T'(z, 2’) is defined from
ps(s). The backward manifold consists of probabilities
such that backward dynamics from Z’ to Z is equal to
the transition probability of pg. The backward manifold
is uniquely determined by pg. The total entropy produc-
tion of the Markov process is given by

Tior = D™ (ps|| M), 9)



which is the first main result of this letter. This result
means that the total entropy production can be regarded
as the minimum length of pg to the backward manifold
(see also Fig. ). To prove Eq. (@), we introduce the
joint probability ¢&(s) = pz/(2")T(2,2') € Mg, the
entropy production is given by the Kullback-Leibler di-
vergence o5, = D(psl|gs) [52]. Because the following
Pythagorean theorem

D(psllgs) = D(psllas) + D(gsllas) (10)
is valid for any gs € Mp [51], we obtain the first main
result Eq. ([@).

The second law of information thermodynamics.— We
next consider the situation that the system Z consists
of two subsystems X and ), and random variables Z
and Z’ are given by Z = {X,Y} and Z' = {X', Y},
respectively. The transition probability of the subsys-
tem X for fixed states {y,y'} is given by T¥(2/, 2) :=
PX'|Y/,Z($/|?/,Z)-

The partial entropy production for the subsystem X is
defined as

Ug(artial = O's);s + Uf:a‘th - ®X‘>ya (11)
ol =H(X') — H(X), (12)

TX (2, z)] 13)

o =E {ln W
Y Y = (X" {Y,Y'}) - I(X;{Y,Y'}). (14

where I(Z;Z') = H(Z) — H(Z|Z’) is the mutual infor-
mation between two random variables Z and Z’. The
additional term ©*~Y quantifies dynamic information
flow from the subsystem X to the subsystem ). Thus,
the nonnegativity of the partial entropy production can
be regarded as the second law of information thermody-
namics for the subsystem o 401, > O Y, which im-
plies a trade-off relationship between the entropy changes
0+ 0payn and information flow © Y. The partial en-
tropy production for the subsystem X quantifies local
irreversibility of dynamics in the system X. The partial
entropy production vanishes if dynamics in the system
X are locally reversible, that is pz y-(z,y’") T (2, 2z) =
pzy (2, 9)T* (2, 2').

We here show that the partial entropy production can
also be derived from the projection of pg onto the local
backward manifold. The local backward manifold of the

system X is defined as the set of probabilities such that
MfB = {qS ‘QS'(S) = qY,Z'(yu Z,)TX(Z7 Z/) } ) (15)

where gy, z/(y,2’) =Y, qs(s) and T (2, 2’) is defined
from pg(s). The local backward manifold means the set
of probabilities such that local backward dynamics from
X’ to X is equal to the transition probability in X of
ps. The partial entropy production of the subsystem X
is given by

U];\;rtial = D' (ps||Mig), (16)

Partial entropy production Ps

Ug(amal = DoPt (PS“M?B)

Total entropy production
ooy = D (ps|| M)

Mis
X *
ds *.
Local backward manifold
\qs
*
Mz g5 (gs)

Backward manifold

Hierarchy of the entropy productions: D°P*(ps||Mi'p) < D°P*(pg||Mp)

FIG. 3: Schematic of the partial entropy production and the
hierarchy of the entropy productions. Because the local back-
ward manifold includes the backward manifold, the partial
entropy production is always smaller than the total entropy
production.

which is the second main result of this letter. To
prove Eq. (I8), we introduce the probability ga*(s) =
T¥(z,2")py,z(y,2') € Mi5. Because we can show the
following expression

O-]/—)‘;rtial = D(pqugj*), (17)

and the Pythagorean theorem

D(psllas ) = D(psllgs*) + D(qs *llgs),  (18)

for any ¢q& € M;js, we obtain the second main result
Eq. [I6). If we introduce the quantities for the subsys-
tem ) such as (Ty,agartia],agg,s,agath,@yﬁx,Mi}B) by
replacing (X, X’) with (Y,Y”), we obtain the same re-
sults Eqs. (II)-({I04) for the subsystem ).

We notify that our geometric interpretation provides
the hierarchy of the entropy productions. Because the
backward manifold is a submanifold of the local back-
ward manifold Mg C Mj;, we obtain the hierarchy
DOPt (pg||Mi) < DPi(pg||Mp), or equivalently

X zZ
Upartial < Otot- (19)
This hierarchy of the entropy productions implies that
the second law of information thermodynamics always
gives a tighter bound than the second law of thermody-
namics (see also Fig.3). Moreover, if the subsystem X}
includes the subsystem X5, we obtain the hierarchy of
the entropy productions
X. X

Up;rtial < U])alrtial7 (20)
from the inclusion property Mfﬁ; - Mi% This hierar-
chy clarifies the relationships between the second laws of
information thermodynamics in complex systems.



The stochastic interaction.— We here introduce the
stochastic interaction [17, [19] as a measure of bidirec-
tional information flow. The stochastic interaction |17,
19] is defined as

st := D(pz,z'||px+1zPy'|2P2Z), (21)

This quantity is zero if the stochastic process sat-
isfies the bipartite condition Cgp pzz(Z'z) =
px/1z(@'|2)pyz(y'|z). The bipartite condition Cpp
means that two transitions in X and ) are statisti-
cally independent, because the transition probability
T*(2',2z) = px)z(x'|z) does not depend on gy’ under
the bipartite condition. We also define the stochastic
interaction for backward dynamics as

of; = D(pz,z'|lpx|z vy |z'pz), (22)

which exactly vanishes under the backward bipartite con-
dition Cy : pzz/(2]2") = px |z (2|2 )py |2/ (y|2").

While the stochastic interactions are measures of bidi-
rectional information flow, the dynamic information flow
©*7Y is a measure of directed information flow. @Y
can be decomposed into the mutual information differ-
ence AZ and the measures of directed information flow,
i.e., the transfer entropy I(X;Y’|Y) [53, 54] and the
backward transfer entropy I(X’; Y |Y”) [35],

O Y = AT+ (X" YY) - I(X;Y']Y),  (23)
AT :=I(X"Y') - I(X;Y), (24)

where I(Z;Z'|Z") .= H(Z|Z") — H(Z|Z’',Z") is the
conditional mutual information between Z and Z’ un-
der the condition Z”’. To compare the dynamic infor-
mation flow with the stochastic interaction, we consider
the bidirectional information flow by considering the sum
of @YY and ©Y~*. The relationship between the
stochastic interaction and the dynamic information flow
is given by

QYY1 @YY AT = &gy — D). (25)

Additivity and information integration.— We next dis-
cuss the additivity of the partial entropy productions.
We show that the violation of the additivity is related
to a measure of integrated information, i.e., stochastic
interaction. Under the bipartite condition Cgr, we have
the additivity of the entropy productions up to the order
O(at?) 31,

z _ X
Otot = O

partial + Ug)artial' (26)
From Eq. (26)), the hierarchy Eq. (IT9) is equivalent to
the second law of information thermodynamics for the
subsystem ), that is U;)))artial > (0. If time evolution of
two systems are strongly correlated, the assumption of

the bipartite condition is not valid, and the additivity

Eq. (26 is violated. The amount of the violation is given
by the stochastic interactions and the additional term

z X RY — i
Otot — Ppartial — 9partial — Prath + Pst — (I)SI’ (27)
. Z X y
Phath *= Thath ~ Tbath ~ Thath- (28)

The additional term @y, quantifies to what extent the
additivity is violated in the heat bathes. This measure
Pt can be considered as a novel measure of informa-
tion integration for thermal systems, because the entropy
change does not attract much attention in integrated in-
formation theory.

We show a geometrical condition of this additivity
under the both bipartite conditions Cpr and Cj;. The
both bipartite conditions implies the relationship be-
tween three manifolds

Mp = M5 N M. (29)
Because Eq. (26) can be written as

D(psllgs) = D(psllgs ") + D(psllgg™),  (30)

we obtain the following relationship

D(ps|las*) = D(q¥*[|g5), (31)
D(psl|q¥*) = D(qs *|l45), (32)

from the Pythagorean theorem Eq. ([[04). The equa-
tions (BI) and ([B2) implies that the parallel sides of a
quadrangle have the same length. Therefore, the addi-
tivity Eq. ([28) can be understood from the rectangle con-
dition in information geometry (Fig. ). The measures
of information integration @y, + Pgr — @gl quantifies a
distortion of this rectangle.

Ezxample I: Single spin model.— We illustrate the main
result Eq. ([@) by the single spin model [51]. Let Z = {5}
and Z' = {S2} be random variables of the spin at time
t and t 4 dt, respectively. The each spin has the binary
state s; € {0,1}. The joint probability is generally given
by the exponential family

p%(s1,52) =exp Z 50" + Z sis;07 — ds(0) ], (33)

i<j

where @ = {6',6%,0'2} is the set of parameters,
and ¢g(@) is the normalization factor that satisfies
> . p%(s) = 1. The number of the elements in 0 is
(22 — 1) = 3, so the set of the probabilities pg can be
represented by 3-dimensional submanifold. The back-
ward manifold Mg is given by the constraint of the pa-
rameters

Mg = {p%|6" = 62,62 = 912} (34)

Because a free parameter is 62, the backward manifold
for the single spin model is 1-dimensional.
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FIG. 4: Schematic of the additivity and the rectangle. Under
the both bipartite conditions Cgr and Cg;, the backward man-
ifold is equal to the intersection of the local backward mani-
folds. The additivity of the entropy production indicates that
the parallel sides of a quadrangle (ps,qa*, q%, q?g}*) have the
same length.

Our result Eq. (@) can be rewritten as the optimization
problem of 62,

o, =ming: D(p%||p%) (35)

91:9&)912:912
=E[s1](6" — 6%) — ps5(0*,6°,6'%)
+ mings [E[SQ](éz —07) + ¢s(62,62,61)| . (36)

This problem can be numerically solved by using a con-
ventional optimization tool.

Ezxample 1I: Two spins model.— We next illustrate our
results by the two spins model [51]. Let Z = {51,552}
and Z' = {S3, 54} be random variables of two spins at
time ¢ and t 4 dt, respectively. The spin has the binary
state s; € {0,1}. We assume the situation that the both
bipartite conditions Cgr and Cf; holds. Under the bipar-
tite conditions, the joint probability of the spin state is
generally given by the exponential family

pg(s) =exp Z s;0" + s1830"% + 51540

2

+8283é23 + 8284é24 — ¢S(é) . (37)

The backward manifold is given by the constraint of
the parameters

Mg = {p|6* = 67,67 = 6”1, (38)
0¥ = (0',0'3,0'%), ¥ = (6°,0'3,6%), (39)
Gy = (927 9247 923)7 é)} = (é47 é247 é14)7 (40)

where a coordinate 6 represents a probability on
the backward manifold. Because free parameters are

{03,0%}, the backward manifold for the two spin mod-
els is 2-dimensional. The condition of the local backward
manifolds are also given by the linear constraint of 0,

Mily = (510" =0}, My = {p§16” =6} (41)

Because free parameters are {63, 6% 6V} ({6%,6% 07*}),
the local backward manifold My (Mfs) is 5
dimensional. The intersection of these two local back-
ward manifolds is the backward manifold Mp = M N
M%’B. As discussed in Example I, the total entropy pro-
duction and the partial entropy productions are obtained
from the optimization problems

0Z, =mings s DRSPS . (42)

Oibtiat =ingo 1,05 DRI . (43)
: 01,0

UinmalzanWSﬂ%OX LKPSHPS)ey:éy' (44)

Without the bipartite condition Cpr and Cf;, the joint
probability is generally given by

Pa(s) =exp [ D sl + D sisi07 + D sissibt

i<j i<j<k

+ Z sis;sps109F — 5(0) | . (45)

1<j<k<l

If the vector (éu,é34,§123,é134,é124,é234,é1234) is non-
zero, the bipartite conditions are violated and mea-
sures of information integration ®gy, fIJ;I and Pp,in have
nonzero values.

Conclusion  and  discussion.-By  applying the
information-geometric framework, we show the re-
lationship between the entropy production and the
stochastic interaction. Our result can be a foundation of
the integrated information theory based on the physical
law. We may discuss a thermodynamic cost of the
information integration based on this framework.

Because the second law of information thermody-
namics is essential for biochemical information process-
ing [33, [55-60], this work would give a geometric insight
into biochemical information processing. This work pro-
vides a physical validity of the integrated information
theory [13, 14, 18, 20] for the biochemical information
processing.

From a view point of thermodynamics, our results are
complementary to other geometric expressions of the sec-
ond law, such as the principle of Caratheodory [61] and
the maximum entropy thermodynamics [62, 63]. Our
framework would be applicable to other generalizations
of the entropy production, for example, thermodynamics
under feedback control by selecting the backward mani-
folds for the feedback control [51].
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SUPPLEMENTARY INFORMATION

I. Review of the second law of thermodynamics in stochastic thermodynamics

We here review the second law of thermodynamics in stochastic thermodynamics. We start with the master equation

dt

z

4 (2';t) = Z W(z = 2';t)p(z;t) — W(2' — z;t)p(2';t)],

(46)

where p(z;t) is the probability of the state z at time ¢, and W(z — 2z’;t) is the transition rate from the state z to
the state z’ at time ¢. In the notation of this paper, the probability of z is given by pz(z) = p(z;t). From the master
equation (Ql), we obtain the probability at time t + dt,

p(2';t+dt) = Z (W(z = 2'5t)p(z;t)dt + (1 — W (2 — z;t)dt)p(2';t)].

z

(47)

In the notation of the main text, pz(z) and pz/ (2’) are given by pz(z) = p(z;t) and pz/(2') = p(2’; t+dt), respectively.
We also obtain the relationship between pz and pz' as

pz(2') = p(z';t) + O(dt) = pz(2') + O(dt).

(48)


http://arxiv.org/abs/1603.07758

The transition probability T'(z’, z) is given by
W ") dt !
R LR EID (= #72), o)
(1= W(Z = zt)dt) (z==2
Here, we consider the detailed balance. The condition of the detailed balance is given by
Wiz — 2';t)p(z;t) = W(2' — z;t)p(2';t) (50)

for any z and 2z’. This condition is valid if the system is in equilibrium. By using the transition probability Eq. (@9)),
we obtain another expression of the detailed balance condition Eq. (B0) as

T(2,z)pz(z) = T(z,2")pz (%), (51)

where we used W (2" — z;t)p(2/;t)dt = T(z,2")pz(2') = T(z,2")pz/(2') + O(dt?). Therefore, the detailed balance
condition Eq. (B0) implies the reversibility of dynamics in the transition from ¢ to ¢ + d¢. From the identity by the
Bayes’ rule

pz(2)
pz/(2')

pzz/(2|2") =T(Z, 2) (52)

the detailed balance condition Eq. (B0) can be rewritten as
T(z,2') =pziz/(2]2). (53)

Next, we discuss the second law of thermodynamics. For the master equation, the total entropy production ratio
o2, /dt is defined as

W(z = 2/;t)p(z;t)
W(z' — z;t)p(2';t)”

z
Otot _ . .
d(t) = E W(z = 2';t)p(z;t) In

z,z'

(54)

If the detailed balance condition is valid, the entropy production vanishes o2, = 0. By using the transition probability
T(2'|z), we obtain another expression of the total entropy production

W(z = 2';t)dtp(z;t)

G = D, Wiz 5t)dtp(zit)n Wz — 2 8)dip(2':1) (55)
z,2'|z#£2' ’ ’
= Z T(Z',2)pz(z)In ;:((zz;;z);f)zzlgzl)) + O(dt?) (56)
z,2'|z#z2' ’
= Z T(Z,2)pz(z)In CZT(S/,,Z;Z));ZZ/Z’)) . (57)

To introduce two probabilities ps(s) = T'(2, 2)pz(z) and ¢§(s) = T(z, 2" )pz/(2') with S = {Z,Z'} and s = {2, 2"},
this expression of the total entropy production Eq. (B7)) can be regarded as the Kullback-Leibler divergence between
two probabilities

O'Z = S npS(S)
tot ;ps( )1 qg(s) (58)

= D(psllgs)- (59)

I1. The detailed calculation of Example I: Single spin model

We here show a detailed calculation of the single spin model. The spin state at time ¢ is z = 1 € {0,1} and the
spin state at time t + dt is 2’ = sy € {0, 1}, respectively. We here start with the master equation

d

P(sst) = D Wis = s t)p(s;t) = W(s' = s;t)p(s';1)], (60)

S



where p(s;t) is the probability of the state s at time ¢ and W (s — s';t) is the transition rate from s to s’ at time t.

The transition probability T'(se, s1) is given by

(1 =W(0 — 1;t)dt) (s1 =0,s2 =0),

T(SQ 81) _ W(O — 1;t)dt (81 =0,89 = 1),
’ W(1 — 0;t)dt (51 =1,89 = 0),

(1 -=W(1 —0;t)dt) (sy=1,82=1).

The joint probability pg(s) is given by

(1= W(0 — 1;t)dt)p(0; ) (
W(0 — 1;¢)dtp(0;t) (
W(1 = 0;¢t)dt(1 — p(0;1)) (1=
(1=W(@ = 0;t)dt)(1 —p(0;t)) (

ps(s) = T(s2,s1)p(s1;t) =

Here we introduce the joint probability pg(s) as the exponential family
pg(s) = exp(élsl + 6%55 4 025155 — ¢5(é1 6> é12))
os(0',6%,0'2) = n [1 +exp(81) + exp(62) + exp(6 + 62 + 1) ,

which implies

exp(—¢s(él, é2, 612)) (s1 =0,82 =0),

o exp(6? — ¢s(6',6,6'2)) (s1=10,82 = 1),
P5(8) =\ cxp(@ — bs(6".0%,6)) (51 = 1,80 = 0),
exp(0' + 02 +0'2 — ¢5(01,62,0'2)) (s =1,50=1).

The transition probability T'(sz, s1) = pg(s)/[zs2 pg(s)] is given by
T(s2,81) = eXP(éQSZ + 025155 — ¢S2IS1(51|92, 912))7
¢52|51 (81|é27 él?) =In|l+ exp(é2 + é1251) .

(62)

(64)

(65)

Because of one-to-one correspondence, we identify pg(s) with pg(s). From Egs. (62) and (64]), we obtain the rela-

tionship between (A1, 62,0'2) and (W (0 — 1;t), W(1 — 0;), p(0; 1)) as
1
pS(O,O)
—1In[(1 — W(0 = 1;¢)dt)p(0;1)],
' = ps(0',6%,6") + In[W (1 — 0;t)dt(1 — p(0;t))]
ps(l,O)
ps(0,0)
W(1 — 0;t)dt(1 — p(0;¢))
(1 —W(0 — 1;t)dt)p(0;t)’
0% = 5(0',62,6'2) + In[W (0 — 1;t)dtp(0; t)]
_ npS(Ov 1)
ps(0,0)
W0 = Lty
TS WO S Lhat
12 — $g(0",6%,6"%) — 0' — 62 + In[(1 — W (1 — 0;8)dt)(1 — p(0;1))]
_ 1, Ps(0.0)ps(1,1)
ps(0,1)ps(1,
=

ps(0,62,6'%) =1n

=In

0)
H)dt[1 — W (L — 0;8)dd]
t

w0 —1;
(W (0 — 1;6)dt][W(1 — 0;t)dt]

(67)

(68)

(69)
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We here consider the backward manifold defined as
Mg = {qslas(s) = gs,(s2)T(s1,52)}. (70)
If we use the expression of the exponential family for gs(s) = p%(s), the reversible manifold is given by
Mg = {p%(s)|0" = 6%,0'% = 6}, (71)
because the condition gs(s) = gs, (s2)T(s1]s2) can be written as

exp(0'sy + 025155 — ¢51|52(82|91, 0'%)) = exp(é281 + 02598, — ¢52|51(82|é2, ém)), (72)
¢51|52(51|91, 6'?) = In [1 + exp(0 + 91251)] . (73)

We here obtain the following Pythagorean theorem for any ¢s € Mg,

D(psllas) = D(psllas) + D(gsllas),
qs(s) = exp(é251 + 0% 55 + 025189 — ¢S(é2, 6%, é12)), (74)

with the constraint

Y as(s) =) ps(s). (75)

In our main result, the total entropy production is given by the following optimization problem
oty = D' (ps||Mz) = D(psllgs)- (76)

By using the expression by (01,62, 6012), this optimization problem can be written as

Utzot = mingg emsD(psllas) (77)
= mingz [E[s1](0" — 6%) + E[s2)(0° — 0°) — 65(0",0°,0'%) + ¢5(0%,6%,0")] (78)
= ]E[Sl](él - 92) + E[SQ](éQ - 92*) - (bs(élv é?*, él?) + (bs(ézv 92*5 élz)? (79)
where E denotes the expected value E[---] =" _ps(s)---. The constraint Eq. (73] is calculated as

exp [(éQ — 0%)s5 — ¢5(0",6%,0"%) + 95 (62,67, 9A12)} = exp {¢51\52 (52]60%,6'2) — $5,15, (s2/6", ém)} - (80)
Under the constraint Eq. (80), the optimization problem Eq. (T3] is calculated as
0, = B [s1(0" = 0%) + 52(0% = 0) — 65(0",0%,0') + 95 (6*,0*,0'2)]
= [51(0" = 0%) + 65,15, (52107, 6') — s, 5, (5216",62)] (81)

We can check the equivalence between Eq. (8] and the original definition of the total entropy production as follows,

T(s2,s S
oZ, = ZT(52,51)p51 (51)1DTES%M
) 2

T(Sz, Sl)p51 (51)
T'(s1]s2)ps, (s2)

el Psy19,(51]52)
=E|In ~ ~ ——
exp(9251 + 9125152 - (ng\Sl (52|02, 912))

=E |In

& [ N exp(flsy + 025159 — ?5,15, (s2]62,012))
exp(02s1 + 0125152 — ¢, s, (52]62,012))
=K Sl(él - éQ) + ¢51\52 (52|é2a é12) - ¢51\52 (52|é1’ éu)} ) (82)

where we used ¢g,|s, (s2]62,0'2) = ¢51|52(82|é2, 0'2).
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III. The detailed calculation of Example II: Two spins model

We start with the joint distribution
p%(s) =exp Zsiéi + ZSiSjéij + Z sisjsE07F + Z si8;55507" — 95(0) | (83)
i i<j i<j<k i<j<k<l

where s = (s1, 52, 53, 54) = (2,9, 2',y') is the spin notation with s; € {0,1}, and ¢5(6) is the normalization constant
that satisfies >, p%(s) = 1.

We consider the both bipartite conditions Cg; and Cf;. We here compare pg(,|z(:c’|z) =Y. pg(s)/[z:%54 p%(s)]
with pg{/\z,yf (@'|z,y") = p&(s)/[>,, P%(s)]. The conditional probability pgc,lz(cc’|z) is calculated as

lnpg(/‘z(mﬂz) =530° + 51530"% + 525507 + 5152830'% — ox11z(s1, 52|é)7

dx11z(51, 52|é) :=In {exp (93 + 510" + 55023 + slszém?’) + 1} . (84)
The conditional probability pi,l zy (x'|z,y’) is calculated as

9 ’ ’ h3 13 423 H34 4123
pyzy (x'|z,y") =830 + 51830"° + 82830°° + $3540°* + 8152530
/134 /234 41234 A
+ 515384077 + 525354077 + 515253540 — dxz,y/ (51, 52, 54|0),

bx1z,v (51, 52, S4|é) :=1In [exp (ég 4 510" £ 50023 4 5,03 1 5159023 1 515,013 + 595,023 & 515254é1234) + 1} .

(85)
From Eqs. (84) and (83]), we obtain the condition of Cp; : pi,lz’r = pi,‘z as
Cpp: 631 = 13 — §234 — §1234 _ ¢, (86)
In the same way, we also obtain the condition of C§; as
Cry 012 = 4123 — §124 — 1234 _ ¢ (87)

To clarify the relationship between Cpy and Cf;, we can consider the permutation (a(1), a(2), a(3), a(4)) = (3,4, 1,2).
The condition of Cf; is given by the condition of Cpy with the permutation c,

CEI . éa(3)a(4) _ éa(?;)a(ll)a(l) — éa(?;)a(4)o¢(2) — éa(3)a(4)a(l)a(2) —0. (88)

ANext, we di?cuss the backward manifold Mp.  The transition probability T(z',z) = pg,‘z(zﬂz) =
pg(s)/[g:sgﬁs4 pg(s)] is calculated as

InT (2, z) =530° + 540* + Z ;520" + Z 5;530%
i<4 i<3
+ Z sisjskéijk + Z sisjsksléijkl - ¢z/\z(51752|é)7
i<j<k 1<j<k<l
$z:12(51,52/0)
—In [exp(é3 0% 4 510™ 4 59024 + 0% + 51013 4 5907 + 515902 + 5150024 + 510134 4 5,623 + 3132é1234)

+ exp(é‘o’ 45103 4 5,023 1 51529123) + exp(é4 + 510 + 5002 + 51529124) + 1} . (89)
The conditional probability pglz, (z|2') = pg(s)/[z:sh52 pg(s)] is also calculated as

Inpg 2 (2]2)) =510" + 5202 + > 5150+ 595,67
1<i 2<i
- - )
+ Z 5i555,0"" + 5 5;855k810""" — @77/ (83, 54]0),
1<j<k 1<j<k<l
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$z12 (3, 54|0)
=1In [exp(él + 62 + 53é23 + 54924 + 612 + 53913 + 54914 + 8354é134 + 53549234 + 539123 + 549124 + 535451234)
+exp(0" + 530" + 540" + 53540"3) + exp (0% + 5307 + 5,0%* + 535,0%% + 536'%%) + 1} . (90)
The backward manifold is defined as
Mg = {p§(s)|p§(s) = p% (=) T (2, 2)}, (91)
where p%,(z') = 3, p%(s). The equations ([89) and (@0) yield
Mg = {pg ‘6‘1 — 03, 0% = 0% 0% — 01, 924 — G2, 912 — P, 913 — 13, g1 — %3,
I3t — (123 9234 _ G124 123 _ G134 124 _ 234 1234 _ 91234} . (92)

Under the both bipartite conditions Cpr and Cgy, the joint probability is given by

BI® _ 6
Ps=Ps §34:§134:§234:§12:§123:§124:§1234:0' (93)
For this distribution pBlg, the condition of the backward manifold is given by
Mg = {pBI: ’91 3,02 = 04, 073 = 01, 024 = 024, 913 = '3, 914 — } (94)

Next, we discuss the local backward manifold MfB. Then the tra{lsition probz}bility T2, z) = pg(/‘ zy (@']2) s
given by Eq. (88). The conditional probability png,y(:ﬂz’, y) = p%(s)/[2,, P%(s)] is calculated as

0 ’ A1 412 H13 14 4123
lan‘Z,ﬁy(:c|z ,Y) =5107 4 5152077 + 5153077 + 515407 + 5152830
f124 f134 71234 i
+ 51828407 + 515354077 + 5152535407 — dx|z/ v (52, 83, 54]0),

x|z, vy (52,53, S4|é) :=In {exp (él + 520" + 53é13 + 540 + 5983017 + 595,024 + 5354é134 + 52535491234) + 1} .
(95)

The local backward manifold is defined as
Miy = {p%lp%(s) = % v (2, y) T (2,2)}, (96)
where p%, v (2',y) = >, p%(s). The equations (B5) and ([@5) yield
M[/‘jB — {pg ’91 — é?), 912 _ é347 913 913 014 923 9123 9134 9124 9234
P34 — G123 234 _ G124 1234 _ é1234} ' (97)
In the same way, we obtain the condition of Mi}B
Mi)B _ {pg ‘92 _ 9“4, 912 — 9“347 923 — 914 924 — 924 9123 — 9134 9124 — 9234
QL34 _ (123 234 _ 124 1234 _ 9”1234} _ (98)

To clarify the relationship between M5, and M7y, we can consider the permutation (o/(1),a/(2),a/(3),a'(4)) =
(2,1,4,3). The condition of Mi’R is given by the condition of Mi with the permutation «’,

MLB = {pg
g’ (V' (2)a’(3) _ éa’(l)a’(3)a’(4) ga’(l)a’(2)o/(4) _ éa’(Z)a’(B)a’M) ga’(l)a’(B)a’M) — ¢§Ot’(1)cv’(2)o/(3)7

po' (1) Z Go'3) e (Da'(2) _ o’ (3)a(4) ga’ (1’ (3) _ o’ (e’ (3) o’ (Da’(4) _ o’ (2)e’(3),

o’ (' (3)a’(4) _ fa’ (e’ (2)a’(4) ~ ga’ (e’ (2)a’ (B)a’(4) _ fo’(1)a’ (D) (3)0/(4)}, (99)
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For this distribution pBIZ under the both bipartite conditions, the local backward manifolds are given by
M, = {pBI: ‘91 — (3,013 — 413 g4 — é23} : (100)

MYy, = {pBIg ‘6‘2 — 4, g2t = 24 % — é14} ' (101)

IV. The case of feedback control

We consider the situation that the time evolution of the system X depends on the fixed memory M. This situation
is well known as the problem of the Maxwell’s demon under feedback control. We show that the partial entropy
production for this case can also be discussed in our unified framework.

Let X and X’ be random variables of the system X at time ¢ and t+dt, respectively. Let M be a random variable of
the memory M. We denotes the set of random variables as S = {X, X', M}, and the set of states as s = {x, 2’, m},
respectively. The joint probability of S is given by ps(s). We consider the situation that the transition probability
of X depend on the state of memory,

pX'\X,M(w,|wam) = TXM(wlvmaw)a (102)
where px/ x ar (x|, m) = ps(s)/[>_, ps(s)]. We here introduce the feedback backward manifold such that

Mg = {gslgs(s) = T*M(x,m, " )gx pr(x’,m)}, (103)

where gx/pr(x’,m) = 3 qs(s). The feedback reversible manifold is equivalent to the reversible manifold Mg =
Mg, if we consider the time evolution from Z = {X, M} to Z’ = {X’, M}. If the joint probability ¢g is on this
manifold Mpg, dynamics of X are reversible in time under feedback control. If we introduce the joint probability
qaM*(s) = T*M(x,m,z")px, am(x’,m), the following Pythagorean theorem is valid for any gs € Mpr,

D(psllas) = D(ps|lagg™*) + D(g5™*||gs)- (104)

Thus, the feedback backward manifold is flat, and the solution of the optimization problem D°P!(pg||Mpg) is given
by

D (ps||MrpB) := minggemps D(ps|lgs) (105)
= D(psllgs ™). (106)

We here derive the result that the partial entropy production under feedback control af)e{edback is given by the
optimization problem

Uf.)c(cdback = Dopt (pSHMFB) (107)

The partial entropy production under feedback control O'tegcdback is defined as
Ovedback = 0-52;5 + Opaen — A, (108)
ohs = H(X') — H(X), (109)

T¥M(x! m,x)
X L ] 9

Opath — E [In m N (110)
AT :=I1(X";M)—-1(X; M), (111)
where USA;,S is the entropy change of the system X, ok)fath is the entropy change of the heat bath attached to the system

X and AZ is the mutual information change between the system X and the memory M. To show the following
relationship

Uf)gedback = D(PSHng*)a (112)

we obtain the result Eq. (I07). The second law of information thermodynamics under feedback control is given by
the nonnegativity of o 4. 4,

Olys + Ot = AL (113)

This inequality implies the trade-off relationship between the entropy changes in the system X and the information
between the system X and the memory M.



