Distortion of the stellar sky by a Schwarzschild black hole
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The optical appearance of the stellar sky for an observer in the vicinity of a black hole is dominated
by bending of light, the frequency shift, and the magnification caused by gravitational lensing and
aberration. Due to the finite aperture of an observer’s eye or a telescope, Fraunhofer diffraction has
to be taken into account. We have used high performance graphics hardware and developed a
program that enables the user to interactively explore the stellar sky in the vicinity of a
Schwarzschild black hole. To do so, we determine what an observer, who can either move
quasistatically around the black hole or follow a timelike radial geodesic, would actually see. © 2010

American Association of Physics Teachers.

[DOL: 10.1119/1.3258282]

I. INTRODUCTION

The Schwarzschild spacetime1 is the best studied, non-
trivial solution of Einstein’s equations of the general theory
of relativity2 and is able to describe black holes, one of the
most fascinating objects in the universe. The literature® ™
contains detailed discussions of effects caused by the curved
spacetime of the Schwarzschild metric. However, even the
best textbooks have limited explanations of relativistic visual
effects because books can show only a few fixed situations.
Interactive visualizations can play an important role in bridg-
ing the gap between mathematical descriptions, theoretical
models, and exemplary applications.

The aim of our article is twofold. We discuss the relativ-
istic aspects that influence the first-person view of the stellar
sky in the neighborhood of a Schwarzschild black hole. The
first-person view is the image that would be recorded by a
camera close to the black hole. Our main interest is in the
lensing effect. We also discuss the technical details for the
interactive point-based visualization of stars in this relativis-
tic context. To be as realistic as possible, we approximate
stellar spectra by Planck spectra and also incorporate Fraun-
hofer diffraction on circular lenses. We have implemented
the resulting first-person view in our interactive application,
where the user can take the role of an observer who can
either move quasistatically around the black hole or fall
freely into the singularity.

The most straightforward way to obtain a first-person view
of the effects in the neighborhood of a Schwarzschild black
hole is four-dimensional ray tracing.6’7 In brief, the ray trac-
ing method works as follows. A light ray is traced from the
observer to the scenery and back in time until it intersects
with an object, leaves the region of interest, or is interrupted
by a break condition, which means that the light ray leaves
the valid spacetime domain or the numerical integration be-
comes unreliable. All of these criteria must be checked for
every single light ray and all its line segments. Hence, the
ray tracing method needs a lot of computer resources and is
time consuming when many images are needed to generate a
movie. However, an interactive visualization becomes pos-
sible using programmable graphical processing units (GPUs)
and their highly efficient hardware architecture. The aim is to
find directly all the light rays connecting the observer to the
objects. For that, we have to solve the null geodesic equation
as a boundary value problem, which is nearly impossible for
an arbitrary four-dimensional spacetime. However, for the
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Schwarzschild® as well as the Morris—Thorne’ metrics there
exist analytical solutions to the null geodesic equation that
help solve this boundary value problem.

A detailed discussion of the optical appearance of distant
objects to observers near and inside a Schwarzschild black
hole was given by Cunningham.10 Schastok et al.'" illus-
trated the stellar sky for an observer located at the north pole
of the Earth, while increasing its mass until its Schwarz-
schild radius becomes comparable with its geometrical ra-
dius. Nemiroff'? produced computer generated movies show-
ing the distortion effects near a neutron star and a black hole.
The geometric effects observable when fallin% into a
Schwarzschild black hole are discussed by Miiller."”® Readers
who wish to become familiar with the nonrelativistic view of
the stellar sky can use, for example, the open source pro-
grams STELLARIUM'* or the space simulation CELESTIA." To
study the behavior of single null geodesics in the Schwarz-
schild spacetime, there is a JAVA application by Tuleja16 or
the GEODESICVIEWER by Miiller."’

Although we focus on the educational aspects of general
relativity, effects such as gravitational lensing have found
serious interest in astronomy as a tool for studying very dis-
tant objects. There are many papers that discuss these effects
in detail, and we can give only a few references.'®* Be-
cause the resolution of telescopes is continually improving,
the close neighborhood of our galactic black hole and its
general relativistic effects will become observable (see, for
example, Ref. 25 or Ref. 26). Someday we may be able to
observe an accretion disk around a black hole. For that case,
Luminet®’ determined the optical appearance of a spherical
black hole with a thin accretion disk.

The structure of this paper is as follows. In Sec. II we
determine the local tetrad of a static and a freely falling
observer with respect to Eddington—Finkelstein coordinates.
Section III reviews some basic relations for null geodesics.
In Secs. IV and V we discuss the frequency shift as well as
the lensing of a star with respect to the observer’s position
and motion. Section VI describes the relevant details of our
Qt application and provides a short manual. We end with
some examples in Sec. VIL

II. LOCAL OBSERVER

The Schwarzschild spacetime is usually described in
Schwarzschild coordinates (t,r,ﬁ,go).&S However, due to
the coordinate singularity at the horizon, the Schwarzschild
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coordinates are not applicable for a freely falling observer
crossing the horizon. Thus, we will use ingoing Eddington—
Finkelstein coordinates (v,r, ¥, ¢). The corresponding met-
ric is

ds2=_<1 _ﬁ>c2dv2+2cdv dr+ r*d02, (1)
r

with the Schwarzschild radius r;=2GM/c? and dQ*=d®*
+sin? 9d¢’. Here, G is Newton’s constant, ¢ is the speed of
light, and M is the mass of the black hole. The relation be-
tween the Eddington—Finkelstein null coordinate v and the
Schwarzschild time coordinate ¢ is given by

,
cv=ct+r+rsln(——1>. (2)

Ts

The local reference frame of a static observer can be identi-
fied with the natural local tetrad®®

14, 1
)= -, €= _0dy, (3a)
V1 —rJrc r
1 9, T
eH="T———"+\|/1-—4, e, = d,. (3b
v N1=ryrc P (3b)

We call this tetrad natural because it is adapted to the sym-
metries of the spacetime.

To obtain the local reference frame for a freely falling
observer, we use the Lagrangian formalism as described by
Rindler.” The Euler-Lagrangian equations for a radial time-
like geodesic lead to the constant of motion k=(1-r,/r)c*
—cr, where a dot means differentiation with respect to the
proper time 7 of the falling observer. The radial motion is
determined by the differential equation

K2 T
r'2=—2—02<1——‘>, (4)
c r
and the four-velocity is given by
) ) k+cr .
u=0d,+rd,=—5 —————3d,+70,. (5)
(1 =ryr)

If the freely falling observer starts from r(7=0)=r, with zero
velocity, 7(7=0)=0, its local reference frame is

—\2-2a, (60)
r ro

/ !’
V1 =rdrg=Nrdr—riryd,

e =
© 1—-rdr c

!’ /

N1 =rldrg—\NrJdr—rJdry o, r
e = 0w w0\ [1--4,  (6b)

1—-rdr c o
1

€ =—dg, €z=—""0d,, 6¢
@7 .7 O~ sin 9 ¢ (60)

which is regular at the horizon r=r,. The corresponding
magnitude of the three-velocity B with respect to a static
observer with the local tetrad in Eq. (3) is

B= [FdFops — TlT . 7)
1-rir

With these local reference frames, we can describe the direc-
tion ¢ of any incoming or outgoing null geodesic as
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Fig. 1. A pointlike star and the observer are connected by exemplary four
null geodesics I; that have inclination angle & with respect to the local
reference frame of the observer. In principle, there is an infinite number of
connecting null geodesics.

y =YY%= % €0~ OS £e(y,(1)+ sin Eey), (8)

where the sign of e or e, indicates whether the four-
direction points to the future (+) or the past (—). Because of
the spherical symmetry of the spacetime, we can neglect the
e(g) direction. Note that the direction =0 points directly to
the black hole.

III. NULL GEODESICS

Our main challenge is to find a null geodesic that connects
a star to the observer, as shown in Fig. 1. Due to the strong
bending of light close to the black hole, there is not a single
geodesic, but an infinite number of geodesics connecting the
star and the observer.

As mentioned in Sec. I, we can take advantage of the
spherical symmetry of the Schwarzschild spacetime. Thus,
for each star we find a plane P containing the observer, the
star, and the complete null geodesic connecting both, as il-
lustrated in Fig. 2.

observer

Fig. 2. Due to the spherical symmetry of the Schwarzschild spacetime, any
null geodesic connecting the observer and the star rests in a plane PP spanned
by the x-axis and the star. This plane has angle € to the x-y plane. The black
hole is located at the origin.
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The equation for the orbital motion r=r(¢) of a null geo-
desic in Eddington—Finkelstein coordinates can be deduced
with the Lagrangian formalism, and we obtain the same dif-
ferential equation as in Schwarzschild coordinates. With the
scaled coordinate x=r,/r, the orbital equation reads

2
(%) =a’>— (1 —x)x* 9)

with a®=r?/b*=r*k?/(c*h?). Here, b is the apparent impact
parameter. As before, the constant of motion is k=(1
—r,/r)c’v—cr, and the other constant is h=r?¢. The dot
means differentiation with respect to an affine parameter.

Both constants can also be expressed by means of the direc-
tion & From Eq. (8),

—

k —
—=+x—xycos E—\1-x, and h:ﬁsin ¢, (10)
c x

which are valid for the static observer at x=x as well as for
a freely falling one. We use only the negative sign of e, or

€(o) because we consider incoming null geodesics.

If x=x¢=2/3 and {=/2, the null geodesic follows a cir-
cular orbit. Because of the spherical symmetry of the space-
time, there is not only one circular orbit but a whole sphere
of null geodesics, the photon sphere. The apparent size of the
black hole is defined by the null geodesic, which, if we trace
it back in time, approaches this photon sphere asymptoti-
cally. The corresponding direction & of the null geodesic
follows from the necessary condition a’=4/217,

2 / [ (.3 2
_ xobs\'1 — X\ Xobs —Xo & \p(xobs — Xobs T p)

cos & = 3 B
Xobs ~ X0Xops + P

(11)

with p=4/27. The positive sign is for x=2/3, and the nega-
tive sign is for x>2/3.

Equation (9) leads to an elliptic integral that can be solved
analytically only by means of difficult mathematics. How-
ever, for a computer-based visualization method, it suffices
to integrate Eq. (9) numerically,

fxslm dx (12)
o= THT—.
Xobs \J’a2 - (1 - x)x2

We split this integral into two branches if the null geodesic
passes the point of closest approach x . to the black hole.
This point follows from Eq. (9) with dx/de=0."*

\Ea 1 3\/561
Tetosest =~/ €0s| arccos| - — . (13)

In the following, we will trace null geodesics back in time.
We will discuss null geodesics which start from the observer
with initial angle & even though the physical reality is re-
verse. This ray tracing method is a common method in com-
puter visualization.

We can simplify the calculations by neglecting the true
distances to the stars. Because we restrict the observer to the
close neighborhood of the black hole, we can put the stars at
infinity, x,,,=0. Then, the virtual position of a star is suffi-
ciently described by the plane angle € (see Fig. 2) and the
azimuthal angle ¢= ¢, (see also the discussion in Sec. VI B).
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IV. FREQUENCY SHIFT

Consider a star, a scaled distance x,, from the black hole,
which emits a light ray of frequency vg,. A static observer
located at x,,s will receive this light ray with the gravitation-
ally shifted frequency v, given by4

Vtar 1-x
1+zgm=;ta =\/1_ obs (14)

obs Xstar

If the observer is in free fall, we also take the Doppler effect
into account, which results in another frequency shift, 1
+Zpoppler= Y1 =B cos §), with B8 from Eq. (7). The total fre-
quency shift follows from 1+ 2= (1 +Zgray) (1 +Zpoppler)»

”’_ /—
A% 1- Xp— COS f\rxobs — X

1 + Ziotal = (15)

[
/
V1 - Xstar

Because we cannot assign a velocity 8 as in Eq. (7) to an
observer below the horizon, we must calculate the frequency
shift by means of the parallel-transported null vector n that is
given in analogy to the direction in Eq. (8). With respect to
the observer’s tetrad, the incoming light ray has the null
vector

n= Obs(e(,,)’(o) + COs §E(r)’(1) + sin §e(¢)) . (16)

The corresponding constant of motion k/c¢=(1—xq,)c0—F is
find k/c

= VgV 1 =Xy, for the null vector at the star. We obtain Eq.
(15) also for the inside region. Note that Eq. (15) cannot
become negative because ¢ is valid only in the region &
<é=m

klc=vg (N1 =xg—cos EVxg—xp).  We  also

V. LENSING

The gravitational lensing due to the curved spacetime re-
sults in a modification of the brightness of the stars as dis-
cussed, for example, in Refs. 18-23. It turns out that the
magnification factor u for a static or a freely falling observer
follows from the ratio of the solid angles dw of the lensed
and the unlensed star,

-1

_ dwlensed _ sin Qod_@

sin & d§

If the observer, the black hole, and the star are aligned (.,
=nw, n=1,2,...), the observer will see an Einstein ring.
Then, the magnification for a pointlike object is infinite, as
illustrated by the strong peaks in Fig. 3.

For both the static and freely falling observers, the mag-
nification decreases exponentially with increasing deflection
angle and azimuthal angle ¢, respectively. From the point
of view of the static observer, stars with |@.|<7/2 will
shrink if the observer quasistatically approaches the black
hole horizon.

For a freely falling observer above the horizon, the mag-
nification factor w=pug, can also be determined from the
factor g, with respect to the static observer and the mag-
nification due to the special relativistic aberration expression,

cos +
cos &y = Su* B (18)
1+ B cos &y

with B from Eq. (7). The ratio of the solid angles of an object
in special relativity is

(17)

d(’)unlensed
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Fig. 3. Magnification w of a star with azimuth ¢, with respect to either a
static observer located at x,,,=0.995 (ug,: dotted line) or a freely falling
observer who started at xy=0 and who is currently at x,,;=0.995 (g solid
line). For a star at ¢,,.=nm, n=1,2,..., the observer will see an Einstein
ring. Note that, in principle, the peaks are infinitely high.

_ dwfau sin &gy dffau _2(1 + Bcos £yy)” i) (19a)
M dwstat sin &gy dgstat s
=y(1 - B cos &), (19b)
where ¥ =(1-8%)"=(1-x,)/(1=xy,). Then,
Mtall = MstatMhsr (20)

Below the horizon, the magnification u depends on the po-
sition x, where the freely falling observer has started. We
will come back to this point in Sec. VI B.

VI. DETAILS FOR THE VISUALIZATION

The aim of our application is to interactively study the
first-person view of the stellar sky in the close neighborhood
of a nonrotating black hole. We use the data in the Hipparcos
star catalogue containing about 118 000 stars.’® From the
Hipparcos catalogue, we obtain the right ascension « and the
declination & as well as the apparent visual magnitude my, of
each star. Because the distances of the stars to the black hole
are much greater than the Schwarzschild radius, we can put
the stars at infinity. The spectrum of a star is represented by
a blackbody spectrum, which simplifies the computation of
the frequency shift considerably. The observer can either
move quasistatically around the black hole or can fall freely
on a timelike, radial geodesic starting from rest at some dis-
tance r.

The application is written in C+ + using the Q" library
for the graphical user interface. The visualization is done
with OpenGL, for which we use the OpenGL Shading Lan-
guage for the point-based star rendering.

In the following, we discuss how the geometric distortion
of the stellar sky and the magnification of the stars is stored
within lookup tables. We also explain how the spectrum of a
star is realized by a Planck spectrum and how the Fraunhofer
diffraction due to a circular lens influences the visual appear-
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Fig. 4. Relation between the dimensionless parameter 7 and the current
position r., of a freely falling observer starting with zero velocity from
ro>rs.

ance of a star. Readers who are not interested in technical
details may skip Secs. VI B-VI G. These details are comple-
mentary to the emphasis on general relativity in Secs. II-V
and are not needed to understand the geometric distortions.

A. Freely falling observer

For the case of a freely falling observer, we integrate Eq.
(4) to obtain the relation between its proper time 7 and its
current position ry,

~ obs
T \/ —1+arctan\/
ro/r )3/2 b

0§

21)

as shown in Fig. 4. We have introduced the dimensionless
parameter 7, which makes the right-hand side of Eq. (21)
independent of the Schwarzschild radius r,. In the limit 7,
— 0, when the observer will crash into the singularity, Eq.
(21) yields 7=m/2.

Because 7 as a function of the current position rg, is a
monotonic function, we can determine the inverse function
Fops(7) numerically by the Brent root finding algorithm.>

B. Geometric distortion and magnification

Due to the strong bending of light close to a black hole,
the stellar sky appears distorted. As discussed in Sec. III, we
can take advantage of the spherical symmetry of the
Schwarzschild metric and define a plane P spanned by the
current position ry,, of the observer, the location ¢, of the
star at infinity, and the connecting null geodesic. In this
plane, a star will appear at several directions §&;, as seen in
Fig. 1. To distinguish between the corresponding light rays,
we include the order of the image into the azimuthal angle

+2mm (n=0,2,4,...
@ = Pstar ( ) (22)
27 — @y (n=1,3,5,...),
where 0= @, = .

To obtain the relation between the actual position ¢, of

the star and the apparent position ¢ for an observer located at
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Fig. 5. A null geodesic having inclination & with respect to a static observer
located at xobsz{%,%,é} (solid, dotted, dashed lines) has an angular devia-
tion ¢, due to the curved spacetime. The corresponding critical angles are
£.=10.249,7/4, 7/ 2}.

Fopss We integrate Eq. (12) from xgps t0 X, =0. As an ex-
ample, Fig. 5 shows the azimuthal angle ¢, as a function of
the observation angle ¢ for a static observer at three posi-
tions.

For our interactive application, we need the inverse rela-
tion & as a function of the current position x,,, and the azi-
muthal angle ¢,. Therefore, we precalculate a two-
dimensional (2D) lookup table, as shown in Fig. 6.

If the observer is falling freely, we adjust the apparent
position regarding the observer’s current velocity B
=/ (xops—X0)/ (1 —xp) using Egs. (7) and (18).

In addition to the geometric distortion of the stellar sky,
we also include the magnification as discussed in Sec. V.
Hence, we expand the lookup table by the factor

sin sin ¢de

sin & dé 23)

Xstat = 10210 Iu“stat log;o
for a static observer.

Thus far, we only have the lookup table for the outside
region r.p,>r,. Below the horizon, the observer cannot be
static. In this case, we store the dimensionless parameter

(0
4m+
(o]
3m 4 5}
=
o
2
=1
g | 2
= =)
2m + = g =
© = o
2 sl 9
¢ = = 2
Pl - 3
! =
! g
Tt ! g
1
1
1
1
1
S : :
0 02 Y 04 0.6 0] 1.0 obs

Fig. 6. The lookup table for a static observer at position x,,,=x and a star
with azimuth angle ¢ yields the observation angle & The photon sphere is
located at x=2/3, whereas the horizon has coordinate x=1.
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rék xVx—xgcos E—x\V1 —xg
a=—= - (24)
ch sin &

with respect to the scaled current position r,/r, and the
azimuthal angle ¢... Here, the constants k and 4 follow from
Eq. (10). In the precalculation step, we can choose x, arbi-
trarily. In the application, we solve for the unknown apparent
angle,

&=arctan[ Y(a,xp,Xope)> X (@, X0, X ops) |5 (25a)
— 424/ [ [ 2 2
X(a,xp,x) =x N1 —xgvx —xo+ava”— (1 —x)x~,  (25b)
Y(a,xp,x) = x\x - xo\t/az —(1=x)x*—ax\1l-x5, (25¢)

where the parameter a is read from the lookup table. A deri-
vation of Eq. (25) is given in Appendix A. Note that the
radicand in Egs. (25b) and (25c¢),

2
n? &
is always non-negative. As before, we also store the factor
X-=log u;!, where u., is calculated for an observer with
initial position xy=0. To determine the magnification u for

an arbitrary initial position x,, we define a correction factor
similar to u of Eq. (19a),

a*—(1-x)x*= [Vx = xo— V1 = xpsin €)%, (26)

M= 5= T (27)

where &' =€&(xy=0), as in Eq. (25a). Now, we replace a in Eq.
(25a) by
B x\s";cos & —-x
sin &
from Eq. (24), which yields a function &=¢&(&') for u,.

Hence, the magnification for an arbitrary initial position is
M= Moo o

(28)

C. Planck spectra for the stars

To simplify the visualization of the stars, we approximate
the actual spectrum by a Planck spectrum. For that, we ex-
tract the Johnson B-V color of each star given in the Hippar-
cos catalogue and assign a temperature T=Tjg.y following the
empirical law given by Reed, 4

B-V
Cl loglo T+ C2 (loglo T=<= 3961)
C3(10g|0 T)2+C4 loglo T+ C5 (loglo T> 3961)
(29)
with C,=-3.684, C,=14.551, C;=0.344, C,=-3.402, and
Cs=8.037. For our Sun with (B-V)5=~0.656,> we obtain
T ~5900 K.

The spectral intensity of a star with respect to the fre-
quency v is

2hv? 1
IPlanck(Ts v) = 2 phvilkgl) _q° (30)
where h is Planck’s constant and kg is Boltzmann s
constant.’® Due to the relativistic Liouville theorem,’ 1,/v°
=constant, which states that the density of photons in phase
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Fig. 7. The integral i, of Eq. (33b) for the visual regime V=(\,
=380 nm, \,=780 nm) as a function of the star temperature T.

space is constant, a frequency shifted Planck spectrum is
again a Planck spectrum but with a different temperature.
With the shift factor z, of Eq. (15), the actual star tempera-
ture T, and the temperature T, measured by the observer
are related by

Tstar

Tops=T7"—. (31
ovs I+ Ztotal )

Thus, blueshifted stars appear hotter than they are.

D. Apparent magnitude

The apparent magnitude m of a star is defined as
m=-25 logloi, (32)
fo

where f is the flux densitgf received by the observer and f is
a constant scaling factor. " The flux density f for the wave-
length domain (\;,\,) is given by the spectral intensity
Ipjane» the solid angle dw, and the sensitivity s(\) of the
detector,

A

fogny = d‘*’f Iptanci (T, N)s(N)dN (33a)
A

=dw i 1)(T). (33b)

A brief explanation of the human sensitivity s(\)=y(\) is
given in Appendix C. In Eq. (33b) we use the wavelength
representation of the Planck spectrum, which follows from
Eq (30) together with IPlanck(T7 V)dV=_IPlanck(T’ )\)d)\ and
c=\v,
2hc? 1
TpanadT.N) = =5~ Z0en 1 (34)

Note that we have incorporated the angular size dw of a star
only to determine the flux density f.

Figure 7 shows the integral ¢y = Yo ny for the visual re-
gime V=(\;=380 nm, A\,=780 nm) as a function of the
temperature 7.
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From the Hipparcos catalogue, we know the apparent vi-
sual magnitude my of each star as well as its Reed tempera-
ture 7. Hence, we can determine the factor

_do

£= fO - wv(Tslar) '

which follows from Egs. (32) and (33b).

To obtain the observed apparent visual magnitude my g,
we replace dw=dwyyjenseq DY the lensed expression dwiepgeq
=pudogened and the integral ¢(Tg,) by the integral
(T, at the observed temperature. Thus, we obtain

My gps == 2.5 log ol /(T ops) ] (36)

1 0—0.4m v

(35)

or

l/fv( Tobs)
lpV( Tstar) '

respectively. If log;o #>0, a star appears brighter than it
really is (see Fig. 3).

My gps — My =—2.5 logjo p— 2.5 logyg (37)

E. Fraunhofer diffraction

When we observe the stellar sky with our naked eyes or
through a telescope, the finite aperture a,, of the iris or the
lens causes Fraunhofer diffraction,3 8

2Jl(kn)>2
kn ’

Ien(N, 7) = Io( (38)
where [, is the maximum intensity, n=a,,sin 6, 6 is the
observation angle within the telescope, k=2m/\ is the wave
number, and N the wavelength. J; is the Bessel function of
the first kind (see Appendix B). The first root of Eq. (38),
given by (k7)min=3.8317, is responsible for the resolution of
the telescope. The Rayleigh criterion with D=2a,, is

(k 77) min A

A
sin = ~ 1.2197—, (39)
D D

™
which also gives the angular size 6 of the Airy disk.

The constant intensity /, of the Fraunhofer diffraction is
replaced by the Planck spectrum of the star. But, because
neither a telescope nor the human eye is sensitive to only one
wavelength, we integrate the incident intensity over the do-
main (A\;,\,),

Ay
I ny :f Tptanck (T M) Ign(N, m)dN . (40)
M

Figure 8 shows the integrated intensity / for the visual re-
gime V. In Fig. 9 the contour plots corresponding to Fig. 8
are shown, where Iy is scaled with the maximum intensity
I0x=Iy(T, 7=0). The gamma display correction factor is 1/4
(see Ref. 39).

F. Visualization of the stars

For the visualization of the stars, we transform the spec-
trum of each star onto the color space of the computer dis-
play. We first determine the color values %;={X,Y,Z} in the
CIE XYZ color system (Appendix C) by a convolution of the
spectrum  with the color matching functions &;(\)

={x(\),y(N).Z(V)},
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Fig. 8. Integrated intensity I, for (a) T=3000 K (solid line) and (b) T
=30 000 K (dotted line).

A
2_7,()\1,)\2)(T’ 77) = j IPIanck(T’)\)IFh()\s 7]) 0_-1()\)61)\ (41)
M

These color values can also be stored in a two-dimensional
lookup table depending on the parameter » and the tempera-
ture 7. In the application, we scale the color values by the
lensed angular size udw, as shown in Eq. (35).

G. Implementation details

Before running the Qt application we generate the lookup
tables of Sec. VI B that are responsible for the distortion
above and below the horizon. Both tables are stored as two-
dimensional images (2D textures) on the GPU with a reso-
lution of 4096 X 4096 texels. This image resolution yields a
positional resolution Axg,,=1.0/4096=0.000 244 and an an-
gular resolution A¢,,=4m/4096=0.003 068. To fill the tex-
tures, we proceed as follows. For each x,,, we loop over the
observational angle ¢ from 0 to &.,. The integral (12) gives
the azimuthal angle ¢,.. We can write the angle ¢ at texture
position [x,, ¢..]. For the magnification factor u, we also
calculate the derivative d¢/dé numerically. In addition to the
distortion textures, we store the function /(7T) of Eq. (33b)
for logyg Tpin=3.0 to log;y T.x=4.7 as a one-dimensional

() (b)

Fig. 9. Contour plot of the integrated intensity Iy/I,,, for (a) 7=3000 K
and (b) 7=30 000 K.
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Fig. 10. Screenshot of the application with the OpenGL window (black
region) and the Observer, Position/Time, Animate, and Shader panels.

texture and >, ; of Eq. (41) as a two-dimensional texture. All
lookup tables and the application code can be downloaded
from Ref. 40.

The point-based renderin% of the stars is done using the
OpenGL Shading Language.‘2 The apparent positions of the
point sprites representing the stars, the frequency shift, and
the magnifications are calculated by means of the vertex
shader. The fragment shader is responsible for the Fraun-
hofer diffraction and the colors following from the apparent
temperatures. A detailed discussion of the rendering pipeline
and the shading language is given in Refs. 41 and 42.

H. Short description of the program

A screenshot of our Qt application is shown in Fig. 10.
The main window is composed of five parts: the OpenGL
window that shows the current view of the observer in 4
projection (Fig. 11) and four panels where the user can con-
trol the observer’s initial position, the current position for the
free fall situation, the animation of the free fall situation, and
some shading parameters.

1. OpenGL window

The 47 projection shows the view of the observer in all
directions. The distortion at the top and at the bottom of this
projection is due to the mapping of spherical coordinates
onto a plane surface and has nothing to do with the distortion
due to the black hole. The advantage of this projection is that

ol

k]

k]

ol

Fig. 11. 4 projection of the full sky with right ascension on the abscissa
and declination on the ordinate. The constellations, taken from STELLARIUM
(Ref. 14) are drawn for better orientation.
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Fig. 12. Null geodesics separated by 10° with respect to the static observer
located at ryp =3r (xy,s=1/6) will reach infinity (x=0) or fall into the black
hole with horizon x=1.

you can see at a glance how the complete sky will look. By
pressing the left mouse button, you can quasistatically move
around the black hole at a fixed radial distance with the
viewing direction always pointing toward the black hole.

2. Observer panel

The initial position r; of the observer for the free fall situ-
ation or the current radial distance for the quasistatic motion
is scaled by the Schwarzschild radius ;.

3. Position/Time panel

Depending on the initial position r;, a freely falling ob-
server would crash into the black hole singularity within the
proper time 7,4,, Which is scaled by the speed of light ¢ and
the Schwarzschild radius r;. If the freely falling mode is
activated, you can change either the current position or
proper time of the falling observer by moving the sliders.

4. Animation

Instead of moving the sliders, you can also animate the
free fall by increasing the proper time uniformly. The ani-
mate factor scales the time step.

5. Shader

The output of the star simulation is influenced by the
gamma factor, f,, of Eq. (35), and by the maximum point size
which defines the size of the Airy disk.

VII. DISTORTION OF THE STELLAR SKY

To get an impression of how the bending of light distorts
the stellar sky, Fig. 12 shows null geodesics for a static ob-
server located at x=1/6. Here, the inner circle (horizon) has
coordinate x=1 and the outer circle (infinity) has coordinate
x=0. We use Cartesian coordinates (p, o) with

p=[ax+Db(1 -x)]cos ¢, (42a)

o=[ax+b(1-x)]sin ¢, (42b)

and the two scaling parameters a and b. Remember that we
have neglected the actual distances of the stars and have put
them at infinity.
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Fig. 13. Null geodesics separated by 10° with respect to the falling observer
at the current position ryp=3r(xy,s=1/6) will reach infinity (x=0) or fall
into the black hole with horizon x=1.

Figure 13 shows a similar situation. The observer starts
falling from infinity, x=0. When the observer crosses the
point x=1/6 as shown in Fig. 12, a different distortion is
observed due to the current velocity.

In addition to the geometric distortion of the stellar sky,
we also take into account the gravitational frequency shift as
well as the Doppler effect. Because the observer’s position
Xobs—=> 0 is always closer to the black hole than the stars, the
gravitational frequency shift causes the stars to appear more
blue than they really are. For a static observer, Eq. (15) sim-
plifies to 1+zu=V1I—x.s Thus, for x,,,— 1, we have
Ziota— —1. In contrast, for a freely falling observer the Dop-
pler effect modifies the frequency shift tremendously, as seen
in Fig. 14. Here, if a observer starting at x,=0 crosses the
horizon, the frequency shift simplifies to z;,,=—cos &.

Finally, let us consider the example of how light from
constellation Orion is influenced by the Schwarzschild
spacetime. From the Hipparcos catalogue, we obtain right
ascension and declination of the single stars, as shown in
Fig. 15.

180 [~

Fig. 14. For a freely falling observer starting from x,=0, the black hole will
appear to have apex angle £€=¢; (solid line), as calculated from Eq. (11).
The dashed lines represent lines of constant frequency shift z, as calculated
from Eq. (15).
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Fig. 15. Constellation Orion with coordinates given in right ascension (ra)
and declination (dec). The proper names and other data are given in Table L.

Furthermore, we can determine a Reed temperature from
the Johnson B-V color. The temperature and the apparent
magnitude my yield the scaling factor {y for the visual re-
gime V as shown in Table I. Because { equals the angular
size of the star divided by the scaling factor f;, we can de-
termine the scaled radius of each star via

R \/?
—=~1/%d, 43
Vfo ™ )

where d is the distance to the star. Thus, if we know the radii
of the stars, we can determine the mean scaling factor f,.

Figure 16 shows a screenshot of Orion distorted by a
Schwarzschild black hole. Although the primary image of
Orion looks only slightly distorted on the right side of the
black hole, the mirror image of Orion on the left side looks
strongly distorted. In addition, the mirror images of the stars
of Orion appear fainter due to the exponential decrease in the
magnification with increasing deflection angle, as discussed
in Sec. V. The rings around the stars are due to the simulated
Fraunhofer diffraction.

VIII. SUMMARY

The visualization of the stellar sky in the neighborhood of
a Schwarzschild black hole is an excellent way of under-
standing the effects of general relativity. We have considered
the local reference frame as well as the apparent size of the

Sirius
.

o« @
N_ .
' o8 o’
g-:e ; black 3
hole cie
Y .
g "

Sirius

Fig. 16. Screenshot of the constellation Orion distorted by a Schwarzschild
black hole. The dashed circle represents the apparent size of the black hole
defined by the photon orbit r,,=3r,/2. The faint rings around the stars are
due to Fraunhofer diffraction.

Schwarzschild black hole for a static and a freely falling
observer. The total frequency shift with respect to both ob-
servers outside the horizon is given by the product of the
gravitational and the respective Doppler frequency shift. The
product depends only on the initial and current position of
the observer and the observation angle and can be continued
beyond the horizon. In addition to the frequency shift, the
change in the brightness of a star substantially depends on
the change in its solid angle with respect to the observer.

The magnification for a freely falling observer outside the
horizon follows from the magnification for a static observer
multiplied by the magnification due to special relativistic ab-
erration. Below the horizon, the magnification for a freely
falling observer starting from an arbitrary position outside
the horizon can be deduced by the magnification for a freely
falling observer starting from infinity.

The distortion of the stellar sky due to the bending of light
by the Schwarzschild geometry was realized by the precal-
culation of light rays and storing the crucial parameters in
lookup tables. The numerical integration of the elliptic equa-
tion and the subsequent differentiation are numerically un-
stable and need more work. Currently, we use a median filter
to smooth the tables.

Even though a Planck spectrum together with the empiri-
cal Reed temperature is only a rough estimate of the true

Table 1. Star data of the constellation Orion for the stars in Fig. 15 are taken from the Hipparcos star catalogue (Ref. 30). B-V: Johnson B-V color (H37), T:
temperature (Kelvins) from Eq. (29), HIP: Hipparcos number (H1), my: apparent visual magnitude (Johnson magnitude, HS), Trig. par.: trigonometric parallax
in milli-arc-sec (H11), : factor defined in Eq. (35), R/\fy[Ro]: apparent radius in solar radii scaled by the constant factor f.

T Trig.par. Ly

Proper name Abbr. B-V (K) HIP my (milli-arc-sec) (m? sr/W) R/ v%[RQ]
Betelgeuse a Ori 1.50 3488 27989 0.45 7.63 2.2819x 10714 495

Rigel B Ori —0.03 9077 24436 0.18 422 2.8992 X 1071 101
Bellatrix 7y Ori —0.22 19245 25336 1.64 13.42 1.2929 X 1077 7
Mintaka 6 Ori —0.17 15279 25930 2.25 3.56 1.1586 < 1077 24
Alnilam € Ori —0.18 15903 26311 1.69 1.78 1.7863 % 1077 59
Alnitak { Ori —0.20 17038 26727 1.74 3.99 1.4858 < 10717 24

Saiph K Ori —0.17 14819 27366 2.07 452 1.4589x 1077 21
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spectrum of a star, it gives a realistic view for our star visu-
alization. By means of Fraunhofer diffraction, we took the
influence of a finite aperture into account.

We restricted the observer to quasistatic and radial motion.
Arbitrary motion around the black hole using Fermi—Walker
transport for the observer’s reference frame is mathemati-
cally straightforward, but the interplay between special rela-
tivistic aberration and gravitational distortion becomes too
complicated to be of pedagogical use.

We provide our visualization application as open source
software so that users can learn how to implement the vari-
ous aspects discussed with standard tools. Because our code
uses highly efficient computer graphics techniques, an inter-
active exploration of the stellar sky in the vicinity of a
Schwarzschild black hole is feasible.
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APPENDIX A: APPARENT ANGLE

In Sec. VI B we solved an equation of the type
acos é—ksin éE= (A1)

with > B. To obtain the angle £ in the full range [-, 7],
we replace the trigonometric functions by their complex rep-
resentation, for example, cos &= (eé+e7¢). The solution for
&is

R
BFa?+ k-
n

E=-1il - (A2a)
a+ik
=—iln5=——== arctan(y,x), (A2b)
VX“+y
where
x=aB* ko + k- B, (A3a)
y=* ava? + kK> — B - Bk. (A3b)

APPENDIX B: FRAUNHOFER DIFFRACTION
AND J,

For Fraunhofer diffraction, we need the Bessel function of
the first kind, which is defined as the infinite sum

oo

(_ l)k X n+2k
J”(x)zz) K'T(n+k+ 1)(5)

with the gamma function I'(n)=(n—1)! for positive integers.
Fraunhofer diffraction leads to
I _ (211 @) )2
1 0 - X '

The first three roots of Eq. (B2) are x;~3.832, x,=~7.016,
and x3=10.173. The maxima of Eq. (B2) can be obtained

(B1)

(B2)
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Fig. 17. Fraunhofer diffraction I,/ I,, from Eq. (40), for A=380 nm (dotted
line) and A=780 nm (solid line).

with the help of the recurrence relation dJ,(x)/dx=J,(x)/x
—J,(x). In this way, we find the roots of J,(x), which are
X;=5.136 and x,=8.417. Figure 17 shows the Fraunhofer
diffraction depending on wavelength \ and 7.

APPENDIX C: SENSITIVITY OF THE HUMAN EYE

Human visual perception is described by the tristimulus
theory, which means that the color C is composed of three
primary colors X,Y,Z, where C=XX+YY+ZZ.* We have
used the primary colors defined by the Commission Interna-
tionale de | ’Eclairage in 1931. The coefficients X, Y, and Z
follow from the spectral intensity distribution 7(\) by convo-
lution with the color matching functions X(\), y(\), and Z(\)
(see Fig. 18).

For an arbitrary scaling factor k, we obtain, for example,

Y= KJ IN)Y(N)dN. (C1)
The primaries are chosen in such a way that the function
y(\) represents the sensitivity of the human eye regarding
the luminance of a color.
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Fig. 18. CIE 1931 2 degree color matching functions Xx,,¥,,z) (Ref. 43).
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For a detailed discussion on the transformation between
the CIE colors and the RGB values for a specific device or
display, we refer the readers to Ref. 39. In our application,
we use the color rendering of Ref. 44.
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