
M E T R I C  OF  A C L O S E D  F R I E D M A N  W O R L D  

BY AN E L E C T R I C  C H A R G E  

('IIlE()RY OF ELECTI~OMAGNETIC ~FRIEDMONS m) 

M . A .  M a r k o v  a n d  V . P .  F ' r o l o v  

P E R T U R B E D  

Tolmans'  w e l l - k n o ~  problem fs generalized to the case of electr ical ly ctmrged dust-like 
mat ter  of a central ly  symmetr ic  s y s t e m .  F i rs t  integrals are found of the corresponding 
E ins t e in -  Maxwell equat!ons. The problem i s  then specialized in such a way that the 
metr ic  of a closed Friedman world  ts obtained when the total charT.e of the system tends 
to zero.  Such a system ts  considered at th~ initial Insh'lnt, the time of maxlmttm expan- 
sion. For  any arb i t rar i ly  small  electr ic charge, the metric i.a not ctosed. The ~ e t r i c  
of the almost  Friedman part of the .world ts continued through a nai.row throat (for a 
small  charge) by the NordstrOm - Reissner  metr ic  with parameters  satisfying ".r~ rr~ = e o. 

The expression for the e lec t r ic  potential in the throat ~h = c2/~r~ does not depend on the 
magnitude of the electr ic  charge.  With increasing charge,  the r~tdius of the throat in- 
c r ea ses  (r h = e0-/v./c2). The state of the throat in the classical  description is essentially 
unstable from the point of view of quantum physics. The generation of all kinds of pairs 
in the t remendously s trong eIectz:ic fields of the throa,t polarize the latter to an effective 
charge Z < 137e, ir~'espective of the initial, a rb i t rar i ly  large charge of the material  
sys tem.  

1.  G e n e r a , ~ t z a t i o n  o f  T o l m a n " s S o l u t i o n  to  t h e  C a s e  o f  E l e c t r i c a t i y  

C h a r g e d  D u s t - L i k e  M a t t e r  

The ~olution o.f Einstein 's  equations fo~" the case of  a central ly symmetr ic  gravitati,onal field in a 
rumor ing  frame for dust : l ike matter  (pressure p = 0) was found by Tolman [1|. 

In connection with a number of problems, Interest attaches to a generalization of Tolman's  solu- 
tion to the case  Of'e lec tr ical ly  charged dust-l ike matter.  It is well known that Fr iedman 's  closed world 
is des'cribed by pzr t icular  so|uti,~ns of Tolman's  problem. It is also well known that the metric of tbo 
world cannot be closed if thz matter  is charged, even if the matter  density exceeds the cr i t ical  density. 

The question a r i s e s  of the manner in which the metr ic  of a closed Friedman world ".,s altered under 
the influence of, say.  a weak perturbation resulting from the presence of an electr ic  charge.  The answer 
to this question must be found by ~olving simultaneously the E ins te in -Maxwel l  system of equations 

a?  = A? - ~ ~ ? R -  s=~---tz? - -  c '  + E ? ) ,  (1~ 

F ~t.k t 0 4n  " 
. . . .  0 ' -  gF~) = - ~1~, (2) 

i-g a~ a r 

OF~h . aF~a . OFt( 
o ~  - +--A-S, + ~ -  = 0. (3) 

We take the energy tensor  cn the right-hand side of (1) in the form 
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whe: 'e  

Tj+EJ= 0 - - h / 8 ~  (4) 

A = e ' / r~  = .-F0,e*t iS) 

a r i s e s  a s  a r e su l t  Of the so lu t ion  of the Max . : e l l  equat ion for  the ca.se of a a p h e r i c a I l y  s y m m e t r i c  s y s t e m .  
H e r e  

is  the  m a t t e r  t e n s o r  In the  comov ing  f r a m e  (x ~ = q) .  

Wr i t t en  out in fu l l ,  Eq- (I)  has  the fo rm 

�9 ~ 1  $ ~ 

- ~ p v ~ - ' ~ l ~  ) - - r  ,=, A = - - ~ . ,  (1) 

8nx t "-'' ,~" p ' 7 . "  
- . - ~ - ( r , , +  E , ' ) =  -~e-~(.~v -r + 2t,'+l~ a -  v'~'+p'v') 

| . - -  X + T e -  (xv + ~ G - / . / , -  ~A - - x , -  2~ ' -  ~,) = ~ A  _~ ~,  

=. --~-e + - ~  

8 a ~  , I ~ �9 �9 . 

(It) 

(Ill) 

(IV) 

H e r e ,  we have taken t h e  m e t r i c  in the  f o r m  
d ~  = e ' dJP  - -  e M x l , - -  e , d ~ ,  (7) 

where  dO -- d~ 22 �9 Sir~ 2 x2dx 32, The dot denotes  d i f feremia t i -on  with r e s p e c t  to x e and the p r i m e  d i f f e r e n t i a -  
t ion with . ' e spec t  t o  q. 

Us ing  t.he c o n f i r m a t i o n  l aws ,  we r e a d i l y  obta in  [1] 
. 

In o u r  c a s e ,  the c o m o v i n g  s y s t e m  i s  not a synchronous  s y s t e m  (u ~ 0). 

I n t e g r a t i o n  of (V) wi th  r e s p e c t  to x Q y i e l d s  

w h e r e  r ~ -  e g .  Eqaa t ion  (VI) y i e l d s  

and Eq. (IV) can be r e w r i t t e n  in the fo rm 

r ' c  (q} 

2(ln t)" -- i. - ~'~ / f" = O. 

I n t e g r a t i n g  Eq. (10) with r e s p e c t  to x ~ we obta in  

,n(r) 2-- x + " ~ r ~ + ] n ( t + T ) ,  

w h e r e  7. = "i'(q). 1 + f - O. 

Denot ing by  ~ the  e x p r e s s i o n  

~= ~.-~--az =r j,.,,j , 

0o) 

(tD 

({2) 



we rewrlte,Eq. (II)[a th~ form 

,A = ~ ,-,. 03 ) 

An expression for ~o can be obtained as follows. Using (13), we r~write Eq. 02)  as an integral equation 
for 9: 

. 2ee' e ~ a / ,  

from which we obtain a differential equation for  r 
, = $ (,),-,n~ I #. Its) 

where 
~(q) - 2w/c(q)iV-47, 

and, hence, 

Substituting (17 into (13), we obtain 

or, writing 

we obtain finally 

2c~ = - ~  I t +  2,{q). 

I16) 

07) 

r n 

('It + / ' , -  ** ; /c(q)r ) '  

f i -+ - -H ~- Yt +t, 09) 
2e." 

y t  -V l c ( q )  

yn 

t~-!  
Equation (1) can be rewrit ten as follow*: 

R is readily seen that 

! (2*.) 
( t - -  6/2r~" 

x@ 
e-~(d'  + r ' r ~ ' ) -  e ' * ( 2 ~  + i~ - ~ , ) ,  t = - c-~"~ " 

i 
e-* (2~:r + P -- #~).= -~ (e- 'Pr) .  

Integrating (22) with respect  to ~ ,  we obtain 

e--i-'=]-} 2rn(q)r ~a x d -- ~(14+ ~ ) . 

where re(q) is the Constant for  the integration with respect  to x ~ 

We rewr i te  Eq. (I]'D in the form 
--e-~(2r~r + r 't - -  r t r ~ .  ' )  + e ~ ( ~ r  + 3) + ! = (A  + t )# .  

Noting that 

(e-Xrnr) , 
e-t(2r"r + r"--rtr~,') =-~- rl , 

e-'t~.#r + P)=  (e-~Pr)" 
r' 

Substituting (21). and (23) into these expressions and setting 

m , ( q ) ~ . - ~ [  m(q)4 6 ( , + ] ) ]  
2 

we obtain the l;elation 

(24) 

t23) 

,.l'(q)= ~c (q ) f i - 47 .  ~zs) 

Equation (II) r not yield any new rela tions, for it is a consequence of the other equalAo~s.we have ,~sed. 



T h r e e  unknown funct ions  o c c u r  in the f i r s t  I n t e g r a l s  we have ob ta ined  fo r  Eqs .  (I) and (ITIP. 

](q), m(q), e(q). (27) 
Th~ p r o b l e m  Is .made c o m p l e t e l y  c o n c r e t e  when t h e s e  funct ions ,  whi.eh mus t  be d e t e r m i n e d  by the  i n i t i a l  
c o n d ; t i o n s ,  a r e  s p e c i f i e d .  We sha l l  take  the  s u r f a c e  x ~ =0  as  the s p a c e - l i k e  h y p e r s t ! r f a e e  2: on ~ h i c h  the  
in i t i a l  cond i t ions  a r e  spec i f i ed ,  

The  condi t ion- (W)  Go t = 0 is  c o m p a t i b l e w l t h  the r e i a t i o n  

~ , , ~  r"(0, q) t . 

On the s u r f a c e  Z,  E q .  (IID can  be  w r i t t e n  in the fo rm 

�9 . , 2>: ~<~ 
( , - ' ~0 '  - ( , " ' r  r) + r" = - 7  C(q)e'~'r " +-rTa v. (~) 

We tak~ q to be  a canon ica l  c o o r d i n a t e ,  the  d i s t a n c e  f rom the c e n t e r a t  .the In i t ia l  ins tan t  of t i m e  [exp  A(0, 
q) = 1 ]; the  r e l a t i o n  {28) then b e c o m e s  the  def in i t ion  of  f(q): 

~! + l = r ' (O, q)+ C(q)r(O,.q) " [30) 

In what  fo l lows ,  we sha l l  s p e c i a l i z e  o u r  p r o b l e m  p r i n c i p a l l y  to the ca.se w h e n a  c l o s e d  F r i e d m m a  
~-orld  i s  obta~ ~.d asth,  e e l e c t r i c  c h a r g e  of  the . sys tem tends  to z e r o .  

2 .  F r i e d m a n  W o r l d  D e f o r m e d  b y  t h e  P r e s e n c e  o f  ~n  E l e c t r ' i c  C h a r g e  

The I n t e r i o r  Solution.  In what f o l l o w s ,  we sha l l  a t t e m p t  t.o def ine  the unknown funct ions f(q}. re(q), 
a n d  e(q) in such  a way that  the m e t r i c  of  a c l o s e d  F r i e d m a n  wor ld  is  ob ta ined  in the l im i t i ng  e a s e  e~q) - -  0. 
Since  the  to ta l  e l e c t r i c  c h a r g e  van i shes  in a c l o s e d  wor ld ,  it is  a p r i o r i  ev ident  that  the m e t r i c  of  s~2ch a 
w o r l d ,  even in the c a s e  of  a s m a l l  e l e c t r i c  c h a r g e ,  cannot  be c o m p l e t e l y  c l o s e d  and that  a F r i e d m a n  m e t r i c  
d e f o r m e d  by the c h a r g e  mos t  have a N o r d s t r S m  - R e i s s n e r  co~t inuat ion  ou t s ide  the  ma t t e r .  O u r  rusk  i s  to 
f ind at  l e a s t  s p e c i a l  e x a m p l e s  for  which one can  d e s c r i b e  the whole space  of such  a wor ld  contima..-usly. We 
t h e r e f o r e  expec t  tha t  the i n t e r i o r  so lu t ion ,  which is c l o s e  .to F i ' i e d m a n ' s  so lu t lon  fo r  a c l o s e d  ~ a r ! d .  m u s t  

th rough  a t h roa t  into the  we l l -known  e x t e r i o r  Nords tSm - R e i s s n e r  so lu t ion .  F o r  t h e  i n t e r i o r  s o l . i o n ,  
we sha l l  t h e r e f o r e  t r y  to f o r m u l a t e  the  in i t i a l  cond i t ions  at  x ~ = 0, the nmnwnt  of ma x imum expams~On of  
the  s y s t e m ,  so that  they a r e  mos t  n e a r l y  F r i e d m a n .  N a m e l y ,  s u p p o s e t h a t  1) on x ~ = 0 the whole s p a r e  
be longs  to the  R reg ion  [21; 2) the in i t ia l  ve loq i t i e s  of a l l  p a r t i c l e s  vanish;  2) the  e 0 e r g y  dens i ty  a t  the  in i t i a l  
insLant does  not depend  on q: 

To* + s ~ e.o = coast. 

We sha l l  Show be low tha t ,  unde r  t hese  cond i t i ons ,  the  p r o b l e m  has  a so lu t ion  in the ca~e of  e l e c t r i c a l l y  
c h a r g e d  dus t ,  i . e . ,  t h e r e  e x i s t s  a f tmction C(q} o r  M(q) which is  c o m p a t i b l e  with the given c o n d i . t i c ~ .  

F o r  the  chosen  in i t i a l  cond i t i ons ,  Eq.  (29) can  be  r e w r i t t e n  in the f o r m  

r (~ r )  x 

We define ~' 

and i n t e g r a t e  Eq. (31); t,.t~tm, 

or, since r(q =0) =0, 

(31) 

8n• 3 

c ~ 4~2 

r ~ 
4a~,  ( 3 3 )  

r = 2no sin q / 2a,, 
s o  that '  ~ h r e n p r e ~ s i o n  {29) can  now be  r e w r i t t e n  In the fo rm 

27;c(q)+~- ~-=as,.  ~ - .  

(a4) 

(as) 
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F u A | z e r ,  w e  p r e s c r i b e  t h e  c h a r g e  d i s t r i b u t i o n .  Le t  a l l  the dus t  p a r t i c l e s  of  the  s y s t e m  hz~.~,e t he  s a m e  
c h a r g e - t o - m a ~ a  r a t t o f l ,  If 

i t 

the  new condi t ion  :can be wr i t t en  !n the.-form 

e(q) = ,s~tq) .  f~7) 

Equat ion  (35) now Lakes the  fo rm of  an eq.uatton for  the d e t e r m i n a t i o n  of M(q): 

whe r e  

_1~ 

One can v e r i f y  by subst i tut . ion tha t  the fol lowing e x p r e s s i o n  s a t i s f i e s  Eq. {38): 

w h e r e  

.~  = - ~  sin x(b r bx sin X - -  r 1 } ,  

It i s  r e g d i l y  seen  tha t ,  a s  fl ~ 0 ,  ~ goes  o v e r  into 

3 ( l  sin 2X 

I. e . ,  into the  e x p r e s s i o n  fo r  the " i n t e r ! o r "  m a s s  13] in the uncha rged  Y' r tedman world."  F u r t h e r .  ~asing 
(9), one can  ob ta in  

b ~ i n  x I " 

With these  r e m a r k s , ,  we Conclude o u r  c o r . s i d e r a t i o n  of  the i n t e r i o r  so lu t ion  at  the  lniti~al tm,.'~.~ant o f  
t i m e ,  the t ime  of  g r e a t e s t  e x p a n s i o n  of the m a t e r i a l  s y s t e m .  In the follow ~u .xections,  we shaL~ :=rL~lyze 
the  so lu t ion  in vacuum (in the r e g i o n s  w h e r e  l = 0) and  the p r o b l e m  of  f l t :  -,!. t::-~ i n t e r i o r  and e - ~ r i o r  
so lu t i ons .  

E x t e r i o r  N o r d s t r h m  - }2e-tssner Solut ion.  As  i s .w e l l  known, the  g e o m e t r y  of s p a c e  ~u t s i de  m m a s s  
rn0which has  a s p h e r i c a l l y  s y m m e t r i c  d i s t r i b u t i o n  and az~ e l e c t r i c  cl ' :arge e~ is d e s c r i b e d  by  the N o r d s t r O m  
- R e i s s n e r  metric: .  

d ~  ~-~ q ) ( r ) d P  - -  dr e I $ { r )  - -  #do =, (42) 

w h e r e .  

2Xm.O . "~0 ~ 
r  t - - ;~ -r  +-~.-~. t~) 

In th is  p r o b l e m ,  we mus t  d i s t i n g u i s h  ~hree c a s e s :  

In the f i r s t  c a s e .  [he m e t r i c  is c h a r a c t e r i z e d  by two pse l~dos ingu la r i t t e s  of  the type of  the  ~%: .~arz-  
seh i ld  pseudr  ~,(rl) = 4, (r2) ,: 0. F o r  r 2 < r < r 1, t he  coo , ' d ina te  r is  t i m e - l i k e .  F o r  hb~s c a s e ,  the 
whole of  s p a c e - t i m e  can be d e s c r i b e d  in K r u s k a l a t y p e  c o o r d i m l t e s  [41. A t e s t  p a r t i c l e  p t3ced  a t  =- = r~ o~1 
x ~ = 0 r e a c h e s  r -- r2 a f t e r  a t i m e  T = :r• it  *.hen c o m e s  to r e s t  In s t an taneous ly  and r e t u r r t ~ . ~  r 1. 

At the in i t i a l  i n s t an t  (the ins t an t  of t lme  s y m m e t r y ) ,  the g e o m e t r y  of  s p a c e  has the  fo rm o f ~  ~.worm- 
hole" ( " E i n s t e i n -  I ld sen  b r i d g e " ) . ,  t h e  t h r o a t  of  the  w o r m h o l e  p u l s a t e s  with a p e r i o d  of 2T and n ~ e r  c l o s e s  

* The  to ta l  m a J s ,  takgng into accoun t  the g r a v i t a t i o n  mas 's  d e f e c t  tn a c l o s e d  wor ld ,  van i shes  | l J ] .  
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(!n con t r a s t  to the Schwe.rzseh'ild case) .  Complete  c los ing  of the throat  is  p reven ted  by the e l ec t r i c  l ine8 
of force ),,: :_- !.~g through the thrnat  into the Eucl idean  infini ty.  * 

The second case  differs  from the f i r s t  in that there  Is no T :-egion. At the point 

r cJ 
~e have a Zero of second or'd(,~ 

el(r) = (I -- rh I t )  ~, ~ r~ ~ x m o l t ) =  t~eole  ~. (r 

The fol lo~in~ ana lys i s  will show that the geomet ry  at the lnsta~t of t ime  Symmet ry  can have t~o forms in 
this case: an a~  "wormhole";  h~-geometry with a m~mot~nic var ia t ion  of r.  The second case  ts r e a l .  
lz.ed, in pa r t i cu l a r ,  in Pa:~apetrou's model (a s ta t ic  cha~ged-dus t  model ~ i th  ~ = ex~.M = 1). If we a r e  con-  
ce rned  with a sen3iclosed charged wo~'ld, the exte l ' ior  solut ion sa t i s fy ing  the condi t ion  of f la tness  at infin-  
ity 1~ of nO-type. 

The th i rd  ease  (e e > x ~.na0)goes over  into the ~3 ~ case  as e 0 d e c r e a s e s .  T h e r e  a r e  now no s i ngu l a r i t i e s  
and the ~'hole of space is R-type.  In this ca se ,  s emic lo sed  worlds {with flat space at infinity) a r e  not r e a l -  
ized. The l imi t  fi ~ I gives an e v e r y ~ h e r e  s ta t ic  sys tem in this case  ( P a p a p e t r o a ' s  model).  

We a re  in te res ted  in the problem of fi t t ing an e x t e r i o r  Nordst r6m -, 12eissner solut ion to an i n t e r i o r  
s~lution desc r ib ing  an al 'most closed world, i . e . ,  a w or l d  whose me t r i c  goes over  into the met r i c  of a 
c losed F r i e d m a n  ~o r ld  as  eo ~ 0. -For e 0 ,~ 0. our  p rob lem is to find a max imal  ct)ntinuation of the int .er ior  
F r i e d n ~ n  solut ion (to d e c r e a s e  the s ize  :of the throat)  as  f a r  as this  is pe r mi t t e d  by the p r e sence  of the 
e l ec t r i c  field. F r o m  this  p,gint of view. it is expedient  to c o n s i d e r  a de fo rma t ion  of the F r i e d m a n  me t r i c  
by a smal l  e l ec t r i c  charge  fl .... 1. 

Of all the cases  cons ide red  above ,  only case  2 (o ~ : 1) sa t i s f i e s  our  condi t ions .  None of the r e m z i n -  
ing cases  leads to a c losed  world as e 0 - -0 .  

F i t t i ng  of I r . ter ior  and Ex te r io r  Soltrtions. In o r de r  to be able  to use  the boundary  condi t ions  of f i t t ing 
more  conven i en t l y -We  transt:orm--Etl_ (7) t :oa  ~orm s i m i l a r  to (42), name ly  to 

~he re  x ~ (or the q coordinate)  is taken to be the coord ina te  w/iose squa re  appea r s  as the coeff icient  cf do ~. 
The t r a n s f o r m a t i o n  

d.x ~ 
r" 

dr=  ~ dx* + r' dx I, 

t r a n s f o r m s  the f i r s t  two t e r m s  of Eq. (7) to the form 

fexeaiz/r" dr) = 'r,,o=) . "  dr  = (47) 
A-:  

The e x p r e s s i o n  in the b racke t s  can be t r a n s f o r m e d  by means  of an in tegra t ing  m u l t i p l i e r , ( t ,  r) to the form 

(e~, e~ r..~_), dx 0 r �9 /~ ~'- & - d r =  ' d , ,  
[t(t,r) 

which has a total di f ferent ia l  on the r ight -hand Side. F o r  what follows, the exp re s s ion  obtained for ~ is 
important:  

t 
(x = (4s) 

F r o m  the condit ion~ of fittlng of the i n t e r i o r  and e x t e r i o r  solut ions  at the In ter face  Y-: 

" F o r  e ~ 0 ,  the t:,chwarzschild solut ion 4)(r) = I - 2",~m0/ctr can be ~nterpreted as  the e x t e r i o r  solut ion for 
a semic losed  world [:I. 5]. The Kruskal  me t r i c  Is i n t e rp re t ed  physical ly  tn [5~. 
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we obta in  

Us ing  (21), (22), and {25), we find 

r " *  4 - -  P e " l ~ - ~ .  = '  t d r  ~--V#-~" 'r 

m, (q0) == 
~5D 

e(qo) ,'-=" eo. 

We st i l l  have not obta ined  an answer  to the fundamental  ques t ion ,  name ly ,  that of the value 0fq0 at 
which we m u s t  fit the i n t e r i o r  and e x t e r i o r  sol~aions if we wish to c(mitnue the Tr !edman  world  to the max i -  
tv~t~m l>ossable degree  of c l o s u r e  with the m i n i m u m  s ize  of the throat  at the h~stant of t ime s y m m e t r y .  In 
the th i rd  c a se ,  it ts Imposs ib le  to fit  a s e m i c l o s e  0 world to a space that is flat at infinity. Congequent iy ,  
J 'znh(q0) ~ e('q0), at  the boundary  an d the de s i r e d  value of q0 can be found f rom the equation 

The condi t ion (52) can be wr i t t en  in the form* 

r~" = (i - -  r~ / ro ) t  (53) 

where  r h = ~/>r 2 : • ~, arm r o and r0' a r e  the va,lues oI" r and r '  at the m a t t e r  boundary.  The condi -  
t ion (53) for a s e m i c l o s e d  world ( r '  < 0) fitted to a space  that Is fiat a t i n f l n i t y  leads to the re la t ion  rh<  r0 , 
which oorresponds  to the p r e s e n c e  of a "wormhole  ~, i . e . ,  go case  2 .(tlP). F o r  a ' s e m i c i o s e d  world  fltged to 
a space  that is  fiat at  inf in i ty ,  the condi t ion (53) may therefot 'e  be rewr i t t en ' in  the form 

re 

Let us c o n s i d e r  in more  detail  the model of a world wi.th a . sma ! l  cha rge  fl<~l (or ~rfl<< 1). ~n th';s 
c a s e ,  

3 3 ~vT=:2;ao(Xj-.,i.zo~OSxo)+Olpg. ~,=~a~(zo-~i~xoCo~xo)+O(fP),r, - -  2no s ln x~ 

where 0 < X 0 < ~, ~o = qo/2ao . 

The condi t ion (54 for  ~'/2 < ~t 0 < 7: and sma l l  va lues  of fl can be wr i t t en  in  the form 

sin 

rQ" = cos X~ (55) 

(56)  

F o r d  = 0, )~a = ~, i. e . ,  X�9 a t t a in s  its m a x i m u m  value,  and the  a .o : l a  becomes  a comple te ly  c losed  F r i e d m a n  
world.  

In the case  of a sma l l  cha rge  ft. ~<< 1), the d e s i r e d  boundary  of the In t e r i o r  (Fr iedman)  solution must  
be  soroewhere  n e a r  g, I . e . ,  X e = 7r - 6 ,  ~ h e r e  6 ig sma l l .  F o r  tt follows f rom the graph (Fig. I) that Eq. 
(56) has a s ing le  so lu t ion  ;~. F o r  p<< 1, the solut ion Xo is n e a r  ,r and, as j~ - -  1, the solut ion )~o tends  lo 
.,r/2. 

As the charge  e o of the wor ld  i n c r e a s e s ,  i ts  e x t e r i o r  (Schwarzschi ld)  mass  also i n c r e a s e s .  The 
rad ius  of the th roa t  lncrea ,ses  accord ing ly :  

It Is impg. r tant  to rea l i ze  that the potent ia l  of the e l e c t r i c  field in the th roa t  

c#h = eo ] r~ 

does not change  when the cha rge  e o i n c r e a s e s ,  but  r e m a i n s  equal ~.o the cons tan t  value 

= 

~, t ~  

Fig. I 

(57; 

(5S) 

~h = , , ' / ' ~  0 9 )  
The quant i ty  r  p lays  the ro le  dE a m a x i m u m  potent ial  in the theory;  It i s  
composed  of u n i v e r s a l  cons tan t s  and it i s - i n t e r e s t i n g  that it does no t  conta in  
an e l e c t r i c  cha rge .  

* Equat ion (31)  in th i s  ca se  can be r ewr i t t en  in the form ~ ( f - r '  } , r  --  - -  - -  r ' - 

hence ,  r ' , . .  t-~-2~=~ F '~'~- . By v i r tue  of the cont inui ty  of r and r '  on the 
ctr c t r  a 

m a t t e r - v a c u u m  boundary ,  Eq. (52) is va l id  in this region of r. 
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~-XIC[tOf $p~cr 

Fig.  2 

T h e  T h r o a t  

The condition ~r~m 0 = e 0 ensures  that the th roa t  Is static, 
An exter ior  observer  always sees a charged, maximally con- 
t~nued scmiclosed world in the fvrm of a solidified charged 
~phere ,*  

In th4s case, too, the dynamics of part  of the almost  
clo~t.d uniformly charged world retnalns nonstatlonary. After 
the instant of maximam expansion, the charged cloud described 
by the interior solution contracts.  However~ the collapse of  
the System is halted by the electr ical  fo rces  at the minimum 
radius determined by the dimensions of the throat,  i . e . ,  by 
the total electr ic  charge of the system. 

It should be emphasized that there is no matter  in the 
throat. The aonstatlc behavior of themater ia l  cloud does not 
affect the static behavior of the throat. In the throat, the 

trundle of electr ic lines Of force are  compressed  by the maximum amount possible (ur h = e~/*;z). From the 
thr~at, a btmdle of lines of force diverge both outward, into the Euclidean infinity, and also into the almost  
Fric:Iman ~orld.  Thus,' the throat s imulates a source of the electr ic  field (a charge),  although ao material  
charge c a r r i e r s  are  localized in the throat.  

A more detailed consideration sho~s that the field in the exter ior  space ~and the field between t h e m a t -  
ter  and the throat have ( zposite signs (Fig. 2}: 

Fir = e ] ~  (in the cxle:ior sp~(c, region I). (60) 

Fit '-...~- - - e l l  "e (bct:,,ecn the matter and the throat, rel~ion 0). 

For the connection betmeen FxO q and Ftr  is given the t ransformation 

D(t, r) F=,r (61) 

Furtl~er, one can show~" that 
D(t r) 

i. e . ,  the sign .-.f D(t, r)/D(x ~ q) is equal to the si~,m of r '  and this implies (60). 

In the throat itself, a test  e lectr ic  charge must a l~ays  rest .  In the regions 1 and 0, one can easily 
real ize a static sys tem.of  reference  by using appropriately eharg.ed and ~eightless dust part icles .  This:  
system coincides with the R e i s s n e r - - N o r d s t t 5 m  system. As is wetl known, a complete :description of the 
R e i s s n e r - N o r d s t r 6 m  metr ic  (i. e . ,  including the regions between its two pseudosingularities) can be given 
by Kruskal- type coordinates (a nonsta t~esys tem of reference).  

In our ease, the region (rt, rz) cont rac ts  to the single value r I = r z = rh, the throat. The static f rame 
of reference does not cover  only this section immediately adjoining the throat. 

" W.e'~eca~ll th..it in the case ~ . m  0 > e0 the throat oscil |ated between rl and r,.  In the limit e 0 -~ J-e.m0, w e  
have r~ ~ rz. For the case l , zm0 : e0], the exterior  (Sch~artzschild~ mass vanishes as e0 ~ 0. The~,orld 
becomes cow, pletelyclosed,  i . e . ,  i n theease  , zm~ : e0, the en t i remass i .~ofe lee t r i eor ig in .  Under these 

�9 conditions, any initial value of the inter ior  mass of nonelectr ic  origin is complete!y offset by the gravi ta-  
tional mass  defect .  

t : .... ~a . . i  + f~" ~ t " =  ~ ~'  + ~ , ~ 1  e ,  but 

" ' - q  ' I " 
t,, ; hence ( a z  e , g " > , S z ' ,  ( - -g")and , ~ 1  ( - - g " ) > ( 0 , ,  

g,,.C>O, gq~<O, g .  ~>0, g , , , < 0 .  ConsequenfJy~ 

[#z, aq > and, conseqaentlY, the sign ! i 

D( t . r )  r #r Ot &r 
o f  ~ ~ ~ ~  

D(~, q) Oz' ~q 0~ 0~ 

("arrow of time")~ 

i s  d e t e r m i n e d  by the ~irst  t e r m  s i n c e  ~ t / a x  ~ :, 0, ~i. e . ,  t h e ~ m e  a l w a y s  i n c r e a s e s  
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P o l a r i z e d  T h r o a t s  ( T h e  N e e d  F o r  a Q u a n t u m  D e s c r i p t i o n  o f  t h e  T h r o a t }  

On the b a s | s  of the relation (57) ( r  h = vrRew'c2), we concluded that the radius of the throat  Inc reases  
p roporhona l ly  to the total e lec t r ic  charge.  This  is the descript ion of the throat  that we obtain f rom the 
c lass ica l  theory.  However,  f rom the point of vlew of quantum physics ,  such a s t a te  of  the throat  a r i s e s  
with the p roper t i e s  descr ibed above, a viele~t p rocess  of ger, eratlQn of all kinds of-el(~ctricalty charged 
pa i r s ,  such as  p r o t o n -  antiproton pa i r s ,  all kinds Gf .,~,eson pa i rs ,  and, finally, e l e c t r o n - p o s i t r o n  pa i r s ,  
would Inevitably be tMi|atcd in the supcrs t rong  e lec t r ic  fletd of the throat.  The' charges  of opposite sl[.m 
would tend to dec rease  the effective charge  of the throat ,  while the charges  of the other c o m F ~ m n t s  of the 
pa i r s  would escape  Into the E.uclidean Infinity. In this p ~ c e s s ,  the cha~'g~ of the thr<)at would gradual ly 
decrease ;  at the same t ime,  the radius of the throat  would a lso .dPerease  and the In ter ior  met r ic  of the 
sys t em would become more  and mo~e closed, l.~t US consider  this effect In more  detail,  not so much for 

t he  purpose of giving an exhausth, e quantitative descr ip t ion  of the generation of ~alrs  In such a field, but 
r a t h e r  in ozxler to ftx.~ttentlon on a very curious,  in our view, situatiom the need to t ake  Into account 
quantum theory. in  the u l t ramacroscoptc  world, namely,  to descr ibe  p roces se s  which one would Imagine 
were  only Important  in the mlcroScopi/: ~orld.  Although the quantitative es t imates  a re  as yet fa r  f rom 
sa t i s fac to ry ,  they a re  not ent i rely devoid of interest  it. the i r  own right. 

Th.e generat ion of palTs of e lec t r ica l ly  charged par t ic les  in a s t rong homogeneous e lec t r i c  field has 
been considered by Nlklsbov [6}.* 

If there  is a homogeneous e lec t ros ta t ic  field of intensity E filling the space of a Cube of volume L=, 
~he probabi l i ty  ~f creat ion of pairs  (say, e lectrons)  in the field with gizen momentum {p) and spin (r) dur-  
ing the whole t ime  is given by the express ion  

W,,= exp(--aX), X = 2 2(p? § p~' + r'~ eEhc (E ~---(0,0,E)), (63) 

where m 0 is the m a s s  of a par t ic le  of the pa i r  and p is ~he value of the par t ic le  momentum of the genera ted  
pa i r  a f t e r  the field has been switched off. tn such a prob~.em, p must:belong to a d i s c r e t e  spec t rum,  l . e , ,  
Lp(~) ~- 2aim. 

Equation {63) .can be rewri t ten in the form 

W~,:,~ = e~;  (. ~.rn@r [ _  .~c= [ 2.~ ~'  n , ' ]  eJ:p r ac= / 2 n / l . '  , 

t t c re ,  the s ta te  of the ger, era ted par t ic le  is charac te r ized  by the .numbers (ntn2n~r}. Summing Wnln2~r 
ove r  all quantum numbers  and then replacing the sum over  n by an integral ,  we obtain 

{ W 4N exp ~, eEh.r ] 
where 

:For a la rge  maxlrnum momentum {pmax), ~0>>1 and ,I ,(~)~1. By vir tue of (65) and {66), the p roba -  
bili ty of pa! r  crea t ion  in unit volume ie 

4 pm,t eEI~ exp (~ (~ ) .  (67} 
w =  (2nh)~ c eEhr 

Fur the r ,  in o rde r  to obtain an es t ima te ,  we apply (incor. 'cctly) Eq. (67) to an inhomogeneous 
~ a t i c  field F, -- Z e / r ~ o r  ~p : Z e / r .  In caleulat ing the total number  of pa i rs  (Np) in the  whole of space,  we 
shall  a s sume  that Pmax In (67) depends on r: 

p~,~ = zr for ,  (68} 

where Ze is the total charge  of the mate r i a l  sys tem.  F o r  the total number  of pa i r s  genera ted in the # y e n  
field du,rtng t h e  who le t lme ,  we obtain 

* The authors  a r e  grateful  to A. I .  Nikishov for letting them know his resul ts .  
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wl~ere A~ = ~ / m ~  and ar ~ ~ , e  / d !$ the minimal  r a c l ~ .  S|noe 

we lmve 

N~, = - -  -~ i - (Za)  ~ Ei(--Aol).  - 

For  small Values of A0 l, I. r  for 

we have 

z<.4{ 

Ei(--A0 ~) "- c Jr InA~, 

where c Is Euler's constant and, consequently, 

,V~ ~, (Za) t In - - c - - l a n Z u  , 

(7o~ 

(71) 

(72) 

or ,  taking into account the condition (71), 

The condition (Z -Np)  
of pair creatiom 

. , -  ( "fY"/'. 

= max = Z f  gives the value of the charge Z I which canp.ot be suppressed by the effect 

~  = '  . . . . . .  . 

% #n4 # i x .  

t r lc  field is to decrease  tl-ie effective charge of the throat to a f ini te ~ralue I f  ~ 137, i rrespective .of the 
value of the initial charge Z. * 

The iridependenc? of the v~lue of the final ch,~rge of the arbit/-arily large initial charge also follows 
from Landau's well-known lormula [9], :which relates the va.lue of a bare charge e I .localized. tn a small 
regiOn to the value of the physically effective charge e to which the effect of  vacuum polarization reduces 
the Original cha.rge el: 

C1:1 
s i 

For a lar,je value of the Charge e i or, more precisely, for 

It is interesting to n~e  that the crude!y estimated expression (74) contains the very same charac te r -  
istic logarithm a s  Landau's expression and that the argument of the logarithm in (73) gives 

A~e/~*~' t0 ~s cV (77) , 
for the expression introduced by Landau. This is precisely the quantity A discussed by Landau iI~ his paper 
in connection with the po~slblle role of gravitation in the theory of elementary partlcles. The image of such 
an object is, even from the point of vlew of a Schwarzschild observer, extremely complicated. The dif- 
ficulty Is that, at the [nlt!al instant of existence of such a system wlth a large electric charge, the exterior 
dlmenslons, which are proportional to the charge, may be very large:, the = Zie~</c!o 

* Thls result Is hardly surprlslng, since, as Is well known, the process of real creation of pairs com-- 
mences for Z > 137 [7, 8]. 
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TL;~ pair creation dec l eases  the initial c i~rge  (g l} to Zf ",' I:]7; hence** 

t towever,  in this region of 7 (Zf ~ 137), the shells (around the houree of the field) begin to be. populated. 
The shells  have radH " -h / m e ,  where m takes the values 0 f the  masse s  of the part! -lea of the generated 
pa i r s ;  Now ~hadron par t ic les  (for example,  protons) have their  own Intrinsic dimensions.  It follows that 
our sys tem is surrounded by a dist inctive a tmosphere ,  which tncreasi~s its ~x te r tor  dimensions by 20 
o rde r s  of magmttude. Be it chance, or no, an. object whose ex te r io r  p roper t i e s  a re  eharac ' .er is t !e  of the 
physics of the microscopic  gor ld  a r i s e s  from mx object of the cosmological  Worldand the la t ter  pe r s i s t s  
as the Intrinsic content of the object.  

The specba] name "f r ledmons"  was ~ntroduced in [101 for  objects 'wi th  these p r 0 ~ r t l e s .  
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