
Mathematical Physics Studies

Eckehard W. Mielke

Geometrodynamics 
of Gauge Fields
On the Geometry of Yang-Mills and 
Gravitational Gauge Theories

 Second Edition 



Mathematical Physics Studies

Series editors

Giuseppe Dito, Dijon, France
Edward Frenkel, Berkeley, CA, USA
Sergei Gukov, Pasadena, CA, USA
Yasuyuki Kawahigashi, Tokyo, Japan
Maxim Kontsevich, Bures-sur-Yvette, France
Nicolaas P. Landsman, Nijmegen, The Netherlands



More information about this series at http://www.springer.com/series/6316



Eckehard W. Mielke

Geometrodynamics
of Gauge Fields
On the Geometry of Yang-Mills
and Gravitational Gauge Theories

Second Edition

123



Eckehard W. Mielke
Departamento de Física, CBI Iztapalapa
Universidad Autónoma Metropolitana
Mexico City
México

ISSN 0921-3767 ISSN 2352-3905 (electronic)
Mathematical Physics Studies
ISBN 978-3-319-29732-3 ISBN 978-3-319-29734-7 (eBook)
DOI 10.1007/978-3-319-29734-7

Library of Congress Control Number: 2016952909

1st edition: © Akademie-Verlag Berlin 1987
2nd edition: © Springer International Publishing Switzerland 2017
This work is subject to copyright. All rights are reserved by the Publisher, whether the whole or part
of the material is concerned, specifically the rights of translation, reprinting, reuse of illustrations,
recitation, broadcasting, reproduction on microfilms or in any other physical way, and transmission
or information storage and retrieval, electronic adaptation, computer software, or by similar or dissimilar
methodology now known or hereafter developed.
The use of general descriptive names, registered names, trademarks, service marks, etc. in this
publication does not imply, even in the absence of a specific statement, that such names are exempt from
the relevant protective laws and regulations and therefore free for general use.
The publisher, the authors and the editors are safe to assume that the advice and information in this
book are believed to be true and accurate at the date of publication. Neither the publisher nor the
authors or the editors give a warranty, express or implied, with respect to the material contained herein or
for any errors or omissions that may have been made.

Printed on acid-free paper

This Springer imprint is published by Springer Nature
The registered company is Springer International Publishing AG
The registered company address is: Gewerbestrasse 11, 6330 Cham, Switzerland



Gratefully dedicated to
my parents, Walter and Charlotte Mielke
and to
my teacher, John Archibald Wheeler



Preface to the Second Edition

This revised monograph still aims at a unified geometric foundation of gauge
theories of elementary particle physics and gravity. The underlying geometric
structure is unfolded in a coordinate-free manner via the modern mathematical
notions of fiber bundles, exterior differential forms, and their Clifford-
algebra-valued generalizations. In the first part, Maxwell theory is treated as the
simplest example, with an emphasis on the more recent measurement of the vector
potential 1-form A via electron interference.

By transferring these concepts to local spacetime symmetries, affine general-
izations of Einstein’s theory of gravity arise in a Riemann–Cartan space with
curvature and torsion. In this context, recent accounts on the Einstein–Cartan
theory, teleparallelism, as well Yang’s gauge approach to gravity are treated in
more detail, with emphasis on gravitational instantons. Duality projections of
curvature squared models, with their Einsteinian macroscopic “nucleus,” are ana-
lyzed with respect to the issue of quantization, or at least asymptotic safeness. The
Cartan-type geometric structure of BRST quantization with nonpropagating topo-
logical ghosts is developed in some detail.

In order to obtain more insight into the open issue of quantizing gravity,
Chern–Simons-induced topological three-dimensional gravity, like the Mielke–
Baekler model, is analyzed, in which torsion provides a kind of linearization of the
vacuum field equations. Moreover, the peculiar feature of Dirac fields in curved 3D
space is geometrically related to flexural modes of new materials such as graphene.

Quantized Dirac fields suffer from nonconservation of the axial current, leading
to chiral and trace anomalies also in Riemann–Cartan space.

Since the discovery of the Higgs boson, concepts of spontaneous
symmetry-breaking in gravity have come again into focus: departing from a
topological de Sitter-type gauge theory, some new progress in the constrained BF
model with a primordial SLð5;RÞ gauge group is presented. After a tiny
symmetry-breaking and the spontaneous generation of the metric, Einstein’s stan-
dard general relativity with cosmological constant again emerges as the classical
background.
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Preface to the First Edition

Since the days of Riemann, scientific work in natural philosophy has concentrated
on answering questions “… concerning the intrinsic (physical) basis for the metrical
relations in space …”1 thus striving for a unified geometric description of funda-
mental physical interactions. The present study reports on recent achievements in
this endeavor.

It will begin with a coordinate-free presentation of the underlying geometric
structure of electromagnetic fields and their nonabelian generalizations by utilizing
rather modern mathematical concepts, such as those of fiber bundles and
Lie-algebra-valued differential forms. Such nonabelian theories of Yang–Mills type
are founded on Weyl’s basic principle of gauge invariance and appear to be the
most appropriate framework in which to describe phenomena so as the weak and
strong interactions in particle physics. In particular, the unification of weak and
electromagnetic forces within the Weinberg–Salam model has gained much
empirical evidence during the last two decades.

As for macroscopic gravity, it is taken for granted that Einstein’s theory of
general relativity is the geometric theory that is empirically the most successful.
However, concerning attempts of quantization, it is flawed by the conceptual dis-
advantage that it cannot be molded completely into the scheme that is put forward
by Maxwell’s theory. Following, however, the suggestions of not only Weyl but
Einstein himself, theories of gravity can be worked out that not only incorporate
general relativity, but are also invariant with respect to local translations and local
Lorentz transformations. Such Poincaré gauge theories are to be located in a
Riemann–Cartan spacetime with curvature and torsion, and consequently can be
coupled not only to the mass but also canonically to the spin of fundamental
particles. The resulting gravitational field equations are of a formal structure that is

1“… die Frage nach dem inneren Grunde der Massverhältnisse des Raumes …” (Bernhard
RIEMANN, 10 Juni 1854).
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analogous to that of the “spontaneously broken” Yang–Mills–Higgs model. For this
reason, they can be solved by means of appropriate duality Ansätze as in the case
of the instanton solutions of nonabelian gauge theories. It turns out that the metrical
background, concerning macroscopic length measurements, is represented by
Einstein spaces. Deviations are to be expected only within microscopic regions.
This is especially true for interactions with fundamental spinor fields.

Not considering questions concerning the global topology, it has to be realized
that the contortion of spacetime induces principally a nonlinearity into the Dirac
equation. This self-interaction of the axial vector-type is equivalent to what was
suggested by Heisenberg in his unified field theory of elementary particles. The
soliton solutions, which are occurring in such nonlinear models, are investigated
with respect to their semiclassical and quantum meaning.

The ultimate goal of all these unifications is to build up a theoretical super-
structure, an all-encompassing grand synthesis of all physical interactions. Within
the limits of the present study, theoretical models are dealt with that are of
unequivocal geometric character. These include the Rainich geometrization of the
Einstein–Maxwell system, the nonabelian generalizations of the five-dimensional
theory of relativity by Kaluza and Klein, and last but not least, the tensor domi-
nance model of Salam et al. It is above all the Kaluza–Klein model being coupled to
Dirac fields that, in contrast to the generally covariant Yang–Mills theory, promises
a far deeper understanding of the parity violations occurring in the decay of certain
metastable mesons.

Most of today’s outstanding theories of fundamental interactions postulate -
following Gell-Mann - the so-called quarks as hypothetical building blocks of
matter. In order to guarantee the permanent confinement of these enigmatic archaic
forms in the observable hadrons, a geometrodynamical mechanism of confinement
common to all geometric models of unification is proposed in a speculative
prospect.

The bulk of the present study is a slightly revised and amended version of the
author’s habilitation thesis, which was submitted to the Faculty of Science of the
Christian-Albrechts-University of Kiel in April 1982.

Apart from Prof. J.A. Wheeler, it is especially Prof. F.W. Hehl to whom I owe
innumerable direct and indirect suggestive ideas that have helped me to shape
structurally important physicomathematical concepts that have entered this work
during the stages of its genesis. I would also like to express my sincere gratitude for
the hospitality and the highly stimulating working atmosphere at the International
Centre for Theoretical Physics, Trieste, which were extremely helpful and for which
I should like to thank Prof. Abdus Salam, the International Atomic Energy Agency,
and UNESCO.

Furthermore, I feel obliged to thank Profs. F.W. Hehl, K. Hübner, Abdus Salam,
V. Weidemann, and J.A. Wheeler for their assistance and readiness to procure
useful letters of recommendation. For the completion of this present study would
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have been impossible without the subsidies from a habilitation grant of the
Deutsche Forschungsgemeinschaft, Bonn.

Finally it is Mr. H.J. Schneider whom I wish to thank for the painstaking task of
translating the German version into nearly literary English.

Flensburg Eckehard Mielke
December 1985
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Chapter 1
Historical Background

Despite a long history, the gauge-theoretic status of gravitation still remains the
single gap in the quantum gauge picture of fundamental interactions. The corner-
stones of Einstein’s theory of gravitation are the relativity and equivalence princi-
ples. To be more precise, Einstein’s ingenious conception of general relativity (GR)
(Einstein 1915, 1916, 1950) was basically founded on the principle of general
equivalence of all noninertial spacetime frames. This theory of gravity met with a
first empirical verification at rather early stages in time. Thus it was already in 1919
during an eclipse of the sun that the predicted value of the deflection of light by the sun
could be experimentally corroborated1(Eddington 1920). This was highly impor-
tant for the scientific approval of Einstein’s theory, since the empirically established
value, in agreement with GR, is twice as big as what ensues from the conventional
Newtonian theory. Further verifications of the so-called “classical tests” within the
field of GR followed and are discussed in great detail by Misner et al. (1973).

Today, gauge theory provides the theoretical basis for a unified description of all
particle interactions. In 1967,Weinberg andAbdus Salam (1968) devised a theory
that combinedFaraday’ andMaxwell’s theoryof electromagnetism (Maxwell1881)
and Fermi’s theory of weak interactions, being the cause for the β-decay of certain
radioactive nuclei into a single scheme. Although the Weinberg–Salam model is for-
mulated within the frame of geometric concepts related to GR, it took much more
time and sophisticated large-scale experimentation to establish it empirically; cf.
Salam (1980). This theory of combined electroweak interactions has gained further
empirical evidence by the detection of the intermediating W± and Zo bosons as the
result of high-energy experiments that were conducted at CERN (Arnison 1983).

From a systematic point of view, this increase in positive knowledge is of equal ini-
tiating importance with the breakthrough that was achieved by James ClerkMaxwell

1“Alle Zweifel sind entschwunden, Endlich ist es nun gefunden: Das Licht, das läuft natürlich
krumm Zu Einsteins allergrößtem Ruhm!” (Postcard sent to Einstein by Debye, Weyl, and others
at October 11,1919).
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2 1 Historical Background

(1831–1879) regarding the idea of a unified interpretation of electric and magnetic
phenomena.

The most remarkable characteristic of this theoretical approach within our con-
text2 is the firm and fundamental conviction that all hypotheses concerning the real
physical world can be given—before quantization—in purely geometric terms.

Einstein’s convictions are rooted in Descartes’s idea of the res extensa and cer-
tainly in themetaphysics of Spinoza as well. Themain theme of the latter philosopher
can be summarized as follows: if the world can be comprehended more geometrico,
then its inherent order has to be geometric in itself. A thorough philosophical analysis
of all programs intending to geometrize physics is to be found in Graves (1971)
and Kanitscheider (1971).

And yet Einstein himself was always aware that the foundation of a theory of
general relativity was inherently bound to make use of a priori assumptions. To a
certain extent, such conditions had already been expounded philosophically by Kant
(see also: Hübner 1983).

Nevertheless, it was Einstein’s first and foremost goal to work out geometric con-
cepts that would make possible the unification of the divergent theoretical descrip-
tions of nature. At his time, however, physics was far from being advanced enough
to achieve such an ultimate goal.

Nowadays, however, one of the most certain assets of science is that the classical
fields of physics, which are involved in the effort to describe electromagnetic and
gravitational interactions, admit an interpretation in terms of differential geometry.
Already for Riemann, who among others provided the mathematical bases for the
theory of general relativity, it was conceivable that not only the concept of fields—
derived from the principle of action at close distances—but also that of a rigid body
would have to be modified in the infinitesimal small:

It is accordingly pretty well conceivable that the metrical relations of space are not in accor-
dance with the premise of the (Euclidean) geometry in the infinitesimal small. And actually
this is exactly what should be assumed in case the phenomena could thus be explained more
easily.3

Clifford (1982) went even further by putting forward the hypothesis that particles
consist of nothing but curved empty space:

I hold in fact

(1) That small portions of space are in fact of a nature analogous to little hills on a surface
which is on the average flat; namely, that the ordinary laws of geometry are not valid
in them.

(2) That this property of being curved or distorted is continually being passed on from one
portion of space to another after the manner of a wave.

2Cf. (Mielke 1985).
3“Es ist also sehr wohl denkbar, daß die Maßverhältnisse des Raumes im Unendlichkleinen den
Voraussetzungen der [Euklidischen] Geometrie nicht gemäß sind, und dies würde man in der Tat
annehmen müssen, sobald sich dadurch die Erscheinungen auf einfachere Weise erklären ließen.”
(Riemann, Habilitations-Colloquium vom 10. Juni 1854, p 285).
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(3) That this variation of curvature of space is what really happens in that phenomenon
which we call the motion of matter, whether ponderable or etherial.

(4) That in the physical world nothing else takes place but this variation, subject (possibly)
to the law of continuity.

Expressed in more modern terms, this view holds that particles are operationally
characterized by the (bundle) curvature and the global topology of the underlying
spacelike hypersurface evolving in spacetime. This is exactly what was considered
more closely by Weyl.

Provided that space is multiply connected in the infinitesimal small, one cannot
say any longer, “here is charge, but only that this closed surface, which is located
in the field, encloses charge” (Weyl 1924, p 57).4 However, before these vision-
ary ideas could grow into a sound theoretical model of definite physical meaning,
it was for Albert Einstein to lay the foundation for a geometric interpretation of
(macroscopic) gravity by formulating his theory of general relativity (Einstein &
Grossmann 1913; Einstein 1915, 1916).

Instead of the absolute space of Newton with its Galileo-invariant inertial frames,
GR requires an infinite number of merely locally defined Lorentz-invariant frames
of reference.

Each of these frames is valid only in its own spacetime region. Moreover, it is
connected with its adjacent system by a kind of guiding field: themetrical connection
that was introduced by Levi- Civita. Adopting Mach’s principle, for Einstein the
spacetime geometry ceases to be a God-given Euclidean participant standing high
above the “battles” ofmatter and energy but itself takes part in this struggle. Certainly
it is geometry that rules matter how to move, but it is matter that imposes curvature
upon spacetime according the principle of action and reaction.5 As is well known,
this was already envisioned by Gauss and Riemann.

Up to the present, this theory of Einstein’s passed all empirical verification proce-
dures (Will 1993). Therefore, it may serve as a prototype of a physical theory that is
not only conceptually satisfying but also empirically “true.” According to an exper-
iment first devised by Eötvös (1890), the equivalence of inertial and gravitational
mass is measured nowadays with a precision better than 1 × 10−12; this accuracy
can be considered a match to what is achieved in the verification of the theoretical
value of the electron’s magnetic moment predictable within the framework of quan-
tum electrodynamics (QED, Bjorken & Drell 1964). For Einstein (1915), “…this
implied a true triumph of the methods of differential geometry founded by Gauss,
Riemann, Christoffel, Ricci, and Levi-Civita.”

Encouraged by this success, there were early attempts to incorporate other clas-
sical fields, such as the electromagnetic fields, into this geometric framework. The
first approaches of Weyl (1918), for instance, and of Einstein & Mayer (1931)
were doomed to fail, however, although they are mathematically ingenious. Weyl’s

4Falls der Raum im Kleinen mehrfach zusammenhängend ist, kann man nicht mehr “sagen: hier ist
Ladung, sondern nur: diese im Felde verlaufende geschlossene Fläche schließt Ladung ein.”.
5
Wheeler’s formulations have been adopted here for our purposes (1968, p 4).
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theory, for instance, predicts a variation of the spectral lines of neighboring atoms, a
prediction that is certainly not in accordance with empirical evidence.

Thus it was for the important work of Rainich (1925) to show that gravity and
electromagnetism, within the framework of general relativity, always represent an
“already unified field theory.” Apart from a degenerate case (Geroch 1966), the
source-free electromagnetic fields imprint such characteristic “footprints” onto the
spacetime geometry that all the necessary information for reconstructing theMaxwell
fields can be gathered by analyzing the curvature.

This insight,whichwas developed further byMisner&Wheeler (1957), encour-
aged Wheeler to think of a grand design to extend the visions of Riemann, Clifford,
and Einstein into a geometrodynamics (Wheeler 1962, 1968). In geometrodynam-
ics as such, particles and fields are not considered foreign entities that are immersed
in geometry, but are regarded as manifestations of geometry proper.

The ultimate goal of this bold and visionary enterprise has never been put forward
more convincingly than by Einstein himself (1949, p 81):

If one had the field-equation of the total field, one would be compelled to demand that the
particles themselves would everywhere be describable as singularity-free solutions of the
completed field-equations. Only then would the general theory of relativity be a complete
theory.

In 1955, the year of Einstein’s death, numerical studies of the field equations yielded
the first geometrodynamic model of a localized massive object: the geon. In partial
fulfillment of the requirements of Einstein’s unification program, a singularity-free
static solution of the coupled Einstein–Maxwell system had been found that as far
as physics is concerned, may be regarded as a concentration of electromagnetic or
even purely gravitational radiation kept together for a finite time by its own gravita-
tional attraction. A first example of a gravitational soliton! Nevertheless, it is to be
admitted that from the angle of the Rainich geometrization, this electrogravitational
“ball-lightning” consists only of curved, empty space. Following a furthergoing con-
ception, charge can be regarded as electric flux lines that are free of singularities
and “trapped” within a multiply connected spacelike hypersurface of the spacetime
manifold. This so-called “wormhole” model (Wheeler 1955), which can be traced
back to the speculations of Clifford, Weyl, and Einstein & Rosen (1935), admits
a purely geometrodynamic interpretation of electric charge. We will return to this
highly interesting point of view in the context of modern gauge theories of strong
interaction.

In order to represent elementary particles, however, a half-integer spin has to be
introduced into the framework of geometrodynamics in a nonartificial way. A consis-
tent description of this “nonclassical two-valuedness” (Pauli) of spin-1/2 fields can
be achieved only—as Dirac (1928) has shown—via bispinor fields that satisfy the
familiar Dirac equation. This seems to be beyond the scope of the geometrodynamic
program.

Nevertheless, it was already in 1928 thatHermannWeyl (1928, p 88)was ready to
point out that it is possible to couple these quantum-mechanical spinor fields naturally
to the electromagnetic fields if the partial derivatives ∂ j in the Dirac equation are
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replaced by covariant derivatives D j := ∂ j + i A j . In the latter concept, a “minimal”
substitution of the electromagnetic vector potential A j is taken into consideration.

According to this new approach, the Lagrangian density of the total system
remains invariant under the local transformation ψ → eiθψ of the phase of the
wave function ψ and the simultaneous transformation A j → A j − ∂ jθ of the four-
dimensional vector potential A j . For the first time, such recalibrations, or “gauge
transformations,” were applied to the metrical relations in spacetime by Weyl

in 1918 in order to achieve a unified theory of gravity and electromagnetism. As
mentioned above, this theory was contradictory to empirical observations. It was
Schrödinger, however, who analyzed Bohr’s quantum orbit of the “electron” in 1923
within the theoretical ramifications of this newly laid down principle. The theoret-
ical impact, however, was fully realized only by London (1927a, 1927b) after the
quantum-mechanical wave functions of Schrödinger and de Broglie had been intro-
duced into physics. According to this pioneering concept of gauge invariance, “…the
electromagnetic field is a necessary accompaniment of the matter-wave field and not
of gravity” (Weyl 1929).

This raises the question whether it would be possible to use this principle of
“generalized relativity” asWeyl had put it in 1929, too, in order to achieve a coupling
of theψ to the gravitational field. Concerning this highly relevant issue, it is of use to
remember that Cartan had devised a generalization of Einstein’s theory of gravity
in the years 1922 to 1925. By generalizing Riemannian geometry, Cartan proceeded
not only from the curvature but also from the torsion as a possible manifestation of
the intrinsic angular momentum of matter in spacetime, even before the spin of the
electron had been experimentally detected by Uhlenbeck & Goudsmit (1925).

As for a consistent formulation of Dirac’s theory of the electron within the frame
of GR, the resulting theory had to be invariant not only with respect to arbitrary
differential transformations of the coordinates but also with respect to (Lorentz)
rotations of the four-dimensional orthogonal systems of local axes (“tetrads”). These
local frames are necessary anyhow in order to represent spinor fields in a curved
spacetime.AsWeyl could show in 1929, this new gauge theory of gravity employs in
general a linear (asymmetric) connection; its antisymmetric part, i.e., the contortion,
turns out to be proportional to the canonical spin tensor of the Dirac field. AsWeyl

showed in 1950, this is of great concern for the theory, since it necessitates a nonlinear
term in the Dirac equation. This term results from the induction of spacetime torsion
through the axial vector current of the Dirac field. This was reflected rudimentarily
in 1929 by Weyl.

Through the years, this so-called Einstein–Cartan theory was developed further
by Utiyama (1956); Kibble (1961); Sciama (1962). Later, it was particularly
Hehl (1970); Hehl et al. (1976) who was working on it. As for a supermultiplet
with spin-2 and spin-3/2 particles (gravitons and the hypothetical “gravitinos”), this
theory leads directly to the idea of supergravity (Van nieuwenhuizen 1981). On
the other hand, the EC theory admits a Rainich geometrization (Kuchař 1966) of the
spinor fields and is therefore to be considered an extension of GR that is compatible
with the geometrodynamic program.
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As a generalization of the EC theory, Poincaré gauge (PG) theories of gravity
(Hehl 1980, 1981) have been taken into consideration more recently. The guiding
idea is to cope with theoretical problems concerning the issues of quantizing gravity
and subsequently the renormalization of its divergences. Facing these problems, it
is generally considered an advantage to determine the dynamics by a Lagrangian
4-form that contains not only linear, but—in analogy to Maxwell’s theory—also
quadratic expressionswith respect to curvature and torsion. Fortunately, in such a the-
ory the metrical background of vacuum solutions with nontrivial torsion (Baekler
et al. 1982) is not deformed but is retained within the class of Einstein spaces. This
remains valid in generic PG theories, provided that the (electrovac) solutions obey a
modified duality relation (Mielke 1984a, 1984b) for the curvature.

So far, it can be ascertained that within the range of these notions, the cou-
pling of spinor fields of the electron to both electromagnetism and gravity can be
rather well understood. As for the representation of protons and neutrons, however,
Heisenberg’s isospin formalism (1932) requires the introduction of two distinct
Dirac spinors. Accordingly,Weyl’s principle of gauge invariance necessitates gen-
eralized electromagnetic field strengths as a concomitant phenomenon. In the year
1954,Yang&Mills and roughly at the same time Shaw (1955); see Salam (1980),
presented the corresponding gauge theory with local isospin invariance. Geometri-
cally speaking, in such theories a space of “internal” particle attributes is attached to
each point in spacetime on which the (local) invariance group–in this case the group
SU(2) of special unitary two-dimensional transformations—can act freely. This can
be understood as a transition to a kind of “relativity theory” in higher-dimensional
(n > 4) spaces and was, to a certain extent, anticipated by the pioneering works of
Kaluza (1921) and Klein (1926). However, in the Yang–Mills theories, the bond
between the “internal space” and the spacetime is not as rigid as in the Kaluza–Klein
model. This can easily be shown if both theories are compared with each other in the
light of the mathematical theory of the fiber bundles (Kobayashi&Nomizu 1963);
compare alsowith the very instructive presentation of Bernstein&Phillips (1981).

The spin-1 fields of theYang–Mills gauge theories are classicallymassless, similar
to those in Maxwell’s theory of electromagnetism. However, some of the fields,
which are distinguished by internal degrees of freedom, acquire a nonzero mass
through the Higgs–Kibble mechanism of dynamic symmetry-breaking (Higgs 1964;
Kibble 1967). In the Weinberg–Salam model (see, e.g., Taylor 1979 for a review),
this is required in order to obtain a realistic theory of weak interactions that remains
renormalizable according to the criteria of perturbative quantum field theory.

Today’s classification schemes of particles are based on a (broken) flavor symme-
try group containing SU(3). Unfortunately, the lowest-dimensional representation of
SU(3), the triplet representation, cannot be associatedwith any of the known physical
states. Nevertheless, the hypothesis (Gellmann & Ne’eman 1964) that the corre-
sponding particles, e.g., the quarks, constitute the fundamental building blocks of
all hadronic matter led to extremely useful interpretations concerning the structure
of hadrons, and this within the framework of a naive and nonrelativistic approach.
Within this context, the explanation of the anomalous magnetic moment of both the
proton and the neutron is especially worth mentioning (Kokkedee 1969).
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Quarks have to be considered structureless fields with spin 1/2, since it would
otherwise be impossible to explain the total spin of baryons and hadronic mesons,
which in turn are interpreted as bound states of three or two quarks, respectively.
This assumption, however, is already, in a nonrelativistic approach to certain excited
baryon states, contradictory to Pauli’s exclusion principle. In order to save the quark
model, it has been suggested to subject these elementary fields to a so-called para-
statistics instead of the Fermi–Dirac statistics. In other words, the quarks have to
be discriminated by means of additional color degrees of freedom (Greenberg &
Nelson 1977). If the associated exact SU(3) color group is postulated only as a local
symmetry, this again leads to a gauge theory of Yang–Mills type, but this time as a
model for strong interactions. The corresponding spin-1 gauge fields, the so-called
gluons, are supposed to mediate strong interactions as “intermediate bosons.”

Furthermore, a saturation of the “colored” quarks has to be procured in order to
keep the internal color structure of the observable hadrons concealed (almost in the
sense of “hidden” quantum-mechanical parameters). The central problem of quan-
tum chromodynamics (QCD) (Marciano & Pagels 1978), i.e., of the quantized
version of this gauge theory of color symmetry, is the question how to guarantee the
permanent confinement of the quarks and gluons in the observable stable particles.
Up to now, this central problem has not been solved convincingly. Ad hoc construc-
tions, for instance, that resort to stringlike or baglike models (Chodos et al. 1974)
or to lattice approximations (Wilson 1974) of gauge theories have some phenom-
enological relevance but appear to be too artificial if judged by a more scientifically
oriented standard that demands a more functional solution of this fundamental issue
of the structure of matter.

Moreover, it has to be mentioned in this context that in high-energy experiments,
there occur hadronic mesons of a spin larger than one. In particular, there occurs
an SU(3) nonet that consists of the massive spin-2+ mesons f, f ′, A2, K∗(1420).
This may be interpreted as an indication that strong interactions contain a spin-
2 part, which may even be dominant as in the tensor dominance model. This is in
accordance with the assumption of tensor forces in nonrelativistic phenomenological
models of the nucleus (Landau & Lifshitz 1965).

For a fundamental theory of particles, however, it is also necessary to begin with
principle-guided reflections and theoretically explained premises in order to deter-
mine the dynamics of an effective spin-2 interaction. It is for this reason that Isham
et al. and Wess and Zumino suggested independently to let the f-tensor fields obey
nonlinear differential equations, which, in analogy to gravity, are similar to Einstein’s
field equations.

Einstein’s theory of general relativity is invariant with respect to the (infinite-
dimensional) group cf coordinate transformations that induce, in terms of physics,
a change of the local inertial frames. Moreover, as has already been mentioned,
it may be regarded as a gauge theory of the Lorentz group or its covering group
SL(2, C), respectively. If we apply these findings to strong gravity, then it is obvious
to tie together the internal symmetries, such as the SU(3) one, with the spacetime
symmetries that result from the Lorentz transformations according to the subgroup
chain SL(2, C) ⊂ SL(2, C) ⊗ SU(3) ⊂ SL(6, C). If these symmetries are regarded
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as local ones, we get an SL(6, C) gauge theory of strong interaction (Salam 1973)
that provides a geometric rendering for both the internal degrees of freedom of the
quarks and the spin of the fundamental particles. This explanation is based on the
Riemannian curvature and Cartan’s torsion of a generalized space.

As in the Poincaré gauge theory, the torsion induces nonlinear terms into the
Dirac equation, which now, however, account for the “internal” spin, as also for the
isotopic spin, hypercharge, strangeness, etc. Thereby, an additional coupling between
the fundamental spinor fields, which carry different internal quantum numbers, is
achieved.

The resulting nonlinear spinor equation (Mielke 1977) has much in com-
mon with the equation that was suggested by Heisenberg and Pauli in 1957
(Heisenberg 1967). Thereby, besides the modified Planck length

�∗ :=
√
8π�G N/c3 � 8 × 10−33cm, (1.1)

a further length � := �∗/
√

κ is introduced into particle physics that corresponds to
the scaled “Newtonian” coupling constant GS = GN/κ of strong gravity. Salam &
Strathdee (1977a, 1977b), and at the same time, Mielke (1977) laid down the
hypothesis that the tensor gluons occurring in the SL(6, C) gauge theory play a
decisive role in an understanding of the problem of quark confinement.

Such models, which are worked out according to the implications of Einstein’s
theory of gravity, provide solutions that assert that the quarks are confined within
baglike configurations (Salam & Strathdee 1978) similar to those in the MIT
bag model. In this idealization, the geometric structures dealt with are supposed to
be spaces of constant curvature (Riemann 1854), i.e., de Sitter-like microuniverses,
within which the quarks appear to be banished for a full cycle of the evolution
of the macroscopic universe (Mielke 1977). In such a “color geometrodynamics”
(Mielke 1980), solutions of Kerr–Newman–de Sitter type (Kerr 1963) are more
realistic, since they also account for the total angular momentum and the charge of
a composed object.

In astrophysics, these configurations are known to play an important role in the
relativistic description of collapsed stars, i.e., black holes (Wheeler 1964a, b, 1974).
These exact solutions imply a fully relativistic relation for the increment of the
total mass as a function of the total angular momentum (spin) and the (generalized)
charge of the composed object. On an astrophysical scale, this relation can hardly be
proved or checked. In the microcosm, however, e.g., after scaling it down to hadronic
dimensions, this relation is surprisingly well covered by part of the baryon spectrum
(Mielke 1977, 1980, 1981).

At first sight, it may seem rather far-fetched to propose that such geometric and
topological configurations, which are entirely contradictory to our everyday experi-
ence, play such a prominent part in the solution of the problem of quark confinement
and therefore for the theoretical explication of the internal structure of matter itself.
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Fig. 1.1 Wheeler and the
author in front of Lake Plön,
Germany, 1985

However, on the occasion of the centennial celebrations of Einstein’s birth, it
was Adler (1980) who emphasized the structural similarities between black holes
and cosmological solutions of GR on the one hand and the magnetic monopole
and instanton configurations within the framework of Yang–Mills theories on the
other hand. These ideas are in agreement with the above suggested suppositions.
Thus it remains for the future to show whether it is possible to work out a unified
geometric interpretationof the fundamental structure ofmatter by incorporating into a
coherent theory the (different) hypotheses that have been suggested by such renowned
members of the scientific community as Riemann, Clifford, Einstein, Cartan, Weyl,
Kaluza, Yang, Wheeler (Fig. 1.1), Weinberg, and Salam.
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Chapter 2
Geometry of Gauge Fields

The geometrization program of field theories has already established a remarkable
tradition in modern physics. So far, this approach has centered on the gravitational
fields whose intricate structures have found a sound and convincing consolidation in
Einstein’s theory of general relativity. The prevalence of his theoretical explanation
is accounted for by the universality of this interaction (Eötvös–Dicke experiment;
see MTW, p. 1050). Maxwell’s theory of electromagnetism as an almost archetypi-
cal1 model of a gauge theory (Weyl 1928) is also in harmony with this geometric
paradigm. Later on, it was shown by Yang & Mills (1954) that a theory invariant
with respect to local rotations acting on the internal space of isotopic spin may have
a related geometric interpretation. If one were to search ab initio for a nonlinear gen-
eralization of Maxwell’s theory, three conceptually basic assumptions would have
to be clarified:

(i) The idealization of the spacetime continuum must be expounded as the precon-
dition of any field theory.

(ii) The notion of the physical field magnitudes that are attached to a point of the
spacetime manifold, whether are of electromagnetic, gravitational, internal, or
even quantum-mechanical origin, has to be defined globally.

(iii) The principle of action at close distances requires the existence of a connection
between different fields in order to make possible interaction and, in the wake
of it, to ensure measurable physical processes.

It turned out that the precise mathematical framework for such constructions is to
be found in the theory of fiber bundles. Roughly speaking, these theories deal with
appropriate generalizations of the conventional Cartesian product of the “external”
and “internal” spaces in question. It is not by chance that these were first formulated
by mathematicians (see, e.g., Steenrod 1951) in order to solve global topological
problems.At the latest, it was the study ofWu & Yang (1975) thatmade abundantly

1We are adopting here the striking and useful coinage of Weinberg (1977).
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14 2 Geometry of Gauge Fields

clear that it is exactly this property of the bundle theory that accounts for its being
an ideal organ for the analytical description of interacting fields within the gauge-
theoretic concept (Yang 1977).

There exists an extensive literature on fiber bundles. On the one hand, there
are works that lead to a profound theoretical consolidation of differential geome-
try (Kobayashi & Nomizu, Vols. I and II, 1963, 1969; hereinafter referred to as
KN I and KN II respectively). On the other hand, there are studies (Lubkin 1963;
Trautman 1970; Mayer & Drechsler 1977; Daniel & Viallet 1980) that
mainly try to work out a mathematically precise basis for the theory of gauge fields
as presented in those treaties, which are of an outspokenly physically oriented nature
(see, e.g., the reviews of Abers & Lee 1973;Weinberg 1974; 1977;Taylor 1979;
O’Raifeartaigh 1979; Cheng & Li 1984). Consequently, the present study can
make use of the elegant and concise calculus of differential forms, and thus develop
the geometric aspects ofYang–Mills theories almost exclusively on a deductive basis.
Furthermore, we try to establish a general theoretical framework that allows not only
the incorporation of the theory of gravity into this concept, but subsequently also
that of the extended geometrodynamics. “Gauge invariance …has the character of
general relativity… and can certainly only be understood with reference to it” (Weyl

1929). It is therefore advisable to present the gauge theories of particle physics from
the beginning in a curved spacetime.

2.1 Differentiable Manifolds

The theory of general relativity as well as gauge theories in their classical, i.e.,
unquantized, form are based on the concept of a continuous spacetime, which, how-
ever,may comprise curvature and possibly a nontrivial topology, too.And this despite
the fact that the hypothesis of continuity can no longer be taken as self-evident, as
it was, due to historical limitations, in classical mechanics, but has to be modified
with respect to the principles of quantum mechanics (compare, e.g., Penrose 1968;
Wilson 1976; Heller & Staruszkiewicz 1981; Friedberg & Lee 1984).

At first, the illustrative notion of smooth (curved) surfaces will be generalized
into the more abstract notion of a manifold, agreeing with Riemann (1854). The
latter is an entity that is locally similar to the n-dimensional Euclidean space. For the
sake of a more precise explanation, a topological space M is postulated, i.e., a set
with a notion of neighborhood. This space should be equipped with coordinates. To
achieve this, we consider injective (reversible) mappings x : M → R

n, whose range
extends to an open subset of the usual Euclidean space En. Such a map together with
its domain Ui is called an n-dimensional chart. By the projection πi onto the single
axes of the coordinate system of Rn, the local coordinates xi = πi ◦x, i = 1, . . . , n
(see Fig. 2.1), come into existence.

In general, one chart does not suffice to cover a set completely. (As is well known,
at least two charts are necessary for the stereographic projection of the n-dimensional
sphere Sn). However, it is possible to construct a collection of charts of identical
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Fig. 2.1 Coordinates of the sphere obtained by stereographic projection

dimensions so that the set-theoretic union of their domains Ui ⊂ M cover M com-
pletely. In order to achieve this, it is reasonable to demand compatibility, which
means that the change of coordinates (transition function in the theory of the fiber
bundles)

x2 ◦ −1
x 1 : R → R (2.1.1)

is a diffeomorphism in the area of the intersection of their domains. Such mappings
form an infinite-dimensional groupwith respect to composition, i.e., the groupD(M)

of differential coordinate transformations (an analysis of the mathematical complex
structure of the Lie group D(M) is, for instance, to be found in Omori (1973).

A collection (Ui, xi) of compatible charts is called a C∞-atlas ofM. (The common
assumption is that these transformations are r times continuously differentiable, i.e.,
of class Cr). This atlas again can be extended unequivocally to a complete one, which
in turn determines a differential structure of dimension n.

Definition A topological (locally connected) Hausdorff space M endowed with a
C∞-structure of dimension n is termed a differentiable manifold (or for the sake of
brevity, “manifold”).

It has to be pointed out that the notion of a manifold has been defined here
intrinsically, and thus does not make use of the possible embedding into a Euclidean
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space of a higher-dimensional order. According to a theorem of Janet and Cartan,
locally isometric embeddings of analytic Riemannian manifolds into En(n+1)/2 are
possible (cf. KN II, p. 354), but the required embedding spaceswould cause problems
for a physical interpretation.

A global isometric embedding theorem for a compact manifold into Euclidean
dimension N = n(3n + 11)/2 was proven by Nash (1956); for a noncompact one,
the extravagant dimension N = n(n + 1)(3n + 11)/2 results; cf. Chen (2000) for a
survey. Later, in the smooth case, Frolov (2006) considered the embedding of the
surface of a rotating Kerr–Newman black hole into E

4.
For the present, local physics without interaction is applied only to the tangent

space Tm(M) attached to a point m ∈ M. Contrary to the given illustration (see
Fig. 2.2), it is to be accentuated that the construction of this space should depend
only on the structure of the manifold and avoid an embedding of any kind. In order
to achieve this, a curve s(t) on the manifold is chosen that passes through a point
m ∈ M.As an auxiliary device, an arbitrary smooth (i.e., C∞-differentiable) function
f is considered. Its derivative

ef := df (s(t))

dt

∣
∣
∣
∣to=−1

s (m)
= ∂f

∂xi
· dxi(s(t))

dt
(2.1.2)

Fig. 2.2 Tangent vectors concerning holonomic coordinates on the sphere
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along the direction of the curve, considered a mapping of the algebra of the differen-
tiable functions f to the space R of real numbers, defines the tangent vector e(m) or
“velocity vector” at m (see Milnor & Stasheff 1974, p. 5). Concerning a given
rigid basis of Rn, the n-dimensional tangent space Tm(M) is spanned by the linearly
independent vectors eα(m), α = 1, . . . , n. It follows from (2.1.2) that the partial
derivates ∂i := ∂/∂xi constitute a local basis for Tm(M) with respect to a holonomic
coordinate system. By definition, the relation [ei(m), ej(m)] = [∂i, ∂j] = 0 is satis-
fied. Accordingly, the tangent basis for the “comoving” anholonomic frame (Cartan’s
“repère mobile”) can be transcribed as follows:

eα(m) = ei
.α(m) ∂i. (2.1.3)

The occurring nonsingular matrices ei
α(m) depend on the point in question and

are consequently called concomitant “n-Beine”2 or tetrads (four dimensions). The
latter were introduced by Einstein (1928) in order to formulate a theory of gravity
complyingwith the hypothesis of teleparallelism.By the union of all of themanifold’s
tangential spaces, the so-called tangent bundle is brought into existence:

T(M) =
⋃

m∈M

Tm(M). (2.1.4)

Hereinwe find a first example of a bundle in terms of amodernmathematical concept,
which has to be specified in the following paragraphs of the present study.

2.2 Tensor Fields and Exterior Forms

In addition to the tangent bundle T(M), a so-called dual bundle T∗(M) = ⋃

m∈M
T∗
m(M)

consisting of all possible cotangent spacesT∗
m(M)on themanifold canbe constructed.

As is to be shown, these are represented by the canonical differential forms of first
degree.

Let ϑα, α = 1, . . . , n, be a basis of T∗
m(M). Then the “duality”3 requires that ϑα

be orthonormal to a basis of Tm(M) with respect to the natural interior product

eβ�ϑα = δα
β. (2.2.1)

With respect to the holonomic coordinate system, a natural basis of T∗
m(M) is given

by dxi. In terms of the rigid basis of En, the 1-forms

ϑ = ϑαPα ∈ C∞(T∗(M)), (2.2.2)

2Gell-Mann’s German term “Vielbeinfeld” is even more to the point.
3This duality should not be confused with the duality of exterior forms, as introduced later on.
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which are also called Pfaffian forms, can be expressed in general by

ϑα = Eα
j (m) dxj. (2.2.3)

The latter constitute a so-called anholonomic (dual) basis, in as much as the exterior
derivative dϑα , in contrast to that of dxj, is generally different from zero. Following
(2.2.1), Eα· j can be understood as the dual tetrad field “reciprocal” to e

i
β (cf. (2.1.3)).

These spacetime-dependent matrices are related to each other by

Eα
i ei

.β = δα
β. (2.2.4)

By repeated tensorialmultiplication of tangent and cotangent spaceswith themselves,
tensor bundles of generic, co- and contravariant degrees (p,q) will be obtained:

T q
p (M) :=

⋃

m∈M

⊗p T∗
m(M) ⊗q Tm(M). (2.2.5)

Completely symmetric or antisymmetric products are denoted by ⊗s,a or, even more
commonly, by the symbols ∨ and ∧, respectively. Note that a tensor is a geometric
object that is defined independently from the choice of coordinates. Relative to a
basis of the tensor space, a tensor may, however, be locally expanded as follows:

T = T
β1···βq
α1···αp (m)ϑα1 ⊗ · · · ⊗ ϑαp ⊗ eβ1 ⊗ · · · ⊗ eβq ∈ C∞(Tq

p (M)). (2.2.6)

The quantities T
β1···βq
α1···αp(m) are called its p covariant and q contravariant components,

and Tq
p(M) may be regarded as a bundle associated with L(M) having the manifold

M as a base, the tensor representation D(p,q) of GL(n, R), i.e., ρ(p,q)(GL(n,R)) as a
structure group and the (Cartesian) product ⊗p∗

R
n ⊗ q

R
n as a typical fiber.

The (pseudo-)Riemannian metric on M is one of the most important examples
not only for differential geometry, but also for gauge theories in curved spacetime.
Formally, this metric can be defined as a covariant symmetric tensor field of degree
(2, 0):

ds2 = gαβϑα ⊗s ϑβ =: gij dxi ⊗s dxj. (2.2.7)

This “metrical groundform” (Weyl 1923) or square of the line element determines
the scale of the manifold. Due to the postulated symmetry of the components gμ ν,
it is always possible, by a linear transformation of the main axes, to rearrange the
metric locally as follows:

ds2 = gij dxi ⊗s dxj (∗)= −
s∑

i=1

(
◦
ϑ i)2 +

n∑

j=s+1

(
◦
ϑ j)2. (2.2.8)
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If these signatures occur in the same characteristic manner throughout all points of
the manifold, it is generally called a pseudo-Riemannian manifold of signature s; cf.
Sakharov (1984).

In the geometric description not only of gauge fields but of gravitational fields as
well, those cases are prevalent inwhich onemakes use only of an irreducible subspace
of Tq

p(M), i.e., the space of completely antisymmetric covariant tensor fields of degree
(p, 0). Usually, ∧ := ⊗a is an abbreviation for the antisymmetrized tensor product,
while cross sections of this special tensor bundle are called (alternating) differential
form of degree p:

α(p) = 1

p!Aα1···αpϑ
α1 ∧ · · · ∧ ϑαp ∈ C∞(∧pT∗(M)). (2.2.9)

The mathematically elegant calculus of exterior (alternating) differential forms,
essentially developed by Poincaré and E. Cartan, is based on this. As far as we
know, this calculus was first applied to physics by Misner & Wheeler (1957) in
order to achieve both a more concise reformulation of Maxwell’s theory of electro-
magnetism and an incorporation of that theory into an “already unified field theory”
of electromagnetism and gravitation. The standard reference book concerning grav-
itation (MTW 1973) gives an instructive account with respect to this mathematical
tool. Five years later, Howe & Tucker (1978) rewrote the SU(2)-gauge theory in
the language of differential forms and especially drew attention to the subtleties of
the real Minkowski space.

2.3 Fiber Bundles as an Enlarged Geometric Arena

Atomic spectra can be described quantum-mechanically by the Schrödinger theory,
which is based on a detailed knowledge of the dynamics of the microscopic system.
Subsequently, a deepened interpretation of the atomic and nuclear phenomena was
achieved by group-theoretic methods (Weyl 1928; Wigner 1931). In the subnu-
clear domain of particles, we are almost completely dependent on a classification
of particle properties according to such group-theoretic criteria. Wigner’s analysis
(1939, 1957) of the representations of the transformation group in flat spacetime, i.e.,
the Poincaré group, is an outstanding example that yields the well-known invariant
characterization of particles in terms of mass and spin. Moreover, the overwhelm-
ing number of “excited states” of stable particles that have been discovered recently
has certainly received a thorough and satisfying classification by the assumption of
“internal symmetries.” These have been exemplified by the hypothesis of isotopic-
spin invariance Heisenberg (1932) or, for instance, by the hypothesis of the unitary
group SU(3) of Gell- Mann & Neeman (1964).

Within the framework of quantum field theory (QFT, Bjorken & Drell 1964),
the most crucial problem is to find a geometric relation between the spacetime sym-
metries and the postulated internal symmetries that leads to a natural concept of
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interaction. It is to be remembered that in QFT, an elementary particle is represented
by a complex field with several components, or to be more precise, by an array of
rays in a Hilbert space H , which is to be transformed according to an irreducible
unitary representation of the Poincaré group. From the geometric point of view, it is
assumed that ϕ at a point m is equal to the value ϕ(m) in a complex vector space
Vm. Additionally, it can be postulated that a vector space of this kind is attached
to each point of the spacetime manifold. Similarly to the presentation of a tangent
space, it is required, by a global point of view, to take into consideration a bundle of
such abstract spaces of “particle attributes.” In order to realize internal symmetries,
the vector spaces V have to be generalized in such a way that they can function
as representation spaces for the internal group G. Accordingly, these “internal rota-
tions” are seen as operating pointwise on the spacetime manifold. It is only to be
considered that under these circumstances, at least a transformed description of the
same physical reality is achieved that is represented by matter fields.

Intuitive concepts, rather, like these have their precise counterpart in the theory of
fiber bundles. As has already been mentioned, these are appropriate generalizations
of the familiar Cartesian product of the spaces under consideration. In particular, it
involves the group manifold associated with the internal symmetries and the space-
time continuum. However, this generalization is qualified to take globally nontrivial
topological structures into consideration.

Definition A fiber bundle (F, M, π ) consists of two C∞-differentiable manifolds F
and M and a smooth surjective mapping

π : F → M. (2.3.1)

For obvious reasons (see Fig. 2.3), F is called the total space, M the base space,

and π the projection. The closed submanifold Fm := −1
π (m) will be called a typical

fiber, for in contrast to more general bundles, these are all isomorphic in the case
of fiber bundles. Furthermore, (F, M, π) is required to be locally trivial, i.e., each

Fig. 2.3 Möbius strip as an
example of a globally
nontrivial fiber bundle
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point m ∈ M has a neighborhood U such that
−1
π (U) ≈ U × Fm is isomorphic to the

product bundle (U × Fm,U,πu). The mapping

σ : U → F where π ◦ σ = id (2.3.2)

defines a local cross section through the bundle. In the more physically oriented
literature, this is better known as a choice of a “local gauge.”

The most striking example of a global nontrivial fiber bundle is the Möbius strip.
In this case, the (multiply connected) circle is considered a base space, whereas a
one-dimensional real vector space, e.g., the unit interval [0, 1], represents the typical
fiber. This fiber is subjected to such a twist in the total space that opposite points of
the interval can be identified after a full revolution.

The basic idea of the very concept of gauge invariance, however, is that interacting
fields (e.g., gauge fields) at any given point of the spacetime can be varied by local
“internal rotations” (e.g., by local isospin transformations), but that this results only
in an equivalent description of the same physical reality, as far as matter fields are
concerned. In order to heighten the precision of this notion, the internal symmetry
group G (usually assumed to be continuous) and the spacetime manifold are consid-
ered as a whole and extended into a single enlarged geometric arena, the principal
fiber bundle.

Definition Provided P and G are manifolds and the structure group G is a Lie
group,then the collection P(M, G, π, δ) is called a principal fiber bundle if

(i) (P, M, π) is a fiber bundle with typical fiber G;
(ii) (P, G, δ) is a G-manifold (whereby G is acting on P from the right);
(iii) P is locally trivial, which means that every point of M has a neighborhood U ⊂

M together with an isomorphism ι : U × G → −1
π (U) for which the following

property holds:

ι(m, g1g2) = ι(m, g1) · g2, m ∈ U, g ∈ G. (2.3.3)

Amanifold is called aG-manifold (P,G, δ) if G acts on it as a free transformation
group either from the left or from the right:

δ :
⎧
⎨

⎩

G × P → P

∈ ∈ ∈

gp · p◦ = p

∣
∣
∣
∣
∣
∣
e · p◦ = p◦ ∈ P

⎫
⎬

⎭
. (2.3.4)

This fixes the transformations of the total space P if it is subjected to the action
of the symmetry group G. (If the action of G were also a transitive one, i.e., if
there always existed a g that would provide a relation p2 = g p1 for given p1
and p2, then G considered as a manifold would be isomorphic to the base M.)

These highly formalized constructions, however, yield only an “arena” for the rep-
resentation of physical fields.
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2.4 Associated Bundles and Physical Fields

In order to characterize matter fields within the framework of bundle theory, the
notion of vector bundles being associated with P(M, G, π, δ) is also required. For
this purpose, the fiber bundles V(M, F; G, P) associated with P(M, G, π, δ) are
constructed as follows:

Let the typical fiber F be a manifold on which G acts from the right-hand side,
i.e., on the product space P × F, an action from the right-hand side is defined by

δg(p, ζ ) := (pg, g−1ζ ) ⊂ P × F, g ∈ G. (2.4.1)

The quotient space of P × F with regard to this action of the group G will be denoted

by V = P ×G F. The isomorphism
−1
π (U) ≈ U × G concerning the original domain

of a neighborhood U, which results from the very construction of a fiber bundle, will

induce the isomorphism
−1
π v(U) ≈ U × F in the associated bundle. Provided that

−1
π v(U) is an open submanifold of V, then V can be equipped with a differentiable
structure as a whole.

Usually, in the cases of physical relevance it is not the structure group itself that
occurs, but its linear representation ρ : G → GL(N,C), i.e., the Lie homomorphism
of G into the general linear group of complex N × Nmatrices. If their representation
space, the N-dimensional vector space C

N over the field of complex numbers, is
considered a typical fiber, an associated bundle can be constructed from it,

V ρ := V ρ(M,CN , ρ(G) ⊆ GL(N,C), P), (2.4.2)

which will be referred to as a complex vector bundle on M. By taking the product
with the complexified4 cotangent bundle T∗

C
(M), further vector bundles will come

into existence on the spacetime manifold.
Physical fields on M are then to be considered p-forms of (representation) type

ρ, i.e., the cross section

φ(p) := ϕp ⊗ b ∈ C∞(∧pTC
∗(M) ⊗ V ρ), b ∈ C∞(V ρ). (2.4.3)

If this space is endowed with a Hermitian inner product, then such fields are referred
to as being of “charged type” (compare Mack 1981).

For N ≥ 1, these fields form an infinite-dimensional vector space over CN. In
(2.4.3), the bundle coordinates relative to the local basis fields b = (bA) : U ⊂ M →
Vρ are denoted by

ϕ(p) = {
ϕ(p)A|A = 1, . . . , N

}
. (2.4.4)

4For reasons of consistency, the cotangent bundle has itself to be complexified, since in physics,
complex vector bundles are dealt with almost exclusively.
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Let the Lie homomorphism ρ : G → GL(N,C) be explicitly given by the nonsin-
gular complex N × N matrices ρA

B(g(ξ)), where ξ j(j = 1, . . . , dim G) prescribes a
parametrization of the Lie algebra. Then the infinitesimal operators

Lj :=
[
∂ρA

B(g(ξ))

∂ξ j

∣
∣
g=e

]
∈ Te(ρ(G)) (2.4.5)

are constructed by means of the “derived” homomorphism of G. In the case of an
identical representation, i.e., for ρ = id, the infinitesimal generators Ij form a basis
of the Lie algebra g of G. As a representation of Ij, the infinitesimal operators inherit
the commutation relations from the Lie algebra, i.e.,

[
Li, Lj

] = cij
kLk. (2.4.6)

These algebraic relations are determined by the structure constants cijk of the Lie
algebra g. “Gauge fields,” unlike matter fields, are considered as cross sections of a
vector bundle VAd respecting the adjoint representation of G as a structure group.
Thus, they can be represented by the Lie-algebra-valued forms

φ(p) = 1

p!φ
j
α1...αp

Lj ⊗ ϑα1 ∧ · · · ∧ ϑαp ∈ C∞ (∧pT∗
C
(M) ⊗ V Ad

)
. (2.4.7)

All rules of the calculus of exterior forms are valid, except that in the nonabelian case,
the wedge product is no longer an alternating operation. In contrast, the commutator

[
φ(p), ψ(q)

] := φ(p) ∧ ψ(q) − (−1)pqψ(q) ∧ φ(p) = (−1)pq+1
[
ψ(q), φ(p)

]
(2.4.8)

of Lie-algebra-valued forms has this useful alternating property. Accordingly, the
commutator of a form of even degree with itself is equal to zero on account of

[
φ(2k), φ(2k)

] = − [
φ(2k), φ(2k)

] = 0. (2.4.9)

2.5 Connection and Covariant Derivative

Up to now, these bundle structures are still unconnected in the sense that the internal
spaces that are thought of as being attached to the spacetimeMcannot be “compared”
in a differentiablemanner along a given curve s(t) ⊂ M in the basemanifold. In order
to make possible such a parallel displacement of the fibers (Levi- Civita 1926; KN
I, p. 68), a connection is required, i.e., a kind of guiding field.

There are several equivalent definitions concerning the connection in afiber bundle
(compare, e.g., Eguchi et al. 1980). Such a connection is imprinted on a principal
fiber bundle P(M, G, π , δ) in a mathematically rather abstract way: Proceed from the
cotangent bundle Tp

∗(P) at the point p ∈ P (see KN I, Chap.1). Then decompose it
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Fig. 2.4 Horizontal and
vertical cotangent spaces of a
principal fiber bundle

into the direct sum of horizontal and the vertical subspaces, i.e., Tp
∗(P) = Hp ⊕ Vp.

Then consider an abstract parallel displacement in the vertical subspace (see the
straight lines in Fig. 2.4) prescribed by

Vp
∗ = Tp

∗(Fm(M)), (2.5.1)

i.e., in the cotangent space of the bundle Fm(M) of typical fibers on M.
This will be achieved by the assertion of a 1-form ω(e) ∈ C with values in the

Lie algebra g of the structure group G that is subject to the following conditions:

(i) With respect to a right-transformation of the tangent vectors of P, this 1-form
transforms itself according to the inverse, adjoint representation of G:

ω(eg) = g−1ω(e)g, e ∈ T(P). (2.5.2)

(ii) For vertical elements ev = pdg ∈ Vp, it will be mapped to the left-invariant
element

ω(p dg) = g−1dg ∈ Te(G) ≈ g (2.5.3)

of the Lie algebra of G.

For the treatment of physical problems, the following equivalent approach to the con-
cept of connections is more appropriate (Atiyah 1978). In this second approach, a
connection in an associated vector bundle

∧p T∗
C
(M) ⊗ V ρ is defined via the covari-

ant derivative. This is analogous to the procedure known from classical differential
geometry (see Milnor & Stasheff 1974). Consider a linear differential operator

D : C∞(V ρ) −→ C∞(T∗
C
(M) ⊗ V ρ) (2.5.4)

in the vector bundle Vρ and regard it as a mapping of the space of sections of Vρ

onto those of the product bundle T∗
C
(M) ⊗ Vρ . This operator will be defined in such
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a way that it acts similarly to the “absolute differential,” which was introduced by
Levi- Civita (1926), with respect to the bundle basis b.

To be more precise, this means that the result of the action of D on b can be
expressed as a linear transformation of the selfsame basis of V ρ , i.e.,

Db = ω ⊗ b, b ∈ C∞(V ρ). (2.5.6)

(The called-for linearity is by nomeans as self-evident as it might seem. For a system
of paths that generalize geodesics, nonlinear connections can be introduced into dif-
ferential geometry, too (Laugwitz 1965, p. 190; cf. Goenner 1984). Furthermore,
for the cross sections of the vector-valued forms (2.4.3), the differential operator D
is expected to have a natural extension that satisfies the generalized Leibniz rule:

D(ϕ(p) ⊗ b) = dϕ(p) ⊗ b + (−1)pϕ(p) ⊗ Db. (2.5.7)

(Attention should be drawn to the fact that the symbol D is used throughout our
presentation, although the occurrence of varying representations ρ of the same group
G is by no means excluded in the formulas.) Concerning the adjoint representation in
the relevant case of a vector bundle VAd, (2.5.7) is converted into the more familiar
relation

D(ϕ(p) ⊗ b) = {
dϕp + (−1)p[ϕ(p), ω]}⊗ b. (2.5.8)

The image of Db will be referred to as the (G-)covariant exterior derivative of b.
Since D is a local operator, a global connection can be defined unequivocally by its
restriction to a neighborhood U of M. Let bA,A = 1, . . . ,N be a local basis for the
cross section Vρ

U
restricted to U. With respect to this local system of reference, the

resulting effect of D on bA can be expanded as follows:

DbA = ωA
BbB, A, B = 1, . . . , N . (2.5.9)

This is identical to (2.5.6) if given in the more abstract notation of matrices. The
matrix [ωA

B] acquires values in T∗
C
(M) and will consequently be called a connection

1-form, which means that it can be expanded locally as

Γ := ∗
σω = Γα

jLj ⊗ ϑα, j = 1, . . . , dim G, (2.5.10)

i.e., by a pullback via the cross section.
The coefficients Γ

j
α(m) will turn out to be generalized gauge potentials as they

occur inmodern physical field theories.With respect to unitary structure groups U(f),
these potentials will be denoted, as is usually done, by

Aα
j(m) := Γα

j(m)|G=U(f ) (2.5.11)
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2.6 Curvature

For differential forms in general, the identity dd ≡ 0 holds, whichmay be regarded as
a counterpart to the homological relation ∂∂ ≡ 0. Figuratively speaking, this means
that the “boundary of a boundary” of a manifold vanishes identically. In general,
such a relation would not hold for the twofold covariant exterior derivative, for the
departure from integrability is accounted for by the curvature of the bundle space, in
analogy to the concepts of differential geometry:

D Db =: Ω ⊗ b. (2.6.1)

It follows from

D Db = D(ω ⊗ b) = dω ⊗ b − ω ∧ Db

= (dω − ω ∧ ω) ⊗ b
(2.6.2)

that the curvature 2-form Ω satisfies the second structure equation of É. Cartan:

Ω = dω − ω ∧ ω = dω − 1

2
[ω,ω] . (2.6.3)

As was to be expected,Ω is a 2-form of type Ad G. Most often, its local presentation

∗
σΩ = 1

2
Fα β

jLj ⊗ ϑα ∧ ϑβ (2.6.4)

is preferred in physical applications. Its components with two spacetime indices and
one group index are called the field strengths of the gauge fields in question.

If we are using (2.5.10) in order to notate (2.6.3), it will become obvious that
these field strengths are in absolute compliance with the familiar relations

Fαβ
j = ∂αΓβ

j − ∂βΓα
j − ckl

jΓα
kΓβ

ι, (2.6.5)

which are well known from the Yang–Mills theory. Concerning electromagnetism,
which can be formulated in a fiber bundle with abelian structure group G = U(1),
the structure constants are identically zero. Consequently, in holonomic coordinates,
the well-known relation

Fij = ∂iAj − ∂jAi (2.6.6)

holds.
The curvature of the bundle is interpreted geometrically, similar to the explanation

that is offered in Riemannian geometry. For illustrative purposes, we consider the
variation

Δb = b − b(◦) =
∮

(db)hor, (2.6.7)
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which in the local basis b of the bundle results from a parallel displacement of b
along an infinitesimal closed curve �= ∂U ⊂ M. The very concept of a connection
guarantees that

(db)hor = Db = ω ⊗ b (2.6.8)

is valid, since it is only the horizontal part of this displacement that matters. This
relation together with Stokes’s theorem yields

Δb =
∫

∂U

ω ⊗ b =
∫

U

d(ω ⊗ b)hor =
∫

U

D(ω ⊗ b)

=
∫

U

Ω ⊗ b � Ω ⊗ b
(2.6.9)

as a measure of the nonintegrability of a parallel displacement along the infinitesimal
closed curve ∂U. Figure2.2 shows this for a parallel displacement of a pair of tangent
vectors along a path constructed entirely of great circles of the sphere. The so-called
holonomy group H(M, m) of a manifold is generated by linear transformations of
Tm(M) onto itself. These are generated by displacements of e(m) ∈ Tm(M) along
arbitrary curves that begin and end at m. According to the theorema egregium,

K = lim
U→0

⎛

⎝
∫

U

Ω ⊗ b

⎞

⎠
/

⎛

⎝
∫

U

1 ⊗ b

⎞

⎠ (2.6.10)

is the Gaussian or local curvature of a 2-dimensional surface (Laugwitz 1965; cf.
Sulanke & Wintgen 1972, p. 242).

Analogously, the nonintegrability of the parallel displacement of the bundle basis
is measured by the integral (2.6.9). This accounts not only for the Riemannian cur-
vature of the base space M, but also for the “internal” curvature derived from the
prescribed connection in the vector bundle that has been dealt with so far. For the
covariant derivative, a relation similar to dd ≡ 0 occurs at a higher degree of differ-
entiation only:

D D D b ≡ 0. (2.6.11)

This relation implies the (second) Bianchi identity

DΩ ≡ 0 (2.6.12)

for the curvature 2-form. The proof is obtained by writing out (2.6.11) explicitly by
inserting the structure equation (2.6.3) repeatedly:
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DDDb = D(Ω ⊗ b) = (dΩ + [Ω,ω]) ⊗ b

= (dΩ + Ω ∧ ω − ω ∧ Ω) ⊗ b (2.6.13)

= (ddω − dω ∧ ω + ω ∧ dω

+ dω ∧ ω − ω ∧ ω ∧ ω

+ ω ∧ ω ∧ ω − ω ∧ dω) ⊗ b ≡ 0.

On the other hand, this derivation suggests relating the Bianchi identity to the homo-
logical identity ∂∂ ≡ 0. A very stimulating discussion of these far-reaching theorems
of differential topology are to be found in the standard reference book on gravitation
(MTW, Chap.15).

2.7 Gauge Transformations

Einstein’s theory of general relativity is founded firmly on the following basic prin-
ciple as far as its axiomatic argument is concerned: “Natural laws are to be expressed
by equations that are covariant under the group of continuous coordinate transfor-
mations” (Einstein 1949, p. 69).

It is not by chance that we have formulated our approach to gauge theories in
terms of differential forms: these transform themselves covariantly with respect to
the group D(M) of coordinate transformation. Additionally, it has been suggested
by the empirical occurrence of internal symmetries that use should be made of the
principal fiber bundle P(M, G, π , δ) as an “enlarged geometric arena.” Thus it is
to be expected that additional transformations of P play a part in gauge theories
similar to that of the group D(M) of diffeomorphisms in GR. In particular, those
diffeomorphisms

G(p) : P → P, G(p) ∈ Gp (2.7.1)

of a principal fiber bundle P(M, G, π , δ) should be taken into consideration, which
are subject to the following conditions (Atiyah 1978):

(i) G(p) is equivariant, i.e.,

G(g p) = g G(p), g ∈ G, p ∈ P; (2.7.2)

(ii) G(p) preserves each fiber Fm = −1
π (m), i.e., acts trivially on the base space,

π ◦ G = π. (2.7.3)

These diffeomorphisms generate inner automorphisms of P. In terms of com-
position, they constitute an infinite-dimensional group, the group GP of local
gauge transformations (which are of the so-called second kind). This group can
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be identified with the group of smooth cross sections of the product bundle of P
and G under the adjoint action of G (Bourguignon & Lawson 1981):

Gp ≈ C∞(P ×Ad G). (2.7.4)

The exponential mapping exp : g → G from the Lie algebra g into the structure
group G of P induces a corresponding mapping within P ×Ad G. As a result,
each element of the group of gauge transformations can be expressed locally in
the following form:

G(p) = exp i θ k(m)Lk ∈ Gp. (2.7.5)

Here θ k(m) ∈ C∞(M) denote real functions on the base space. Gauge trans-
formations within an associate vector bundle Vρ(M,CN,GL(N,C),P), i.e.,
elements of GV, are represented by the same expression to the extent that Lk

is to be considered an infinitesimal operator with respect to a representation
ρ : G → GL(N,C).

For simplicity’s sake, let us consider a physical system that is determined by a 0-form,
i.e., a scalar of representation type ρ:

φ = ϕ ⊗ b = G−1
ϕ ⊗ Gb ∈ C∞(V ρ). (2.7.6)

An equivalent local description of the same system will be obtained if the physical
system, represented by the so-called bundle coordinates ϕ, is subjected to the active
gauge transformation

ϕ → G−1
ϕ := G−1ϕ ∈ C∞(M,C), G ∈ GV , (2.7.7)

whereas the local basis of the sections suffers from a passive transformation:

b → Gb := Gb ∈ C∞(V ρ). (2.7.8)

It has to be emphasized that the bundle coordinatesϕ of the vector bundle constructed
on the conjugate (“Dirac adjoint”) representation ρ transforms according to

ϕ → G−1
ϕ := ϕG ∈ C∞(V s). (2.7.9)

As has already been indicated in (2.7.6), the total effect of these transformations is
physically unobservable. Thus the bundle theory provides us automatically with a
sensible instruction for a “recalibration” or gauging of the matter fields. This rule is
completely equivalent to the formalism developed by Utiyama (1956, 1980).
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2.8 Topological Invariants

Solutions of source-free gauge field equations do not have a merely local meaning.
Some of them may even have a global extension to the whole base space. For a
classification of the configuration spaces of such global solutions, the mathematics
of the fiber bundles is mandatory and not to be considered as only instrumental. The
characterization will be achieved via invariant polynomials of the curvature of the
bundles in question.

Let V(M,CN,GL(N,C),P) be a complex vector bundle that is associated with
the “geometric arena” P(M, G, π, δ) of the particular Yang–Mills-type model. If we
consider the determinant of the curvature of the former bundle, we obtain

det

(
1 + i

2π
Ω

)
= ∗

π(1 + γ1 + · · · + γm) (2.8.1)

as an invariant polynomial. As can be shown, it is decomposable into gauge-invariant
2k-forms γk on P whose inverse images after the projection on the base spaceM read
as follows:

∗
π(γk) = (−1)k

(2π i)kk!Tr(Ω ∧ · · · ∧ Ω). (2.8.2)

The number of curvature 2-forms Ω in the exterior product is k ≤ n/2. From the
Bianchi identity (2.6.12) and its projection onto a 2k-form on M (KN II, Chap.XII),
it follows that the γk are closed exterior forms, i.e.,

∗
π(dγk) = d

∗
π(γk) = D

∗
π(γk)

= (−1)k

(2π i)k(k − 1)!Tr(DΩ ∧ Ω ∧ · · · ∧ Ω) = 0. (2.8.3)

In that case, they are known to determine so-called cohomology classes. The structure
of the latter is not determinedby the particular choice of the connectionω, but depends
solely on the bundle structure of P(M, G, π, δ) or its associated vector bundle V.
In other words, the 2k-forms correspond to the characteristic classes of V. More
precisely (see: KN II, Theorem 3.1), it can be stated that the abstractly defined kth

Chern class ck(V) of a complex vector bundle V is represented by the closed 2k-form
γk, as given above.

In order to obtain the characteristic classes of a real vector bundle V R overMwith
the typical fiberRN, it will be enlarged to a complex vector bundle V with the typical
fiber CN. The latter arises from the complexification of each fiber of VR. Then the
so-called kth Pontryagin class of VR is defined by

pk(V R) = (−1)kc2k(V ). (2.8.4)
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In the physically important case of a four-dimensional compact “spacetime” of
the Euclidean signature s = 0, we find locally, cf. Daniel & Viallet (1980),

∗
π(γ1) = − 1

2π i
TrΩ (= 0) (2.8.5)

∗
π(γ2) = − 1

8π2
{Tr(Ω ∧ Ω) − Tr(Ω) ∧ Tr(Ω)} (2.8.6)

(
= − 1

32π2
εαβμνFαβ

jFμνj

√|g|d4x

)

∗
π(γk) = 0 for k ≥ 3. (2.8.7)

It is typical for the principal fiber bundles P(S4,SU(f), π, δ), which are to be found in
Yang–Mills theories, that they have special Lie groups as structure groups, i.e., those
for which det G = 1 holds. Inasmuch as the trace of the Lie-algebra-valued curvature
2-formΩ vanishes in such instances, the gauge-invariant 4-formTr(Ω ∧ Ω) suffices
for a complete characterization of the configuration space. Any consideration of the
general dynamics of the Yang–Mills gauge fields should therefore incorporate this
form into the Lagrangian formalism.

The integration of the second Chern class
∗
π(γ2) over the base space yields a

characteristic number,5 which due to (2.8.1) is termed the Chern index:

c2(M) = −
∫

M

∗
π(γ2) = 1

8π2

∫

M

Tr(Ω ∧ Ω). (2.8.8)

In the literature of physics, this topological invariant is often called the “Pontryagin
index”; see Jackiw (1977). Concerning bundles with structure group G = SU(f),
however, it is mathematically more precise to call it the Chern index, in order to
preserve the term Pontryagin index for the classification of real associated vector
bundles (Mayer & Drechsler 1977). Nevertheless, the denotation of Belavin
et al. (1975) is correct, since in their paper, the isospin group SU(2) has been enlarged
to the real structure group S̃O(4) ≈ SU(2) ⊗ SU(2), due to a special isomorphism
(Helgason 1962).

The actual calculation of this index is firmly based on the fact that the projection
of the closed form γ2 onto M is even an exact one. This is a property that it shares
with all exterior forms representing characteristic classes (Chern & White 1976).
In this particular case, the relation

Tr(Ω ∧ Ω) = d Tr

(
ω ∧ Ω + 1

3
ω ∧ ω ∧ ω

)
(2.8.9)

5Excepting the case of the meron solutions, this will usually be an integer; see de Alfaro et al.
(1979)



32 2 Geometry of Gauge Fields

holds. As for the proof, it has to be remembered first that the exterior derivative d
commutes with the linear operator Tr of forming the trace. Then, the right-hand side
of (2.8.9) yields the following chain of equations:

Tr

{
d

(
ω ∧ dω − 2

3
ω ∧ ω ∧ ω

)}
= Tr{dω ∧ dω − ω ∧ ddω

− 2

3
dω ∧ ω ∧ ω + 2

3
ω ∧ dω ∧ ω − 2

3
ω ∧ ω ∧ dω} (2.8.10)

= Tr{dω ∧ dω − dω ∧ ω ∧ ω − ω ∧ ω ∧ dω}
= Tr{(dω − ω ∧ ω) ∧ (dω − ω ∧ ω)} = Tr(Ω ∧ Ω).

(Since they are under trace, these forms can be treated as ordinary exterior forms,
although otherwise, they are to be considered as Lie-algebra-valued differential
forms.) It is especially the last step that makes use of the identity

Tr{ω ∧ (ω ∧ ω ∧ ω)} = −Tr{(ω ∧ ω ∧ ω) ∧ ω} = 0. (2.8.11)

Thus by the application of Stokes’s theorem, the Chern index can be determined by
the following integral over the boundary of M:

c2(M) = 1

8π2

∫

M

dTr

(
ω ∧ Ω + 1

3
ω ∧ ω ∧ ω

)

= 1

8π2

∫

∂M

Tr

(
ω ∧ dω − 2

3
ω ∧ ω ∧ ω

)
.

(2.8.12)

For a further evaluation of this latter term, more information concerning the asymp-
totic behavior of the gauge fields is needed. If the dynamics of a Yang–Mills gauge
theory is determined by a Lagrangian 4-form, it can be shown by an analysis of the
action integral

SYM =
∫

M

LYM (2.8.13)

that the field strengths Fαβ
j (components of the curvature form) have to vanish faster

than |x|−2 at infinity, since otherwise, the integral (2.8.13) would not exist. In order to
guarantee its finiteness, it is sufficient to postulate that the solutions behave asymp-
totically as “pure” (“fake” according to Utiyama 1980) gauge fields:

∞
ω := −G−1dG, (2.8.14)

i.e., that the relation
ω ∼ ∞

ω (2.8.15)
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should hold for |x| → ∞. Here
∞
ω denotes a Maurer–Cartan connection, i.e., a left-

invariant g-valued 1-form that satisfies the equation

d
∞
ω − ∞

ω ∧ ∞
ω

= −d(G−1) ∧ dG − G−1ddG − (G−1dG) ∧ (G−1dG) (2.8.16)

= −d(G−1) ∧ dG + G−1Gd(G−1) ∧ dG = 0

(see KN I, p. 41; however, with opposite sign conventions). Consequently, the cur-
vature, derived from a pure gauge field, has to vanish:

Ω(
∞
ω) = 0. (2.8.17)

If the boundary ∂M is chosen in such a way that only a pure gauge connection
∞
ω

exists there, we get from (2.8.12) the relation

c2(M) = 1

24π2

∫

∂M
Tr(

∞
ω ∧ ∞

ω ∧ ∞
ω), (2.8.18)

in full compliance with (2.8.15); cf. Jackiw (1980). If G = SU(2) serves as a struc-
ture group, the 3-dimensional integral reduces itself to the (invariant) Haar integral
over the 3-dimensional Lie group SU(2), regarded as a manifold. If ∂M is taken to be
S3 topologically, then it can be shown that c2(M) determines the “mapping degree”
or the winding number6 of the mapping of S3 in S3 ≈ SU(2). These considerations
explain why in the physics literature, the Chern index is regarded as the “quantum
number” of the topological charge. It is of considerable importance for the classifi-
cation of the so-called instanton solutions. Before focusing on these configurations,
the works of Atiyah & Jones (1978), Atiyah (1979), which deal with further
aspects of such global solutions, should be mentioned for those readers who prefer
a more mathematically oriented approach.
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Chapter 3
Maxwell and Yang–Mills Theory

3.1 The Lagrangian Formalism

The Lagrangian formalism has to be seen as the point of departure for classical field
theories. This approach is also providing the scaffold for (canonical) quantum field
theories. Instead of using a local notation, our representation of the formalismwill be
based upon differential forms which are globally defined on a pseudo-Riemannian
manifold of dimension n.

Accordingly, the dynamics of a non-interacting material system is determined by
the Lagrangian n-form

L = L(ϕ, dϕ)η (3.1.1)

which is supposed to depend on the fields ϕ and their first derivatives only. Such for-
malism of the “first order” guarantees that the field equations obtained by Hamilton’s
principle of least action

δ

∫

M

L = 0 (3.1.2)

being subjected to the subsidiary condition

δϕ = 0 at the boundary ∂M of M (3.1.3)

are partial differential equations of at most second order.
The operator δϕ of small variations ϕ+δϕ of the fields ϕ is satisfying the Leibniz

rule, similar as a partial derivative, and commutes with the exterior derivative:

δ(dϕ) := d(ϕ + δϕ) − dϕ = dδϕ (3.1.4)

Let

π := ∂L

∂(∂αϕ)
ϑα (3.1.5)
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be the (n− 1)-form of the field momenta which are canonically conjugated to dϕ. It
follows that the variation principle yields

δL = δϕ ∧ ∗Lϕ + δ(dϕ) ∧ π

= δϕ ∧ ∗Lϕ + d(δϕ) ∧ π (3.1.6)

= δϕ ∧ (∗Lϕ + dπ) + d(δϕ ∧ π),

after δ has been interchanged with the integration. The last term is an exact form.
Taking advantage of Stoke’s theorem, this contribution can be converted into an
integral over the boundary which vanishes due to the subsidiary condition (3.1.3) for
the variation: ∫

M

d(δϕ ∧ π) =
∫

∂M

δϕ ∧ π. (3.1.7)

Consequently, this term will not contribute to the equations of motion. From the
principle of variation we then get the Euler–Lagrange equations.

λϕ := (−1)sLϕ + ∗dπ = 0, (3.1.9)

where s is the signature of the pseudo-Riemannian manifold.

In local notation, these partial differential equations read:

∂L

∂ϕ
− ∂α

∂L

∂(∂αϕ)
= 0. (3.1.10)

In order to complete the field-theoretical description let us turn to the conservation
laws, too. They can be derived explicitly within the limits of our formalism by
considering the so-called Hamiltonian complex:

∗H := L − dϕ ∧ π (3.1.11)

(compare: e.g. Rund & Lovelock 1972).
Its exterior derivative reads

d∗H = dL + dϕ ∧ ∗Lϕ + dϕ ∧ dπ − d dϕ ∧ π (3.1.12)

where the last term vanishes identically, due to dd ≡ 0. Following the physically
sensible assumption that the Lagrangian n-form is translation invariant and conse-
quently does not depend upon the coordinates xi explicitly, we get the well-known
conservation law

d ∗H � 0 (3.1.13)
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of the system’s total energy-momentum, provided that the Euler–Lagrange equations
(3.1.9) hold. The transcription of the Hamilton-Jacobi formalism of classical field
theory into the calculus of differential forms is mathematically equivalent to the
introduction of a symplectic structure on the manifold (MTW, p. 125; see also Simms
& Woodhouse 1976).

The formalism of first order suffices completely, since it is possible to describe
fields with arbitrary spin by introducing the Harish-Chandra equation (see:
Wightman 1973)

β ∧∗ Dψ = mψη. (3.1.14)

This equation comprises not only the Dirac equation for the description of funda-
mental fermions but as well the field equation, e.g., for a charged scalar field ϕ. To
see this, it is only necessary to convert the Klein–Gordon equation

�ϕ + m2ϕ = 0 (3.1.15)

via the substitution ϕ → ψ := (ϕ,Θ(1) := dϕ) into a first order system of the
Petiau–Duffin–Kemmer-type. Additionally, attention can be drawn to the fact that the
Lagrangian n-form, corresponding to (3.1.14), in the interaction-free case reduces to:

=
Lmat = =

Lmat(ψψ,ψβ · dψ)η = ψβ ∧ ∗dψ − mψψη. (3.1.16)

3.2 G-Equivalence Principle

As has been shown by the preceding considerations, the Lagrangian formalism of
the first order may well serve as a basis for the investigation of the physical impli-
cations of the gauge transformations without impairing the generality. With Weyl

(1929a), p. 331 we postulate that the fundamental laws of physics have to satisfy as
well the principles of “generalized” relativity: The Lagrangian n-form or the partial
differential equations for the fields should not only be invariant or covariant with
respect to the group D(M) of general coordinate-transformations of the spacetime
labels, but as well with respect to the “internal covariance group” G of gauge trans-
formations. Since the first postulate corresponds to Einstein’s equivalence principle
(see Thorne et al. 1973 for a detailed discussion), the required gauge invariance has
been termed G-equivalence principle (Hennig & Nitsch 1981). Both principles
together require a “generalized covariance” of the laws of nature.1

The invariance of Lmat with respect to D(M) is already guaranteed by the use
of differential forms. Therefore, it is sufficient to turn to the question of the gauge
invariance of a Lagrangian n-form: for it is a consequence of the transformation

1
Mack (1981) interpreted this postulate physically as a result of a “Naheinformationsprinzip”,
regarding it as a generalization of the principle of action-at-close-distances.
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properties of ϕ and ϕ with respect to gauge transformations that Lmat may solely
depend upon ϕOϕ, where O denotes a gauge-covariant operator

O → G−1
O = G−1OG. (3.2.1)

For exemplification, let β be such an operator. Due to the occurrence of the exterior
derivative, it is then mandatory to supplement the Lagrangian n-form

Lmat = L(ϕϕ, ϕβ · (d + ω′)ϕ)η = L(ϕϕ, ϕβ · D′ϕ)η (3.2.2)

by means of a 1-form ω′ in such a way that the term GdG−1 resulting from gauge
transformations can be compensated. This, indeed, is only to be achieved, if the
added 1-form is transforming itself inhomogeneously

ω′ → G−1
ω′ = G−1ω′G + (dG−1)G (3.2.3)

concerning the “actively” applied gauge transformation G ∈ GV. For the derivation
of (3.2.3) is cogent, if and only if D’ is as well satisfying the generalized Leibniz
rule as the covariant derivative D.

Here the question arises, whether or not the additional form ω′ can really be
identified with a connection in an associated vector bundle Vρ . To verify this, the
matrix Gω of the connection relative to a basis Gb, which is locally “rotated” by
the action of the group element G ∈ GV, is taken into consideration. Henceforth the
definition of of the covariant derivative implies

D(Gb) = Gω ⊗ Gb. (3.2.4)

On the other hand the application of the Leipniz rule yields

D(Gb) = dG ⊗ b + Gω ⊗ b

= {
dGG−1 + GωG−1

} ⊗ Gb.
(3.2.5)

Compared with (3.2.4), it shows that the 1-form of the connection transforms inho-
mogenously with respect to “passive” gauge transformations

ω → Gω = GωG−1 + dG G−1. (3.2.6)

If G ist substituted by G−1 exactly the relation (3.2.3) comes into existence, which
is to be expected, due to the invariance of the Lagrangian n-form with respect to
“active” gauge transformations. Consequently, it can be concluded that the term ω′
in the Lagrangian n-form is (gauge-)equivalent to the connection ω in Vρ .
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Thus it follows naturally that the “compensation field” can be taken to be identical
with the connection 1-form ω in the following. Furthermore, it has to be pointed out
that a corresponding transformation formula concerning the transition functions,
which specify a local change of the cross-section, holds as well for the inverse

image or pull-back
∗
σαω due to the defining properties of a connection (see: KN I,

p. 66; Daniel & Viallet 1980). In the present study, however, we prefer a global
formulation of gauge transformations relative to the bundle P, and we are thus in
concordance with Atiyah et al. (1978).

A further important consequence of these considerations is that the covariant
exterior derivative D transforms “(gauge-)covariantly” with respect to the following
automorphisms of the vector bundle:

D → G−1
D = G−1D G. (3.2.7)

This is also the case for the curvature 2-form:

Ω → G−1
Ω = G−1ΩG. (3.2.8)

The transformed connection G−1
ω deviates from the original one solely by a gauge-

covariant 1-form, i.e., more precisely by

Δω := G−1
ω − ω = G−1[ω,G] − G−1d G

= −G−1DG = − G−1
D.

(3.2.9)

For a so-called “copy” ω of a connection ω, this expression is to be taken as different
from zero, although - according to the definition - its curvature Ω = G−1ΩG is
gauge-covariantly related to Ω as in (3.2.8) (see: Deser & Drechsler 1979). The
transversal or Coulomb condition d ∗ω � 0 does not fix uniquely (large) gauge trans-
formations. In nonabelian gauge theories, Gribov copies are unavoidable (Singer
1978) and topologically non-trivial. However, a Lorentz-invariant BRST quantiza-
tion may be free (Slavnov 2009) of this Gribov ambiguity.

3.3 Maxwell’s Theory in Differential Forms

In the standard framework of a U(1) gauge theory, as well as in the original publica-
tions of Maxwell, the electromagnetic four-potential A = Aidxi, a one-form, is the
fundamental variable, whereas Faraday’s field strength F is a derived concept and
defined by the two-form

F := dA = 1

2
Fijdx

i ∧ dxj . (3.3.1)
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Fig. 3.1 Vector potential A
outside of a solenoid. The
electron beam for the
interference is indicated by
blue arrows

On the other hand, ddΦ ≡ 0 for any exterior p-form Φ, due to the Poincaré lemma.
Thus if dF ≡ 0, there exists locally a one-form A such that F = dA. However, the
potential A is not uniquely determined. The field strength F is invariant under the
local U(1) gauge transformation

A → A + dθ(x) ⇒ F → dA + ddθ = dA = F . (3.3.2)

Although, A is needed for the standard minimal coupling D → D := D + ieA to
Dirac fields in quantum electrodynamics (QED), there had been a discussion on the
physical relevance of the vector potential A. Already Franz (1939) suggested that
the wave function of a Dirac electron could suffer from the non-integrable phase
factor

θ = − e

�

∫
A · dl. (3.3.3)

This so-called Aharonov-Bohm effect, cf. Fig. 3.1 has been conclusively confirmed
via electron interferometry by Tonomura, cf. Batelaan & Tonomura (2009).

For a Lagrangian formulation, let us depart from the four-form L which consist of
the gauge field part and Lmat governing the matter field Ψ and its minimal coupling
to A:

L = L(A, dA) + Lmat(A, dA, Ψ, dΨ ). (3.3.4)

When the field equations are at most of second differential order, the Lagrangian can
usually be assumed to be of first order in the fields. Stationarity of the action S = ∫

L
leads to the gauge field equation

δL

δA
:= ∂L

∂A
+ d

∂L

∂dA
= 0 , (3.3.5)

where the variational derivative of the one-form A is defined in the usual manner.
The excitation H is the field momentum conjugated to A, i.e.
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H := − ∂L

∂dA
= − ∂L

∂F
and j := δLmat

δA
, (3.3.6)

whereas the matter current uses the variational derivative.
Then, in the framework of a relativistic U(1) gauge theory, the field equations take

the rather elegant form
dF ≡ 0, dH = j . (3.3.7)

The homogeneous Maxwell equation dF ≡ 0 is a Bianchi type identity as con-
sequence of working with the potential A. Since the Poincaré lemma implies that
ddH ≡ 0, the field equations imposes ‘on shell’ that the electric current j is con-
served:

dj � 0 . (3.3.8)

Without a spacetime metric, the only gauge-invariant Lagrangian permitted in
four dimensions is the Pontryagin four-form

LPontr = −1

2
F ∧ F = −1

2
dC , (3.3.9)

where C := A ∧ F = A ∧ dA is the abelian Chern–Simons term, known to violate
parity P.

Involving the metric via the Hodge dual, there exists the additional four-form

LMax = −1

2
F ∧ ∗F , (3.3.10)

i.e., the standard Lagrangian2 of Maxwell’s theory in natural units.
The conversion from the exterior into the vector notation can be obtained by the

identification

F := E ∧ dt + B

= (Exdx + Eydy + Ezdz) ∧ dt

+Bxdy ∧ dz + Bydz ∧ dx + Bzdx ∧ dy. (3.3.11)

For the extensive quantities, the excitation two-form includes two parts according to

H := −H ∧ dt + D = 1

2
Hijdx

i ∧ dxj , (3.3.12)

whereas the current three form can be decomposed into

2More generally, one could imagine the existence of topological modified Lagrangians
θ

L = −(cos θ F ∧ ∗F + sin θ F ∧ F)/2, where θ is the’vacuum’ angle of duality rotations or
higher order functionals of the two quadratic invariants.
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j := −J ∧ dt + ρ̂

= −(Jxdy ∧ dz + Jydz ∧ dx + Jzdx ∧ dy) ∧ dt

+ρdx ∧ dy ∧ dz . (3.3.13)

They have to be supplemented by a constitutive law which, in vacuum, reads

H = ∗F . (3.3.14)

The Hodge dual ∗ depends on the metric g and on the orientation of the manifold, as
can be easily inferred from its tensor version:

Hmn =
√|g|
2

εmnkl g
kigljFij . (3.3.15)

Then the homogeneous Maxwell equation implies the two vector equations

dF ≡ 0

⎧
⎨

⎩
∇ × E + ∂B

∂t
≡ 0

∇ · B ≡ 0 .

(3.3.16)

Likewise, the inhomogeneous Maxwell equation3 incorporates the familiar vector
equations

dH = j

⎧
⎨

⎩
∇ × B − ∂E

c2∂t
= μJ

∇ · E = ρ/ε .

(3.3.17)

In components, Maxwell‘s Lagrangian four-form can be expressed as

LMax := −1

2
F ∧∗ F = 1

2
(E2 − B2)η , (3.3.18)

where η is the standard volume four-form. The Pontryagin four-form can be written
in components as

LPontr := −1

2
F ∧ F = E · Bη . (3.3.19)

The canonical energy-momentum three-form is given by

Σα := eα�L − (eα�dA) ∧ ∂L

∂(dA)

= 1

2
[(eα�F) ∧ H − F ∧ (eα�H)] (3.3.20)

3The displacement current ∂D/∂t, whereD= εE, was anticipated 1839 by JamesMac Cullagh, cf.
Darrigol (2010). It later on turned out to be a necessary ingredient for rendering electromagnetism
relativistic-invariant.
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and turns out to be symmetric, i.e., ϑ[α ∧Σβ] = 0. For non-vanishing charge current
j, a three-form, we obtain from (3.3.7) the differential form version

dΣα � (eα�F) ∧ j (3.3.21)

of the Lorentz force, cf. Hehl et al. (1991).

3.3.1 Constrained BF Scheme for Maxwell Fields

A rather new development in topological field theory is the BF (background field)
formalism, which potentially provides interesting relations to higher-dimensional
knots; cf.Mielke (1977a), Cattaneo & Rossi (2005).

As an instructive example of such a constraint formalism, let us consider here
the abelian case, where the U(1) connection one-form A = Aidxi and an auxiliary4

two-form B = 1
2Bijdxi ∧ dxj are varied independently, slightly reminiscent of the

Schwinger formalism (Schwinger 1962). In its minimal version, it starts from the
Lagrangian four-form

LBF = −B ∧ F = −B ∧ dA . (3.3.22)

Independent variations with respect toA andB lead to dB ∼= 0 and to the constraint of
vanishing field strength F := dA ∼= 0. This implies, however, that such a primordial
model has no local degrees of freedom.

An additional term quadratic in B leads to

L̃BF := −B ∧ dA + 1

2
B ∧ B

∼= −B ∧ dA + dC . (3.3.23)

Now, independent variations provide a definition of the field strength F together with
the corresponding Bianchi identity

B ∼= dA , dB ∼= dF ≡ 0 , (3.3.24)

respectively, in compliancewith thePoincaré lemmadd ≡ 0. It still defines a topolog-
ical theory (Horowitz 1989), since the “on shell” Lagrangian (3.3.23) differs from
(3.3.22) only by a boundary term dC derived from a Chern–Simons (CS) three-form

C = 1

2
A ∧ F, dC = 1

2
F ∧ F , (3.3.25)

4In four dimensions, B resembles the two-form potential for the gauge-invariant field strength or
excitation H = dB, the Kalb–Ramond axion three-form.
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the latter akin to the Pontryagin invariant. As is well known, Bianchi-type identities
can be recovered via the variation of the Pontryagin term, e.g., δdC/δA = dF ≡ 0
in the abelian case.

LikeMaxwell’s original theory, this scheme is invariant under the usual local U(1)
gauge transformations

A → A′ = A + dθ(x). (3.3.26)

In addition, the field equations (3.3.24) are invariant under the symmetry

A → Ã = A + ψ, B → B̃ = B + dψ , (3.3.27)

where ψ = ψidxi is a one-form or a covector; cf. Lucchesi et al. (1993). In a
BRST quantization, due to the zero mode sψ = Dφ with sφ = 0, the “topological”
symmetry (3.3.27) allows for a nilpotent ghost for ghost structure; cf. Cattaneo
et al. (1998) for the Yang–Mills case. Thus, one of the most clear-cut approaches
to topological field theory is the BF formalism which, in the case of gravity, was
anticipated by Plebański already in 1977.

SinceBianchi identities do not allow for nontrivial couplings tomatter, in realistic
physical models such as Maxwell’s theory and QCD, the constraint formalism has
to depart from

LMax = −B ∧ dA + 1

2
B ∧ ∗B + Lmatter, (3.3.28)

where the Lagrangian necessarily involves theHodge dual ∗ depending, however, on
the determinant of the metric. Then independent variations of (3.3.28) again provide
the definition of the field strength (3.3.24), but as a bonus, from the relation F = ∗B
arises a nontrivial physical field equation

− dB = d ∗F ∼= j, (3.3.29)

where j := δLmatter/δA is the matter current.
However, it should not be overlooked that in a coupling to matter, such a BF

scheme would leave the minimal coupling prescription, since it generates the current
three-form

j := δLmatter

δA
= ∂Lmatter

∂A
+ d

∂Lmatter

∂dA

= Ψ ∧ ∂Lmatter

∂DΨ
+ D

∂Lmatter

∂B
, (3.3.30)

which “on shell,” is conserved classically, i.e., dj ∼= 0. In general, this includes
Pauli-type terms generated by the variation of the Lagrangian with respect to dA; cf.
(5.2.18) of Hehl et al. (1995). Due to (3.3.24), this additional term is equivalent to
that generated by the variation with respect to B, as indicated in (3.3.30).
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The quadratic term in (3.3.28) can be generalized to a four-form potential V (B).
Then the field equation dB + j ∼= 0 together with the relation F ∼= ∂V/∂B for
the Faraday field strength emerges. In order to invert the latter with respect to B, a
nondegenerate Hessian is mandatory. In three dimensions, though, nonabelian BF
systemswith a cubic term−B∧F+B∧B∧B/3 are directly related to Chern–Simons
theories departing from the noninvariant three-form C := A∧ F − A∧ A∧ A/3; cf.
Broda (2005), Borowiec & Francaviglia (2005). The resulting field equations
F = −B ∧ B together with the Bianchi identity DB = DF ≡ 0 correspond, in 3D
gravity (Mielke & Maggiolo 2007), to those with an induced cosmological term.

3.4 Yang–Mills Fields

The “Generalized covariance” of the Lagrangian n-formof thematter systemnecessi-
tates the introduction of a connection 1-formω (Gell- Mann’s principle of “minimal
coupling” 1956). With Weyl (1929b), it thus can be ascertained that gauge fields
are a necessary accompaniment to the matter-wave field.

Speaking a priori, the connectionω and the corresponding gauge potentialsΓα
j(m)

in its local expansion, respectively, are completely arbitrary. In order to establish
a coupling to the matter-wave fields and to make physical interactions possible,
it is necessary for ω to acquire a dynamical status. Consequently, an additional
Lagrangian n-form is to be considered that is dependent on the connection and again
only of its first derivative dω. The only gauge-covariant object of this kind that meets
the given postulates is exactly the 2-form Ω of the curvature, according to (3.2.8).

As far as physics is concerned, the restriction to the four-dimensional spacetime
manifold as a base space is a sensible one. From the exterior calculus, we know that
the only scalars that are invariant with reference to D(M) and GV, which can be
constructed from the curvature 2-form, are

F := 1

αg
Tr

{∗(Ω ∧ ∗Ω)
} = 1

4αg
Fαβ

j Fαβ
j (3.4.1)

and
∗F := 1

αg
Tr

{∗(Ω ∧ Ω)
} = 1

4αg
Fαβ

j ∗Fαβ
j. (3.4.2)

An additional Hodge star operator is implemented in order to convert the obtained
4-forms into 0-forms, i.e., scalar functions. In quantized gauge theories,F and ∗F
are known to be even and odd with respect CP transformations (Jackiw 1980). This
result is unique in four dimensions and has given rise to speculations concerning
the dimensionality of the real world (Weyl 1918, 1924; Eddington 1924). As a
substitute for the gauge-coupling constant g (= e in the case of electromagnetism),
the dimensionless “fine-structure constant”



48 3 Maxwell and Yang–Mills Theory

αg := g2/� c (3.4.3)

was introduced in (3.4.1) and (3.4.2) for the sake of convenience. Then theLagrangian
4-form for the gauge potentials yields the general structure

Lω = L(F , ∗F )η. (3.4.4)

The 2-formΠΩ of the fieldmomenta being canonically conjugated toΩ are formally
constructed via

δLω =: δΩ ∧ ΠΩ. (3.4.5)

Using (3.4.4), the more explicit form

ΠΩ = 2

αg

(
∂L

∂F
∗Ω + ∂L

∂∗F
Ω

)
(3.4.6)

can be derived.
In order to obtain the correspondingEuler–Lagrange equations, it is to be observed

that the variation of the curvature with respect to ω commutes with the covariant
derivative:

δΩ = δ(dω − ω ∧ ω) = δdω − δω ∧ ω − ω ∧ δω

= dδω − [ω, δω] = Dδω.
(3.4.7)

Consequently, the variation of the Lagrangian 4-formwith respect to the gauge fields
leads to the interim result

δLω = δΩ ∧ ΠΩ = D(δω) ∧ ΠΩ

= −δω ∧ DΠΩ + d(δω ∧ ΠΩ).
(3.4.8)

Note that the last term is an exact form that need not be accounted for any further in
the variational procedure.

A physical system that is to be considered complete has to comprise not only the
matter fields ϕ(m) but also the interacting gauge potentials Γα

j(m). If the dynamics
of such a system are given by the addition of the separate Lagrangian 4-forms

L = Lmat + Lω, (3.4.9)

it follows that the gauge potentials have to be determined self-consistently by the
(n − 1)-form τ of the matter current as a source. The latter is canonically conjugate
to ω and therefore to be defined by

δLmat =: δω ∧ τ. (3.4.10)
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Then the dynamics of the gaugefields are determined by the (generalized)Yang–Mills
equations (Yang & Mills 1954).

DΠΩ = τ . (3.4.11)

Due to (3.4.8) and (3.4.10), these can be obtained as Euler–Lagrange equations from
the variation δL/δω of the total system. They are complemented by the Bianchi
identity, i.e., by

DΩ ≡ 0. (3.4.12)

The gauge invariance of the Yang–Mills theory is closely related to the concept of
charge, which is of central importance in physics (see Salam 1980). As is well
known, this concept is an integral one essentially constructed from a locally con-
served current.

It is a consequence of the gauge-theoretic formulation of the dynamical system
that the matter current τ is covariantly conserved with respect to the gauge group G .
This can be verified by differentiating (3.4.11) and then inserting (3.4.6):

Dτ = DDΠΩ = [Ω,ΠΩ ]
= 2

αg

{
[Ω, ∗Ω] ∂L

∂F
+ (−1)s[Ω,Ω] ∂L

∂∗F

}
= 0.

(3.4.13)

The last step of this proof profits from the fact that an arbitrary Lie-algebra-valued
2-form commutes not only with itself but also with its dual 2-form. More generally,
it has been shown by Horndeski (1978, 1980) that a field theory of Yang–Mills
type is gauge-invariant if and only if its source current τ is covariantly conserved.
However, (3.4.13) cannot be extended to a global conservation law in the nonabelian
case.

On the other hand, the conservation law

div ι := (−1)1+s ∗d∗ ι = 0 (3.4.14)

for the locally, non-gauge-covariant, “internal” current

ι := τ + (−1)n+s ∗[ω,ΠΩ ] (3.4.15)

(cf. Bernstein 1974) follows from the expanded Yang–Mills equation

d ΠΩ + [
ω,ΠΩ

] = τ. (3.4.16)

This conservation law guarantees that the internal Yang–Mills charges (i.e., isospin
I and hypercharge Y in the case of SU(2) as a structure group), which are defined by
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Q = Q(i)Ii :=
∫

H3

ι =
∫

∂H3
ΠΩ, (3.4.17)

are independent of both timelike translations and (global) Lorentz transformations.
The occurring integrations have to be carried out over a three-dimensional spacelike
hypersurface H3 or its boundary ∂H3, respectively. Note that ι involves not only
the matter current τ but also a gauge current arising from the nonlinear coupling of
the gauge fields. The electric charge is determined by the Gell- Mann–Nishijima
relation (Gell- Mann & Neeman 1964).

Qe = 1

2
Y + I3. (3.4.18)

Originally, the Yang–Mills theory (1954) was intended to describe a gauge model
of interactions (initially of strong interactions) with a local isospin symmetry, i.e.,
it is based on SU(2) as a structure group. As for the specification of the dynamics,
the simplest Lagrangian 4-form was chosen that is compatible with the principle of
gauge invariance:

LYM = − 1

αg
Tr(Ω ∧ ∗Ω). (3.4.19)

This is, according to (3.4.4), the linear functional

L(F , ∗F ) = −F . (3.4.20)

This choice harmonizes with the theory of electromagnetism as first formulated by
Faraday and Maxwell in 1861 (seeMaxwell 1892). It is obvious that then the field
momenta, being canonically conjugate, are proportional to the curvature 2-form, i.e.,

ΠΩ = − 2

α g

∗Ω. (3.4.21)

In more generalized versions, these theories make use of SU(N) as a structure group,
and are then applied not only to the description of weak and electromagnetic inter-
actions (Taylor 1976), but also to the formalization of strong interactions in the
so-called color gauge theories, as well to “grand unified theories” (GUT); seeMar-

ciano & Pagels (1978), Cheng & Li (1984).
Relevant aspects of the physical consequences and problems that arise from the

introduction of this hypothesis will be discussed later on. In order to justify our more
general formalism, it is only to be mentioned here that in contrast to the Maxwell–
Lorentz expression (3.4.19), Lagrangian 4-forms have been discussed that lead to
an essentially nonlinear type of dynamics. For instance, it was suggested by Mills

(1979) to substitute (3.4.20) by the functional
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LMills(F , ∗F ) = F

[

1 −
(
1 + 1

b2
F 2

)−1
]

(3.4.22)

in order to achieve a confinement of the color gauge fields (i.e., “gluons,” which
are thought to saturate the postulated quarks) already within the framework of the
unquantized theory. This issue is remotely related to the self-energy problem of point
charges. In order to solve the latter problem, Born & Infeld developed in 1934 a
modified theory of electromagnetism based on the related nonlinear Lagrangian

LBI(F , ∗F ) =
√
1 − 2F − (∗F )2 − 1. (3.4.23)

Within the gauge-theoretic framework, the choice of an appropriate functional
L(F , ∗F ) is of course a mere empirical one and can be answered only by means of
a comparison with the physical phenomena. This comparison is, admittedly, itself
biased by other theoretical concepts and assumptions.

3.5 Instantons

In Yang–Mills theories, the gauge fields may be regarded only as phenomena of
accompaniment of matter. Nevertheless, vacuum solutions of the Yang–Mills equa-
tions have positively a meaning of their own. Within the classical theory, they can
be regarded as junction solutions, which instead of the self-consistently generated
gauge field, are valid outside of the localization of the matter-wave field. A special
role is played by those solutions that satisfy the (generalized) duality ansatz

ΠΩ = ζΩ. (3.5.1)

We are referring to that special occurrence of general duality rotations; see Rainich
(1925), which transforms the field equations (3.4.11) exactly into the Bianchi identity
(3.4.12). This point of departure reduces the field equations (3.4.11), which are of
second order with respect to the connection ω, to differential equations of first order.

In order to obtain explicit solutions for the Yang–Mills theory proper, Belavin
et al. (1975) proceeded as follows. They enlarged the structure group G = SU(2)
with the infinitesimal generators Ij = iσ j, thus obtaining the group SU(2)×SU(2) ≈
SO(4) by proceeding from the array of matrices

(−)
σ μν :=

{
σ ij = 1

2ε
ijkσk

σ i0 = (−) 12σ
i

∣
∣
∣
∣ i, j, k = 1, 2, 3

}
(3.5.2)

as generators. (The minus sign in parentheses would hold for the conjugate repre-
sentation.) These operators satisfy the commutation relations of the Lie algebra of
SO(4). Consequently, they constitute a representation of its infinitesimal generators.
Concerning this tensor representation,
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∗
σΩ = 1

4
Fαβμνσ

μν ⊗ ϑα ∧ ϑβ (3.5.3)

serves as a local presentation of the curvature 2-form. Since these generators are
themselves self-dual or anti-self-dual, i.e.,

∗σμν = σμν, ∗−
σμν = −−

σμν, (3.5.4)

in the Yang–Mills theory proper, the relation (3.5.1) leads more correctly to the
double dual ansatz

∗F∗
αβμν = +

(−)Fαβμν (3.5.5)

for the components of the field strength; see Belavin et al. (1975).
In order to solve this equation, one may tentatively proceed from the Lie-algebra-

valued gauge potentials
Aμ = iσμi∂

i ln h . (3.5.6)

The duality ansatz yields the relation

�h − h−1∂ih∂
ih = h3 (3.5.7)

(see Witten 1977) for the remaining scalar function, which depends solely on |x|,
i.e., h = h(|x|) in the spherically symmetric case.A similar nonlinear equation occurs
in the determination of conformal changes of metrics in Riemannian geometry; cf.
Mielke (1977b), Gu (1978). The most general solution that has been explicitly
constructed reads

h =
k+1∑

i=1

l2(i)
(x − x(i))2

, (3.5.8)

cf. Jackiw et al. (1977). In a flat space M4 with Euclidean signature s = 0, this is a
globally nonsingular solution with Pontryagin index (“winding number”) given by

p1(M) = k. (3.5.9)

It is commonly referred to as the kth instanton solution, since its field strength centers
around some point in spacetime and attains its maximum at some “instant” in time
in the case of k = 1 (’T Hooft 1977). The configuration as given above depends
on 5k + 4 parameters. From studies of related objects in algebraic topology it is
known that the kth instanton depends maximally on 8k-3 gauge-invariant parameters
(Atiyah 1979). Consequently, (3.5.8) cannot be considered to be the most general
solution. This raises the further question whether all spherically symmetric solutions
of the Yang–Mills equation in a Euclidean space R

4 ∪ {∞} ≈ S4, which is confor-
mally compactified, can be obtained from the duality ansatz (3.5.5). For “weakly
stable” Yang–Mills fields, this issue was answered affirmatively by Bourguignon

& Lawson (1981).
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Now, what is the significance of these classical instanton solutions or pseudopar-
ticle solutions for quantum field theory? According to Feynman’s method of quan-
tization by means of path integrals, all physical quantities are derivable from the
transition amplitude between the asymptotic states | − ∞〉 and 〈∞ |. This ampli-
tude or generation functional for the Green’s functions is given by the following
functional integral:

〈∞ | − ∞〉 = Z
∫

Mω

dωμ[ω] exp i
∫

M
(Lω + L∞). (3.5.10)

Its virtue is that the spacetime integration is performed over the classical Lagrangian
n-form of the gauge fields and over a boundary term that if present, ought to elimi-
nate undetermined phase factors in the transition amplitude. Here Z denotes an (in
general infinite) normalization constant. The functional integration extends over the
configuration spaceMω of all inequivalent gauge fields, i.e., of all possible connec-
tion 1-formsω on Pmodulo gauge transformations. Consequently, the quotient space
Mω = C /Gp has to be taken as the configuration space proper.Under not too stringent
conditions, this space forms an infinite-dimensional (pseudo-)Riemannian manifold
(Babelon & Viallet 1981) and may therefore be regarded as a gauge-theoretic
counterpart of Wheeler’s notion (1970) of a superspace in geometrodynamics. It
can be shown that the “measure” µ[ω] for the functional integration, as given by the
Faddeev–Popov determinant, is nothing but the Jacobian determinant with respect to
the “supermetric” of the configuration space (Babelon & Viallet 1979, 1981).
However, it has to be pointed out thatµ[ω] constitutes a mathematically well-defined
integration measure only for a base space M with Euclidean signature. Therefore,
it is necessary that the functional integral be continued analytically to a “Euclid-
eanized” spacetime manifold with an “imaginary” time variable. In order to generate
physically meaningful assertions by means of the quantum formalism, a so-called
Wick rotation has to be applied again. Then it is possible to evaluate the results in the
real Minkowski space by means of perturbative expansions. Further details of these
important quantum-field-theoretic aspects of Yang–Mills theories are dealt with by
Faddeev & Slavnov (1980), Jackiw (1980) in their respective surveys.

For our purposes, it is important to accentuate that the functional integration—in
contrast to the formalism of the perturbation theory—subsumes also a summation
over different and nontrivial topologies of the configuration space. In the Yang–Mills
theories proper, this circumstance is more appropriately accounted for by adding the
boundary term

L∞ = +
(−)

1

αg
Tr(Ω ∧ Ω) (3.5.11)

of Chern–Pontryagin type to the classical Lagrangian 4-form (3.4.19). The relation

LYM + L∞ = +
(−)

1

2αg
Tr(∗Ω

−
(+)Ω)2 ≥ 0 (3.5.12)
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indicates that the leading action for the functional integration attains extrema for
self-dual or anti-self-dual configurations, i.e., for solutions satisfying

∗Ω = +
(−)Ω ; (3.5.13)

cf. Gu (1981). According to the inequality in (3.5.12), which holds only for a
Euclidean spacetime, it can be stated that the functional integration (3.5.10) is dom-
inated by self-dual instanton solutions.5 Their stability is guaranteed—similarly to
that of the solitons in the strict sense—by an exact conservation of the “topological
charge.” Moreover, a quantum-mechanical “tunneling” can occur between topolog-
ically distinct vacuum sectors of the theory (Jackiw 1977).

3.6 Relation to the Seiberg–Witten Equations

The duality of electric andmagnetic fields inMaxwell’s theory was already known to
von Laue; see Sommerfeld (1910). In 1925, the symmetry of duality rotations was
realized by Rainich (1925) and developed further in geometrodynamics byMisner

& Wheeler (1957). ThenMontonen & Olive (1977) observed in the context of
magnetic monopoles that this generates also a duality of the strong–weak coupling
regime of gauge fields, the so-called S-duality.

These ideas were taken up by Seiberg & Witten (1994) because of their pos-
sible consequences for quark confinement and the Higgs field. From a mathematical
perspective, the Donaldson invariants of four-dimensional manifolds should be cal-
culable in terms of classical solutions of a system of gauge equations (Donaldson
2006) coupled to spinors ψ regarded as a lift from the frame bundle to Spinc(4).

Let us begin with the Seiberg–Witten (SW) Lagrangian

LSW = 1

2
D±ψ ∧ ∗D±ψ ∓ i

(
F± − 1

2
ψσ±ψ

)2

= ∓iTr
(
F± ∧ F±) + 1

2
D±ψ ∧ ∗D±ψ

±iψσ±ψ ∧ F± ∓ i

4
ψσ±ψ ∧ ψσ±ψ ; (3.6.1)

cf. Jost et al. (1996), where here the decomposition ψ = ψL + ψR = P−ψ + P+ψ

of the Dirac spinors into left- and right-handed pieces is suppressed. TheU(1) gauge
part of the SW Lagrangian corresponds to a chiral decomposition.

It can be regarded as a self-dual or anti-self-dual Maxwell (or Yang–Mills)
Lagrangian coupled to the convective and polarization parts of the Lagrangian result-

5According to De Alfaro (1979a, b), the so-called meron solutions with half-integer topological
charge are supposed to be dominant instead.
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ing from a (classical) Gordon decomposition of a Dirac field; cf. Hehl et al. (1991).
The squared term of the polarization moment two-form

P± := ψσ±ψ/2m, (3.6.2)

as is typical for a four-fermion-type self-interaction, then plays the role of an effective
mass term.

The variation with respect toψ and A leads to the convective-type spinor equation

D± ∗D±ψ ∓ i

(
F± − 1

2
ψσ±ψ

)
∧ σ±ψ = 0 (3.6.3)

coupled to the Yang–Mills-type equation

D±
(
F± − 1

2
ψσ±ψ

)
= ∓ i

2
ψ ∗D±ψ = ∓1

2
ψ ∗γ ∧ ∗(i ∗γ ∧ D±ψ) . (3.6.4)

The convective part of the above spinor equation is related to the Lichnerowicz–
Weizenböck formula

D ∗Dψ =
(

∇ ∗∇ + 1

4
R + 1

2
F+

)
ψ. (3.6.5)

Solutions (Saçliog̃lu 1999) of this system necessarily satisfy the Seiberg–Witten
equations

i ∗γ ∧ D±ψ = 0 and F± = 1

2
ψσ±ψ = mP± , (3.6.6)

which constitute a kind of linearization of the system (3.6.3) and (3.6.4). These
equations, in contrast to those of Yang–Mills, cease to be conformally invariant. The
solutions, called monopoles also for Euclidean signature, minimize the Lagrangian
(3.6.1). For a nonnegative scalar curvatureR in theWeizenböck formula, all solutions
satisfy ψ = 0 and then are U(1) instantons.

It is interesting to note that the algebraic SW relation for the gauge field strength
F± resembles (Mielke 1984) the modified (double) duality ansatz

Ω
g
± = 1

2�2
σ±, (3.6.7)

later on used for the Riemann–Cartan curvature in the (broken) Poincaré gauge
theory of gravity. There, its solutions are known (Baekler 1981) to be of anti-de
Sitter (AdS) type.
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3.7 Higgs Fields

Pure Yang–Mills theories have no direct physical applications. One reason for this
is the occurrence of infrared divergences in the quantized theory. Even in the most
prominent model for strong interactions, that of quantum chromodynamics (QCD;
seeMarciano & Pagels 1978), the conceptual simplicity of the theory is marred
by the addition of gauge fixing terms. In order to formulate a consistent quantum
field theory, even the “ghost” terms of Faddeev–Popov take over a necessary part.
Furthermore, it is the principle of gauge invariance that forbids massive terms for the
gauge potentials Aα

j in the Lagrangian n-form. However, there is only one massless
spin-1 particle, the photon, known in nature.

In order to incorporatemassive states of short range into the theory, Higgs (1964a,
b, 1966) suggested a dynamical mechanism of symmetry breaking. This mechanism
was then generalized to the nonabelian case by Kibble (1967), which again made
it possible for some of the gauge potentials to be transformed into fields with mass
without thereby destroying the gauge invariance of the theory. In this elaborated
approach, a non-linearly coupled scalar field is instrumental for this mechanism.
Here, we are concerned with the geometric aspects of this theory only.

Following the presentation of Bernstein (1974), we are adopting the first-order
formalism of Petiau, Duffin, and Kemmer, according to which not only a set of scalar
fields ϕj with f components but also the vector fields Θ(1)j will be coupled to the
gauge potentials. More precisely, these components are the bundle coordinates of
the 0-form φ(0) and the 1-form Θ(1) with values in the adjoint representation of G.
In terms of these fields, the Lagrangian 4-form (3.4.19) of the Yang–Mills theory is
supplemented as follows:

LH = − −
Θ(1) ∧ ∗Dφ0 + −

Θ(1) ∧ ∗Θ(1) + λ

4

(
μ2

λ
− ϕ · ϕ

)2

η. (3.7.1)

The form of the dynamics is borrowed from the Landau–Ginzburg theory of super-
conductivity (Rose-Innes & Rhoderick 1969), which has many important analo-
gies to the Higgs model. The coupling of the gauge potentials Aα

j(m) to the Higgs
field, which is achieved via the G-covariant derivative, is in perfect harmony with

the G-equivalence principle. From the variations and δLH/δφ
(0)

and δLH/δΘ
(1)
, the

following field equations for the Higgs field are obtained:

D∗Θ(1) = λ

2

(
μ2

λ
− ϕ · ϕ

)
ϕη, (3.7.2)

Θ(1) = Dφ(0). (3.7.3)

Insertion of the form Θ(1) into (3.7.2) by means of (3.7.3) leads back to a gauge-
covariant generalization of a nonlinear Klein–Gordon equation. According to the
Lagrangian formalism, thesefields couple back to thegaugefields that are dynamically
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restricted by (3.4.11). The source is given by the 3-form of the canonical current

τH = −[φ(0), ∗Θ(1)] (3.7.4)

of the scalar field. Then the field equations of the total system, consisting of Yang–
Mills and Higgs fields, take on the following form:

D∗Θ(1) − λ

2

(
μ2

λ
− ϕ · ϕ

)
ϕη = 0, (3.7.5)

DΠΩ + [φ(0), ∗Θ(1)] = 0. (3.7.6)

It should be noted that the parameterµ in (3.7.5) complies formallywith an imaginary
mass of the Klein–Gordon-type field. However, the trivial field configuration ϕ = 0
does not correspond to the ground state of this model. In the configuration space, the
local maximum occurs just at ϕ = 0, whereas the “locus” of localminima is found at

ϕ · ϕ := ϕ∗jϕj = μ2

λ
. (3.7.7)

This is a consequence of the nonlinear term in (3.7.1), which is quartic in |ϕ|.
Therefore, it is reasonable within this theory to assume the existence of a nontrivial
quantum-mechanical state λϕ, for which the vacuum expectation value

〈O | λϕ |O 〉 = μ/
√

λ (3.7.8)

does not vanish. This is a crucial feature of the model, insofar as the shifted fields
ϕH := ϕ − μ/

√
λ along with the gauge fields Aα

j acquire a real, i.e., physical, mass
that is determined by the curvature of the potential at the bottom, i.e., by mH = √

2μ,
and this for all but one of the gauge field components.

Consequently, the gauge symmetry of the Yang–Mills–Higgs system appears to
be spontaneously broken by the occurrence of a nontrivial vacuum sector (Fig. 3.2).

From the geometric point of view, this mechanism of symmetry breaking may
be construed as follows (Trautman 1977): the constraint (3.7.8) restricts the Higgs
field ϕ such that its range is an orbit G/H of G in Vρ with respect to a subgroup H,
i.e., the minimal Higgs field consists of the cross section

ϕmin : P → C∞
( ◦
V (M, ρ(G/H), ρ(G),P) ⊂ V ρ

)
. (3.7.9)

Let v0 ∈ V ρ be afixedvector forwhich the cross section
◦
ϕmin := σ(v0) ∈ C∞(Vρ)

satisfies (3.7.8). Since the orbit has the structure of an equivalence class, it is possible
to find a g ∈ G that connects any two vectors v and v0 from Vρ via the relation
v = ρ(g) · v0. An invariant subgroup of G, the so-called isotropy group
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Fig. 3.2 Mexican hat
potential in the abelian Higgs
model

H := {h ∈ G|ρ(h)v0 = v0} , (3.7.10)

can be uniquely adjoined to the fixed
◦
ϕmin = σ(v0). Then

Q = {p ∈ P|ϕ(p) = σ(v0)} (3.7.11)

is a subbundle of P(G,M,π, δ) over the same base space; its structure group is H
(Madore 1977, KN I 1963). But what is to be considered the structure of the con-
nection that Q inherits from P? This is answered by the following result:

Proposition A connection ω in P is reducible to an h-valued connection ωH in Q if
and only if the “Higgs field” ϕ is covariantly constant with respect to the original
connection, i.e., if and only if

Dφ(0) = 0. (3.7.12)

Asymptotically, the magnetic monopole solutions found by ’T Hooft (1974)
and Polyakov (1974) and the vortex solution of Nielsen & Olesen (1973) (cf.
also Taylor 1976, p. 48) satisfy this condition. There exists an instructive method
of generating such solutions that may establish rather good parallels to the gauge
theories of gravity that will be developed later on. Let ω0 be a timelike component
of the Yang–Mills connection with regard to an (an-)holonomic frame of reference.
The curvature splits into a timelike part

Θ⊥ := Ω0 = dω0 − (ω ∧ ω)0 = dω0 − ω0 ∧ ω − ω ∧ ω0

= dω0 − [ω0, ω] = Dω0
(3.7.13)
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and a remaining purely spacelike curvature 2-form

→
Ω = d

→
ω − (

−−−→
ω ∧ ω) = d

→
ω − →

ω ∧ →
ω. (3.7.14)

In the following, we will restrict ourselves to a frame of reference in which the
monopole is at rest, i.e., to static solutions that satisfy

d0
∗Ω0 = 0. (3.7.15)

For the time being, let us concentrate on theYang–Mills equations (3.4.11) in vacuum
for which the field momentum is given by (3.4.21). This equation decomposes under
the above assumptions into

(D ∗Ω)0 = →
D ∗Ω0 = →

D ∗Θ⊥ = 0 (3.7.16)

and

(D ∗Ω) = →
D ∗ →

Ω + [ω0,Ω0]
= →

D ∗ →
Ω + [ω0,Θ

⊥] = 0. (3.7.17)

A comparison with the Yang–Mills–Higgs system reveals strikingly that the system
(3.7.16) and (3.7.17) reproduces exactly the coupled system (3.7.5) and (3.7.6) in
the static case.

As can be shown, it is a precondition for the construction that the component ω0

of the connection can be identified with the Higgs field φ without self-interaction:

ω0 = ϕjLj ⊗ ϑ0. (3.7.18)

According to this result, first observed by Bogomol’nyi (1976), a solution of the
Yang–Mills–Higgs system (3.7.5) and (3.7.6) in the so-called Prasad–Sommerfield
limit λ → 0 may be obtained by identifying ω0 in the interaction-free Yang–Mills
equation (3.4.11) with a 1-form involving the Higgs field φ. The spacelike part of ω

provides the static Yang–Mills potential
∗
σ

→
ω of the monopole. After this identifica-

tion, the resulting pure Yang–Mills equation may be solved by means of the duality
ansatz

∗Ω = +
(−)Ω. (3.7.19)

Almost exclusively, such a method provides the starting point for the deduction of
monopole-like configurations of the Yang–Mills–Higgs system. For further details,
we refer the reader to the papers of Prasad & Sommerfield (1975), Witten

(1977), Tchrakian (1981, 1983), Prasad & Rossi (1981a, b). The topological
meaning of the magnetic charge quantization (see Strazhev & Tomil’chik 1973)
was analyzed in terms of fiber bundles by Quirés et al. (1982), Alvarez (1985).
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In this context, it is worthwhile to mention that in the nonlinear σ -model, a variant
of the Higgs model, the conditions (3.7.7) for an extremum are introduced as geo-
metric constraints via the method of Lagrange multipliers. The geometric as well
as gauge-theoretic aspects of this theory are concisely treated by, e.g., Barbashov
& Nesterenko (1980), and in the case of a four-dimensional base manifold, by
Felsager & Leinaas (1980) and Percacci (1981).

At this stage, it is important to accentuate that the Poincaré gauge field theories
of gravity (Hehl 1981)—as will be demonstrated in the next chapter—can also be
formulated as a dynamically “broken” theory. Therefore, the formal structures dealt
with in this section may provide a prerequisite of prior order for the understanding
of these modern gravitational models.

3.8 Translation of Terminologies

Following, e.g.,Wu & Yang (1975), this chapterwill closewith a comparison of the
notation used in the theory of physical gauge fields and that used in the mathematical
theory of fiber bundles.

Gauge Field Terminology Fiber Bundle Terminology
spacetime base space
space of phase factors bundle space
symmetry or gauge group structure group
gauge transformations inner automorphisms of the bundle
gauge principle G-equivalence principle
classical fields cross section of a vector bundle
gauge potential connection 1-form
gauge field strength curvature 2-form
electromagnetism dynamical theory with a connection in a U(1)-bundle
electromagnetism with monopoles connection in a nontrivial U(1)-bundle over R2 × S2

Dirac’s monopole quantization classification of U(1)-bundles according to the first Chern
class

Yang–Mills theory dynamical theory with a connection in a SU(2)-bundle
instanton number classification of SU(2)-bundles over S4 according to the

second Chern class
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Chapter 4
Gravitation as a Gauge Theory

Reconsidering current developments in particle physics, clear evidence can be gath-
ered that all efforts converge in the goal of a unified theory concerning all the fun-
damental physical forces. The most promising approach seems to be founded within
the geometric framework of gauge field theories. At very high energies, the gravi-
tational interaction is expected to dominate all other interactions and this despite its
diminutive coupling constant given by the Planck length �∗. It may even provide the
final regularization of all the divergences that occur in quantum field theory (Isham
et al. 1971c, 1972). The question then arises whether gravitational interaction can
also be formulated in terms of gauge fields.

To be sure, it is commonplace that Einstein’s theory of general relativity (GR;
Einstein & Grossmann 1913; Einstein 1915, 1916, 1955) is already a highly
satisfactory theory of gravity. Built on Ricci’s tensor calculus (Schouten 1954),
it is generally covariant and so far has not only passed—in contrast to most of its
concurring and competing alternatives—all classical tests (see: MTW, pp. 1045ff.,
Will 1981), but also has recently been verified with great accuracy for a highly
relativistic Keplerian system (see, e.g., Straumann 1981). Facing these facts, one
has to think of convincing reasons to legitimate the reformulation of the theory of
gravity in terms of gauge fields. First of all, it has to be kept in mind that GR is
applicable only to macroscopic matter concentrations and to electromagnetic fields.
This is implied in the notion of massive structureless test particles and massless
(scalar) photons, an axiomatic notion that underlies the foundation of GR (Thorne
et al. 1973).

However, from a microscopic point of view (Hehl 1985), all tangible matter
consists of fermions. In order to obtain a consistent coupling to Dirac’s theory of the
electron, for instance, a theory that is empirically at least as successful as GR (see
Bjorken & Drell 1964), it is indispensable to develop a theory of gravity that is
invariant with respect not only to general coordinate transformations, but also to local
rotations of a pseudo-orthogonal “comoving” frame of reference (Cartan’s “repère
mobile”). This is a prerequisite for the construction of spinor fields, a fact that was
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pointed out by (Weyl 1919). Due to the postulated orthogonality of the associated
tetrads, these transformations have to contain local Lorentz rotations. Moreover, it
has to be recognized that special-relativistic fields in flat spacetime—as exemplified
by Dirac spinors—not only are Lorentz-invariant, but, speaking mathematically in a
more precise manner, transform according to induced unitary representations of the
Poincaré group (Mackey 1968; see alsoNachtmann 1967),1 which, taken together
with the reflections, is the complete invariance group of the flat (affine) Minkowski
space of special relativity (SR). Besides the (global) Lorentz transformations, it
includes the group of space and time translations.

The method of inducing representations via certain subgroups (in this case via
the Lorentz group) into those of the full group may be substantiated by the theory of
fiber bundles in a geometrically natural manner (Trautman 1970). By applying this
theory of representations to thePoincaré group,Wigner showed in 1939 that all fields
that are used for a quantum-field-theoretic description are characterized invariantly
by mass and spin (i.e., helicity in the massless case). “The universal applicability of
the mass–spin classification scheme to all known particles establishes the Poincaré
group as an unalterable element in any approach to spacetime physics” (Hehl 1980).

If the G-equivalence principle is again adopted as one of the principles of physics,
it follows that the dynamical construction is to be invariantmerelywith regard to local
Poincaré transformations. This brings about a gauge theory of gravity, as suggested by
hehl (1970), which couples the Poincaré gauge potentials canonically not only to the
current of the energy–momentum but also to the current of proper angular momentum
(spin) of material sources. Their geometric counterparts are to be found in both the
curvature and the torsion of spacetime (Cartan 1922). Rather shortly after Einstein
outlined his theory of GR, such theoretical concepts were taken into consideration by
Cartan (1923). But it was only after Dirac’s relativistic interpretation (Dirac 1928)
of the spin of the electron and under the gradually increasing influence of gauge ideas
that these structures were noticed on a larger scale, as, for instance, byWeyl (1929,
1950), Utiyama (1956), Kibble (1961) and Sciama (1962).

The precise gauge-theoretic dimension, as well as the empirical significance of
those theories of gravity, was worked out in more detail byHehl (1980, 1981) using
tensor calculus. As shown in the fundamental works of Von Der Heyde (1976a;
1976b), the dynamics of the gravitational gauge fields can be described by elegant
Yang–Mills-type equations. The resulting formalism is flexible enough to include
GR or the Einstein–Cartan theory as those subcases that remain physically the most
relevant (at least if considered on a macroscopic scale).

With reference to the proper foundation of a gauge theory of gravity, however,
there is no absolute agreement among the members of the scientific community. It
is the incorporation of a dynamical geometry as realized by Einstein via the pseudo-

1With reference to Mielke (1977c), we seize this contextual opportunity in order to correct a
printing error. Concerning the action of the induced representation of G on a local cross section, it
rather should read

TG : Tgψ(m) = D
(

g−1
m ggg−1m,m0

)
ψ(g−1m).
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Riemannian metric that seems to prevent a direct transfer of the Yang–Mills gauge
program. Remarkably enough, there exists, however, a rather close structural analogy
between the gauge theories of gravity and the Yang–Mills–Higgs models. In this
chapter, this analogy will be worked out using almost exclusively the geometric
intrinsic calculus of differential forms as advocated, e.g., by Trautman (1973).

4.1 Affine Frames

In order to present the conceptual foundation of the Poincaré gauge theory as clearly
and precisely as possible, it is instructive to enlarge our field of interest only slightly
and to start off deductively from the affine group A(n, R) as structure group. As a
generalization of the Poincaré group, it consists of the affine transformations of the
Euclidean space En, regarded as an affine space An.

Let a = (aα) ∈ Rn be a row vector. According to its definition, the action of an
element of A(n, R) on a vector x ∈ An can expressed as the composition of a general
linear transformation and a translation:

x → x′ = gx + a, g ∈ GL(n,R), a ∈ R
n. (4.1.1)

In the following, it will be convenient to introduce a vector x̃ :=
(

x
1

)
∈ R

n+1 with

n + 1 components and to replace the group action (4.1.1) by the abstract transfor-
mations of x̃ via the matrices

a :=
[

g a
0 1

]
=

[
1n a
0 1

] [
g 0
0 1

]
= aT · aL ∈ A(n,R). (4.1.2)

This faithful representation of A(n,R) by a subgroup of GL(n + 1,R) shows clearly
that the affine group decomposes into the semidirect product

A(n,R) = R
n ⊂× GL(n,R) (4.1.3)

of the translations a ∈ Rn and the linear transformations g ∈ GL(n,R). The rule for
such a semidirect multiplication of group elements is already implied in (4.1.2).

In order to obtain the Poincaré group

P := R
n ⊂× 0(1, n − 1) ⊂ A(n,R), (4.1.4)

the linear transformations are to be restricted to the pseudo-orthogonal subgroup
0(1, n − 1) ⊂ GL(n,R). The invariance of the (flat) metric ground form of the
n-dimensional Minkowski space will be thereby guaranteed. For the Lie algebra
a(n,R) of the affine group, the analogous decomposition
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a(n,R) = R
n ⊂× gl(n,R) (4.1.5)

is effective due to the fact that the Lie algebra of the abelian vector group of trans-
lations is isomorphic to Rn. That a(n,R) has the structure of a semidirect product is
also reflected in the commutation relations:

[Pα,Pβ = 0] (Pα := ∂/∂xα), (4.1.6)

[Pα,Lγ δ] = gαδPγ − gαγPδ, (4.1.7)

[Lαβ,Lγ δ] = cαβγ δ
ε ξLεγ , (4.1.8)

cαβδγ
εζ := δ[ε(αδζ ]δ ηβγ ). (4.1.9)

In these formulas, Lαβ ∈ gl(n,R) and Pα ∈ Rn denote the infinitesimal generators of
the linear and translational parts of a(n,R) with respect to an appropriate parame-
trization of A(n, R).

For a dynamical formulation, a “geometric arena” is needed. As for the theory of
special relativity, the notion of an inertial system is of paramount significance. Cor-
respondingly, for a geometric theory of gravity ruled by the principle of equivalence,
the introduction of a more general, local, frame of reference serves as the starting
point for its foundation. In order to get a precise definition of such a local “inertial”
frame, we define it deductively with reference to the notion of a tangent vector e(m)
spanning the tangent space Tm(M) at m ∈ M.With the aid of the natural basis of Rn,
we obtain the ordered basis

eα(m) = ei
α∂i (4.1.10)

for the tangent space. The general linear group GL(n,R) acts on this basis as follows:

eα(m)→ eα
′(m) = gα

βeβ(m), (4.1.11)

g = [gαβ ] ∈ GL(n,R). (4.1.12)

It thus generates a space Lm(M) of linear frames of reference at the point m. Let

L(M) =
⋃

m∈M

Lm(M) (4.1.13)

be the bundle resulting from the set-theoretic union of these frames. This bundle
may be equipped with a differential structure. In this context, it is important to
remember that in a neighborhood U ⊂ M of a point m ∈ M with coordinates xi,
a basis vector ea(m) of Tm(M) may always be written in the way given above.
Furthermore, the group GL(n,R) has a natural manifold structure if it is regarded as
an open neighborhood of R

n2 . Since ej
α(m) represents a nonsingular n × n matrix,

the collection (xi, e·j
α) may be regarded as a choice of coordinates of the Cartesian

product U × GL(n,R). These coordinates arise from the original domain
−1
π (U), for
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which the projection π of the principal fiber bundle with the structure group GL(n,
R) onto M is defined.

On the other hand, this principal fiber bundle can be identified with the bundle

L(M) = P(M,GL(n,R), π, δ) (4.1.14)

of linear frames. This is the case if an R
n-valued 1-form ϑ exists that not only is

left-invariant, i.e.,
δ∗gϑ = g−1ϑ, g ∈ GL(n,R), (4.1.15)

but also has a contact of first order, i.e.,

ϑ(e) = 0 ⇔ π(e) = 0, e ∈ Tp(P), (4.1.16)

with the manifold. The mathematical theory of jets considers also frames that enter
into contact of a higher order with the manifold (Kobayashi 1972). Considering
this close contact and due to the fact that ϑ has rank n = dim M, it is natural to call
it the canonical 1-form (Kobayashi & Nomizu 1963, p. 118) or soldering 1-form2

(Trautman 1979; Kobayashi & Nomizu 1963, p. 140) of the manifold. In local
coordinates, it is endowed with the expansion

∗
σϑβ = Eβj dxj (4.1.17)

which has already been employed for generating a basis of the cotangent bundle
T∗(M). The tangent space per se is simply the bundle

T(M) = V (M,Rn,GL(n,R),L(M)) (4.1.18)

associated with L(M). Its standard fiber isR
n, and thus T(M) has the same dimension

as the manifold.
By comparison of the linear frame bundle L(M) with the bundle of affine frames

A(M), we get
A(M) := P(M,A(n,R), π, δ) = L(M)× R

n. (4.1.19)

The possibility of identifying L(M) with the quotient bundle A(M)/Rn results from
the homomorphism

β : A(n,R)→ GL(n,R) = A(n,R)/Rn. (4.1.20)

The left-action of A(n, R) on this fiber bundle is determined by

δ :
⎧
⎨

⎩

A(n,R) ×A(M) −→ A(M)
↓ ↓ ↓
(g, a) (e(m), x) = (g.e(m), g−1(x − a)).

(4.1.21)

2Derived from the French “soudure”.
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Fig. 4.1 Affine frame of
reference at the point m ∈ M

Accordingly, the affine frame can be considered a linear one, for which the origin of
the basis vectors eα(m) in the tangent space Tm(M) at the point m ∈ M appears to
be shifted (Fig. 4.1).

This relation between the affine and the linear frames results from the fact that the
group T = R

n of translations can be regarded as the quotient space A(n,R)/GL(n,R),
i.e., as an affine space in accordance with (4.1.3). Correspondingly, the affine tangent
bundle of M is nothing but the bundle

TA(M) = ◦
V (M,Rn,A(n,R),A(M)) ⊂ V id (4.1.22)

onM associated with A(M). In such an affine “geometric arena,” translations are rep-
resented “merely” intrinsically (Ne’eman 1978). This is related to the factmentioned
above that the representations of the Poincaré group of physical relevance consist
of induced representations of the Lorentz group. Here the translational subgroup is
realized by translations acting on the coset space T = P/L,which is isomorphic to the
Minkowski space regarded as an affine space. Related geometric constructions are
considered byMüller- Hoissen (1984) in the case of the inhomogeneous Galilean
group.

4.2 Affine Gauge Theory with Torsion

In order to explicate a gauge theory of gravity within this geometric framework,
it is again necessary to introduce potentials for the formulation of the dynamics.
This is to be accomplished by endowing the bundle A(M) of affine frames with a

connection. Let
≈
ω be the 1-form of such a generalized affine connection, and let

χ : L(M)→ 0m × L(M) ⊂ A(M) be the natural injection of linear frames into the
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bundle of affine frames that is induced by the zero vector field 0. Then the inverse

image
∗
χ

≈
ω of the connection

≈
ω is an a(n,R)-valued 1-form in L(M) that decomposes

into ∗
χ

≈
ω = ωL ⊗ ωT, (4.2.1)

or in matrix notation, into
∗
χ

≈
ω =

[
ωL ωT

0 0

]
. (4.2.2)

This splitting is a logical consequence of the infinitesimal version of the represen-
tation (4.1.2) of A(n,R). In the above formula, ωL denotes a gl(n,R)-valued 1-form
in M, while ωT is an Rn-valued 1-form, i.e., a tensorial form of the representation
type (GL(n,R),Rn). The 1-form ωL of type Ad defines a connection in L(M) that
is referred to as a linear connection of the manifold (Kobayashi & Nomizu 1963,
p. 119), which is due to the close contact of L(M) with M. On the other hand, the

a(n,R)-valued 1-form
≈
ω that is imprinted in A(M) merely determines a Cartan con-

nection with an absolute parallelism in L(M). The decomposition (4.2.1) is true for
each of the groups G for which the quotient space G/H forms a weakly reductive
structure with respect to a subgroup H ⊂ G.

A more detailed discussion of these mathematical concepts can be found in the
works of Kobayashi (1956). In the context of bilocal quantum-mechanical models
of strong interactions, Cartan connections have been studied by Drechsler (1977)
and Drechsler & Mayer (1977).

The curvature
≈
Ω in A(M) can be derived from

≈
ω by an analogous application of

the structure equation. For the following, it is important to have a precise theoretical
definition of the affine curvature that is in conformity with the decomposition (4.2.1).
The commutator [ωT, ωT] occurring in the calculation

∗
χ

≈
Ω = ∗

χ(d
≈
ω − 1

2
[≈
ω,

≈
ω])

= dωL − ωL ∧ ωL + dωT − ωT ∧ ωL − ωL ∧ ωT + 1

2
[ωT, ωT]

= ΩL +ΩT (4.2.3)

vanishes due to the abelian structure of translations. The term that is additional to the
“linear” part of the curvature may for this reason be written as the covariant exterior
derivative

ΩT := DωT = dωT − [ωT, ωL], (4.2.4)

which is induced by ωL. It is of importance to realize that the commutator [ωT, ωL]
takes values in the Lie algebra a(n,R) of the affine group.

A gauge theory with an affine connection should be in accordance with the G-
equivalence principle. Following the formalism developed before, this means that
the theory has to be invariant with respect to the infinite-dimensional group
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A (n, R) := C∞
(

A(M)×Ad A(n, R)
)
. (4.2.5)

The group
G (n, R) := C∞(A(M)×Ad GL(n, R)) (4.2.6)

of linear gauge transformations and the group

T (n, R) := C∞(A(M)×Ad R
n) (4.2.7)

of local translations are subgroups ofA (n, R). Taking the cross section in the asso-
ciated bundle is abbreviated by C∞, and Ad denotes the adjoint representation with
respect to GL(n,R). Due to its construction, the group of local translationsT (n, R)

is locally isomorphic to the group of active diffeomorphisms Diff (n,R) of the man-
ifold. The latter group is isomorphic to the group D(M) of diffeomorphisms of
M; cf. Ogievetskii (1973), Sternberg (1985). The infinite-dimensional group
Diff (n,R) contains the (n + n2)-dimensional group A(n,R)H of holonomic affine
transformations as a subgroup, generated by the vector fields Pi = ∂i := ∂/∂xi and
Li

j = xi∂j. Note that differentiable coordinate transformations, which leave exterior
forms invariant, are regarded here as passive diffeomorphisms.

Similarly, affine gauge transformations act inhomogeneously on the connection
1-form ≈

ω → A−1 ≈
ω = A−1≈

ωA − A−1dA, A ∈ Ap. (4.2.8)

Proceeding to the matrix representation (4.1.2) of the affine group, an analogous
representation

A =
[

G T
0 1

]
∈ Ap, G ∈ Gp,T ∈ Tp (4.2.9)

of the gauge transformation is induced. The splitting of
≈
ω allows us to derive the

effect of the affine gauge transformations on the linear and translational parts of the
affine connection:

ωL → A−1
ωL = G−1ωLG − G−1dG, (4.2.10)

ωT → A−1
ωT = G−1ωT − G−1DT . (4.2.11)

Likewise affected is the transformation formula

≈
Ω → A−1 ≈

Ω = A−1
≈
ΩA (4.2.12)

of the curvature of the affine bundle. Under the inverse image (4.2.3) with regard to
the natural injection χ , this formula decomposes into

ΩL → A−1
ΩL = G−1ΩLG (4.2.13)
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and

ΩT → A−1
ΩT = G−1(ΩT − DDT) = G−1ΩT − G−1ΩL ⊗ T . (4.2.14)

Concerning affine “recalibrations,” the linear part shows the typical behavior of a
connection with its corresponding curvature.

4.2.1 Affine “Higgs” Mechanism

The latter is not true for the translational remnants, which indicates that they can
be regarded only as being represented “purely” after a “spontaneous” breaking of
the underlying symmetry has taken place. In order to achieve this, we transfer the
geometric construction of the Higgs–Kibble mechanism, which has been discussed
before, to the affine case. For our purposes, the local cross section

≈
ϕ : A(M)→ C∞(

◦
V ) (4.2.15)

in the associated affine bundle provides the alleged “affine Higgs field.” Its range
in Vid consists of an orbit Rn of A(n,R). The isotropy group of the zero section
◦
ϕ̃ = σ(0m) is H = GL(n,R), i.e., the general linear group. Then the subbundle

QA = {p ∈ A(M)|≈ϕ(p) = σ(0m)} = L(M) (4.2.16)

is isomorphic to the bundle L(M) of linear frames due to (4.1.19). It follows from
(4.2.9) that the Higgs field (4.2.15) transforms inhomogeneously with respect to
affine gauge transformations, i.e.,

≈
ϕ → A−1 ≈

ϕ = G−1(
≈
ϕ − T). (4.2.17)

Let

ωT = ≈
ϑ − D

≈
ϕ (4.2.18)

tentatively be a decomposition of the translational part of the connection; cf. Iva-
nenko & Sardanashvily (1983). If this is inserted in (4.2.11), it yields

A−1
ωT = A−1 ≈

ϑ − G−1DG A−1 ≈
ϕ

= G−1
≈
ϑ − G−1D

≈
ϕ,

(4.2.19)

if use has been made of the covariance of D. This means, however, that the contri-

bution
≈
ϑ transforms under Ap like



74 4 Gravitation as a Gauge Theory

≈
ϑ → A−1 ≈

ϑ = G−1
≈
ϑ. (4.2.20)

Comparing this with (4.1.15), we come to the conclusion that
≈
ϑ can be identified

with the canonical 1-form, up to a multiplication by a scalar function f, i.e.,

≈
ϑ = fϑ. (4.2.21)

The covariant derivative

Θ := Dϑ = dϑ − [ωL, ϑ] (4.2.22)

of the canonical 1-form is known to represent Cartan’s torsion 2-form of the under-
lying spacetime manifold. It can be related to a local notation (cf. Hehl 1980) via
the pullback

∗
σΘ = 1

2
T ..cαβPc ⊗ ϑα ∧ ϑβ = 1

2
T ..cij Pc ⊗ dxi ∧ dxj, (4.2.23)

where Cartan’s torsion tensor is given by

T ..cαβ = 2D[αEc
·|β] = 2

(
∂[αEc

·|β] + Γ ..c[α|dEd
·|β]

)
. (4.2.24)

Geometrically speaking, the torsion of spacetimemay be interpreted as themismatch,
i.e., closure failure, of parallel transported vectors, analogously as in the theory of
crystal dislocations (Hehl & Kröner 1965; Hehl 1985). From (4.2.20), if applied

to D = ( ∗
χ

≈
D), it follows that the torsion 2-form transforms like

Θ → A−1
Θ = G−1Θ, (4.2.25)

i.e., as a vector with respect to the subgroup Gp of linear gauge transformations. As
a result of the Ansatz (4.2.18), the relation

ΩT = fΘ + df ∧ ϑ −ΩL ⊗ ≈
ϕ (4.2.26)

is found for the translational part of the affine curvature. Thus the torsion is only
one part of the translational curvature of the generalized affine connection (Norris
et al. 1980). This result can alsobederived fromamore formal considerationofCartan
connections on M. For a Higgs–Kibble-type mechanism of “symmetry breaking,” a
subsidiary condition like

≈
D

≈
ϕ = D

≈
ϕ = 0 (4.2.27)
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is completely sufficient, since it restricts unequivocally (while for Rn-valued fields
≈
D = D it remains valid) the affine connection to the linear gl(n,R)-valued connection
ωL within the reduced bundle L(M). Disregarding the factor of proportionality, it then
follows from (4.2.18) that the torsion remains the only constituent of the translational
part of the affine curvature. In this way, the local symmetry group A(n,R) of a gauge
theory with affine connection gets broken down to the group GL(n,R).

In order to achieve these interim results, which are of relevance concerning their
physical interpretation, we have considered mainly the advanced propositions of
Tseytlin (1982). The idea of breaking the symmetry via an affine Higgs field can
be found already in Pilch (1980). Within the framework of that study, however, the
idea is flawed by an unfortunate and unnecessary mixup with the reduction of the
group GL(n,R) to the Lorentz group 0(1, n-1). This should rather be carried out in
a further step. According to a slightly divergent view (Hennig & Nitsch 1981),
the difference between gauge theories with affine connections and those with linear
connections can be traced back to a differing order of “contact” of the frame bundles
with the underlying manifold. This has to be analyzed within the framework of the
mathematical theory of “jets” (Kobayashi 1961).

If in addition to the connection, the spacetime manifold is also endowed with a
metric tensor as an independent field, a metric–affine theory of gravitation can be
constructed; cf. Hehl & Kerlick (1978). Its classification as a gauge theory of the
affine group was particularly well clarified by Lord (1978). In general, the affine
connection is not metric-compatible in these models, and the tensor

Qκμν := −Dκ gμν (4.2.28)

of nonmetricity measures this deviation. In a dynamical formulation, the field
momentum being canonically conjugate to the general affine connection leads to
the notion of hypermomentum current. Such models might have considerable impact
on high-energy physics. According to a proposal of Hehl et al. (1978, 1989), it
is exactly the hypermomentum that is responsible for those band structures in the
mass spectrum of hadrons that follow the Regge trajectories. For theoretical rea-
sons, the light-cone structure of spacetime is deformed by the shear part of the non-
metricity tensor, so that violations of causality cannot principally be excluded. This
effect, however, can by no means be reason enough to reject such theories in general
(Hayashi 1976), since within dynamical models, it is typical of these defects that
they remain restricted to the interior of microscopically “extended” particles (Hehl
et al. 1976). In terms of quantum field theory, however, it is possible to postulate
only a microscopic causality condition—if any such condition at all.
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4.3 Metric Structure of the “Spontaneously Broken”
Poincaré Gauge Theory

A space with an affine connection has to be a richer structure than a differential
manifold, since it allows parallel displacements of vectors. However, we are still
not able to measure distances within this space. This, in turn, is mandatory for
determining geometrically the relative location of physical objects in space. (A dis-
cussion of the postulate of metricity from an ontological viewpoint is to be found
in Grünbaum 1973). According to the special theory of relativity (Einstein 1955),
the field-free flat region between such objects is to be characterized as follows: The
square of the “distance” between two adjacent points in spacetime is a measurable
quantity if an apt coordinate system is provided for. Its amount is to be determined
by

(Δs)2 = −c2(Δt)2 + (Δx)2 + (Δy)2 + (Δz)2 (4.3.1)

= gijΔxiΔxj.

Due to the fundamental postulate of the constancy of light propagation in vacuum,
this four-dimensional expression is indefinite. Such aMinkowski structure, however,
is only locally existent in the presence of gravitational fields, due to curvature of
spacetime.

A conceptually central problem of measurability for a generic curved manifold
consists in associating a positive length

�(C ) :=
t1∫

t0

ds(t) (4.3.2)

to a smooth curve C ⊂ M that is parametrized by s(t). In order to satisfy

�(C1 + C2) = �(C1)+ �(C2) (4.3.3)

for a piecewise smooth curve, the infinitesimal length of the curve ought to be
expressed as

ds = F(m, ϑ)dt, (4.3.4)

where F(m, ϑ) : M × T∗(M)→ R
+ is a smooth, positive, and homogeneous funda-

mental function, i.e.,

F(m, f ϑ) = |f |F(m, ϑ),
F(m, ϑ) > 0 if ϑ �= 0. (4.3.5)
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The homogeneity of first order is at our disposal on account of the postulated invari-
ance of (4.3.4) versus admissible reparametrizations of the curve C . Generally, these
requirements lead up to Finsler spaces (Rund 1959; Matsumoto 1977) with the
anholonomic components of the metric defined by

gαβ(m, ϑ) := 1

2

∂2F2(m, ϑ)

∂ϑα ⊗s ∂ϑβ
. (4.3.6)

Riemannian spaces are distinguished by their intrinsic geometry as metric spaces
with a special Finslerian function. Then the latter is derivable from the quadratic
differential form

ds2 = (F(m, ϑ)dt)2 = gαβϑ
α ⊗ ϑβ = gij(m)dxi ⊗s dxj; (4.3.7)

see, e.g., Laugwitz (1965). The angle between two infinitesimal vectors dV and dW
can be determined implicitly in such spaces by

cosφ = gμνdV μdW ν

√
gαβdV αdV β

√
gαβdW αdW β

. (4.3.8)

Subsequently, a covariant symmetric tensor field of degree (2, 0) is imprinted onto
this space, which is now referred to as a (pseudo-)Riemannian manifold. According
to the axiomatic foundation of GR, the components of this fundamental tensor for a
holonomic coordinate system determine not only the metric relations of spacetime.
Indeed, the functions gij ∈ C∞(M) describe “concerning the chosen, arbitrary coor-
dinate system both the metrical relations of the spacetime continuum as well as the
gravitational field” (Einstein 1955).

It is for these reasons that the metric seems to play a special role in a gauge
approach to gravity, especially if one tries—as has earlier been attempted by, e.g.,
Thirring (1978)—to establish a direct relationship between this metric field and the
gravitational gauge potentials. In order to work out the true nature and significance
of the metric tensor within the framework of a unified gauge-theoretic approach, let
us compare the two equivalent formulations of the line element (4.3.7), e.g., written
in holonomic and anholonomic coordinates. This yields the relation

gije
·i
αe.jβ = gαβ. (4.3.9)

Since ϑα forms a basis for the frame bundle L(M), it follows that this Eq. (4.3.9) can
be expressed in terms of exterior forms as

ϑ ∧ ∗ϑ = η. (4.3.10)

(For tensor fields, the metric ground form is essential in performing the so-called
contraction, while for exterior forms, the metric is concealed in the definition of the
Hodge dual *.)
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Similarly as in the Higgs–Kibble mechanism of spontaneous symmetry breaking
(SSB), the tetrad field or the canonical 1-form is kinematically restricted by (4.3.9)
or (4.3.10), respectively. In the Poincaré gauge theory, however, in contrast to the
affine gauge theory in which the group GL(n,R) is the residual structure group after
the symmetry breaking, there are only orthogonal tetrads, or orthogonal canonical
1-forms ϑ admitted. Since the e·i

α have been considered as local bundle coordinates
of L(M), the bundle of linear frames is then reduced to the orthogonal frame bundle

Lg(M) := P(M,O(s, n − s), π, δ). (4.3.11)

In order to ensure that the linear connection ωL within this bundle reduces to a
O(s, n − s)-valued connection ωg, the constraint

D e·i
α = 0 (4.3.12)

is a necessary and sufficient condition. For tensor-valued 0-forms φ(◦), the exterior
covariant derivative D can be replaced by the covariant derivative ∇ in the following
manner:

D φ(◦) = ϑα∇αφ(◦). (4.3.13)

It is for this and the relation (4.3.9) that the above-mentioned constraint can be
considered equivalent to the postulate

Dk gij = Eα·k∇αgij = 0 (4.3.14)

of the metric compatability of the Riemannian connection ωg. Locally, the latter is
usually written as

∗
σωg = 1

2
ωαβLαβ = 1

2
Γ

·αβ
i Lαβ ⊗ dxi, (4.3.15)

where the Γ ·αβ
i denote the (local) Ricci rotation coefficients. Due to the fact that

the infinitesimal generators Lαβ become skew after the restriction to the orthogonal
subgroup, the constraint (4.3.14) analogously yields ωαβ = −ωβα , i.e., the skew-
symmetry

Γ
·αβ

i = −Γ ·βα
i (4.3.16)

of the rotation coefficients with respect to the last two indices. According to the
preceding considerations, these coefficients can be regarded as gauge potentials of
the Lorentz group, whereas the (invertible) e·i

α may be interpreted as the “soldered”
gauge potentials of local translations (Hehl 1980).

Within GR, the condition (4.3.14) is commonly justified by the equivalence prin-
ciple. If applied here, this means that the measurement of lengths and angles in the
neighborhood of a point mo ∈ M depends entirely on Minkowski’s metric tensor oij

of special relativity, i.e., that
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gij
(∗)= oij (4.3.17)

holds for orthonormal frames. Deviations from the flatness of the spacetime domain
occur, if at all, only at the second differential order,3 i.e.,

∂kgij
(∗)= 0. (4.3.18)

Its covariant generalization, i.e., (4.3.14), guarantees that the square of the distance,
considered an “infinitesimalmeasuring rod,” remains constantwith respect to parallel
displacements. This requirement, which is physically sensible and experimentally
not explicitly disproven, represents, strictly speaking, an a priori element in GR; see
Hübner (1983).

From our viewpoint, however, it is easily to be recognized that a further mech-
anism of symmetry breaking of Higgs–Kibble type is at work here. As has already
beenmentioned, the tetrad field is kinematically restricted by the “metric” subsidiary
condition (4.3.9). It is then that the “geometric arena” (4.3.11) of a gravitational
gauge theory has only the orthogonal “isotropy group” H = O(s, n − s) as resid-
ual symmetry. As it turns out, (4.3.14) is nothing but the consistency condition for
the reduction of the linear connection ωL to an o(s, n − s)-valued connection ωg

in Lg(M). This consistency does not, as is implied by Hanson & Regge (1979),
demand the vanishing of the torsion, i.e., Dϑ = 0. In a Lagrangian formulation of
such a “spontaneously broken” Poincaré gauge theory, there will occur not only its
connection and curvature. Similarly as in the Yang–Mills–Higgs models, the metric
Higgs field ϑ , i.e., the canonical orthogonal 1-form,4 and the resulting torsion Θ
constitute additional elements for the construction of the dynamics.

In the following, we can assume that the orthogonal bundle Lg(M) is endowed
with a connection 1-form ωg compatible with the metric. The curvature 2-form

Ωg = dωg − ωg ∧ ωg (4.3.19)

satisfying the general definition may locally be written as

∗
σΩg = 1

4
R..cd
αβ Lcd ⊗ ϑα ∧ ϑβ. (4.3.20)

Here
R...dα β c = 2

{
∂[αΓ ..dβ]c + Γ ..d[α|hΓ

..h
|β]c

}
(4.3.21)

are the anholonomic components of the curvature tensor in a Riemann–Cartan space.

3Locally, these requirements are always to be satisfied by introducing the Riemannian normal
coordinates; see Laugwitz (1965).
4As for the nomenclature, the 1-form ϑ , which is restricted by (4.3.10), will not be denoted by ϑg

and thus differs from ωg and Ωg, since we prefer to stick to (4.3.10) or (4.3.9), respectively, as
explicit subsidiary conditions for the breaking of symmetry with respect to both the tetrad field and
the torsion.
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Implicitly the Riemann–Cartan curvature tensor contains torsion-dependent
pieces. In order to separate them from the purely Riemannian content, the metric-
compatible connection can be decomposed into

ωg = ω{} − K . (4.3.22)

Hereω{} denotes the 1-form of the torsion-free Christoffel-type connection for which

dϑ − [ω{}, ϑ] = 0 (4.3.23)

holds byway of assumption. Using this in the defining relation (4.2.22) of the torsion,
we obtain the relation

Θ = [K, ϑ] (4.3.24)

between the 2-form Θ and the 1-form K of the so-called contortion, having values
in the Lie algebra of the Lorentz group (see also: Kobayashi & Nomizu 1963, p.
159). Locally, the latter may be expanded as

∗
σK = 1

2
K ·βc
α Lβc ⊗ ϑα. (4.3.25)

Consequently, the components of the contortion tensor5 are antisymmetric with
respect to the last two indices:

Kc
·αβ = −1

2

(
T c

·αβ − T ..cα,β + T ·c
β·α

) = −Kc
·βα. (4.3.26)

If all these decompositions are taken together, it leads to the desired splitting

Ωg = Ω {} − dK + K ∧ ω{} + ω{} ∧ K − K ∧ K

= Ω {} − D{}K − K ∧ K = Ω {} − DK + K ∧ K (4.3.27)

of the RC-curvature tensor6 into its Riemannian and non-Riemannian parts. Later,
we are going to make use of this decomposition.

In order to complete the transcription into Ricci’s tensor calculus—“contaminated
by indices,” cf. Eguchi et al. (1980)—it remains to be added that the rotation coef-
ficients are given by

Γ ..κij = e·κ
b Γ

..b
iα Eα·j + e·κ

β ∂iE
β

·j (4.3.28)

with respect to a holonomic basis. This formula was obtained by applying local
translations (gauge transformations). It then follows that the decomposition (4.3.22)

5In German, Verdrehungstensor.
6Following Schouten (1954), a Riemann–Cartan manifold of dimension n with torsion is also
denoted by Un, in contrast to a purely Riemannian manifold, which is symbolized by Vn.
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takes the form

Γ ..κij =
{
κ

ij

}
− K ..κij , (4.3.29)

where {
κ

ij

}
= 1

2
gκl(∂igjl + ∂jgil − ∂lgij) (4.3.30)

are themore familiarChristoffel symbols of the secondkind. They are formed entirely
out of the metric tensor. The splitting (4.3.27) has its local counterpart in

R...dijc = R{}...d
ijc − 2D[iK ..dj]c + 2K ..h[i|cK ..d|j]h. (4.3.31)

In this formula, R{}...d
ijc are the mixed components of the Riemannian curvature tensor,

which again is calculated according to (4.3.21) merely using Christoffel symbols.
Since it is the curvature tensor of a metric-compatible symmetric connection, its
holonomic components R{}

ijκl have the following symmetries with respect to an inter-
change of indices:

R{}
(ij)κl = R{}

ij(κl) = 0 (4.3.32)

R{}
ijκl = R{}

κlij.

In the torsion-free case, the first Bianchi identity reduces to the algebraic identity

R{}
i[jκl] ≡ 0 (4.3.33)

involving a cyclic permutation of three indices. For later purposes, it is important to
write down the contractions of the curvature tensor, which lead successively to the
Ricci tensor

Rij := R...ααij (4.3.34)

and the scalar curvature

R := R·μ
μ = R..μααμ = ∗(Ωg ∧ ϑ ∧ ϑ). (4.3.35)

After this digression into the tensor calculus of classical differential geometry, we can
summarize the following results, which are relevant for a gauge-theoretic approach
to gravity.

Starting from a gauge theory with an affine connection, it was the twofold appli-
cation of a Higgs–Kibble-type mechanism of SSB that resulted in the construction of
a “broken” Poincaré gauge theory of gravity. Following “hierarchical” procedures,
the affine structure group A(n, R) is “spontaneously” broken into the Lorentz group
O(1, n-1) as the “residual” symmetry of the theory via the general linear group
GL(n, R).
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The idea of regarding the metric (more appropriately, the tetrad field) as the
gravitational analogue of the Higgs field appears in Isham et al. (1971a). With
certain modifications, this interpretation was later adopted by Trautman (1979),
Tseytlin (1982),Wallner (1982), and Müller-Hoissen (1984). Concerning the
quantization of gravitational fields, it was also considered by Hanson & Regge

(1979). However, it must be pointed out that our approach to the Poincaré gauge
theory of gravity, as it is expounded here, has not yet gained the status of a generally
accepted scientific explication. This is made explicitly clear by a comparison with
the publications of Utiyama (1980) and Hehl (1981).

Thus it is Hehl (1980), above all following Von Der Heyde (1976a) and
Ne’eman (1978), who favors a gauge-theoretic interpretation of the Poincaré group,
in which the generators of local translations are not represented by partial derivatives
but in an already curved spacetime by covariant derivatives. Subsequently, these
generators violate the usual commutation relations (4.1.6), and as a result, they change
into noncommutative ones. Due to the appearance of the curvature tensor in the
commutator

[Dα,Dβ] = R..cd
αβ Lcd − T ..cαβDc, (4.3.36)

spacetime-dependent “structure constants” R..cdαβ (m) occur in the generic case. (The
additional torsion-dependent term would disappear in a holonomic formulation.) A
deeper understanding of these insights has been established by Sohnius (1983) with
a new approach involving “soft” gauge algebras.

4.4 Gravitational Field Equations

Independently of the particular gauge-theoretic approach to gravity, there exists a
general consensus as to its geometric and dynamical structure. Compared to Yang–
Mills theories, the gravitational gauge models have a richer structure in that both the
linear connection ωL and the canonical 1-form ϑ represent independent dynamical
variables. Arguments have already been advanced that allow us to consider ϑ a
“metric Higgs field.”

The corresponding gauge field strengths consist of the curvature Ωg of the
Riemann–Cartan space and the covariant exterior derivative of ϑ , i.e., the torsion
2-form Θ . Consequently, the Lagrangian n-form depends on the following geomet-
ric objects for the generic case:

Lg = L(gαβ;ϑ, (ωg),Θ,Ωg). (4.4.1)

However, contrasting with ϑ,Θ,Ωg (see (4.2.20), (4.2.14), and (4.2.13)), the
1-form ωg does not transform as a vector or covariantly, respectively, with regard to
the residual local Lorentz group. Due to this property, the postulate of gauge invari-
ance allows only an indirect dependence of the Lagrangian n-form on ωg, and this
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only via of the formsΘ andΩg. The variation of Lg, regarded as a total differential,
i.e.,

δLg =: δϑ ∧ E + δΘ ∧ΠT + δΩg ∧ΠL, (4.4.2)

defines the translational and (Lorentz-)rotational canonical gauge field momentaΠT

and ΠL. Due to the special role of ϑ , there occurs additionally the (n-1)-form E,
comprising the energy–momentum current of the gravitational gauge fields.

In order to derive the field equations, the variation with respect to the torsion Θ
and the curvatureΩ will have to be rewritten with respect to the original dynamical
variablesϑ andωg.Within this variation procedure, the general resultmay be adopted
here with respect to the curvature; a corresponding conversion of the variation for
the torsion yields

δΘ = δ(dϑ − [ωL, ϑ])

= d(δϑ)− [ωL, δϑ] − [δωL, ϑ]
= D(δϑ)− [δωL, ϑ]. (4.4.3)

Our subsequent proceeding is similar to that in the Yang–Mills case. By the Leibniz
rule, the total variation results in

δLg = δϑ ∧ E − δϑ ∧ DΠT + d(δϑ ∧ΠT)

− [δωg, ϑ] ∧ [ΠT
[ ], ϑ] − δωg ∧ DΠL + d(δωg ∧ΠL), (4.4.4)

where the “contortional” 1-form ΠT
[ ], having values in the Lie algebra of the

Lorentz group, is derived from the translational gauge field momentum implicitly by
ΠT := [ΠT

[ ], ϑ]. This is in complete analogy to the relation (4.3.24) for the contor-
tion. The exact forms occurring in (4.4.4) in general do not yield any contribution
to the resulting field equations, since they generate only constant boundary terms
within the action integral

S =
∫

M

(Lg + Lmat) (4.4.5)

of the gravitationally coupled system.
The application of Hamilton’s principle to the independent variations of S for δϑ

and δωg leads to the Euler–Lagrange equations

DΠT − E = Σ
DΠL +ΠT

[ ] = τs (4.4.6)

(4.4.7)

for the gravitational field; cf. Mielke (1982).
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In terms of Ricci’s classical tensor calculus, these equations were first derived by
Von Der Heyde (1976a, b). Later, they were analyzed in detail by Hehl (1980)
particularly in the case of a quadratic Poincaré gauge field theory.

The sources on the right-hand side are formally defined by thefirst-order variations

δLmatter =: δϑ ∧Σ + δωg ∧ τs + δϕ ∧ λϕ (4.4.8)

of the material Lagrangian n-form. The external sources that occur have to be identi-
fied with the 3-formΣ , the energy–momentum current, and the 3-form τ of the spin
current of the matter fields, as was seen by Weyl (1929).

If the Euler–Lagrange equations λϕ = o of the matter fields are satisfied, it will
turn out thatΣ and τs are the field momenta of matter that are canonically conjugate
to the translational and rotational degrees of freedom, respectively. In analogy to
this, the 3-form E, canonically conjugate to the translations (compare (4.4.2)), will
be interpreted as the intrinsic energy–momentum current of the gravitational gauge
fields. Analogously, the term ΠT

[ ] has to be regarded as the canonical spin current
of the gravitational gauge fields. Compared to the Yang–Mills equations, both these
additional terms constitute covariant self-interactions of the gauge fields that are on
a par with the matter sources. Similar field equations arise in a gauge theory with
an affine connection. Only the spin current τs would have to be replaced by the
hypermomentum current Υ of the matter fields in such a generalization (Hehl &
Šijački 1980).

4.4.1 Bianchi Identities and their Contractions

The general field Eqs. (4.4.6) and (4.4.7) are complemented by the Bianchi identities

DΘ ≡ [ϑ,ΩL] (4.4.9)

and
DΩg ≡ 0, (4.4.10)

which are relations of the same differential order. Considering not only the definition
(4.2.22) of the torsion but also those of the curvature, the first identity can be obtained
by calculating the exterior derivative of the torsion,

dΘ = ddϑ − d[ωL, ϑ]
= −[dωL, ϑ] + [ωL, dϑ] (4.4.11)

= −[ΩL, ϑ] − [ωL ∧ ωL, ϑ] + [ωL,Θ] + [ωL, [ωL, ϑ]]
= [ωL,Θ] + [ϑ,ΩL].



4.4 Gravitational Field Equations 85

This identity holds for a general linear connection. The restriction to a metric-
compatible Lorentz connection and to the corresponding orthogonal 1-form ϑ is
self-evident. The identity (4.4.10) likewise represents a special case of the general
second Bianchi identity, which is valid for the curvature of any principal fiber bundle.

In addition, it can be stated that the conservation law for the current of the total
angular momentum has its counterpart in the contracted form

D[Θ,ϑ] ≡ [ϑ ∧ ϑ,Ωg] (4.4.12)

of the first Bianchi identity (4.4.9). In order to prove this, the definition of the torsion
is used as well as the already mentioned fact that the commutator of a Lie-algebra-
valued 2-form with itself vanishes. This yields

D[Θ,ϑ] = [DΘ,ϑ] + [Θ,Dϑ]
= [[ϑ,Ωg], ϑ] + [Θ,Θ] (4.4.13)

= ϑ ∧Ωg ∧ ϑ −Ωg ∧ ϑ ∧ ϑ + ϑ ∧ ϑ ∧Ωg − ϑ ∧Ωg ∧ ϑ
= [ϑ ∧ ϑ,Ωg].

Accordingly, the contraction

D(ϑ ∧ ∗Ωg) = Θ ∧ ∗Ωg (4.4.14)

of the second Bianchi identity (4.4.10) is on a par with the conservation law. Com-
pared with more general gauge models of gravity, it is a distinctive feature of the
Einstein–Cartan theory that the conservation laws via the field equations intertwine
completely with the contracted Bianchi identities.

A related structural redundancy is inherent in the two field Eqs. (4.4.6) and
(4.4.7) of the PG theory, and this despite their being deduced independently from
Hamilton’s variational principles. In order to prove this, let us consider the “contor-
tional” antisymmetric part

DΠT
[] − E[ ] = Σ[ ] (4.4.15)

of the first field equation (4.4.6). After covariant differentiation of the second field
Eq. (4.4.7), exactly the same dynamical contribution of the translational momentum
occurs in

D DΠL + DΠT
[ ] = Dτs. (4.4.16)

According to the general rule, the twofold covariant derivative of the rotational field
momentum ΠL can be converted into a commutator with the curvature 2-form Ωg.
Both field equations being valid, a comparison of (4.4.15) and (4.4.16) yields

[Ωg,ΠL] + E[] = Dτs −Σ[]. (4.4.17)
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Under the sensible assumption that the Euler–Lagrange equations of the gravita-
tionally coupled matter system are satisfied, the second Noether identity forces both
sides of (4.4.17) to vanish separately. This argument can also be seen the other way
round: the algebraic relation

[Ωg,ΠL] + E[] = 0 (4.4.18)

involving only the gauge fields and the corresponding field momenta ensures the
validity of the conservation law.

4.5 Noether Identities

Within the canonical formalism, let us assume that the matter Lagrangian 4-form
depends at most on the matter field Ψ and its first derivative:

Lmat = L(gαβ, ϑ
α, Ψ,DΨ ) . (4.5.1)

Then the forms

Σα := ∂L

∂ϑα
, σαβ := 2

∂L

∂gαβ
, and ταβ := ∂L

∂Γ αβ
= IαβΨ ∧ ∂L

∂DΨ
(4.5.2)

are the canonical energy–momentum, the Hilbert stress-energy, and the spin currents,
respectively. Here and in the following, the partial derivative with respect to the anti-
symmetric connection 1-formΓ αβ = −Γ βα is defined by δL = δΓ αβ ∧ (∂L/∂Γ αβ).

The action S = ∫
M Lmat for the matter Lagrangian is, by construction, invari-

ant under the group Diff (M) of coordinate transformations and local frame rota-
tions. In order to obtain a covariant Noether identity from invariance of L under a
one-parameter group of local translations T ⊂ Diff (M), we employ the SO(1, 3)-
covariant Lie derivative Łξ := ξ�D + Dξ� on M with respect to an arbitrary vector
field ξ . Since Dgαβ = 0, we obtain

ŁξL = (Łξ gαβ) ∧ ∂L

∂gαβ
+ (Łξ ϑα) ∧ ∂L

∂ϑα

+ (ŁξΨ ) ∧ ∂L

∂Ψ
+ (ŁξDΨ ) ∧ ∂L

∂DΨ

= D
[
(ξ�ϑα) ∧ ∂L

∂ϑα
+ (ξ�Ψ ) ∧ ∂L

∂Ψ
+ (ξ�DΨ ) ∧ ∂L

∂DΨ

]

− (ξ�ϑα)D ∂L

∂ϑα
+ (ξ�Tα) ∧ ∂L

∂ϑα
+ (ξ�Rβ

γ ) ∧ Iβγ Ψ ∧ ∂L

∂DΨ

+ (ξ�DΨ ) ∧ δL

δΨ
+ (−1)p(ξ�Ψ ) ∧ D

δL

δΨ
. (4.5.3)
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Recall that ξ�, formally acting analogously to a derivative of degree −1, obeys
the Leibniz rule. Since the Lagrangian L is a 4-form, its Lie derivative reduces to
ŁξL = Dξ�L. Comparing the boundary term, we can read off the identity

ξ�L ≡ (ξ�ϑα) ∧ ∂L

∂ϑα
+ (ξ�Ψ ) ∧ ∂L

∂Ψ
+ (ξ�DΨ ) ∧ ∂L

∂DΨ
. (4.5.4)

Incidentally, the left-hand side is just the Bessel–Hagen term occurring in the non-
covariant Noether theorem; see Hehl et al. (1991).

If we replace ξ → eα by the basis frame, then (4.5.4) yields directly the explicit
form of the canonical energy–momentum current

Σα = eα�L − (eα�DΨ ) ∧ ∂L

∂DΨ
− (eα�Ψ ) ∧ ∂L

∂Ψ
. (4.5.5)

The last term vanishes for a 0-form, as exemplified by the Dirac field. From the
nondivergence part of (4.5.3) we can read off the first Noether identity

DΣα = (eα�Tβ) ∧Σβ + (eα�Rβγ ) ∧ τβγ + Fα

� (eα�Tβ) ∧Σβ + (eα�Rβγ ) ∧ τβγ . (4.5.6)

Here, in the case of forms of arbitrary degree,

Fα = (eα�DΨ )
δL

δΨ
+ (−1)p(eα�Ψ ) ∧ D

δL

δΨ
(4.5.7)

is theLorentz-type covector force four-form.This is, similarly as inMaxwell’s theory,
coupled to the electric current three-form j, where the Lorentz force reads in exterior
calculus FMax

α = (eα�F) ∧ j.
Accordingly, our first line provides the Noether identity in the strong form, where

no field equations are invoked. Weak identities, which are denoted by �, hold only
if the matter field equation δL/δΨ = 0 is satisfied.

For the derivation of the Noether identity arising from Lorentz transformations,
we apply the “internal variation” of the general Noether procedure:

δL = δgαβ ∧ ∂L

∂gαβ
+ δϑα ∧ ∂L

∂ϑα
+ δΨ ∧ ∂L

∂Ψ
+ δ(DΨ ) ∧ ∂L

∂DΨ
. (8.10)

Since δDΨ = DδΨ + δΓαβ ∧ IαβΨ , this is equivalent to

δL = δgαβ ∧ ∂L

∂gαβ
+ δϑα ∧ ∂L

∂ϑα
(4.5.8)

+ δΓαβ ∧ IαβΨ ∧ ∂L

∂DΨ
+ δΨ ∧ δL

δΨ
+ D

(
δΨ ∧ ∂L

∂DΨ

)
.
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Under an infinitesimal Lorentz rotation εαβ(x) := Λαβ(x)− δβα of the frames, we
have

δgαβ = 2ε(α
γ gβ)γ , δϑα = −ϑβ εβα , (4.5.9)

δΓα
β = Dεα

β, δΨ = −εαβ IαβΨ . (4.5.10)

Consequently, we get (Hehl et al. 1995)

δL = −εαβ
[
−σαγ gγβ + ϑα ∧ ∂L

∂ϑβ
+ D

∂L

∂Γαβ
+ IαβΨ ∧ δL

δΨ

]
. (4.5.11)

Thus, due to the antisymmetry of the RC-connection, the second Noether identity
reads

Dταβ + ϑ[α ∧Σβ] = −IαβΨ ∧ δL

δΨ
� 0 . (4.5.12)

Again, we distinguish between strong and weak versions. In a first-order formalism,
the potentials and field strengths, as well as the Bianchi and Noether identities, are
summarized in the following Table:

potential field strength Bianchi identity Noether identity

ϑα Tα = Dϑα DTα ≡ Rγ α ∧ ϑγ
!

D Σα ∼= (eα�Rβγ ) ∧Δβγ
− 1

2 (eα�Qβγ ) ∧ σβγ
Γα
β Rαβ = dΓαβ

−Γαγ ∧ Γγ β DRαβ ≡ 0 DΔαβ + ϑα ∧Σβ ∼= σαβ

For the first Noether identity, it is convenient to use the covariant exterior derivative
!

D with respect to the transposed connection
!

Γ α
β := Γαβ + eα�Tβ .

The physicalmeaning (Hehl et al. 1989) can be extracted by passing to an isolated
matter system in special relativity (SR), stipulating that the Euler–Lagrange equation
δL/δΨ = 0 for the matter field Ψ is satisfied. Then torsion and curvature vanish.
Accordingly, global (or rigid) Poincaré invariance of SR yields, due to Noether’s
theorem, the differential identities

DΣα � 0 , (4.5.13)

D(ταβ + x[α ∧Σβ]) � 0 . (4.5.14)

These four-form relations represent the 4 plus 6 conservation laws of energy–
momentum and (total) angular momentum. The latter, the so-called Tetrode (1928)
identity, consists of an intrinsic or spin part ταβ = −τβα and an orbital part x[α ∧Σβ],
a fact that is familiar from the nontensorial expression in (4.5.14) if we use Cartesian
coordinates xi with xα = δαi xi.
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Since local affine variations of the “soldering” form ϑ implement the action of
the diffeomorphism group and conversely, the second Noether identity can also be
deduced from the requirement that the matter Lagrangian be invariant with respect
to the group D(M) of differentiable coordinate transformations; see Schweitzer

(1980).
This correspondence in flat spacetime can be considered the most convincing

argument in favor of our identification of Σ and τ with the canonical currents,
which represent cornerstones in any interpretation of the dynamics of matter fields.
Further evidence for their importance isWigner’s successful mass–spin classification
of elementary particles.

4.5.1 Mass and Spin of the Kerr–AdS Solution

In the anti-de Sitter-type gauge model of gravity proposed by MacDowell &
Mansouri (1977), (Wise 2010), see also Pagels (1984), the translational part of
the gauge algebra is spontaneously broken.

Recently (Mielke 2001), the combined energy and spin complex

ε RC := ξα Σα + (eβ�
!

D ξγ ) τ βγ , (4.5.15)

of Trautman (1973) and Hecht et al. (1992) for Riemann–Cartan (RC) space-
time was generalized. Then in such a spontaneously broken AdS gauge model, the
modified complex

ε̃MA := εRC + ξ�L ∼= − (
LξΓβ

γ
) ∧ Hβ

γ + dH∞ (4.5.16)

leads, “on shell,” to

M̂ := M3/[M2 + Λ

3
J2], Ĵ := JM2/[M2 + Λ

3
J2], (4.5.17)

i.e., to the renormalized mass and angular momentum of the Kerr–anti-de Sitter
solution, if ξ = ∂/∂t or ξ = ∂/∂ϕ, respectively, is chosen. Here no “factor of two”
discrepancy in the Komar currents occurs.

In the first Casimir operator

CAdS = M̂2 + Λ

3
Ĵ2 (4.5.18)

of the AdS group, the cosmological constant features as regularizer of the grav-
itational “charges,” which at the end can be put to zero. In the subcase of the
Schwarzschild–AdS solution, it is shown that the Komar and Euler parts of the
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complex each contribute one-half of the mass, so that the divergent terms ±(Λ/3)r3
proportional to the cosmological constant Λ exactly cancel each other.

4.6 Gravitational Aharonov–Bohm Effect
and Cartan Circuits

The generalized affine connection

≈
Γ := Γ (T)αPα + Γ (L)βα Lαβ (4.6.1)

includes the true translational potential Γ (T)α and the GL(n,R)-gauge connection
Γ (L)βα , as can be deduced from the Möbius-type five-dimensional representation of
the affine gauge group A(n,R) := Rn ⊂× GL(n,R).

The Cartan transport may be understood rather directly from the affine point of

view: the condition for a parallel transport of an affine vector
≈
ξ around a small closed

loop by means of
≈
Γ reads

≈
D

≈
ξα = dξα + Γ (L)αβ ∧ ξβ + Γ (T)α

= Dξα + Γ (T)α = 0 . (4.6.2)

Consequently, the parallel transport of (4.6.2) along an affine tangent vector of the
Cartan circuit yields

≈
Ł≈

y

≈
D

≈
ξα = ≈

y�(≈
D

≈
D

≈
ξα

) + ≈
D

(≈
y�≈

D
≈
ξα

)

= y�(DDξα + R(T)α) = 0 , (4.6.3)

where Ły := y�D + Dy� denotes the gauge-covariant Lie derivative and R(T)α the
translational curvature. Integration of the first one-form in (4.6.3) along a closed
loop parametrized by y yields

Δξα = −
∮

C
y�(DDξα) =

∮

C
y�R(T)α =

∫

S
R(T)α

� 1

2
(Tij

α − Rijβ
α ξβ)

∫

S
dyi ∧ dyj . (4.6.4)

This rather concise derivation via (4.2.26) yields the standard result.
This may also affect the issue of measurability of a connection. Quite generally,

quantum interference measurements (Batelaan & Tonomura 2009) depend on
the nonintegrable phase factor
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Φ(A, γ ) = P exp
[
(i/�)

∮
A
]
, (4.6.5)

where A = AJ
i λJ dxi is a Yang–Mills-type connection and P is the principal value

of the integral. If the loop γ lies in a field-free region, i.e., one with U(1) field
strength F := dA = 0 or Yang–Mills curvature F = dA + A ∧ A = 0, but encloses
a “confined” region with nontrivial “magnetic” flux F �= 0, the potential A can still
be measured via the amount of phase shift for closed loops. In a nutshell, this is the
meaning of the Aharonov–Bohm effect, actually first described by Franz (1939).

In principle, the same would hold true for a gravitationally induced phase factor

Φ(
≈
Γ , γ ) = P exp

[
(i/�)

∮
(Γ (T)α Pα + Γ (L)α

β Lαβ)

]
(4.6.6)

arising from a gauge theory of the affine structure group A(4,R).
For a closed loop enclosing an infinitesimally small surface area S, the total phase

shift induced by the generalized affine connection
≈
Γ is given by

ΔΦ(
≈
Γ , γ ) � i

�

∫

S
(R(T)α Pα + R(L)βα Lαβ). (4.6.7)

This total phase shift involves the same contribution from the translational curvature
as in the result (4.6.4) obtained from the Cartan circuit.

For a so-called manifield Ψ carrying no GL(4,R)-excitations, i.e., no spin, no
shear, and no dilation, we need a closed loop γ to detect the gravitational analogue
of the Aharonov–Bohm effect in a conical space, since outside the (rounded) apex
of the cone there is Γ (T)α

∗= 0 locally.
This analogy to Yang–Mills theory would break down, however, if we considered,

instead of the true translational potentialΓ (T)α , the coframeϑα soldered to the space-
time manifold; cf. Anandan (1993, 1994). Because the coframe is nondegenerate
by definition, it could be measured even by a nonclosed loop, showing its essentially
classical character.

Since the physical dimension ofPα is 2π�/�, the gravitational analogue of Dirac’s
quantization condition would be

Φ(
≈
Γ , γ ) = (2π�MnG/��c2) = 2πn, (4.6.8)

i.e., the mass would turn out to be a multiple Mn = nMPlanck of the (huge) Planck
mass.
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Chapter 5
Einstein–Cartan Theory

5.1 Introduction

The difference between Einstein’s general relativity and its Cartan extension is ana-
lyzed classically as well as within the scenario of asymptotic safety of quantum
gravity. In particular, we focus on the four-fermion interaction, which distinguishes
the Einstein–Cartan theory from its Riemannian limit.

In coupling gravity to Dirac-type spinor fields (Weyl 1929b), it is at times sur-
mised that the Einstein–Cartan (EC) theory (Trautman 1973a) is superior to stan-
dard general relativity (GR), inasmuch as the involved torsion tensor of Cartan
(1924) can accommodate the spin of fundamental fermions of electrons and quarks
in gravity.

Classically, however, the effects of spin and torsion cannot be detected by Lageos
or Gravity Probe B (Will 2011) and would be significant only at densities of
matter that are very high, but nevertheless smaller than the Planck density, at
which quantum-gravitational effects are believed to dominate. It was even claimed
(Trautman 1973b) that EC theory may avert the problem of singularities in cos-
mology, but for a coupling to Dirac fields the opposite happens (O’Connell 1976b).

The Riemann–Cartan (RC) connection Γ αβ = Γ {} αβ − K αβ , a one-form, can be
split into the unique Levi-Civita connection Γ {}αβ of Riemannian geometry and
a contortion one-form Kαβ = −Kβα, a tensor-valued one-form K = i K αβ σαβ/4,
implicitly related to torsion via T α = K α

β ∧ ϑβ . Recently, it has been stressed by
Weinberg (2005) that this RC connection Γ = Γ {} − K is just a deformation (or
field redefinition) of the Christoffel connection Γ {} by the contortion, at least from
the (quantum) field-theoretic point of view. Although algebraically complying with
the review of Hehl et al. (1995), this argument has been refuted (Blagojević
& Hehl 2013) on the basis of the geometric interpretation (Wise 2010; West-

man & Zlosnik 2013) of Cartan’s torsion within models of (singular) classical
defects. Nevertheless, for an agreement with experiments (Proville et al. 2012), a
quantization of crystal vibrational modes appears necessary.

© Springer International Publishing Switzerland 2017
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It is well known (Hehl & Datta 1971; Mielke & Romero 2006) that EC
theory coupled to the Dirac field is effectively GR with an additional four-fermion
(FF) interaction. However, such contact interactions are likewise perturbatively non-
renormalizable in D > 2 without Chern–Simons (CS) terms (Alves et al. 1999),
which was one of the reasons for giving up Fermi’s original theory of beta decay.

Since GR with a cosmological constant Λ appears to be asymptotically safe, in
the scenario (Reuter & Saueressig 2012) first devised byWeinberg (1979), one
may ask (Mielke 2015) what the situation is in EC theory, where Cartan’s algebraic
equation relates torsion to spin, i.e., to the axial current j5 in the case of Dirac fields,
on dimensional grounds coupled with gravitational strength.

5.2 Dirac Fields in Riemann–Cartan Spacetime

Let us recall that a Dirac field is a bispinor-valued zero-form ψ , for which
ψ := ψ†γ0 denotes theDirac adjoint and Dψ := dψ + Γ ∧ ψ is the exterior covari-
ant derivative with respect to the RC connection one-form Γ αβ = −Γ βα , providing
a minimal gravitational coupling.

In the manifestly Hermitian formulation, the Dirac Lagrangian is given by the
four-form

LD = L(γ, ψ, Dψ) = i

2

{
ψ ∗γ ∧ Dψ + Dψ ∧ ∗γ ψ

} − m ψψη , (5.2.1)

where γ := γαϑ
α is the Clifford-algebra-valued coframe satisfying Dγ = [γ, K ]

= γαT α , and T α := Dϑα is the torsion two-form.
Since LD = LD = L†

D even in an unholonomic frame, the minimal coupling pro-
vides us automatically with the Hermitian charge current and standard axial current
three-forms

j := ψ ∗γψ = jμ ημ and j5 := ψ ∗γ γ5ψ = jμ5 ημ , (5.2.2)

respectively, which are familiar from quantum electrodynamics (QED) in curved
spacetime.

Let us now separate in (5.2.1) the purely Riemannian part from spin–contortion
pieces:

LD = L(γ, ψ, D{}ψ) − i

2
ψ

(∗γ ∧ K − K ∧ ∗γ
)
ψ

= L(γ, ψ, D{}ψ) + 1

4
A ∧ j5 . (5.2.3)

Hence, in an RC spacetime, a massive Dirac spinor feels only the axial torsion
one-form



5.2 Dirac Fields in Riemann–Cartan Spacetime 97

A := 1

4
∗Tr(γ ∧ Dγ ) = ∗(ϑα ∧ Tα) = 1

2
T [αβγ ]ηαβγ = Ai dx

i , (5.2.4)

which can be expressed in various equivalent forms.
The spin current of the Dirac field is given by the Hermitian three-form

ταβ := ∂LD

∂Γ αβ
= 1

8
Ψ

( ∗γ σαβ + σαβ
∗γ

)
Ψ = 1

4
ηαβγ δ Ψ γ δγ5Ψ ηγ = ταβγ ηγ

(5.2.5)

with totally antisymmetric components ταβγ = τ[αβγ ]. Eventually, torsion merely
couples to the spin–energy potential μα = ϑα ∧ ∗ j5/4, i.e., to a two-form propor-
tional to the axial current j5 of the Dirac field.

Transitions fromEC theory orGR toGR‖ can be generated via theChern–Simons-
type termCTT∗ := ϑα ∧ ∗Tα , involving theHodge dual of the torsion.On thematerial
side, a related change of the Dirac Lagrangian can be induced via LD → LD + dU ,
where U = ϑα ∧ μα features as a superpotential. Then the corresponding boundary
term

dU = T α ∧ μα − ϑα ∧ Dμα = ϑα ∧ [eβ�(T β ∧ μα) − Dμα] (5.2.6)

compensates the torsion coupling in (5.2.3) and thereby induces the relocalization

Σα → σα := Σα − Dμα + eβ�(T β ∧ μα) ,

ταβ → τ̂αβ := ταβ − ϑ[α ∧ μβ] = 0 (5.2.7)

of the fermionic Noether currents, resembling theBelinfante–Rosenfeld-type expres-
sions (R1) and (R2) of Mielke et al. (1989), such that the relocalized spin τ̂αβ

vanishes. Observe that for Dirac spinors,U = ϑα ∧ ϑα ∧ ∗ j5/4 is trivial “on shell.”

5.3 Classical Einstein–Cartan Theory

Already Eddington (1924) considered the possibility of an asymmetric connection,
but it was Cartan (1922) who envisioned a possible significance of torsion for
the gravitational coupling to matter with spin. After the discovery of the spin of
the electron, Weyl (1929a, b, 1950) accomplished the coupling of the Dirac field
to the so-called EC theory by means of gauge-theoretic concepts, resulting in the
specification

LEC := − 1

2κ
Rαβ ∧ ηαβ, (5.3.1)

of the Lagrangian 4-form of the gravitational field. It depends on the curvature tensor
and the orthogonal tetrads, whereas κ = 8πGN is the gravitational constant in natural
units.
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This theorywas enlarged byKibble (1961) and Sciama (1962) and later byHehl
(1970). (It is for this reason that the EC theory is also referred to as the Einstein–
Cartan–Sciama–Kibble theory (Kerlick 1975; Nester & Isenberg 1977); how-
ever, for the sake of convenience we stick to the abbreviation.) Subsequently, it was
rendered in the more elegant calculus of differential forms by Trautman (1972,
1973a). A detailed survey incorporating a list of further reading is to be found in the
well-known work of Hehl et al. (1976).

The Einstein–Cartan (EC) equation (Trautman 1973a)

Gα := 1

2
Rβγ ∧ ηαβγ = κΣα , (5.3.2)

coupled to the canonical energy–momentum current Σα of matter, is obtained by
varying the matter coupled Lagrangian LEC with respect to the coframe ϑα.

It satisfies the contracted Bianchi identity

�

DGα ≡ 1

2
(eα�Rβγ ) ∧ ηβγμ ∧ T μ (5.3.3)

with respect to the transposed connection
�

Γ α
β := Γα

β + eα�T β . Observe that the
three-form (5.3.2) is not covariantly conserved in RC spacetime, which seems to have
discouraged Cartan from pursuing such amodel further; cf.Trautman (2006). Only
for vanishing torsion does it reduce to the contracted second Bianchi identity

D{}G{}
α ≡ 0 (5.3.4)

familiar from GR.
When molded into “Clifforms,” torsion and curvature become Clifford-algebra-

valued forms:
Θ := Dγ and Ωg := dΓ + Γ ∧ Γ. (5.3.5)

Consequently, the first and second Bianchi identities assume in RC geometry the
concise form

DΘ ≡ [Ωg, γ ] , DΩg ≡ 0 , (5.3.6)

respectively, which involve p-form commutators; cf.Mielke (2001) for details. Then
the Einstein tensor can be rewritten as the three-form

G := Gαγ α := 1

2
Rμν ∧ ημνλγ

λ = −i γ5(Ω
g ∧ γ + γ ∧ Ωg) = i[γ, γ5Ω

g] .

(5.3.7)
In view of the contracted Bianchi identities

D[γ ,Θ] ≡ 2i[σ ,Ωg] , D[γ ,Ωg] ≡ [Θ ,Ωg] , (5.3.8)
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involving the unit-curvature two-form σ := 1
2σαβ ϑα ∧ ϑβ = i

2 γ ∧ γ , the equiva-
lent Clifform version

DG ≡ i[Θ, γ5Ω
g] (5.3.9)

of the identity (5.3.3) arises.
Consequently, the automatic conservation of the Einstein three-form holds only

for vanishing torsion, i.e., for Θ = 0 in Einstein’s standard GR.
By varying (5.3.1) with respect to the linear connectionΓ αβ , we obtain the second

field equation of EC theory, i.e., Cartan’s algebraic relation

ηαβγ ∧ T γ = 2κταβ (5.3.10)

between torsion and the canonical spin of matter.
Simple supergravity (SUGRA) is essentially equivalent to EC theory coupled

to a massless Rarita–Schwinger field Ψ , a spinor-valued one-form; cf. Mielke &

Macias (1999) for details.

5.3.1 Effective Einstein Equations

Similarly to the subsequent decomposition of LEC, the EC equations can be decom-
posed into Riemannian and torsion-dependent parts. Applying again the Cartan equa-
tion, an Einstein-type field equation in a Riemannian spacetime comes into existence
in which Hilbert’s definition

Tμν := 2√
g

δL

δgμν

(5.3.11)

of a metric energy–momentum tensor is replaced by the “combined” tensor

∼
T μν = Tμν + �∗2

{
−4τ ·κ

μ·[λ|τ
·λ
ν·|κ] − 2τ ·κλ

μ τνκλ + τ κλ
· · μτκλν

+ 1

2
gμν(4τ

·κ
δ·[λτ

δλ
· · κ] + τ δκλτδκλ)

}
. (5.3.12)

Cartan’s equation has already been inserted in this expression in order to show that
T̃μν contains additional terms depending quadratically on the spin angular momen-
tum of matter; cf. Hehl et al. (1976). In the instance that τs = o, the EC equation
reduces exactly to Einstein’s field equation of GR.

These field equations and, indirectly, the dissociation of the Lagrangian 4-form
reveal that the additional non-Riemannian terms sacrifice minimal coupling because
they induce a spin–spin contact interaction into the theory. On account of this
additional interaction, the EC theory is effectively equivalent to GR in the pseudo-
Riemannian space if outfitted with a nonminimally coupled source. The additional
terms in (5.3.12) are proportional to �∗4 and could thus, with a modified Planck
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length �∗ = 10−33 cm, play a role on the macroscopic scale only in cosmology; cf.,
for instance, the early survey ofKuchowicz (1975a, b, c). The rather idealized situa-
tion of a dust-filled universe, whose corpuscles would carry aligned spins, would not
be threatened by a final singularity, since the gravitational collapse of 1080 baryons
would bounce, according toTrautman (1973b) andHehl et al. (1974), at a minimal
radius of about 1 cm.

However, for the physically much more justified description of spinning matter
via Dirac fields, the collapse predicted by the singularity theorems of Hawking and
Penrose (Hawking & Ellis 1973) is more likely to be accelerated than deferred
in the EC theory. The reason for this, as will be seen in the following, is the total
antisymmetry of the canonical angular momentum tensor of spinor fields. This leads
to a weak but attractive spin–spin contact interaction as first pointed out, on the
Lagrangian level, by O’Connel (1976a, 1977).

To be more specific, let us decompose the RC curvature two-form

Rαβ = R{}αβ − D{}K αβ − K α
μ ∧ Kμβ (5.3.13)

into the Riemannian curvature R{}αβ plus contortion pieces.
Then the geometric identity

R{}αβ ∧ ηαβ ≡ Rαβ ∧ ηαβ − K αμ ∧ Kμ
β ∧ ηαβ + K αβ ∧ T γ ∧ ηαβγ

+d(K αβ ∧ ηαβ) (5.3.14)

= Rαβ ∧ ηαβ + T α ∧ ∗
(
− (1)Tα + 2 (2)Tα + 1

2
(3)Tα

)
+ 2dCTT∗

relates the Hilbert–Einstein Lagrangian to the EC Lagrangian, and to proper telepar-
allelism as a consequence. Here (i)Tα are the three irreducible pieces of the torsion.
In particular,

(3)Tα = (−1)s

3
∗ (ϑα ∧ A ) (5.3.15)

is the irreducible axial torsion two-form algebraically related to the axial torsion
one-form (5.2.4).

When only this axial torsion A enters algebraically, the EC Lagrangian

LEC := − 1

2κ
Rαβ ∧ ηαβ = LHE + 1

12κ
A ∧ ∗A (5.3.16)

generalizes1 the metric Hilbert–Einstein Lagrangian LHE to an RC spacetime with
torsion.

1Adding torsion squared terms (Daum & Reuter 2012, 2013) is not an unambiguous proce-

dure, since the particular combination T α ∧ ∗
(

(1)Tα − 2 (2)Tα − 1
2

(3)Tα

)
of irreducible pieces is

related to a nontopological boundary term derived from the dual CS term CTT∗ := ϑα ∧ ∗Tα . In
the space of gravity theories, the term dCTT∗ interrelates GR with its teleparallelism equivalent
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Likewise, the EC three-form

Gα := 1

2
Rβγ ∧ ηαβγ (5.3.17)

= G{}
α + (−1)s

12

(
eα�A ∧ ∗A − 1

3
A ∧ eα� ∗A

)
+ (−1)s

6
ϑα ∧ dA

can be decomposed into the Einstein three-form G{}
α = Gα

βηβ with respect to the
Riemannian connection Γ {} and additional axial torsion pieces (Hehl & Datta

1971; Mielke & Romero 2006).
Due to (5.2.5), in the case of Dirac fields, the Cartan equation (5.3.10) is equiva-

lent to
∗A = κ

2
j5 , (5.3.18)

coupled via the “bare” fundamental length � = √
κ . Then “on shell,” EC theory

coupled to Dirac spinors deviates from GR merely via

ΔL̃ := κ(LEC − LHE) 
 κ2

48
j5 ∧ ∗ j5 = 4 f 2 j5 ∧ ∗ j5 , (5.3.19)

i.e., by a four-fermion interaction.

5.4 Asymptotic Safety of EC Theory?

Particle physics is based on the Yang–Mills theory, which in the standard model
is a renormalizable and asymptotic-free quantum field theory (QFT). For the weak
interactions, as shown by Veltman and ’t Hooft (Veltman 2000), an important
part is played by the Higgs mechanism, which provides a scalar ghost that cancels
divergencies in the propagators of the gauge bosons. Nowadays, these cancellations
can be more easily understood as a result of a global BRST symmetry (’t Hooft

2007) that to some extent allows extensions to gravity (Mielke 2008).
Since GR is perturbatively nonrenormalizable, one recurs to asymptotic safety

(AS). It amounts to the requirement that dimensionless coupling constants remain
bounded in the ultraviolet limit k → ∞. Quite generally, the renormalization flow is
controlled by an exact functional identity, theWetterich equation (Wetterich 1993)
for the effective action Γk , i.e.,

k∂kΓk = 1

2
STr

{
[Γ (2)

k + Rk ]−1(k∂k Rk)
}
, (5.4.1)

(Footnote 1 continued)
(Mielke 1992). Exactly, the above teleparallel “nucleus” leaves its traces in the controversies
(Hecht et al. 1996;Ho & Nester 2011) about thewell-posedness of the classical Cauchy problem
and the particle content of the (broken) Poincaré gauge theory.
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where k∂k is a scale derivative returning theEuler degreeof homogeneous functionals.
For the Hilbert–Einstein Lagrangian

LHE := LHE + Λ

κ
η (5.4.2)

with cosmological term, the dimensionless running coupling constants can be defined
by

gN := κk2 , λ := Λ/k2 , (5.4.3)

where k is the renormalization group (RG) scale in momentum space and Λ the
cosmological constant related to dark energy (DE) of density ρΛ; see also Bjorken
(2013). Then, in the case of gravity in 4D, the renormalization group equations are

k
∂

∂k
gN = β1(gN, λ) = (2 + dN)gN , k

∂

∂k
λ = β2(gN, λ) , (5.4.4)

where dN is the anomalous dimension of the running Newton coupling gN.
According to the AS scenario (Reuter & Saueressig 2012), the coupling con-

stants (5.4.3) run into some nontrivial fixed points gN∗ and λ∗, depending on the
specific truncation of the effective Lagrangian to the celebrated Hilbert–Einstein
Lagrangian (5.4.2) without torsion. This can be extended (Falls et al. 2016) to
high-order polynomials Rn of the Ricci scalar, similarly as in the classically bifur-
cating f (R) models (Schunck et al. 2005), but then the issue of physical ghosts or
nonunitarity arises, familiar (Kuhfuss & Nitsch 1986; Lee & Ne’eman 1990)
from Stelle-type higher-derivative models.

Quite generally, the dimensionless product

μ = 4

3
κΛ = 1

3
(2κ)2ρΛ ≤ 4

3
gN∗λ∗ 
 0.2 (5.4.5)

appears to have a rather robust and universal bound independent of the particular
truncation.

A topological field theory, however, is empiricallymuch closer to aGaussian fixed
point when an SSB is assumed. Thus, gravity does not appear so nonrenormalizable;
cf. Kreimer (2008). This could also affect cosmological constraints (Kiselev &

Timofeev 2011) on the mass of the standard Higgs boson. The AS scenario yields a
rather realistic estimate (Shaposhnikov & Wetterich 2010; Litim et al. 2012) of
the Higgs mass, when the mass of the tau lepton is used as input, and it provides an
exactly scale-invariant (Contillo et al. 2012) scalar power spectrum in inflationary
cosmology.
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5.4.1 The Issue of Four-Fermion Interactions

Interestingly enough, the EC-induced four-fermion (FF) interaction (5.3.19) with its
tiny “bare” coupling constant

f 2 = 1

192
κ2 = 3 × 2−10

( μ

Λ

)2 = 2−8 μ

ρΛ

(5.4.6)

also scales with the gravitational constant κ , but inversely compared to the Hilbert–
Einstein and cosmological terms.

If the renormalization flow starts to the right from a non-Gaussian fixed point, the
coupling actually diverges (Eichhorn & Gies 2011) at a finite RG scale. When the
contact- or point-like truncation breaks down, a boson-like description of fermion
bilinears is mandatory, including the 1/k4 dependence in the functional integral.
Then, the FF interaction becomes nonlocal (Shaposhnikov & Wetterich 2010),
and the corresponding dimensionless renormalized running coupling f 2∗ becomes
asymptotic safe or even free. In a nonlinear σ model (Bazzocchi et al. 2011),
nonrenormalizable FF interactions may be instrumental for restoring asymptotic
safety.

In view of these problems, the EC theory has been amended (Daum & Reuter

2012;Benedetti & Speziale 2011) by the pseudocurvature scalar term ofHojman
et al. (1980) (the infamous “Holst” term, cf. Mielke 2009), or even nonminimally
coupled Dirac fields (Obukhov & Hehl 2012). Unfortunately, in many of these
extensions (PopŁawski 2012, Khriplovich 2012, Khriplovich & Rudenko

2012), a possible running of the gravitational couplings should not be ignored.
Moreover, in QFT, the axial current is not conserved; rather, there arises in RC

spacetime the axial anomaly

〈d j5〉 = 2im〈ψγ5ψ〉η − 1

96π2

[
2R{}

αβ ∧ R{}αβ + dA ∧ dA
]

(5.4.7)

for its vacuum expectation value, which involves the topological Pontryagin term
quadratic in the curvature.

One way to avoid such anomalies is to employ curvature constraints like Rαβ ≡ 0,
typical for teleparallel models (Mielke 2002). Another approach, inspired by the BF
schemes (Mielke 2012, 2013) of topological quantumfield theory (TQFT), is to start
from a “minimalist” SL(5,R) gauge model that includes only a “bare” Pontryagin-
type four-form as its own counterterm. Then a tiny symmetry-breaking would be
mandatory in order to recover the classical metric background of GR.

So far, the search for a theory of quantum gravity (QG) that is free of anomalies
and leaves Einstein’s GR as a well-established macroscopic “nucleus” has produced
rather contradictory partial results, to some extent resembling a “Babylonian confu-
sion,” according to Nicolai (2014).
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5.5 Constraints from the Weak Equivalence Principle

In a constraint-type gauge approach, the weak equivalence principle (WEP) is, after
SSB, anchored in the covariant constancy of the ground state (Mielke 2011). Thus,
cornerstones in Einstein’s foundation of general relativity (GR) may surface here
as “Mach”-type features of the gravitational Higgs vacuum, resembling (Brans
1999,Ne’eman 2006,Kaiser 2007) a new “ether,” which, however, remains locally
Lorentz-invariant, nowadays measured at the unprecedented Δc/c 
 10−17 level
(Herrmann et al. 2009).

In the laboratory, the WEP can be corroborated with a torsion balance (Wagner

et al. 2012) at the 10−13 level. Moreover, the upper bound for a violation of the
WEP in the proton–antiproton system, taking into account the binding energy of the
quarks, is about 10−8; cf. Hughes (1993).

A neutrino pulse from the supernova SN 1987A lasting for about ten seconds was
detected byKamiokande II and the IMBdetectors in Japan and theUSA, respectively.
Assuming that not only the dominant delayed antineutrinos νe but at least one prompt
neutrino νe was in the pulse, one could infer that the equivalence principle is valid
(Guzzo et al. 2002) for electron–neutrinos νe up to 10−6.

Moreover, a test of the CPT theorem for the neutral kaon system indirectly
yielded an upper bound for the relative difference of the inertial masses of the K 0

meson and its antiparticle K
0
of less than 10−18, when employing (Murayama

2004) new bounds from neutrino oscillations. In the proposed STEP satellite exper-
iment (Overduin et al. 2009), the WEP would be tested macroscopically to an
unprecedented accuracy.

Observationally, GR is rather well established for the solar system (Will 2006)
and, more recently, in double pulsars (Kramer & Wex 2009; Shao 2014) as well
as via large-scale gravitational lensing (Reyes et al. 2010) of galaxy clustering.
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Chapter 6
Teleparallelism

According toFeynman (1962/63), “gravity is that fieldwhich corresponds to a gauge
invariance with respect to displacement transformations.” Taking this literally would
favor Einstein’s teleparallelism equivalent of GR, which has been recast (Mielke

1992; Mielke et al. 1996) into a Yang–Mills-type gauge theory of translations.
On the other hand, Ashtekar’s reformulation Ashtekar (1986, 1991) of general
relativity (GR) is a complex reformulation that essentially projects out the right and
left helicity modes of the graviton.

6.1 Chiral Teleparallelism

Originally, these complex variables were developed in the Hamiltonian approach.
In the equivalent Lagrangian formulation, this change of variables is more simply
induced by a generating function (Dolan 1989;Mielke 1990) that involves a bound-
ary term dCTT constructed from a translational Chern–Simons term (CS) multiplied
by the imaginary unit. This is facilitated in the framework of Riemann–Cartan (RC)
geometry, where the coframe ϑα surfaces as a soldered translational gauge potential
(Mielke et al. 1993; Tresguerres & Mielke 2000) having T α := Dϑα as its
corresponding translational field strength, i.e., torsion.

Via a sort of duality rotation, CS-type boundary terms dC transform into a viable
gravitational Lagrangian: the standard Hilbert action of general relativity (GR), or,
as was already suggested by Einstein (1928), a theory with teleparallelism (GR‖).
Recently, it was shown (Mielke 1992) how a complex Yang–Mills-type version
of GR‖ arises by a canonical transformation induced via dCTT. Moreover, the nat-
uralness of Sparling’s energy complex in this approach has been pointed out; cf.
Dubois-Violette & Madore (1987).
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Since the resulting chiral version of gravity is surprisingly close to Yang–Mills,
we can adopt a related Hamiltonian formulation in which the Poisson brackets for
the constraints are on a par with the local Poincaré algebra. Interestingly enough,
the corresponding Gauss constraint of spatial diffeomorphisms is annihilated, on the
operator level, by a state vector that is proportional to the exponentiated transla-
tional CS term, thus improving on Mielke (1998, 1999). Classical configurations
dominating this action are torsion instantons, thus hinting at another close formal
parallelism of internal Yang–Mills with chiral GR‖. Moreover, this similarity with
quantum gauge theories paves the way to a Becchi–Rouet–Stora–Tyutin (BRST)
quantization of gravity based on translational ghost operators. The correlation func-
tion for Wilson loops is known (Guadagnini et al. 1990) to yield, to first order,
the Gauss self-linking number. For the full expectation value, the generalized Jones
polynomial related to the Kauffman bracket of knots (Brügmann et al. 1992) arises
once a framing has been chosen. In the case of chiral teleparallelism, the loops auto-
matically carry an orthonormal frame along their path, a concept that was realized
much earlier by Cartan (1924). Thus such Cartan circuits winding around torsion
instantons may provide another clue to a field quantization of gravity based on chiral
GR‖.

One may speculate that teleparallel (“flat”) spacetime may reveal, on the Planck
scale � := √

8π�GN/c3 � 10−33 cm, a topologically rich spectrum of dislocations
and knotlike loops.

6.2 Parity-Violating Topological Invariants in Gravity

In the one-dimensional harmonic oscillator model (Mielke 1998) with q as gen-
eralized coordinate, a canonical transformation can be induced by a boundary
term derived from the Chern–Simons (CS)-type term C = q2/2 as generating func-
tion. After quantization, the corresponding operatorS = exp (−C ) = exp

(−q2/2
)

induces awell-known renormalization of theSchrödingerwave function.On the other
hand, for diffeomorphism-invariant topological field theories,Horowitz (1989) has
shown that Ψ = N exp

(
iθ

∫
C

)
is, up to an overall factor, the unique solution of the

Hamiltonian constraints. It is worth investigating whether this carries over to gravity:
Since the Poincaré group P := R

4 ⊂× SO(1, 3) is the semidirect product of trans-
lations and Lorentz rotations, its gauging leads to the two associated Chern–Simons
(CS) three-forms:

CTT := 1

2�2

(
ϑα ∧ Tα

)
= − (−1)sig

2�2
∗A , (6.2.1)
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CRR := −Tr

(
Γ ∧ Ω − 1

3
Γ ∧ Γ ∧ Γ

)

= −1

2

(
Γα

β ∧ Rβ
α + 1

3
Γα

β ∧ Γβ
γ ∧ Γγ

α

)
. (6.2.2)

They are translational and Lorentz-rotational CS terms, whereA := ∗(ϑα ∧ T α) =
Ai dxi is the axial torsion one-form. In the first translational CS three-form, there
necessarily occurs a fundamental length � for dimensional reasons.

In a gauge theory with the linear group SL(5, R) as structure group, containing
the de Sitter group SO(1, 4) or SO(2, 3) as a subgroup, both CS three-forms are
intimately interrelated: via a Wigner–Inönü-type contraction, the CS decomposition

Ĉ = CRR − 2CTT (6.2.3)

into linear and translational terms was realized already in Hehl et al. (1995) (see
footnote 31), and later by Nieh (2007), Mercuri (2009). In contrast to the metric-
free Pontryagin form, in the NY term (6.2.4), a metric gαβ is needed to raise and
lower the indices, for instance in Tα = gαβT β .

The corresponding boundary or Nieh–Yan term (Nieh & Yan 1982; Guo et al.
1999) can be obtained by exterior differentiation

dCTT ≡ 1

2�2

(
T α ∧ Tα + Rαβ ∧ ϑα ∧ ϑβ

)
, (6.2.4)

whereas the corresponding Pontryagin term

dCRR = −Tr (Ω ∧ Ω) = 1

2
Rαβ ∧ Rαβ (6.2.5)

is more familiar. Its integration is proportional to the Pontryagin number. Both are
parity violating (Mielke 1999).

Whereas the Pontryagin term (6.2.5) is a topological Lagrangian whose variation
returns the second Bianchi identity

DRαβ ≡ 0, (6.2.6)

the less well known torsion identity (6.2.4) is based, after exterior multiplication by
ϑα, on the first Bianchi identity

DT α ≡ Rβ
α ∧ ϑβ (6.2.7)

in Riemann–Cartan (RC) geometry.
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6.2.1 From Chern–Simons to Einsteinian Gravity

The starting point of Ashtekar’s formulation of gravity with complex variables is
the parity-violating boundary four-form (6.2.4) of Nieh & Yan (1982) (NY).1 A
fundamental length � necessarily enters in order to keep all topological invariants
(Li 1999) dimensionless.

By converting one field strength via a duality rotation into its Hodge dual, the NY
term suggests two options for a viable gravitational Lagrangian:

1. Hilbert’s original choice:

LHE = − 1

2κ
R{}

αβ ∧ ∗(ϑα ∧ ϑβ) (6.2.8)

of general relativity (GR), where R{}
αβ denotes the Riemannian curvature with respect

to the Levi-Civita connection Γ
{}
αβ .

2. A torsion–square Lagrangian: The NY term, after a duality rotation, suggests
another option (Kopczyński 1982; Nester 1988) for a classically viable gravita-
tional Lagrangian: the special torsion–square Lagrangian

L‖ := − 1

2κ
T α ∧ ∗

(
(1)Tα − 2 (2)Tα − 1

2
(3)Tα

)
, (6.2.9)

involving a specific combination of irreducible torsion components. Here

H‖
α := −∂L‖/∂T α = (1/κ)ηαβγ ∧ K βγ (6.2.10)

is dual to the contortion one-form Kαβ , which features in the decomposition Γαβ =
−Γβα = Γ

{}
αβ − Kαβ = Γ

{}
αβ + eα�Tβ + (eα�eβ�Tγ) ∧ ϑγ of the RC connection.

Due to the geometric identity

L‖ ≡ LHE + 1

2κ
Rαβ ∧ ∗(ϑα ∧ ϑβ) + 2�2

κ
dCTT∗ , (6.2.11)

where CTT∗ := ϑα ∧ ∗Tα/2�2 is a dual CS term, proper teleparallelism (GR‖) spec-
ified by (6.2.9) is classically equivalent to GR up to a boundary term when con-
strained by the vanishing of RC curvature. In a consistent Lagrangian formulation,
the proper constraint Rαβ = 0 has to be imposed by subtracting Rαβ ∧ λαβ from
(6.2.9), where the 2-form λαβ = −λβα is a Lagrange multiplier, see Hehl et al.
(1980) and Kopczyński (1990). Then the proper teleparallelism Lagrangian reads

1The self-dual formulation of gravity was anticipated already by Plebański (1977), whereas
Hojman et al. (1980) discussed the pseudoscalar curvature as a parity-violating Lagrangian for
gravity and noted already 1980 its relationship to a complete divergence, before Nieh & Yan

(1982), Nieh (2007).
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L̃‖ = L‖ − Rαβ ∧ λαβ . (6.2.12)

By varying this Lagrangian independently with respect to ϑα, Γ αβ , and the mul-
tiplier λαβ , we obtain as field equations

DH ‖
α − E‖

α = Σα, (6.2.13)

Dλαβ + ϑ[α ∧ H ‖
β] = ταβ, (6.2.14)

and
Rαβ = 0. (6.2.15)

Since the multiplier term in (6.2.12) does not depend on the coframe, the resulting
first field Eq. (6.2.13) is the same as that of the unconstrained Lagrangian L‖. The
integrability condition for the second field equation is identically satisfied, because

DDλαβ = −2R[α|γ ∧ λγ|β] = 0 (6.2.16)

in a Weitzenböck spacetime, whereas

D(ταβ − ϑ[α ∧ H ‖
β]) = 0 (6.2.17)

follows from the “weak” Noether identity (see (6.8.12)) for matter and gravitational
gauge fields, together with the first field equation. Thus, the only role of the second
field equation is to determine (nonuniquely) the Lagrangian multiplier λαβ . For
spinless matter, a possible solution is λαβ = (γ/�2)ηαβ , as will be shown below.

We should remark that the Cauchy problem for GR‖ is not completely settled; cf.
Ehlers (1981), Kopczyński (1982), Hecht et al. (1991).

6.2.2 Yang–Mills-Type Formulation of Complex GR‖

In the self-dual formulation, the Lagrangian of the Einstein–Cartan (EC) theory of
gravity (Trautman 1973) plus cosmological term takes the form

(±)

L EC := LEC ± idCTT = − 1

2�2
(±)

R αβ ∧ ∗(ϑα ∧ ϑβ) + Λ

�2
η.

This chiral reformulation (Samuel 1987; Mielke et al. 1996, 1996b) was to some
extent anticipated in 1982 in the complex duality ansatz

Rαβ = ξ ∗ R(�)

αβ + (γ/�2)
[
ϑα ∧ ϑβ ± i ∗(ϑα ∧ ϑβ)

]
, (6.2.18)



114 6 Teleparallelism

of Baekler et al. (1982); if σ = ±iγ is chosen for one of the free parameters there.
Later on, this was “recovered” by Soo (1995) for quadratic-curvature Lagrangians.

The NY term is again instrumental (Mielke 1992) for converting the teleparallel
version (6.2.9) of Einstein’s GR for the choice θT = ±i into a chiral gauge theory
of translations:

(±)

L ‖ := L‖ ± i
2�2

κ
dCTT = LHE − LEC ± i

2�2

κ
d

(∓)

C TT. (6.2.19)

The deviation of chiral GR‖ from the Hilbert–Einstein action turns out to be a bound-
ary term derived from the chiral CS term

(±)

C TT := 1

2�2

(
ϑα ∧ (±)

T α

)
, (6.2.20)

where
(±)

T α := 1
2 (T α ± i ∗T α) denotes the self-dual or anti-self-dual torsion. The

resulting complex field momenta

(±)

Π α = −∂
(±)

L /∂T α = H‖
α ∓ (i/κ)Tα (6.2.21)

satisfy the algebraic relation

(+)

Π β ∧ (−)

Π β = Hβ ∧ Hβ + �−4 T β ∧ Tβ = 0. (6.2.22)

Consequently, the field equation

(±)

D
(±)

Π α ∓ i

4
�2eα�((+)

Π β ∧ (−)

Π β

) = Σα, (6.2.23)

for the complex translational momentum of GR‖ takes on the particularly concise
Yang–Mills-type form

(±)

D
(±)

Π α = Σα. (6.2.24)

Moreover, the complexified quadratic PG Lagrangian

(±)

L = − i

4
�2

[(+)

Π α − (−)

Π α
]

∧ (±)

Π α

− i

4

[(+)

Π αβ − (−)

Π αβ
]

∧
((±)

Π αβ ∓ i

�2
ϑα ∧ ϑβ − a0

2�2
ηαβ

)
(6.2.25)
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reduces to the GR‖ Lagrangian

(±)

L ‖ = ∓ i

4
�2

(±)

Π α ∧ (±)

Π α,
(+)

L ‖ = (−)

L ‖, (6.2.26)

which is purely quadratic in the new translational momentum. To some extent,
we have thus realized Trautman’s and Thirring’s “dream” (cf. Trautman 1973;
Thirring 1980) of rewriting Einstein’s equations in a Maxwell-type form. Observe
that the Hodge star is absorbed in the definition of the complex field momenta. Mat-
ter with spin could formally be incorporated in our scheme by admitting (Mielke

et al. 1989) an additional piece (τ )λαβ in the ansatz for the Lagrangian multiplier,
provided it satisfies D (τ )λαβ = ταβ .

The complex translational field momenta
(±)

Π α replace the role of the torsion if we
use the Sen connection

(±)

D ϑα = ± i

2
�2 gαβ

(±)

Π β, (6.2.27)

which is not metric-compatible. The equivalent presentations of the GR‖ Lagrangian

(±)

L ‖ = −1

2

[
ϑα ∧ (±)

D
(±)

Π α + d(ϑα ∧ (±)

Π α)
]

= −1

2

(±)

D ϑα ∧ (±)

Π α, (6.2.28)

allow us to rederive the field Eq. (6.2.24) via δ
(±)

L ‖/δϑα from a variational principle.
In order to solve the vacuum equation (6.2.24) for the coframe and the complex

momenta, the integrability conditions have to be satisfied. In a teleparallel Riemann–
Cartan spacetime with Rαβ = 0 and in view of the first Noether identity (6.8.11),
these conditions read in vacuum2

DDϑα = Rβ
α ∧ ϑβ = 0,

(±)

D
(±)

D
(±)

Π α = −(±)

R α
β ∧ (±)

Π β = ± i

2
�2 (eα�(±)

Π β) ∧ Σβ
∼= 0.

(6.2.29)
Is it then possible to generate all exact vacuum solutions of Einstein’s equations by

means of prolongation methods? At least for the complex Ernst equation, a similar
type of approach is possible for generating “almost all” stationary axisymmetric
solutions (Harrison 1983; Plebanski 1975).

As a consequenceof this, the complexifiedLagrangian (6.2.19) becomesquadratic
in these new field momenta, cf. (6.2.26), resembling the chiral version

(±)

L YM = ∓(1/4)Tr

(
(±)

F ∧ (±)

F

)
(6.2.30)

2In the presence of matter, the first Noether identity enters the game. For a resolution of (6.2.24) in

terms of the momenta
(±)

Π α, it would be convenient to have a relocalized energy–momentum current
(±)

Σ α for which
(±)

D
(±)

Σ α
∼= 0 holds.
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of Yang–Mills theory. The gravitational field equations of chiral GR‖ in vacuum read

(±)

D
(±)

Π α = 0, (6.2.31)

where the modified covariant exterior derivative

(±)

D
(±)

Π α := D
(±)

Π α ± i

2
�2

(
eα�(∓)

Π β
) ∧ (±)

Π β, (6.2.32)

contains the linear connectionΓα
β , which is combinedwith the complex translational

momentum
(±)

Π α to the complex connection

(±)

Γ α
β := Γα

β + i
(∓)

A α
β,

(±)

A α
β := ±1

2
�2 eα�(±)

Π β, (6.2.33)

and it is of the type introduced by Sen (1982) in a rather ad hoc way.3 The tensor-

valued 1-form
(∓)

A α
β deforms our original Riemann–Cartan connection Γα

β similarly
to the way in which the contortion deforms the Levi-Civita connection. From the
viewpoint of quantum field theory, the deformation (6.2.33) of the connection could
be regarded as the classical counterpart of a field redefinition (Mielke & Hehl

1991) of the “bare” connection.
They are formally those of Yang–Mills for the translational gauge field momenta

“living” on a nondynamical RC background fixed by the teleparallelism constraint
Rαβ = 0. For consistency, this constraint ought to be enforced via Lagrange multi-
pliers λαβ in the teleparallel Lagrangian (6.2.12) with constraints.

6.3 Energy–Momentum Complex

It is a consequence of the first field equation of the (broken) PG theory that the
energy–momentum complex

Ěα := Eα + Γα
β ∧ Hβ + Σα

∼= d Hα, (6.3.1)

due to the Poincaré lemma dd ≡ 0, is weakly closed. In the subcase of GR‖, related
expressions have been given before; cf. Møller (1961), Hayashi & Bregman

(1973), Thirring (1978), Hehl et al. (1980). In the teleparallelism limit Γ αβ
‖ → 0,

the “superpotential” Hα is the Møller or Freud complex (Freud 1939)

3The transposed connection, which has the property (Mielke et al. 1989) that



Dηα := Dηα −
(eα�T β) ∧ ηβ ≡ 0 , may be regarded as a special real version of our Sen-type connection, for

which
(±)

D ηα = ±(i/2)�2ηαβ ∧ (±)

Π β holds.
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H ‖
α = 1

�2

[
ϑβ ∧ ∗(dϑβ ∧ ϑα) − 1

2
ϑα ∧ ∗(dϑβ ∧ ϑβ)

]
= 1

2�2
Γ {}βγ ∧ ηαβγ

(6.3.2)
of GR‖ or GR, respectively. On the basis of (6.3.1), it has been observed byAndrade
et al. (2000) that Eα is a covariant conserved gravitational energy, i.e., that DEα =
DDHα ≡ −Rα

β ∧ Hβ = 0 due to the vanishing of the Ricci identity in a teleparallel
spacetime.

It also should be noticed that the complex conjugate three-form

(±)

S α := (±)

Γ α
β ∧ (±)

Π β + Σα
∼= d

(±)

Π α,
(±)

S α = (∓)

S α (6.3.3)

is the corresponding energy–momentum complex of chiral GR‖; seeMielke (1992).
Its real part turns out to be related to the so-called Sparling form; cf. Dubois-
Violette & Madore (1987).

However, in spacetimes with Killing symmetries, energy and angular-momentum
expressions suffer from the well-known factor two problem. Oneway out is to amend
the equivalent Hilbert–Einstein Lagrangian by an additional Euler term; cf.Mielke

(2001).

6.4 Hamiltonian Formulation of Complex GR‖

For the canonical analysis, let us assume that the spacetimemanifold admits a slicing
into a family of spacelike three-dimensional hypersurfaces Σt that are parametrized
by the coordinate time x0 = t . Then there exists the future-directed timelike vector
field

n := ∂t − N A∂/∂x A, A = 1, 2, 3, (6.4.1)

which is uniquely linked to the hypersurface orthogonal 1-form u := −N 2 dt, ⇐⇒
du ∧ u = 0 via u = g(n, .). The lapse function N and the shift vector N A, which
are familiar from the ADM formalism, are arbitrary; cf. Fig. 6.1

The normal part of a p-form Ψ is defined by

⊥Ψ := dt ∧ Ψ⊥; Ψ⊥ := n�Ψ, (6.4.2)

whereas the part tangential to the hypersurface Σt is given by

Ψ := n�(dt ∧ Ψ ) = (1 − ⊥)Ψ, n�Ψ ≡ 0. (6.4.3)

The decomposition operators “⊥” and “ ” form a complete set of projection
operators. (For more details on this very concise (3+1) decomposition of exterior
forms in Riemann–Cartan spacetime, see Wallner 1990; Mielke & Wallner

1988.)
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Fig. 6.1 Foliation by a
family of spacelike
hypersurfaces

Let us consider a Lagrangian L = L(ϑα, Ψ, DΨ ) which is of first differential
order in the (collection of) fields Ψ . In concordance with the classical prescription,
the corresponding Hamiltonian 3-form is given by

H = K − •
Ψ ∧

⎛

⎝∂K

∂
•
Ψ

⎞

⎠ , (6.4.4)

whereK = L⊥ := n�L denotes the normal part of the Lagrangian. Since the “time
derivative” • is more precisely given by the Lie derivative �n := dn� + n�d along
the timelike vector field n, we have

H = n�L − �nΨ ∧
(

∂L

∂dΨ

)
. (6.4.5)

Now compare this with the canonical energy–momentum 3-form

Σα := δL

δϑα
= eα�L − (eα�DΨ ) ∧ ∂L

∂DΨ
− (eα�Ψ ) ∧ ∂L

∂Ψ

− (eα�T β) ∧ ∂L

∂T β
+ D

∂L

∂T α
− (eα�Rβ

γ) ∧ ∂L

∂Rβ
γ
.

(6.4.6)

For the intended comparison,we drop the contribution frompossible “Pauli terms”
and transvect the resulting expression with the four-vector nα := n�ϑα of lapse and
shift, for which the useful relation nα eα�Ψ = n�Ψ can be derived. For the projection
of the anholonomic index of the truncated energy–momentum current (6.4.6) in the
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normal direction, we get the expression

nαΣα = n�L − (n�DΨ ) ∧ ∂L

∂DΨ
− (n�Ψ ) ∧ ∂L

∂Ψ
. (6.4.7)

In introducing the gauge-covariant Lie derivative Łn = Dn� + n�D, separating
a boundary term, and using the variational derivative (6.8.2), the following relation,
which holds ‘strongly’ or ‘weakly’, respectively, is obtained:

nαΣα = n�L − (ŁnΨ ) ∧ ∂L

∂DΨ
− (n�Ψ ) ∧ δL

δΨ
+ D

[
(n�Ψ ) ∧ ∂L

∂DΨ

]

∼= n�L − (
�nΨ + Γ⊥αβ ρ(Iαβ)Ψ

) ∧ ∂L

∂DΨ
+ D

[
(n�Ψ ) ∧ ∂L

∂DΨ

]
.

(6.4.8)

We are going to show that the tangential part of this energy–momentum expres-
sion is related to theHamiltonian (6.4.5). Indeed, usingn�Ψ = n�(dt ∧ n�Ψ ) = n�Ψ
and the fact that the boundary term is a Lorentz scalar, we obtain

H ∼= nαΣα + Γ⊥αβ ρ(Iαβ)Ψ ∧ ∂L

∂DΨ
− d

[
(n�Ψ ) ∧ ∂L

∂DΨ

]
. (6.4.9)

If Ψ represents a collection of gauge fields, the partial derivatives in the truncated
definitions

Σα := ∂L

∂ϑα
, ταβ := ∂L

∂Γ αβ
= ρ(Iαβ)Ψ ∧ ∂L

∂DΨ
(6.4.10)

of the 3-forms of energy–momentum and spin are to be replaced by variational
derivatives, and the sum over all individualΨ ’s has to be performed. Quite generally,
the Hamiltonian then acquires the following form:

H ∼= nα δL

δϑα
+ Γ⊥αβ δL

δΓ αβ

− d
[
(n�Ψ ) ∧ ∂L

∂DΨ
+ nα ∂L

∂T α
+ Γ⊥αβ ∂L

∂Rαβ

]
.

(6.4.11)

Neglecting the boundary term, the gravitational Hamiltonian of general PG theory
takes the form

H ∼= nα Gα + Γ⊥αβ Gαβ, (6.4.12)

where the normal vector nα := n�ϑα comprises lapse and shift and Γ⊥αβ := n�Γ αβ

is the normal part of the Lorentz connection and Gα and Gαβ represent the tangential
generators.
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6.4.1 Poisson Brackets

Their Poisson brackets (Baekler & Mielke 1988) at “equal times” read

{Gα(t, x), Gβ(t, y)} = (−Tαβ
γGγ + Rαβγ

δG γ
δ

) · δ(x − y), (6.4.13)

{G α
β(t, x), Gγ(t, y)} = δ

γ
β Gβδ(x − y), (6.4.14)

{G α
β(t, x), G γ

δ(t, y)} = (δα
δ G γ

β − δ
γ
β G

α
δ) · δ(x − y). (6.4.15)

This Poisson bracket structure is on a par with the local affine algebra:

[
Dα, Dβ

] = −Tαβ
γ(x) Dγ + Rαβγ

δ(x) Lγ
δ, (6.4.16)

[
Lα

β, Dγ

] = δα
γ Dβ, (6.4.17)

[
Lα

β, Lγ
δ

] = δα
δ Lγ

β − δ
γ
β Lα

δ, (6.4.18)

where Dα := eα�D are the anholonomic components of the exterior covariant
derivative. Equations (6.4.16)–(6.4.18) constitute a soft gauge algebra (Ne’eman
et al. 1980; Sohnius 1983), since the group-theoretic “structure constants” are the
spacetime-dependent components of torsion and curvature.

In the Lagrange multiplier formulation (6.2.12) of teleparallelism, there would
arise the extra tangential term Dλαβ in the Lorentz generator Gαβ , where
Ψ := Ψ − dt ∧ n�Ψ in the notation of differential forms. However, as suggested
by the geometric identity (6.2.11), the Lorentz constraints are identically satisfied
byλαβ = (1/2�2) ∗(ϑα ∧ ϑβ) = −(1/N�2)n[α ∗ϑβ]. This is anothermanifestation of
the dynamical equivalence of GR and GR‖ up to a canonical transformation induced

by the boundary term d
(∓)

C TT.
After this trivialization of the Lorentz constraints, the Hamiltonian (α = 0̂) and

diffeomorphism constraints (α = B) of complexified GR‖, in terms of a complex
Sen-type connection (Mielke 1992) are

(±)

G α := (±)

D
(±)

Π α = (±)

D ∗(±)

A α = 0, (6.4.19)

generalizing the Gauss constraint of Maxwell’s theory to a gauge theory of transla-
tions. Only first class constraints remain after this gauge fixing, according toMaluf

(1994). Here the tangential Ashtekar-type connection
(±)

A α := ∗(±)

Π α is three-dual
to the translational field momentum, and canonically conjugate to the triad densi-
ties ∗ϑα, where we note that the spatial Hodge dual is involutive, i.e., ∗ ∗ = +1.

Moreover, by adopting tetrads in the temporal gauge ϑ0̂ = 0 of Schwinger (1963)

and the gauge
(±)

A 0̂ = d
(±)

φ of Nester (1989), the Hamiltonian constraint

H‖ = (±)

D ∗(±)

A 0̂ = 0, (6.4.20)
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i.e., (6.4.19) for α = 0̂, vanishes identically.

6.4.2 Chern–Simons Solutions of the Chiral Teleparallelism
Constraints

According to this canonical decomposition of forms (Mielke 1992), the tangential
parts of the basic one-forms, i.e., the triad densities ∗ϑα and the tangential part of

the self-dual or anti-self-dual connection
(±)

A α := ∗(±)

Π α, the three-dual of the chiral

momenta
(±)

Π α, become the generalized coordinates q and momenta
±
p of the bosonic

sector.
In the transition to quantum gravity, in contrast to GR (Kodama 1990), for GR‖

the Schrödinger representation

q : ∗ϑβ Ψ‖(ϑ) = ∗ϑβ Ψ‖(ϑ), (6.4.21)
±
p: ∗(±)

Π α Ψ‖(ϑ) = −i�2
δ

δ ∗ϑα

Ψ‖(ϑ), (6.4.22)

prevails (Mielke 2002), where the complex field “momenta” ∗(±)

Π α become differ-
ential operators, whereas the triad densities ∗ϑβ remain generalized coordinates q.

For the remaining Gauss constraint (6.4.8) with α = B, let us try the state vector

Ψ‖(ϑ) = exp

(
−

∫

M3

(±)

C TT

)
= exp

( −1

2�2

∫

M3

[
∗ϑB ∧ ∗(±)

T B
])

(6.4.23)

as a solution, with the integration variables hidden in the 3-forms and a sign inverse
to that of Mielke (1998, 1999). It involves the tangential complexified translational

Chern–Simons term
(±)

C TT in terms of the triads or triad densities and the tangential
part of the self-dual or anti-self-dual torsion.

When the tangential complexified translational Chern–Simons term (6.2.20) is
rewritten in terms of the triad densities ∗ϑB with B = 1, 2, 3 and the tangential part
of the self-dual or anti-self-dual torsion, the chiral version of Eq. (16) of Mercuri

(2008) for “large”-gauge transformations is anticipated (Mielke 2002). Then the

momentum operator (6.4.22) returns the chiral torsion
(±)

T B as a prefactor:

− �2
δ

δ ∗ϑB

Ψ‖(ϑ) = ∗(±)

T B Ψ‖(ϑ). (6.4.24)

Since the corresponding connectionΓ
αβ
‖

∗= 0 is of pure gauge type, the state vector
(6.4.23) depends merely on the triads as sole dynamical variables. Consequently, the
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operator version of the Sen covariant tangential diffeomorphism constraint (6.4.19)
simplifies to

− �2
(±)

D ∗
(

δ

δ ∗ϑB

)
= (±)

D
(±)

T B ≡ (±)

R C
B ∧

(±)

ϑ C = 0, (6.4.25)

where the rule Ψ ∧ ∗Φ = Φ ∧ ∗Ψ for differential forms of the same degree has
been applied. Observe that the first Bianchi identity (6.2.7) gets truncated to

(±)

D
(±)

T B = 0 (6.4.26)

in a teleparallel spacewith zeroRCcurvature or at least for configurations of self-dual
or anti-self-dual tangential RC curvature.

Thus, similarly to what occurs in topological field theory (Horowitz 1989) with
a flat connection, in teleparallelism, (6.4.23) appears to be the unique solution.

Unlike the Kodama (1990) approach, our formalism has the advantage that the
CS term for constructing the state vector is gauge-invariant. In the former, the choice
of the state vector

ΨΛ(A) = exp

(
3

Λ

∫

M3

(±)

C RR
{}
)

, (6.4.27)

borrowed from SU (2) Chern–Simons field theory (Witten 1989; Guadagnini
1993; Cotta-Ramusino et al. 1990), is known to solve the Hamiltonian con-
straint HΛ ΨΛ(A) = 0 of GR with cosmological constant in the nonperturbative
loop approach (Brügmann et al. 1992; Griego 1996).

Moreover, the translational CS term
(±)

C TT does not depend on any cosmological
constant Λ in a singular manner, and in spite of the appearance of the Planck length
�, it is dimensionless and nonsingular even for � → 0, due to dim ϑB = [�].

Since the coframe is nondegenerate, the largest contribution would come from

configurations with
(∓)

T B = 0, i.e., self-dual or anti-self dual tangential torsion. Con-
sequently, Wilson-type solutions (6.4.23) of the corresponding quantum Gauss con-

straint are dominated by self-dual torsion solutions satisfying
(±)

T = 0.

6.4.3 Torsion Instantons

Such exact instanton-type solutions for teleparallelism have been found: for spherical
symmetry, one was given by Obukhov et al. (1997) in a study of chiral anomalies
(Mielke & Kreimer 1998, 1999, Kreimer&Mielke 2001;Mielke & Macías

1999), whereas a related axial solution has been studied by Nakamichi et al. (1991)
for self-dual topological gravity.

Exact torsion instantons “live” on a conformally compactified Euclidean space
R

4 ∪ ∞ = S4 with the spherically symmetric metric
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ds2 = h2 dr 2 + f 2
[
dψ2 + sin2 ψ

(
dθ2 + sin2 θdφ2

)]
, (6.4.28)

where (r,ψ, θ,φ) are the standard hyperspherical coordinates that parameterize the
unit three-sphere S3. The function f carries physical dimension [length]. This space
is parallelizable such that the RC curvature vanishes but then is endowed (Obukhov
et al. 1997) with the nontrivial spacelike torsion

T A = 1

f

(
d f ∧ ϑA − 2η0Aβγϑβ ∧ ϑγ

) = − 2

f
ηA

μνϑ
μ ∧ ϑν = ± ∗T A, T 0̂ = 0,

(6.4.29)
which is self-dual or anti-self-dual, provided that d f = ±2 hdr . Here the self-dual
generalized Levi-Civita symbol ηA

μν := η0
A

μν + δA
μ δ0ν − δA

ν δ0μ of ’t Hooft (1991),
cf. Baekler et al. (1982),Minkowski (1986), is instrumental. Substituting this into
the translational Chern–Simons term is particularly simple (Chandia & Zanelli

1997) in the zero-connection gauge Γ
αβ
‖

∗= 0, where

�2CTT = 1

2
ϑα ∧ dϑα = 1

2
ϑA ∧ dϑA = 3ϑ1̂ ∧ ϑ2̂ ∧ ϑ3̂ (6.4.30)

results.
Applying Stokes’s theorem and integrating over the boundary three-sphere at

radial infinity r → ∞ yields

nNY :=
∫

R4

dCTT =
∫

S3∞

CTT = 3Vol(S3)k = 6π2k. (6.4.31)

One can deduce (Li 1999) that k is the winding or instanton number of Pontryagin,
in compliance with the CS decomposition (6.2.3). If torsion is self-dual or anti-

self-dual, i.e.,
(∓)

T B = 0, then integration over the chiral CS term
(±)

C TT yields the
same value or zero, respectively.4

As an example, one can imagine

f = ar2

r2 + c2
(6.4.32)

for an instanton-type behavior in 4DEuclidean space. The axially symmetric solution
given earlier by Nakamichi et al. (1991) also is teleparallel with self-dual torsion,
whereas the instanton of D‘Auria & Regge (1982) has vanishing translational CS
term.

Thus one can surmise that the state vector Ψ‖(ϑ) ∝ e−C as a solution of the
quantum Gauss constraint (6.4.25) is dominated by such torsion instantons.

4Interestingly, in the gauge ϑ0̂ = 3κdθL = hdr = ±d f/2, such instantons are solutions to the

topological Eq. (6.7.12), due to T 0̂ = 0.
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6.5 Wilson Loops and Links

In QFT, a useful tool beyond perturbation theory are Wilson loops, when the four-
dimensional spacetime lattice is exhausted via the enclosed plaquettes; cf. Kaku
(1993).

From the holonomy of a Lie-algebra-valued connection one-form A = AI
μλI

dxμ ∈ C , one can construct a gauge-invariant operator, or character, along the loop
with coordinates γμ(s). Then the Wilson loop can be written as

W (A, γ) = TrP exp
∮

A = TrP exp
∮

ds
•
γi (s) Ai

J (γ(s))λJ , (6.5.1)

whereP denotes path-ordered exponentials of line integrals along knots parametrized
by s.Wedisregard here the self-linking problemor goover to framed loops introduced
in the original work of Witten (1989), which are equivalent to twisted bands.

In lattice gauge theories such nonintegrable phase factors form an (overcomplete)
basis for the infinite-dimensional group G of gauge transformations in spacetime.
The state vector Ψ (A) for the gauge potential can be transformed via the Wilson
loop into a loop-dependent state:

Ψ (γ) =
∫

C /G

D A W (A, γ)Ψ (A). (6.5.2)

The integration is performed over a coset space C /G in order to factor out gauge-
equivalent connections. This loop transform may be regarded as a generalization of
the usual Fourier transform.

In topological CS field theory (Guadagnini et al. 1990;Ooguri & Vafa 2000),
it is known that the first-order part of the correlation function or expectation value

〈0|W (γ)|0〉(1) =
∫

C /G
D A eiC W (A, γ)

= 1

4π

∮
ds

∮
dt

•
γμ(s)

•
γν(t)η0μνκ

γκ(s) − γκ(t)

|γ(s) − γ(t)|3 (6.5.3)

of the Wilson loop is the self-linking number G(γ) of Gauss. It is interesting to see
how this link invariant of the nineteenth century turns into one of the key ingredients
of CS theories (Cotta-Ramusino et al. 1990; Brügmann et al. 1992).

Moreover, the full correlation function

〈0|W (γ)|0〉eΛ G(γ)V (γ), (6.5.4)

associated with a link L satisfies the skein relation (Jones 1985) of a generalization
of the Jones polynomial V (γ). If we could formally transform these results of lattice
gauge theory to quantum (super)gravity, cf. Armand-Ugon et al. (1996), then the
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state vector |Ψ 〉 of the universe would be characterized by knot invariants, such as
the Kauffman bracket (1990).

A comprehensive exposition of this subject can be found in Wu (1992) as well
as in the monograph of Guadagnini (1993). These line integrals can be calculated
either numerically or by expanding the generalized Jones polynomial mentioned
above, as demonstrated in a paper by Alvarez & Labastida (1995).

6.6 Topology of Cartan Circuits?

The teleparallel version of GR is a gauge theory of translations with the abelian
group R4 as structure group. Then, instead of Wilson-type loops, we encounter
Cartan circuits (Cartan 1924) with dislocations at the Planck scale. Due to the
condition Rαβ = 0 of “flat” RC spacetime, this is a parallel transport of “sliding”
without “rolling.” In spaces with topological defects, the phase could be affected
by the gravitational Aharanov–Bohm effect (Macías et al. 1996). Since these Car-
tan loops carry triads along, they are inherently framed (Brügmann et al. 1992;
Guadagnini 1993) via one of the orthonormal legs nα = n�ϑα. In view of (6.4.25),
it is a conjecture that the degeneracy problem (Witten 1989) of the Wilson-type
loops in the Ashtekar approach is automatically avoided for GR‖, and diffeomor-
phism invariance is retained.

It is well known from differential geometry that the Euler number (1/16π2)∫
Rαβ ∧ R(�)

αβ and the Pontryagin integral (1/8π2)
∫

Rα
β ∧ Rβ

α bear an intimate
relationship to topology. However, in GR‖, both vanish due to the teleparallelism
constraint Rαβ = 0. Thus one can expect (Mielke 1999) that gravitationally induced
chiral anomalies in the coupling to Dirac fields are also absent. On the other hand,
dynamical torsion perse is generally considered to be unrelated to topology, due
to the following argument: For a real constant ε with 0 ≤ ε ≤ 1, the RC connec-
tion can be deformed in a continuous way into its Riemannian piece according
to Γαβ(ε) = Γ

{}
αβ − εKαβ such that Γαβ(0) = Γ

{}
αβ . Provided a topological quantity

depends on the connection Γαβ , it must be invariant under this continuous defor-
mation, and consequently, a continuous torsion two-form drops out; cf. Milnor &

Stasheff (1974), as well asWu & Zee (1984).
A different situation arises when torsion is discontinuous or has singularities

(Hanson & Regge 1979) as in the three-dimensional case of classical crystal dis-
locations (Hehl & Kröner1965): awell-knownexample is the case of a pure vector
torsion T := eα�T α = dσ derived from a scalar field via a gradient (Gregorash &

Papini 1981). (Such a scalar field may measure the vorticity of the “coupled super-
fluid” and may be related field-theoretically to the Higgs phase or the conformal
structure of spacetime.) The integration over a closed contour in the four-dimensional
manifold, which may enclose the singularity line of the dislocation N times, yields

∫
T =

∫
dσ = 2πN , (6.6.1)
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provided the scalar field is not single-valued, as, for instance, in the case of σ =
arcsin(|x |).

For our spherically symmetric torsion instanton (6.4.28, 6.4.29), we expect that a
nontrivial winding numberwill occur as a result of the homotopy groupπ3(SO(4)) =
Z ⊕ Z. On the other hand, the 3Dhypersurface admits the intriguingmapping �ϑA →
Γ �A := 1

2η
ABC Γ BC of the triads to the corresponding three-dual of the su(2)-valued

connection (Baekler et al. 1992). Since this implies a mapping CTT → CRR + Λ′η
to the associated Chern–Simons term with “induced” cosmological constant Λ, we

expect that the chiral translational CS term
(±)

C TT will account for the same knot
invariants as the Ashtekar connection, but in a more natural manner.

Wilson-type loops usually live on simply connected spacetime. However, on the
small scale of “quantum gravity,” the underlying spacetime manifold R × W 3 may
have a foamlike structure, with a hypersurface that is not simply connected, such
as the three-dimensional sphere with N wormholes (Mielke 1977; Nicolai &

Niedermaier 1989) attached:

W N := S3# N(S1 × S2). (6.6.2)

Thus, it would be interesting to see applications of Cartan circuits to spacetimes with
knot wormholes (Mielke 1977) with their proper energy spectrum (Moffatt 1990),
for which generalizations of torus knots (Labastida & Marino 2001) and links
would occur, which cannot be shrunk to a point.

After reviewing the group-theoretic origins of the two parity-violating topological
terms of Pontryagin and NY, we shall analyze the modifications of the gravitational
gauge equations by such θ-terms. Then the topological amendment (6.7.2) provides
an intriguing relation (6.7.12) for axial torsion A , independent of RC curvature.
This result has repercussions on teleparallelism constrained by (6.2.12), where the
path-integral-type CS solution (6.4.23) of the quantum constraints are dominated by
torsion instantons.

In classical EC theory, the net axial current production d j5 seems (Chang &

Soo 2003; Kaul 2008) to establish a link to the NY term via the Cartan relation
(6.7.7). However, a careful analysis of the axial and trace anomalies (Kreimer &

Mielke 2001; Mielke 2006) in gravity does not support this, but rather provides
a relation to the scale-invariant Pontryagin term, including a U (1)-type four-form
dA ∧ dA involving the axial torsion. Since torsion instantons are characterized
via (6.4.31) by the instanton number k, they would ultimately induce a periodic
θ-vacuum of quantum gravity, similar to what occurs in Yang–Mills theory; cf.
Mielke & Romero (2006).
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6.7 Topologically Modified Einstein–Cartan Theory

Let us generalize the EC Lagrangian by including, besides the Pontryagin term, a
dynamical coupling to the NY term, and in addition, liberate possible θ-angles to
scalar fields.

This amounts to considering the topologically modified gravitational Lagrangian

L := LEC + Lθ + LD, (6.7.1)

where the θ-type boundary term

Lθ = θTdCTT + θLdCRR (6.7.2)

is a linear superposition5 of the topological Nieh–Yan term and the Pontryagin four-
forms. We recover parity or CP invariance (Mielke et al. 1999) in the case that the
θ-angles are axionlike pseudoscalars (Mielke & Romero 2006).

In the translational field momentum,

Hα := − ∂L

∂T α
= −θT

�2
Tα, (6.7.3)

there is only one torsion term, whereas the rotational field momenta

Hαβ := − ∂L

∂Rαβ
= 1

2κ
ηαβ − θT

2�2
ϑα ∧ ϑβ − θLRαβ (6.7.4)

of the EC theory is amended by two contributions from θ terms.
Due to this topological modification, the first gauge field equation reduces to

DθT ∧ Tα + θTDTα + �2Eα = −�2Σα. (6.7.5)

Using the second Bianchi identity (6.2.6) for the curvature, the second gauge field
equation reduces to

1

2κ
T γ ∧ ηαβγ − DθT

2�2
∧ ϑα ∧ ϑβ + DθL ∧ Rαβ = ϑ[α ∧ μβ]

= 1

4
ϑα ∧ ϑβ ∧ ∗ j5. (6.7.6)

This is a generalization of the Cartan equation

CTT
∼= κ

4�2
j5 (6.7.7)

5The translational angle θT = 2/γ is at times identified (Freidel et al. 2005) with the inverse
Barbero–Immirzi parameter γ. Such θ-terms and the canonical transformation induced by the trans-
lational Chern–Simons term dCTT were considered earlier by Mielke (1992).
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for constant values of θ.
Note that the angular momentum part ϑ[β ∧ Hα] of the gauge fields induced by

the NY term cancels identically against one part of DHαβ . In the case of Dirac fields
(Mielke 2004), the spin–energy potential μα, a two-form, is related to the axial
current three-form j5 = ψ ∗γγ5ψ via

μα = 1

4
ϑα ∧ ∗ j5, (6.7.8)

where the one-form γ := γαϑα is Clifford-algebra-valued. At first sight, it appears
that (6.7.6) for DθL �= 0 provides torsion with a dynamical coupling to RC curva-
ture. However, in view of the first Bianchi identity (6.2.7), this is not quite true: by
contracting (6.7.6) with the coframe ϑα, it converts into

T γ ∧ ηγβ + κDθL ∧ DTβ = 0 . (6.7.9)

This is a first-order equation only for torsion, even in the presence of Dirac fields,
since the antisymmetric piece of its spin–energy potential vanishes automatically,
i.e., μα ∧ ϑα = 0, in view of (6.7.8).

Equivalently, it can be rewritten as

κDθL ∧ DTβ = −T ∧ ηβ = Dηβ, (6.7.10)

where the vector torsion one-form T = eα�T α enters as an intermediate source. Due
to the Poincaré lemma DDθ = ddθ ≡ 0 for a (pseudo) scalar field, Eq. (6.7.10) has
the exact torsion solution

κdθL ∧ Tβ = −ηβ (6.7.11)

as a first integral. After a contraction with ϑβ , the dual of the axial torsion one-form
A := ∗(ϑα ∧ Tα), i.e., the translational CS term, turns out to be related to the volume
four-form η via

κ�2dθL ∧ CTT = 2η. (6.7.12)

This topological result is independent of the RC curvature. There occurs, however,
a coupling to a kinetic term arising from the pseudoscalar field θL rescaling the
Pontryagin term (6.2.5).

Information on other irreducible torsion components can be obtained from (6.7.5)
or from (6.7.6) after covariant differentiation, with the result that

DT γ ∧ ηαβγ + κDθT ∧ T[α ∧ ϑβ]/�2 = 2κ
(
T[α ∧ μβ] − ϑ[α ∧ Dμβ]

)
. (6.7.13)

Second-order derivatives of the axionlike field drop out, again due to the Poincaré
lemma DDθ = ddθ ≡ 0, and a quadratic torsion term vanishes identically, i.e.,
T [γ ∧ T μ]ηαβγμ = 0. Again we end up with a first-order equation for torsion, where,
however, the spin-energy potential μα (of Dirac fields) remains as a source.
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6.8 Dynamics of Quadratic Poincaré Gauge Theory

In Poincaré gauge (PG) theory, the total action of interacting matter and gravitational
gauge fields reads

W =
∫ [

L(ϑα, T α, Rαβ, Ψ, DΨ ) + Lg(ϑ
α, T α, Rαβ)

]
. (6.8.1)

It is a functional of a (nonminimally) coupled matter field Ψ , which, in gen-
eral, may be a p-form, and of the geometric variables ϑα and Γ αβ = −Γ βα. Their
independent variations yield the following field equations:

δL

δΨ
= ∂L

∂Ψ
− (−1)p D

∂L

∂DΨ
= 0, (MATTER) (6.8.2)

DHα − Eα = Σα, (FIRST) (6.8.3)

DHαβ − Eαβ = ταβ . (SECOND) (6.8.4)

Here the gauge field momenta are defined by

Hα := − ∂Lg

∂dϑα
= − ∂Lg

∂T α
, and Hαβ := − ∂Lg

∂dΓ αβ
= − ∂Lg

∂Rαβ
. (6.8.5)

Part of the sources for the Yang–Mills-type divergence terms “DH” are the mate-
rial energy–momentum current

Σα := δL

δϑα
= ∂L

∂ϑα
+ D

∂L

∂T α
(6.8.6)

and spin current

ταβ := δL

δΓ αβ
= ρ(Iαβ)Ψ ∧ ∂L

∂(DΨ )
+ ϑ[α ∧ ∂L

∂T β] + D
∂L

∂Rαβ
, (6.8.7)

respectively. Our definitions take care of optional “Pauli-type terms” in the matter
Lagrangian L . In addition, the 3-forms of energy–momentum

Eα := ∂Lg

∂ϑα
= eα�Lg + (eα�T β) ∧ Hβ + (eα�Rβγ) ∧ Hβγ, (6.8.8)

and the spin current
Eαβ := −ϑ[α ∧ Hβ] (6.8.9)

of the gravitational gauge fields themselves occur in (6.8.3) and (6.8.4), respectively.
Intuitively, this is due to the universality of gravitational interactions. Observe that
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the antisymmetric piece of the energy–momentum current (6.8.8), formed with the
aid of the coframe ϑα, in general gives us back the gauge Lagrangian Lg amended
by Yang–Mills-type terms:

ϑα ∧ Eα = 4Lg + 2T α ∧ Hα + 2Rαβ ∧ Hαβ . (6.8.10)

From local Poincaré invariance one “weakly” obtains the first and the second
Noether identities

DΣα
∼= (eα�T γ) ∧ Σγ + (eα�Rγδ) ∧ τγδ (6.8.11)

and
Dταβ + ϑ[α ∧ Σβ] ∼= 0, (6.8.12)

respectively, provided that thematter field equation δL/δΨ = 0 is satisfied. Note that
in the differential identity (6.8.11) for the energy–momentum current there occur, on
the right-hand side, Lorentz-type force densities of the general structure field strength
× current. The first term corresponds to a translational force of Peach–Koehler type,
and the second term is known as Mathisson–Papapetrou force (Hehl 1985).

If we discard a possible “bare” cosmological term, the gauge gravitational
Lagrangian, which is at most quadratic in the irreducible pieces (i)T α and ( j) Rαβ

of torsion and curvature, respectively, can be written (Mielke 1984; Hehl 1985),
using Euler’s theorem on homogeneous functions, as

LqPG = −1

2
T α ∧ Hα − 1

2
Rαβ ∧

(
Hαβ − a0

2�2
ηαβ

)
, (6.8.13)

where the translational field momentum is given by

Hα = − 1

�2
∗
(

3∑

i=1

ai
(i)Tα

)

, (6.8.14)

and the Lorentz–rotational field momentum by

Hαβ = − a0

2�2
ηαβ − 1

κ
∗
⎛

⎝
6∑

j=1

b j
( j)Rαβ

⎞

⎠ . (6.8.15)

Thegravitational coupling constant is absorbed in thePlanck length � � 10−32 cm,
whereas a0, ai (i = 1, 2, 3), κ, and b j ( j = 1, . . . , 6) are dimensionless coupling
constants.

The zeroth field equation arising from the variation of the metric gαβ is omitted
here because it is known to be redundant “on shell,” i.e., once the matter equation is
satisfied.
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In metric–affine extensions, there are not 6 but 11 irreducible pieces: five more
quadratic terms have been proposed byEsser (1996) in an interesting decomposition.
However, they may be partially related to the irreducible components of the topo-
logical Pontryagin and Euler invariants. For instance, the Ricci squared term (27) of
Vassiliev (2005) appears to be part of the Euler invariant. From the corresponding
second Noether identity there arises the generalized Bach–Lanczos identity, (A.3.7)
of Hehl et al. (1995), which relates some of the a priori independent quadratic
curvature pieces in the first of the two vacuum field equations as equivalent terms.

6.9 CP Violation in Quantum Gravity?

According to Treder (1975), Einstein indirectly discovered in 1925 the particle–
antiparticle symmetry in physics. As an instructive example, let us consider, with
Einstein, the Reissner–Nordstrøm metric

ds2 = −
(
1 − 2M

r
+ Q2

r2

)
dt2 +

(
1 − 2M

r
+ Q2

r2

)−1

dr2 + r2dΩ2, (6.9.1)

which is an exact solution of the coupled Einstein–Maxwell equations. Applying
a charge conjugation C : Q → Q ′ = −Q, one obtains the same gravitational field.
This, however, has to originate from exactly the same mass. Since the Einstein–
Maxwell equations are invariant under CPT, charge conjugation C has to be accom-
panied by an additional time reversal T (particlesmoving backward in time

∧= antipar-
ticles) and by a space reflection P . Thus there is a particle–antiparticle symmetry
already inherent in classical GR coupled to the Maxwell field.

However, a CP violation cannot be ruled out in the high-energy region of quantum
gravity. In order to exhibit its possible origin, let us consider, for example, a qPG
Lagrangian that is purely quadratic in torsion and curvature, i.e., one that is specified
by the choice a0 = 0, ai = 1, and b j = 1. In order to obtain its complexified version,
we add, similarly as before, two Chern–Simons-type boundary terms. But in this
more general setting, the boundary terms will be multiplied by two constant complex
parameters θT and θL:

θ

L = 1

2�

[
T α ∧ ∗Tα + θT (T α ∧ Tα + Rαβ ∧ ϑα ∧ ϑβ)

]

+ 1

2

[
Rαβ ∧ ∗ Rαβ + θL Rαβ ∧ Rαβ

]
.

(6.9.2)

Note that all 4-forms involving the Hodge star, as for example the volume form

η = ∗1 = 1

4!ηαβγδ ϑα ∧ ϑβ ∧ ϑγ ∧ ϑδ, (6.9.3)
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are invariant under space reflections P : ϑ′A = −ϑA, where A = 1, 2, 3, due to the
occurrence of the determinant of the metric in ηαβγδ . In contradistinction to these
dual forms, the θ-terms violate parity P; cf. Hojman et al. (1980). If the θ’s are
real, these terms will also violate CP. On the other hand, in the standard process of
generating Ashtekar’s variables, the θ’s are purely imaginary, thus preserving CP
invariance. According to a different strand of ideas (Ashtekar et al. 1989; Seriu
& Kodama 1990), it is not indispensable to go over to complex variables, but then
one would have to face CP violation.

The term Rα
β ∧ Rβ

α is known to yield, after integration over spacetime, a topo-
logical winding number, the Pontryagin index

p = 1

8π2

∫
Rα

β ∧ Rβ
α. (6.9.4)

Observe that no metric is involved here. Consequently, this formula should hold
for “spacetime”manifolds of any signature and provide uswith a genuine topological
invariant. On the other hand, the translational θT term is not directly connected with
the topology of spacetime. Nevertheless, for certain nontrivial configurations, this
term could still acquire some topological significance, provided it is dynamically
induced by the Pontryagin term via field equations. Configurations inwhich torsion is
dynamically related to boundary terms in the curvature are Taub–NUT solutions with
torsion, forwhich aWitten-type effect (Mielke 1985) has already been demonstrated:
the θL term induces a “rotation” in the parameter plane spanned by the Schwarzschild
mass M and the NUT parameter N (“dual mass”).

TheYang–Mills type termsquadratically in the curvature are surmised to dominate
in the high-energy region, and one would expect a CP violation by a real θL term
in quantum gravity (Ashtekar 1988). On the other hand, the low-energy region
is governed by the Hilbert–Einstein Lagrangian, i.e., in our teleparallel formulation
by specific torsion-squared terms, supplemented by the θT terms. Because of the
teleparallelism condition Rαβ = 0, one would naively expect that the Pontryagin
term does not contribute in this case. However, teleparallelism holds only classically.
Even above the Planck scale, we can at most require 〈0|Rαβ |0〉 = 0, but we could
be forced to admit small curvature fluctuations with induced CP violation.

The generating function for our new complex variables is necessarily imaginary.
If we go over from the (classical) Hamiltonian formulation to quantum theory, the
complexification of the action will induce a nonunitary transformation of the cor-
responding operators such that in a Schrödinger representation, the states become
renormalized, and themeasure for themomentum representation becomes a nonlocal
function (Fukuyama & Kamimura 1990). In gravity, this may have far-reaching
consequences for the corresponding Wheeler–DeWitt equation (Wheeler 1968;
Mielke 1977; Kiefer 1994) for the wave function of the universe.
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Chapter 7
Yang’s Theory of Gravity

7.1 Introduction

It was not only the sixtieth anniversary of the Yang–Mills (YM) equation (Yang &

Mills 1954), but also the fortieth anniversary of Yang’s theory of gravity (Yang
1974) that was commemorated in 2014. The historical route to SU(2) gauge theory
is laid out beautifully byMills (1989). Ramifications (Mielke & Hehl 1988) are
mainly due to the paper of Schrödinger (1932), in which the compact “Clifform”
formula (Mielke 2001) for the Riemannian curvature anticipated, to some extent,
the concept of gauge curvature. In a letter to the author reprinted in Mielke &

Maggiolo (2005), the late Bob Mills confessed that he remained “still very much
puzzled by gauge fields.”

Here we will concentrate on the gravitational aspect: Yang proposed 1974 to
generalize Einstein’s general relativity (GR) by an affine gauge theory with a YM-
type action. In fact, curvature-squared models had been considered before, first by
Weyl in 1919 and then later by Stephenson (1958), Higgs (1959), Kilmister &

Newman (1961), as well as Stelle (1977); cf. Schimming & Schmidt (1990) for
more details.

Its scale invariance qualifies Yang’s theory as an archetype of a fundamental the-
ory of (quantum) gravity in the high-energy limit. In this chapter, we investigate its
nonperturbative classical limit, corresponding to the most probable extremal “trajec-
tories” in theFeynmanpath integral. In turns out that these are classical configurations
with anti-self-double-dual curvature.

It was emphasized already by Weyl (1929) that curvature-squared models of
gravity are scale-invariant, and therefore may convert into a fundamental theory of
quantum gravity (QG) in the high-energy limit (Hehl et al. 1989), without invoking
extra dimensions or supersymmetry; cf. Kibble & Stelle (1986). From the work
of Stelle (1977), we know that the curvature-squared gravity in Riemannian space-
time is perturbatively renormalizable but plagued with ghosts (Lee & Ne’eman

1990). However, by absorbing the quadratic Weyl curvature part of (7.3.1) into the

© Springer International Publishing Switzerland 2017
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138 7 Yang’s Theory of Gravity

Wess–Zumino action, these negative-metric states may be removed dynamically
(Hamada 2000) and unitarity restored.

On the other hand, the path integral quantization a la Feynman (1988) eventually
leads to a dimensional parameter, in this case Newton’s constant κ = 8πGN (in
natural units), pertinent to the emergingHilbert–Einstein Lagrangian for the classical
background.

7.2 Dual Conformal Structure

Similar to the SO(4) gauge-invariant Yang–Mills theory, the dual representation1

permits the construction of a double-dual curvature form

∗Ωg(�) := 1

4
∗R(�)cd

αβ Lcd ⊗ ϑα ∧ ϑβ, (7.2.2)

whereby the star operator (�) applies only to the Lie algebra. Independent of the
signature of the base space, the repetition of this double-dual operation leads back
to the original curvature form, i.e., it is involutive. We already encountered such
terminology in studying the pseudoparticle solutions (Belavin et al. 1975) of Yang–
Mills theories with SO(4) as structure group. Then, the decomposition

Ωg = +
Ωg + −

Ωg (7.2.3)

into the self-double-dual or anti-self-double-dual curvature 2-forms

±
Ωg := 1

2

(
Ωg ± ∗Ωg(�)

)
, (7.2.4)

respectively, is a dissection into real eigenspaces.
Let ΩC be the 2-form of a generalized curvature tensor (Nomizu 1972) that is

locally equivalent to the conformal Weyl tensor

Cab
..cd = Rab

..cd − 2R[a·
·[cδ

b]
d] + R

6
δa[cδ

b
d]. (7.2.5)

1The bispinor representation of the covering group SL(2,C) ≈ S̃O(3, 1) is inapt for this purpose,
since its infinitesimal generators σαβ = 1

2 [γα, γβ ] are neither self-dual nor anti-self-dual. As a direct
sum of the spinor and its conjugate representation, they rather satisfy the relation σ

(�)
αβ = γ 5σαβ ,

whereby the matrix γ 5 := 1
4! εabcdγ

aγ bγ cγ d is, within the Clifford algebra, an axial Lorentz scalar.
However, (Bjorken & Drell 1965) the following generators are self-dual:

L(�)
ab := 1

2
εabcdL

cd = Lab. (7.2.1)

.
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Then the following decomposition is valid:

Ωg = ΩC + −
Ωg − 1

6
ϑ ∧ ϑR. (7.2.6)

This decomposition is even irreducible (Debever 1956) if we restrict ourselves to a
Riemannian manifold.

According to the “remarkable” relation

−
Ωg = ϑ ∧ ∗(ϑ ∧ Ωg) − 1

4
ϑ ∧ ϑR, (7.2.7)

which was found first by Lanczos (1938), or in components

−
R..cd

ab = 2R↗[a
·[c δ

b]
d]; R↗a

·b:= Ra
·b − 1

4
δabR, (7.2.8)

the anti-self-double-dual part spans the orthogonal complement to Weyl’s curvature
2-form (Nomizu 1972) in the space of the trace-free generalized curvature forms,
for which

Tr(ϑ ∧ ϑ ∧ ΩC) = Tr(ϑ ∧ ϑ ∧ −
Ωg) = 0 (7.2.9)

is valid.
In a four-dimensional Riemannian manifold with the Euclidean signature s = 0,

both theHodge star operating on differential forms and the Lie dual (�) are involutive,
a fact that can be explained by the special isomorphism

so(4) ≈ so(3) × so(3) ≈ su(2) × su(2). (7.2.10)

(Helgason 1962, p. 204). This, however, even allows it to refine the decomposition
(7.2.6) and to split Weyl’s curvature 2-form into

ΩC = (+)

Ω C + (−)

Ω C,
(±)

Ω C := 1

2

(
ΩC ± ΩC

(∗)
)

(7.2.11)

(Singer & Thorpe 1969). Since the Weyl tensor and the duality operator, when
applied to a 2-form, are invariant under conformal changes of metrics

gij → gij = φLgij, (7.2.12)

cf.Mielke (1977a), it clearly follows that the condition

(∓)

Ω C = 0 (7.2.13)
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determines a self-dual or anti-self-dual conformal structure on an orientable four-
dimensionalRiemannianmanifold.A classification of the corresponding eigenspaces
is to be found in Chao-Hao et al. (1978) and Xin (1980).

7.3 SKY Gravity

When written in differential forms of Cartan, the so-called Stephenson–Kilmister–
Yang (SKY) Lagrangian (Stephenson 1958; Kilmister & Newman 1961),
(Yang 1974) is given by the purely quadratic 4-form

LSKY = Tr(Ωg ∧ ∗Ωg) = −1

2
Rαβ ∧ ∗Rαβ , (7.3.1)

where Rαβ is the curvature two-form. In Weyl (1919), in the concluding chapter
of that famous work it was pointed out that from a gauge-theoretic point of view,
(7.3.1) has to be appreciated as a rather natural choice. Nevertheless, and especially
with regard to an improvement of the tensor dominance model (Isham et al. 1971)
of strong interaction, this model is of sufficient relevance to justify a further analysis.
Classically, the short-time initial value problem of Yang’s vacuum equations

D∗Ωg = 0, (7.3.2)

or
D ∗Rαβ = 0, (7.3.3)

in anholonomic components is well posed (Guilfoyle & Nolan 1998), in con-
trast to some other quadratic curvature Lagrangians including boundary terms; cf.
(Baekler & Hehl 2011).

These follow fromvarying theLagrangianwith respect to the connection one-form
Γ αβ := Γi

αβdxi. In his purely affine approach, Yang did not consider the canonical
energy–momentum current. More explicitly, this was left to Stephenson (1958),
who added to the vacuum equations the energy–momentum current

Eα := ∂LSKY/∂ϑα = 1

2

(
eα	Rμν ∧ ∗Rμν − Rμν ∧ eα	 ∗Rμν

) = 0 (7.3.4)

of the gravitational gauge fields themselves. They arise readily via variation of (7.3.1)
with respect to the coframe ϑα = Ej

α dxj dual to the local anholonomic frame eα .
In fact, the expression (7.3.4) generalizes the current three-form

G{}
α := 1

2
R{}βγ ∧ ηαβγ , Gij := Ric{}

ij − 1

2
gij, (7.3.5)



7.3 SKY Gravity 141

which is dual to the usual Einstein tensor Gij in Riemannian spacetime. In exterior
form notation, the symmetric Ricci tensor is the holonomic version of the zero-form
Ricαβ := (−1)s ∗(R(α

δ ∧ ηδ|β)).
Macroscopically, the matter coupling2 to the spin current three-form ταβ = ϑ[α ∧

μβ] seems to disfavor suchmodels, a criticismwhich has already raised byFairchild
Jr (1976). However, at short distances or very high energies, spinfoam approaches
(Oriti & Tlas 2006) to QG may provide a natural extension.

In Riemannian spacetime, with its Levi–Civita connection Γ {}αβ ∝ ∂g, these
equations are, respectively, of third and second order (Thompson 1975) in the met-
ric. However, all the metric information can be encoded into the “decent” equations
(7.3.7) and (7.3.8) for classical configurations with self-double-dual or anti-self-
double-dual curvature.

7.3.1 Double-Dual SKY Gravity

In order to exhibit more clearly the intriguing instanton or pseudoparticle content of
Yang’s theory, the SKY Lagrangian is supplemented by the topological Euler term
(7.7.49) as a boundary term, i.e.,

L(�)
SKY = −1

2
Rαβ ∧ ∗Rαβ − (−1)s

2
Rαβ ∧ R(�)

αβ (7.3.6)

= −1

4

(
Rαβ + ∗R(�)

αβ

)
∧ ∗ (

Rαβ + ∗Rαβ(�)
)

= 1

2
Tr(

−
Ωg ∧ �

−
Ωg) .

In this partially topological Lagrangian, we distinguish between the Hodge dual ∗
and the Lie dual (�) of the curvature Rαβ in a space(time) of signature s.

It is obvious from the equivalent binomial form of the Lagrangian that there arises
a branching of SKY gravity into two exact subspaces with respect to double duality:
anti-self-dual solutions

Rαβ = − ∗R(�)
αβ , (7.3.7)

i.e., Einstein spaces (Mielke 1981), annihilate the corresponding partially topolog-
ical action, whereas the self-dual spaces

Rαβ = ∗R(�)
αβ , (7.3.8)

i.e., so-called Thompson (1975) spaces, are extremals in the Lagrangian functional,
i.e., they lead to L(�)

SKY = 2LSKY. Both second-order duality conditions satisfy Yang’s

2For Dirac fields ψ , the spin-energy potential μα = ϑα ∧ ∗j5/4 is dual (Mielke 2004) to the axial
current j5 := ψ ∗γ γ5ψ .
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equation (7.3.3) due to the Bianchi identity (7.7.42) for the curvature, as well as
its Lie dual, due to Dηαβ = 0 in a Riemannian spacetime. More on this “vacuum
degeneracy” can be found inVassiliev (2002), where such a dual reformulation has
been called Yang–Mielke theory of gravity.

In accordance with our general procedure, these equations are to be satisfied by
the double-duality ansatz

∗Ωg(∗) = ζΩg, (7.3.9)

whereby only ζ = ±1 (and zero) are admitted.
On behalf of the decomposition (7.2.7) of the curvature tensor, the

eigenspaces respecting duality in a Riemannian spacetime can be characterized as
follows (Singer & Thorpe 1969):
ζ = +1: self-double-dual curvature

Ω
{} = 0 ⇐⇒ Ω

{}
C = 0 and R{} = 0. (7.3.10)

ζ = −1: anti-self-double-dual curvature

+
Ω{} = 0 ⇐⇒ R↗{}

ij = 0 ⇐⇒ R{}
ij = Λ′gij. (7.3.11)

Subsequently, it follows (Mielke 1981; Baekler et al. 1982) that Yang’s theory, in
the case of anti-self-double-dual curvature, reduces to Einstein’s GR with an arbi-
trary cosmological term, while the self-double-dual case reproduces Nordström’s
vacuum theory (1913) as reformulated in 1914 by Einstein & Fokker; cf. MTW,
p. 429.

Concentrating on topological terms such as those of Pontryagin and Euler,
related self-dual modifications are advocated as topological 4D self-dual gravity
by Nakamichi et al. (1991). There, self-dual and anti-self-dual solutions “live” on
Einstein spaces as well. The addition of the Pontryagin term with respect to the
Riemannian curvature R{}

αβ and the axial torsion one-formA := ∗(ϑα ∧ Tα) is moti-

vated by the axial anomaly 〈dj5〉 = 2i ∗m〈ψγ5ψ〉 − (
R{}

αβ ∧ R{}αβ + 1
2dA ∧dA

)
/

48π2 in the coupling to Dirac fields ψ .

7.4 The Path Integral Dominated by Einstein Spaces

The path integral formulation of Feynman, as later exemplified in the case of the
H-atom (Duru & Kleinert 1979), implies a reconciliation of quantum theory
with classical physics, the latter providing the most probable contribution to all
possible amplitudes. In the gravitational context, Einstein spaces are emerging as the
most probable classical background when properly chosen boundary conditions are
imposed for the SKY Lagrangian (7.3.6) modified by the topological Euler term.
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Analogous to the internal YM case, where the path integral is dominated by
instanton solutions with finite action—cf. Chap.16 of the textbook by Cheng & Li

(1984) for details—in the path integral approach to quantum gravity, the quantum-
mechanical transition amplitude

∫
DΓ exp

[∫
L(�)
SKY/�

]
(7.4.1)

=
∫

DΓ exp

[
−

∫ (
Rαβ + ∗R(�)

αβ

)
∧ ∗ (

Rαβ + ∗Rαβ(�)
)
/4�

]

arises, where the four-dimensional integration over d4x is already implied in our
four-form notation.

After a Wick rotation, in an imaginary “spacetime” with Euclidean signature, cf.
Mielke (1984a), the evaluation of the path integral is dominated by anti-self-double-
dual instanton-type configurations (Chao-Hao et al. 1978; Jackiw 2005) near the
classical ones, i.e., Einstein spaces. Accordingly, they are much more probable than
the “spurious” Thomson spaces, which are heavily “damped” due to L(�)

SKY = 2LSKY
in this case. (This “vacuum degeneracy” can be lifted (Mielke 1984b; Zhytnikov
1994) via amodified duality ∗Rαβ = θ�

L R
(�)
αβ + (θ∗

TΛ/6) ηαβ , which, however, explic-
itly breaks scale invariance. For torsionless configurations, only Einstein’s GR sur-
faces, consistently coupled to theBelinfante–Rosenfeld (Mielke et al. 1989;Mielke

& Maggiolo 2005) symmetrized energy–momentum current σα := Σα − D{}μα.)
As is well known, the Riemannian curvature 2-form can be decomposed into

Rαβ ≡ Cαβ + 1

2
Ric↗αβ − R

12
ϑα ∧ ϑβ, (7.4.2)

with the conformal Weyl curvature, the trace-free Ricci curvature, and its remaining
trace with R := eα	eβ	Rαβ as irreducible pieces. Then the double-dual curvature
inherits, following Géhéniau & Debever (1956), Wallner (1983), Mc Crea

(1987), Hammon & Norris (1993), the decomposition

∗R(�)
αβ = −Cαβ + 1

2
Ric↗αβ + R

12
ϑα ∧ ϑβ. (7.4.3)

Accordingly, the double-self-dual Thompson spaces (7.3.8) are characterized by
vanishing Weyl and scalar curvatures, i.e.,

Cαβ = 0 and R = 0, (7.4.4)

such that exact solutions are conformally flat,

gij = Ω2oMink
ij , (7.4.5)
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with oMink
ij denoting the (pseudo)orthogonal Minkowski metric. Earlier, Einstein &

Fokker (1914) had considered this in their covariant reformulation of Nordström’s
scalar theory of 1913. In the path integral approach to QG, however, such a classical
background is exponentially suppressed and therefore less probable.

Rather, the dominating part comes from the anti-self-double-dual configurations
(7.3.7), which are equivalent to

Ric↗αβ := Ricαβ − 1

4
Rgαβ = 0. (7.4.6)

A model with vanishing trace-free Ricci tensor in vacuum was tentatively consid-
ered by Einstein and Grossmann in their Entwurftheorie and was to some extent
resurrected by Wilczek (1998).

Due to the contracted Bianchi identity D{}G{}
α ≡ 0 in Riemannian spacetime, the

curvature scalar is constant, i.e.,more precisely,R = −4Λ. Thus, (7.4.6) is equivalent
to Einstein’s equations

Gα − Ληα = 0 (7.4.7)

with cosmological constant Λ � 1/κ . It is crucial to note that the latter carries phys-
ical dimension of mass squared, thereby realizing the “dimensional transmutation”
necessary for inducing a mass gap.

7.5 Graviton Spectrum

Let us consider the conformally covariant d’Alembertian

�c := � − 1

6
R, � := (1/

√
g)∂i(

√
ggij∂j). (7.5.1)

Then for conformally flat spacetimes,

�cgij = �c(Ω2oMink
ij ) = Ω6�coMink

ij = 0 (7.5.2)

holds. This tells us that gravitons are exactly massless propagating modes on a clas-
sical Einstein–Fokker background due to R = 0 in double-dual Thompson spaces.

On the other hand, the linearized Einstein equations for hij := gij − gdSij in a de
Sitter background gdSij with a positive cosmological constant are

(
� − 2

3
Λ

)
hij = 0 (7.5.3)
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when the harmonic or de Donder gauge

∂ ihij − ∂jh = 0 (7.5.4)

is imposed on the tensor modes.
Thismeans that the lowest-order gravitonpropagator (Allen1986) of thepartially

“topological” SKY gravity will exhibit a real mass gap

Δm = √
2Λ/3 > 0 (7.5.5)

in an expandinguniversewith adeSitter background, due to the induced cosmological
constant occurring in the dominating branch (7.4.7).

Massive models of gravity (Hinterbichler 2012) are commonly plagued by the
vanDam–Veltman–Zakharov (vDVZ) discontinuity (van Dam & Veltman 1970;
Zakharov 1970; Iwasaki 1970), and thus disfavored by observations of gravita-
tional light bending. However, in the de Sitter background, the construction of two-
point functions is still a subject of debate (Borchers & Buchholz 1999;Youssef
2013) formassless scalar fields. Even the notion ofmasslessness is not unambiguous,
since one may require conformal invariance instead; cf. Mielke (1977b). Accord-
ing to Kogan et al. (2001), the vDVZ discontinuity can be avoided for gravitons in
de Sitter space if m/H is kept finite in the massless limit. For gravitons, the mass
of the corresponding helicity-two states are below the recent observational limits
(Goldhaber & Nieto 2010) of m ≤ 7 × 10−32 eV, but larger than the Hubble
scale of H � 10−33 eV.

7.6 Mass Gap in Yang–Mielke Theory of Gravity?

In Yang’s gravitational theory, via a double duality decent, the mass gap (7.5.5)
is induced via the tiny cosmological constant Λobs > 0 of our expanding universe.
Invoking aMach-type principle, a “dimensional transmutation” arises due to a degen-
eracy of the trace-free Ricci model, in which R is an arbitrary constant of dimension
mass squared.

Comparing this with the quantization of the YM field, its dimensionless coupling
constant 1/g2 is ‘traded” for a dimensional one. This “dimensional transmutation” à
la Sidney Coleman is absent in the classical theory in four dimensions; cf. Feynman
(1981). One of the ClayMillennium Problems (Jaffe & Witten 2006) requires the
conclusive demonstration that there exist a mass gap in the spectrum of YM fields,
i.e., “the question of themass of the b quantum” according to the original formulation
of Yang & Mills (1954). Classically, the YM theory is scale-invariant, whereas
its divergences due to field quantization appear to be beneficial (Faddeev 2002) for
the generation of such a dimensional parameter.
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Originally, Yang andMills formulated their model as an SU(2) gauge theory with
some hindsight (Yang 2012) to Einstein’s gravity. Its gravitational analogue (Yang
1974) is an SO(1, 3) gauge theory, whose covering gauge group, after aWick rotation
to Euclidean space in the path integral quantization, is locally isomorphic to SO(4) ∼=
SU(2) ⊗ SU(2). This doubling of the (internal) unitary structure group SU(2) was
used by Belavin et al. (1975) to explicitly construct instanton or “pseudoparticle”
solutions of the YM theory. This construction is at the root of the double duality used
here for the space(time) curvature in the gravitational case.

No solution to the Clay problem is presented here. It is merely indicated how such
a “dimensional transmutation” may occur in QG in view of the above-mentioned
group-theoretic correspondence. Conversely, in 2007, Faddeev & Niemi consid-
ered “the tantalizing possibility that long distance Einstein gravity metamorphoses
into a renormalizable Yang–Mills theory at short distances.”

Moreover, according to an indirect argument ofKholodenko (2011), a de Sitter-
type gravitational background may assist the generation of a mass gap for internal
YM fields as well as for chiral fermions (Flachi & Fukushima 2014) in QCD.
However, the analogy presented here focusesmore on duality transformations (Jaffe
& Witten 2006) within the path integral formulation of double-dual SKY gravity.

In the scenario (Daum & Reuter 2013; Mielke 2013a) of asymptotic safety,
the gravitational constant κ , as well as Λ, runs toward an ultraviolet fixed point.
Consequently, similarly (Gogokhia 2014) to the case of QCD, dual SKY gravity
may exhibit a “renormalized” or asymptotically safe mass gap.

On the other hand, in generalizing Yang’s theory to a topological SL(5, R) gauge
model of gravity, it is challenging that a (spontaneous) symmetry breaking should
occur at the tiny dimensionless scale of κΛobs � 10−123, as suggested by observa-
tions; cf. Mielke (2012, 2013b).

7.7 Field Redefinition Scheme of Renormalization

In perturbative quantum gravity (Alvarez 1989), there arise counterterms ΔL of
higher order in the curvature. According to ’t Hooft (1974), Dietz & Rollnick

(1975), these terms can be simulated, already on the classical level, by a first-order
field redefinition (FR)

gij → g̃ij = gij + aRicij + bgij Rick
k (7.7.1)

of the metric. In exterior form notation, the symmetric Ricci tensor is the holonomic
version of the zero-form Ricαβ := ∗(R(α

δ ∧ ηδ|β)).
More generally, in a gauge framework based on the (broken) Poincaré group, the

independent variables are the one-forms ϑα and Γ αβ . In applying this to a Yang–
Mills-type formulation of gravitational interactions, such an FR is, in general, non-
linear (Mielke & Hehl 1991;Mielke 2006) and dictated by the appropriate form
degree and the correct physical dimension as follows:
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ϑα → ϑ̃α := ϑα + �2 eβ	 ∗Hαβ , (7.7.2)

Γα
β → Γ̃α

β := Γα
β + �2 eα	 ∗Hβ . (7.7.3)

Here the field momenta Hα and Hαβ are understood as arising from a generating
n-form G as part of some effective gauge Lagrangian Leff that includes the countert-
erms from the sought after renormalization. Observe also that a fundamental length
� squared necessarily occurs for dimensional reasons.

The dual unit two-form then gets deformed according to

ηαβ → η̃αβ = ηαβ + �2ηαβγ ∧ eμ	 ∗Hμγ + �4

2
ηαβγ δ(eμ	 ∗Hγμ) ∧ (eν	 ∗Hδν).

(7.7.4)

In our dynamical approach, the (n − 2)-forms Hα and Hαβ will be gauge field
momenta canonically conjugate to the coframe and the Lorentz connection, respec-
tively. Due to the semidirect product structure of the Poincaré group P := R

4 ⊂×
SO(1, 3), the gauge field momenta contribute to the gauge potentials via Hαβ → ϑα

and Hα → Γ αβ in the FR (7.7.2, 7.7.3) just in an intertwined manner.
In the field redefinition (7.7.3) of the connection, we could have included,

similarly as for Yang–Mills fields, a term proportional to ∗DHα
β . However, “on

shell,” i.e., when the second vacuum field equation is satisfied, this is equivalent to
∗ (
Hβ ∧ ϑα

) ≡ eα	 ∗Hβ due to an algebraic identity. In the FR (7.7.2) of the coframe,
the same situation arises, with the modification that the “on shell” term ∗DHα ∼= ∗Eα

is of second order in the field strength and therefore would be equivalent to a higher-
order generation functional G̃. When coupling to matter, FRs have to be handled with
care, because theymay induce violations of themacroscopic principle of equivalence;
cf. Brans (1988).

7.7.1 Legendre Transformation

For exhibiting physically equivalent gauge field Lagrangians via a Legendre trans-
formation, let us depart from the Hilbert–Einstein Lagrangian of GR or the Einstein–
Cartan Lagrangian

LEC = − 1

2κ2
Rαβ ∧ ηαβ (7.7.5)

as our prime field-theoretic “nucleus.”
Let us compare this with the more general Lagrangian

L̃ = −
K∑

k=0

(1/2k)Rαβ ∧ (2k)
H αβ + Lθ , (7.7.6)
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which is quadratic, quartic, etc. in the curvature. The first term in this expansion
corresponds to the SKY Lagrangian quadratic in the curvature. The gauge field

momenta H̃αβ := −∂L̃/∂Rαβ can be expanded as H̃αβ = (2)
Hαβ + (4)

Hαβ + · · · . (For the
time being, the field momentum H̃α := −∂L̃/∂Tα conjugate to the torsion Tα :=
Dϑα will be set to zero.)

Then we can infer the resulting Yang–Mills-type field equations

− Ẽα := −eα 	̃L − (eα	Rβγ ) ∧ H̃βγ = Σα , (7.7.7)

DH̃αβ = ταβ . (7.7.8)

However, the Legendre transformation (Jakubiec & Kijowski 1988)

L̃ → L = −1

2

(
Rαβ ∧ H̃αβ − L̃

)
(7.7.9)

provides physically equivalent gravitational dynamics. (The overall factor 1/2 is
chosen such as to render the EC Lagrangian invariant.) The new rotational gauge
field momenta

Hαβ := − ∂L

∂Rαβ
= H̃αβ + 1

2
Rμν ∧ (∂H̃μν/∂R

αβ) (7.7.10)

will depend on the Hessian (n-4) form

H̃αβμν := ∂2L̃

∂Rμν∂Rαβ
= −∂H̃μν

∂Rαβ
(7.7.11)

of the higher-order Lagrangian that we started with.

7.7.2 Vanishing Hessian: GR as a Stable Fixed Point

Since classical GR or EC theory tends to surface from different higher-order models,
we have an infinite ambiguity in such a “renormalization” program; cf.Kaku (1993),
p. 210. However, we can improve this by showing that EC theory is a stable fixed
point of the quadratic SKY gravity.

For a fixed point of the transformation (7.7.9), the Hessian H̃αβμν obviously has
to vanish. This condition, i.e., ∂H̃μν/∂Rαβ = 0, can be readily solved.

If parity-violating terms such as θT Rαβ ∧ ϑα ∧ ϑβ arising from the Nieh–Yan
term (7.7.46) are admitted, then the relation

η̃αβ := θ∗
T

2
ηαβ − θT

2
ϑα ∧ ϑβ − �2 H̃αβ = 0 (7.7.12)
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can be regarded as a singular FR derived from (7.7.2) via some appropriate effective
Lagrangian L̃.

Accordingly, ηαβ and H̃αβ interchange their roles as generalized coordinates and
momenta, respectively. If we had started from L̃ = LEC, then we would be led back
to L = LEC for the choice θ∗

T = 1 and θT = 0. In the case θ∗
T = 1 and θT = i, this

leads to a chiral formulation of gravity. Thus, the EC Lagrangian or its chiral version
remains “stable” under FR, provided that it is embedded in a class of gravitational
Lagrangians for which LEC is located at some local functional minimum.

More recently, the asymptotic freedom of Einstein’s GR with such “on-shell”
redundant higher curvature terms has been analyzed by Slovick (2013).

Our gauge framework clearly exhibits the coupling to fundamental matter, such
as to the Dirac field. However, as has been stressed by Dietz & Rollnick (1975),
an FR of the coframe may ruin the nice features of the Dirac Lagrangian, which in
GR and its RC extensions, has to be formulated in terms of ϑα only in a multiplica-
tive manner: otherwise, dangerous derivative couplings would occur in the Dirac
equation, and the positivity of energy could get lost during this procedure.

On the other hand, in the transformation to Ashtekar’s complex variables, the
coframe is kept fixed, whereas the connection is subject to the complex field redefin-

ition Γα
β → (±)

Γ α
β := Γα

β ∓ (i�2/2) eα	(∓)

H β , induced by the translational Chern–
Simons term idCTT. The resulting Sen-type connection still couplesminimally to the
Dirac field, but poses the issue of reality conditions.

Appendix: Clifford-Algebra-Valued Exterior Forms

More concise formulations employ Clifford-algebra-valued differential forms, or
“Clifforms” for short (Mielke 2001), as described here.

Dual Basis

In a topologically trivial frame bundle, the Hodge dual ∗ of exterior forms is defined
such that the normalization

∗(ϑα ∧ ϑβ ∧ ϑγ ∧ ϑδ) = ηαβγ δ, where ηαβγ δ := +δ0123αβγ δ, (7.7.13)

holds. Applied to p-forms, it is almost involutive, i.e., ∗∗Φ = (−1)p(4−p)+sΦ. For
spacetimes in which s := sig = 1 holds, it induces an almost complex structure, and
in the case of two-forms, it is conformally invariant (Brans 1974; Atiyah et al.
1978).

The volume four-form

η := ηαβγ δ ϑα ∧ ϑβ ∧ ϑγ ∧ ϑδ/4! (7.7.14)
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makes it possible to generate the so-called η, or dual, basis {η, ηα, ηαβ, ηαβγ ηαβγ δ}
of exterior forms via consecutive interior products: ηα := eα	η = ∗ϑα, ηαβ :=
eβ	ηα = ηαβγ ϑγ = eβ	eα	η = ∗(ϑα ∧ ϑβ) = 1

2ηαβγ δ ϑγ ∧ ϑδ, and ηαβγ := eγ

	ηαβ = ∗(ϑα ∧ ϑβ ∧ ϑγ ). Anholonomic indices are lowered by oαβ = eiα ejβ gij,
where oαβ denotes the Minkowski metric.

Distances in space(time) are measured by

ds2 = oαβϑα ⊗ ϑβ = gijdx
i ⊗ dxj , oαβ := diag{1,−1, · · · ,−1︸ ︷︷ ︸

sig

}, (7.7.15)

where oαβ is constant in an anholonomic frame with signature sig. On a four-
dimensional manifold, the Hodge dual of a p-form Φ = 1

p!Φi1···ip dxi1 ∧ · · · ∧ dxip

is defined by

∗Φ := 1

(4 − p!)p!
√
det gijε

i1···ip
j1···j4−pΦi1···ip dx

j1 ∧ · · · ∧ dxj4−p , (7.7.16)

so that it is almost involutive, i.e., ∗∗Φ = (−1)p(4−p)+sigΦ.

Clifforms and Chiral Transformations

In the familiar Pauli representation, the 16 matrices {14, γα, σαβ, γ5, γ5γα}, where
σαβ := i

2 (γαγβ − γβγα) are the Lorentz generators, and γ5 = −i γ0̂ γ1̂ γ2̂ γ3̂ with
γ 2
5 = (−1)sig+114 constitute a basis of the Clifford algebra in four dimensions with

the defining relation
γαγβ + γβγα = 2oαβ 14 . (7.7.17)

They are normalized by the traces Tr(γα γβ) = 4 oαβ and Tr(σαβ σ γ δ) = 8 δ
γ

[α δδ
β],

where [α β] = 1
2 (αβ − βα) denotes the antisymmetrization of indices. For the unit

two-form σ := 1
2σαβ ϑα ∧ ϑβ = i

2 γ ∧ γ of dimension [length2], the Hodge dual
and the Lie dual turn out to be the same, i.e.,

∗σ = 1

2
σαβ

∗(ϑα ∧ ϑβ) = 1

2
σαβ ηαβ =: σ (�) = i γ5 σ . (7.7.18)

The Hodge dual of the basic Clifform

γ := γ α ϑα (7.7.19)

leads to the associated three-form

∗γ = γ α ηα = i

6
γ5 γ ∧ γ ∧ γ , (7.7.20)
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whereas for the Lie (or right) dual σ (�)
αβ := 1

2 σγ δ ηαβγ δ = iγ5 σαβ , we obtain the asso-
ciated two-forms

σ := 1

2
σαβ ϑα ∧ ϑβ = i

2
γ ∧ γ , ∗σ = 1

2
σαβ ηαβ =: σ (�) = i γ5 σ . (7.7.21)

In orthonormal frames, the Hodge dual ∗ and the Lie dual (�) are identical operations
for σ . Moreover, this allows one to reconstruct the Hodge dual and therefore a con-
formal equivalence class of spacetimemetrics from the Lie dual as defined byKähler;
cf. Trautman (1999): for the metric-free two-form σ , we can build the Lie dual
σ (�) solely by multiplication by γ5, which here is regarded as just an anticommuting
element of the Clifford algebra. This Lie dual is antiinvolutive:

σ (�) := i γ5 σ , σ (��) = i2 γ 2
5 σ = −σ . (7.7.22)

Since the Clifform relation

[γ, σ (�)] = γ ∧ iγ5σ − iγ5σ ∧ γ = −iγ5(γ ∧ σ + σ ∧ γ ) = 2γ5 γ ∧ γ ∧ γ

(7.7.23)

relates this to 12i ∗γ , the Hodge dual3 for the basis of Clifforms has been recovered.
This allows us to identify

γ5 := (i/4!) ∗(γ ∧ γ ∧ γ ∧ γ ) (7.7.24)

with a zero-form that appears metric-free.
Also, the self-dual or anti-self-dual combination

σ± := (σ ± i ∗σ)/2 = 1

2
(1 ∓ γ5) σ, with i ∗σ± = ±σ± (7.7.25)

occurs, originally being due to Debever (1964) and Brans (1974), but at times
is referred to as the Plebaňski two-form (Plebañski 1975,1977). Our Clifford
representation involves explicitly the chirality projector P± = 1

2 (1 ± γ5), obeying
P± P± = P±.

In four dimensions, the Hodge dual applied to two-forms is conformally invariant
(Atiyah et al. 1978) under theWeyl rescaling γ → γ̃ = eϕγ , whereϕ can be viewed
as the dilaton-type field. Conversely, an initially metric-free involutive star operation
# on arbitrary two-forms allows us to reconstruct a spacetime metric h, which is,

3For Minkowski signature (sign = 1), the Hodge dual satisfies ∗∗ = −1, and therefore, i ∗ is used
at times instead, in order to have an involutive duality operator.
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however, merely conformally related to g. This decomposition is invariant under the
chiral transformation

γ → γ θ = eiγ
5θ γ e−iγ 5θ (7.7.26)

of the coframe, where θ denotes the so-called theta angle; cf. ’t Hooft (1991).

Clifford-Algebra-Valued Torsion and Curvature

The Riemann–Cartan (RC) geometry is a basis for the Einstein–Cartan (EC) theory
of gravity. In terms of the Clifford-algebra-valued connection Γ := i

4Γ
αβ σαβ , the

SO◦(1, 3) ∼= SL(2,C)-covariant exterior derivative

D = d + [Γ, ] (7.7.27)

of p-forms employs the algebra-valued form commutator [Ψ,Φ]:=Ψ ∧ Φ − (−1)pq

Φ ∧ Ψ .
The Clifford-algebra-valued coframe and connection

γ := ϑαγα , Γ := i

4
Γ αβ σαβ = Γ {} − K , (7.7.28)

involves K := i
4K

αβ σαβ, the contortion one-form.
In view of Cartan’s structure equations, differentiation of the basic variables leads

to the Clifford-algebra-valued torsion and curvature two-forms

Θ := Dγ = dγ + [Γ, γ ] = (dϑα + Γβ
α ∧ ϑβ)γα (7.7.29)

= Tαγα = 1

2
Tij

αγα dx
i ∧ dxj ,

Ωg := dΓ + Γ ∧ Γ = i

4
(dΓα

β − Γα
γ ∧ Γγ

β) σ α
β (7.7.30)

= i

4
Rαβ σαβ = i

8
Rij

αβ σαβ dx
i ∧ dxj ,

respectively.
This compact “Clifform” formula for the curvature is due toSchrödinger (1932),

who to some extent anticipated the concept of gauge curvature developed much later
by Yang & Mills (1954). It admits a generalization to (singular) distribution-
valued forms (Taub 1980).

The Lie dual of the curvature involves a permutation of the Lie algebra indices,
i.e.,
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Ω(�) = 1

4
R(�)

αβ σ αβ , R(�)
αβ := 1

2
ηαβγ δR

γ δ . (7.7.31)

Our “unit” curvature two-form is not covariantly constant, i.e.,

Dσ = i

2
[Θ, γ ] (7.7.32)

in RC spacetime with nonvanishing torsion.
The torsion two-form can be irreducibly decomposed into the trace part (2)Θ :=

1
3 γ ∧ T , the axial torsion (3)Θ := − 1

3
∗ (γ ∧ A ), and the tensor torsion (1)Θ :=

Θ − (2)Θ − (3)Θ , where the one-forms of the trace and axial vector torsion, respec-
tively, are defined by

T := 1

4
Tr

(
γ̌ 	Θ) = eα	Tα , A := 1

4
∗Tr(γ ∧ Θ) = ∗(ϑα ∧ Tα) . (7.7.33)

Under a Weyl rescaling, the axial torsion remains invariant, i.e., Ã = A . Both
the trace and the axial torsion pick up a gradient term under a conformal or chiral
transformation:

T̃ = T − 3dϕ , A θ = A − idθ . (7.7.34)

The Hilbert–de Donder- and Lorentz-type gauge conditions on the coframe or
connection are the following four-form conditions:

d ∗γ = 0 , d ∗Γ = 0 (7.7.35)

involving the Hodge dual.

Bianchi Identities

The Ricci identity for a p-form Ψ reads

DDΦ = [Ωg, Φ] , (7.7.36)

whereas the first and second Bianchi identities assume in RC geometry the form

DΘ ≡ [Ωg, γ ] , DΩg ≡ 0 , (7.7.37)

respectively; cf.Mielke (2001) for further details.
The Clifform version of the Einstein tensor can be rewritten as the three-form

G := Gαγ
α := 1

2
Rμν ∧ ημνλγ

λ = −i γ5(Ω
g ∧ γ + γ ∧ Ωg) = i[γ, γ5Ω

g] .

(7.7.38)
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In view of the contracted Bianchi identities

D[γ ,Θ] ≡ 2i[σ ,Ωg] , D[γ ,Ωg] ≡ [Θ ,Ωg] , DG ≡ i[Θ, γ5Ω
g] ,

(7.7.39)

the automatic conservation of the Einstein three-form holds only for vanishing tor-
sion, i.e., for Θ = 0 in Einstein’s standard GR.

The Lie dual of Lorentz-algebra-valued forms such as contortion and curvature
is defined by

K (�) := ηαβγ ∧ Kβγ γ α , (7.7.40)

Ωg(�) := i

8
Rαβ ηαβγ δσγ δ = −1

4
Rαβγ5σαβ = iγ5Ω

g . (7.7.41)

The latter satisfies the second Bianchi identity

DR(�)
αβ ≡ 0, (7.7.42)

i.e., DΩg(�) ≡ 0, provided that Dηαβγ δ = 0 holds as in spaces with vanishing Weyl
covector.

In four dimensions, it is useful to consider also the self-dual and anti-self-dual
torsion and curvature two-forms

Θ± := 1

2

(
Θ ± ∗Θ

)
, Ωg± := 1

2

(
Ωg ± ∗Ωg

)
, Ω(±) := 1

2

(
Ωg ± Ωg(�)

)
,

(7.7.43)
defined respectively in terms of the Hodge and Lie duals.

Topological Terms in Four-Dimensional Manifolds

In a RC spacetime, the translational and Lorentz-rotational Chern–Simons terms
read

CTT := 1

8�2
Tr (γ ∧ Θ) = 1

2�2
ϑα ∧ Tα = − (−1)sig

2�2
∗A , (7.7.44)

CRR := Tr

(
Γ ∧ Ωg − 1

3
Γ ∧ Γ ∧ Γ

)
, (7.7.45)

where A := ∗(ϑα ∧ Tα) = Aidxi is the axial torsion one-form. The translational
Chern–Simons term is not Weyl-invariant, cf. (3.14.9) of Hehl et al. (1995), due
to the occurrence of a fundamental length �. The Clifford algebra approach has the
advantage that we can employ the trace in the definition (7.7.44), whereas the usual
translational generatorsPα commute and do not have a nondegenerateCartan–Killing
metric.
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The Lagrangians corresponding to the Bianchi identities (7.7.37) are the boundary
terms

LNY := dCTT = 1

2�2
(
Tα ∧ Tα + Rαβ ∧ ϑα ∧ ϑβ

)
, (7.7.46)

and

LPontr :=dCRR = 1

2
Rα

β ∧ Rβ
α = −1

2
R{}

αβ ∧ R{}αβ (7.7.47)

− 1

12
d

[
∗A ∧ R{} − 1

3
A ∧ dA + 1

9
∗A ∧∗ (A ∧ ∗A )

]
.

Up to normalizations, the four-forms (7.7.46) and (7.7.47) are known as Nieh &

Yan (1982) and gravitational Pontryagin terms, respectively. The latter contains,
provided only axial torsion is present, a term proportional to the Riemannian cur-
vature scalar R{} := (−1)sig+1 ∗(R{}αβ ∧ ηβα) and the axial torsion piece dA ∧ dA
familiar from the axial anomaly, with a relative factor of 9.

On the other hand, there exists a boundary term involving the dual torsion that
induces a transition of Einstein’s to its teleparallelism equivalent GR‖, i.e.,

2�2 dCTT∗ := 2d(ϑα ∧ ∗Tα) (7.7.48)

= R{}αβ ∧ ηαβ − Rαβ ∧ ηαβ

− Tα ∗
[
Tα − ϑα ∧ (eβ	Tβ) − 1

2
eα	(Tβ ∧ ϑβ)

]

= R{}αβ ∧ ηαβ − Rαβ ∧ ηαβ − Tα ∧ ∗
(
− (1)Tα + 2 (2)Tα + 1

2
(3)Tα

)
,

where (i)Tα are the three irreducible torsion pieces.
The topological Euler term

LEuler := (−1)sig+1Tr{Ω ∧ Ω(�)} = (−1)sig

2
Rαβ ∧ R(�)

αβ

= dCRR(�) = (−1)sig

2
d

(
Γαβ ∧ Rαβ(�) − 1

3
Γα

β(�) ∧ Γβ
γ ∧ Γγ

α

)

≡ 1

2
Rαβ ∧ ∗Rαβ − 2Ricαβ ∧ ∗Ricαβ + 1

2
Ricα

α ∧ ∗Ricβ
β

≡ −LSKY

− 2
(
Ricαβ ∧ ∗Ricαβ − 1

4
Ricα

α ∧ ∗Ricβ
β
)

(7.7.49)

has, in view of the Lanczos identity, an equivalent representation in terms of Yang’s
Lagrangian LSKY as well as a Ricci-squared term and a scalar-curvature-squared
term. The expression in terms of the symmetric Ricci tensor, i.e., the zero-form
Ricαβ := (−1)sig ∗(R(α

δ ∧ ηδ|β)), is also known as the Gauss–Bonnet term.



156 7 Yang’s Theory of Gravity

Due to the algebraic Lanczos identity (Lanczos 1938), the double-dual curvature

∗R(�)
αβ ≡ (−1)sigRαβ + e[α	Gβ] + 1

4
Rηαβ + (−1)sig+1D[αTβ] (7.7.50)

can be written in terms of a contraction of the Einstein–Cartan (EC) three-form
Gα := Rβγ ∧ ηαβγ /2 and the curvature scalar R. The latter is the zero-form

R := eβ	eα	Rαβ, ∗Rαβ ∧ ϑα ∧ ϑβ ≡ Rαβ ∧ ηαβ ≡ −Rη , (7.7.51)

which constitutes one irreducible piece

(6)Rαβ = − 1

12
Rϑα ∧ ϑβ (7.7.52)

of the curvature. Likewise, the EC three-form

G := 1

2
Rβγ ∧ ηαβγ γ α (7.7.53)

= G{} + (−1)sig

12

(
eα	A ∧ ∗A − 1

3
A ∧ eα	 ∗A

)
γ α + (−1)sig

6
γ ∧ dA

decomposes into the Einstein three-form G{} = G{}β
α ηβγ α with respect to the

Riemannian connection Γ {} and axial torsion pieces, provided that the vector and
tensor torsion are absent; seeMielke & Romero (2006) for details.
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Plebański JF (1977) On the separation of Einsteinian substructures. J Math Phys 18(12):2511–2520
Schimming R, Schmidt H (1990) On the history of fourth order metric theories of gravitation. NTM
27(1):41–48

Schrödinger E (1932) Diracsches Elektron im Schwerefeld I. Preuss. Akad. Wiss. Phys, Math,
Klasse XI 105

Singer IM, Thorpe JA (1969) The curvature of 4-dimensional Einstein spaces, Global Analysis
(Papers in Honor of K. Kodaira). University of Tokyo Press, pp 355–365

Slovick BA (2013) Renormalization and asymptotic freedom in quantum gravity through the equiv-
alence theorem. [hep-th] preprint arXiv:1309.5945

Stelle K (1977) Renormalization of higher-derivative quantum gravity. Phys Rev D 16(4):953
Stephenson G (1958) Quadratic Lagrangians and general relativity. Il Nuovo Cimento Series 10
9(2):263–269

Taub A (1980) Space-times with distribution valued curvature tensors. J Math Phys 21(6):1423–
1431

Thompson A (1975) Yang’s gravitational field equations. Phys Rev Lett 34(8):507
Trautman A (1999) On complex structures in physics. In: On Einstein’s Path. Festschrift for E.
Schucking on the occasion of his 70th birthday, A. Harvey. Springer, New York, pp 487–501

van Dam H, Veltman M (1970) Massive and mass-less Yang-Mills and gravitational fields. Nuclear
Phys B 22(2):397–411

Vassiliev D (2002) Pseudoinstantons in metric-affine field theory. Gen Relativ Gravit 34(8):1239–
1265

Wallner R (1983) On hyperbolic U(4) manifolds with local duality. Acta Phys Austriaca 55:67
Weyl H (1919) Eine neue Erweiterung der Relativitäetstheorie. Annalen der Physik 364(10):101–
133

Weyl H (1929) Gravitation and the electron. Proc Nat Acad Sci 15(4):323–334
Wilczek F (1998) Riemann-Einstein structure from volume and gauge symmetry. Phys Rev Lett
80(22):4851

Xin Y (1980) Remarks on characteristic classes of four-dimensional Einstein manifolds. J Math
Phys 21(2):343–346

Yang C-N (1974) Integral formalism for gauge fields. Phys Rev Lett 33(7):445–447
Yang CN (2012) Topology and gauge theory in physics. Int J Mod Phys A 27(30):1230035
Yang C-N, Mills RL (1954) Conservation of isotopic spin and isotopic gauge invariance. Phys Rev
96(1):191

Youssef A (2013) Do scale-invariant fluctuations imply the breaking of de Sitter invariance? Phys
Lett B 718(3):1095–1098

Zakharov V (1970) Linearized gravitation theory and the graviton mass. JETP Lett [Pisma Zh.
Eksp. Teor. Fiz. 12, 447 (1970)] 12, 312

Zhytnikov V (1994) Wavelike exact solutions of R + R2 + Q2 gravity. J Math Phys 35(11):6001–
6017

http://arxiv.org/abs/1309.5945


Chapter 8
BRST Quantization of Gravity

8.1 Introduction

On the macroscopic level, Einstein’s general relativity (GR) has passed every test
“with flying colors”; seeWill (2014, 2006) for recent reviews. However, Einstein’s
theory has thus far resisted every attempt at quantization, e.g., it is known to be per-
turbatively nonrenormalizable, partially due to its dimensional coupling constant.1

String theory, or brane scenarios with extra dimensions, has been proposed as a
rescue, though some of these scenarios imply deviations of standard gravity in the
submillimeter range. Recent torsion balance experiments (Kapner et al. 2007) have
probed the inverse square law and found no deviation even below the hypotheti-
cal dark energy (DE) scale of λDE = (�c/ρDE)1/4 � 85 µm. Thus this “window” of
possibly new gravitational physics seems to be closing.

In 1974, Yang proposed an affine gauge theory gravity that due to its scale
invariance can be regarded as a rather promising fundamental theory of (quantum)
gravity in the high-energy limit (Hehl et al. 1989),without invoking extra dimensions
or supersymmetry (Kibble & Stelle 1986). Moreover, from the work of Stelle
(1977), we know that the curvature-squared gravity in Riemannian spacetime is
perturbatively renormalizable but unfortunately plagued with physical ghosts, i.e.,
negative residues in the graviton propagator (Lee & Ne’eman 1990). This finding
has diminished the initial interest (Fairchild 1976, 1977) in such models.

Much more promising and elegant is to start from a purely topological classi-
cal action, proportional to the gravitational Pontryagin (or Euler) invariant and then
quantize this model by nilpotent Becchi–Rouet–Stora–Tyutin (BRST) transforma-
tions generated by s. Such a topological action is not only completely metric-free,
but also conformally invariant (Witten 1988a; Labastida & Pernici 1988), and

1It has to be kept in mind that Newton’s gravitational constant G is one of the less precisely known
constants of physics. In order to improve this situation, there are plans (Alexeev et al. 2001) to
measure the gravitational attraction of two bodies in a spaceship (Project SEE), where the larger
body will function as a shepherd for the movement of the test mass, similarly as in the rings of
Saturn.
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it can provide a consistent topological quantum field theory (TQFT), as shown by
Witten (1988b), Birmingham et al. (1991). Later, it was realized by Baulieu &

Singer (1988) that in theYang–Mills case,Witten’s action is a gauge-fixed version of
the classical topological action through the standard BRST quantization procedure.
Then the total Lagrangian consists of a d-exact part, as exemplified by the Pontryagin
invariant of the relevant structure group, as well as an s-exact piece accounting for
the chosen gauge fixing. Modulo an exact form, the full Lagrangian turns out to be
BRST-invariant.

In the case of gravity, we can obtain a rather realistic gravitational “background”
dynamics if we complete the topological action by gauge constraints, enforcing
the Lorentz condition on the linear connection and double duality on the curvature.
Then the resulting model depends on the metric of spacetime only via the s-exact
term. This conforms with the general expectation that it is ultimately the process of
quantization that necessarily induces a physical scale into a primordial topological
and conformally invariant model. According to a lucid essay of Faddeev (1996),
quantization amounts to a stable deformation of the classical Poisson algebra with a
dimensional transmutation due to the physical dimension [�] = [p][q] of Planck’s
(reduced) constant �.

In this chapter, a BRST quantization of topological gravity (Witten 1988a) is
developed, following essentially Baulieu & Singer (1988) and Baulieu (1985),
de Carvalho & Baulieu (1992), Baulieu & Tanzini (2002). Moreover, its
classical limit, corresponding to the most probable extremal “trajectories” in the
Feynman path integral, is analyzed. In the case of gravity, these are classical config-
urations with either self-dual or anti-self-dual curvature. In order to lift this “vacuum
degeneracy,” a modified double duality constraint is considered that explicitly breaks
scale invariance. For torsionless configurations or algebraic constraints on their cou-
pling constants, only Einstein’sGR, consistently coupled to the symmetrized energy–
momentum current of matter fields, surfaces as a low-energy (long-range) effective
theory, thereby satisfying all macroscopic tests. ExtendingMielke (2008), the focus
is on the breaking of the duality symmetry accompanied by a scale violation. This
symmetry-breaking is achieved by replacing double duality by a modified constraint
induced via a four-parameter boundary term.

8.2 Topological BRST Transformations of Gauge Fields

In the BRST formalism, the infinitesimal gauge transformations are converted, via
ghosts, into operator transformations. Let C := i

4Cαβ σαβ denote the zero-form of the
usual Faddeev–Popov ghost, (Mielke & Maggiolo 2003; van Holten 2005),
Ψ := i

4Ψ
αβ

j σαβdx j the topological ghost one-form, andΦ:= i
4Φ

αβσαβ the correspond-
ing ghost of the topological ghost. All are Lie-algebra-valued due to the appearance
of the generator σαβ of the linear (or Lorentz) group.
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Then the global BRST transformations generated by the zero-form s take the form

sΓ = Ψ − DC ,

sC = Φ − 1

2
[C,C] ,

sΩg = −DΨ − [C,Ωg] ,
sΨ = −DΦ − [C, Ψ ] ,
sΦ = −[C, Φ] . (8.2.1)

This is consistent with the interpretation of Γ and Ωg as connection one-form and
gauge two-form, respectively, under infinitesimal gauge transformations. The topo-
logical ghost Ψ complements the gauge fields in a reducible manner, and due to its
own gauge invariance, it is supplemented by its associated ghost Φ such that the net
number of degrees of freedom carried by the ghosts C , Ψ , and Φ is equal to that of
the connection Γ . By construction, these BRST transformations are nilpotent for all
variables, i.e., s2 = 0.

A rather elegant geometric interpretation was obtained by Baulieu & Singer

(1988) by introducing the graded2 connection and curvature forms

Γ̃ :=Γ ⊕ C , Ω̃g:=Ωg ⊕ Ψ ⊕ Φ. (8.2.2)

Then the correspondinggraded Cartan-type structure equation and secondBianchi
identity for the graded curvature, i.e.,

(d ⊕ s)Γ̃ + 1

2
[Γ̃ , Γ̃ ] = Ω̃g ,

(d ⊕ s)Ω̃g + [Γ̃ , Ω̃g] ≡ 0, (8.2.3)

are satisfied. This graded Cartan-type formalism constitutes an ordinary de Rham
cohomology (Baulieu 1987) and comprises all the BRST transformations (8.2.1).
The latter can be recovered by an expansion in the ghost number g and collecting
those terms with the same form degree p and ghost number g.

Moreover, a straightforward proof of the nilpotency ss = 0 of the BRST operator
s follows simply from (d ⊕ s)(d ⊕ s) ≡ 0 as a result of the graded Bianchi identity
(8.2.3), the anticommutation of the graded commutator [s, d]:=sd + ds = 0, and
the Poincaré lemma dd ≡ 0 for the exterior derivative.

In order to implement the gauge constraints, one can employ the antifield formal-
ism, where the Lorentz-algebra-valued antighosts C , χ , and Φ obey the following
BRST transformation rules:

2The grading permits using the direct sum⊕ of exterior forms carrying different form degree p and
ghost number g, such that the graded commutator is more generally defined by [Ψ,Φ]:=Ψ ∧ Φ −
(−1)(p1+g1)(p2+g2)Φ ∧ Ψ , (Chang & Soo 1992).
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sC = B , sB = 0 ,

sχ = β , sβ = 0 ,

sΦ = η , sη = 0 . (8.2.4)

By construction, s is nilpotent for the antighosts, since the Lagrange multiplier η,
the self-dual two-forms B, and β are auxiliary fields introduced as trivial pairs.
A symmetric ghost/antighost spectrum of an extended BRST invariance could be
obtained via a field redefinition (Braga & Godinho 2000). (For metric-affine
gravity, an antifield formalism has been developed in Gronwald (1998) without,
however, resorting to topological ghosts.)

By introducing a BRST gauge field α = αi dxi with ghost number −1 and a
commuting ghost λ of α, one can promote (de Carvalho & Baulieu 1992) the
global BRST transformations (8.2.1) into local ones, where

sloc(α + λ) = −dλ , slocλ = 0 (8.2.5)

satisfies the algebra
(d ⊕ sloc)(α + λ) = dα. (8.2.6)

The cohomology (8.2.3) of the BRST transformation remains unchanged by this
promotion, which likewise, can be generated via the field redefinitions C → (α +
λ)C , Ψ → (α + λ)Ψ as well as Φ → (α + λ)2Φ of the ghosts. Thus, local BRST
invariance of an action puts nomore restrictions on its form than the usual global one:
the gauge field α is present only to compensate for the enlargement of the symmetry,
from global to local, but it cannot propagate, due to its nonvanishing ghost number.

8.3 BRST Quantization of Translations

In the affine or (broken) Poincaré gauge theory, the coframe γ = ϑαγα (locally
equivalent to the familiar tetrads) is usually “soldered” (Tresguerres & Mielke

2000) to the base manifold. Then the topological structure equations (8.2.3) for the
linear connection get amended by the corresponding graded first Cartan structure
equation and the first Bianchi identity

(d ⊕ s)γ + [Γ̃ , γ ] = Θ̃ ,

(d ⊕ s)Θ̃ + [Γ̃ , Θ̃] ≡ [Ω̃g, γ ] , (8.3.1)

respectively. In the graded torsion two-form Θ̃: =Θ ⊕ ψ , there occurs the transla-
tional “Clifform” ψ : =ψα

j γαdx j of the corresponding topological ghost.
In an expansion in the ghost number, we can recover the Clifform definition of

the torsion and deduce the BRST transformations
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sγ = ψ − [C, γ ] (8.3.2)

of the coframe and the corresponding “unit”-curvature two-form

sσ : = i

2
s(γ ∧ γ ) = i

2
([ψ, γ ] − [[C, γ ], γ ]) = i

2
[ψ, γ ] − [C, σ ] . (8.3.3)

Eventually, this needs to be amended by the BRST transformations of the antifields,
e.g.,

sc = b , sb = 0 . (8.3.4)

8.3.1 Diffeomorphisms

Holonomically, spacetime diffeomorphisms can be taken into account of by gener-
alizing the BRST transformations s via s → s̃ = s + Łζ involving the covariant Lie
derivative Łζ :=ζ�D − Dζ� along an anticommuting ghost vector field ζ = ζ i∂i .
The definition involves the interior product � and a sign difference in the definition
of Łζ , since ζ has ghost number one. Its BRST transformation is sζ = φ + Łζ ζ , such
that the BRST algebra remains intact (Baulieu & Tanzini 2002; Chang & Soo

1992), up to a redefinition of all graded fields bymeans of a similarity transformation
generated by the formal exponential

exp(ζ�) := 1 + ζ� + 1

2!ζ�ζ� + 1

3!ζ�ζ�ζ� + · · · . (8.3.5)

Its action on a p-form, reduces to a finite series with up to p + 1 terms. In effect, the
graded curvature and torsion in the cohomologies (8.2.3) and (8.3.1) are replaced
by exp(ζ�)Ω̃g and exp(ζ�)(Θ̃ ⊕ φ), respectively, where φ:=φαγα are the ghosts of
the translational ghosts. Due to the notion of “horizontality” in curved spacetime
(Baulieu 1987), the exterior derivative d suffers from the similarity transformation

d → exp(ζ�)d exp(−ζ�) . (8.3.6)

In undoing the “soldering” of γ , and really gauging the translational partR4 of the
affine group (Mielke et al. 1993;Hehl et al. 1995), therewould arise a dimensionless
translational connection Γ (T) = (γ − Dξ)/� and corresponding curvature Ω(T) =
DΓ (T) = (Θ − DDξ)/�. Then the translational connection Γ (T) should be graded
as well, e.g., by the substitution γ → γ̃ :=�(Γ (T) ⊕ c) in the first structure equation.

The “quartet” of scalars ξ :=ξαγα corresponds to the “generalized radius vectors”
of Cartan and lives on the coset space A(4,R)/GL(4,R) ≈ R

4 of the affine group.
Quite recently, similar scalars where introduced by ’t Hooft (2009), who observed
that his “alternative” metric
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ds2 = 1

4
Tr{γ ⊗ γ } ∗= oαβ Dξα ⊗ Dξβ (8.3.7)

naturally arises in the affine gauge theory after, locally, the gaugeΓ (T) ∗= 0 is imposed
on the true translational connection.

8.4 Topological Gravity Action

Let us adopt ideas of Witten (1988b) for a topological Yang–Mills theory (TYM)
and replace the internal SU (N ) group by the linear group SL(4,R) of the tangent
space embracing the Lorentz group SO(1, 3) (or SO(4) in Euclidean space with
signature sig = 0) as subgroup. Then one starts from the gravitational Pontryagin
four-form

LPontr := dCRR = Tr{Ωg ∧ Ωg} = 1

2
Rα

β ∧ Rβ
α (8.4.1)

= 1

2
d
(
Γα

β ∧ Rβ
α − 1

3
Γα

β ∧ Γβ
γ ∧ Γγ

α
)
,

which is locally a d-exact form violating, however, parity P . This topological
Lagrangian is completely metric-free3 and invariant under the topological BRST
transformations s modulo an exact form as well, i.e.,

sLPontr = −2dTr{Ψ ∧ Ωg} = −d(Ψα
β ∧ Rβ

α) . (8.4.2)

On top of the standard BRST transformations of Yang–Mills fields, Baulieu &
Singer (1988) employed an arbitrary field redefinition (FR) of the gauge fields in
order to introduce a topological ghost Ψ . Thereby the field content is enlarged in a
reducible manner and needs to be constrained afterward. In the gravitational case,
the one-form Ψ has values in the Lie algebra of the linear group.

This purely topological action can be amended by any s-exact four-form s{· · · },
provided s is a nilpotentBRST transformation, i.e., onewith s2 = 0,without affecting
the nice properties of the topological action. Following again Baulieu & Singer

(1988), we may choose the Lorentz-type conditions d ∗Γ = 0, D ∗Ψ = 0 on the
connection and the topological ghost, respectively, as well as the self-duality or anti-
self-duality condition Ωg(±) = 0 on the curvature as gauge constraints consistently
implemented via the Faddeev–Popov-type Lagrangian

3For the C P-invariant Euler term, a similar result would hold, i.e., sLEuler =
(−1)sig+1d

(
Ψαβ ∧ R(�)

αβ

)
. However, the latter is only partially metric-free, since it involves

the signature sig of the metric implicitly in the definition of the Lie dual (�) (Blau & Thompson

1991), and therefore appears less well qualified as a starting point.
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LFP:= − sTr

{
χ ∧ ∗ ±

Ωg + ΦD ∗Ψ + 1

2
ρχ ∧ ∗β + Cd ∗Γ + 1

2
C ∧ ∗

B

}

= 1

2
s

[
χαβ ∧ ∗ R(±)

αβ + Φαβ D ∗Ψ αβ + 1

2
ρχαβ ∧ ∗bαβ + Ψ̃F

]
. (8.4.3)

The trace is over the generators of the Lie algebra. Such a constraint, at the same
time, constricts the linear group SL(4,R) to the Lorentz (or 4D orthogonal) group
as a subgroup. For comparison, its component form is also given. In order to comply
with the four-form character of a Lagrangian, the auxiliary fields χ and β have
to be self-dual two-forms. In this framework, the so-called fermionic constraint is
Ψ̃F:=Cαβ(d ∗Γ αβ + 1

2
∗
Bαβ).

In the following, we consider the full topological gravity Lagrangian

LTG = dCRR + LFP = dCRR + s{· · · } (8.4.4)

and are going to demonstrate that it is BRST-invariant and classically equivalent to
the double self-dual or anti-self-dual version of SKY gravity. Hence the constraint
four-form {· · · } is able to induce a dependence on the metric that in is not present in
the primordial topological action. The physics will be independent of any parameters
that are introduced into the theory via BRST-exact terms, except for an overall factor
in the resulting partition function and a possible “background” dependence (Alfaro
& Damgaard 1990).

Performing the BRST transformation s in the gauge-fixing Lagrangian (8.4.3),
we obtain, after a long but straightforward calculation using the algebra specified
before, the result

LFP = − Tr
{
β ∧ ∗ ±

Ωg − χ ∧ ∗ DΨ (±) − χ ∧ ∗
[

C,
±
Ωg

]

+ ηD ∗Ψ + Φ D ∗ DΦ + Φ [Ψ,∗ Ψ ] + B d ∗Γ

− C d ∗Ψ + C d ∗(DC) + 1

2
ρ β ∧ ∗β + 1

2
B ∧ ∗

B

}
. (8.4.5)

The variation with respect to the auxiliary field B yields the Lorentz-type condition
d ∗Γ = ∗B on the linear connection. Moreover, for vanishing real gauge parameter
ρ = 0, the equation of motion for the auxiliary Lagrange-multiplier-type two-form
β enforces the self-double-duality or anti-self-double-duality condition

±
Ωg:=1

2

(
Ωg ± ∗Ωg(�)

) = 0 (8.4.6)

on the curvature two-formΩg, where we distinguish between the Hodge dual ∗ and
the Lie dual (�) in a space(time) of signature sig.
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8.4.1 Effective Self-dual SKY Gravity

In the case of the choice ρ = 1 of the real gauge parameter, the two-form β is present
in two terms, but then can be eliminated by a Gaussian integration (in Euclidean
space) such that up to gauge-fixing terms, theSKYLagrangian remains supplemented
by the topological Euler term as a boundary term, i.e.,

L(�)
SKY = 1

2
Tr

( ±
Ωg ∧ ∗ ±

Ωg

)

= −1

2
Rαβ ∧ ∗ Rαβ ∓ (−1)sig

2
Rαβ ∧ R(�)

αβ

= −1

4

(
Rαβ ± ∗ R(�)

αβ

)
∧ ∗ (

Rαβ ± ∗ Rαβ(�)
)
. (8.4.7)

Due to the second Bianchi identity DΩg ≡ 0, the dual field equation

D ∗ ±
Ωg = 0 (8.4.8)

is equivalent to Yang’s original equation. The corresponding canonical energy–
momentum current of the gravitational gauge fields, i.e.,

Eα = 1

2
Tr

( ±
Ωg ∧ eα� ∗ ±

Ωg − eα�
±
Ωg ∧ ∗ ±

Ωg

)
= 0, (8.4.9)

is zero, which is equivalent to the vanishing of the metric stress–energy tensor,
i.e., Tμν :=2 ∗(∂L/∂gμν) = 0. In turn, this implies that the BRST quantization is
independent of the metric “background.”

It is rather obvious from the equivalent binomial form of the effective SKY
Lagrangian that anti-self-dual solutions (Mielke 1981; Benn et al. 1981; Mielke

& Maggiolo 2005) as well as self-dual spaces, i.e.,

Rαβ = ∓ ∗ R(�)
αβ (8.4.10)

are extrema. The sign difference in the curvature constraints resemble the two roots
of a quadratic equation.

Concentrating on topological terms such as those of Pontryagin and Euler, related
self-dual modifications have also been advocated as topological 4D self-dual gravity
by Nakamichi et al. (1991) with the emphasis on gravitational instantons with an
additional duality constraint on torsion. Conformal gravitational instantons living
on Einstein spaces with the additional constraint of anti-self-dual Weyl curvature
(Torre 1990; Myers & Periwal 1991) and their deformations can be classified
topologically (Perry & Teo 1993). The consideration of the Pontryagin term with
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respect to the Riemannian curvature R{}
αβ and the axial torsion one-formA := ∗(ϑα ∧

T α) is rather well motivated by the axial anomaly in RC spacetime

〈d j5〉 = 2i ∗m〈ψγ5ψ〉 − 1

48π2

(
R{}
αβ ∧ R{}αβ + 1

2
dA ∧dA

)
, (8.4.11)

where ψ is a Dirac spinor field.

8.5 Symmetry Breaking Via Duality Rotations

In order to lift the vacuum degeneracy of self-dual SKY gravity, we may use the
freedom in the choice of the constraint four-form and impose instead the gauge
constraint (8.4.3) modified via

ΔLFP = sTr

{
θ∗
T i

4�2
χ ∧ ∗σ − cd ∗γ

}
(8.5.1)

involving the “unit”-curvature two-form

σ := i

2
γ ∧ γ. (8.5.2)

In addition, the coframe γ :=ϑαγα is constrained by the Hilbert–de Donder gauge
condition d∗γ = 0 complying with the BRST algebra of translations.

Then for ρ = 0 there arises from L̃FP:=LFP + ΔLFP the modified double duality
constraint ±

Ωg = i
θ∗
T

4�2
σ (8.5.3)

on the curvature two-form Ωg, which is real due to the extra imaginary unit i .
However, since σ is automatically double-(anti-)self-dual, i.e.,

∗σ (�) = (−1)sigσ , (8.5.4)

only one sign for the dual curvature
±
Ωg leads to a self-consistent constraint. This

depends on the signature: inMinkowski spacetime, e.g., a modified anti-self-double-
dual curvature arises.

The choice ρ = 1 of the real gauge parameter would leave the two-form β present
in two terms, but it can again be eliminated by a formal Gaussian integration in
Euclidean space such that up to gauge-fixing terms, the Einstein–Cartan Lagrangian,
the SKY Lagrangian, and an induced cosmological term remain supplemented by
the topological Euler four-form, i.e.,
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L̃(�)
SKY = 1

2
Tr

[( ±
Ωg − i

θ∗
T

4�2
σ

)
∧ ∗

( ±
Ωg − i

θ∗
T

4�2
σ

)]
(8.5.5)

= − θ∗
T

2�2
Rαβ ∧ ηαβ + θ∗

TΛeff η − 1

2
Rαβ ∧ ∗ Rαβ ∓ (−1)sig

2
Rαβ ∧ R(�)

αβ .

Related Lagrangians4 with broken scale invariance were considered before in the
Poincaré gauge framework in 4D or as a reduction of five-dimensional de Sitter
models (MacDowell & Mansouri 1977). In our topological BRST formalism,
they arise as gauge constraints.

The quadratic form (8.5.5) of the Lagrangian, related to the expression (9.8) of
Mielke (1984a) in components, again suggests an important link to the path integral
approach to quantum gravity. Then instanton-type configurations (Gu et al. 1978;
Atiyah et al. 1978) near the classical ones, i.e., Einstein spaces, are more probable
then the “spurious” Thomson spaces, in concordance with what one would expect
naively. For the modified duality (8.5.3) accompanied by a breaking of scale invari-
ance, the transition amplitude peaks at classical Einstein spaces only. Alternatively,
in a four-dimensional Yang–Mills theory gauging the de Sitter group (MacDowell

&Mansouri 1977; Aouane et al. 2007), scale invariance would get spontaneously
broken by a pseudo-Goldstone-type “radius vector” (Pagels 1984; Tresguerres
& Mielke 2000), odd under CP transformations, in order to recover the Hilbert–
Einstein action plus the Euler term.

More generally, followingRainich (1925),Misner&Wheeler (1957),Mielke

(1987), one could consider the double duality rotation

Ωg(θ):=√
2

(
Ωg sin θ + ∗Ωg(�) cos θ

)
(8.5.6)

of the curvature, which for θ = π/2 specializes to the self-dual curvature
+
Ωg , and for

θ = 3π/2 to the anti-self-dual curvature
−
Ωg . Since the “unit”-curvature two-form σ

is either self-dual or anti-self-double-dual, depending on the signature, cf. (8.5.4),
the additional term (8.5.1) in the constraint again would induce a breaking of the dual
symmetry (8.5.6). Thereby, the vacuum degeneracy of Yang’s equations is lifted.

8.6 Generalized Double Duality

Before analyzing its consequences for the metric “background,” let us turn to a
further generalization that will include the constraint (8.5.3) as a special case. Such
a generalization can be more concisely derived in a gravitational gauge framework

4The instanton solutions of Yang’s theory of gravity, classified as early as (1981) by Mielke, are
a special case of the Ansatz (8.6.4) for the choice θL = θT = 0 and θ�L = ∓(−1)sig. Interestingly
enough, it can be regarded as a field redefinition (FR) of the linear connection Γ such that (8.6.4)
is induced; see Mielke (2006b) for details. Such an FR was applied in Obukhov & Hehl (1996)
to Euler- and Pontryagin-type terms. However, such deformations change the latter four-forms to
no longer being d-exact terms, thus preventing a topological interpretation.
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with torsion,where themost general parity-invariant quadratic Poincaré gauge (qPG)
Lagrangian reads

LqPG = Λ

�2
η − a0

4�2
Rαβ ∧ ηαβ − 1

2
T α ∧ Hα − 1

2
Rαβ ∧ Hαβ . (8.6.1)

Here

Hα:= − ∂LqPG/∂T α = 1

�2
∗
(

3∑

M=1

a(M)
(M)Tα

)

, (8.6.2)

and

Hαβ := − ∂LqPG/∂Rαβ = a0
2�2

ηαβ + ∗
(

6∑

N=1

b(N )
(N )Rαβ

)

(8.6.3)

are the translational and rotational field momenta, respectively. The fundamen-
tal length � fixes the relative strength of the rotational and translational interac-
tion parts of the gravitational Lagrangian LqPG. In the field momenta, each of the
three irreducible torsion pieces and six irreducible curvature pieces contribute to
the Lagrangian with individual dimensionless weights a(M) and b(N ), respectively.
The volume form η accounts for the possible occurrence of a “bare” cosmological
constant Λ.

In such a more general setting, one could impose (Mielke 1984b, 2006b) the
generalized double duality Ansatz (DD)

Hαβ(∗∗) = θL Rαβ + θ�L R(�)
αβ + θ∗

T

2�2
ηαβ − θT

2�2
ϑα ∧ ϑβ

� −∂Lθ /∂Rαβ , (8.6.4)

for the rotational field momenta (Mielke 1992; Zhytnikov 1994), where θT, θ∗
T,

θL, and θ�L are dimensionless constants. The constraint (8.5.3) corresponds to the
SKY Lagrangian with a0 = 0, b(N ) = 1, and the choice θ�L = ∓(−1)sig as well as
θL = θT = 0. The left-hand side of (8.6.4) can be, as indicated, related to the θ -type
boundary term

Lθ :=θT dCTT + θ∗
T dCTT∗ + θL dCRR + θ�L(−1)sig+1dCRR� = dCθ . (8.6.5)

The latter is a linear superposition of the topological Nieh–Yan term, the term
dCTT∗ :=d(ϑα ∧ ∗Tα)/2�2 inducing the teleparallelism equivalence, as well as the
Pontryagin andEuler four-forms. TheDDAnsatz (8.6.4) could be implemented as the
BRSTgauge constraint 12 sχαβ ∧ (Hαβ + ∂Lθ/∂Rαβ) generalizing the corresponding
terms in the Faddeev–Popov Lagrangian L̃FP modified by (8.5.1).
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The metric consequences can be derived by inserting the duality Ansatz (8.6.4)
into the two nonlinear gauge field equations (Hehl et al. 1995),

DHα − Eα = Σα, (8.6.6)

DHαβ + ϑ[α ∧ Hβ] = ταβ , (8.6.7)

where due to the universality of gravity, there occur the three-form of the energy–
momentum

Eα:=∂L/∂ϑα = eα�L + (eα�T β) ∧ Hβ + (eα�Rβγ ) ∧ Hβγ (8.6.8)

and the angular momentum current ϑ[β ∧ Hα] of the gravitational gauge fields.
The DD Ansatz maps the second field equation (8.6.7) into the second Bianchi

identity for the RC curvature, provided the translational gauge field momenta Hα

satisfy the algebraic equation

θ∗
T

2�2
ηαβγ T γ + θT

�2
ϑ[α ∧ Tβ] + ϑ[α ∧ Hβ](∗∗) = ταβ . (8.6.9)

The covariant derivative D of the “unit”-curvature pieces proportional to ηαβ and
ϑα ∧ ϑβ in the DD Ansatz is responsible for the two additional torsion terms. For
spinless matter, i.e., ταβ = 0, one can algebraically resolve (8.6.9) using Eq. (A.1.26)
of Hehl et al. (1995) for the translational momenta Hα(∗∗) constrained by double
duality, with the result that

Hα(∗∗) = θ∗
T

2�2
K βγ ∧ ηαβγ − θT

�2
Tα = 1

�2

[
θ∗
T K (�)

α − θTTα

]

= θ∗
T

�2
∗
[

Tα − ϑα ∧ (eβ�T β) − 1

2
eα�(T β ∧ ϑβ)

]
− θT

�2
Tα

� −∂Lθ /∂T α . (8.6.10)

Here the identity T α = K α
β ∧ ϑβ has been employed in the conversion from torsion

to contortion, and vice versa. In vacuum, this implies the vanishing of some of the
three irreducible pieces of torsion or algebraic constraints on its coupling parameters
(McCrea 1987, 1995). For the general case with spin, see Mielke (1984b).

The insertion of the duality Ansatz (8.6.4) and (8.6.10) into the first field equation
(8.6.6) implies important information (Mielke 1984a; Zhytnikov 1994; Mielke

2006b) on the Riemannian background, but requires rather involved algebraicmanip-
ulations, even with computer algebra like Reduce.

A calculational shortcut occurs on the Lagrangian level, provided the constraints
are compatible with the variational principle. After inserting (8.6.4) and (8.6.10) into
(8.6.1), we obtain
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LqPG(∗∗) = Λ

�2
η − a0

4�2
Rαβ ∧ ηαβ − 1

2
T α ∧ Hα(∗∗) − 1

2
Rαβ ∧ Hαβ(∗∗)

= Λ

�2
η − θ∗

T + a0

4�2
Rαβ ∧ ηαβ − 1

2�2
T α ∧ [

θ∗
T K (�)

α − θTTα

]

− 1

2
Rαβ ∧

[
θL Rαβ + θ�L R(�)

αβ − θT

2�2
ϑα ∧ ϑβ

]
. (8.6.11)

Since the explicit torsion terms drop out due to the Nieh–Yan relation and the telepar-
allelism identity, we are left, up to an exact form, with an effective Hilbert–Einstein
Lagrangian5

Leff :=LqPG(∗∗) − dCθ = − θ∗
T

2�2
R{}αβ ∧ ηαβ + θ∗

TΛeff

�2
η . (8.6.12)

The contraction Hαβ(∗∗) ∧ ϑα ∧ ϑβ of theDDAnsatz (8.6.4) togetherwith the linear
expansion (8.6.3) implies, for θL �= 0, that the pseudoscalar curvature vanishes for
consistency, i.e., Rαβ ∧ ϑα ∧ ϑβ = 0. Then the scalar curvature

R:=eβ�eα�Rαβ = 6(θ∗
T − a0)

�2(θ�L − b6)
(8.6.13)

is constrained to be a constant such that an effective “cosmological” constant

Λeff = 1

θ∗
T

[
Λ − 1

4
(θ∗

T − a0)R

]
= Λ

θ∗
T

− Λθ (8.6.14)

of partially topological origin (Mielke 1984b, 1987; McCrea 1995) is induced.
Observe that the “bare” cosmological constantΛ gets subtractively renormalized by
θ -terms induced via boundary terms. Thus one may speculate that some topological
mechanism is responsible for the necessary fine-tuning of the “bare” constant Λ to
the tiny cosmological constant of the present epoch of our universe.

After inserting the double duality Ansatz (8.6.4), we are left with Eq. (5.8.29) of
Hehl et al. (1995), i.e.,

− Eα = θ∗
T

2
R{}βγ ∧ ηαβγ − θ∗

TΛeffηα = �2
�

Σα . (8.6.15)

5There occurs an interesting modification in the case that θL = 0, since then the pseudoscalar cur-
vature four-form θTRαβ ∧ ϑα ∧ ϑβ/4�2 needs to be subtracted from (8.6.12), which would induce
(Mielke 1992) a partially chiral reformulation of Einsteinian gravity à la Ashtekar. However,
this would violate parity P and even C P if θT remained real, (Mielke 2001).

http://dx.doi.org/10.1007/978-3-319-29734-7_5
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8.6.1 Classical GR by Constraining Torsion to Vanish

The same Riemannian “background” can be obtained by imposing the constraint of
vanishing torsion T α � 0 via Lagrange multipliers in the gravitational gauge field
equations, cf. Mielke & Maggiolo (2003). This alternative method eventually
amounts to a degenerate variational principle for the metric: to be consistent, the
constraint of vanishing torsion is implemented via Lagrange multipliers,

L̃qPG = LqPG + λα ∧ T α . (8.6.16)

Then obviously, T α = 0 will emerge by varying the Lagrange multiplier, and the
second field equation (8.6.7) amounts to an algebraic equation for the two-form λα.
After its resolution, it converts the first field equation (8.6.6) into Eq. (5.8.25) of
Hehl et al. (1995), i.e.,

2D

(
eβ�DHαβ − 1

4
ϑα ∧ eγ �eδ�DHγ δ

)
− Eα = Σα − Dμα , (8.6.17)

which, generically, is of third order in the Levi-Civita connection Γ {}αβ of Rie-
mannian spacetime, i.e., of fourth order in the metric, with all the implications com-
prehensively reviewed in Schimming & Schmidt (2004).

In the case of Dirac spinors, the spin-energy potential μα = 1
4ϑα ∧ ∗ j5 is dual to

the axial current j5:=ψ ∗γ γ5ψ ; cf. Mielke (2004). Since λα involves μα , (8.6.17)
can likewise be obtained from the variation μα ∧ δT α.

Let us now consider again the double-duality Ansatz (8.6.4) for the rotational field
momenta where the θ ’s are dimensionless “vacuum angles” related to the individual
coupling constants in the θ -type boundary term (8.6.5): since DRαβ ≡ 0, DR(�)

αβ ≡
0, Dηαβ = 0, and D(ϑα ∧ ϑβ) = 2T[α ∧ ϑβ] = 0 in a Riemannian spacetime, the
higher-derivativeCotton-type three-form in (8.6.17) drops out completely.Moreover,
the Lie dual R(�)

αβ of the curvature does not contribute in (8.6.8), due to the Bach–
Lanczos identity (A.3.7) of Hehl et al. (1995) for Riemannian spacetimes.

Then we are again left with (8.6.15) or, finally, with Einstein’s field equations

G{}
α − Λeff ηα = κeff

�

Σα . (8.6.18)

Here G{}:=R{}βγ ∧ ηαβγ γ
α/2 is the Einstein three-form dual to the usual Einstein

tensor Gi j :=Ric{}
i j − 1

2gi j written in terms of the Riemannian connection Γ {}. Matter
fieldswould act as source via the symmetricBelinfante–Rosenfeld current three-form

�

Σα:=Σα − D{}μα, (8.6.19)

whereas the effective gravitational coupling constant κeff = �2/θ∗
T depends on a

“bare” length scale � “renormalized” by the vacuum angle θ ∗
T.
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In order to maintain macroscopic correspondence, the coupling of the effective

Einstein equation (8.6.18) to the symmetrized energy–momentum current
�

Σα of
matter requires, at least locally, the macroscopic Newtonian value κeff = 8πGN/c4

of the gravitational coupling constant. In the coupling to fundamental Dirac fields,
again a BRST formulation (Grensing 2002) is feasible.

Observe that our constraint method provides a simple rendering of the Lovelock
theorem, stating that the Einstein equations with cosmological constant are the only
second-order partial differential equations for the metric; cf. Rund & Lovelock

(1972).

8.6.2 Effective Einsteinian “Background”

Thus by modifying the gauge constraint, the double duality relation (8.5.3) surfaces,
which eliminates the “vacuum ambiguity” for the exact instanton solutions of SKY
gravity. The latter emerges as a special case from the generalized DD Ansatz (8.6.4)
mapping the gravitational field excitations Hαβ to those generated from the four-
parameter boundary term (8.6.5). As an intermediate step, we have considered an at
most quadratic Lagrangian LqPG with ten6 parameters a(M) and b(N ).

The classically allowed set is still the subject of investigation: In a pioneering
work, Sezgin & van Nieuwenhuizen (1980), using spin-projection operators,
determined the propagating modes and the particle content. By performing a mode
decomposition based on a flat Minkowskian background, a three-parameter class of
unitary qPGLagrangians has been found (Kuhfuss&Nitsch 1986). However, these
earlier works effectively depart from a linearization of the gravitational gauge fields.
Then problems with the Cauchy formulation, shock waves, and the positivity of the
gravitational energymay arise (Hecht et al. 1991;Hecht et al. 1996). Amore recent
Hamiltonian analysis (Yo& Nester 2002; Deser et al. 2014) has revealed that due
to nonlinear effects entering the Poisson brackets, a bifurcation in the constraint
chain or a field activation may occur. Thus, in passing from the strong to the weak
field regime, the status of presumably viable parameters can switch.

Nevertheless, the 10-parameter Lagrangian (8.6.1) serves as a convenient means
to facilitate the derivation of the metric consequences of the generalized double-
dual constraint (8.6.4), resulting in Einstein spaces as the only classical Riemannian
“background.”

Due to the explicit appearance of a length scale in the Ansatz (8.6.4), it is sugges-
tive to associate this with a (spontaneous) symmetry breaking 〈ϕ〉 ∝ 1/� of the scale
or Weyl invariance of the original Lagrangian LqPG, for instance in a model (Hehl et
al. 1989) dynamically coupled to the dilaton field ϕ; cf. Dereli & Tucker (2002).
In a Riemann–Cartan–Weyl spacetime, by alleviating the induced algebraic torsion
constraint (8.6.10), generalizations of Einstein’s equations with a coupling to axial

6One has to keep in mind that due to the Bach–Lanczos identity, the parameters b(N ) are not all
independent; cf. Eq. (A.3.7) of Hehl et al. (1995).
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torsion as well as a derivative coupling to the Weyl covector can arise (Kaul 2006).
When these covectors are inducedby an axiona and dilatonϕ as respective potentials,
a cancellation of the axial torsion part in the chiral anomaly (8.4.11) can be achieved
(Mielke&Romero 2006;Mielke 2006a). Similarly to the case of strings, bothmay
even combine into a single complex scalar, the axidilaton Φ = a + i fϕ exp(−ϕ/ fϕ);
cf.Mielke & Schunck (2001).

Quite generally, an induced cosmological constant

Λθ = 3(θ∗
T − a0)

2

2�2(θ�L − b6)θ
∗
T

(8.6.20)

of partially topological origin (Mielke 1984b) is unavoidable, leading to an inter-
esting (anti-) de Sitter “background,” resembling, to some extent, the intriguing
AdS/CFT correspondence and/or a coupling of the Euler or Gauss–Bonnet term to a
hypothetical scalar field (Cognola et al. 2007).

Thus, there is still a valid avenue to a consistent quantization based on a topo-
logical version of self-double-dual SKY gravity or its modifications, departing, in a
gauge-covariant approach, from a d-exact topological term. Due to the nilpotency of
the corresponding BRST charges (Mielke&Maggiolo 2003), the s-exact term can
easily account for the necessary gauge constraints such as (8.6.4), implying standard
Einsteinian gravity for the classical “background.” This, to some extent, provides a
partial answer to the issue already raised in 1963 by Feynman et al. (1995), whether
Einstein’s GR, in view of its force-free geometric concepts, needs to be quantized at
all or whether curved spacetime can be left as an arena for quantized (topological)
fields to play out. Possible observables (Aouane et al. 2007) include field polyno-
mials in the Pontryagin, Euler, and Nieh–Yan invariant (Kreimer & Mielke 2001;
Nieh 2007) constructed from torsion and curvature two-forms, including their grad-
ing via the topological ghosts as well, or even from superconnections (Ne’eman
1998). Relations to the Donaldson invariants, lucidly reviewed by Atiyah (1990),
need to be seen as well as the unique and quite singular role of four dimensions
in topology.
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Chapter 9
Gravitational Instantons

Most of the known vacuum solutions of Einstein’s field equations, as for instance
classified by Petrov (1964), Harrison (1980), and recently by, e.g., Stephani
et al. (2009) are providing the metric background for nontrivial torsion solutions. In
order to derive these exact solutions explicitly, it is then sufficient to solve the duality
ansatz with the symmetry of the looked after configurations given in advance.

9.1 Exact Solutions

A particularly simple case is SKY gravity in vacuum, since then, a complete clas-
sification of the double-dual subspaces is available from the preceding chapter. For
anti-self-double-dual solutions of the Yang–Stephenson equation, these are Einstein
spaces. Spherical symmetry provides Birkhoff’s theorem in its more precise form, cf.
Neville (1980), Riegert (1984), and Boucher et al. (1984) that such solutions—
after due application of differentiable coordinate transformations—can be traced
back first to the Schwarzschild–de Sitter (SdS) space or Weyl–Trefftz metric:

ds2 = −eνdt2 + eλdr2 + r 2dΩn−2 (9.1.1)

with

eν = e−λ = 1 −
(
2μ

r

)n−3

− 2Λeff.

(n − 1)(n − 2)
r2 (9.1.2)

μ = M

m∗2 ; dΩ2 := dϑ2 + sin2 ϑdφ2

(here generalized to an n-dimensionalmanifold) and second forΛeff > 0 to theNariai
metric
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ds2 = n − 2

2Λeff t2
(−dt2 + dr2) + (n − 2)(n − 3)

2Λeff.
dΩn−2 (9.1.3)

(Nariai 1950, 1951). This second and less well known line element is isometric to
the canonical metric for the Cartesian product of both a two- and (n-2)-dimensional
space of constant curvature. Contrary to possible misperceptions, this “cosmolog-
ical” configuration—exactly like the SdS metric—is a static solution of Einstein’s
field equations. On the other hand, the Nariai solution also satisfies the coupled
Einstein–Maxwell system with a cosmological term and is then considered to be a
configuration in which homologous electromagnetic fields are “trapped” within the
metric background of the product topology (Percacci 1979).

Anti-self-double-dual configurations lead to the theory of Nordstrøm, whosemost
general spherically symmetric solution is conformally flat,

ds2 =
(
N (r ± t)

r

)2

(−dt2 + dr2 + r2dΩ2), (9.1.4)

with N = N(r ± t) denoting an arbitrary harmonic function of r and t ; cf.Ni (1975).
In a pseudo-Riemannian space, these metrics exhaust all possible spherically

symmetric solutions of SKY gravity (Baekler & Yasskin 1984; Baekler

et al. 1982). The fact that it is especially the Schwarzschild metric that is contained
in this solution manifold was recognized already by Pauli (1919a, b) while he was
investigating the scale-invariant theory of Weyl (1919) mentioned earlier. In real
spacetime, however, the Schwarzschild solution (9.1.1, 2) with Λeff = 0 is of para-
mount significance for the description of the external (in GR also with respect to the
internal) gravitational field of a macroscopic mass distribution, as for instance that
of a star; cf. Scheel & Thorne (2014).

But what role do these solutions play in the more microscopically founded
Poincaré gauge theory? According to the canonical common opinion, such theories
are normally not thought to contribute to a realistic description of physical reality
unless they have undergone a satisfactory quantization. Again we apply Feynman’s
method of quantization by means of path integrals; see, e.g., De Witt (1972). Then
it can be expected that solutions with duality properties play a dominant role, at least
as gravitational analogues of the pseudoparticle solutions of Yang–Mills theory.
Following the nomenclature of Gibbons & Hawking (1979), these are given by
nonsingular, complete, and positive definite metrics that satisfy Einstein’s equations
(cosmological term included). Since the qPG theory is closer to the Yang–Mills theo-
ries, and this not only as far as its conceptual base is concerned but also with respect
to its dynamics, it seems to be far more appropriate to define those nonsingular
configurations as gravitational instantons, which, in a Euclideanized spacetime with
signature s = 0, satisfy duality Ansätze. This concept, however, is not necessarily
contradictory to the findings of the Cambridge school, since we know that we are
bound to Einstein spaces as a metric background, as far as vacuum solutions are
concerned.
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In order to show, for instance, that the SdS metric in a Euclidean spacetime is a
nonsingular one, we first pass to a different coordinate system. Let r∗ be the “tortoise”
coordinate (Wheeler 1955) defined by the differential form

dr∗ := e(λ−ν)/2)dr. (9.1.5)

Using the implicitly given Kruskal–Szekeres coordinates (MTW, p. 831)

u2 − v2 = er∗/4μ (9.1.6)

and
(u + ν)/(u − ν) = et/2μ, (9.1.7)

the line element (9.1.1) transforms into

ds2 = 16μ2eν−r∗/2μ
(−dν2 + du2) + r2dΩ2, (9.1.8)

whereby r and r∗ are considered to be functions of u and v. On the surfaces
u2 − ν2 = 1, that is, for r = r∗ = o, this geometry becomes singular in real space-
time. Here, exactly as in the case with the instantons of Yang–Mills theory, this can
be avoided by making use of a purely “imaginary” coordinate ṽ := iv. The sphere
S2 given by eν = 0 deteriorates to a rotational axis, while the imaginary time axis
τ := it represents an angle variable about this axis in Euclidean spacetime. (Corre-
sponding nonsingular cross sections are to be found in the complexified (Schiffer
et al. 1973) Kerr metric (2008)). It is especially the Euclidean version (Eguchi
& Freund 1976), of the de Sitter cosmos that can be considered the most con-
vincing analogue to the instanton solution of Belavin et al. (1975), since it grows
asymptotically “flat” with respect to all four dimensional directions.

There are other exact solutions of Einstein’s field equations that can be consid-
ered as gravitational instantons. Provided that only simple self-duality, equivalent to
certain deformations of a flat twistor space (Penrose 1976), of the curvature tensor
is considered, a condition that leads to real metrics in a space with 2signature s = 0,
it is well known (Hawking & Pope 1978) that the universal covering space of the
K3-surface represents the only compact manifold that is allowed by a metric with
self-dual curvature. Gravitational multi-instantons can be generated by a generaliza-
tion of the Taub–NUT spaces (Taub 1951, Newman et al. 1963). Further details
concerning these solutions are to be found in Eguchi et al. (1980), a work that also
presents a good introduction to the characteristic classes, which are of utmost impor-
tance for questions of global topology. Further gravitational instantons of Petrov type
D have been studied by Lapedes & Perry (1981).
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9.1.1 Solutions with Torsion

Spherically symmetric solutions of the qPG theory with nontrivial torsion, for a
spacetime with Minkowski signature, were first found by Baekler (1980, 1981).
Since these nontrivial torsion solutions with duality properties “live” on Einstein
spaces as metric background, the only information that needs to be added is the struc-
ture of the torsion 2-form being coded into the duality ansatz. In order to decode this
information, we have to recall the splitting of themetric-compatible Riemann–Cartan
connection ωg into a Christoffel-type connection ω{} and the remaining contortion
1-form K . This reflects itself in the corresponding decomposition of the curvature
2-form in an RC spacetime. Its Riemannian part may be decomposed further into

Ω {} = Ω
{}
C + Ω

{} − 1

6
R{}ϑ ∧ ϑ, (9.1.9)

where Ω
{}
C denotes Weyl’s conformal curvature 2-form in a Riemannian spacetime.

Concerning the qPG Lagrangian 4-form with quasilinear field momenta and with the
choice fi = o and ζ = −1, as discussed by Baekler et al. (1982), the duality ansatz
used for the reduction of the field equations is simplified to

+
Ωg = γ κ


∗2ϑ ∧ ϑ. (9.1.10)

As a consequence of these algebraic relations, the Riemann–Cartan spaces are of
constant scalar curvature

R = ∗(Ωg ∧ ϑ ∧ ϑ) = −6κγ


∗2 = 4Λeff . (9.1.11)

On the other hand, themetric backgroundmanifold has to be an Einstein spacewhich,
in vacuum, may be characterized in the following equivalent way:

Ω
{} = 0. (9.1.12)

Its Riemannian background is likewise of constant scalar curvature

R{} = −6κγ


∗2 . (9.1.13)

If (9.1.9) and (9.1.12) are taken together, the constant-curvature pieces drop out, and
the double-duality constraint (9.1.10) on the solution spaces reduces to

(
+
DK ) − K ∧ K = +

ΩC
{}. (9.1.14)
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As a result, the remaining contortion 1-form K is determined solely by Weyl’s con-
formal curvature 2-form of the background manifold via a nonlinear differential
equation involving double duality. In the derivation of (9.1.14), use is made of the
fact that K ∧ K is already self-double-dual.

Exact solutions can nowbe derived (for details, seeMielke 1984,Baekler 1985)
from the remainingEq. (9.1.14), after specifying the symmetry of the background and
independently those symmetries of the torsion. For our purposes, however, it suffices
to present only some of the most important examples in the case of spherical symme-
try. Then, the background manifold is given by the 4-dimensional Schwarzschild–de
Sitter line element (3.9.1,2), whereas the spherical reflection-invariant torsion tensor
can be written as

[
Tαβ

γ
] =

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎣

f −h . .

. . −k .

. . . −k

. . . .

. . . −g

. . g .

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎦

0 1 2 3

01
02
03
23
31
12

(9.1.15)

in a (bivector)·(vector) representation (MTW, p. 360). Subsequent to a tedious cal-
culation (Baekler et al. 1982) that will not be reproduced here, the radial torsional
functions turn out to be

f = −h = g = k = − μ

r2
e−ν/2. (9.1.16)

This solution, found first by Baekler (1981) while analyzing the original qPG
equations, was generalized to a charged configuration by Lee (1983). It is highly
important to note that the resulting torsion (9.1.15), after passing to a pure de Sitter
cosmos, vanishes without Schwarzschild’s source term, i.e., for μ = 0. This is in
complete analogy to the properties of certain instanton solutions of the coupled
Einstein–Yang–Mills system. As could be shown by Charap & Duff (1977a, b),
the latter configurations can exist only on a curved spacetime, but not on a flat
Minkowski space.

On the other hand, there is a further solution, found by Baekler et al. (1982),
that exists only in a spacetime of constant curvature, i.e., one for which the mass
parametermu vanishes in themetric ground form.Here the radial functions occurring
in the matrix representation (9.1.15) take the form

f = −1

r

(
1 + κ

2
∗2 r
2
)
e−ν/2, g = 1

r
eν/2

h = −
(+)

1


∗
√−κ

3
, k = +

(−)

1

2
∗
√−3κ. (9.1.17)
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For a real solution, κ < 0 is necessary. In this case, torsion can exist only in an anti-de
Sitter cosmos. Spherically symmetric solutions based on the Nariai metric (9.1.3)
have not yet been considered. Among the vacuum solutions of qPG theories are
known not only those with a spherically symmetric metric background (Baekler
et al. 1983) but also some with cylindrical (Mccrea 1983) and axial symmetry
(Mccrea 1984). The latter is a torsional extension of the Taub–NUT solution. A
solution with purely axial torsion was constructed by Lenzen (1984).

Moreover, electrovac solutions, i.e., solutions of the qPG theory coupled to
electromagnetism have been found (Baekler & Hehl 1984, Baekler 1985; cf.
Mielke 1984), which likewise exhibit double duality properties. Some anticipating
results aiming prospectively in this direction may be found in the works of Benn et
al. (1980), Baekler et al. (1982), Mielke (1981b, 1985) and Rüdiger (1984).

9.1.2 Instantons with Torsion

In an imaginary “spacetime” with Euclidean signature s = 0, some of the vacuum
solutions should yield gravitational instantons not only in SKY gravity, but also in
the full qPG theory as well. However, a transfer of the exact torsion solutions to
the Euclidean domain is usually prohibited. A direct correspondence of spacetimes
with Minkowski signature to those with a positive definite signature arises only for
those qPG solutions in which the torsion components remain real after application of
Weyl’s trick, i.e., the formal substitution t → −iτ of the timelike variable. It follows
from the matrix representation (9.1.15) that the anholonomic components f = T··0̂

0̂1̂

and g = T··2̂
1̂2̂

= T··3̂
1̂3̂

are the only ones that are then allowed to be nonzero. A solution
with one nonzero torsion component was first derived by Benn et al. (1981) on a
real spacetime; after it has been transferred to a “Euclideanized” Schwarzschild–de
Sitter space given by

ds2Sds =
(
1 − 2μ

r
+ κ

4
∗2

)
dτ 2

+
(
1 − 2μ

r
+ κ

4
∗2

)−1

dr2 + r2dΩ2, (9.1.18)

it reads

f = 2μ

r2

(
1 − 2μ

r
+ κ

4
∗2

)−1/2

g = h = k = 0 (9.1.19)

(cf.Mielke 1984). Forµ = 0, it degenerates to a de Sitter-type torsionless instanton,
which nevertheless has to be regarded as a pseudoparticle solution of the full qPG
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theory. Topologically, the base manifold is S4.Within the framework of the Einstein–
Cartan theory, it was Tseytlin (1982) who obtained a torsional instanton.

As alreadymentioned, the criteria for gravitational instantons are stated differently
by different schools; cf. Mielke (1981a). But within the context of the qPG theory,
we prefer to distinguish gravitational instantons by both the double-duality properties
and the invariant characteristics of the global topology.

9.2 Topological Invariants on Manifolds

Accordingly, we have to turn to the questionwhether and towhat degree gravitational
instantons are globally characterized by topological invariants. Again we restrict
ourselves to amanifold of dimension n = 4. The previous classification of the source-
free Yang–Mills gauge fields, especially by means of the Pontryagin–Chern index,
can be transferred to the gravitational case insofar as the tangent bundle T(M) is
exactly the bundle associated to L(M). Furthermore, the real Euclidean space R

n

occurs as the typical fiber of T(M), and thus it is allowed to characterize topologically
the space of linear connections ωL (i.e., those defined in L(M)) by the Pontryagin
index

p1(M
4) = 1

2(2π)2

∫

M4
Tr(ΩL ∧ ΩL)

= (−1)s/2

(4π)2

∫

M4
Rαβγ δ

∗Rαβγ δ
√|g|d4x (9.2.1)

(KN II, p. 312). This index is known, for instance, as soon as there exists a smooth
self-transversal immersion of the oriented compact manifold M4 into the Euclidean
space R6. For then

p1(M
4) = −3τ (9.2.2)

is valid, and τ provides the number of isolated triple points, i.e., the Hirzebruch
signature. These threefold self-intersections are isolated due to self-transversality
(White 1975). Since torsion can be switched off continuously, it does not change
the Pontryagin index of a manifold (Wu & Zee 1984).

“Broken” Poincaré gauge theories of gravity do not reside on the bundle L(M)
but on the bundle Lg(M) of orthogonal frames. Furthermore, our formal transfer
of the Higgs–Kibble mechanism onto gravity demanded the introduction of metric-
compatible connections ωg. Connections of this kind are additionally to be charac-
terized by the Euler classes (KN II, p. 314). Regarding oriented compact (pseudo-)
Riemann–Cartan manifolds of dimension n = 4, these classes are represented by the
closed Euler form
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LEuler, = ∗
π(γ

g
2 ) = 1

(4π)2
Tr(Ωg ∧ Ωg(∗))

= (−1)s/4

32π2
Rαβγ δ∗R∗

αβγ δ

√|g|d4x . (9.2.3)

Under the above-mentioned conditions, it is the integration of the inverse image of
the form γ

g
2 over the basis manifold, which provides for a topological invariant. It is

exactly given by the Euler–Poincaré characteristic

χ(M) :=
n∑

p=0

(−1)pbp =
∫

M

∗
π(γ

g
2 ) (9.2.4)

according to the generalized Gauss–Bonnet theorem (Chern 1944, 1963). In alge-
braic topology, however, this invariant can be determined in the stated way from the
rank of the pth homology group HP(M,R), i.e., from the so-called Betti numbers
b := dimHp(M,R), which were introduced by Riemann. Similarly as in the case of
the Chern index, it can be shown that the Euler form, projected to the base, is even
an exact one. An elementary proof of this is to be found in Nieh (1980). The gener-
alizations given above for spaces with indefinite metrics can be found in the works
of Levine & Zund (1970), which themselves are indebted to an earlier extension
of Chern (1963). The first-mentioned paper contains also sufficient conditions for
the vanishing of χ(M). In particular, it is known that a compact even-dimensional
manifold admits a pseudo-Riemannian metric of signature s = 1 (“Lorentz metric”)
if and only if the Euler characteristic vanishes (cf. Sulanke & Wintgen 1972,
p. 242).

In the case of noncompact manifolds, a boundary term has to be taken into con-
sideration as well:

χ(M) =
∫

M

∗
π(γ

g
2 ) − 1

(4π)2

∫

∂M

{
α ∧ Ωg(�) + 2

3
α ∧ (α ∧ α)(�)

}
. (9.2.5)

This additional term, however, is then dependent on the second fundamental form

α : ωg − ∞
ωg of the embedding of the boundary ∂M in M. Although it is exactly

this situation that is likely to be the generic one (Gibbons & Hawking 1979), it is
impossible to enlarge upon it here.

The same is true with regard not only to the important relation of the Euler number
to the Pontryagin index (cf.Taub 1976) but also with respect to their relation to other
topological invariants and to the evaluation of their numerical size, as for instance
in the case of Einstein spaces (Eguchi et al. 1980;Matsushita 1981). A necessary
condition for the proof of (9.2.4) is also the metric compatibility of the connection
ωg. With reference to interesting analogies between gravity and superconductivity,
this has also been accentuated via counterexamples byMilnor & Stasheff (1974,
p. 312) and byHanson& Regge (1979). However, here the restriction to a (torsion-
free) Levi-Civita connection is not necessary.
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Fig. 9.1 Wormhole
embedding

In contrast to the case of the Chem–Pontryagin index, the Euler number (9.2.4) is
solely determined by the topology of the base manifold, and accordingly, the Gauss–
Bonnet theorem can be proved as well by a purely topological–combinatorial proof
(Palais 1978). The first statement becomes more transparent if the Euler number is
introduced axiomatically (cf. for instanceOsborn 1975).Within this foundation, the
connected sum M#N of two manifolds of the same dimension—which do not have
to be distinct—is an important geometric concept. For the construction of this sum,
an open ball Bn is to be cut out of M and N in order to identify the then respectively
existing boundary spheres ∂Bn = Sn−1 with each other via a diffeomorphism that
inverts the orientation. Since this is equivalent to adding a handle or “wormhole”
Wn := S1 × Sn−1 (Wheeler 1955), the manifold M#(S1 × Sn−1) comes into exis-
tence. The embedding of Scharzschild’s exterior solution is a segment of paraboloid
of revolution calculated in 1916 by Flamm (2015); see Fig. 9.1.

The Euler–Poincaré characteristic is the sole invariant that satisfies the topological
relations

χ(M#N ) = χ(M) + χ(N ) − χ(Sn), (9.2.6)

χ(M × N ) = χ(M) · χ(N ), (9.2.7)

χ(M2) = 2(g − 1), (9.2.8)

χ(CP2) = 3 (9.2.9)

for manifolds of even dimensions. Here g is supposed to be the genus or “handle
number” of a surface (cf. Seifert& Threfall 1934), andCP2 denotes the complex
projective two-space in E2. For spaces with uneven dimensions,
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χ(M2k+1) = 0 (9.2.10)

is valid in any case. Although there is no field-theoretic analogue to the concept of
the electric charge within the framework of general relativity (Wheeler 1963), it is
these properties of the Euler number that suggest it as the topological–gravitational
“charge” in a Riemann–Cartan space. Something that is comparable to a related
interpretation of the Chern index of instanton solutions in the Yang–Mills theory.

It was already in 1973, in the standard reference book on gravitation (MTW,
p. 381), that the central issue was raised whether such topological invariants are
of some physical meaning. In the case of the Poincaré gauge theory, the duality
Ansatz, induces an Euler-type term on the level of the Lagrangian 4-form. The Euler–
Poincaré characteristic is henceforth a necessary element of the “reduced” action,
concerning solutions with duality properties. This has an important consequence if
we are considering, e.g., the subcase of SKY gravity. From the inequality

(1 + ζ 2)

∫

M4
LSKY − (−1)sζ(4π)2 · χ(M4)

= 1

4

∫

M4
(Ωg − ζ ∗Ωg(�)) ∧ ∗(Ωg − ζ ∗Ωg(�)) ≥ 0, (9.2.11)

which is valid for spaces with positive definite metrics (Euclidean gravity), it fol-
lows that the gravitational action is minimized by the self-double-dual solutions
for which the Euler number is zero. “Euclideanized” de Sitter universes (Eguchi
& Freund 1976) as connected complete spaces of constant curvature are isomet-
ric to the sphere S4 (or to the real projective space in the case of nonorientabil-
ity). Consequently, the Pontryagin index vanishes here, while the Euler number is
“merely” 2 (or 1 respectively). It is for this reason that Yang’s gravitational action
is not minimized by the de Sitter metric (9.1.1, 2), having µ = 0, but for instance
by the flat torus T4 = S1 × S1 × S1 × S1. Solutions with anti-self-double-dual cur-
vature exist globally only on manifolds with vanishing Euler number, and this on
account of (9.2.11).

9.3 Quantum Meaning of Gravitational Instantons

The meaning of such topologically characterized gravitational instantons has to
be looked for in the domain of the quantized theory. We are thinking not only
of those methods that have been developed in the context of the Hawking effect
(Hawking 1975, 1976), i.e., the quantum field-theoretic treatment of nongravita-
tional fields in a curved, metric background (De Witt 1975); cf. also
Mielke (1977b). But the central issue is the quantization of the gravitational field
itself. There are mainly two methodical approaches that have to be distinguished:
first, the canonical quantization in “superspace” (“quantum geometrodynamics”; cf.
also Isham 1976), a method that has been especially fostered by Wheeler (1962,
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1968, 1970), and second the so-called covariant procedures (De Witt 1972; cf.
Hamamoto 1983). Concerning the calculation of the scattering matrix in terms of
asymptotic states, the latter depart from Feymann’s method of quantization via path
integrals. In the case of gravity, it can be shown (Catenacci & Martellini 1984),
similarly as in the case of Yang–Mills theories, that the occurring functional measure
of Faddeev–Popov type is nothing but the volume element of the extended “super-
space” S∗(M) := M /D̃ of all Riemannian metrics modulo the diffeomorphisms
that respect isometries as fixed points.

For a quantized quadratic Poincaré gauge theory (qPG), it is then to be expected
that the contributions of the gravitational instantons dominate the transition ampli-
tudes in the “Euclideanized” version. Configurations with nontrivial topology
(Hawking 1978) and nonvanishing torsion may be important. As for the compensa-
tion of divergences occurring in the “one loop”orWKBapproximation, it is necessary
already inEinstein’sGR to supplement the conventional Einstein–Hilbert Lagrangian
4-form with counterterms that are quadratic in the curvature. Stelle (1977) were
able to show that a model that from the outset pays attention to Yang–Mills-like
terms in the gravitational Lagrangian 4-form is renormalizable in each order of the
perturbative expansion. However, in such a modified SKY gravity, physical “ghosts”
generally come into existence. These can be suppressed in the special cases of the
qPG theory that were worked out by Sezgin & Van Nieuwenhuizen (1980).
On the other hand, such tensorial states, having a negative norm in a Hilbert space,
are innocuous, since they do not necessarily cause a violation of Froissart’s unitar-
ity condition (boundedness condition) in the scattering cross sections (Salam &

Strathdee 1978; Smolin 1984; Tomboulis 2015).

9.3.1 Euler Term and Induced Wormhole Configurations

Let us recall that the metric-dependent Euler–Poincaré invariant

dCRR(�) := 1

2
d

(
Γαβ ∧ Rαβ(�) − 1

3
Γα

β(�) ∧ Γβ
γ ∧ Γγ

α

)

≡ −LSKY − 2Ricαβ ∧ ∗Ricαβ + 1

2
Ricα

α ∧ ∗Ricβ
β (9.3.1)

has an equivalent representation in terms of Weyl’s quadratic curvature Lagrangian

LSKY := −1

2
Rαβ ∧ ∗Rαβ, (9.3.2)

amended by Ricci-squared and curvature scalar-squared terms. This is known as the
Gauss–Bonnet (GB) theorem. In the realm of gravity, topological ideas date back
to Riemann, Clifford, and Weyl. They found a rather concrete realization in the
wormholes of Wheeler, characterized by the Betti number related to the integrated
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Euler–Poincaré topological invariant (9.3.1). The two-sphere part S2 of these R ×
S1 × S2 topological configurations may even be knotted (Mielke 1977a), andwithin
BF theory (Cotta-Ramusino & Martellini 1994), it can be characterized by the
Alexander knot invariant. A possible topology change on the Planck scale has been
recently analyzed via the Ricci flow of Hamilton and Perelman; cf.Dzhunushaliev
(2013).

On the other hand, four dimensions, according to the results of Donaldson, are
topologically special, since there are uncountably many nonisomorphic smooth or
piecewise linear structures (Milnor 2011) on a noncompact R4. However, mani-
folds in such an “exotic” set are homeomorphic and thus will have the same Euler
characteristic. On the other hand, the Euler number does not characterize “exotic”
smooth manifolds, and one has resort to the intersection form in terms of the first
Chern class; cf. Asselmeyer- Maluga & Brans (2007). Thus its contribution
will not affect the path-integral approach (Asselmeyer-Maluga 2016) to quantum
gravity (QG). One-loop ultraviolet divergencies in perturbative QG are proportional
to a GB term in the trace anomaly; cf. Bern et al. (2015).

Moreover, in the reduction of the BF model, the emergent Euler invariant neces-
sarily gets multiplied by the inverse of the symmetry-breaking constant μ, possibly
a huge parameter. However, in view of the observed positive value of the cosmo-
logical constant, the presence of a primordial “gas of wormholes” would move the
contribution from the Euler invariant toward a tiny number close to zero (Kawai &
Okada 2012), similarly as in quintessence scenarios, where the cosmological term
is associated with the energy of a scalar field rolling down a runaway potential. This
may solve the naturalness problems in the standard model and the current cosmology
without introducing “new physics” such as supersymmetry or extra dimensions.
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Chapter 10
Three-Dimensional Gravity

Since the first three-dimensional (3D) model of Staruszkiewicz (1963), the
topological model of gravity of Deser, Jackiw, and Templeton (DJT) (Deser et al.
1982a, b; Deser & Jackiw 1984; Deser et al. 1984) continues to attract con-
siderable theoretical interest. In order to obtain a nontrivial vacuum theory, DJT
added a metric Chern–Simons (CS) term for the Riemannian curvature to the 3D
Hilbert–Einstein Lagrangian, regarded as the high-temperature limit (for Euclidean
signature) or dimensional reduction of the four-dimensional theory. The topological
term is supposed to come from the θ -vacuum of 4D physics. The nice and intrinsic
feature of the DJT model is that the CS term induces a mass for the “graviton” with-
out breaking infinitesimal gauge invariance or invoking the Higgs mechanism. The
discovery (Baekler et al. 1992) of anti-de Sitter (AdS) and black hole solutions
(Bañados et al. 1992) has added further interest in 3D gravitational models as a
“laboratory” to study geometric, dynamical, and statistical properties. In part, this
stems from the fact that spacetime in 3D is Ricci-flat, and the dynamical properties
cannot be attributed to the metric. The dynamical properties must be induced by,
e.g., topological terms instead.

From a gauge-theoretic point of view, however, it appears much more natural to
formulate a dimensionally reduced gravitational theory in a Riemann–Cartan (RC)
space(time)with torsion (Hehl et al. 1995), thereby going over towhat is convention-
ally called a first-order formalism. This happens in simple supergravity (Achucarro
& Townsend 1986;Mielke & Macias 1999), where torsion enters as an auxiliary
field facilitating local supersymmetric transformations (Deser & Zumino 1976).

There are other reasons for studying the dynamical aspects of topological gravity
in three dimensions: some problems in 4D gravity reduce to an effective 3D theory,
such as the high-temperature behavior of 4D theories or some membrane models
of extended relativistic systems. Moreover, some formal aspects of black hole ther-
modynamics are effectively reduced to problems in 3D (Carlip 1995, 2005). On
the other hand, the continuum theory of lattice defects in crystal physics is similar
to gravity with torsion in 3D, where such defects are modeled by connections in
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the orthonormal frame bundle, and the Chern–Simons-type free-energy integral by
Riemann–Cartan (RC) spaces with constant torsion (Dereli & Verçin 1991).

To this end, the trivial dynamics of the Einstein–Cartan (EC) Lagrangian

LEC = −χ

�
ϑα ∧ R�

α (10.0.1)

in 3D is generalized by adding Chern–Simons (CS) -type terms, an approach sim-
ilar to Witten’s (Witten 1988). By gauging the Poincaré group, we arrive at the
Mielke–Baekler (MB)model (1991), which is at most linear in the field strengths.
A slight modification arises by the introduction of a “mixed” Chern–Simons-type
term CTL, which simulates to some extent Einstein’s theory in 3D, allowing us to
build an almost completely topological theory (Mielke & Maggiolo 2003).

In four dimensions, the symmetry under duality rotations has a long history. For
Maxwell’s theory it was known to Rainich since 1925 and developed further in
the context geometrodynamics byMisner & Wheeler (1957),Mielke (1987). In
analogy, the general 3D Poincaré gauge field equations can be simplified bymodified
duality rotations intertwining the 3D field momenta. As a result, the field momenta
exhibit the strong/weak coupling duality inverting the contortional coupling constant
ε → 1/ε.

These encouraging findings imply the following dynamics: First, a general Proca
equation constrained by a Hilbert–de Donder-type condition is an exact result of the
S-duality Ansatz. In particular, for RC spaces with constant axial torsion, an induced
cosmological constant surfaces as an important consequence.An equivalence relation
for the energy–momentum complex of the MBmodel induced by the mixed CS term
thereby becomes more transparent. In contrast to other topologically massive models
(Deser & Tekin 2002), in which there is an unavoidable conflict in the choice of
the coupling constant of the Einstein action in order to avoid ghosts and tachyon
excitations, our S-duality approach leads to a ghost-free positive energy without
inducing a negative residue in the propagator.

Outside of quantum gravity, the continuum theory of lattice defects in crystal
physics can be regarded as “analogue gravity” including Cartan’s torsion in 3D
(Lazar & Hehl 2010). Recently, flexural modes of graphene have also been con-
sidered as membranes with a “gravitational” metric (Kerner & Naumis 2012) or
coframe induced from its embedding into three-dimensional spacetime.

10.1 Chern–Simons Gravity with Torsion in 3D

In three spacetime dimensions, the basic gravitational variables in the RC formal-
ism are the one-forms of the coframe and the Lie dual of the (Lorentz) rotational
connection Γ βγ = Γj

βγ dxj , i.e.,
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ϑα = Ei
αdxi and Γ �

α := 1

2
ηαβγ Γ βγ . (10.1.1)

Since the coframe ϑα has physical dimensions [length] and the connection Γ �
α is

dimensionless, one can use ϑα/� and Γ �
α as dimensionless gauge potentials of local

translations and local rotations, respectively, even though the coframe is “soldered”
to the base manifold (Tresguerres & Mielke 2000).

The related field strengths are the two-forms of torsion

Tα := dϑα − (−1)s ηαβ ∧ Γ �
β (10.1.2)

and curvature

R�
α = 1

2
ηαβγR

βγ := dΓ �
α + (−1)s

2
ηβγ

α Γ �
β ∧ Γ �

γ , (10.1.3)

respectively.
In 3D, the two Bianchi identities of the RC geometry can be rewritten as

DTα ≡ (−1)s ηαβ ∧ R�
β (10.1.4)

and
DR�

α ≡ 0 . (10.1.5)

The corresponding Chern–Simons three-forms of gauge type C = Tr{A ∧ F} are the
translational CS-type term

CT := 1

2�2
ϑα ∧ Tα = − (−1)s

�2
ηα ∧ K�

α, (10.1.6)

and the (Lorentz) rotational term (Chern & Simons 1971; Deser et al. 1982b;
Witten 1988) involving the curvature:

CL := (−1)s Γ �α ∧ R�
α − 1

3! ηαβγ Γ �α ∧ Γ �β ∧ Γ �γ . (10.1.7)

The variational derivatives

δCT

δϑα
= 1

�2
Tα and

δCT

δΓ �α
= (−1)s

�2
ηα , (10.1.8)

as well as
δCL

δϑα
= 0 and

δCL

δΓ �α
= (−1)s 2R�

α, (10.1.9)

are uniquely related to the torsion Tα , the curvature R�
α , and a cosmological term ηα,

respectively (Hehl et al. 1991).
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Table 10.1 Geometric objects and fields

Objects p-form Components n = 4 3 2

ϑα Vector 1 n2 16 9 1

Γ �
α Vector 1 n2 16 9 1

Tα Vector 2 n2(n − 1)/2 24 9 2

Rαβ Bivector 2 n2(n − 1)2/4 36 9 1

Σα Vector n − 1 n2 16 9 4

ταβ Bivector n − 1 n2(n − 1)/2 24 9 2

ηα Vector n − 1 n2 16 9 4

It is pertinent to 3D with torsion that there exists the “mixed” topological term

CTL := 1

�

(
Γ �α ∧ Tα − (−1)s

2
ηαβγ Γ �α ∧ Γ �β ∧ ϑγ

)
. (10.1.10)

Its variations lead to

δCTL

δϑα
= 1

�
R�

α and
δCTL

δΓ �α
= 1

�
Tα , (10.1.11)

i.e., with a response of gauge two-forms opposite the character of the field.
Table10.1 summarizes the number of components of the basic variables and their

components in various dimensions: Observe that only for n = 3 do all fields have
the same number of components and that all decompose under SO(3) or the lower-
dimensional Lorentz group SO(1, 2) as a 9 = 5 ⊗ 3 ⊗ 1 multiplet after bivectors are
converted into vectors via the Lie dual; a linear combination of all variables paves
the way to a better understanding of the geometry in 3D.

10.1.1 Noether Theorem in 3D Gravity

In 3D with vanishing nonmetricity, independent variations of a gauge-invariant
Lagrangian with respect to the coframe and connection lead to

DHα − Eα = Σα, (10.1.12)

and
DH�

α − Sα = τ �
α, (10.1.13)

respectively. In 3D, the one-forms
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Hα := − ∂L

∂Tα
, H�

α := − (−1)s

2

∂L

∂R�α
, (10.1.14)

are the translational and rotational field momenta (or the excitation H = −∂L/∂F
as in Maxwell’s theory) with dimensions [1/length] and dimensionless, respectively.
The canonical energy–momentum two-form of the gauge fields is given by

Eα := ∂L

∂ϑα
= eα�L + (eα�Tβ) ∧ Hβ + 2(−1)s(eα�R�β) ∧ H�

β, (10.1.15)

where the covariant right-hand side follows again from the Noether theorem; cf.
Hehl et al. (1995). The gauge spin two-form is defined as

Sα := (−1)s

2

∂L

∂Γ �α
= 1

2
ηαβ ∧ Hβ. (10.1.16)

(In the particular case of an antisymmetric field Hα = H[αβ]ϑβ , this is dual to the
translational field strength, i.e., Sα = −∗Hα .) The sources for the gravitational field
are the material energy–momentum and the spin current

Σα := δLMAT

δϑα
, τ �

α := (−1)s

2

δLMAT

δΓ �α
, (10.1.17)

respectively, which are both two-forms in three dimensions.

10.2 Topological Mielke–Baekler Model

In 3D, the Einstein–Cartan (EC) Lagrangian

LEC := −χ

�
ϑα ∧ R�

α ≡ −χ CTL − χ

�
d(Γ �

α ∧ ϑα) (10.2.1)

merely gives rise to locally trivial dynamics. This can be traced back to its equivalence
to a “mixed” Chern–Simons-type term CTL plus a total divergence.

Let us now add further CS-type terms: by gauging the Poincaré group
R

3 ⊂× SO(1, 2), we arrive at theMielke & Baekler (1991) (MB) model, which is
at most linear in the field strengths. This is slightly modified here by replacing LEC
with the “mixed” Chern–Simons-type term CTL, which to some extent simulates, in
3D, Einstein’s theory with “cosmological” term, as is indicated above.

Allowing for arbitrary “vacuum angles” θT, θL, and θTL = −χ , the most general
topological gravity Lagrangian in 3D, in first-order formalism, takes the form

LMB(ϑα, Γ �
α ) = θTCT + θLCL + θTLCTL , (10.2.2)



202 10 Three-Dimensional Gravity

where CT, CL, and CTL are respectively the translational, rotational, and “mixed” CS
three-forms given above. The three-form (10.2.2) is the topological Lagrangian of the
Mielke–Baekler (MB) mix model (Mielke & Maggiolo 2003). Since the transla-
tional term CT is covariant, it appears that the MB model is only semi-topological,
as is reflected in the number of propagating modes.

Consequently, varying the Lagrangian (10.2.2) with respect to ϑα and Γ �α yields
the covariant field equations

− θTL R
�
α − 1

�
θT Tα = �Σα (10.2.3)

and

− (−1)sθTL Tα − 1

2�
θT ηα − θL�R

�
α = � τ �

α ; (10.2.4)

cf. Eq. (6.9) of Baekler et al. (1992). Observe that the translational CS term pro-
portional to θT induces in the second field equation a constant term proportional to
θT/2�, resembling a cosmological constant familiar from 4D gravity.

When including matter couplings and combining the field equations (10.2.4) and
(10.2.3), we explicitly obtain

Tα − ε

�
ηα = 2

A
�
(
θTLτ

�
α − θL�Σα

)
(10.2.5)

for the torsion, and

R�
α − ρ

�2
ηα = 2

A

(
θTL�Σα − θTτ

�
α

)
(10.2.6)

for the RC curvature.
In vacuum, torsion and RC curvature are constrained by

Tα = ε

�
ηα , R�

α = ρ

�2
ηα, (10.2.7)

where the contortional constants ε = θTLθT/A and ρ = −θ 2
T/A are related to the

vacuum angles. A singular case can be excluded by assuming that the constant
A := −(−1)sθ2

TL + 2θTθL 	= 0 is nonvanishing.

10.2.1 “Prolongation” of Anti-de Sitter to Black Hole
Solutions

In order to study vacuum solutions, it is convenient to consider the decomposition

Γ �
α = Γ {}�

α − K�
α (10.2.8)
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of the connection into Riemannian and contortional pieces. This implies the identity

R�
α ≡ R{}�

α − DK�
α + 1

2
ηαβγK

�β ∧ K�γ (10.2.9)

for the RC curvature. From the relation K�
α = − ∗Tα/2 = −(−1)s(ε/2�)ϑα for the

contortion and the definition Tα := Dϑα, it can be inferred that the Riemannian part
of the curvature is also constant, i.e.,

R{}�
α = −Λeff ηα , (10.2.10)

where

Λeff = −[4ρ − (1 + 2(−1)s)ε2]/4�2 = θ2
T [(9 + 2(−1)s)θ2

TL + 8θTθL]/(2A�)2

(10.2.11)
is the effective cosmological constant, which is induced by the topological terms
in our gauge Lagrangian (10.2.2) as confirmed by Excalc/Reduce calculations
(Schrüfer 2004).

In principle, we can have a nonzero effective cosmological constant even for
ε = 0, i.e., in a purely Riemannian spacetime. Alternatively, for ρ = 0, i.e., in the
limit of vanishing RC curvature, there exists a nontrivial “parallelizing” torsion,
resembling the “squashed” seven-sphere construction of Englert et al. (1983), in
higher dimensions.

Inasmuch as the three-dimensional “image” of a cosmological term of either sign
is already induced by the Chern–Simons terms in the Lagrangian, one can disregard
a “bare” cosmological term and is still able to simulate cosmological models in 3D.
In our topological model, however, the translational CS term proportional to θT is
indispensable for obtaining a nontrivial result.

For vanishing torsion, the three-dimensional Einstein equations with effective
cosmological term Λeff has the anti-de Sitter (AdS) metric

ds2 = −(1 − Λeff r
2)dt2 + (1 − Λeff r

2)−1dr2 + r2 dφ2 (10.2.12)

as an exact solution. Baekler et al. (1992) were the first to recognize this for the
MB model.

From (10.2.12), by appropriate identifications of the boundaries, the vacuum solu-
tion

ds2 = −N2(r)dt2 + N−2(r)dr2 + r2 [dφ + Nφ(r)dt]2 (10.2.13)

can be obtained (Bañados et al. 1992, 1993), where the lapse squared and shift are
given by

N2(r) = −M − Λeff r
2 + J2

4r2
, Nφ(r) = − J

2r2
, (10.2.14)
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respectively. Observe that the shift is proportional to the angular momentum J of
the solution, which allows for J2 ≤ M2 to interpret this configuration as a rotating
black hole with mass M (Menotti & Seminara 2000). For the (unconventional)
normalization M = −1 and J = 0, it reduces to the AdS metric.

A check via Excalc confirms that the rotating black hole solution (10.2.13) has
constant Riemannian curvature (10.2.10) and is therefore nowhere singular. Then the
construction of configurations with constant axial torsion and RC curvature (10.3.6)
rest essentially on a “prolongation” Γ {}�

α → Γ �
α = Γ {}�

α − K�
α of the Riemannian to

an RC connection and an inversion of (10.2.9); cf. Baekler (1991). Provided the
effective cosmological constantΛeff is related to ε and ρ via (10.2.10), the black hole
configuration (10.2.13) with (10.2.14) is also an exact solution of the 3D topological
gauge model. Generalizations to spaces with nonmetricity have been considered by
Tresguerres (1992).

10.3 S-Duality in 3D

The previous “prolongations” suggest that one may consider a continuous deforma-
tion [or a field redefinition (FR)] of the (Lorentz) rotational connection by adding a
tensor-valued one-form, similarly as in Eq. (3.11.1) of Hehl et al. (1995). In 3D, the
particular deformation

Γ̃ �
α = Γ �

α − (−1)s
ε

2�
ϑα, (10.3.1)

where ε is a continuous parameter, involves the Lie dual Γ �
α = 1

2ηαβγ Γ βγ of the
connection. This FR implies

T̃α = Tα − ε

�
ηα, R̃�

α = R�
α − (−1)s

ε

2�
Tα + (−1)s

ε2

4�2
ηα (10.3.2)

for the deformed torsion and curvature, respectively. Two special subcases can arise:
Riemannian spacetime with T̃α = 0 and deformed teleparallelism in the local gauge
Γ̃ �

α

∗= 0, equivalent to the covariant constraint of vanishing modified RC curvature,
i.e., R̃�

α = 0. In the latter case, coframe and connection are locally Lie dual to each
other, i.e.,

Γ �
α = (−1)s

ε

2�
ϑα, (10.3.3)

which implies the corresponding duality

Sα = �

ε
Eα (10.3.4)

of gauge spin and covariant energy–momentum. This induces a complete symmetry
under duality rotations in the two vacuum field equations (10.1.12) and (10.1.13),
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provided that, additionally,

H�
α = �

ε
Hα (10.3.5)

holds.
Observe the inversion of the parameter ε, i.e., a small deformation ε will induce a

large rotational momentum proportional to 1/ε and conversely, resembling, to some
extent, strong/weak duality.

In fact, for internal Yang–Mills theory,Montonen & Olive (1977) and Olive

(1996) discovered a duality of the strong/weak coupling regime of gauge fields,
the so-called S-duality. For Chern–Simons (super)gravity, such aspects have also
been discussed in Deser & McCarthy (1990), Garcia- Compean et al. (2001).
In Yang’s theory of gravity, a related (double) duality Ansatz has been analyzed
in 4D as well (Mielke 1981; Zhytnikov 1994; Mielke & Maggiolo 2005),
see Ellwanger (2005) for related ideas. In 3D, the intertwining mapping (10.3.5)
between the translational/rotational pair of field momenta arises as a novel feature.

The seemingly trivial case of a completely flat deformed spacetime, i.e., T̃α = 0
and R̃�

α = 0, corresponds to configurations with constant axial torsion and constant
RC curvature

Tα = ε

�
ηα, R�

α = ρ

�2
ηα, (10.3.6)

as originally envisioned byCartan (1924).Hereρ = (−1)signε2/4depends quadrat-
ically on the deformation parameter ε. A visualization of Cartan’s spiral “staircase”
should not ignore thatR�

α = (−1)signε Tα/4� induces, for ε 	= 0, a constant-curvature
background; cf. Garcia et al. (2003).

10.3.1 Modified S-Duality in 3D

More generally, one can consider, as inMielke & Maggiolo (2003), the modified
S-duality Ansatz

H�
α = δ�Hα + γ

�
ϑα (10.3.7)

in 3D, which “breaks” the dual symmetry (10.3.5) of the field momenta in order
to allow for a coupling to the translational CS term (10.1.6). Here δ and γ are
dimensionless constants that depend on the corresponding model, and � denotes a
fundamental length that guarantees dimensional consistency.1 Inserting the Ansatz
(10.3.7) into the second field equation (10.1.13), we obtain the first-order equation

δ�DHα + γ

�
Tα − 1

2
ηαβ ∧ Hβ = τ �

α (10.3.8)

1A feasible additional term proportional to Γ �
α is not considered here due to its lack of gauge

covariance.
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for the translational momenta Hα . Observe that our intertwining Ansatz (10.3.7) has
achieved a decoupling of the two Poincaré gauge equations (10.1.12) and (10.1.13),
with the exception that the Lie dual of the material spin now becomes the source.

A vacuum solution of (10.3.8) is

Hα = − γ ε

�2(1 + δε)
ϑα ⇔ Tα = ε

�
ηα, (10.3.9)

provided the RC spaces have constant axial torsion, similar to case of the spiral
“staircase” of Cartan.

Due to (10.3.7), we obtain

H�
α = γ

�(1 + δε)
ϑα = −�

ε
Hα, (10.3.10)

which can be view as a different branch of the strong/weak duality inverting the
coupling constant ε → 1/ε, but with opposite sign. Applying a kind of “mirror
symmetry” ε → −ε in (10.3.9) and (10.3.10), we see that the limit γ = (1 − δε) →
0 would lead us back to the original duality (10.3.5).

On the other hand, the modified S-duality relation (10.3.7) converts the energy–
momentum (10.1.15) of the gauge fields into

Eα = eα�L + [
(eα�Tβ) + (−1)s2δ�(eα�R�β)

] ∧ Hβ + (−1)s
2γ

�
(eα�R�β) ∧ ϑβ,

(10.3.11)

where the last term corresponds to the field energy of an induced EC Lagrangian
(10.2.1). For γ 	= 0, the vacuum solution (10.3.9) yields

Eα = eα�L(�) − 2γ ε2

�3(1 + δε)
ηα + (−1)s

2γ

�(1 + δε)

[
(eα�R�β) ∧ ϑβ

]
, (10.3.12)

where an implicit reduction of the Lagrangian is understood. Observe that a cosmo-
logical term proportional to ηα is induced by the modified S-duality. In particular,
in the limit ε → 0 of weak axial torsion coupling, the translational field momenta
(10.3.9) will vanish and

Eα = eα�L(�) + (−1)s
2γ

�

[
(eα�R�β) ∧ ϑβ

]
(10.3.13)

remains as a field energy, whereas the rotational momenta (10.3.10) become unity,
i.e., H�

α = γϑα/�, similar to the case of the EC action. Conversely, in the limit
ε → ∞ of strong axial torsion coupling, the translational momenta (10.3.9) become
Hα = −γϑα/δ�2, and the rotational momenta turn out to be H�

α = 0. This implies
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Eα = eα�L(�) − 2γ

δ�2
Tα, (10.3.14)

as expected for spacetimes with teleparallelism.

10.3.2 Toward Integrability in 3D

Starting from (10.3.8), one can attempt to derive more general exact solutions by
projecting out the axial part via ϑα and taking the Hodge dual. We obtain

∗D(ϑα ∧ Hα) − ∗(Tα ∧ Hα) = γ

δ�2
∗(ϑα ∧ Tα) + 1

δ�
∗(ηα ∧ Hα) . (10.3.15)

By defining the one-form
H = ∗(ϑα ∧ Hα), (10.3.16)

as well as the following axial zero-forms

t = ∗(Tα ∧ Hα), A := ∗(ϑα ∧ Tα), h = ∗(ηα ∧ Hα), (10.3.17)

a basis {H, dt, dA , dh} of one-forms can be constructed that, for nonzero torsion
and H, is “overcomplete” in 3D. However, (10.3.15) has the integrability condition

�H − (−1)s ∗D ∗DH = dt + γ

δ�2
dA + 1

δ�
dh , (10.3.18)

where
� := (−1)pn+s

[ ∗D ∗D + (−1)n D ∗D ∗] (10.3.19)

is the gauge-invariant d’Alembert operator in n dimensions.
ForH = 0, the three one-forms on the right-hand side become linearly dependent,

thereby sending us back to the exact solution (10.3.9). However, forHα 	= 0, an exact
metrical solution

ds2 = (−1)sdt2 + dA 2 + dh2 (10.3.20)

can be proposed in which one coordinate “leg,” for instance dA , needs to be con-
strained by (10.3.18). Although a complete integrability (Mielke et al. 1993) as
in the case of 2D Poincaré gauge models is not available here, a new avenue for
implicitly deriving exact solutions in 3D is opening up.
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10.3.3 Nonlinear Gravitons

As a first step toward analyzing the particle content in 3D, we derived a general
expression for the gauge-covariant d’Alembertian of the coframe ϑα , departing from
the modified S-duality (10.3.7).

Employing the Poincaré gauge field equations (10.1.12) and (10.1.13), as well as
the modified S-duality relation (10.3.7), we get

�ϑα = �

γ

∗D∗ [
τ �
α − Sα − δ�(Σα + Eα)

] + �

γ
D∗ (

D ∗H�
α − δ�D ∗Hα

)
.

(10.3.21)

The covariant subsidiary condition

D∗ϑα := �

γ

[
D ∗H�

α − δ�D ∗Hα

]
(10.3.22)

generalizes the Hilbert–de Donder or transversality condition d∗ϑα = 0 for the
coframe.

In vacuum, we arrive at

�ϑα + �

γ

∗D∗ (δ�Eα + Sα) = 0, (10.3.23)

jointly with (10.3.22). Hence, the nonlinear Klein–Gordon or Proca-type equation
(10.3.21) and the general subsidiary condition (10.3.22) for the coframe are both
exact consequences of the modified S-duality (10.3.7).

In principle, one could now determine the different propagating modes in 3D
gravity and distinguish physical particles, physical ghost with negative residue of
the propagator, or tachyons with complex poles. However, the right-hand side may
contain higher-order derivatives, depending on the model. In general, one would
expect the occurrence of nonlinear gravitons, akin to those of Penrose (1976), as
well as “caustics.” Fortunately, in special cases, (10.3.22) and (10.3.23) admit a
complete classification.

10.3.4 Effective Proca Equation

To this end, we will employ the relation ηα = ∗ϑα for the ηα basis and iterate the
algebraic relations (10.3.6) for the torsion and RC curvature, as well as the first
Bianchi identity (10.1.4). Then the Proca-type equation

[
� + (−1)s m2

]
ϑα ∼= 0, (10.3.24)
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where m = ε/�, results in vacuum and the gauge-covariant Hilbert–de Donder or
transversality condition

D ∗ϑα ∼= 0 , (10.3.25)

for the 3D coframe.
Consequently, in the MB model, the count of the propagating degrees of freedom

is as follows: In 3D, the coframe ϑα = Ei
αdxi has 3 × 3 = 9 components, of which

3 are pure gauge due to the SO(1, 2) Lorentz transformation ϑ ′α = Λβ
α(x)ϑβ . The

Hilbert–de Donder transversality condition (10.3.25) amounts to three further con-
straints. The remaining three modes are the two in the DJT model,2 spin-2 degrees
of freedom of a massive graviton and a massive scalar mode, as in Baekler et al.
(1992), Deser et al. (1982b), Mielke & Maggiolo (2003, 2007).

The mass and the induced cosmological constant

m = θTθTL

2(θ2
TL + θTθL)�

, Λind = θ 2
T[−(−1)s3θ2

TL + 8θTθL]
4[(−1)sθ2

TL − 2θTθL]2�2 , (10.3.26)

respectively, depend on the vacuum angles θ , but are always real. Since the mass of
the Proca equation in an AdS background can be tuned to a cosmological constant for
certain combinations of the vacuum angles, the propagating modes can be partially
massless, for instance the conformal mode.

10.3.5 Energy–Momentum and Spin Complexes

The nature of real propagating modes from physical ghosts can be distinguished by
determining their mass and spin.

To this end, we define the energy–momentum and spin complexes

Ěα := dHα
∼= Σα + Eα − (−1)sηαβγ Γ �β ∧ Hγ (10.3.27)

and
J̌ �

α := dH�
α

∼= τ �
α + E�

α − (−1)sηαβγ Γ �β ∧ H�γ , (10.3.28)

respectively, such that these gauge-dependent complexes are “on shell” related to
canonical currents (Mielke & Wallner 1988) of the Poincaré gauge theory.
Observe that the gauge field momenta function here as superpotentials. The energy–
momentum and spin vectors are then obtained by integration over a two-dimensional
spacelike surface, respectively

2InMielke & Maggiolo (2003), it is shown that the remaining three degrees of freedom cannot
be diffeomorphisms preserving the covariance of the Hilbert–de Donder condition.
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Pα =
∫

Ěα, Jα =
∫

J̌ �
α . (10.3.29)

In the case of our topological model (10.2.2), the definitions (10.1.14) lead to

Hα = − θT

2�2
ϑα − θTL

�
Γ �

α , H�
α = −θL

2
Γ �

α , (10.3.30)

for the translational and rotational momenta. Consequently, by applying the exterior
derivative, we obtain the energy–momentum complex

Ěα = −θTθTL

2�2

(
1

θTL
dϑα − 4�

θTθL
J̌ �

α

)
, (10.3.31)

where the additional term

J̌ �
α = −θL

2
dΓ �

α (10.3.32)

arises from the “mixed” topological model (10.2.2).
On the other hand, the analogous expression for the original MB model is

ĚMB
α = −(−1)s

θTθL

2χ�

(
dΓ �

α + 2

θL
J̌ MB�

α

)
, (10.3.33)

where the spin current

J̌ MB�
α = (−1)s

χ

2�
dϑα − θL

2
dΓ �

α (10.3.34)

contributes to the mass with an “anyon”-type g-factor of 2/θL; cf. Jackiw & Nair

(1991). Consequently, these two energy–momentum complexes are related via

Ě MB
α − Ěα = θTL

�
dΓ �

α , (10.3.35)

where Γ �
α surfaces as a superpotential. Moreover, this relation is valid even in topo-

logical models with a “bare” cosmological constant Λ. These energy complexes
differ at most by an exact differential form, and thus would establish a cohomology.
In other words, the energy states of the two models fall into the same equivalence
class.

The connection Γ �
α emerges as the superpotential of the Freud complex, which

upon integration of the timelike field component in (10.3.29) yields the correct ADM
mass (Mielke & Wallner 1988). Thus, the numerical coefficient in (10.3.33) has
to be constrained to θTθL/2χ = 1, or at least to be positive in order to avoid nega-
tive energies, or physical ghosts with a negative residue in the graviton propagator.
However, in our framework, this can always be achieved by an appropriate choice of
θT 	= 0, the vacuum angle of the translational Chern–Simons term CT. In any case,
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a nonzero θT has made possible the equivalence of the field equations (10.2.3) and
(10.2.4) to the Proca equation (10.3.24) for the coframe.

In the original DJT model (Deser et al. 1982b) without torsion, there is an
unavoidable conflict in the choice of the sign of the constant χ in the Einstein action
(10.2.1), the realness of the mass, and the positivity of the energy. Thus ghosts cannot
be avoided (Deser et al. 2005). In contradistinction, the inclusion of the torsion in
the MBmodel not only avoids unphysical modes, but due to a lower derivative order,
also facilitates an exact equivalence proof of a Proca system for the coframe.

10.3.6 Central Charges in Topological Gravity

Equivalently, we could also begin from the CS-type Lagrangian

C̃L = (−1)s Γ̃ �α ∧ R̃�
α − 1

3! ηαβγ Γ̃ �α ∧ Γ̃ �β ∧ Γ̃ �γ , (10.3.36)

where the deformation (10.3.1) of the (Lorentz) rotational connection and the corre-
sponding one (10.3.2) for the curvature are considered a starting point.

Then, for different continuous parameters ε 	= ε̃, we obtain

θLCL − θ̃LC̃L = −χ

�
ϑα ∧ R�

α − Λ

�
η + θT

2�
ϑα ∧ Tα + ΔθLCL + ΔθTL

�
d(Γ �α ∧ ϑα)

(10.3.37)
for the deformation of the CS term, provided that the coupling constants are restricted
to

χ = θLε − θ̃Lε̃, Λ = (−1)s

4�2
(θLε

3 − θ̃Lε̃
3), θT = (−1)s

2
(θLε

2 − θ̃Lε̃
2),

(10.3.38)

ΔθL = θL − θ̃L, ΔθTL = 1

2
(θLε − θ̃Lε̃). (10.3.39)

Let us rewrite this in the form

θLCL − θ̃LC̃L = LMB + ΔθTL

�
d(Γ �α ∧ ϑα) , (10.3.40)

in order to make the relation to the MB Lagrangian of Baekler et al. (1992) trans-
parent. Consequently, the constants θL and θ̃L give rise to the two central charges

c = 12 · 4πθL, c̃ = 12 · 4πθ̃L, (10.3.41)

in the Virasoro algebra of a purely topological theory with all the implications ana-
lyzed by Blagojević & Vasilić (2003, 2005), Cacciatori et al. (2006).
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10.3.7 Coupling to the Symmetric Cotton Tensor

The classical correspondence of the MB model to 3D gravity in Riemannian
spacetime arises by reconsidering the constraint of vanishing torsion, consistently
implemented by Lagrange multipliers:

L̃ = L + λα ∧ Tα. (10.3.42)

After varying (10.3.42) with respect to the Lagrange multiplier one-form λα , one
recovers the constraint Tα = 0, and the second field equation (10.1.13) amounts to
an algebraic equation for λα. Employing the algebraic identity (A.1.26) of Hehl

et al. (1995), we see that the first field equation (10.1.12) is converted into (5.8.25),
which in 3D reads

Cα − Eα = Σα − D{}μα, (10.3.43)

where

Cl = El
α ∗

{
D{}

[
2

(
eβ�D{}H[αβ]

) + 1

2
ϑα ∧ (

eβ�eγ �D{}H[βγ ]
)
]}

(10.3.44)

is the one-form associated with the symmetric Cotton tensor Ckl = Clk . In general,
this is a third-order equation in the Levi-Civita connection Γ {}αβ , i.e., of fourth order
in the metric.

Due toTα = Dϑα = 0 inRiemannian spacetime, implyingHα = 0 in3D, themod-
ified S-duality leads toDH�

α = δ�DHα + (γ /�)Dϑα ≡ 0, and the two-formD{}H[αβ]
in the higher-derivative Cotton-type one-form (10.3.44) drops out. Then we are left
with (10.3.11), i.e.,

− Eα = −eα�L(�) − (−1)s
2γ

�
(eα�R{}�β) ∧ ϑβ = �Σ̃α (10.3.45)

in Riemannian spacetime. Since Gα = R{}�
α is the Einstein current two-form in 3D,

we arrive at Einstein’s equations

G{}
α − Λ̃ηα = � Σ̃α, (10.3.46)

with an induced cosmological constant for the Riemannian background with the
symmetric Belinfante–Rosenfeld two-form Σ̃α := Σα − D{}μα as source.

Comparing (10.3.45) with (10.3.46), we see that the induced cosmological term
reads

Λ̃ = (−1)s ∗L(�) + 1

3�

[
4γ + (−1)s�

] ∗(R{}�α ∧ ϑα

)
, (10.3.47)

http://dx.doi.org/10.1007/978-3-319-29734-7_5
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where again a similar reduction of the Lagrangian L is understood. Is this an inter-
esting hint for the origin of the “dark energy” (Perlmutter 2003) in the real 4D
universe, induced via CS-type boundary terms dC in 4D?

10.4 Graphene and Emergent Gravity

Recently, graphene (Novoselov et al. 2005) as a new material has attracted con-
siderable attention because its charge carriers can be described by massless Dirac
fields, (Ferkous & Bounames 2004), whereas the flexural models of the 2D
membrane of graphene have been tentatively considered as membranes, (Kerner
& Naumis 2012), evolving in a (2 + 1)-dimensional curved, but conformally flat,
spacetime (Iorio 2011). There are also indications of dislocations (de Juan et al.
2010) related to singular torsion. Moreover, the elastic deformation of corrugated
membranes of graphene looks like an extrinsic curvature effect but could as well
be described more aptly by emergent teleparallelism (Zubkov & Volovik 2015).
Ripples in graphene can be regarded as the 3D analogue of “gravitational waves”.

A related topological framework with a coupling to Dirac fields in 3Dwas consid-
ered before byLemke & Mielke (1993). In principle, it seems be possible to enlarge
the dynamical framework of the MB-type theory by including Weyl spaces (Iorio
& Lambiase 2014), or even supersymmetry (Ezawa 2008), as a new “playground”
for the topological ideas developed here.

10.5 Dirac Equation in 3D

Electrons in the graphene sheet are 2+1 Dirac fermions. When massless, the energy
spectrum is E = pcF, where cF is the effective speed of fermions in the 2D carbon
material.

In general, the spinors that will be used in 3D depend on the signature of
space(time): in the Euclidean case, the covering group of the rotation group SO(3)
is isomorphic to the unitary group SU(2). Since an element of SU(2) can be para-
meterized by three numbers, the most convenient basis of the Lie algebra are the
familiar Pauli spin matrices:

σ 1 =
(
0 1
1 0

)
, σ 2 =

(
0 −i
i 0

)
, σ 3 =

(
1 0
0 −1

)
. (10.5.1)

These matrices satisfy the following Lie algebra:

[
σα, σ β

] = 2iηαβγ σγ . (10.5.2)
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On the other hand, for Lorentzian signature s = 1, the covering group of SO(1,2) is
isomorphic to the real group SL(2, R), or as well to the symplectic algebra sp(2, R).
In both cases, the generators may be realized by the matrices

γ0 = iσ 2, γ1 = σ 1, γ2 = σ 3. (10.5.3)

These real matrices satisfy

γαγβ = gαβ1 + ηαβνγ
ν, (10.5.4)

thus providing a realization of the Clifford algebra γαγβ + γβγα = 2gαβ in 3D.
In RC spacetime, the minimally coupled manifestly Hermitian Dirac Lagrangian

takes the two equivalent forms

LD = i

2

(
ψ ∗γ ∧ Dψ + Dψ ∧ ∗γ ψ

) − mψψη

= ψ
(
i∗γ ∧ D − mη

)
ψ + d

(
i

2
ψ ∗γψ

)
, (10.5.5)

where Dψ := dψ − 1
2γα ∧ Γ �αψ denotes the covariant spinor derivative in 3D.

The covariant Dirac field equation

i∗γ ∧ Dψ − mψη − i

2
(D∗γ )ψ = 0 (10.5.6)

is obtained by varying LD with respect to Ψ . Since

D∗γ = ∗γ ∧ T , T := eα�Tα, (10.5.7)

one can go over to the new covariant derivative

D̂ := D − 1

2
T , (10.5.8)

involving the trace torsion T . Then we obtain

i∗γ ∧ D̂ψ − mηψ = 0, (10.5.9)

which reveals that the coupling to RC geometry is nonminimal on the level of the
covariant Dirac equation.

The curvature associated with the deformed covariant derivative D̂ is

R̂ = R − 1

2
dT = i

4
Rαβσαβ − 1

2
dT (10.5.10)



10.5 Dirac Equation in 3D 215

and the corresponding Ricci identity simplifies to

[D̂, D̂] = R̂ + TαD̂α . (10.5.11)

Then the integrability condition for the matter equation (10.5.9) is a Klein–Gordon
equation

D̂∗D̂ψ − m2ηψ + i∗σ ∧
(
R̂ + TαD̂α

)
ψ = 0 , (10.5.12)

supplemented by Pauli-like interaction terms. The connection Γ �α still contains con-
torsional pieces, such as the axial torsionA := ∗(ϑα ∧ Tα), a zero-form in 3D.How-
ever, 2D fermions do not couple to axial torsion; cf. de Juan et al. (2010). Materials
that support screw dislocations, including axial torsion, are, e.g., graphites. Cosmo-
logical solutions in a minimally coupled Dirac–MB model are discussed in Sert &

Adak (2013).

10.6 Topological Massive Photons in 3D

A topological extension of electrodynamics in 3D, sometimes called CS electrody-
namics, goes as follows: If A denotes the U(1) connection one-form, then Faraday’s
field strength reads F := dA, i.e., it remains an exact two-form. In 3D, the Maxwell
Lagrangian can be supplemented by an abelian Chern–Simons term, with the result
that

LA = 1

2
(F ∧ ∗F + mphotonF ∧ A). (10.6.1)

However, this three-form is gauge-invariant only modulo an exact form d(A ∧ ∗F)/2.
Nevertheless, the sourceless field equation

d∗F − mphotonF = 0 (10.6.2)

remains U(1) gauge-invariant. Since dF ≡ 0 is still the abelian Bianchi identity, the
integrability condition reads

�F − m2
photonF = 0, (10.6.3)

where� := d∗d∗− ∗d∗d is the d’Alembertian in 2 + 1 dimensions. Since (10.6.3) is a
Klein–Gordon equation for the field strengthF, we conclude that the photons become
massive. This is induced by the CS term when inversely coupled, for dimensional
reasons, via the Compton wavelength λ = �/cmphoton for massive photons.

This construction can be generalized to topological massive Yang–Mills theory
(Yildirim 2015), where a mass gap is induced via a CS term.
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10.7 Membranes with Torsion Defects

As an example of a spacetime with torsion and/or curvature defects (de Juan et al.
2010) or singularities (Fig. 10.1), let us consider a planar graphene solution within
the “mixed” MB model governed by the two Einstein–Cartan-type field equations
(10.2.5) and (10.2.6).

Let us assume that the 2D membrane of a corrugated graphene is evolving in an
intrinsic three-dimensional spacetime, suppressing for the moment the embedding
of a real graphene into flat 4D Minkowski spacetime. Then we may adopt the con-
vention that xα and yα are spacelike orthogonal vectors that span the (x, y)-plane
perpendicular to the time coordinate t, which itself is orthogonal to the world sheet
of the graphene. The corresponding one-forms (Mielke & Kreimer 1998) are
denoted by capital letters, i.e.,

X := xα ϑα , Y := yα ϑα . (10.7.1)

Moreover, the vector nα is a timelike unit vector normal to the hypersurface with
nα nα = s, the signature s of our 3D spacetime. FollowingSoleng (1992),Anandan
(1994), and Bakke et al. (2009), we assume that the two-forms Σα and τ �

α of the
energy–momentum and spin current, respectively, vanish outside the graphene sheet,
whereas “inside,” they are constant, i.e.,

Σα = ε xα X ∧ Y , τ �
α = σ yα X ∧ Y , (10.7.2)

which satisfy
ϑα ∧ Σα = 0 , ϑα ∧ τ �

α = 0 (10.7.3)

Fig. 10.1 “Screw”
dislocation with singular
torsion in a cubic lattice. The
Cartan circuit is indicated in
blue; cf. Lazar & Hehl

(2010)
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by construction. The constant parameters ε and σ of this spinning string-type Ansatz
are related to the exterior vacuum solution by appropriate matching conditions. For
the related solution with conical singularities and torsion of Tod (1994), it turns out
that ε and σ are formally delta distributions (Taub 1980) at the idealized location
of the defect; cf. Fig. 10.2. From the specification (10.7.1) of the one-forms X and
Y , it can easily be inferred that the only nonzero components are Σ0̂ 	= 0 and τ1̂2̂ =
−τ2̂1̂ 	= 0.

Due to the identities (10.7.3), contractions of the second field equation (10.2.6)
with xα and yα reveal that x[αyβ] Rαβ = R1̂2̂ = −R2̂1̂ 	= 0 are the only nonvanishing
components of the RC curvature. From its covariant expression

Rαβ = ε�2 x[αyβ] X ∧ Y , (10.7.4)

there follows the identity

Rβ
α ∧ ϑβ = �2

2
ε(xα Y ∧ X ∧ Y − yα X ∧ X ∧ Y) = 0 . (10.7.5)

We recall that Nα = n�ϑα is the lapse and shift vector in the (2+1) decomposition à
la ADM to see that the corresponding coframe and connection can now be obtained
explicitly by applying a finite boost to the usual conical metric of a “cosmic string”-
type defect:

ϑ 0̂ = dt + �2σρ∗2[1 − cos(ρ/ρ∗)]dφ

ϑ 1̂ = dρ , ϑ 2̂ = ρ∗ sin(ρ/ρ∗)dφ ,

Γ 1̂2̂ = cos(ρ/ρ∗)dφ = −Γ 2̂1̂ . (10.7.6)

From the Cartan-type relation (10.2.5) and the identities (10.7.3), we can infer that
in 3D, the axial torsion

Fig. 10.2 “Screw”
dislocation in atomic
resolution in inverted
perspective viewed by means
of a scanning tunnel
microscope
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A := ∗(ϑα ∧ Tα) = −(−1)s
ε

�2
(10.7.7)

of such a membrane defect is a constant pseudoscalar.
Thus, from the embedding of 3D into 4D, there arises no contribution to the

Pointryagin-type term d(A ∧ dA ) from the axial torsion. Moreover, the Nieh–Yan
term dCT proportional to d ∗A vanishes identically for this example of a spinning
cosmic string exhibiting a torsion line defect.

10.8 Supergravity

Fundamental interactions like QCD are rather successfully formulated in terms of
Yang–Mills theories with large gauge groups, stipulating that symmetry breaking is
prevailing. The idea of supersymmetry or supergravity, anticipated to some extent
already byWeyl (1931), goes in the same direction but so far lacks empirical support
in particle physics. There are, however, interesting, thus far speculative, directions
(Abreu et al. 2015; Alvarez et al. 2015) in the realm of condensed matter.

Supergravity (Deser & Zumino 1976; Freedman 1994) with one supersymme-
try generator, i.e., N = 1, represents the simplest consistent coupling of a Rarita–
Schwinger (RS) spin-3/2 field (Rarita & Schwinger 1941) to gravity.

In writing the Rarita–Schwinger-type spinor-valued one-form3

Ψ = Ψidx
i = Ψαϑ

α (10.8.1)

holonomically, it becomes clear that it does not depend on the coframe, inasmuch
as Ψα := eα�Ψ involves the tetrad that is inverse to the frame in the anholonomic
formulation. However, in 3Dwe adhere to the conventions that the holonomic indices
run over i, j, k, . . . = 0, 1, 2,whereasα, β, . . . = 0̂, 1̂, 2̂ for the anholonomic indices.
In addition, the coframe basisϑα converts into one Clifford-algebra-valued one-form

γ = γαϑα. (10.8.2)

Then Ψ will become real two-component spinors, with the Dirac adjoint defined by
Ψ := Ψ †γ 0.

3In four dimensions (4D), the RS field Ψ := Ψαϑα entering (10.8.1) is a Majorana-spinor-valued
one-form. As is well known (Van Nieuwenhuizen 1981), it satisfies the Majorana condition,
i.e., Ψ = CΨ T, where C is the charge conjugation matrix given by C = −iγ0 satisfying C† =
C−1 , CT = −C and C−1γ αC = − (γ α)T. Consequently,

Ψ ∧ Ψ = 0 , Ψ ∧ γ5γ
αΨ = 0 , Ψ ∧ γ5Ψ = 0.

For the real Majorana representation, all γ α are purely imaginary, and the components of the
gravitino vector–spinor consequently are all real (Mielke & Macias 1999).
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10.9 Rarita–Schwinger Lagrangian in 3D

The corresponding manifestly Hermitian RS-type Lagrangian three-form of Howe

& Tucker (1978) reads

LRS = i

4

(
Ψ ∧ DΨ − Ψ ∧ DΨ

) + i

4
mΨ ∧ γ ∧ Ψ, (10.9.1)

including a mass term. Here minimal coupling to gravity is achieved via

DΨ = dΨ − 1

2
γαΓ

�α ∧ Ψ, (10.9.2)

which is nothing more than the gauge covariant derivative of a spinor-valued one-
form Ψ .

The generalization of LRS analyzed byMielke & Maggiolo (2012) exists only
in 3D. In general, the energy–momentum current two-form Σα of matter is given by
the variational derivative

Σα := δLΨ

δϑα
= ∂LΨ

∂ϑα

+ D
∂LΨ

∂Tα
, (10.9.3)

where the second term accounts for the possibility of a nonminimal coupling to
torsion via Pauli-type terms; cf. Eq. (5.1.8) of Hehl et al. (1995).

Without Pauli terms, the energy–momentum current two-form of matter can be
rewritten as

Σα := eα�LΨ − (eα�Ψ ) ∧ ∂LΨ

∂Ψ
− (eα�Ψ ) ∧ ∂LΨ

∂Ψ
(10.9.4)

− (eα�DΨ ) ∧ ∂LΨ

∂DΨ
− (eα�DΨ ) ∧ ∂LΨ

∂DΨ
;

see (5.4.11) of Hehl et al. (1995) for details. This is often more convenient, since it
involves only partial derivatives of the matter fields and avoids the intricate treatment
of a possible dependence of the matter Lagrangian on the Hodge dual. Since the
kinetic terms in the Rarita–Schwinger Lagrangian LRS do not depend explicitly on
the coframe ϑα, they provide no contribution to the energy–momentum current, with
the result that

Σα = − i

4
mΨ ∧ γαΨ = −(−1)s2mτ �

α , (10.9.5)

where the 3-dual of the spin current is given by the chain of definitions

τ �
α := 1

2
ηαβγ τβγ = (−1)s

2

δLΨ

δΓ �
α

= (−1)s

2

i

4
Ψ ∧ γαΨ . (10.9.6)
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Thus for the pure RS Lagrangian in 3D, the energy–momentum current turns out to
be proportional to its dual spin.

10.10 Topological Supersymmetry in 3D

The first-order topological Lagrangian

L = L∞(ϑα, Γ �
α , Ψ ) = LMB + LΨ (10.10.1)

can be verified to be supersymmetric under certain constraints: the variation of its
independent variables (ϑα, Γ �

α , Ψ ) yields

δL = δϑα ∧ δL

δϑα
+ δΓ �

α ∧ δL

δΓ �
α

+ δΨ ∧ δL

δΨ
, (10.10.2)

where for convenience, only the Dirac adjoint Ψ is varied for.
The supersymmetric (SUSY) transformation of Deser et al. (1984) reads, in

exterior form notation,

δsusyϑ
α = iσ Ψ γ α, δsusyΓ

�
α = iσ γ ∗

αDΨ + icσ (γαΨ + eα�∗Ψ ),

δsusyΨ = 2Dσ + cγ σ, (10.10.3)

where σ stands in for a spinor-valued zero-form and c is a real constant. Let us probe
the SUSY invariance of the Lagrangian (10.10.1) by inserting this into (10.10.2):

δsusyL = iσ Ψ γ α ∧ δL

δϑα
+ δsusyΓ

�
α ∧ δL

δΓ �
α

+ (
2Dσ + cσγ

) ∧ δL

δΨ
, (10.10.4)

where cγ σ = cσγ holds for the Dirac adjoint.
In the following, let us assume that the second field equation δL/δΓ �

α
∼= 0 satisfies,

“on shell,” Eq. (10.2.4) of the “mixed” MB model. Then the SUSY transformation
reduces to

δsusyL ∼= σ

(
iγ αΨ ∧ δL

δϑα
− 2D

δL

δΨ
+ cγ ∧ δL

δΨ

)
+ 2d

(
σ ∧ δL

δΨ

)
. (10.10.5)

For later convenience, the Rarita–Schwinger equation

2

i

δL

δΨ
= DΨ + 1

2
mγ ∧ Ψ ∼= 0 (10.10.6)

is allowed here to be massive. Moreover, in (10.10.5), the term in parentheses fol-
lowing from the supersymmetric transformations explicitly reads
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iγ αΨ ∧ δL

δϑα
+ cγ ∧ δL

δΨ
− 2D

δL

δΨ

∼= iγ αΨ ∧
(

θTL

�
R�

α + θT

�2
Tα + Σα

)

+ cγ ∧
(
i

2
DΨ + i

4
mγ ∧ Ψ

)
− D

(
iDΨ + i

2
mγ ∧ Ψ

)

= iγ αΨ ∧
(

θTL

�
R�

α + θT

�2
Tα

)
+ γ αΨ ∧

(
1

4
mΨ γαΨ

)

+ cγ ∧
(
i

2
DΨ + i

4
mγ ∧ Ψ

)
− iR�

αγ αΨ − i

2
mTαγ αΨ

+ i

2
mγ ∧ DΨ. (10.10.7)

By a Fierz rearrangement, i.e.,

γ αΨ ∧ Ψ γαΨ = 0, (10.10.8)

terms arising from the energy–momentum currentΣα, or likewise from the dual spin
τ �
α , vanish. Moreover, we require c = −m, in order to eliminate kinetic terms like

γ ∧ DΨ . Then, using the 3D formula

γ ∧ γ = −2γ αηα (10.10.9)

of Howe & Tucker (1978), we find from (10.10.7) the requirement

i

[(
θTL

�
− 1

)
R�

α +
(

θT

�2
− m

2

)
Tα + m2

2
ηα

]
∧ γ αΨ = 0, (10.10.10)

so that our Lagrangian becomes supersymmetric.
At first sight, it appears that there is no cosmological constant to compensate a

similar one arising from the RS mass. However, one should compare the expression
in brackets with the second field equation (10.2.4) inserted, which indeed involves a
cosmological term induced by the translational CS term proportional to θT. Then

i
[(

θL + θTL

�
− 1

)
R�

α +
(

(−1)s
θTL

�
+ θT

�2
− m

2

)
Tα + 1

2

(
θT

�2
+ m2

)
ηα

+ τ �
α

]
∧ γ αΨ � 0 , (10.10.11)

results, although the dual spin τ�
α of the RS field will not contribute, again due to the

Fierz rearrangement (10.10.8). This finally leads to the mass-dependent “on shell”
conditions
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θT � −m2�2, θTL � (−1)s

2
m(2m + 1)�, θL � 1 − θTL

�
= 1 − (−1)s

2
m(2m + 1)

(10.10.12)
for the coupling constants of the bosonic part of L∞. Consequently, massless RS
spinors do not require a translational or a “mixed” CS term in order to acquire
supersymmetry.

In Mielke & Maggiolo (2012), there were preliminary attempts to generalize
the peculiar dynamical symmetry of Baekler et al. (1992), identified before as
S-duality, to a supersymmetric version via the Ansatz

ϑα = (−1)s� Γ �
α + σ γαΨ . (10.10.13)

Here σ is again a spinor-valued zero-form, and � a fundamental length.
More recently,Alvarez et al. (2015) considered anN = 2 supersymmetrywith-

out the RS field.
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Chapter 11
Spinor Bundles

The intended unification of electromagnetic, weak, strong, and gravitational interac-
tions within the geometric concept of gauge invariance is still flawed by one essential
shortcoming that cannot be disregarded. For it is still lacking an exact geometric
description of the constituents of (tangible) matter sources! Here we are following
Weyl’s assertion, which is still valid nowadays, that the electromagnetic field (and
consequently all the different gauge fields) “is a necessary accompaniment of the
matter-wave field” (Weyl 1929b, p. 331).

Matter, which not only surrounds us in daily life but also constitutes our very
selves, is known to extend itself and thus to take in a “material” part of space. Accord-
ing to the empirically asserted relation between the intrinsic angular momentum
(spin) and the so-called Fermi–Dirac statistics, the material core has to be described
quantum-mechanically by wave functions with half-integer spin. Moreover, all
actual models of particle physics (Kokkedee 1969; Pati & Salam 1973, 1974;
Taylor 1979;Marciano & Pagels 1978;Barut 1980) agree that only fermions,
such as electrons, protons, neutrinos, muons, and colored quarks, are to be consid-
ered fundamental building blocks of matter and that all other phenomena are taken
to be accounted for by (quantized) gauge fields. Therefore, it is of basic interest to
incorporateDirac’s relativistic theory of the electron (1928) into the gauge-theoretic
framework. Then it is equally important to investigate the exact physical meaning
of the geometric and topological structures thereby introduced. One has to bear in
mind, however, that a precise dividing line cannot be drawn between matter and
gauge fields proper. It is for this reason that (Weyl 1924, p. 609) considered “a
dynamical theory of matter to be the most promising one: matter as a field-inducing
agent, the field as an extensive medium that transfers interactions from matter to
matter.”1 In this context, it is to be kept in mind that the constituents of subnuclear

1(Weyl 1924, p. 609), “eine dynamische Theorie der Materie am aussichtsreichsten: die Materie
ein felderregendes Agens, das Feld ein extensives Medium, das die Wirkungen von Körper zu Körper
überträgt.”

© Springer International Publishing Switzerland 2017
E.W. Mielke, Geometrodynamics of Gauge Fields,
Mathematical Physics Studies, DOI 10.1007/978-3-319-29734-7_11
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matter can be characterized operationally only by the fields with which they are able
to interact.

11.1 Global Spinor Fields

In relativistic quantum mechanics (Bjorken & Drell 1964), fermions with spin
1/2 are described by bispinor representations D(− 1

2 , 32 ) ⊗ D( 1
2 , 32 )(S̃O◦(1, 3)) of the

proper Lorentz group SO◦(1, 3) (Gel’fand et al. 1963).2 These representations
are not unitary, although the fields transform according to unitarily induced rep-
resentations of the (restricted) Poincaré group P◦ := R4 ⊂× SO◦(1, 3) of flat
spacetime (Mackey 1968; Trautman 1970;Mielke 1977c;Kaźmierczak 2010).
Despite counterclaims, spinorial polyfield representations of the linear group do exist
(Hehl et al. 1978). Unitary representations are infinite-dimensional again, this time
consisting of the direct sum of fermion fields with an unlimited increase in spin:
ψ∞ := ψ1/2 ⊗ ψ5/2 ⊗ ψ9/2 ⊗ . . ..

This description of the spinor fields is, however, insufficient to achieve a coupling
to generally covariant field theories, since a rudimentary relevance of this descrip-
tion is maintained only in the local tangent space, the reason being that such a local
representation does not allow the incorporation of a nontrivial topology of the back-
ground manifold and of the configuration space, which is of increasing importance
to the formalism of gauge theories. This is particularly true for fermions if one keeps
in mind that their half-integer spin originates in a “nonclassical two-valuedness”
according to Pauli; cf.Wheeler (1968, p. 75).

The structural reason for this has to be seen in the global topology of the
(pseudo-orthogonal) structure group SO(s, n − s) of the tangent bundle of an
n-dimensional manifold3 of signature s. Provided s �= 0, this topological space
has two connected components, which are, however, not simply connected accord-
ing to homotopy theory. Concerning the connected component SO◦(s, n − s) of the
unit group element, its connectivity relations are marked by the first homotopy group
(Helgason 2001, p. 346):

π1(SO◦(s, n − s), e) =
⎧
⎨

⎩

Z2 n = 2k
Z2 ⊕ Z2 n = 4k
Z4 n = 2(2k + 1).

(11.1.1)

However, it is possible to turn to a simply connected universal covering group
S̃O◦(s, n − s) (=: Spin(n) for s = 0), whose irreducible representations provide
the desired spinor representations.

2Fermions with a higher half-integer spin are not to be considered here.
3In order to make possible a generalization of the Dirac equation in the higher-dimensional spaces
of the Kaluza–Klein theory, the formalism is again developed for arbitrary dimensions (Brauer
& Weyl 1935). For this purpose, the work of Kerner (1980) is rather useful.
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This transition is achieved by a group homomorphism Λ : G̃ → G, which is
based on the following explicit construction: Let C(s, n − s) denote the so-called
Clifford algebra, which is spanned by generalized complex Dirac matrices γα . These
matrices obey the algebraic relation

γαγβ + γβγα = 2oαβ1 (11.1.2)

and admit realizations by N × N matrices for which N = 2[n/2] corresponds to the
lowest-dimensional faithful complex representation. Here [ ] denotes the next lower
integer. In the four-dimensional world, the so-called Pauli realization of the Dirac
matrices is commonly used, as is, for instance, done by Bjorken & Drell (1964):

γ 0 :=
(
1 0
0 −1

)
, γ k :=

(
0 σ k

−σ k 0

)
, σ k : Pauli matrices. (11.1.3)

Let the transformations of the Euclidean vector space En with coordinates xα be
determined by the (Lorentz) rotations g ∈ SO(s, n −s) on behalf of the group action

xα → x ′α = gα
β xβ, [gα

β ] ∈ SO(s, n − s), xα ∈ En. (11.1.4)

These pointsmay be related to a complex N ×N matrixX bymeans of the one-to-one
mapping

X := ı xαγα ←→ xα = − ı

N
Tr(γ α X). (11.1.5)

(Concerning a real vector bundleVon themanifold, this construction can be extended
to a 2N -dimensional bundle, the so-calledClifford bundleCV.For details, seeAtiyah
et al. (1964)). This complex vector space is specified as follows. The determinant

det X = −oαβxαxβ, (11.1.6)

as well as the square
XX = −oαβ xαxβ1 (11.1.7)

of such a matrix, leads back directly to the generalized Minkowski distance squared
of signature s (Cartan 1966). In order to keep this distance invariant, the covering
group is bound to act on the space X by means of a similarity transformation

X — X′ = SX S−1, S ∈ S̃O◦(s, n − s). (11.1.8)

A comparison of (11.1.5) and (11.1.4) indicates that the covering homomorphism is
determined by

Λ :
{

S̃O◦(s, n − s) −→ SO◦(s, n − s),

∈

S −→ ∈

gα
β = − i

N Tr(γ α Siγβ S−1),
(11.1.9)
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due to the geometric construction. For instance, the covering group of the proper
orthochronous Lorentz group SO◦(1, 3) is represented by S̃O◦(1, 3) ≈ SL(2, C)

on account of a special isomorphism (Helgason 2001, p. 353). Furthermore, the
infinitesimal generators of the group S̃O◦(s, n − s) are

σαβ := i

4
[γ α, γ β], Λ(σαβ) = Lαβ, (11.1.10)

which may be derived by a symbolic “inversion” of the homomorphism (11.1.9).
As was stressed initially, it is globally insufficient to characterize the spinor fields

as induced representations of the “covering” Poincaré group P0 := Rn ⊂× S̃O◦
(s, n − s) in a curved spacetime. It is necessary to obtain from a more general
“geometric arena” the bundle Lg(M) of orthogonal frames concerning the foundation
of the “broken” Poincaré gauge theory of gravity. We resume this here but make use
of the principal fiber bundle

Lg
◦(M) := P(M, SO◦(s, n − s), π, δ) (11.1.11)

having merely the proper4 Lorentz group SO◦(s, n −s) as structure group. However,
the topological structure of this group necessitates the consideration of an additional
principal fiber bundle with a corresponding covering group as structure group. Then
a spin structure is imposed on a base space M as follows: Besides Lg◦(M), the
“covering” principal fiber bundle

L̃(M) := P(M, S̃O◦(s, n − 2), π̃ , δ̃) 
 p̃ (11.1.12)

is introduced (Milnor 1963) together with the bundle map f : L̃(M) → Lg◦(M),
which must be compatible not only with the right action of the group in both spaces
but also with the group homomorphism (11.1.8), i.e.,

f ( p̃S) = f ( p̃)Λ(S), S ∈ S̃O◦(s, n − 2). (11.1.13)

A spin structure over M is equivalent to a double covering of Lg◦(M). This spin
structure is identical to a second one that is represented by (L̃ ′(M), f ′) if the iso-
morphism between the spinor bundle leads by composition with f to the second
bundle mapping f ′. Additionally, a spin manifold is understood as a Riemannian
manifold that can be oriented and for which a spin structure exists in the tangent
bundle (Trautman 2008).

This raises a question concerning the premises underwhich such a spin structure is
globally legitimate. In mathematically abstract terms, the solution runs as follows: In
order to imprint a global spin structure on the SO◦(s, n − s) principal fiber bundle,
it is necessary and sufficient that the Stiefel–Whitney class w2 ∈ H2(M, Z2) of
the base space M be zero. Here the gth Stiefel–Whitney class is considered as the

4This restriction is to be explained later on.
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characteristic class of the gth relative cohomology group Hg(M, Z2) of the manifold
(Milnor & Stasheff 1974). The number of inequivalent spin structures is thereby
defined by the dimension s̃ = dimH1(M, Z2) of the first relative cohomology group
(Milnor 1963). Accordingly, there are exactly s̃ = 2ν spin structures possible
(Wheeler 1968, p. 72) if we are concerned with a spacetime for which the spacelike
hypersurface consists of the connected sum of ν handlebodies (“wormholes”) W 3 :=
S1 × S2, i.e., for

M = R × S3#νW 3. (11.1.14)

On the other hand, it is known that these multiply connected spaces indeed admit
harmonic electric fields as solutions of Maxwell’s source-free equations but no cor-
responding spinor solutions of Weyl’s equation of the neutrino field; cf. Klauder
& Wheeler (1957).

While introducing the spin structure, we have deliberately restricted ourselves to
the bundle of the orthogonal frames with the connected component SO◦(s, n − s) as
structure group, since the question of existence of spin structures for the SO◦(s, n−s)
bundle has to be considered in analogy to the problem of the orientability of O(s, n−
s) bundles. The last bundle can be oriented if w1 = 0 is valid, while the number of
distinguishable orientations has to be processed out of the dimension of H◦(M, Z2)

(Milnor 1963). The notion of spin manifold is also of enormous mathematical
importance in relation to the construction of an exotic smooth involution on the 7-
dimensional sphere S7 (Milnor 1965). Attention can be drawn to other topologically
oriented works that likewise profit from the use of spin structures (Anderson et al.
1966; Asselmeyer-Maluga & Brans 2015).

However, it was Geroch (1968, 1970) who pointed out an intuitive and in the
context of Poincaré gauge theories more convenient premise for the existence of
spin structures. Concerning the legitimation of a spin structure on a noncompact
spacetime manifold M of signature s �= 0, it is accordingly necessary and sufficient
that there exist a global field of (orthonormal) tetrads, or stated otherwise, a system of
“orientation-entanglement relations” (Wheeler 1968, p. 69; MTW, p. 1148). This
means, for instance, in the 4-dimensional case that

L̃(M4) = M4 × SL(2, C) (11.1.15)

is, viewed from this angle, a trivial bundle and that the possibility of nontrivial spin
structures on T (M) is dependent only on the mapping f (Isham 1978).

As far as the theory of representations is concerned, it is to be understood that the
spin of fermions is to be related to the “external” invariance group of spacetime; in
order to incorporate “internal” local symmetries, such as, for instance, the isospin
invariance or Gell-Mann’s SU (3)-group as well into these global constructions, the
idea of generalized spin structures has been analyzed by Avis & Isham (1980).

Following this intricate terminology of a “spin-carrying geometric arena,” we
can proceed analogously to our preparatory observations to describe the physically
relevant spinor fields ofmatter. Our point of departure is the introduction of a complex
vector bundle
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V s := V (M, C
N , ρs(S̃O◦(s, n − s)) ⊂ GL(N , C), L̃(M)) (11.1.16)

associated to the spin bundle L̃(M). For this reason, it is also called an associ-
ated spinor bundle. Within this general setup, we consider the fundamental (com-
plex) representation DF of dimension N = 2[n/2] of the structure group S̃O◦
(s, n − s), which contains the physical Lorentz group S̃O◦(1, 3) as a subgroup.
Then the restriction of DF to S̃O◦(1, 3) yields the following product representation:

DF
|S̃O◦(1,3)

= D
1
2 × · · · × D

1
2

︸ ︷︷ ︸
(n−4)/4

. (11.1.17)

Here
D

1
2 := D(− 1

2 , 32 ) ⊕ D( 1
2 , 32 )

(
S̃O◦(1, 3)

)
(11.1.18)

denotes the bispinor representation of the covering group SL(2, C) ≈ S̃O◦(1, 3) of
the proper Lorentz group, which itself is the direct sum

(− 1
2 ,

3
2

) ⊕ (
1
2 ,

3
2

)
of spin-

1
2 representations labeled according to Gel’fand et al. (1963). This formulation
has the advantage that it can be extended to a representation of the general Lorentz
group Õ(1, 3) if required. Concerning the spinor basis b̃(1), i = 1, . . . , N , their cross
sections form the space of Dirac spinors:

Ψ = ψ ⊗ b̃ ∈ C∞(V
1
2 ). (11.1.19)

According to the construction, this means a differential form of degree zero with val-
ues in the field CN of complex numbers. In generalized Kaluza–Klein models, these
n-dimensional Dirac spinors need to be restricted to the four-dimensional physical
world. Due to the construction of DF, one finds a “tower” of spin− 1

2 fermion fields
(see, e.g., Kalinowski 1984):

Ψ̂|S̃O◦(1,3) =

⎡

⎢
⎢
⎢
⎣

Ψ1

Ψ2
...

Ψ[ n
4 ]

⎤

⎥
⎥
⎥
⎦

. (11.1.20)

The G-equivalence principle demands that the coordinates ψ of the spinor bundle
transform according to

ψ →S−1
ψ := S−1ψ (11.1.21)
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with respect to an element

S(p) ∈ GS ≈C∞(L̃(M) ×Ad S̃O◦(s, n − s))

Λ(S(p)) = G(p) ∈ Gp
(11.1.22)

of the group GS of (local) spin gauge transformations. This group results from Gp, a
subgroup of the affine gauge group, by a formal inversion of the covering homomor-
phism (11.1.9) onto the pseudo-orthogonal group with local gauge transformations.
These gauge transformations can be expanded in terms of the infinitesimal generators
of the structure group S̃O◦(s, n − s); due to (11.1.10), this results in the following
equivalent representation:

S(p) = exp ı θαβ(m)Λ−1(Lαβ) = exp ı θαβ(m)σαβ

= exp

(
−1

4
θαβ(m)[γ α, γ β]

)
. (11.1.23)

See also Bjorken & Drell (1964). This again determines the action of the spin
transformations on Dirac’s γ -matrices

S−1(p)γα S(p) = γβGα
β(p), [Gα

β(p)] ∈ Gp. (11.1.24)

The spin bundle L̃(M) can, analogously to the bundle Lg(M) of the orthonormal
frames, be endowed with a right-invariant 1-form γ . It takes on values within the
Clifford algebra and thus differs from the already familiar canonical 1-form ϑ . To
be more precise, the form

γ = Eα
· j (m)γα ⊗ dx j = γ j dx j ∈ C∞(T ∗

C
(M) × CV ) (11.1.25)

has to be considered as a cross section in the product bundle of the (complexified)
cotangent bundle and the Clifford bundle CV. Moreover, on account of (11.1.25), γ
appears to be “soldered” to the spin manifold. In order to be able to reckon with this
Clifford-algebra-valued form, corresponding to the calculus of exterior forms, it is
only to be kept in mind that the formation of the dual obeys the rule

∗(γ ∧ · · · ∧ γ
︸ ︷︷ ︸

p

) = p!
(n − p)!γ

n+1 γ ∧ · · · ∧ γ
︸ ︷︷ ︸

n−p

. (11.1.26)

The matrix γ n+1 that is thereby implicitly defined is an axial Lorentz scalar and can
be understood as an element of a higher-dimensional Clifford algebra as well, due to

(γ n+1)2 = ∓1. (11.1.27)
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If one realizes the Dirac matrices in the “Cartan basis,” then γ n+1 can be regarded as
a Casimir operator, since it commutes with all elements of the Clifford algebra. The
symmetrized product of the 1-form γ with itself and the formation of traces, due to
(11.1.2), leads necessarily to the pseudo-Riemannian line element

1

N
Tr(γ ⊗s γ ) = ds2 = gi j (m)dxi ⊗s dx j . (11.1.28)

This can be looked upon as a generally covariant generalization (Schrödinger
1932) of the well-known anticommutation relations (11.1.2). For the formulation
of the dynamics of the Dirac theory in curved spacetime in the next section, it is
convenient to make use of the Dirac adjont spinor, which is defined by

ψ := ψ+γ 0, (11.1.29)

as already noticed by Bargmann (1932). Following the Bjorken & Drell con-
ventions (1964), in addition the following rules are to be obeyed:

σαβ := γ 0σαβ+γ 0 = σαβ, γ α := γ 0γ α+γ 0 = γ α. (11.1.30)

The introduction of a S̃O◦(s, n − s)-valued 1-form ω̃ of the connection in the asso-
ciated spinor bundle (11.1.16) enables us to define the gauge-covariant spinor deriv-
ative

Dψ = dψ + iω̃ψ, (11.1.31)

which is necessary for the formulation of an interacting gauge-invariant theory.5

The spinor connection ω̃ was introduced by Fock (1929); Weyl (1929b) and
Schrödinger (1932), and was given its axiomatic foundation by Luehr &

Rosenbaum (1974, 1984). Due to the covering homomorphism (11.1.9) or (11.1.10),
the spinor connection is closely related via

Λ(iω̃) = ωg (11.1.32)

to the metric-compatible connection ωg in the bundle Lg(M) of orthogonal frames.
This implies the following form of the local expansion:

∗
σ ω̃ = 1

2
ωαβσαβ = 1

2
Γ

·αβ

i σαβ ⊗ dxi =: Γi dxi . (11.1.33)

The local components of the spin connection, i.e., Ricci’s rotation coefficients Γ
·αβ

i ,
can be generated from the holonomic connection coefficients Γi j

·k by means of
translational gauge transformations, as shown in Chap. 4. These “tetrad gauge trans-

5In compliance with our previous conventions, we denote the covariant derivative in a vector bun-
dle by the same symbol D, since it is always possible to infer from the field in question which
representation of the structure group or its covering group is meant.
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formations” cannot always be covered by a spinor gauge transformation (11.1.36) of
ω̃ in an unequivocal way. It is necessarily dependent on the topological properties
of the bundle mapping f of the spin structure and can occasion globally different
Lagrangian n-forms (Isham 1978).

With respect to the group GS of local spin gauge transformations, these spinors
transform according to the rules

ψ −→ S−1
ψ = S−1ψ (11.1.34)

and
ψ −→S−1

ψ = ψS, (11.1.35)

which are to be expected for cross sections of vector bundles, while more geometric
objects, i.e., the connection ω̃ and the covariant derivative D, turn, respectively, into

ω̃ −→ Sω̃ = Sω̃S−1 + (d S)S−1 (11.1.36)

and,
D −→ S−1

D = S−1DS. (11.1.37)

The transformation of the Clifford-algebra-valued “soldering form”

γ −→ S−1
γ = S−1γ S (11.1.38)

can also be fitted into this canon.
If we had started from a spinor representation of the Poincaré group Rn ⊂× SO◦

(s, n − s), it would have been possible to extend this to a theory that is invari-
ant with respect to “broken” affine spinor gauge transformations. That this is also
possible with regard to the 1-form γ is shown via a comparison of the affine trans-
formation rule with (11.1.24). And yet all these global considerations point to a
Riemann–Cartan space as the appropriate geometric arena for spinor fields. And in
fact, it will be shown that a (pseudo-) Riemannian manifold is too narrow a frame
for the description of gravitationally coupled spinor fields.

11.2 Covariant Dirac Equation

Ageneralization of theDirac equation (1928) in curved spacetimewas advanced at a
rather early stage. Especially, the basic works of Tetrode (1928),Wigner (1929),
Weyl 1929b, Fock 1929, Schrödinger (1932) can be mentioned here. It was
Wigner, effectively influenced by Einstein’s theory of teleparallelism (1928), who
strived for an extension by inserting the tetrad fields e·i

α(m), i.e., the local bundle coor-
dinates of Lg(M), in the special-relativisticDirac equation.However, itwasTetrode
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(1928) and subsequentlySchrödinger (1932)who pointed out that it was possible to
start off from the generally covariant version (11.1.28) of the commutation relations
(11.1.2) of the Diracmatrices γ α . Obviously, it is our coordinate-independent formu-
lation with the help of the Clifford-algebra-valued 1-form (11.1.25) that explains that
these locally differing formulations describe globally the same mathematical struc-
ture. Weyl’s fundamental works of 1929 on the generally covariant formulation of
Dirac’s theory of the electron alreadymake use of matrix-valued differential forms in
full scale. However, his notation has grown unfamiliar by now. Although there were
already hints by Tetrode (1928) concerning the necessity of formulating the Dirac
equation not only as generally covariant, but also as gauge-invariant with respect to
local spin transformations by means of introducing a covariant spinor derivative, this
was recognized in full only by Weyl (1929a, b) and Fock (1929) simultaneously.

Due to these initial works and the modern gauge-theoretic concepts that have
been established in the meantime, it is not difficult to determine the precise form into
which Dirac’s theory has to be moulded. To this end, the gauge-invariant Lagrangian
formalism has to be transferred to the case of a spin structure group. According
to (11.1.19), the spinor field ψ is a 0-form. In order to construct an n-form out of
this by means of the gauge-covariant spinor derivative D and the Clifford-algebra-
valued 1-form γ , there is only the following way to achieve this within a first-order
formalism:

LD = i

2

(
ψγ ∧ ∗ Dψ + (Dψ) ∧ ∗γψ

) − mψψη. (11.2.1)

Since it will turn out to be useful later, we have chosen an invariant Lagrangian
n-form that is symmetric with respect to the formation of the Dirac adjoint spinor;
see Wigner (1928); Trauman (1972); Isham (1978). The invariance of (11.2.1)
with respect to the groupD(M) of differentiable coordinate transformations is again
guaranteed by the occurrence of exterior differential forms. In addition, the trans-
formation rules (11.1.34)–(11.1.38) guarantee that the G-equivalence principle is
satisfied, in complete agreement with the idea of gauge invariance. It would be pos-
sible, of course, to construct spinor models containing derivatives of higher order,
disregarding possible causality violations. However, (11.2.1) is the sole Lagrangian
n-form that is of first order in ψ and is reducible to the special-relativistic Dirac
theory in the interaction-free case.

By variation of (11.2.1) for δLD/δψ or for δLD/δψ , respectively, the generally
covariant Dirac equation

iγ ∧ ∗ Dψ − i

2
(D ∧ ∗γ )ψ − mψη = 0 (11.2.2)

and the corresponding adjoint equation

i(Dψ) ∧ ∗γ + i

2
ψ D ∧ ∗γ + mψη = 0, (11.2.3)
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which are gauge-covariant with respect to the structure group S̃O◦(s, n − s), are
obtained. As can already be noticed here, these equations, which are valid in a
Riemann–Cartan background space, contain an additional term that vanishes only
for a covariant constant γ , i.e., for Dγ = 0. However, the latter condition is globally
admissible in a flat spacetime only.

Before we turn to an additional dynamic aspect of the generally covariant model
given by (11.2.1), we have to consider the dynamical feedback of spinors on gauge
fields in general. In order to work this out, it has to be kept in mind that the Dirac-
adjoint connection

−
ω̃ = γ 0ω̃+γ 0 = ω̃ (11.2.4)

occurring in (11.2.1) cannot be distinguished—due to (11.1.30)—from a common
spinor connection. Then the following equivalent description of the Lagrangian
n-form of a Dirac field can be given:

LD = i

2
(ψγ ∧ ∗dψ + dψ ∧ ∗γψ) − mψψη − 1

2
ψ[ω̃, ∗γ ]ψ, (11.2.5)

using the rules concerning exterior forms. According to the definitions τ := δL/δω

of the canonically conjugate matter currents, the Dirac field is, under all conditions,
retroactive not only on the gauge fields of Yang–Mills type by means of the 1-form
τ = iψγψ of its charge current, but also on the (Lorentz) rotational gauge fields of
gravity by means of its spin current

τs = i(ψ∗γψ). (11.2.6)

In the derivation of this well-known result, use is made of the fact that the covering
homomorphism (11.1.9) is absorbed by Dirac’s bilinear product. In case that the
Euler–Lagrange equations (11.2.2) and (11.2.3) of the variational problem (11.2.1)
are satisfied, it can be shown that the covariant conservation laws6 are valid with
respect to the current τ or τs , and this according to whether the “internal” Yang–
Mills connection or the “external” spinor connection is used for the construction.

In order to get locally conserved currents, we have to add terms to τs depending
on the gauge potentials. In the limiting case of interaction-free Dirac fields, even

6A corresponding conservation law is also valid for the axial vector current jn+1 := iψ∗γ γ n+1ψ

of a Dirac field without mass. However, a quantum-theoretic treatment by means of a functional
integral, due to an anomaly, results in (cf., for instance, Jackiw 1977)

〈−∞|DτA|∞〉
(+)− = 1

(4.)8π2
Tr(Ωg ∧ Ωg(∗)).

Thus in quantum field theory, the conservation of the axial current is violated by topological contri-
butions of the Pontryagin class, and this in dependence on the asymptotic helicity states concerning
γ n+1. This is the physical content of the celebrated Atiyah–Singer index theorem (Römer 1981a,
b; Eguchi et al. 1980).
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dτs = 0 (11.2.7)

is valid, a fact that permits the introduction of the invariant scalar product

(ψ, χ) :=
∫

Hn−1
τs(ψ, χ) = i

∫

H n−1
ψ∗γχ (11.2.8)

into the solution space of the Dirac equation that will be spanned byψ . For spacelike
hypersurfaces Hn−1, this is not only independent of time, but even positive definite,
and it reduces itself subsequently to

(ψ, χ) = i
∫

H n−1
ψ+χdn−1x . (11.2.9)

Nevertheless, one could not interpret τ 0
s as the probability density in a non quantized

theory, since the energy density of the linear Dirac field is not bounded from below.
Thus, such a semiclassical model would necessarily imply the “instability and rapid
decay of all matter” (Jost 1965, p. 39).

11.3 Nonlinear Heisenberg–Pauli–Weyl Spinor Equation

The introduction of spinor fields as cross sections in the associated spinor bundlewith
the group S̃O◦(s, n − s) or the covering group of the Poincaré group as a structure
group, respectively, starts from a Riemann–Cartan base manifold together with its
frame. In order to show that the spinor fields even necessarily induce a torsion of the
spacetime, we decompose the (metric-compatible) spin connection

ω̃ = ω̃{} − K̃ , Λ(i K̃ ) = K (11.3.1)

into the Christoffel-like connection ω̃{} and the spin contortion that is projected by
the covering homomorphism (11.1.9) onto the contortion, and insert this into the
Lagrangian n-form (11.2.1). This splitting procures a further, equivalent, description
of Dirac’s Lagrangian n-form:

LD = i

2

(
ψγ ∧ ∗ D{}ψ + (D{}ψ) ∧ ∗γψ

)
− mψψη

+ 1

2
ψ[K̃ , ∗γ ]ψ =: L {}

D + LNL.

(11.3.2)

Here D{} denotes—similarly as in Hehl et al. (1976)—the covariant derivative with
respect to amerely (pseudo-) Riemannian spinor connection. It wasWeylwho in his
work in 1950, noted that an additional term, depending on the contortion, necessarily
occurs in RC spacetime. Considering the resolution of the relation Θ = [K , ϑ] for
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the contortion, this additional term, which would not be discernible in the special-
relativistic formulation, can also attain the form

LNL = 1

2
ψ[K̃ , ∗γ ]ψ = −3i∗[Θ,ϑ]∧(ψ∗γψ)

= −3τs ∧ [Θ,ϑ].
(11.3.3)

For the time being, it is to be taken for granted that the Dirac field interacts with the
Einstein–Cartan theory of gravity, as was proposed byWeyl (1929a, b, 1950). Then
it follows that the modified torsion [Θ,ϑ] couples algebraically to the canonical
spin current of the Dirac field such that Cartan’s torsion equation reads

[Θ,ϑ] = �∗2 τs . (11.3.4)

This relation can again be used to eliminate the torsion-dependent term (11.3.3) in
(11.3.2). With the result that a spin–spin interaction corresponding to a quadratic
axial vector coupling necessarily occurs in the Lagrangian n-form (11.3.2) of the
Dirac field:

LNL = −3�∗2
· τs ∧ ∗τs = 3�∗2ψ∗γψ ∧ ∗(ψ∗γψ)

= 3�∗2ψγ n+1γψ ∧ ∗(ψγ n+1γψ).
(11.3.5)

This physical effect, however, is not necessarily restricted to a coupling of the Dirac
field to the Einstein–Cartan theory. In a generic Poincaré gauge theory, torsion
acquires a more dynamical status according to the second field equation and may
propagate. However, the algebraic relation of the antisymmetric torsion to the spin
current τs of the Dirac field is maintained for those dynamic field configurations that
satisfy double-duality conditions even in the presence of external sources. In case of
quasilinear translational gauge field momenta, the resulting equation can be solved
for the antisymmetric torsion [Θ,ϑ]. This leads back to an algebraic relation like
(11.3.4), however, with a differing constant of proportionality corresponding to the
model in question.

As an important result, we thus can ascertain:

Spacetime that is twisted (“subject to torsional stress”) by the half-integer spin of a particle
induces a quadratic self-interaction of the spinor fields, and this in a geometrically natural
way.

Equivalently (Nester 1977), this means also that our interpretation draws us back
onto the (pseudo-) Riemannian spacetime of GR apart from “nonminimal” coupled
sources in the field equations. Thus the spinor equation

iγ ∧ ∗D{}ψ − 6�∗2γ n+1γ ∧ ∗(ψγ n+1γψ)ψ − mψη = 0 , (11.3.6)

which is valid in a Riemannian spacetime, is obtained by the variation of (11.3.2) for
δL D/δψ . This equation will be referred to as the nonlinear Heisenberg–Pauli–Weyl
spinor equation in the following and reads in a more familiar local representation
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with D = ϑα∇α taken into considerations, as follows:

{
iγ κ∇{}

κ − 6

n2
�∗2γ n+1γ μψγ n+1γμψ − m

}
ψ = 0. (11.3.7)

The fact that the coupling7 of Dirac’s Lagrangian n-form to the Einstein–Cartan the-
ory produces a quartic self-interaction, in contrast to the purely Riemannian (“met-
ric”) theory, was discovered by Weyl.

In a strict sense, Weyl noticed this occurrence of the conceptually important
intrinsic nonlinearity of the Dirac fields in an embryonic form in his famous work
of 1929 (note his additional term m’; Weyl 1929b, p. 329). Only a little later, it
was Ivanenko (1938, 1957) who, for quantum-theoretic reasons, pointed out the
possibility of nonlinear self-interactions.

Facing the permanently expanding spectrum of experimentally observed excited
states of hadrons and leptons, Heisenberg and Pauli felt seriously compelled to think
of a universal nonlinear equation to describe the basic structure of matter. This equa-
tion is constructed on spinors and is meant to do justice to the fundamental symme-
tries that are given by the Lorentz transformations, the dilations, the combined space
reflection and charge conjugation PC , and the time reflection T . To be added is the
nearly exact independence of the nuclear forces from the charge. In order to repre-
sent at least the proton and the neutron in his isospin formalism (Heisenberg 1932),
charge independence necessitates the invariance concerning an additional “internal”
SU(2) group. In order to obtain a nontrivial mass spectrum as well out of a single

fundamental equation for the isotopic doublet ψ :=
(

ψp

ψN

)
, this equation had to

be of an essentially nonlinear character: all these postulates lead to an equation of
(11.3.7)-type but possibly without a mass term (Heisenberg 1957).

The initial geometric arguments for an introduction of a fundamental nonlinearity
into the Dirac equation that were put forward by Weyl have been taken up and
refined by quite a number of scientists, includingGürsey (1957),Rodichev (1961),
Finkelstein (1960), Finkelstein & Ramsay (1962), Peres (1962), Braunss
(1964, 1965), Hehl & Datta (1971), Datta (1971), Dürr (1973) and lastly
Hehl (1974). The proposition of “internal” symmetries of the particles implies the
transition to multicomponent bispinor fields; and nonlinear coupled spinor models of
this kind have been investigated, apart from Heisenberg (1967) in his unified field
theory of elementary particles, by Finkelstein (1961a, b); Takahashi (1979a) and
Rañada & Rañada (1983).More generally, it can be shown that an extension of the
“internal” local SU(f) symmetry, taken together with the “external” Lorentz gauge
group SL(2, C) of Weyl to a gauge theory with G = SL(2f, C) as a structure group,
results in a G-invariant nonlinear Heisenberg–Pauli–Weyl spinor equation (Mielke

1977b, 1981a). The nonlinear coupling of the single spinor fields is thereby induced
by a generalized “isotorsion” of the total space. And yet it is still a highly speculative

7At an earlier stage, this was described as a “mixed” theory, since the affine connection and the
tetrad field occur as independent variables in the variation procedure.
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question whether the fundamental Dirac fields that occur can be identified either
with the proton and the neutron, as in Heisenberg’s isospin formalism, or with the
hypothetical, additionally “color”-carrying quarks—see, for instance, Takahashi
(1979a), Rañada & Rañada (1984)—or with the absolutely stable fermions, such
as proton, electron, or neutrino, as was proposed, for instance, by Barut (1980).

11.4 Solitons

As it is, the physical description of nature rests throughout on linear mathematical
models that have been developed along with the historical evolution of mathematics
and philosophy of science. However, it has to be admitted that the assumption of a
basic linearity is nothing but a model-like approximation if we are ready to accept
that the world of phenomena is in general of a nonlinear character. Exempted from
this rule seems to be quantum mechanics, since the principle of linear superposition
of the state functions necessarily belongs to the axiomatic foundation of the theory.

In the physics of the continuum, which is to be described by means of wave equa-
tions, an initially localizable wave packet is known to dissociate in a weakly dissipa-
tive medium due to the supposition of linearity. A substantially different effect, how-
ever, commonly occurs in the solutionmanifold of nonlinear wave equations: solitary
waves maintain the shape they are in, and this not only in the case of disturbances but
even after collisions.More than 150 years ago, this phenomenonwas observed empir-
ically by Scott-Russel (1844) concerning one-dimensional waves propagating in
a channel. Theoretically, the existence of such soliton solutions was first asserted
by Korteweg & de Vries in 1895. They drew this conclusion while reflecting on
the equations of hydrodynamics. The dispersion of these solitons “proper,” which
occur only in a 2-dimensional spacetime8 with this absolute stability, is prevented by
topological conservation laws. Roughly speaking, the theoretical explanation for this
phenomenon is comparable with that which explains why a knot in a closed ribbon
is unknottable (in this context see also Finkelstein & Rubinstein 1968).

Such an absolute stability of localized solutions of a nonlinear wave equation is
no longer guaranteed, however, in systems that are physically more realistic and not
completely integrable, lacking conservation laws originating from global topology
(Makhankov 1978). However, the spontaneous dispersion of such “solitons” may
possibly be prevented by a quantization of the total charge (Kumar et al. 1979). It
has already been suggested, in 1951 by Finkelstein et al., to amplify the stability of
spinor solitons by means of charge quantization. With reference to a classical spinor
model for the confinement of quarks, this idea was again resumed by Friedberg &

Lee (1977).

8The Heisenberg–Pauli–Weyl spinor equation within two dimensions serves as the starting point for
the quantum-field-theoreticThirringmodel (1958). This equation has solutions not only exhibiting
quark confinement (Chang et al. 1975; Hortaçsu 1977), but also with particle characteristics
(Yamamoto 1977; Rañada & Rañada 1984).
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Facing the structural richness of the nonlinear models, it is not astonishing that
there have been considerations concerning the construction of a classical model
of extended particles at very early stages in time. The main concern of these early
investigationswas the construction of amodel thatmade it possible to concentrate the
energy, the charge, and other essential physical characteristics of extended particles in
a spacelike domain without having the notorious field singularities of linear theories.

First attempts concerning such “unitarian”9 field theories are closely connected
with thework ofMie (1912, 1913). By giving up the linearity ofMaxwell’s equations,
the door was open not only for a forthcoming field theory of the electron but also for
that ofmatter. Thus it was possible forWeyl to answer the question, “What ismatter?”
as follows: matter is an energy knot10 of the (electromagnetic) field with quantized
physical properties. “Concerning the energy or the inertial mass of a compounded
body…”Weyl sees in the latter the reason “why we have to put the insoluble energy
of its finally material elementary parts and the soluble energy of their mutual binding
as opposites.”11

Mie’s concept of electrodynamics, however, had the decisive disadvantage that
it was not gauge-invariant. This deficiency was coped with by Born (1934) and
Born & Infeld (1934, 1935), while they were developing a nonlinear concept
of electrodynamics that does full justice to the demands of an up-to-date standard
concerning gauge invariance, if one proceeds on to a nonabelian structure group. In
a specific model, the electric field strength is determined by the nonsingular function

Er = √
αr2◦

[

1 +
(

r

r◦

)4
]−1/2

∼ √
α
1

r2
(11.4.1)

and thus replacesCoulomb’s 1/r2-dependence on the distance r := |→x | from the cen-
ter of the charge. This result implies the germ of the soliton concept in its relativistic,
4-dimensional shape.

Under these aspects, nonlinear coupled scalar fields were investigated by Rosen
(1939),Menius Jr & Rosen (1942) andRose & Furry (1961),G. Rosen (1965).
However, the issue of stability of localized solutions remains an open problemdespite
the work of Derrick & Kay–Kong (1968). The existence of stable particle-like
solutions has been proved for a specific model (Anderson 1971), which results
formally from “squaring” the Heisenberg–Pauli–Weyl spinor equation (11.3.7); cf.
Vázquez (1977), Deppert & Mielke (1979). As for particle physics, spinor mod-
els are of basic relevance as well with respect to the possible construction of bosons

9As far as we know, this term occurs for the first time in Kaluza (1921), although in a differing
context. Theoretically, it was coined by Born & Infeld (1934, 1935) and, as far as a quantum-
theoretic model is concerned, by Finkelstein (1949).
10According to the highly speculative notions of Jehle (1977, 1981), this should be asserted almost
literally.
11…ferner der Grund, warum wir an der Energie oder trägen Masse eines zusammengesetzten Kör-
pers die nicht auflösbare Energie seiner letzten materiellen Elementarbestandteile der auflösbaren
Energie ihrer wechselseitigen Bindung gegenüberstellen.” (Weyl 1924, p. 592).
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out of fermions. For a class of nonlinear spinor theories comprising (11.3.7), local-
ized solutions not only have been constructed by means of numerical methods but
also have been scrutinized for their physical interpretation by Finkelstein et al.
in 1951 and 1956. The stability of such particle-like solutions is still much under
debate; cf. Alvarez & Soler (1983), Mathieu & Morris (1985).

11.4.1 Soliton-Type Solutions of the Nonlinear
Dirac Equation

Within the framework of our more geometrically oriented notions, a possible role
of gravitation12 in the physics of particles should not be discarded. This is why we
resume these studies here, however with a consideration of the spacetime curvature
(Mielke 1981b). It is our intention to analyze a spinor system that is bound by a non-
linear self-interaction in a static spherically symmetric curved background, in order
to demonstrate the main semiclassical properties of such spinor solitons. Although
mathematically more complicated, we are going to consider the dynamical model
that is given by (11.3.7) exclusively in the physically(!) relevant case of n = 4 dimen-
sions. If the spinors are identical ones, the following equivalent representation for
the self-interaction (11.3.5) between the axial vector currents is valid (Finkelstein
et al. 1956):

(ψiγ 5γμψ)(ψiγ 5γ μψ) = (ψγμψ)(ψγ μψ)

= (ψ ψ)2 − (ψγ 5ψ)2.
(11.4.2)

It is therefore justified to choose the nonlinear Dirac equation

{
iγ k∇{}

k + 3ε

8
�2(ψψ − aψγ 5ψγ 5) − m

}
ψ = 0 (11.4.3)

with an algebraically simplified self-interaction, instead of (11.3.7), as a basis for
the following analysis. On the other hand, the constants ε = ±1, �, and a are to be
understood as arbitrary ones in the nonlinear term.

Within the framework of the following explicit calculations, we shall therefore
concentrate on a one-particle system. The spinor fields within this system are bound
by a static spherically symmetric external field exactly as is assumed in the case of the

12Hermann Weyl’s still valid admonitory statement is to be remembered here:

The formulation of Dirac’s theory of the electron in the frame of general relativity has to its
credit one feature that should be appreciated even by the atomic physicist who feels safe in
ignoring the role of gravitation in the building up of the elementary particles: its explanation
of the quantum-mechanical principle of “gauge invariance” that connects Dirac’sψ with the
electromagnetic potentials

(Weyl 1950).
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hydrogen atom (Bjorken & Drell 1964). A spherically symmetric gravitational
field occurs here, possibly even a very strong one, instead of the Coulomb potential.
As is well known, such ametric background can be described in isotropic coordinates
by the line element

ds2 = gkldxk ⊗s dxl

= eνdt2 − eμ(dr2 + r 2dϑ2 + r2 sin2 ϑdφ2).
(11.4.4)

Concerning static spinor fields, the functions ν = ν(ρ) and μ = μ(ρ) depend only
on the dimensionless radial coordinate

ρ :=
√
2π

�∗ r, (11.4.5)

and the metric becomes static itself. Thereby the spherical coordinates r := |→x |, ϑ ,
andφ are related to the Cartesian coordinates

→
x in the familiarmanner. The search for

explicit solutions of the generally covariant Dirac equation on thismetric background
can be simplified by conformally relating the components gkl of themetric with those
of a different one by means of

gkl ←− gkl = eμgkl . (11.4.6)

For the tetrads, the corresponding relation

E
α

·k ←− Eα
·k = eμ/2E

α

·k (11.4.7)

can be asserted. Concerning the change of metric (11.4.6), the Christoffel symbols
are related by

{
α

kl

}
=

{
α

kl

}
+ 1

2

(
δα

k ∂l + δα
l ∂k − gkl∂

α
)
μ (11.4.8)

(see, for instance, Mielke 1977a). Moreover, if we are considering the relation
between the Christoffel symbols and the torsion-free rotation coefficients Γ {}·αβ

κ , the
local components of the spinor connection (11.1.33) assume the form

Γk = Γ k − 1

4
δ

[α
k ∂β]μσαβ. (11.4.9)

As an interesting interim result, one can write down the nonlinear Dirac equation
(11.4.3) in a conformally related (pseudo-) Riemannian spacetime as
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{
iγ k(∂k + iΓ k + 3

4
∂kμ)

+3ε

8
�2eμ/2(ψ ψ − aψγ 5ψγ 5) − eμ/2m

}
ψ = 0.

(11.4.10)

As a noteworthy example, we may apply this result to the de Sitter space with radius
R◦. For this purpose, the de Sitter space is to be covered with the so-called horospher-
ical coordinate system (λ, y). Concerning these coordinates, the line element of the
de Sitter space reads

ds2 = 1

λ2

(
R2

◦dλ2 − oi j dyi ⊗s dy j
)
. (11.4.11)

The linear Dirac equation

{
iγ k∂k − 3i

2R◦λ
γ 0 − m

λ

}
ψ = 0, (11.4.12)

which results from (11.4.10) by dropping cubic terms, is completely identical to the
spinor equation that emerges from the method of the induced representation of the
de Sitter group SO◦(1, 4) (see Mielke (1977c), Eqs. (1.23) and (4.5) in the case of
higher spins). Quantum-field-theoretic aspects of nonlinear Dirac equations within
such spaces ofmaximumsymmetry have been analyzed byBörner & Dürr (1970).

For the sake of completeness, the conformally related component�k of the spinor
connection is given for the general background space (11.4.4). A comparison with
the results that have been obtained in a similar case by Brill & Wheeler (1957,
Eq. (30)) indicates that

Γ 0 = i

4
e(ν−μ)/2∂r (ν − μ)γ0γ1

Γ 1 = 0, Γ 2 = i

2
γ2γ1 (11.4.13)

Γ 3 = i

2
(sin ϑγ3γ1 + cosϑγ3γ2)

is valid. If this is inserted in (11.4.10), then

{
iγ 0∂0 − e(ν−μ)/2

[
i
→
γ · →

∂ + iγ 1∂r

(μ

2
+ ν

4

)]

+3ε

8
�2eν/2(ψψ − aψγ 5ψγ 5) − eν/2m

}
ψ = 0

(11.4.14)

follows. For the construction of solutions, it is rather convenient to think of the flat

spacelike Dirac operator i
→
γ · →

∂ as being written again in Cartesian coordinates.
It is remarkable that the curved metric background occurs in the conformal spinor
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Eq. (11.4.14) only in a multiplicative way except for the third term, whose contri-
bution, however, can be absorbed by the additional implementation of the factor
exp(−μ/2 − ν/4), as stated, into the separation ansatz

ψ = 4

�

(
2πm

3

)1/2

e−μ/2−ν/4−iωmt

⎡

⎢
⎣

i H(ρ) xm
κ

F(ρ)
→
σ ·→x
|→x | xm

κ

⎤

⎥
⎦ . (11.4.15)

Following the notation of Rose (1961), the spin-weighted spherical harmonics χm
κ

of parity P = (−1)l are given by

χm
κ =

∑

m=±1/2

C

(
l
1

2
j; m − m, m

)
Y m−m

l (ϑ, φ)χm . (11.4.16)

Here the parameter κ is related to the quantum numbers j and l of the total angular
momentum and the orbital angular momentum, respectively, by

κ = +( j + 1

2
) for j = l ± 1

2
. (11.4.17)

Here C(l 12 j;m-m,m) denote the Clebsch–Gordan coefficients of the rotation group

SU(2), and Ym
l (ϑ, φ) are the spherical harmonics. Concerning the operators

→
J and

→
L of the total spin and the orbital angular momentum, these spinors satisfy the
eigenvalue equations

→
J 2χm

κ = j ( j + 1)χm
κ (11.4.18)

and
→
σ · →

Lχm
κ = −(κ + 1)χm

κ . (11.4.19)

The helicity acts as a projection operator

→
σ · →

x

|→x |
χm

κ = −χm
−κ (11.4.20)

onto these states. The action of the spacelike part of theDirac operator on the bispinor
is also known:

iγ 0→
γ · →

∂

⎡

⎣
i H(ρ) χm

κ

−F(ρ) χm−κ

⎤

⎦ =
→
σ · →

x

|→x |

(
∂r −

→
σ · →

L

r

)
⎡

⎣
i F(ρ) χm−κ

H(ρ) χm
κ

⎤

⎦ . (11.4.21)
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What remains is the determination of the explicit shape of the self-interaction after
the enactment of the ansatz (11.4.15). Similarly as in Finkelstein et al. (1951, 1956),
the formulas

3

8
�2ψψ = 4πme−μ−ν/2(H 2 − F2)

∣
∣
∣Y |κ|−1

|κ|−1 (ϑ, φ)

∣
∣
∣
2

(11.4.22)

and
3

8
�2ψγ 5ψ = 4πme−μ−ν/2 2

3
H F

∣
∣
∣Y |κ|−1

|κ|−1 (ϑ, φ)

∣
∣
∣
2

(11.4.23)

come into existence. In order tomake possible the separation of the partial differential
equations (11.4.14) into angularly and radially dependent parts, it is necessary that
the self-interaction “potentials” (11.4.22) and (11.4.23) are spherically symmetric. It
follows from the properties of the spherical harmonics that this is the case for |κ| = 1
only. It has to be considered, however, that then the quantumnumbers for the total spin
and the orbital angular momentum, like that of the magnetic moment, are restricted
to the values j = 1

2 , l = 0, 1, and m = ± 1
2 , respectively. States of higher quantum

numbers would occur if the ansatz (11.4.15) were directly inserted into the action
functional

∫
LD′ belonging to (11.4.3). After integrating over the angular variables

(Finkelstein et al. 1956), only the radially dependent Euler–Lagrange equation
remains to be solved. This averaging procedure over the angular distribution of the
soliton solutions would make it possible to activate states of higher excitations. Since
both procedures lead only to equivalent results for |κ| = 1, we restrict ourselves here
to the investigation of the “ground state” of a soliton with spin.

If the separation ansatz (11.4.15) is inserted into the nonlinear Dirac equation,
the following system of first-order partial differential equations for both of the radial
functions is generated:

∂ρ∗ H + 1 + κ

ρ
e(ν−μ)/2H = 1

β

[
ω + eν/2 − εe−μ

(
H 2 − F2 − 2

3
aH 2

)]
F,

(11.4.24)

∂ρ∗ F + 1 − κ

ρ
e(ν−μ)/2F = 1

β

[
−ω + eν/2 − εe−μ

(
H 2 − F2 + 2

3
aF2

)]
H.

(11.4.25)

Although it is not absolutely necessary in our case, it is frequently convenient to
proceed to the tortoise coordinate of Wheeler (1955), which is implicitly defined
by the Pfaffian form

dρ∗ := e(μ−ν)/2dρ. (11.4.26)

Concerning backgroundmetricswith horizons as given, for instance, by the Schwarz-
schild solution, an utmost slow tending of ρ∗ to the “coordinate singularity” is
achieved. It is then to be considered as being displaced to negative infinity. In our
calculations, the contributions of the “naked” fermionmass m to the so-called Planck
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mass M∗ of the (possibly “strong”) gravitational field is absorbed in the coefficients

β = M∗

2m
, M∗ :=

√
8π�

c�∗ . (11.4.27)

Already in the case of flat spacetime, a computer-guided analysis is necessary. To
some extent, this has already been done, not only by Finkelstein et al. (1951, 1956),
but as well by Soler (1970), Rañada (1978), Takahashi (1979a, b), and Rañada
& Rañada (1984). And it has resulted in very interesting findings.

Here it may be sufficient to work out only some of the characteristic properties of
localized and regular solutions. For a soliton with total spin j = 1

2 , i.e., for κ = −1,
let us therefore consider the asymptotic solutions for the flat Minkowski space in a
neighborhood of spacelike infinity. For such solutions, the quadratic terms can be
neglected, and we get asymptotically the following linear system:

H ′ � 1 + ω

β
F, (11.4.28)

F ′ + 2

ρ
F � 1 − ω

β
H. (11.4.29)

Out of both equations, in which the derivative has to be taken with respect to ρ,
results the differential equation

F ′′ + 2

ρ
F ′ − 2

ρ2
F � 1 − ω2

β2
F (11.4.30)

with a regular singularity at the origin. The method of Frobenius allows to seek

F ∼ C∞
(
1

ρ
+ 1

ρ2

)
e−ρ (11.4.31)

and

H ∼ C∞

√
1 + ω

1 − ω

1

ρ
e−ρ (11.4.32)

as approximate solutions. For the sake of convenience, we have introduced

ρ := 1

β

√
1 − ω2ρ (11.4.33)

as our new radial variable.
For a soliton with total spin j = 1

2 and κ = −1, the radial functions H(ρ) in the
ansatz (11.4.15) account for a spherically symmetric distribution with l = 0, while
according to (11.4.17), the quantum number l = 1 of angular momentum can be
ascribed to F(ρ). Let us compare this with the situation in a nonlocal version of the
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|ϕ|6-model of Rosen (1965). With reference to an expansion in terms of spherical
harmonics Ym

l (ϑ, φ), the occurring exact radial solutions

f l(ρ) = ρl(1 + e4l+2)−1/2 (11.4.34)

(Mielke 1978, 1979) also depend on the quantum number l of orbital angular
momentum. A comparison with (11.4.31) and (11.4.32) suggests that we consider
the combinations

F(ρ) � C0 f 1(ρ)
1

cosh ρ
(11.4.35)

and

H(ρ) � C0

√
1 + ω

1 − ω
f 0(ρ)

1

cosh ρ
(11.4.36)

as fit accommodations to the asymptotic solutions of the radial Dirac equation, the
more so, since these functions are a satisfactory approximation of the system even
at the origin, provided that the initial increase of F(ρ) is determined to be

C0 = (1 − ω)

√
−2

ε(ω + 1)
(11.4.37)

The qualitative concordance of our approximations with the solutions of minimum
energy (Rañada 1978; see also Garcia & Rañada 1980), which were obtained
by numerical methods, is clearly documented in Fig. 11.1. Our trial functions could

Fig. 11.1 Approximate
radial solutions of a
nonlinear Dirac equation
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serve as a point of departure for a determination of the “energy eigenvalues,” i.e.,
the minima of the field energy of a spinor soliton, according to the Ritz proce-
dure of approximation (Flügge 1971). The obligatory exponential decrease of the
radial functions is sufficient for the localization of the resulting spinor solitons. This
is clearly shown in the case that the parameter ω appearing in the phase of the
ansatz (11.4.15) satisfies |ω| < 1. On the other hand, it is known (Vázquez 1977)
that bounded and square-integrable radial solutions do not exist for |ω| > 1.

For stationary configurations with a localized field distribution centered at the
origin, it seems to be sensible to define the effective soliton radius by

rs ≡ 〈|→x |2〉1/2ψ :=
(∫

H 3 |→x |2ψ∗
γψ

∫
H 3 ψ

∗
γψ

)1/2

. (11.4.38)

Concerning multisoliton systems, it is possible to equate the nonlinear superposition
of two such solitons in its effect on the physical action of a Yukawa-type potential
|ψ | ∼ e−mπ r between the centers of charge of the solitons. This is the case if the
mutual distance of these centers is larger than the sum of both radii, which is to be
calculated according to (11.4.38); cf. Rosen & Rosenstock (1952). This appears
to be a very interesting property of the classical nonlinear field theory, since the
occurrence of such potentials is usually considered as a “virtual” exchange of π -
mesons in particle physics. In our case, their mass would have to be related via

mπ =
√
1 − ω2 m (11.4.39)

to the “bare” fermion mass m and the parameter ω. With Salam (1977), this can be
explained with the immersion of the “naked” spinor waves into the self-interacting
phase within the solitons, and this in the sense of an “Archimedes-type” effect.

The total mass ms of a spinor soliton is obtained by the integration

ms = 1

c

∫

H 3
Σ0

D (11.4.40)

of the canonical energy momentum current ΣD over a spacelike hypersurface H3.
Here the term that is dependent on the Lagrangian 4-form LD can be omitted ifψ is a
solution of the Dirac equation (Jost 1965;Brill & Wheeler 1957). Nevertheless,
the definition (11.4.40) indirectly contains contributions of nonlinear self-interacting
potentials for a spinor soliton. Due to (11.4.15), it is typical that the soliton mass
(11.4.40) is inversely proportional to the “fundamental” length �∗ and that ms would
diverge for a vanishing coupling constant of the self-interaction.
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11.4.2 Mass Spectrum

Following the preceding studies of Finkelstein et al. (1951, 1956) and Soler

(1970), which were mainly concerned with a model (11.4.3) with a = 0, Rañada
(1978) focused his interest on the “mass spectrum” of the Heisenberg–Pauli–Weyl
equation (11.3.7), i.e., on the Eq. (11.4.3) with a = 1 but with the opposite
sign ε = +1. For solitons corresponding to an S1/2-bound state with normalized
charge Q = e, only nodeless radial solutions whose total rest mass shows an
infinite spectrum of local minima have been found. Most interesting is the fact
that the three lowest “eigenvalues” can be related rather well to the rest masses
of exited nucleon states if a corresponding scaling has been carried out in advance.
Garcia & Rañada (1980), while considering an additional coupling to a
pseudoscalar meson field, worked out these findings to a classical model of nucleons
that accounts approximately for their empirically provable properties such as charge,
spin, magnetic moment, and the electric or magnetic acting radii.

According to today’s generally accepted notions, however, hadrons are thought to
be built up by more fundamental pointlike fermions, the so-called quarks
(Gell- mann & Ne’eman 1964; cf. Kokkedee 1969). Since up to now, these
hypothetical construction elements have never occurred as free particles, it is nec-
essary for an acceptable theory of strong interactions to guarantee their permanent
confinement in hadrons. In quantumchromodynamics (QCD,Marciano & Pagels

1978; Joos 1979), this is thought to be achieved by a confining phase, i.e., as if the
quarks were enclosed by a “bag” (Chodos et al. 1974). Most remarkably, the under-
lying geometric ideas refer back to Einstein (1919) and Dirac (1962). Another
solution of this problem can be obtained within the framework of nonlinear spinor
theories if one starts off from several coupled Dirac fields. Let us assume that each
of these fields represents one quark. It is to be expected, then, due to the nonlinear
interactions of each with itself and among one another, that as a “ground state,” a
bound state of a multisoliton system comes into existence, which then could be con-
sidered a semiclassical model of a hadron. This possibility has been analyzed for a
related scalar case (Deppert & Mielke 1979). For nonlinear spinor fields, such a
binding occurs only for two or three quarks if one follows the results of Rañada &

Rañada (1984). It remains to be seen whether such a mechanism is really sufficient
to bind quarks permanently in hadrons. This again ought to be dependent as well on
the precise form of the nonlinear interaction (Werle 1977).

Following the preparatory work of Mielke (1978, 1980) on scalar models, a first
but important attempt (Mielke 1981b) was carried out to construct exact solutions
of a nonlinear Dirac equation in curved spacetime. The self-interacting potential in
(11.4.3) is chosen such that a = 0, resulting in a radial system of equations. In order
to solve this in closed form, we are postulating a rather special spherically symmetric
shape for the metric background (11.4.4), which, unfortunately, does not satisfy the
field equations of Einstein.

For a self-consistent procedure, it would have been necessary to take into con-
sideration the back-coupling of the spinor field onto the metric background via the
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canonical energy–momentum current. In the end, such a procedure would necessitate
the study of the spinorial versions (Brill & Wheeler 1957) of those geon construc-
tions that were carried out for the coupled Einstein–Maxwell system by Wheeler

(1955, 1962). In themodel case of a nonlinear scalar field, such gravitational solitons
have been constructed with numerical methods (Mielke & Scherzer 1981); see
also Schunck & Mielke (2003) and the references therein.

An axially symmetric background metric of Kerr–Newman type (Kerr 1963;
Newman et al. 1965) seems to be more appropriate in general, and this on account
of the nonvanishing intrinsic angular momentum and the charge of the spinor soliton.
But it is already in the linear case that the separation of the Dirac equation in terms of
the variables of the Kerr metric turns out to be a tedious undertaking; see Teukolsky
(1972, 1973); Chandrasekhar (1976) and also Joutei & Chakrabarti (1979),
which leads to explicit solutions only in particular cases (Einstein & Finkelstein

1977). Thus the consideration of torsion-induced nonlinearities within the Dirac
equation (Inomata 1978) as well as that of the back-coupling of the spinor fields
onto the Riemann(–Cartan) spacetime (Brill & Wheeler 1957; Hamilton &

Das 1977) is a rather ambitious mathematical program. In addition, it may pave the
way to a better understanding not only of the instanton and monopole solutions of
nonabelian gauge theories (Joutei & Chakrabarti 1979) but also of the “internal”
structure of the fermions and consequently of matter as a whole.

11.5 Quantum-Theoretic Meaning of Nonlinear Classical
Field Theories?

There is no way to ascribe a direct physical meaning to the unquantized “free” Dirac
field, since its field energy (11.4.40) is not bounded from below. Without imposing
a second quantization, this would mean an instability resulting in the rapid decay of
all matter (Jost 1965, p. 39). Under these circumstances, it is of interest to define
the quantum meaning of the soliton solutions of nonlinear spinor theories.

Besides the difficult but physically most important question concerning the stabil-
ity of these four-dimensional “solitons,” it is important to affirm that the properties
of classical fields entering decisively not only in the Wentzel–Kramers–Brillouin
(WKB) approximation methods but also in Feynman’s method of quantization via
path integrals. There is a crucial difference according to whether one starts from the
vacuum or from a soliton configuration as a ground state, since the classical solutions
are always regarded as approximations of zeroth order to the fully quantized theory. It
appears to be impossible to reach the “soliton sector” of the quantized theory, which
corresponds to a large coupling constant, by means of perturbation theory (Jackiw
1977;Callan & Gross 1975), since the classical soliton configuration is typically
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singular for a vanishing coupling constant of the self-interaction.13 The application
of quantum field theory, in which ψ is quantized by means of local anticommutation
relations, would cause divergences in the theory due to the singular commutator func-
tions and this apart from the fact that such distribution-valued spinor operators have
no classical limit at all. It is for this reason that Finkelstein et al. (1951) proposed
to quantize the total charge of a spinor soliton by the requirement

Q := ie
∫

H3
ψ∗γψ = ke, k = 0, 1, 2, . . . . (11.5.1)

At first sight, this procedure seems to be rather unsophisticated. However, it has
to be acknowledged that it is equivalent to the old Bohr–Sommerfeld quantization
condition concerning field theories with an infinite number of degrees of freedom
and that it is even exactly equivalent to the canonical formalism in many cases; cf.
Jackiw (1977).

Attention is still focused on the semiclassical nonlinear Dirac fields for another
reason. Usually, it is taken for granted that their temporal evolution violates one of the
most fundamental principles in particle physics, namely the Pauli principle.Under the
condition, however, that the solitary wave packets, which are thought to represent
fermions, are normalized to the quantum of charge Q = e and that their Cauchy
initial conditions satisfy the Pauli principle at the beginning of the observation,
the orthogonality of the fields is guaranteed until the end, since the scalar product
(11.2.8) is an invariant under temporal evolution (Rañada 1986). Spinor solitons
that are constructed in the described way as well as the charged scalar solitons of
Morris (1980) represent semiclassical fermions and are, in a sense, akin toDirac’s
model of the extended electrons of 1962. Tempted by these ideas, the author of the
present study felt motivated to conceive a nonlinear relativistic quantum theory of
extended particles (Mielke 1981c) influenced by de Broglie’s theory of the double
solutions (1960).

For the time being,we have explained the occurrence of nonlinear self-interactions
withinDirac’s theory in a very fundamental waywhile tracing it back onto the contor-
tion of the spacetime geometry. But it was Ivanenko (1958), in his profound essay,
who pointed out that these “primordial” nonlinearities in quantum field theory are on
par with the self-couplings of the fields that are “induced” by vacuum fluctuations. A
known example of the latter mechanism is given by the quantum-theoretic treatment
(Heisenberg & Euler 1936) of the theory of pair creation. The quantum-theoretic
generation of “virtual” electron–positron pairs can thereby be completely absorbed
by classical electrodynamics if only the dynamics are modified by an effective non-
linear Lagrangian 4-form of Born–Infeld type (1934). Another example is to be
seen in quantum electrodynamics itself (Bjorken & Drell 1964). The coupled
Maxwell–Dirac system leads to the nonlinear and nonlocal Dirac equation

13This parameter appears as fundamental length � in both (11.4.3) and the Ansatz (11.4.15).
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iγ ∧ ∗dψ(x) + e2
∫

y∈M

ψ(y)γψ(y)DF(y − x) ∧∗ γψ(x) = mψ(x)η (11.5.2)

after the elimination of the photon field (Barut & Kraus 1977) while the ampli-
tudes are not yet subjected to field (“second”) quantization. Here DF(x) denotes
the causal Green’s function of the electromagnetic field. In the limiting case of an
infinite heavy photon (vector bosons), the above nonlocal interaction of action-at-
a-distance type (Finkelstein et al. 1956) would again change into the spin–spin
contact interaction of Fermi type that is induced by the torsion of the spacetime.

A further reason for Ivanenko (1957, 1958) to consider the necessity of nonlin-
earities in the field equations was the related possibility of introducing a “smallest”
fundamental length � into the theory. This was meant to cope with the problem of
divergences in quantum field theory. Van Der Merwe (1979) found a modified
behavior of the two-point function at short interaction distances of the field operators
in amore recent and interesting study. It cannot be excluded therefore, corresponding
to the choice of the quantization or regularization method, that the length that occurs
in (11.3.7) as a coupling constant increases its “bare” value of the Planck length
�∗ = 8.1×10−33 cm to the far larger amount of the Compton wavelength � = 10−13

cm of the proton, and this by way of renormalization. This would mean that the non-
linearity that is induced by gravity nevertheless provides physically relevant, if not
even dominant, contributions to a fully quantized theory, and this despite its small
amount, which is characterized by �∗. It is for this reason that Heisenberg’s unified
field theory (1967), which starts from � = 10−13 cm, can refrain from using a “bare”
mass term occurring in (11.3.7) without renouncing the possibility of deducing a
spectrum of field energies that is of the scale of observable hadron masses. In order
to evade the veto of the perturbation-theoretic nonrenormalizability as the theoretical
correlate of the occurring four-fermion interactions, Heisenberg developed quantiza-
tions rules in Hilbert spaces with an indefinite metric. Since these are problematic in
their nature, Stumpf (1980, 1981) prefers functional quantization methods instead,
and this also with reference to the confinement problem of the hypothetical quarks.

Nevertheless, Heisenberg (1974) remained convinced of the physically funda-
mental meaning of his nonlinear spinor model of matter till the end. He did so on
account of the surmised equivalences between the indefinite metric theories and the
definite but nonlocal field theories. Possibly this is based on a sound reason. Fol-
lowing considerations of Eguchi (1977), nonlinear spinor theories are equivalent to
a renormalizable model in which the fermions interact with collective boson states,
according to perturbation theory. What is even more, an SU(f) gauge-invariant non-
linear spinor model (Mielke 1977b, 1981a) would thus become equivalent to quan-
tum chromodynamics (QCD;Marciano & Pagels 1978), today’s most prominent
theory of strong interactions.
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Chapter 12
Chiral Anomalies

Anomalies can be viewed as a breaking of some Noether symmetry through the
effects of the vacuum. In relativistic quantum field theory (QFT), such a (classical)
symmetry is broken by field quantization; cf.Holstein (1993, 2014),Van Holten

(2005) for rather recent reviews. This has important implications for such physical
processes as the decay of the neutral π -meson, cf. Bell & Jackiw (1969), and
induced instanton effects (Napsuciale et al. 2002), and it underlies the postulation
of the axion in quantum chromodynamics (QCD).

12.1 Anomalies for Pedestrians

In quantum electrodynamics (QED), Schwinger (1951) demonstrated that the
charge current j can be conserved, i.e., 〈d j〉 = 0, whereas the conservation of the
axial current j5 is broken, 〈d j5〉 �= 0, in the most common convention.

In the Fujikawa (1979) approach, the right-hand side can be obtained from con-
sidering the point-split current j5(x; ε) := ψ(x)γ5∗γψ(x + ε), where ε is an infin-
itesimal four-vector in spacetime. Such an expression can be rendered invariant by
quantum-field-theoretically dressing it with a path-ordered exponential

ψ(x)γ5
∗γψ(x + ε) → ψ(x)γ5

∗γψ(x + ε)P exp

{
i
∫ x+ε

x
A

}
. (12.1.1)

The variation δ/δA of the current j5(x; ε) is compensated by the variation of the
exponential. Since the parallel transport from xi → xi + εi along the infinitesimal
line element can be expanded perturbatively, it is clear that the net effect of this
approach is just the standard result

〈d j5(x)〉 = 2im〈P〉 − (1/96π 2)F ∧ F (12.1.2)
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for massive fermions, where P = ψγ5ψ is the pseudoscalar current and F := d A
is the gauge field strength. Further details of the path integral formulation were
developed, e.g., in Alfaro et al. (1988, 1989), Urrutia & Vergara (1992) with
extension of the regularized Jacobian, as well as in the light-cone gauge (Gamboa
et al. 1997) of the Schwinger model.

There is an intuitive physical interpretation of this result: the additional Chern–
Simons (CS) term C := A ∧ d A corresponds to the spin or helicity of the photon,
with its spacelike part A · B known as magnetic helicity (Jackiw & Pi 2000). Since
the axial current j5 is proportional to the spin of a fermion, the deformed current

j̃5 := j5 + (1/96π2)A ∧ d A (12.1.3)

includes the spin of the photon, lacking, however, gauge invariance. The chiral anom-
aly can then be understood as the “conservation law”

〈d j̃5〉 = 0 , (12.1.4)

such that in QFT, “the flow of electronic spin drags some photon spin and vice versa”
(Widom & Srivastava 1988).

Anomalies were studied also in Yang–Mills-type gauge models of gravity with
Einsteinian instanton solutions (Mielke & Rincon 2005). Then, the equivalence
principle requires a coupling of gravity not only to the energy–momentum current of
matter, but also to the spin current. Here we will focus on the intricate inter-relation
between the chiral anomaly and the spin or helicity of the gravitational gauge field
and extend it to post-Riemannian spacetimes with torsion.

12.2 Dirac Fields in Riemann–Cartan Spacetime

In our notation, a Dirac field is a bispinor-valued zero-form ψ for which ψ := ψ†γ0
denotes the Dirac adjoint. The minimal coupling to the gauge (electromagnetic)
potential A = Aidxi is accounted for viaD := D + i A∧, where Dψ := dψ + Γ ∧
ψ is the exterior covariant derivative with respect to the Riemann–Cartan (RC) con-
nection one-form Γ αβ = Γi

αβdxi .
The Dirac Lagrangian is given by the manifestly Hermitian four-form

LD = L(γ, ψ,Dψ) = i

2

{
ψ ∗γ ∧ Dψ + Dψ ∧ ∗γ ψ

}
− m ψψη , (12.2.1)

where γ := γαϑα is the Clifford-algebra-valued coframe.
The Dirac equation and its adjoint can be obtained by varying LD independently

with respect to ψ and ψ . Making use of the torsion Θ := Dγ and of the properties
of the Hodge dual, the Dirac equation assumes the form
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i ∗γ ∧
(
D + i

4
mγ − 1

2
T

)
ψ = 0 , (12.2.2)

where T := 1
4 Tr

(
γ̌ �Θ) = eα�T α is the one-form of the trace (or vector) torsion.

However, the covariant derivative D also contains torsion.
In order to separate out the purely Riemannian piece from torsion terms, the

Riemann–Cartan connection Γ = Γ {} − K is decomposed into the Riemannian
(or Christoffel) connection Γ {} and the contortion one-form K = i

4K
αβ σαβ , sat-

isfying Dγ = [γ, K ] = γαT α . Accordingly, the Dirac Lagrangian (12.2.1) splits
(Mielke 2004) into a Riemannian piece and a spin-contortion piece:

LD = L(γ, ψ, D{}ψ) − i

2
ψ

(∗γ ∧ K − K ∧ ∗γ
)
ψ + A ∧ j

= L(γ, ψ, D{}ψ) + 1

4
A ∧ j5 + A ∧ j

= L(γ, ψ, D{}ψ) − T α ∧ μα + A ∧ j . (12.2.3)

The covariant derivative with respect to the Riemannian connection Γ {} satisfies
D{}γ = 0. Hence, in an RC spacetime, a Dirac spinor feels only the axial torsion,

A := 1

4
∗Tr(γ ∧ Dγ ) = ∗(ϑα ∧ Tα) = 1

2
T [αβγ ]ηαβγ = Ai dx

i , (12.2.4)

which is invariant under Weyl rescalings and chiral transformations γ → γ β =
eiγ

5βγ e−iγ 5β of the coframe, but odd under parity P : ϑ B → −ϑ B , where B =
1, 2, 3.

12.2.1 Classical Axial Anomaly and Spin

Similarly as in QED, the gravitationally coupled Dirac Lagrangian LD = LD = L†
D

is Hermitian as required, even in an anholonomic frame. Then minimal coupling
provides us automatically with the following charge and axial currents, respectively:

j = ψ ∗γψ = jμ ημ , j5 := ψγ5
∗γψ = 1

3
ψσ ∧ γψ = jμ5 ημ . (12.2.5)

From the Dirac equation (12.2.2) and its adjoint one can readily deduce that d j 	 0
“on shell,” whereas for the axial current, we obtain the well-known “classical axial
anomaly”

d j5 = 2imP = 2imψγ5ψη (12.2.6)

for massive Dirac fields (Itzykson & Zuber 1980). The same holds in an RC
spacetime. If we restore chiral symmetry in the limitm → 0, this leads to the classical
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conservation law d j5 = 0 of the axial current for massless Weyl spinors, or since
d j 	 0, equivalently for the chiral current

j± := 1

2
ψ(1 ± γ5)

∗γψ = ψL,R
∗γψL,R. (12.2.7)

Asmentioned in the introduction for “pedestrians,” the axial current has an intriguing
relationship to the (dynamical) spin current of the Dirac field canonically defined by
the Hermitian three-form

ταβ := ∂LD

∂Γ αβ
= 1

8
ψ

( ∗γ σαβ + σαβ
∗γ

)
ψ

= 1

4
ηαβγ δ ψγ δγ5ψηγ = ταβγ ηγ = ϑ[α ∧ μβ] . (12.2.8)

In components, the spin tensor ταβγ = τ[αβγ ] is totally antisymmetric. Equivalently,
in (12.2.3), torsion merely couples to the two-form

μα = 1

4
ϑα ∧ ∗ j5. (12.2.9)

Consequently, we obtain the remarkable result that the vector one-form

μ := eα�μα = 3

4
∗ j5 (12.2.10)

of the Dirac spin is dual to the axial current j5.
In the correspondence to the axion (Mielke & Romero 2006), it is tentatively

assumed that the dimensionless pseudoscalar θ serves as a potential for the axial
torsion via A = 2dθ . Then there arises in (12.2.3) a derivative coupling of the
would-be axion a = θ fa to two fermions via the CPT-invariant term

Laψψ = 1

2
dθ ∧ j5 = 1

2 fa
da ∧ ψ ∗γ γ5ψ, (12.2.11)

exactly as in the usual formulation, where the axial current j5 is the Noether current
associated with a spontaneously broken Peccei–Quinn symmetryU (1)PQ; cf.Kim&
Carosi (2010).

12.2.2 Axial Current in the Einstein–Cartan Theory

The Einstein–Cartan (EC) theory of a gravitationally coupled spin-1/2 Dirac field
provides a dynamical understanding of the axial anomaly on a semiclassical level:
the Lagrangian reads
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L = i

2�2
Tr

(
� ∧ ∗σ

) + LD = 1

2�2
Rαβ ∧ ηαβ + LD , (12.2.12)

where ηαβ := ∗(ϑα ∧ ϑβ) is dual to the unit two-form.
In EC theory, Cartan’s algebraic relation between torsion and spin implies the

following relation between the axial current j5 of the Dirac field and the translational
Chern–Simons (CS) term (12.4.9), or equivalently, for the axial torsion one-form:

CTT
∼= 1

4
j5 , A = 2�2 ∗CTT = (�2/2)ψγ5γψ . (12.2.13)

Thus in EC theory, the net axial current production

d j5 ∼= 4dCTT = 2

�2

(
T α ∧ Tα + Rαβ ∧ ϑα ∧ ϑβ

)
(12.2.14)

establishes a link to the four-form of Nieh & Yan (1982) for massive fields.
This result holds on the level of first quantization. Since the Hamiltonian of the

semiclassical Dirac field is not bounded from below, one has to pass to second
quantization, where the vacuum expectation value 〈d j5〉 of the axial current picks up
anomalous terms.

Restoring chiral invariance for the Dirac fields, the limit m → 0, implies that the
NY four-form tends to zero “on shell,” i.e., dCTT

∼= (1/4)d j5 → 0. This is consistent
with the fact that a Weyl spinor does not couple to torsion at all, because then the
axial torsion A becomes a lightlike covector, i.e.,

AαA
αη = A ∧ ∗A ∼= (�4/4) ∗ j5 ∧ j5 = 0. (12.2.15)

Here we implicitly assume that the light-cone structure of the axial covector ∗ j5
is not spoiled by quantum corrections, i.e., that no “Lorentz anomaly” occurs as in
n = 4k + 2 dimensions (Leutwyler 1986).

12.3 Chiral Anomaly in Quantum Field Theory

Let us recall a couple of distinguished features of the axial anomaly: Most prominent
is its relation to the Atiyah–Singer index theorem (Atiyah 1998). But also from the
viewpoint of perturbative QFT, the chiral anomaly has some features that signal
its conceptual importance. For all topological field theories and topological effects
like the anomaly, there is the remarkable fact that it does not renormalize: higher-
order loop corrections do not alter its one-loop value. This very fact guarantees
that the anomaly can be given a topological interpretation. For the anomaly, this is
the Adler & Bardeen (1969) theorem, while other topological field theories are
carefully designed to have vanishing beta functions, for example. Another feature is
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its finiteness: in any approach, the chiral anomaly as a topological invariant is a finite
quantity.

Now, to approach the anomaly in the context of spacetime with torsion, let us first
switch off the Riemannian curvature and concentrate on the penultimate term in the
decomposed Dirac Lagrangian (12.2.3).

Then this term can be regarded as an external axial covector A coupled to the
axial current j5 of the Dirac field in an initially flat spacetime. By applying the
result (11–225) of Itzykson& Zuber (1980), we find that only the term dA ∧ dA
arises in the axial anomaly, but not the NY-type term d ∗A ∼ dCTT as was claimed
by Chandia & Zanelli (1997). After switching on the Yang–Mills gluon field G
as well as the curved spacetime of Riemannian geometry, we finally obtain

〈d j5〉 = 2im〈ψ̄γ5ψ〉η − 1

4π2
Tr(G ∧ G) − 1

96π2

[
2R{}

αβ ∧ R{}αβ + dA ∧ dA
]

(12.3.1)
for the vacuum expectation value of the axial anomaly

This result of Kreimer & Mielke (2001) is based on diagrammatic tech-
niques and the Pauli–Villars regularization scheme or other kinematic renormal-
izations (Kreimer & Panzer 2013). In this respect, it is a typical perturbative
result, and in agreement with Yajima (1996), Wiesendanger (1996), no NY term
arises in the anomaly. Thus only the Weyl invariant term dA ∧ dA = −2E · Bη

for the axial torsion contributes to the axial anomaly, resembling the U (1) part
F ∧ F = d A ∧ d A of the Pontryagin term (12.4.8). Torsion terms like dA ∧ dA
and d ∗A ∧ ∗(d ∗A ) = 4�4VNY ∧ ∗VNY have been considered previously, as part of
the Lagrangian, in order to make the axial torsion propagating. Due to the geometric
identity (12.4.10) for the NY term d ∗A = 2�2dCTT = 2�2VNY, the second term is
really quartic in torsion and not scale-invariant.

A rescaling of the tetrad has been proposed. However, one should not ignore the
presence of renormalization conditions and the generation of a scale on renormaliza-
tion. Rescaling the tetradwould ultimately change thewave function renormalization
Z -factor, which would creep into the definition of the NY term. This is in sharp con-
trast to proper topological invariants at the quantum level, which remain unchanged
under renormalization.

With no renormalization condition available for the NY term, and other methods
obtaining it as zero, one can only conclude that the response function of QFT to a
gauge variation (this is the anomaly) delivers no NY term.

12.3.1 Chiral Anomaly in SUGRA

Simple supergravity consists of a consistent coupling of the EC theory to the Rarita–
Schwinger spinor-valued one-form Ψ = Ψi dxi ; cf. Urrutia & Vergara (1991),
Mielke & Macias (1999) for more details.
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The anomaly for the corresponding axial current J5 := iΨ ∧ γ ∧ Ψ is−21 times
the anomaly for Dirac fields, whereas for the corresponding supersymmetric Yang–
Mills anomaly, one obtains 3 times the Dirac result:

Spin Gravitational YM anomaly
1/2 1 1
3/2 −21 3

Depending on the asymptotic helicity states, there occur contributions of topological
origin of Riemannian Pontryagin or Euler type, respectively. The role of spinors
for the index theorem and in the 4D Donaldson invariants via the Seiberg–Witten
equation was recently reviewed by Atiyah (1998). Six-dimensional supergravity
free of gauge and gravitational anomalies was studied by Erler (1994).

12.3.2 Comparison with the Heat Kernel Method

In the heat kernel approach, there exists for small t → +0 the asymptotic expansion

K (t, x, /D2
) = (4π)−n/2

∞∑

k=0

t (k−n)/2Kk(x, /D2
) (12.3.2)

of the kernel in n dimensions, where the usual Feynman “dagger” convention /A :=
γ̌ �A = γ αeα�A = (−1)s+1 ∗ [ ∗γ ∧ A

]
for one-forms is used.

The squared Dirac operator

/D2 = −1

2
γ αγ β

(
{D{}

α , D{}
β } + [D{}

α , D{}
β ]

)
− 2im /D{}

− i

4
γ5( /D{} /A ) + 1

2
γ5σ

αβAαD
{}
β + m2 − 1

2
mγ5 /A − 1

16
/A /A

∼= −� − 1

8
σαβR{}

αβμνσ
μν

− i

4
γ5( /D{} /A ) + 1

2
γ5σ

αβAαD
{}
β − 1

16
AαA

α − m2 (12.3.3)

has been explicitly calculated by Yajima (1996), Obukhov et al. (1997), and the
terms additional to the generally covariant Riemannian d’Alembertian operator� :=
∂i

(√| g |gi j∂ j
)
/
√| g | can be explicitly identified (Mielke&Kreimer 1998). Not

unexpectedly, besides the familiar Riemannian curvature scalar, only the axial torsion
(12.2.4) contributes to the squared Dirac operator for massive spinor fields.

The coefficients Kk(x, /D2
) are completely determined by the form of the second-

order differential operator /D2, which is positive for Euclidean signature diag oαβ =
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(−1, . . . ,−1). For odd k = 1, 3, . . ., these coefficients are zero, while the first non-
trivial terms (Yajima 1996), which potentially could contribute to the axial anomaly,
read

Tr(γ5K2) = −d ∗A ,

Tr(γ5K4) = 1

6

[
Tr

(
R{} ∧ R{}) − 1

4
dA ∧ dA + dK

]
, (12.3.4)

where the higher-order term dK = d ∗ �

D ∧∗ �

D ∗A involves the covariant derivative
�

D= D{} + iA γ5/4 modified by the axial torsion.
However, there is an essential difference in the physical dimensionality of the

terms K2 and K4. Whereas in n = 4 dimensions, the Pontryagin-type term K4 is
dimensionless and thus for k = 4 gets multiplied by t (k−4)/2 = 1, the term K2 ∼
d ∗A = 2�2dCTT carries dimensions. Since a massive Dirac spinor has canonical
dimension [length]−3/2, it scales as ψ ∼ m3/2. Moreover, the term t = 1/M2 is
related to the regulator mass M → ∞ in the Fujikawa (1979) method. Then the
second-order term in the heat kernel expansion scales as

− K2/t = (2�2/t)dCTT
∼= (�2/2t)d j5 = (im�2/t)ψγ5ψ ∼ �2M2m4 → 0.

(12.3.5)
If we assume in the renormalization procedure that the fundamental length � does not
scale (no running gravitational coupling constant), then the second-order term in the
heat kernel expansion will tend to zero in the chiral limitm → 0. In the case m �= 0,
this term diverges, and the Fujikawa regulator method M → ∞ cannot be applied.
To rescale the coframe by ϑα → ϑ̃α = Mϑα does not help, since that would also
change the dimension of the Dirac field in order to retain the physical dimension [�]
of the Dirac action.

Thus the NY term dCTT does not contribute to the chiral anomaly in four dimen-
sions, neither classically nor in QFT. On would surmise that in (n = 2)-dimensional
models, only the term d ∗A survives in the heat kernel expansion, since it then has the
correct dimensions. However, it is well known, cf. Hehl et al. (1995), that in 2D the
axial torsionA vanishes identically.Moreover, gravitational anomalies (Leutwyler

1986), specifically the Einstein anomaly and theWeyl anomaly, are fully determined
by means of dispersion relations (Bertlmann & Kohlprath 2001).

Let us stress the interrelationship between the scale and chiral invariances: The
renormalized conformal (or trace) anomaly (Deser & Schwimmer 1993)

〈ϑα ∧ σα〉 = − 1

3π2

[
Tr(G ∧ ∗G) + 1

24

(
2Rαβ{} ∧ R{}(�)

αβ + dA ∧ ∗dA
)]

,

(12.3.6)
where σα := �α − Dμα is the energy–momentum current Belinfante symmetrized
via the spin energy (12.2.9), receives, in addition to the Riemannian Euler term,
a kinetic contribution of the Maxwell type from the axial torsion A . The coeffi-
cients are similar to those in (12.3.1), due to the fact that chiral and trace anomalies
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constitute a supermultiplet (Yang 2004). More recently, the thermal response of
the chiral magnetic effect has been studied (Kimura & Nishioka 2012). The role
of the QCD trace anomaly on the cosmological constant problem has been analyzed
by Schützhold (2002).

12.4 Hamiltonian Interpretation of Anomalies

In the canonical formulation à la Ashtekar (1988), the translational NY term dCTT

plays via

(±)

V EC := VEC ± idCTT = ± 1

2�2
Tr {(1 ∓ γ5)Ω ∧ σ } = − 1

2�2
(±)

R αβ ∧ ηαβ + Λ

�2
η

(12.4.1)
the role of the generating functional (Mielke 1992) for chiral, i.e., self-dual or

anti-self-dual variables
(±)

Γ in EC theory as well as in simple supergravity (Mielke

& Macias 1999).
The appearance of the Riemannian Pontryagin term dC {}

RR in the anomaly (12.3.1)
could pose problems for the canonical approach to gravity, since the anomaly does
not renormalize. In the presence of gravitational instantons, which due to the nec-
essary condition Λ �= 0 could even be the dominating configurations, one gets a net
production of chiral zero modes, and global symmetry is broken.

One could argue that this is a perturbative effect. In theWilson-type loop approach
to gravity, the tangential complexified CS term C {}

RR is known (Kodama 1990) to
solve the Hamiltonian constraint

HΛ Ψ (
(±)

Γ ) = 0 (12.4.2)

of gravity with cosmological constant, where the complex Ashtekar variable
(±)

Γ

is the tangential part of the self-dual or anti-self-dual spin connection one-form.
Since this solution is intrinsically nonperturbative, no anomaly should occur. In the
lattice gauge approach, this is indeed the case, but the problem of fermion doubling
(Smalley 1986) appears to be another manifestation of the anomaly.

It is instructive to look at the problem from a Hamiltonian point of view, since
the canonical formalism of chiral gravity is closely related to the su(2) CS gauge
theory on a three-dimensional hypersurface, with C := Γ/G of inequivalent gauge
connections as configuration space.

Gauge anomalies are related to the global topology and have the common feature
(Nelson & Alvarez–Gaumé 1985) that the Gauss constraint

G A ∼= 0, A = 1, 2, 3 (12.4.3)
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can no longer be implemented on the physical states (Faddeev 1984). The reason
is that the anomalous Ward identity

ŁnG
A ∼= n�(Dτ A) , (12.4.4)

where Łn := n�D + Dn� is the gauge-covariant Lie derivative along the normal
direction, relates the time evolution of the Gauss constraint to the conservation law
for the matter current τ A on the spacelike hypersurface (Jiang 1991). Only when
the individual contributions to the anomaly cancel each other can a gauge theory be
consistently quantized. In the EC formulation of the gravitationally coupled Dirac
field, it is the canonical spin τ A := (1/2)η0Aβγ τβγ that appears on the right-hand
side of the Gauss constraint. Since spin is via (12.2.8) and (12.2.10) related to the
axial current j5, it is precisely the chiral anomaly that prevents the Gauss constraint
from remaining a proper constraint under time evolution. This result confronts the
Ashtekar approach based on loop variables, and thus notions of parallel transport,
with the chiral anomaly (Mielke & Kreimer 1999). The teleparallelism equivalent
of chiral gravity, where Wilson loops are replaced by Cartan circuits, may avoid
some of these obstacles; see Mielke (2002).

Appendix: Gravitational Chern–Simons and Pontryagin
Terms

When the constant Dirac matrices γα satisfying γα γβ + γβγα = 2oαβ saturate the
index of the orthonormal coframe one-form ϑα = E j

αdx j and its Hodge dual ηα :=
∗ϑα , we obtain a basis of Clifford-algebra-valued exterior forms via

γ := γαϑ
α , ∗γ = γ αηα . (12.4.5)

In termsof theClifford-algebra-valued connectionΓ := i
4Γi

αβ σαβdxi , the SL(2, C)-
covariant exterior derivative is given by D = d + Γ ∧, where σαβ = i

2 (γαγβ − γβγα)

are the Lorentz generators entering in the two-form σ := i
2γ ∧ γ = 1

2 σαβ ϑα ∧ ϑβ .
Differentiation of these basic variables leads to theClifford-algebra-valued torsion

and curvature two-forms

Θ := Dγ = T αγα , Ω := dΓ + Γ ∧ Γ = i

4
Rαβ σαβ (12.4.6)

in RC geometry, respectively. The Chern–Simons term for the Lorentz connection
reads

CRR := −Tr

(
Γ ∧ Ω − 1

3
Γ ∧ Γ ∧ Γ

)
. (12.4.7)
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The corresponding Pontryagin topological term can be obtained by exterior differ-
entiation:

dCRR = −Tr (Ω ∧ Ω)

= 1

2
R{}

αβ ∧ R{}αβ

+ 1

12
d

[
∗A ∧ R{} − 1

3
A ∧ dA + 1

9
∗A ∧∗ (A ∧ ∗A)

]
. (12.4.8)

The latter contains (Mielke & Romero 2006), among others, a term proportional
to the curvature scalar R := ∗(Rαβ ∧ ηβα) and the axial torsion piece dA ∧ dA of
the axial anomaly with a relative factor 9, as required by the supersymmetric path
integral (Mavromatos 1988).

Since the coframe is the “soldered” translational part (Tresguerres & Mielke

2000) of the Cartan connection, a related translational CS term arises:

CTT := 1

8�2
Tr (γ ∧ Θ) = 1

2�2
ϑα ∧ Tα . (12.4.9)

By exterior differentiation we obtain the four-form of Nieh & Yan (1982):

dCTT = 1

8�2
Tr (Θ ∧ Θ − 4iΩ ∧ σ) = 1

2�2
(
T α ∧ Tα + Rαβ ∧ ϑα ∧ ϑβ

)
.

(12.4.10)
It is crucial to note that a fundamental length �necessarily occurs here for dimensional
reasons. This can also be understood by a de Sitter-type gauge approach, in which
the sl(5, R)-valued connection Γ̂ = Γ + (ϑαL4

α + ϑβLβ
4)/� is expanded into the

dimensionless linear connection Γ plus the coframe ϑα = Ei
α dxi , which carries

canonical dimension [length]. The corresponding Pontryagin term ĈRR splits via

ĈRR = CRR − 2CTT (12.4.11)

into a linear term and a translational CS term; see footnote 31 of Hehl et al. (1995).
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Chapter 13
Topological SL(5,R) Gauge-Invariant Action

13.1 Introduction

Symmetry plays a predominant role in our perception, although most of the real
patterns we observe are far from symmetric. However, in modern particle physics
it is much more economical in the mathematical formulation to start from highly
symmetric and hence idealized configurations than to try to model the real world
directly. A prime example are fundamental interactions, which are rather success-
fully formulated in terms of Yang–Mills theories with large gauge groups with the
stipulation that a symmetry-breaking occurs spontaneously via the Higgs mecha-
nism (Higgs 2007). The idea of supersymmetry or supergravity, anticipated to some
extent already byWeyl (1931), goes in the same direction but so far lacks empirical
support. In the case of gravity, a more modest strand of ideas is to enlarge the usual
Lorentz or Poincaré group R4 ⊂× SO(1, 3) to a metalinear group SL(5, R) as a gauge
group, but to stick to four dimensions (4D). A pure connection formalism arises, in
contradistinction to the more common (anti-)de Sitter gauge theories (MacDowell

& Mansouri 1977) of gravity.
Observationally, Einstein’s general relativity (GR) is rather well established for

the solar system, in double pulsars (Wex & Kramer 2009), and, more recently,
via a large-scale gravitational lensing of galaxy clustering (Reyes et al. 2010). Con-
ceptually, in GR, the metric plays a double role: measuring macroscopic distances in
spacetime and as a gravitational (super)potential for the Christoffel connection. This
dichotomy, not seen in Yang–Mills theories, seems to be one of the main obstacles of
quantizing gravity.Eddington suggested already in 1923 that the connection should
be regarded as the basic field and the metric merely as a derived concept.

© Springer International Publishing Switzerland 2017
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Our approach departs from a topological action1 that appears to be renormalizable
or even finite. After symmetry-breaking, GR emerges for themacroscopic spacetime.

13.2 Modified BF Scheme

One of the most clear-cut approaches to topological field theory is the BF formalism,
which, in the case of gravity, was anticipated by Plebański (1977).

As an instructive example of such a constrained formalism, let us consider the
abelian case, where the U(1) connection one-form A = Aidxi and an auxiliary two-
form B = 1

2Bijdxi ∧ dxj are varied independently, reminiscent of the Schwinger

formalism (1962). In its primordial version, it starts from the Lagrangian four-form

LBF = −B ∧ F = −B ∧ dA. (13.2.1)

Independent variations with respect to A and B lead to dB = 0 and to the constraint
of vanishing field strength F := dA = 0. This implies that such a model has no local
degrees of freedom. An additional term quadratic in B leads to

L̃BF := −B ∧ dA + 1

2
B ∧ B ∼= −B ∧ dA + dC. (13.2.2)

Now, independent variations provide a definition of the field strength F together with
the corresponding Bianchi identity

B ∼= dA, dB ∼= dF ≡ 0, (13.2.3)

respectively, in compliance with the Poincaré lemma dd ≡ 0. It still defines a topo-
logical theory (Horowitz 1989), since “on shell,” the Lagrangian (13.2.2) differs
from (13.2.1) only by a boundary term dC derived from a CS type three-form

C = 1

2
A ∧ F, dC = 1

2
F ∧ F, (13.2.4)

the latter being the Pontryagin invariant. As is well known, Bianchi-type identities
can be recovered via the variation of the Pontryagin term, e.g., δdC/δA = dF ≡ 0
in the abelian case.

In addition to the usual U(1) gauge transformations

A → A′ = A + dθ(x), (13.2.5)

1In the realm of gravity, topological ideas date back to Riemann, Clifford, and Weyl, who found a
rather concrete realization in the wormholes (Mielke 1977) of Wheeler characterized by the Betti
number related to the Euler–Poincaré invariant.
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the field Eq. (13.2.3) are invariant under the symmetry

A → Ã = A + σ, B → B̃ = B + dσ, (13.2.6)

whereσ = σidxi is a one-formor a covector; cf.Lucchesi et al. (1993). SinceBianchi
identities do not allow for nontrivial couplings to matter, in realistic physical models
such as Maxwell’s theory or QCD, the constraint formalism departs from

LMax = −B ∧ dA + 1

2
B ∧ ∗B + Lmatter, (13.2.7)

where, however, the Lagrangian necessarily involves the Hodge dual ∗ depending on
the determinant of the metric. Then independent variations of (13.2.7) again provide
the definition of the field strength (13.2.3), but as a bonus, from the relation F = ∗B
there arises a nontrivial physical field equation

− dB = d ∗F ∼= j, (13.2.8)

where j := δLmatter/δA is the matter current.
In the case of gravity, it suffices to use instead the Lie dual. Then, a

“semi-topological” BF scheme based on the metric-free structure group SL(5, R)

arises, for which a “breaking” of the intermediate de Sitter gauge symmetry down to
Einstein’s GR with cosmological constant can be induced.

13.3 Metalinear Group Versus de Sitter Group

In general, the metalinear group SL(n + 1, R) with det g = 1 is generated by
n(n + 2) trace-free generators

L↗ A
B := LA

B − 1

n
δA

BLC
C . (13.3.1)

Their commutation relations

[L↗ A
B , L↗ C

D] = δA
D L↗ C

B − δC
B L↗ A

D (13.3.2)

comprise those of a gl(n, R) subalgebra

[Lα
β , Lγ

δ] = δα
δ Lγ

β − δ
γ

β Lα
δ , (13.3.3)

where α, . . . , δ = 0, . . . , n − 1.
The generators �Pα := L↗ n+1

α = Ln+1
α and �Pβ

∗ := L↗ β
n+1 = Lβ

n+1 transform
like those of the translations, i.e.
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[Pα , Pβ ] = 0 , [Pα
∗ , Pβ

∗ ] = 0 , (13.3.4)

[Lα
β , Pγ ] = δα

γ Pβ , [Lα
β , Pγ

∗ ] = −δ
γ

β Pα
∗ . (13.3.5)

This reveals that Pα∗ is a vector and Pβ is a covector with respect to the GL(n, R)

subgroup. However, they generate only pseudotranslations, since, similarly as for
the de Sitter groups (Sobreiro et al. 2012), Eq. (13.3.2) implies that

[Pα , Pβ
∗ ] = 1

�2
Lβ

α . (13.3.6)

According toKobayashi (1972), the Lie algebra of metalinear groups is isomorphic
to the semisimple graded affine group A∗(n, R) of the same rank:

SL(n + 1, R) ≈ A∗(n, R) := R
n ⊂× GL(n, R) ⊂× R

n
∗ . (13.3.7)

(Pseudo)orthogonal groups like SO(n + 1) involve a Cartan–Killing metric with
components ĝAB. Then a basis of the Lie generators

◦
LAB := ĝ[A|CL↗ C |B] = −◦

LBA

is only n(n + 1)/2-dimensional. The samewould apply to the respective connections
with values in the adjoint representations. Equivalently, they can be rewritten in terms
of Clifford-algebra-valued differential forms (Mielke 2001). A generalization to
massive supergravity (Chamseddine 1978) is not intended here.

13.4 Graded Affine Versus Cartan Connection

Gauge transformations induced by the structure group SL(n + 1, R) are more easily
described by its graded version A∗(n, R). Using a matrix representation, they read

A(x) :=
{

Λ(x) τ (x)
τ∗(x) 1

}
, (13.4.1)

where A(x) ∈ A∗(n, R) and the Λ(x) ∈ GL(n, R) are linear gauge transformations,
while τ(x) := exp[ξαPα] ∈ T (n, R) and τ∗(x) := exp[ξ∗

β Pβ
∗ ] ∈ T∗(n, R) represent

local (pseudo)translations. Generalizing the affine gauge approach, we introduce the
Lie-algebra-valued one-form

Γ̂ =
(

Γ (L) Γ (T)

Γ
(T)∗ 0

)
=

(
Γ (L)β

α Lα
β Γ (T)α�Pα

Γ
∗(T)
β �Pβ

∗

)
(13.4.2)



13.4 Graded Affine Versus Cartan Connection 279

of a pseudoaffine connection compatible with the grading; cf. Mielke (2011a) for
more details. In accordance with the Yang–Mills framework, it transforms inhomo-
geneously under the graded affine gauge transformations:

Γ̂
A−1(x)−→ Γ̂ ′ = A−1(x) Γ̂ A(x) + A−1(x)dA(x). (13.4.3)

For the two abelian cosets of pseudotranslations, we require that

ττ∗ = −Λτ∗Λ−1τ.

For � → ∞, this holds automatically due to the degeneracy of the commutation
relation (13.3.6) as well as the trace in this limit. The graded affine curvature two-
form decomposes into

R̂ := dΓ̂ + Γ̂ ∧ Γ̂ =
(

R(L) + Γ (L) ∧ Γ
(L)∗ dΓ (T) + Γ (L) ∧ Γ (T)

dΓ
(T)∗ + Γ

(T)∗ ∧ Γ (L) 0

)
, (13.4.4)

where the exterior product of the Lie-algebra-valued forms is understood in terms of
the adjoint representation AdA(B) = [A, B]. The curvature

R(L) := dΓ (L) + Γ (L) ∧ Γ (L)

is associated with the general linear subgroup GL(n, R), whereas

R(T) := dΓ (T) + Γ (L) ∧ Γ (T) = (Tβ − Rα
βξα)�Pβ (13.4.5)

is the translational part related later on to torsion (Hehl et al. 1995). As required,
the curvature transforms covariantly under the graded affine gauge group:

R̂
A−1(x)−→ R̂′ = A−1(x) R̂ A(x) . (13.4.6)

The inhomogeneous transformation law (13.4.3) for the graded affine connection Γ̂

can be split into that of the linear connection Γ (L), which acquires the conventional
transformation rule

Γ (L) A−1(x)−→ Γ (L)′ = Λ−1(x) Γ (L) Λ(x) + Λ−1(x)dΛ(x) (13.4.7)

of aYang–Mills-type connection for the gauge groupGL(n, R). The remaining trans-
lational pieces of the connection (13.4.2) transform as

Γ (T) A−1(x)−→ Γ (T)′ = Λ−1(x)
[
Γ (T) + Dτ(x)

]
, (13.4.8)

Γ (T)
∗

A−1(x)−→ Γ (T)
∗

′ =
[
Γ

(T)∗ + Dτ∗(x)
]
Λ(x);
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cf. Mielke (2012) for details. In spite of the occurrence of the covariant exterior
derivative Dτ(x) := dτ(x) + Γ (L) τ (x), the translational parts Γ (T) and Γ

(T)∗ do not
transform as covectors, as is required for a coframe.

As a remedy, let us introduce the Möbius-type zero-forms

ξ̂ =
(

ξ

1

)
=

(
ξαPα

1

)
, ξ̂∗ = (ξ∗, 1) = (ξ ∗

β Pβ
∗ , 1) (13.4.9)

transforming as an affine vector or covector, respectively. Then, the “shifted” one-
forms

ϑ := Γ (T) + Dξ := ϑα Pα , θ := Γ (T)
∗ + Dξ∗ := θβ Pβ

∗ , (13.4.10)

transform as vector- or covector-valued one-forms, respectively, under the graded
A∗(n, R), as required:

ϑ
A−1(x)−→ ϑ ′ = Λ−1(x) ϑ , θ

A−1(x)−→ θ ′ = θΛ−1(x) . (13.4.11)

Since ξ = ξαPα and ξ∗ = ξ ∗
β Pβ

∗ acquire their values in the coset space

A∗(n, R)/GL(n, R) ≈ R
n ⊗ R

n
∗, (13.4.12)

they can be regarded as “generalized Higgs fields,” which according to (13.4.11),
“hide” the action of the local pseudotranslations T (n, R) ⊗ T∗(n, R) on ϑ and θ .

Moreover, after the constraints

Dξ
∗= 0 , Dξ∗

∗= 0 , (13.4.13)

are imposed, the translational connections Γ (T) and Γ
(T)∗ become soldered to the

spacetime manifold, and the translational parts of the graded affine gauge group get
“spontaneously broken” with the gauge action of pseudotranslations partially “eaten
up”; cf. Mielke (1987).

If we postulate even stronger constraints ξ = ξ ∗ = 0 of “zero section” vector
fields, the pseudoaffine connection Γ̂ reduces to the graded Cartan connection

=
Γ =

(
Γ (L) ϑ

θ 0

)
, (13.4.14)

which is no longer a connection in the usual sense; cf. Kobayashi (1972).
In the reduction to the (pseudo)orthogonal de Sitter groups, θ and ϑ become

mutually transposed one-forms, i.e., θα = gαβϑβ .

When Dξα ∗= ϑα , a Cartan transport of a radius vector ξα occurs via “rolling
without sliding”; cf.Wise (2010) for his hamster ball analogy in Fig. 13.1.
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Fig. 13.1 Hamster ball
rolling over a torus type
manifold

13.5 Gravity from Spontaneous Symmetry-Breaking

In view of the canonical dimension 1/[length] of the generatorsPα andPβ
∗ of pseudo-

translations, the SL(5, R)-valued gauge connection of interest here decomposes into

Γ̂ = Γα
β Lα

β + ϑα Pα + θβ Pβ
∗ , (13.5.1)

i.e., it becomes a Cartan connection, where ϑα = �Γ4̂
α and θβ = �Γβ

4̂ are two inde-
pendent coframes, i.e., “tetrads.” Then the corresponding curvature takes the form

R̂ := RA
B L↗ A

B :=
[
dΓA

B − ΓA
C ∧ ΓC

B
]

L↗ A
B

= [
Rα

β − Λ

3
θα ∧ ϑβ

]
Lα

β + Tβ Pβ + Dθα Pα
∗ ,

(13.5.2)

where Λ = 3/�2 will later be identified with the cosmological constant.
In a constrained formalism, the Lie-algebra-valued two-form

B̂ := BA
B L↗ A

B = (bαPα
∗ + b̂αPα)�

2 + Bα
βLα

β (13.5.3)

functions as a Lagrange multiplier, and the SL(5, R)-invariant BF Lagrangian reads

L̃SL(5,R) = −Tr{B̂ ∧ R̂} − dĈ . (13.5.4)
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Similarly as in the abelian case, the inclusion of the topological Pontryagin four-form
dĈ provides us, after variation with respect to ΓA

B, with the Bianchi identity

D̂BA
B ∼= D̂R̂A

B ≡ 0. (13.5.5)

Thevariationwith respect to B̂would lead to R̂ = 0, a physically too strong constraint.
Thus, we need to “weaken” the strength (Sué & Mielke 1989; Sué 1991) of our
dynamics by amending the Lagrangian via a term quadratic in B̂, namely,

L̃SSB = L̃SL(5,R) + 1

2
ηABCDE BAB ∧ BCDΦE . (13.5.6)

Here, the antisymmetric unit tensor ηABCDE := √
ĝεABCDE is constructed from the

metric-free Levi-Civita symbol εABCDE , being invariant under the five-dimensional
structure group SL(5, R), together with the determinant ĝ of the invertible group
metric ĝAB. The latter is also needed to raise and lower the Lie algebra indices, e.g., in
BAB := ĝACBC

B. Thus, the additional quadratic term provides a dynamical symmetry-
breaking (sb), which reduces the primordial SL(5, R) to the special orthogonal group
SO(5) or, depending on the signature, to the de Sitter or anti-de Sitter group SO(1, 4)
or SO(2, 3), respectively. Moreover, the five-index structure of ηABCDE has forced us
to complement the construction by a quintet of pseudoscalars ΦA = {φα, φ4̂}, our
gravitational Higgs field, in order to be invariant.

13.5.1 Effective MacDowell–Mansouri Theory

Let us now assume that the SO(5) gauge-invariant constraints

ĝABΦAΦB = μ2 , ΦED̂ΦE = 0 , (13.5.7)

arise from a minimum of a Higgs-type potential U(ΦBΦB); cf. Pagels (1984) and
Fig. 13.2. After spontaneous symmetry-breaking (SSB), cf. Mielke (2011a), it is
assumed that its formal vacuum expectation value

〈ΦE〉 = ΦE
0 = (0, 0, 0, 0, μ)T (13.5.8)

takes a constant2 as its ground state.
Then, as a consequence of both steps, the quadratic term in B of

L̃SSB = −Tr{B̂ ∧ R̂} + μ

2
ηαβγ δB

αβ ∧ Bγ δ − dCRR + 2dCTT (13.5.9)

2The geometric consequences of a “shifted” gravitational Higgs field are analyzed in
(Mielke 2011b).



13.5 Gravity from Spontaneous Symmetry-Breaking 283

Fig. 13.2 “Mexican
hat”-type potential in an
abelian Higgs model where
Φ = �Φ + i�Φ is invariant
under U(1) gauge
transformations. [Adapted
from Wikimedia commons,
c© Gonis.]

is invariant only under a gauge subgroup, in our case the local Lorentz groupSO(1, 3).
Likewise, the SL(5, R)-invariant topological Pontryagin term decomposes as

dĈ = dCRR − 2dCTT, (13.5.10)

where the resulting Pontryagin term dCRR serves merely to reproduce the Bianchi

identity (13.5.5) for the curvature, now in terms of the Lorentz connection
◦
Γ αβ =

− ◦
Γ βα . The variation with respect to the Lorentz-valued two-form Bαβ leads to

Bαβ
∼= 1

μ
ηαβγ δ

[
Rγ δ − Λ

3
θγ ∧ ϑδ

]
(13.5.11)

as an equation of motion. Thus, for μ �= 0, our Lagrangian is “on shell” equivalent
to the deformed Euler four-form

L̃SSB + dĈ ∼= 1

2μ
ηαβγ δ

[
Rαβ − Λ

3
ϑα ∧ ϑβ

]
∧

[
Rγ δ − Λ

3
ϑγ ∧ ϑδ

]
. (13.5.12)

It is reminiscent of Weyl’s (1929), cf. Sieroka (2010), quadratic curvature
LagrangianLSKY, cf. alsoHiggs (1959) andYang (1974), since it is atmost quadratic
in the Riemann–Cartan (rc) curvature; cf.Mielke & Maggiolo (2005).
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For a nondegenerate coframe ϑα = gαβθβ and vanishing torsion, the covariant
constancy

Dgαβ = 0, (13.5.13)

of the induced spacetime metric is easily deduced (Mielke 2010).

13.5.2 Induced Hilbert–Einstein Action

The effective Lagrangian (13.5.12) resembles that of MacDowell & Man-

souri (1977), except that the coupling constant μ is induced via SSB; see also
Castro (2002). It shares the feature that after expansion, the celebrated Einstein–
Cartan (EC) Lagrangian

L̃SSB
∼= − 1

2κ
Rαβ ∧ ηαβ + Λ

κ
η (13.5.14)

with a cosmological term emerges, supplemented by topological Euler and
Pontryagin four-forms (here suppressed). Einstein’s gravitational constant κ =
8πGN = 8π�2Planck and the density ρΛ = Λ/κ = ΩΛρcrit < ρcrit corresponding to
the cosmological constant Λ are written in natural units. Our expansion of (13.5.12)
implies that these constants are related via κ = μ�2/4 and Λ = 12κ/μ�4 = 3/�2 to
the symmetry-breaking scale

μ = 4

3
κΛ = 1

3
(2κ)2ρΛ . (13.5.15)

The symmetry-breaking parameterμ � 10−123 is observationally an extremely small
number related to constant dark energy (Frieman et al. 2008). Thus GRwith a small
cosmological constantΛ, apparently Einstein’s “biggest blunder” (Weinberg 2005),
turns out to be a tiny deformation of a topological field theory via a symmetry-
breaking B̂ ∧ B̂ term, as anticipated by Smolin (2000) in the restricted case of
the de Sitter group. Thus, in the BF scheme, the “worst fine tuning in physics”
(McCarthy & Pagels 1986) converts into a “marble” of symmetry-breaking with
gravity as an emergent phenomenon; cf. BjØrken (2010). Via (13.5.15), Newton’s
gravitational constant GN has its origin in SSB, as suggested already by Englert et
al. (1975) and Minkowski (1977) in the context of conformal gravity (Nieh 1982;
Kaganovich 1989).
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13.6 Induced Spacetime Metric in 4D

According to Pagels (1984), the metric should surface as a composite Higgs field
via the vacuum expectation value

ds2 := �2

μ2
〈D̂ΦA ⊗s D̂ΦA〉 = �2

μ2
D̂ΦA

0 ⊗s D̂ΦA0

= �2Γ4
α ⊗s Γα

4 = (ϑα − Dξα) ⊗s (θα − Dξ ∗
α )

∗= ϑα ⊗s θα = gijdxi ⊗s dxj . (13.6.1)

Since our SL(5, R) gauge model is broken into two steps from O(5) down to the
Lorentz group SO(1, 3) as an exact subgroup, a local holonomic spacetime metric
gij is then induced. In the last step, we assumed that the translational connections
are “soldered” via (13.4.13) to the base manifold. Moreover, since the “premetric”
Γ4

α ⊗s Γα
4 is dimensionless, we had to multiply the vacuum expectation (13.6.1) of

the derivative of theHiggs field by a huge dimensional factor �2/μ2 = (κ/4ΛH). This
suggests that the inducedmetric applies only tomacroscopic distances, as anticipated
in the emerging Einstein equation.

A canonical analysis confirms that the corresponding helicity states of gravitons
are strictly massless in accordance with recent observational limits (Goldhaber &

Nieto 2010). Thus classically, a consistent and physically viable scheme emerges.

13.7 Renormalizability of Topological Gravity?

The standard model of particle physics based on the Yang–Mills theory is a renor-
malizable and asymptotically free quantum field theory (QFT) as shown by Veltman
and ’t Hooft (Veltman 2000). For the weak interactions, an important part is played
by the Higgs mechanism, which provides a scalar ghost that cancels divergencies
in the propagators of the gauge bosons. Nowadays, these cancellations can be more
easily understood as a result of a global BRST symmetry (’T Hooft 2007).

In the case of gravity, we expect that our original topological field theory (13.5.4)
based on an sl(5, R)-valued connection is renormalizable and asymptotically free
(Fradkin & Tseytlin 1982) before symmetry-breaking. This can be traced back
to a vector supersymmetry (Lucchesi et al. 1993; Constantinidis et al. 2002)
in the BRST quantization, generalizing (13.2.6). Moreover, the chiral anomaly
(Mielke 2006) is proportional to the gravitational Pontryagin term dĈ. In order
to remove it via a counterterm, merely a shift of the coupling of the correspond-
ing term in the already modified Lagrangian (13.5.4) is needed. This would amount
simply to a field redefinition of B̂.

As a result of an SSB, in our semitopological BF scheme, the deformed Euler
term (13.5.12) emerges as an effective quadratic curvature Lagrangian, inheriting a
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dimensionless coupling constant μ. Loop corrections could imply a running of the
dimensional coupling constants κ and Λ in the spontaneously broken model and
therefore also ofμ. The gravitational Higgs mechanism may protect, to some extent,
the finiteness or renormalizability of the original BF scheme as a topological QFT.

After symmetry-breaking, we may neglect the Euler and Pontryagin terms and
define for the resulting Hilbert–Einstein truncation with cosmological term the
dimensionless running coupling constants

gN := κk2 , λ := Λ/k2 , (13.7.1)

where k is the renormalization scale in momentum space. Asymptotic safeness
amounts to the requirement that dimensionless coupling constants remain bounded in
the ultraviolet limit k → ∞. In our 4D case, this is controlled by the renormalization
group equations

k
∂

∂k
gN = β1(gN, λ) = (2 + dN)gN , k

∂

∂k
λ = β2(gN, λ) , (13.7.2)

where dN is the anomalous dimension of gN.
According to the asymptotic safety scenario (Niedermaier 2010), they run into

some nontrivial fixed points gN∗ and λ∗, depending on the specific truncation of
the effective Lagrangian (13.5.12) to the celebrated Hilbert–Einstein Lagrangian
(13.5.14) without torsion. Quite generally, the product with the universal bound
(Niedermaier & Reuter 2006)

μ∗ ≤ 4

3
gN∗λ∗ � 0.2 (13.7.3)

appears to be rather robust and independent of the truncation. In our case, it would
arise from the SSB of a topologicalBF theory. Thus, gravity appears to be not so non-
renormalizable; cf.Kreimer (2008). This could also affect cosmological constraints
(Kiselev & Timofeev 2011) on the mass of the standard Higgs boson.

13.7.1 The Issue of Chiral Anomalies

In quantum chromodynamics (QCD), the accepted theory of the strong interactions,
the neutral pion decay into two photons is induced primarily via the global chiral
anomaly. Precision measurements of this quantity may serve as a rather stringent test
(Bernstein & Holstein 2013) of the validity of QCD itself.

It is unclear how this anomaly affects the AS scenario in view of its possible
nonlocality: an example is the GR truncation modified (Daum & Reuter 2012)
via the infamous “Holst” term, related to a scale-dependent topological term. The
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latter was proposed much earlier by various “forerunners” such as Hojman et al.; cf.
footnote 1 of Mielke (2009).

Since the reduction of our “semitopological” BF theory proceeds via the QCD-
inspired model of Pagels (1984), related chiral anomalies may occur that may spoil
unitarity in the quantization.

However, in topological models there is a remedy obtained by absorbing the
Pontryagin invariant of the anomaly into a counterterm: in the already modified
Lagrangian of the “cosmological” BF scheme, merely a shift of the coupling of
the corresponding term dĈ is needed. “On shell,” this simply amounts to a field
redefinition of the background field B̂.

In lattice gauge theory, instead of the anomaly, typically the equivalent problem
of fermion doubling arises. It is not clear how this affects the causal dynamical
triangulations (Laiho & Coumbe 2011), (Reuter & Saueressig 2011) in QG,
where the spectral dimension (Dunne 2012) runs from 3/4 at short distances to four
at large distances. A suggestion of Smalley in 1986 to use half-integer lattices may
not always be applicable.

In the first place, what needs to be seen is how matter couplings, apart from the
mere surface terms of Fairbairn & Perez (2008), can be incorporated into the BF
scheme including fermions (Hehl et al. 1991; Mielke 2011b).

However, the gravitons primordially present in the SL(5, R) gauge connection
could create high energetic gamma pairs that themselves create electron–positron
pairs from the vacuum. Similarly, above a larger threshold, gravitons would create
W + and W − gauge bosons or even “heavy photons” Z , again via pair creation. These
are known to decay into quarks and antiquarks. Thus there appears to be a viable, but
so far rather speculative, road from a fluctuating “wormhole gas” to light fermionic
matter (Eichhorn 2012) during the expansion of the universe.

13.8 Outlook: Mach-Type Higgs Vacuum?

In the limit μ → 0 of SL(5, R) symmetry restoration, concepts like macroscopic
distances, causal order, or even black holes lose their meaning (with the exception of
the volume in the related model of Wilczek (1998)). Only after an SSB of our topo-
logical field theory does a line element ds emerge as a necessarymeans formeasuring
macroscopic distances by clocks and rods. Moreover, the weak equivalence princi-
ple (Overduin et al. 2009) is, after SSB, anchored in the covariant constancy of the
ground state (Mielke 2011b). Thus, cornerstones in the foundation of a standard gr
surface here as “Mach”-type features of the gravitational Higgs vacuum, resembling
a new ‘ether,” cf. Brans (1999), Ne’eman (2006), Kaiser (2007), which, however,
remains locally Lorentz-invariant.

An observationally tiny SSB of a primordial metric-free and scale-invariant BF
theory seems to be sufficient to generate the feeble gravity we are acquainted with,
at the same time incorporating a viable model of dark energy (DE) that may even
slowly decay (Zee 2004). The inverse dimensionless coupling constants 1/α :=
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�c/e2 � 137 of Sommerfeld and 1/μ � 10123 of gravity seem to be on a par except
for representing opposite extremes in Dirac’s large numbers hypothesis.

In the intermediate step, a Weyl-type theory of gravity surfaces from a Higgs-
type SSB of the “Yang–Mielke” theory (Mielke 1981) after BRST quantization
(Mielke 2008). Since double-anti-dual curvature solutions reside onEinstein spaces,
this theory admits gravitational instantons as well; cf. Chen & Teo (2011).

Appendix: Topological Invariants

Let us recall that the sl(5, R)-valued Chern–Simons term

Ĉ := −1

2

(
ΓA

B ∧ dΓB
A − 2

3
ΓA

B ∧ ΓB
C ∧ ΓC

A

)
(13.8.1)

contains a translational CS three-form CTT that gives rise to the parity-violating
(Mielke 2009) boundary four-form

dCTT = 1

2�2
(
Tα ∧ Tα + Rαβ ∧ ϑα ∧ ϑβ

)
(13.8.2)

ofNieh andYan (NY) (Nieh2007).On the other hand, thegl(4, R)-valuedPontryagin
four-form

dCRR = −1

2
Rα

β ∧ Rβ
α (13.8.3)

is a topological invariant whose variation returns the second Bianchi identity

DRα
β ≡ 0 , (13.8.4)

whereas the torsion identity (13.8.2) is based on the first Bianchi identity

DTα ≡ Rβ
α ∧ ϑβ (13.8.5)

in Riemann–Cartan (RC) geometry. In contrast to the metric-free Pontryagin four-
form (13.8.3), in the NY term a metric gαβ is needed to raise and lower the indices,
for instance in Tα = gαβTβ . Moreover, a fundamental length � necessarily enters into
(13.8.2) in order to keep all topological invariants dimensionless.

The topological Euler–Poincaré invariant

dCRR(�) := 1

2
d

(
Γαβ ∧ Rαβ(�) − 1

3
Γα

β(�) ∧ Γβ
γ ∧ Γγ

α

)

≡ −LSKY − 2Ricαβ ∧ ∗Ricαβ + 1

2
Ricα

α ∧ ∗Ricβ
β

(13.8.6)
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has an equivalent representation in terms of Weyl’s quadratic curvature Lagrangian

LSKY := −1

2
Rαβ ∧ ∗Rαβ, (13.8.7)

amended by Ricci-squared and curvature scalar-squared terms. The second expres-
sion involving the symmetric Ricci tensor, i.e., the zero-form Ricαβ := (−1)sig ∗
(R(α

δ ∧ ηδ|β)), is known as the Gauss-Bonnet identity.
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Plebański JF (1977) On the separation of Einsteinian substructures. J Math Phys 18(12):2511–2520



References 291

Reuter M, Saueressig F (2011) Fractal space-times under the microscope: a renormalization group
view on Monte Carlo data. J High Energy Phys 12:1–27

Reyes R, Mandelbaum R, Seljak U, Baldauf T, Gunn JE, Lombriser L, Smith RE (2010) Con-
firmation of general relativity on large scales from weak lensing and galaxy velocities. Nature
464(7286):256–258

Schwinger J (1962) Non-Abelian gauge fields. Commutation relations. Phys Rev 125(3):1043
SierokaN (2010)Geometrization versus transcendentmatter: a systematic historiographyof theories
of matter following Weyl. B J Philos Sci 61(4):769–802

Smalley LL (1986) Discrete Dirac equation on a finite half integer lattice. Il Nuovo Cim A 92: 25
Smolin L (2000) Holographic formulation of quantum general relativity. Phys Rev D 61(8):084007
Sobreiro R, Tomaz A, Otoya VV (2012) de Sitter gauge theories and induced gravities. Eur Phys J
C 72(5):1–8

SuéM (1991) Involutive systems of differential equations: Einstein’s strength versus Cartan’s degré
d’arbitraire. J Math Phys 32(2):392–399

Sué M, Mielke EW (1989) Strength of the Poincaré gauge field equations in first order formalism.
Phys Lett A 139(1):21–26

‘t Hooft G (2007) Renormalization and gauge invariance. Prog Theor Phys Suppl 170:56–71
Veltman MJ (2000) Nobel lecture: from weak interactions to gravitation. Rev Mod Phys 72(2):341
Weinberg S (2005) Einstein’s mistakes. Phys Today 58(11):31–35
WexN, KramerM (2009) The double pulsar system: a unique laboratory for gravity. Class Quantum
Gravity 26(7):073001

Weyl H (1929) Gravitation and the electron. Proc Natl Acad Sci 15(4):323–334
Weyl H (1931) Geometrie und Physik. Naturwissenschaften 19(3):49–58
Wilczek F (1998) Riemann-Einstein structure from volume and gauge symmetry. Phys Rev Lett
80(22):4851

Wise DK (2010) MacDowell-Mansouri gravity and Cartan geometry. Class Quantum Gravity
27(15):155010

Yang C-N (1974) Integral formalism for gauge fields. Phys Rev Lett 33(7):445–447
Zee A (2004) The graviton and the nature of dark energy. Mod Phys Lett A 19(13–16):983–992



Chapter 14
Geometrodynamics and Its Extensions

Ultimately, our description of fundamental interactions aims at the superior andmore
encompassing question whether a monistic theory of both the intermediating forces
and the matter fields themselves can be designed that builds essentially on geometric
concepts only. Weyl (1931, p. 51) comments somewhat aloofly:

The forces of gravitation had been recognized as a result of the metric structure by Einstein’s
theory; a physical entity had been “geometrized”. Thus it is comprehensible that for the
sake of a unified conception of the world, the attempt had been made to geometrize all of
physics.1

As for Kant, space and time are nothing but necessary forms of our perception, so
to speak an “arena” in which the physical events of alien fields and particles display
their being. However, it was John Archibald Wheeler who resumed the hypotheses
of Riemann (1854), Clifford (1882) and Einstein (1919), which were far ahead
of their time, in order to suggest the following.

Is curved empty geometry a kind of ‘magic’ building material out of which everything in
the physical world is made (cf. Wheeler 1966; Wheeler & Brill 1963):

(1) slow curvature in one region of space describes a gravitational field;

(2) a rippled geometry with a different type of curvature somewhere else describes an
electromagnetic field;

(3) a knotted-up region of high curvature describes a concentration of charge and mass–
energy that moves like a particle?

Wheeler has abundantly documented his ideas concerning such a geometrodynam-
ics (GMD) in two of his works (Wheeler 1962, 1969). In which the point of

1Durch die Einsteinsche Theorie waren die Kräfte der Gravitation als ein Ausfluß der metrischen
Struktur erkannt worden; eine physikalische Entität war ‘geometrisiert’ worden. Es ist verständlich,
daß nun um der Einheitlichkeit des Weltbildes willen versucht wurde, die gesamte Physik zu
geometrisieren.

© Springer International Publishing Switzerland 2017
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departure is Rainich’s geometrically interesting characterization (1925) of the cou-
pled Einstein–Maxwell system. Further geometric concepts, which include the geon
(Wheeler 1955) and superspace2 (Wheeler 1970), have attracted attention in
more recent studies of gravitational coupled solitons (Kodama 1978; Mielke &

Scherzer 1981; Friedman & Witt 1983), as well as in investigations concerning
the configuration spaces of gauge theories (Babelon & Viallet 1981).

Although this model of unification has, up to now, not yielded concrete physical
insights and although the ontological dimension of this theory has caused serious
criticism (Kanitscheider 1971; Grünbaum 1973), it seems nevertheless too early
to declare the downfall of this paradigm (Stachel 1974). Within the range of this
context, it is thus our conviction that the hypotheses concerning a geometric and
topological foundation of fundamental physics designed by Riemann, Clifford, Ein-
stein, Weyl, andWheeler are on the right track and that the only shortcoming of such
a geometrization program has to be seen in a possibly too narrow framework (cf.
Sieroka 2010).

As has been shown in the preceding chapters, the general concept of fiber bundles
turns out to be a far more appropriate organon, and all the more so because it is the
total of their topological properties that is achieving ever increasing relevance for a
better understanding of the quantum-theoretical microcosm. There is sound reason
to hope that it is possible to gain a unified description of all fundamental physical
interactions within this overarching (differential-)geometric frame.

As it is, Yang–Mills, gravitational, and fundamental spinor fields find a natural
geometric description by means of gauge-theoretic concepts. Under the dynamical
aspect, one usually contents oneself with the purely additive combination of the
actions or Lagrangian n-forms in question. Such a procedure does not cause a uni-
fication in the proper sense of the word. Perhaps the most convincing approach, as
far as unification is concerned, has to be seen in the idea of looking on the spaces
of the “internal” symmetry of Yang–Mills gauge fields as additional dimensions of
a higher-dimensional physical spacetime manifold.

Concerning the case of electromagnetism, it was shown by Kaluza (1921) and
Klein (1926) that this procedure leads to a theory that for the case of absent fermions
is physically indistinguishable from the coupled Einstein–Maxwell system.

Since such speculative extensions imply the germ of a generalization to non-
abelian structure groups, they have enjoyed a remarkable renaissance, cf. Salam &

Strathdee (1982), and it is only logical to document the basic principles.
However, this is not the only way of coping with the problem of the unification of

classical fields, whichmeans especially the combination ofMaxwell’s theory of elec-
tromagnetism with Einstein’s GR without introducing new speculative elements into
those macroscopically well established theories. The Einstein–Maxwell equations
have been reformulated by Rainich (1925) in such a way that the desired informa-
tion concerning the electromagnetic and gravitational fields can almost uniquely be

2The quotient spaceS := M /D of all Riemannianmetrics on a 3-dimensionalmanifoldmodulo the
groupD of the diffeomorphisms of M3 is called the “superspace”. Accordingly, it has a completely
different meaning from what it has in the context of supersymmetry and supergravity.
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read off from the curvature of the spacetime. This geometric reformulation was clari-
fied and extended byMisner & Wheeler (1957). Most importantly, it accentuates
that the duality rotations of Rainich, which are rooted in the structure of spacetime,
are to be considered a second kind of gauge transformation.

Other extensions of GR begin with an asymmetric, affine connection, as is the
case with cartan (1922) and Eddington (1923). It has already been clarified to
what extent this assumption leads to the Einstein–Cartan theory, or, respectively,
to the Poincaré gauge theory coupled to the mass and the spin content of matter. In
harmonywith the Rainich concept, this means a geometrization of the proper angular
momentum of a particle by the contortion (Kuchař 1966).

Additionally, one can renounce the symmetry postulate as far as the metric tensor
is concerned. This renunciation would provide further degrees of freedom and the
possibility of identifying the antisymmetric part of a second-rank tensorwith the com-
ponents Fi j of the electromagnetic field strengths. Such a theory was developed not
only byEinstein & Kaufman (1955) but bySchrödinger (1950) aswell. Alterna-
tively, it is possible, too, to start from aHermitianmetric tensor (Einstein 1948). Ein-
stein expounded his final version of this unified theory of gravity and electricity in the
appendixwithin the bodyof his lecture “TheMeaningofRelativity” (Einstein1955).
A more detailed analysis can be found in Hlavaty (1958), and attention may also
be drawn to the sophisticated appreciation of this theory by Sciama (1961).

Besides many inapt attempts (see, for instance, Vollendorf 1976), there have
more recently appeared a growing number of variants of asymmetric theories
(Moffat 1976, 1977) and references therein) in which an additional Maxwell-like
term proportional to g[i j]g[i j] occurs side by side with Hilbert’s Lagrangian 4-form,
thus deviating from Einstein’s original approach. For such a theory there exists an
exact solution of Reissner–Nordström type (see Sect. 14.4), which is regular at its
origin (Moffat & Boal 1975). Thus far, this model complies with Einstein’s geo-
metric conception of classical particles (Einstein & Rosen 1935). However, for a
physical interpretation, thesemodels are still not advanced enough. This iswhyMof-

fat (1979a), in a more recent study, has given up the identification g[i j] := �∗2Fi j .
Instead, the antisymmetric part of the metric is associated with a new gravitational
interaction of long range that does not influence the equations of motion. Moffat
thereby accounts for a critical objection of Callaway (1953) against Einstein’s
asymmetric theory. In an extension of the Hermitian field theory, Treder (1980, see
also 1978), has suggested to relate the purely imaginary antisymmetric part of the
metric groundform to the dual of the gluon field strength. This is only one of the
attempts to construct a geometric mechanism of quark confinement based on a uni-
fication of colored and gravitational gauge models (Greenberg & Nelson 1977).

It has to be noted that all the physical models that have been presented so far,
including the generally covariant Yang–Mills theories, are dependent on a local
isotropy of the metric structure of the tangent space. However, this assumption is
not mandatory for a measurement of macroscopic distances. The metric tensor could
be dependent not only on the point m ∈ M but also on locally distinguished direc-
tions, as in the case of a Finsler geometry. Since these mathematical structures are
equivalent to those notions that appertain to nonlocal theories of extended particles
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with “internal” (and possibly broken) symmetry, Finslerian extensions of the the-
ory of relativity are discussed again (see, for instance, Horvath & Moor 1952;
Asanov 1979, 1981, 1984; Ikeda 1978, 1981a,1981b; Ishikawa 1980, 1981). Due
to the shortage of space and time, these ideas cannot be discussed inmore detail in the
present study. The same is true for the system of notions in which the usual space-
time coordinates are combined with anticommuting Grassmann-valued additional
coordinates to a “superspace” (Salam & Strathdee 1978) in order to generate a
unified interpretation of bosonic and fermionic degrees of freedom. Analogously, the
gauging of a hypothetical supermultiplet consisting of spin-2 and spin-3/2 particles
leads to the theory of supergravity (Van Nieuwenhuizen 1981) or to hypergravity
(Aragone & Deser 1979) if spin-5/2 fields are considered instead.

There still remains to be discussed a further complex of theories that belongs to
the current speculative extensions of general relativity. That is the tensor dominance
model of strong interactions of Isham et al. (1971). The reason is not so much the
fact that this model is structurally related to GR, but that it offers reasonable results
regarding a sensible interpretation of the rotational gauge degrees of freedom of
the Poincaré gauge theory. This would have important consequences for the pos-
sible existence of a geometric mechanism of quark confinement and hence for an
understanding of the structure of hadronic matter.

14.1 Rainich Geometrization of Electromagnetic Fields

If we are ready to accept that spinor fields, which are necessary to describe the
“matter core,” have a special status, thus differing widely from the suppositions
underlying supersymmetric theories, all that has to be done in order to procure a
monistic theory of physical interactions boils down to the unification of the Yang–
Mills gauge fields with gravitational fields. From a historical point of view, such
beginnings have been restricted to classical fields of long range, e.g., to gravitational
potentials and electromagnetic fields. Facing the enormous success in describing as
well the strong and weak interactions by means of gauge fields, it is our intention
to work out the formalism of the Rainich geometrization as far as possible for the
general nonabelian case.

On the level of the action functional, the dynamical coupling of the internal gauge
fields to gravity is conventionally rendered by means of a simple addition of the
corresponding generally covariant Lagrangian 4-forms, which means that

L = Lg + Lω + Lmat (14.1.1)

has to be valid for the total system. This is the case, although mixing terms such as

Lω−g = Tr
{∧∗(ϑ ∧ Ωg) ∧∗ (ϑ ∧ Ω)

}
(14.1.2)
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meet all criteria of gauge invariance according to Horndeski (1976, 1978a, b) and
hence would have to be permitted also.

Concerning the geometrization procedure that is to be constructed in the follow-
ing, we shall concentrate on the physically relevant case, that of a coupled Einstein–
Maxwell or Einstein–Yang–Mills system. Instead of (14.1.1), we are therefore con-
sidering only the system

LGMD. = 1

�∗2 LW. + LYM + Lmat (14.1.3)

in a Riemann–Cartan spacetime.
The field equations, being derived from well-known variation principles, read

D∗Ω = τe, (14.1.4)

DΩ ≡ 0, (14.1.5)

1

2
∗(ϑ ∧ ∗Ωg) = �∗2(ΣYM + Σmat), (14.1.6)

and
D(ϑ ∧ ∗Ωg) ≡ Θ ∧ ∗Ωg. (14.1.7)

They are supplemented by the Bianchi identities.
If material sources are present, there are still to be considered not only Cartan’s

equation concerning the torsion but also the contracted Bianchi identity. However,
spin-1 gauge fields do not induce a contortion of the spacetime (Hehl et al. 1976).

Within the geometric concept of unification, the central issue is the following
one: To what extent are the field strengths Ω of electromagnetic or Yang–Mills-type
potentials codified in the curvatureΩg of the spacetime geometry, or conversely, can
the codification that is implied in the curvature be restored in terms of gauge field
strengths?

This highly important question was propounded by Rainich (1925) and later
on by Misner & Wheeler (1957) while constructing a dynamical geometry that
had to comprise electromagnetic fields as well. In order to answer this question, the
mathematical structure of the canonical energy–momentum currentΣω of the Yang–
Mills fields has first to be looked at. This energy–momentum current is rendered
by

ΣYM = (−1)s

2αg
Tr
{
Ω ∧ ∗(ϑ ∧ ∗Ω) + ∗ϑ ∧ ∗(Ω ∧ ∗Ω)

}

= (−1)s

4αg
Tr
{
Ω ∧ ∗(ϑ ∧ ∗Ω) − ∗Ω ∧ ∗(ϑ ∧ Ω)

}
. (14.1.8)
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In the component notation of Minkowski, the four-dimensional stress–energy
tensor is symmetric and can thus be molded into the form

ΣYM
μν = 1

αg
Tr(FμαF

·α
ν − 1

4
gμνFαβF

αβ)

= 1

2αg
Tr(FμαF

·α
ν − (−1)s ∗Fμα

∗F ·α
ν ), (14.1.9)

which was already well known to von Laue (Sommerfeld 1910). Notoriously, this
energy–momentum current is traceless. The contraction that is formed according to
the rule

Tr(ΣYM ∧ ∗ϑ) = Tr(ϑ ∧ ∗ΣYM)

= 1

2αg
Tr
{
ϑ ∧ Ω ∧ ∗(ϑ ∧ ∗Ω) + ϑ ∧ ∗ϑ ∧ ∗(Ω ∧ ∗Ω)

} = 0 (14.1.10)

vanishes, as can be shown by an exchange of one of the 1-forms ϑ .
This energy–momentum current, however, is the sole source of Einstein’s field

equations (14.1.6) concerning a spacetime that otherwise is matter-free, i.e., for
Σmat = 0.

A corresponding contraction of these field equations shows immediately that the
scalar curvature

R = ∗(Ωg ∧ ϑ ∧ ϑ) = 0 (14.1.11)

vanishes for a coupled Einstein–Yang–Mills system. Since massless spin-1 gauge
fields do not generate torsion, this result holds even in a RC spacetime.

The energy–momentum tensor (14.1.9), or the form (14.1.8), of the Yang–Mills
field transforms not only covariantly with respect to gauge transformations but is dis-
tinguished also by a remarkable invariance with respect to duality rotations (Rainich
1925, 1950; Misner & Wheeler 1957) defined by

Ω → e∗δΩ := Ω cos δ + (−1)z ∗Ω sin δ. (14.1.12)

The angle of complexion δ, which marks the duality transformation, acts additively,

e∗δ ◦ e∗ε = e∗ε ◦ e∗δ = e∗(δ+ε), (14.1.13)

with respect to composition. Apart from a phase factor, a rotation by the angle
δ = π/2 is exactly equal to the operation of taking the Hodge dual3

3For metric spaces with an odd signature s, the resulting imaginary unit is at times incorporated
into the definition of the Hodge star operator in order to ensure that it acts involutively on 2-forms.
Nevertheless, the hyperbolic functions, which have been used not only by Percacci (1979) but
erroneously also by Mielke (1981), seem to be inapt, since they do not yield the special case
(14.1.14) for real angles δ.
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e∗π/2 = (−1)z∗, z := s − 1

2
. (14.1.14)

(In the case of electromagnetism, this duality rotation is also known as a Lamor
transformation). The invariance of ΣYM with respect to duality rotations can easily
be proved by writing out and applying the elementary functional relation cos2 δ +
sin2 δ = 1 for trigonometric functions.

In passing, it should be pointed out here that the general duality Ansatz for the
reduction of the field equations of the Poincaré gauge theory represents amodification
of (14.1.12), since it relates the canonical field momentum, which depends on the
rotational gauge field strengths, to the dual curvature by means of a double-duality
rotation.

The duality rotation can be exploited in order to transform the curvature 2-form
of the gauge fields into a 2-form

ξ := e∗(−δ)Ω (14.1.15)

with desired and defined qualities. Those gauge-invariant 4-forms or scalars that
occur in the general Lagrangian formalism are not invariant with respect to the
duality rotation (14.1.15), but transform into

Ω ∧ ∗Ω → ξ ∧ ∗ξ = Ω ∧ ∗Ω cos 2δ − (−1)zΩ ∧ Ω sin 2δ (14.1.16)

and
Ω ∧ Ω → ξ ∧ ξ = Ω ∧ Ω cos 2δ − (−1)zΩ ∧ ∗Ω sin 2δ. (14.1.17)

It is our assumption that ξ , as a field of reference, represents a purely “electric” gauge
field strength. The 3-dimensional vectors of the “electric” and “magnetic” part of the
Yang–Mills field strengths are defined by

→
E= {E j := Fj0| j = 1, 2, 3} (14.1.18)

and
→
B= {Bj := 1

2

�

i jk F
jk |i, j, k = 1, 2, 3} (14.1.19)

with regard to a Gaussian frame of reference. It then follows from our above-
mentioned assumption that

ξ ∧ ξ = 0 (= 2
→
E · →

B in 3-dimensional vector notation) (14.1.20)

is valid for an extremal field. However, null fields, e.g., pure radiation fields for which
additionally

ξ ∧ ξ = ξ ∧ ∗ξ = 0 (14.1.21)
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holds, shall be excluded for the present, since otherwise, the angle of complexion
would remainundetermined. (Geometrodynamics in the case of null fields has already
been analyzed in detail by Geroch (1966).) Equation (14.1.17) yields the angle δ of
the applied duality rotation implicitly by

tan 2δ = (−1)z
Tr∗(Ω ∧ Ω)

Tr∗(Ω ∧ ∗Ω)
. (14.1.22)

(In order to carry out the division, it is necessary to form scalars by first applying the
duality operator and then the trace operation.) After eliminating the trigonometric
functions, theYang–Mills-like invariant (14.1.16) of the extremal field ξ is calculated
to be

ξ ∧ ∗ξ = ±Ω ∧ ∗Ω Tr∗(Ω ∧ ∗Ω) − (−1)2z Ω ∧ Ω Tr∗(Ω ∧ Ω)
√

(Tr∗(Ω ∧ ∗Ω))2 + (−1)2z (Tr∗(Ω ∧ Ω))2
. (14.1.23)

Thus, the original Yang–Mills curvature Ω is also algebraically transformed into an
extremal, purely “electric” field strength ξ . However, the original curvature form can
be regenerated out of this field of reference by means of inverting (14.1.15). This
yields

Ω = e∗δξ. (14.1.24)

The invariance
ΣYM(Ω) = ΣYM(ξ) (14.1.25)

of the energy–momentum current of the gauge fields with respect to duality rotations
taken together with the postulated extremal property (14.1.20) of ξ , however, makes
it possible to state a simple form for the “square” of the 4-dimensional stress–energy
tensor. The calculation shows that

ΣYM(Ω) ∧ ΣYM(Ω) = 1

4αg
Tr
{−ξ ∧ ξ ∧ (ϑ ∧ ∗ξ) ∧ (ϑ ∧ ∗ξ)

+ϑ ∧ ϑ ∧ ∗(ξ ∧ ∗ξ)2 −ϑ ∧ ∗ξ ∧ ∗(ϑ ∧ ∗ξ) ∧ ∗(ξ ∧ ∗ξ)
}

(14.1.26)

= ϑ ∧ ϑ ∧ ∗(ΣYM(ξ) ∧ ∗ΣYM(ξ))

is a multiple of the unit 2-form. However, this property of the energy–momentum
current induces the algebraic relation

(ϑ ∧ ∗Ωg) ∧ (ϑ ∧ ∗Ωg) = ϑ ∧ ϑ ∧ ∗(ϑ ∧ ∗Ωg ∧ ∗(ϑ ∧ ∗Ωg)) (14.1.27)

in vacuum due to Einstein’s field equations. Most remarkably, this relation involves
solely the 2-form of the spacetime curvature, which is equivalent to the condition
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R{}
iαR

{}α
· j = 1

4
gi j R

{}
αβR

{}αβ (14.1.28)

for the holonomically written components R{}
i j or the Ricci tensor. Combined with

the requirement (14.1.11) of a vanishing scalar curvature, these relations represent
the algebraic Rainich conditions of geometrodynamics (Rainich 1925; Misner &

Wheeler 1957).
Differential Rainich conditions can be drawn not only from the effects of the

duality transformation (14.1.12) on the Yang–Mills equations (14.1.4) but also from
the Bianchi identity (14.1.5). By inserting (14.1.24) into these equations, we get

D∗Ω = (D∗ξ − (−1)zξ ∧ Dδ) cos δ (14.1.29)

− (−1)z(Dξ + (−1)z ∗ξ ∧ Dδ) sin δ = τe

and

DΩ = (Dξ + (−1)z ∗ξ ∧ Dδ) cos δ (14.1.30)

+ (−1)z(D ∗ξ − (−1)zξ ∧ Dδ) sin δ = 0.

In the following, it is assumed that the current of purely electric charges comes into
existence via the “chiral” transformation

τe = τ e cos δ − (−1)z τ p sin δ (14.1.31)

out of the matter currents τ̄e and τ̄p of a theory (Schwinger 1968; Julia &

Zee 1975) with hypothetical dually charged particles, the so-called dyons.
Then the combination of (14.1.29) and (14.1.30) results in the following equations

for the “extremal” field of reference:

D ∗ξ − (−1)zξ ∧ Dδ = τ e, (14.1.32)

D ξ + (−1)z ∗ξ ∧ Dδ = τ p. (14.1.33)

With a covariantly constant angle of complexion δ, e.g., for

Dδ = dδ = 0, (14.1.34)

we thus manage to solve formally the specific dichotomy between the field equations
(14.1.4) with sources and the source-free Bianchi identity (14.1.5), which is typical
for gauge theories, since now we are also taking into consideration the nonvanishing
current τ̄p of the additional magnetic charge carried by the dyons.

If one starts the other way round with Dirac’s theory of monopoles (1931, cf.
Mielke 1985), and generalizes it to a theory of dually charged particles having
nonvanishing currents τ̄e and τ̄p, then the equations (14.1.32) and (14.1.33) can
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be transformed back into the original Maxwell equations by means of a constant
duality rotation resulting from (14.1.31). The source-free Yang–Mills equations are
invariant even with respect to constant duality transformations. This shows that a
theory operating with dually charged particles is empirically indistinguishable from
traditional electrodynamics, which is defined by the choice δ = 0 of a “dual gauge”
(Strazhev & Tomil’chik 1973). Historically, it corresponds to the understanding
that an electron carries solely electric charge.

In a curved spacetime, however, nonlinear effects that are induced by gravity are
unavoidable; cf. Parker (1975). Therefore, let us stick to the general field equations
for the extremal field strengths in vacuum and let us ask for their geometric meaning.
After the exterior multiplication of (14.1.32) by ξ ∧ ϑ and (14.1.33) by ∗ξ ∧ ϑ and
the subsequent addition and forming of the trace, we obtain the relation

(−1)z Tr{ϑ ∧ ∗ξ ∧ ∗ξ − ϑ ∧ ξ ∧ ξ} ∧ dδ = Tr{ξ ∧ ϑ ∧ D∗ξ + ∗ξ ∧ ϑ ∧ Dξ}
= 1

2
D Tr

{∗(ξ ∧ ∗(ϑ ∧ ∗ξ) − ∗ξ ∧ ∗(ϑ ∧ ξ))
}

(14.1.35)

= (−1)s2αgDΣYM = αg

�∗2 D(ϑ ∧ ∗Ωg) ≡ 2
αg

�∗2� ∧ ∗Ωg.

It is obvious that the left side of this equation is zero, due to the extremal property
(14.1.20) of ξ , while the right side is equal to the Bianchi identity (14.1.7) via
Einstein’s field equations (14.1.6). The coupled Einstein–Yang system, as has already
beenmentioned, does not produce any torsion, e.g.,Θ = 0, and (14.1.35) is thus only
an identity.

Conversely, the multiplication of (14.1.32) by ∗ξ ∧ ϑ and also that of (14.1.33)
by ξ ∧ ϑ and the subsequent addition results in the total relation

(−1)z Tr{∗ξ ∧ ϑ ∧ ξ − ξ ∧ ϑ ∧ ∗ξ} ∧ dδ

= Tr{∗ξ ∧ ϑ ∧ D ∗ξ + ξ ∧ ϑ ∧ Dξ} (14.1.36)

= −1

2
DTr{∗ξ ∧ ϑ ∧ ∗ξ − ξ ∧ ϑ ∧ ξ}.

Corresponding to the second notation of the energy–momentum current (14.1.8) of
the gauge fields, Eq. (14.1.36) means simply

(−1)zΣYM(ξ) ∧ dδ = DΣYM(ξ). (14.1.37)

In order to obtain the solvability of this equation for the 4-dimensional gradient
dδ, Eq. (14.1.37) has to be contracted by ∗ΣYM(ξ). On account of the invariance
(14.1.25) of the energy–momentum current with respect to duality rotations and also
on account of the validity of Einstein’s vacuum field equations (14.1.6), we then have
the relation
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dδ = (−1)−z ∗ΣYM(Ω) ∧ DΣYM(Ω)
/∗(∗ΣYM ∧ ΣYM)

= (−1)−z ∗(ϑ ∧ ∗Ωg) ∧ D(ϑ ∧ ∗Ωg)
/∗(ϑ ∧ ∗Ωg ∧ ∗(ϑ ∧ ∗Ωg)). (14.1.38)

This means that the 4-dimensional gradient of the angle δ of the complexion
is solely determined by the components R{}

i j of the Ricci tensor. This peculiar
result, which was found by Rainich (1925), reads in local notation (Misner &

Wheeler 1957)

∂κδ = √|g|εκλρσ R{}σ
. ν�ρR{}νλ

/
(R{}

αβR
{}αβ). (14.1.39)

In a simply connected spacetime manifold, the angle δ of complexion can be deter-
mined, by way of integration, to be

δ =
∫

c1

dδ + δ0. (14.1.40)

Due to the identity ddδ ≡ 0, this follows in an unequivocal way from the exactness
of the form dδ. For manifolds with Betti number b1 = dim H 1(M) = ν, e.g., for
those that exhibit ν-fold global connectivity, however,

∮
dδ = 2πb1 = 2πν (14.1.41)

is to be regarded as an absolutely necessary result (Misner & Wheeler 1957; see
also Geroch 1966).

Thus our procedure, which is only slightly beyond the Rainich program, yields
the following concluding theorem.

Theorem The coupled Einstein–Yang–Mills system implies necessarily not only
the algebraic conditions (14.1.11) and (14.1.28), but also the differential relation
(14.1.39) of the Rainich geometry.

Conversely, the question arises whether such a geometry provides all the required
information on the gauge field strengths.

On account of the loss of information in the forming of traces, this seems to be
guaranteed only for the abelian theory, e.g., for gravitationally coupled electromag-
netic fields. Concerning this case, Misner & Wheeler (1957) showed that an
“extremal Maxwell root” of the Ricci tensor can be determined via

ξμνξρσ = −1

2
R

{}
μνρσ − 1

2

R
{}
μνγ δR

{} γ δ

ρσ

R{}
αβR

{}αβ
. (14.1.42)

It has to be kept in mind that the Ricci tensor is present in (14.1.42) not only by R{}
αβ

but also via the components of the anti-self-double-dual curvature tensor indicated
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by an “overline”. Consequently, the “extremal Maxwell root” satisfies Einstein’s
vacuum field equations on account of the algebraic Rainich conditions (14.1.11) and
(14.1.28). Furthermore, the electromagnetic field strengths that havebeen constructed
according to (14.1.24) then satisfy Maxwell’s equations (14.1.4) and (14.1.5) if the
angle of complexion δ has been determined geometrically by way of integration of
(14.1.39).

Encouraged by this remarkable result, Wheeler (1962, 1969) was inclined not
only to look on Maxwell’s theory of electromagnetism coupled to gravity as an
already unified theory, but to advance a similar geometrization of other fundamental
physical fields and furthermore, to look for the origin of central characteristics of
particles such as mass and charge (Salam 1980) in the structure of the spacetime
topology; see alsoMielke (1977).

Nevertheless, it it is clear that the “already unified field theory” or “geometrody-
namics” of Rainich, Misner, and Wheeler has left behind some unsolved problems.

As has been hinted at, the case of null fields, e.g., pure radiation fields, needs
to be treated separately (Nordtvedt & Pagels 1962; Geroch 1966). Moreover,
the geometrization of the Einstein–Maxwell system, which originally is linear in
the spacetime curvature, seems to lead back to quadratic Yang–Mills-like theories of
gravity. Similar to the field equation of SKY gravity, the Rainich conditions (14.1.28)
turn out to be nonlinear in the partial derivatives of second order in terms of themetric.
On the other hand, the anti-self-double-dual solutions of the SKY gravity satisfy
the algebraic Rainich conditions (Mielke 1981). Nevertheless, the integration of the
Rainich geometry into the general framework of the qPG-theory seems to be intricate,
cf. Gomes (2015). This is at least the implication of an attempt of Sharp (1959) to
develop a Lagrangian formalism of geometrodynamics.

It is naturally of equal importance to examine as well to what extent other fields
can be incorporated into this scheme of geometrization. That it is possible for a scalar
field that is coupled toGR has been shown byKuchař (1963); see alsoBrill (1964).
Thereby, the covariant generalization of the Klein–Gordon equation can be derived
from Einstein’s field equations via the contracted Bianchi identity. Within the frame
of the Einstein–Cartan theory, the geometrization of the electromagnetic fields has
been extended to the case ofmassive vector bosons by Bičáik (1966). Torsion serves
as an additional vehicle to make geometrically determinable not only the counterpart
of the electromagnetic field strengths, but also the vector field itself. The Rainich
geometrization of spinor fields proceeds analogously. According to the Cartan equa-
tion, the canonical spin tensor is proportional to the modified torsion in the Einstein–
Cartan theory. Conversely, it is then possible to determine the spinor field on the basis
of a given geometry bymeans of this algebraic relation; seeKuchař (1966), and also
the highly informative study by Inomata (1971). An interesting biframe approach
has been advanced by Hammon & Norris 1990. The relation to Killing–Yano
tensors has been studied by Ferrando & Sáez (2003).

To conclude, we note that it is impossible to regain the complete structure of a
Yang–Mills field by means of the Rainich geometry. Nonabelian gauge fields remain
“hidden,” and it is exactly this deficiency that displays illustratively the limits of what
can be achieved within the Rainich program.
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14.2 Nonabelian Kaluza–Klein Theories

Another geometrically attractive possibility for a unified description of fundamen-
tal interactions is based on the idea, due to Kaluza and Klein, that spacetime has
more than four dimensions. In this framework, one starts from a theory of gravity
(or supergravity) in n = 4 + K dimensions, which is then shown or assumed to
exhibit spontaneous compactification to four dimensions, such that the remaining K
coordinates parametrize a compact “internal” manifold B that is sufficiently small
and undetectable by present-day experiments.

Mathematically, in all those theories of electroweak and strong interactions that
are constructed on the basis of Yang–Mills-type gauge potentials,4 the “internal”
fibers are only loosely tied to the spacetime manifold. This is decisively different
from the case of gauge theories of gravity, since in those models, the spacetime
continuum, via the soldering 1-form ϑ , is rather closely interlocked with the locally
isomorphic tangent bundle. It is for this reason that gravitational gauge theories
grant a more direct geometric interpretation. Since in these theories the mass of
particles is accountable for the dynamically induced curvature of the spacetime and
furthermore, its spin for the contortion, the question arises naturally whether other
characteristics of particles, such as electric charge, isospin, and hypercharge, have
a similar geometric origin. A possible response is to unite the abstract “internal”
space on which the symmetry group G acts with the curved spacetime manifold. For
this purpose, both of them have to be embedded in apt higher-dimensional spaces.
Ultimately, this would mean to put the internal quantum numbers of particles on a
par with energy and momentum by means of geometric concepts (Salam 1980).

As far as the case of electromagnetism is concerned, Kaluza (1921) and Klein

(1926, 1928) proved that this is possible after proceeding to 5-dimensional5 man-
ifolds. Later, Dewitt (1964) and other scientists (Kerner 1968; Cho & Jang

1975; Mansouri & Chang 1976; Rayski 1977; Witten 1981; Orzalesi 1981;
Mecklenburg 1980, 1984) extended this method of unification to Yang–Mills
fields with an arbitrary nonabelian structure group. Bergmann (1942) draws par-
allels not only to the projective theories of relativity, e.g., the Jordan–Thiry the-
ory, cf. Schmutzer (1968), but also to the unified field theories of Einstein &

Mayer (1931).

4Interestingly enough, London (1927) deliberately made use of the 5-dimensional Kaluza–Klein
spaces, too, while applying for the first time Weyl’s principle of gauge invariance to Schrödinger’s
theory of quantum mechanics.
5Wilhelm Busch, alluding to the would-be poet Balduin Bählamm:

“Und zieht als freier Musensohn

In die Poetendimension,

Die fünfte, da die vierte jetzt

Von Geistern ohnehin besetzt”.
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In order to adumbrate the foundation ofKaluza–Klein theories, it is of convenience
to make use of the calculus of exterior forms in higher dimensions, as has already
been done by Thirring (1972), Kalinowski (1981b), Straumann (1986). The
starting point for our considerations has to be seen in a higher-dimensional manifold
M4+K that is endowed with a bundle L̂(M4+K ) of linear frames and is furthermore
equipped with a canonical 1-form ϑ̂ associated with L̂(M4+K ). Only later does one
suppose that the ground state of the higher-dimensional system, because of some
dynamical mechanism, cf. Cremmer & Scherk (1976), is partially compactified
such that M4+K takes on the form Ê ≈ M4 × B, where B is a (non)compact K-
dimensional homogeneous space, G/H . Here G denotes a semisimple Lie group of
dimension K = dim G, and H an isotropic subgroup. As shown by Coquereaux &

Jadczyk (1983), the “geometric arena” is not the fiber bundle P(M4,G, π, δ) but
P(M4, N/H, π, δ), where N denotes the normalizer of H in G. The extended space
Ê , which is locally isomorphic to M4 × G/H , is globally the associated bundle
Ê(M4, F = G/H, N/H, P) with N/H as structure group.

The graviton and amultiplet of Yang–Mills-type vector bosons should be included
among the zero-mass fields of the four-dimensional effective theory. Following
Luciani (1978), cf. Salam & Strathdee (1982), this can be achieved by para-
meterizing the 1-form ϑ̂ (“Vielbeinfield”) in matrix notation as follows:

ϑ̂ = ϑ̂(m, g) =
[

ϑ �̂ω

0
◦
ϑ

]
}4
}K

{

4

{

K

. (14.2.1)

Here ϑ denotes the canonical 1-form that is soldered to the 4-dimensional spacetime,
and ω = ω j

αL j ⊗ ϑα is a 1-form with values in the Lie algebra of G or N/H ,
respectively. After the reduction of the dimensions, it will locally represent Yang–

Mills-type gauge fields. The 1-form
◦
ϑ is defined on the cotangent bundle Te∗(G) of

the group G, being parametrized by the coordinates ξ j . In its expansion

◦
ϑ = ϕ j dξ j , (14.2.2)

the coefficients ϕ j may be regarded as a multiplet of (Higgs-type) scalar fields trans-
forming with respect to the adjoint representation of G. This is due to the fact that the
(holonomic) basis dξ j is “dual” to the infinitesimal generators I j of G. Moreover,

as a frame “dual” to the Lie vector field V = V j I j ,
◦
ϑ satisfies the Maurer–Cartan

equation, i.e.,
◦
d

◦
ϑ = ◦

ϑ ∧ ◦
ϑ. (14.2.3)

A connection
◦
ω on G arises naturally via the Ansatz



14.2 Nonabelian Kaluza–Klein Theories 307

◦
ω = b

◦
ϑ. (14.2.4)

The internal torsion
◦
� and curvature

◦
�, respectively, are obtained from Cartan’s

structure equations and yield the following results:

◦
Θ := ◦

d
◦
ϑ − [ ◦

ω,
◦
ϑ] = (1 − 2b)

◦
ϑ ∧ ◦

ϑ, (14.2.5)
◦
Ω := ◦

d
◦
ω − ◦

ω ∧ ◦
ω = b(1 − b)

◦
ϑ ∧ ◦

ϑ. (14.2.6)

Essentially, two cases are to be distinguished (Wu & Zee 1984).
b = 1/2: torsionless connection in a symmetric coset space B of constant

curvature
◦
R = 1/4.

b = 0, 1: Flat connection with parallelizing torsion.
Analogously, the metric of the (4 + K)-dimensional extended space is rendered

by

dŝ 2 = 1

4 + K
Tr(ϑ̂ ⊗s ϑ̂T) = ĝABϑ̂ A ⊗s ϑ̂ B; A, B,= 0, . . . , 3 + K

= 1

4 + K
Tr

⎡

⎣ϑ ⊗ ϑ + �̂ 2ω ⊗ ω �̂ω ⊗ ◦
ϑ

�̂
◦
ϑ ⊗ ω

◦
ϑ ⊗ ◦

ϑ

⎤

⎦ . (14.2.7)

This is similar to the Ansatz that was selected by Kaluza (1921) for the abelian
case and which was generalized by Kerner (1968) to nonabelian symmetry groups

G. The term Tr(
◦
ϑ ⊗ ◦

ϑ) just gives the internal line element

d
◦
s2 = ◦

gi j dξ i ⊗s dξ j , (14.2.8)

where
◦
gi j denotes the Cartan–Killing metric of G. As far as simple Lie groups are

concerned,
◦
gi j is the Riemannian or pseudo-Riemannian metric of G regarded as a

group manifold.6 It should be noted that the group metric
◦
gi j is involved not only in

the terms Tr(
◦
ϑ ⊗ ◦

ϑ) and Tr(ω ⊗ ◦
ϑ) but also in Tr(ω ⊗ ω), since ω takes values in

the adjoint representation of G.
For a different choice of coordinates, the squared line element (14.2.7) takes on a

diagonal block form, thus representing a fiber metric (Trautman 1970) of Ê . For
classical, i.e., nonquantized models, the total signature of the line element dŝ 2 has
to be s = 1, as will be shown in the following (see, however, Sakharov 1984).

In analogy to the gravitational case, a linear metric-compatible connection

6More precisely, the group manifold of G is the symmetric space G × G/GD, where GD is the
diagonal subgroup of G × G.
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ω̂ =
[

ωg −α

αT ◦
ω

]

=: ωg ⊕ ◦
ω − α̂; α̂ =

[
0 α

−αT 0

]
(14.2.9)

may be imprinted on the bundle L̂(Ê) of the linear frames. Here ωg denotes the
gravitational connection in L(M4),

◦
ω a connection in the group manifold, and α̂

a “contortion”-type 1-form mediating between the space of “internal” symmetries
and the “exterior” spacetime. (If we regard our construction as a local embedding
of spacetime into a (4 + K)-dimensional manifold, α is simply the so-called second
fundamental form.) The postulate of metric compatability of the associated covariant
derivative D̂ implies that

ω̂AB = −ω̂BA, A, B = 0, . . . , 3 + K (14.2.10)

is valid. Connections possessing a nonvanishing (4 + K)-dimensional torsion and
nonmectricity tensor as well have been considered by Kopczynski (1980).

Accordingly, the higher-dimensional Riemann–Cartan curvature 2-form Ω̂ , given
by a generalization of the structure equation, is dissociating into

Ω̂ = d̂ω̂ − ω̂ − ω̂ ∧ ω̂ =
[

Ωg + α ∧ αT −Dα

(
◦
D α)T

◦
Ω + αT ∧ α

]

. (14.2.11)

In our matrix notation, the (4 + K)-dimensional exterior derivative d̂ is given by

d̂ :=
[
d 0

0
◦
d

]

, (14.2.12)

whereas the covariant derivative

(◦)

Dα := (◦)

d α − ωg ∧ α − α ∧ ◦
ω (14.2.13)

of the second fundamental form α with respect to spacetime or group coordinates
depends on the external connectionωg and on the connection

◦
ω in the groupmanifold

as well. Regarded as an embedding condition, the matrix presentation (14.2.11) of
our result comprises both the equations of Gauss and those of Codazzi and Mainardi
(cf. Sulanke & Wintgen 1972).

The higher-dimensional manifold has in general a torsion that is to be determined
by means of the covariant exterior derivative of the canonical 1-form ϑ̂ in correspon-
dence with the structure equation, i.e.,
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Θ̂ := D̂ϑ̂ = d̂ϑ̂ − [ω̂, ϑ̂]

=
⎡

⎣� − �̂ ω ∧ αT �̂(dω − ωg ∧ ω − ω ∧ ◦
ω) + ϑ ∧ α + α ∧ ◦

ϑ

−αT ∧ ϑ − ◦
ϑ ∧ αT

◦
� − �̂ αT ∧ ω

⎤

⎦ .

(14.2.14)

Relevant for the following is the “intermediating torsion” piece

�⊥ := π(�̂ − [α̂, ϑ̂]) =
[

� �̂Ω ′

0 π
◦
Θ = 0

]

, (14.2.15)

which after projection to its spacetime components measures the “twist” of the
internal space B relative to the four-dimensional spacetime M4 in the bundle Ê .
A similar result is stated by Kalinowski (1981a). The relation (14.2.15) contains a
Yang–Mills-type curvature 2-form that is modified by a term yielding an additional
gravitational coupling. For obvious reasons, it is therefore to be suggested to render
the 2-form of the Yang–Mills field strengths in the presence of gravitational fields
by

Ω ′ := π(dω − ω ∧ ◦
ω − ωg ∧ ω) = Ω − ωg ∧ ω. (14.2.16)

Conventionally, the principle of “minimal” coupling to gravity is not applied in full
with respect to massless gauge fields, since the additional gravitational coupling
breaks the gauge covariance of (14.2.15), or the gauge invariance of the Yang–Mills-
like Lagrangian 4-form that is formed from it (Hehl et al. 1976).

With the dissociation (14.2.11) of the higher-dimensional curvature 2-form �̂ as
well as with the relation (14.2.15) between the projected “intermediating” contortion
α̂ and the 2-formΩ ′ of the Yang–Mills field strengths, we have obtained the decisive
tools that we need to prove that the interacting Einstein–Yang–Mills system can be
generated out of a (4 + K)-dimensional Lagrangian form of Einstein–Hilbert–Weyl
type. Here we closely follow Einstein (1928) and proceed analogously to the proof
concerning the equivalence of the theory of teleparallelism andGR. Then the relation

L̂W. = 1

2
Tr(Ω̂ ∧ ϑ̂ ∧ . . . ∧ ϑ̂︸ ︷︷ ︸

2+K termms

)

= L̂ g
W. + L̂G

W. + �∗2 L̂ || − 1

2
dTr(α̂ ∧ ϑ̂ ∧ · · · ∧ ϑ̂) (14.2.17)

holds for the Lagrangian (4 + K)-form of Weyl type, where

L̂ || = − 1

2�∗2 Tr[α̂ ∧ α̂, ϑ̂ ∧ · · · ∧ ϑ̂] (14.2.18)
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represents the analogue of the Lagrangian 4-form of the theory of teleparallelism.
After projecting onto the 4-dimensional world, the form (14.2.18) is exactly altered
to the gravitational coupled generalization

π L̂ || = − �̂2

�∗2 Tr(Ω
′ ∧ ∗Ω ′ ∧ ◦

ϑ ∧ · · · ∧ ◦
ϑ︸ ︷︷ ︸

K terms

)

= − 1

αg
Tr(Ω ′ ∧ ∗Ω ′)

√
det

◦
g = L ′

YM dμ(G) (14.2.19)

of the Yang–Mills-type Lagrangian (4 + K)-form, provided the relation (14.2.9) for
the intermediating torsion is inserted in (14.2.18) and if

�̂ = +
(−)�∗/√

αg = +
(−)�∗

√
�c

g
(14.2.20)

is additionally—here following Klein (1955)—taken as Planck’s length with the
modification by the gauge-coupling constant αg := g2/�c. The term L̂ G

W depends

essentially on the internal curvature
◦
Ω . By projection to the spacetime manifold and

subsequent integration over the group manifold, this term provides only a constant-
volume form that corresponds to a “cosmological” constant of microscopic origin,

whose value is determined by the scalar curvature
◦
R and by the density

√
det

◦
g of

the group volume of the Lie group G, which is here considered a manifold.
Generally, all the terms encountered in (14.2.17) still depend on the internal coor-

dinates ξ j of B. This is due to the fact that the (4 + K)-dimensional metric tensor
(14.2.7) carries an infinite number of new degrees of freedom corresponding to the
propagation of excitations in the extra dimensions. In order to extract an effective
four-dimensional theory for the “low-energy” phenomena, a preferably spontaneous
compactification7 of the additional dimensions is assumed, i.e., the emergence of a
classical solution with the feature that

(i) M4+K ≈ M4 × B locally and
(ii) R4 � RK for the corresponding characteristic radii.

Then the metric (14.2.7) can be expanded via

ĝAB(x, ξ j ) =
+∞∑

n=−∞
g(n)
AB(x)Yn(ξ

j ) (14.2.21)

7In a quantized Kaluza–Klein theory, this reduction of the extra dimensions and an accompanying
“spontaneous” symmetry breaking of the general (4 + K)-dimensional covariance groupD(M4+K )

is possibly brought about by vacuum fluctuations. Analogously to the Casimir effect in quantum
electrodynamics, an attractive force between the “boundaries” of the additional dimensions ensues,
which tends to diminish the characteristic radius R◦ of B to the order of the Planck length �∗
(Tanaka 1981; Chodos 1984).
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into a complete set of harmonic functions Yn(B) on B = G/H ; cf. Salam &

Strathdee (1982). In the case of the original Kaluza–Klein theory, in which a
closing up of the five-dimensional world to a cylinder M4 × S1 of an exceedingly
small radius R◦ is taken for granted, Eq. (14.2.21) degenerates to a Fourier expansion
on the circle S1. The coefficients in the expansion (14.2.21) are fields of short range
on M4, their mass scale being of the order of the Planck mass

M∗ = √�c/GN � 1019GeV/c2. (14.2.22)

Hence only the so-called zero modes, which should include the graviton and a mul-
tiplet of Yang–Mills-type gauge potentials, are expected to be relevant for the low-
energy sector.

Under these assumptions, the main result of the Kaluza–Klein construction can
be stated as follows:

Consider (14.2.1) a parametrization of the canonical 1-form of a (4 + K)-
dimensional Riemann–Cartan space of signature s = 1. Then the higher-dimensional
Einstein–Hilbert-type Lagrangian (4 + K)-form after projection to four-dimensional
components and restriction to the zero modes yields an effective dynamics that cor-
respond to a coupled Einstein–Yang–Mills system with an induced cosmological
term

∫

G
π L̂E. = 1

�∗2 LW. + L ′
YM + 1

2�∗2 ϑ ∧ ϑ ∧ ϑ ∧ ϑ

∫

G

◦
Rdμ(G). (14.2.23)

This important result was first deduced by (Cho 1975) in the general nonabelian
case. (In order to show the analogy to the equivalence proof of the theory of teleparal-
lelism and Einstein’s GR, we have here resorted to a rather schematic presentation.)
More detailed calculations in components can be found in Kerner (1968), Cho
& Jang (1975), and also in Mansouri & Chang (1976), Duff (1994) as well
as Bergqvist & Lankinen (2005). More mathematically oriented presentations
within the framework of the fiber bundle formalism are given byKopczynski (1980)
and Kerner (1983), while Hermann (1978) in this context focuses on the theory
of Riemannian submersions.

It has to be accentuated that the choice of the (4 + K)-dimensional Lagrangian
form is of crucial significance for the proof of equivalence of theKaluza–Klein theory
and the coupled Einstein–Yang–Mills system. The fact that the Hilbert–Weyl-type
action functional (14.2.17) can be projected onto the celebrated Lagrangian 4-form
of GR and the 4-form of a Yang–Mills-type gauge theory is evaluated as one deci-
sive criterion for the distinction of the Einstein–Cartan theory within the framework
of Poincaré gauge theory (see, e.g., Kopczynski 1980). However, this argument
cannot be considered a cogent one (cf. Katanayev & Volovich 1985; Hsu &

Yeung 1985a, b; Zwiebach 1985). Provided we had analogously to the quasilinear
case of the Poincaré gauge theory chosen a quadratic Lagrangian (4 + K)-form as
a starting point for our construction of a unified theory, the result would have been
that, after the restriction to four dimensions, there would also have been quartic
terms besides the quadratic ones with respect to the Yang–Mills field strengths. Then
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those essentially nonlinear gauge theories of Born–Infeld type8 are recovered geo-
metrically. Concerning the issue of quark confinement, it is exactly such dynamical
structures that are considered appropriate for gauge fields with “internal” symmetries
according to a proposal of Mills (1979).

14.2.1 Standard Model Compactification

A realistic unified field theory should account for the local SU (3) color symmetry
of strong interactions and the SU (2) ×U (1) gauge group of the Weinberg–Salam
model of combined electroweak interactions. Thus, in a Kaluza–Klein approach, the
internal space B should admit at least

G = SU (3) × SU (2) ×U (1) (14.2.24)

as a group of motions. This is the case for

B = CP2 × S2 × S1, (14.2.25)

where CP2 = SU (3)/U (2) denotes the complex projective two-space and Sn the
n-dimensional sphere. The manifold (14.2.25) is not the only example of a seven-
dimensional homogeneous space

G/H = SU (3) × SU (2) ×U (1)

SU (2) ×U (1) ×U (1)
, (14.2.26)

the classification of which was initiated by Witten (1981) and then completed by
Randjbar- Daemi et al. (1984b).

For the realization of a metric ground state with compactified extra dimensions, a
difficulty arises due to the fact that the Cartesian product M4 × B of the Minkowski
spacetime and a compact internal space B is, unlike M4 × S1, in general not an
Einstein space. In order to remedy this deficiency in, e.g., n = 11 dimensions, it is
necessary to “squash” the (round) sphere S7 = SO(8)/SO(7) by partial rescalings
(Castellani et al. 1984) to the coset space

S̃ 7 := SO(5) × SO(3)

SO(3) × SO(3)
. (14.2.27)

As observed byWitten (1981), K = 4 + 2 + 1 = 7 of (14.2.25) represents the min-
imum dimensionality for an internal manifold B admitting G as a transformation

8In order to get exactly the Born–Infeld action functional, a Kaluza–Klein-type Lagrangian (4 +
K)-form had to be considered that depends on the square root of the (4 + K)-dimensional scalar
curvature (Chang et al. 1976).
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group. If supersymmetry is imposed as well as general covariance, there exist higher-
dimensional models in which all fermionic and bosonic fields, together with the
metric, belong to a single representation. Most remarkably, n = 4 + 7 = 11 is the
maximal dimension of a theory of simple (N = 1) supergravity, cf. Dewitt &

Stora (1984), that contains the necessary fermion fields of spin s ≤ 3/2 without
the bosonic fields exceeding the spin or helicity s = 2 of the graviton. The bosonic
part of such supersymmetric theories contains necessarily a completely antisym-
metric tensor potential AIJK, a remnant of the internal torsion, which may induce a
compactification ofM4+K . In the case of the Freund & Rubin class (1980) of solu-
tions, the underlying vacuum geometry factors into the product M11 = (AdS)4 × S7

consisting of a four-dimensional anti-de Sitter spacetime and a seven-dimensional
sphere. However, the scalar curvatures

(4)R = −8

3
R−2

◦ , (7)
◦
R = 7

3
R−2

◦ (14.2.28)

of both spaces are extremely large and consequently yield an admittedly very unphys-
ical model of the real world. For the “squashed” seven-sphere S̃7, there exists a
solution (Englert et al. 1983) with induced torsion that is Ricci-flat but breaks the
supersymmetry “spontaneously;” cf.Mielke (1986).

14.3 Fermion Spectrum from Higher-Dimensional Models

NonabelianKaluza–Klein theories provide uswith a geometrically elegant but locally
equivalent representation of the coupled Einstein–Yang–Mills system. However, in
order to account formatter, spinor fields have to be brought into this geometric frame-
work. In this respect, a possible nontrivial global topologyof the (4 + K)-dimensional
total space, if realized (De witt 1964), could be of fundamental significance for
generalized concepts of interactions. It was Klein (1926), see also Einstein &

Bergmann (1938), who utilized the topology M5 = R4 × S1 of a cylinder for the
originally 5-dimensional theory in order to get a physically acceptable interpretation
of the charge quantization. The nexus between the theory of homology, the global
existence of Riemannian metrics, and the charge quantization on topologically non-
trivial 5-dimensional spaces that turns up here has been analyzed in more detail by
Miller (1980). Under these conditions, the charge conjugation

ϕ → ϕC := ϕ (14.3.1)

of a Yukawa-type scalar field ϕ with values in the adjoint representation of G, which
is thought to be coupled to a Dirac field, can be interpreted as a reflection of the
fifth, spacelike, coordinate. Concerning its geometric and topological meaning, the
observed CPT invariance of all interactions is thus interpreted as an invariance with
respect to the inversion of all spacelike coordinates (Rayski 1965a, b). A related
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deduction of the SU (2) transformations of the isotopic spin out of reflections in the
pseudo-Euclidean space E2,4 of conformal symmetries was pointed out by Budini

et al. (1979).
A revisiting and deepening scrutiny of the investigation of the Dirac equation in

higher-dimensional Kaluza–Klein spaces, which was initiated by Rayski (1965a, b)
and Thirring (1972), broadens our understanding of the adumbrated catalogue of
questions. According to the general spinor formalism, the (4 + K)-dimensional ana-
logue

L̂D. = i

2
(

−
ψ̂γ̂ ∧ ∗ D̂ψ̂ + (D̂ψ̂) ∧ ∗γ̂ ψ̂) − m̂

−
ψ̂ψ̂η (14.3.2)

of the (symmetrized) Lagrangian n-form of the Dirac field can serve as a starting
point. Employing the dissociation (14.2.9) of the connection 1-form ω̂, one obtains
the equivalent representation

L̂D. = i

2
(

−
ψ̂γ̂ ∧ ∗ D̂g+◦ψ̂ + (D̂g+◦ψ̂) ∧ ∗γ̂ ψ̂) − m̂

−
ψ̂ψ̂η

+ 1

2

−
ψ̂[α̂, ∗γ̂ ]ψ̂. (14.3.3)

After projection onto four-dimensional components, the relation (14.2.9) can be
applied for the contribution that depends on the “intermediating” contortion α̂. Fur-
thermore, on a “compactified” space M4 × B, the following expansion of the spinor
field ψ̂ with 2[2+K/2] components is adopted:

ψ̂ =
dim ρ(G)∑

F=1

(ψ F
− (x)χ−

ρF (ξ) + ψ F
+ (x)χ+

ρF (ξ)). (14.3.4)

Here the spinorial harmonics χ±
ρF (ξ) furnish a representation ρ of the symmetry

group G, which are the eigenstates

◦
γ K+1χ±

ρF (ξ) = ±χ±
ρF (ξ) (14.3.5)

of the internal helicity operator
◦
γ K+1.After projectionπ to four-dimensional compo-

nents and integration over the groupmanifold, the Lagrangian (4 + K)-form (14.3.3)
yields the 4-form

∫

G

π L̂D. = i

2

(
ψγ ∧ ∗Dg+ωψ + (Dg+ωψ) ∧ ∗γψ

)

+ �̂

2
ψγ ∧ γ ∧ ∗Ωψ − m̂ψψη, (14.3.6)
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where
Dg+ω := d + iω̃g ⊗ iω (14.3.7)

denotes a “combined” covariant derivative.
The variation of (14.3.6) with respect to ψ̄ leads to a Dirac equation that is not

only “minimally” coupled to gravity and the Yang–Mills fields, being mediated by
the (spinor) connections ω̃g and ω, respectively, but that in addition, inherits a gauge
covariant term γ ∧ γ ∧ ∗Ωψ of electric dipole type. This term in the Lagrangian
4-form reads in tensor notation

Lanom. = �̂

2
ψγ ∧ γ ∧ ∗Ωψ = �∗

4
√

αg
ψFμνγ

5[γ μ, γ ν]ψη. (14.3.8)

It is dual to the corresponding magnetic dipole term being invoked within phe-
nomenological theories of nuclear form factors (Bjorken & Drell 1964). This
additional term not only gives rise to an anomalous “electric” moment for particles
of spin 1/2 but also destroys the invariance of the equation with regard to the time
and space reflections T and P. However, due to its coupling strength proportional
to the Planck length �∗, this results only in a superweak violation of the T or CP
invariance.

In order to bring about the order of magnitude that has been measured by Fitch,
Cronin, and Christensen concerning kaon decays, a Kaluza–Klein theory had to
be considered—following Thirring (1972)—that has a strongly interacting tensor
component of short range. This suggestion resembles that on which the f–g theory
of gravity is founded. The modification of the Dirac equation that is caused by the
Kaluza–Klein theory may as well apply to the particle model of Barut (1980), in
which the absolutely stable particles p, e, and νe are regarded as the only primor-
dial entities. Within the framework of that model, strong interactions between these
absolutely stable particles are supposed to originate from the “naked” anomalous
and allegedly very large magnetic moments of these fundamental building blocks.
Following Thirring (1972), such a magnetic dipole term, which is similar to the
form (14.3.8), is introduced into quantum electrodynamics by the 5-dimensional
unification of gravity and electromagnetism. In general, this also depends on the
dimension of the group G (Kalinowski 1981b). According to today’s canonical
wisdom (Cheng & Li 1984), the matter core is composed of quarks and leptons,
which are themselves grouped into fermion families. Since these building blocks are
very light compared to the Planck mass M∗, which sets the scale in the Kaluza–Klein
approach, they have to be represented in a first approximation by massless spinor
fields. Consider the (4 + K)-dimensional Dirac equation

i D̂/ψ̂ := i γ̂ ∧ ∗ D̂ψ̂ = iγ ∧ ∗Dψ̂ + i D/(int)ψ̂ = 0, (14.3.9)

which follows from the Lagrangian (4 + K)-form in the case m̂ = 0. This equation
may be split into the usual four-dimensional part and a contribution resulting from
the extra dimension as given above. The “internal” operator
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D/(int) = ◦
γ ∧ ∗ ◦

D = ◦
γ ∧ ∗(

◦
d + i

◦
ω̃) (14.3.10)

depends via the covariant derivative
◦
D on the spinor connection

◦
ω̃ and therefore acts

only on the internal space B. Provided B is compact, i D/(int) has a discrete spectrum
of eigenvalues that are zero or of the order of M∗. These eigenvalues constitute
the mass matrix of the four-dimensional effective theory (Rayski 1965a, b). Since
particle masses of the order of the Planck mass have not been observed, quarks and
leptons have to be represented by the zero modes before the internal symmetry gets
broken hierarchically.

Moreover, these fermions occur in nature onlywith one type of chirality (helicity),
i.e., the angular momentum component being projected in the direction of propaga-
tion. Consequently, it has to be required for the effective four-dimensional theory
that the left-handed or right-handedWeyl spinors, i.e., four-component Dirac spinors
obeying γ 5ψ = (∓)ψ , transform according to inequivalent representations of the
symmetry group.

In a Kaluza–Klein-type approach, the chirality depends rather crucially on the
dimension of the total space. For n = 4 + K , the spinor fields transform accord-
ing to the fundamental representation of the covering tangent group S̃O(1, 3 + K ).
Inequivalent irreducible representations of this group are distinguished by the two
eigenvalues of the n-dimensional chirality operator γ̂ n+1. Under the subgroup
S̃O(1, 3) ⊗ S̃O(K ), such a representation branches according to

ψL : γ 5 = +1,
◦
γ K+1 = +γ̂ n+1

ψR : γ 5 = −1,
◦
γ K+1 = −γ̂ n+1

(14.3.11)

into left- and right-handed four-dimensional Weyl spinors.
Then the following cases have to be distinguished:

(i) n = 2p + 1: The transformation γ̂ A → −γ̂ A does not affect the infinitesimal
generators σ̂ AB but γ̂ n+1 → −γ̂ n+1. Since G-transformations are
coordinate transformations of the n-dimensional space, spinors with opposite
eigenvalues of γ̂ n+1 have the same quantum numbers with respect to the inter-
nal group G.

(ii) n = 4p: This implies that

(γ̂ n+1)2 = −1 ⇒ γ̂ n+1ψ̂ = ∓iψ̂. (14.3.12)

Since CPT invariance, which involves complex conjugation, reverses the chiral-
ity of the spinor fields, an equal number of left- and right-handed fermions must
exist.

(iii) n = 4p + 2: Then it follows that

(γ̂ n+1)2 = +1 ⇒ γ̂ n+1ψ̂ = ∓ψ̂. (14.3.13)
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Here a CPT transformation maps particles of given helicity into particles of the
same helicity. Therefore, it is possible to construct theories that are asymmetric
with respect to chirality.

Then it remains to reveal the conditions under which i D/(int) has zero eigenmodes.
This can be read off from the squared Dirac operator, which, in the generic case of
an n-dimensional spin manifold, may be defined by

(i D/)2 := −Tr
{
γ ∧ ∗D∗(γ ∧ ∗D)

}
. (14.3.14)

Since D∗ = ∗D holds for a metric-compatible (spinor) connection,

(i D/)2 = (−1)3n−1+s Tr{γ ∧ γ ∧ ∗(D D) − γ ∧ (Dγ ) ∧ ∗D} (14.3.15)

is valid. Using the formal identity

D D = 1

2
{D, D} + 1

2
[D, D] = 1

2
{D, D} + 1

2
Ω̃ (14.3.16)

and furthermore the definition

Θ̃ := Dγ = 1

2
T ..c

αβ γc ⊗ ϑα ∧ ϑβ (14.3.17)

of a Clifford-algebra-valued torsion 2-form, the concise expression

D/ 2 = Tr

(
1

2
γ ∧ γ ∧ ∗{D, D} + 1

2
γ ∧ γ ∧ ∗Ω̃ − γ ∧ Θ̃ ∧ ∗D

)

= (�g + 1

4
R)η − ϑ ∧ � ∧ ∗D (14.3.18)

may be found for the squared Dirac operator; cf. Schrödinger (1932),Wu (1984).
Let us return to the analysis of the spinor modes on the internal space. For a compact

homogeneous space B = G/H , the scalar curvature
◦
R is positive. Consequently,

for vanishing torsion, i.e.,
◦
Θ = 0, Eq. (14.3.18) is the sum of a nonnegative and a

positive operator, which, according to a theorem of Lichnerowicz (De witt 1964),
has only nonzero eigenvalues.

In order to circumvent this no-go theorem, the following modifications of the
geometric arena have been tentatively taken into consideration:

(a) Introduction of additional nongravitational gauge fields having a nontrivial Pon-
tryagin index (Randjbar- Daemi et al. 1984a).

(b) Noncompact internal spaces B with finite volume (Wetterich 1984).
(c) Connections

◦
ω with parallelizing torsion. There exist massless, but no chiral,

fermion modes (Wu 1984).
(d) Riemann–Cartan spaces with nonvanishing internal nonmetricity tensor.
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According to Kaluza, any Ansatz striving for universal validity is threatened by the
sphinx of modern physics, quantum theory.9 This is particularly true for the quanti-
zation of Einstein’s theory of gravity (in higher dimensions), which is nonrenormal-
izable in n > 2 dimensions according to perturbation theory. For supergravity with
its local symmetry between bosons and fermions it has been shown, however, that he
contributions to the scattering matrix are finite at least up to second order in the per-
turbative expansion. Moreover, simple (N = 1) supergravity in n = 11 dimensions
leads to an effective four-dimensional theory that includes all fundamental spinors
as well as their gauge interactions with (14.2.24) as structure group.

However, chiral fermions can be obtained in a compactified eleven-dimensional
supergravity only by supplementing additional gauge fields. Due to quantum-
theoretic anomalies (Alvarez- Gaume & Witten 1984), (Alvarez- Gaume &

Ginsparg 1985), nonconserved axial currents would arise in these gravitational
models that would spoil general covariance. In order to avoid such anomalies,
Green & Schwarz (1984) have suggested certain modifications of supergrav-
ity in ten dimensions, such that particles correspond to the vibrations of hypothet-
ical strings. These superstring theories with G = SO(32) or the exceptional group
E8 × E8 as structure group seem to provide a unification of all physical interactions
in n = 10 + dimG = 506 dimensions (Duff et al. 1985) and a consistent and finite
quantum field theory, but predict unseen particles.

14.4 Kerr–Newman Solution

Independent of particular models of unification is the search for vacuum solutions of
the coupled Einstein–Yang–Mills system. The desired solutions—in harmony with
the notion of an extended agent (Weyl 1924)—ought to make possible the descrip-
tion of an exterior, field-loaded space of a “pointlike particle” that is characterized
by the massM, the z-component10 J3� of the angular momentum, and the total angu-
lar momentum

√
J (J + 1)�. Furthermore, it may carry the generalized “internal”

charge
Q̄(i) = Q(i) cos δ + P (i) sin δ, Q(◦) ≡ Qe. (14.4.1)

Here Q(i) and P (i) denote the “electric”- and “magnetic”-type charges of a “dually”
charged source that is coupled to the gauge fields. In the abelian case of the Einstein–
Maxwell system, such an exact solution of the source-free system is known to exist
for the exterior space of the particle. The potential of such a dyon is given by

9“Überhaupt droht ja jedem universelle Geltung heischenden Ansatz die Sphinx der modernen
Physik, die Quantentheorie” (Kaluza 1921, p. 972).
10In referring to subsequent interpretations, we shall make use of the familiar eigenvalues of the
rotation group. As for our still purely classical considerations, J3 =̂ J remains valid.
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A(◦) = ∗
σω(◦) = − r 2

ρ2

[
dt − J3

�

Mc
sin2 ϑ dφ

]
Q(◦) cos δ

− cosϑ

ρ2

[(
r2 + J (J + 1)

�
2

M2c2

)
dφ − J3

�

M
dt

]
P (◦) sin δ. (14.4.2)

It solves the coupled Einstein–Maxwell equations (14.1.4) and (14.1.6) within an
axially symmetric background, which in turn is determined by the Kerr–Newman
metric (Kerr 1963; Newman et al. 1965)

ds2 = − Δ

ρ2

[
cdt − J3

�

M
sin2 ϑ dφ

]2
+ ρ2

Δ
dr + ρ2dϑ2

+ sin2 ϑ

ρ2

{[
r2 + J (J + 1)

�2

M2c2

]
dφ − J3

�

M
dt

}2
. (14.4.3)

In this presentation, use is made of the generalized stationary Boyer–Lindquist coor-
dinates (MTW, p. 878), for which

ρ2 := r2 + J (J + 1)�2

M2c2
cos2 ϑ (14.4.4)

represents a Schwarzschild-type radial coordinate, whereas

Δ := r2 − 2M�

M∗2c
r + J (J + 1)�2

M2c2
+ αe�

2

M∗2c2
TrQ

2
(14.4.5)

substitutes the function r2eν in the Schwarzschild metric. The generalization of
exterior Kerr–Newman solutions (Newman et al. 1965) to that of a particle with
electric and magnetic charge is fully justified on account of the invariance of the
electromagnetic energy–momentum current versus duality rotations. The analysis of
the separability of the generally covariant Klein–Gordon equation offers an elegant
possibility to formulate an extension of the above-cited solution for a space with a
nonvanishing cosmological constant: the Kerr–Newman–de Sitter solution. A pro-
found discussion of the interesting global topological structures of this configuration
is to be found in Carter (1968, 1973).

It is especially important to point out that the spherical event horizon, which is
typical for black holes and which acts like a semipermeable membrane (see, for
instance, Wheeler 1974), is located at the distance

r +
(−)

= �

M∗2c

(

M +
(−)

√

M2 − J (J + 1)
M∗4

M2
− αeM∗2TrQ 2

)

(14.4.6)

from the center. This horizon occurs only for a real square root in (14.4.6). Otherwise,
this configuration could possibly describe a “naked” singularity. In the spacelike
asymptotic infinity, not only does this geometric configuration act like a particle of the
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massM, generalized charge Q
(◦)
, and (classical) angular momentum component J3�

with respect to the axis of rotation, but it also has the magnetic moment µm = Qe

M J ,
whose gyromagnetic ratio is exactly equal to the familiar one of the special-relativistic
Dirac theory.

During interactions of this gravitational configuration with matter and exterior
fields, the surface area of the horizon

SA := 4π

(
r2+ + J (J + 1)�2

M2c2

)

= 8π�2

M∗4c2

(

M2 + αe

2
M∗2TrQ 2 + M

√

M2 − J (J + 1)
M∗4

M2
− αeM∗2TrQ 2

)

(14.4.7)

is never decreasing; the irreducible mass defined by

Mir
2 := SA

16π

M∗4c2

�2
(14.4.8)

is even constant for reversible processes, in compliance with the “second law” of
black hole dynamics.

The total mass M of a black hole depends on its geometric remnant mass Mir,
on the stored electomagnetic field energy, and on its rotational energy. However, the

dependence of M on the characteristic values Mir, Q
(◦)
, and J is nonlinear. More

precisely, the resolution of (14.4.7) for M shows that the relation

M2 =
(
Mir + αeM∗2

4Mir
TrQ̄2

)2

+ 1

4
J (J + 1)

M∗4

Mir
2
, (14.4.9)

which was found by Christodoulou & Ruffini (1971), is valid.
The Kerr–Newman solution changes into that of the Einstein–Maxwell system

for the spherically symmetric exterior space of a charged scalar particle, which was
formulated by Reissner (1916) and Nordström (1918) if J =̂J3 = 0 holds.

The essential singularity that occurs at the origin of the coordinate system can be
avoided by an alteration of the topological structure of the spacelike hypersurface. For
this purpose—as was done similarly in the Einstein–Rosen model of 1935—two
otherwise separated model universes are to be connected by a “bridge”. If the asymp-
totically flat areas of these worlds are identified with each other, a wormhole model
comes into existence (Wheeler 1955; Fuller & Wheeler 1962). In this model,
a pair of opposite charges that are locally separated are connected by nonsingular,
electric flux lines. As can be inferred from the Kruskal system of coordinates, the
narrowest neck of the throat of the Reissner–Nordström geometry exhibits an oscilla-
tory character (Graves & Brill 1960) that prevents a possible causality violation
over the bridge. The transfer of these topological notions to configurations with
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nonvanishing angular momentum yields still richer geometric structures (Carter
1968, 1973; Cohen 1971; Kreisel 1980). In passing to the Euclidean “spacetime”
with the signature s = 0, the Reissner–Nordstrøm solution shows all characteristics
of an instanton solution of the gravitationally coupledMaxwell equations. In contrast
to the Julia–Zee dyon, this configuration is equal to a dually charged pseudoparti-
cle for which not only the magnetic charge but also the electric charge has been
quantized (Duff & Madore 1978).

Generalizations of the Kerr–Newman solution for the nonabelian case of the
Einstein–Yang–Mills system are known for anti-de Sitter spaces (Winstanley

2009). For a theory, however, with SU (2) as a structure group, a trivial Ansatz
may be made in order to distinguish the third component of the isospin while all
other gauge fields are taken to be zero:

A = ∗
σω = A(◦)λ3. (14.4.10)

The generalized Gell-Mann matrix λ3, which is identical to the Pauli matrix σ3 for
SU (2), commutes trivially with itself, with the result that the Yang–Mills equations
are exactly reduced to those of the electromagnetic field. For this reason, the whole
solution structure (14.4.2) can be adopted (Yasskin 1975).

Additionally it may be mentioned that in Moffat’s version of the asymmetric
field theory in the case of a conventional coupling to the electric field, the following
modification of the metric ground form of the Reissner–Nordstrøm solution has been
obtained:

ds2 = −
(
1 −

(r◦
r

)4) Δ

r2
dt2 + r 2

Δ
dr2 + r 2 dΩ2. (14.4.11)

Here Δ is to be substituted by the term (14.4.5) with J = 0. Apart from the horizon
given by (14.4.6), this spacetime geometry has obviously still a further one at r = r◦,
which seems to be sufficient, according toMoffat (1979a, b), to keep test particles
away from the essential singularity at r = 0.

14.4.1 NUT Solution with Dual Mass

There is a further solution of the Einstein–Maxwell system given by Newman

et al. (1963), see also Misner (1963), which should be documented here. In a
Schwarzschild-like system of coordinates, this so-called charged NUT solution is
given by the metric

ds2 = − Δ

ρ 2

(
4N�

Mc
sin2

(
ϑ

2

)
dφ + c dt

)2

+ ρ 2

Δ
(dr2 + Δ dΩ2), (14.4.12)

in which the radial function
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Δ := r2 − 2M�

M∗2c
r − N 2�2

M2c2
+ αe�

2

M∗2c2
TrQ

2
(14.4.13)

and the modified radial coordinate

ρ2 := r2 + N 2�2

M2c2
(14.4.14)

depend on an additional parameter N, thus differing from the Reissner–Nordström
solution.

The electromagnetic potential is given in the form

A = − 1

ρ 2 (Q cos δ + NQ sin δ)c dt

+ 1 − cosϑ

ρ 2 Q

[
−ρ 2 sin δ + 2r

N�

Mc
cos δ

]
dφ. (14.4.15)

To an observer located at asymptotic infinity, this geometric configuration looks like
a particle of massMwith an electric charge Q = −Q cos δ and amagnetic monopole
strength P = −Q sin δ. If the surface area SA of the event horizon, which is defined
analogously to (14.4.6), is identified with the irreducible mass Mir of this structure
via

SA := 4πr2+ = 16π M2
ir

�2

M∗4c2
, (14.4.16)

the total mass M is given by the formula

M2/M2
ir =

[
1 + 1

4 (α
2
eTrQ̄

2 − 2N 2)(M∗/Mir)
4
]2

1 − 1
4N

2(M∗/Mir)4
, (14.4.17)

which suggests that one should interpret N as the “effective binding energy” of the
system (Mc-Guire & Ruffini 1975). Despite a large “naked” irreducible mass Mir

and a large dual charge Q, the charge–mass relation and the total mass M of the
object will remain in physically tolerable limits. For two-body solutions with the
same NUT parameter N, the location of the singularities could be limited to the line
connecting both dyons. Facing the amount of “binding energy” that is then to be
expected (“Archimedes effect;”cf. Salam 1977), such relativistic structures could
possibly open up a new path to a better understanding of a (classical) quark–antiquark
system. Taking the analogy with magnetic monopoles and dyons a step further,
Ramaswamy & Sen (1981) regarded the NUT parameter N as a “dual mass,” the
reason being that a duality rotation in the mass–angular-momentum plane, i.e., in the
(M-N)-plane, transforms these parameters into each other. As shown byBaekler &

Hehl (1984), nontrivial torsion solutions of the Poincaré gauge theory exist on such a
metric background. In contrast to Einstein’s theory, the NUT parameter N occurring
in these configurations is no longer a freely specifiable integration constant, but is
necessarily fixed by the coupling constant 1/κ of the Lorentz “rotons”.
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Chapter 15
Color Geometrodynamics

According to empirical evidence, the forces acting between nucleons are stronger
than electromagnetic forces by the factor 1/αe. On the other hand, all experiments
hint at the fact that they have only a short range and that they decrease exponentially
for distances of the size

� := 2π�/(MPc) = �∗/
√

κ � 1.3 × 10−13 cm (15.0.1)

of the Compton wavelength of the proton. This is accounted for by the Yukawa
potential

VYu(r) ∼ 1

r
e−rmπ c/�, (15.0.2)

which in phenomenological theories of nuclear forces, see e.g., Bjorken & Drell

(1964), is explained by a virtual exchange of scalarπ -mesons ofmassmπ = 2me/αe.
Following the familiar and up-to-date extensions of the “naive” quark model,

which has been applied successfully to the classification of particles
(Kokkedee 1969), the hadrons consist of two or three quarks that are kept together
by gluons, e.g., by the exchange of vector bosons. The latter are the particles that,
after quantization, are associated with spin-1 gauge fields of a Yang–Mills gauge the-
ory with an exact SU (3)c structure group. The introduction of these additional color
degrees of freedom (Greenberg & Nelson 1977) of the quarks is necessary, since
a violation of the Pauli principle has to be avoided with respect to the construction of
some energetically low-lying baryon states. With quantum chromodynamics (QCD,
Marciano & Pagels 1978), a promising theory of strong interactions has been
established, although it is exactly the interpretation of the binding forces between
the nucleons in the nuclei that remains problematic.
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15.1 Tensor Dominance of Strong Interaction

In such theories, however, a phenomenological fact remains unreflected that not
only that the interaction between nucleons by the exchange of virtual particles has
spin-1 characteristics, but that tensor forces occur generally (see Landau & Lif-

shitz 1966, p. 460). This notion is fostered also by the occurrence of a nonet of spin-
2 mesons, the so-called f-mesons, in scattering experiments. Independently of the
supposition whether these objects are composite or elementary, a Lorentz-invariant
description of the effective fields is based first on a linear spin-2 field equation of
Pauli–Fierz type.

Each self-consistent description, however, of interacting massless spin-2 fields
in the Minkowski space, which is originally postulated to be a flat one, leads under
conditions that have been put forward and straightened out by Fang & Fronsdal

(1979) to a theory that is exactly as nonlinear as that of Einstein’s GR. It is for these
reasons that Zumino (1970) and Isham et al. (1971c) developed a new concept that
runs as follows: The tensor part of strong interactions should be described by an
effective Einstein–Hilbert Lagrangian 4-form with a coupling constant that has been
scaled down to hadronic dimensions. Within this unification model, the tensor part
of strong interactions is coupled dynamically to gravity either by both the symmetric
tensor fields fi j and gi j or via the canonical 1-forms ϑ f and ϑ g as follows:

L f −g = 1

�2
LW( f ) + 1

�∗2 LW(g) + L f g + Λ

�∗2 ϑg ∧ ϑg ∧ ϑg ∧ ϑ g

+ Lm(hadrons, f) + Lm(leptons, g).
(15.1.1)

This model is referred to as two-tensor theory of gravity.
The requirement that the f-mesons, in contrast to the gravitons, aquire a mass

necessitates the introduction of an additional mixing term L f g . Were it not for this
term, the whole universe, according to the implications of this theory, would consist
of two noncommunicating worlds: the first leptonic with gravitational attraction,
and the second hadronic with a coupling due to strong tensor forces. It is for this
reason that, similar to the mixing scheme concerning photons and ρ-mesons (Kroll
et al. 1967), a bridge between these worlds is built by adding the term L f g . The
procedure also provides the necessary mass for the f-meson and this most preferably
via the Higgs–Kibblemechanism of spontaneous symmetry breaking. Generally, this
mixing term is understood to have only a polynomial dependence on ϑ f and ϑg of
degree a or b − 4,

L f g = P(ϑ f , ϑ g)η, (15.1.2)

but that it has no derivatives in these fields. It is to be accentuated that the resulting
model of interaction (15.1.1) belongs to the class of the nonpolynomial field the-
ories that have a built-in cutoff parameter concerning the quantum-field-theoretic
ultraviolet divergences (Isham et al. 1971a, 1972a).
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Let
∑ f and

∑g be the canonical energy–momentum currents that are generated
additionally by the mixing term and that are defined by

δL f g =: δϑ f ∧ � f + δϑ g ∧ �g. (15.1.3)

On account of the assumed polynomial dependence, these currents are related to one
another by the so-called f-g relation (Gürses 1981)

1

a
ϑ f ∧ � f + 1

b
ϑg ∧ �g = 2 L f g. (15.1.4)

The choice of L f g that had been originally favored by Isham et al. (1971b) is equiv-
alent to the covariantly written Pauli–Fierz mass term

L ′
f g = m2

f

�2
| det gi j |u | det fi j |1/2−u(ϑ f − ϑg) ∧ (ϑ f − ϑg) ∧ ϑ g ∧ ϑ g (15.1.5)

for spin-2 fields with the parameter u set to zero. An interaction term of a more
cosmological origin is discussed in detail in Isham et al. (1971b). It should be noted
that (15.1.5) has also an additional cosmological term, as far as the g-metric is
concerned. This cosmological term could be absorbed by the part of (15.1.1) that is
proportional to Λ. Other mixing terms have been suggested; cf.McKellar (1977).

Considering the suggested polynomial nature of the coupling term (15.1.2), the
following equations result from the independent variation of (15.1.1) for ϑg and ϑ f :

1

2
ϑ g ∧ ∗Ωg + Λ∗ϑg = �∗2 {

Σm(leptons) + �g
}
, (15.1.6)

1

2
ϑ f ∧∗ Ω f = �2

{
Σm(hadrons) + �f

}
. (15.1.7)

Both equations are formally identical to Einstein’s field equations. Without demand-
ing this explicitly for the Lagrangian 4-form (15.1.1), it can be ascertained that the
field Eq. (15.1.7) for the f-metric contains a “cosmological” contribution, too. This
becomes obvious if we make use of the relation (15.1.4) while solving for

∑ f . The
resulting field equation

1

2
∗(ϑ f ∧ ∗Ω f ) − a �2ϑ f ∧ ∗

{
2L f g − 1

2b�∗2 (Ωg ∧ ϑg ∧ ϑg + 2Λη)

}

= �2 ∗
{
Σm(hadrons) + a

b
∗(ϑg ∧ ∗�m(leptons)) ∧ ϑ f

} (15.1.8)

even in vacuum contains a pressure-type contribution that is proportional to the
mixing term. This form of the field equations for the f-metric permits the deduction
of an important property of classical vacuum solutions of the f-g theory. If an Einstein
space, e.g.,
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1

2
∗(ϑ g ∧ ∗Ωg) + Λϑ g = 0, (15.1.9)

is postulated for the metric of the macroscopic gravity—although this is not
compulsory—then analogously, the Einstein-type field equations

1

2
∗(ϑ f ∧ ∗Ω f ) + Λ

f
effϑ

f = 0 (15.1.10)

follow from (15.1.8) for the “strong” tensor fields fi j . The thereby occurring “cos-
mological constant”

Λ
f
eff. = 2a

κb
Λ − 2a �2 ∗L f g (15.1.11)

is, however, partially of microscopic origin. This expresses itself within the structure
of the solutions.

In the f-g theory, the combination

ϑm f := ϑ f − ϑg (15.1.12)

corresponds to an observable massive spin-2 field, while the metric structure, which
serves as a substratum for a macroscopic spacetime, is defined by the square of the
line element

ds2 = 1

1 + κ
gαβ

(
ϑg

α ⊗s ϑ
g
β + κϑ f

α ⊗ ϑ
f

β

)

= 1

1 + κ
(gi j + κ fi j ) dx

i ⊗s dx j .

(15.1.13)

It is due to the assumption (15.0.1) that the ratio

κ = �∗2/�2 = GN
/
GS = 0.38 × 10−38 (15.1.14)

of the (weak) Newtonian constant GN of gravity to the coupling constant GS of strong
interactions is of such an elusive smallness that gi j suffices to represent the metric
spacetime structure beyond hadronic distances of the size of one fermi = 10−13 cm.
In the quantized theory, these fields ought to be identical to the physically observable
f 0-meson and the massless graviton in a first approximation.

Classical solutions of the f-g theory (Aichelburg et al. 1971, 1972; Aichel-
burg 1973;Aragone&Chela-Flores 1972;Chela-Flores 1974) aswell as their
coupling to Yang–Mills fields (De Alfaro et al. 1979) have been studied from vary-
ing points of view. An important exact solution that meets the discussed standards
was found by Isham & Storey (1978). This solution refers to a two-tensor theory
specified by the mixing term (15.1.5) with an arbitrary u. Here (15.1.9) is valid, and
consequently, it is possible to describe macroscopic gravity by the Schwarzschild–de
Sitter line element with
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e−λg, f := 1 − 2μg, f

r
− 1

3
Λg, f r2, (15.1.15)

while

ds2f = fi j dx
i ⊗s dx

j

= −3γ

2
e−λ f

dt2 + 2

[

γ

{

1 −
(
1 + 9γ

4

)
eλ f −λg +9γ

4
e2(λ

f −λg)
}]1/2

dt dr

(15.1.16)

+ eλg

{
2

3
+ 3γ

2
(1 − eλg−λ f

)

}
dr2 + 2

3
r2dΩ2

is the result for the f-metric. The integration constants areμg ,μ f , and γ . For u = 1/2,
μg = Λ = 0, this solution reduces to the configuration that was given by Salam &

Strathdee (1977).
It is of importance to note that both metrics are of Schwarzschild–de Sitter type,

i.e., with the same constants of integration, they are isometric. For the representation
of the f-metric, a particular choice of coordinates is required in order tomake possible
the interlocking of both geometric structures, compare Gürses (1981). Moreover,
the condition (15.1.9) forces the stress–energy tensor

∑g of the gravitational field to
be zero, a property that is reminiscent of one of the instanton solutions of the Yang–
Mills fields or the solutions of SKY gravity (Mielke 1981b). The fact, however, that
the f-metric, due to the induced “cosmological” term (15.1.11), is not asymptotically
flat makes these microscopic structures appropriate prototypes of hadronic “bags”
for the confinement of quarks (Salam & Strathdee 1978a).

Apart from these “microcosmological” configurations, there exists also a spheri-
cally symmetric solution in which, according to semilinear approximations
(Aragone&Chela-Flores 1972;Chela-Flores 1974;Chela-Flores&Silva-
Galiza 1980), the radial function exhibits a Yukawa-like exponential
decrease

e−λ f � 1 − 2μ f

r
exp

(−r m f c/�
)
. (15.1.17)

This is in harmony with the expectation that strong tensor forces within hadrons
are only of rather short range that is limited by the Compton wavelength of the
f-mesons of mass m f = 1 − 2 GeV/c2. This additional property of the tensor dom-
inance model could be responsible for a possibly partial confinement of quarks
(Salam 1977) or even yield a geon-type structure of the hadrons (Isham et al.
1971c; Mielke & Scherzer 1981).
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15.1.1 Particle Spectrum

Alternatively, the hypothesis of the tensor dominance of strong interactions
can be related to independent translational and rotational gauge potentials within
the Poincaré gauge theory. These are given by the tetrads Eβ

j and Ricci’s rotation

coefficients Γ
αβ

i , respectively. With respect to anholonomic frame, these potentials
transform under the Lorentz group according to the representation

(
1
2 ,

1
2

)
or (1, 0) ⊕

(0, 1), respectively, and are therefore have an holonomic spin sa = 1. After the tran-
sition to a holonomic frame, it is the additional spin-1 of the lower indices that
induces gauge potentials of maximal (reducible) spin or helicity s = 2 (Hehl et al.
1978b). More precisely, these gauge potentials comprise the following direct sum of
representations:

Eαβ : (2+) ⊕ 2(1−) ⊕ 2(0+) ⊕ (1+) (15.1.18)

and
Γμαβ : (2+) ⊕ 2(1−) ⊕ (0+) ⊕ (2−) ⊕ 2(1+) ⊕ (0−), (15.1.19)

which are irreducible with respect to the Lorentz group (Sezgin & Van Nieuwen-

huizen 1980). Since the qPG theory takes off from Yang–Mills-like Lagrangian 4-
forms, this theory contains in a most natural way two spin-2 fields with independent
dynamical degrees of freedom. And the term quadratic in torsion yields a dynamics
that are closely related to that of Einstein’s GR, and this due to its formal similarity
with the teleparallelism theory. Thus it is highly suggestive, if not rather a surprise
at a first glance, to relate the translational gauge degrees of freedom to the Einstein–
Newton gravitational potentials of infinite range. These couple dynamically to mat-
ter via the canonical energy–momentum tensor roughly in the sense of Mach (cf.
Wheeler 1964 concerning Mach’s principle). Accordingly, the Planck length �∗ of
“weak” gravity has been taken for granted as a coupling constant. On the other hand,
the rotational spin-2 degrees of freedom couple similarly as in the nonabelian Yang–
Mills theories, via the field equation to the canonical spin current of matter. This
suggests that these “rotons” have a component of short range and therefore are to be
characterized by a dimensionless and probably strong coupling constant κ . The latter
assumption is evidently implied in the work of Sezgin & Van Nieuwenhuizen

(1980; see also Sezgin (1981) concerning the quantum-theoretic particle content of
the qPG theory being linearized on a Minkowski background space.1 Henceforth,
this theory, depending on ten parameters, has “ghost-free” and “tachyon-free” sub-
systems in which there are not only massless gravitons but also propagating massive
spin-2 fields of short range.

1Facing the fact that solutions of the qPG theory with the duality property “live” on Einstein
spaces with an induced effective cosmological constant, the Minkowski basis for the linearization
procedure of Sezgin & Van Nieuwenhuizen (1980) is no longer justified for the complete
nonlinear theory with Λeff 
= 0. Other quantization procedures are needed in order to isolate the
“strong” tensor component; cf. Christensen & Duff (1980).
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It is for this reason that we are proposing with Hehl et al. (1978b) that the qPG
theory brings about naturally a tensor component of strong interactions. This then
means that in contrast to the original f-g theory, there is no necessity to resort to ad
hoc introduced mixing terms for the generation of mass. Common to both models,
however, is the feature that the “strong” tensor gauge field within the Lagrangian
4-form is often accompanied by an induced constant-pressure term of microscopic
origin. The provenance of this “cosmological term” has just been dealt with for
the f-g theory. In the case of the qPG theory its occurrence for configurations with
duality properties has to be understood as a consequence of the very general Ansatz.
It follows from its contraction that a space of constant curvature having a radius
proportional to � = �∗/

√
κ is superposed in the metric background of the solutions.

But under the hypothesis of tensor dominanceof strong interactions, thePlanck length
�∗ scaled by 1/

√
κ is identical to the Compton wavelength of a proton according to

(15.0.1). This result is reflected, e.g., in the spherically symmetric Baekler solution
with nontrivial torsion and effective “cosmological” constant. Due to its physically
small scale, the (anti-)de Sitter part of the solution is of utmost importance for the
microphysical interpretation of the spherically symmetric configuration. Probably
this is even in a far more important way true for the purely “microcosmological”
torsion solution of Baekler et al. (1982). It is a consequence of these formulations
that the f-g theory resides in a Riemann–Cartan space. This will certainly be of
relevance for the combination of internal degrees of freedom, as isospin, with the
external spin of particles. However, the hope that such theories prevent singularities
in the development of the universe is unfortunately fallacious. Indeed, the collapse of
the universe, filled with 1080 baryons, stops at a minimum radius of 1cm, while this
minimum radius would be increased to about 1013 cm as a result of the hypothesis of
strong gravity and thus lead to final densities whose order of magnitude would only
slightly surmount those of the nuclei of atoms (Isham et al. 1973b). This argument
of Trautman (1973) is based on a classically treated spin fluid with a completely
aligned spin; for Dirac fields, however, the collapse behavior that is predicted by GR
would be even accelerated; cf. Nester & Isenberg (1977) in EC theory.

In order to clarify the hypothesis of tensor dominance as a model for the unifica-
tion of (macroscopic) gravity and microphysics, it is not necessary to stop with the
Poincaré gauge theory. For it is also possible to retrace characteristics in an appro-
priately scaled metric–affine theory (Hehl et al. 1978a, Hehl & Šijacki 1980).
This reminds us of the phenomenological properties of strong interaction, spin, scale
invariance, and the bands of shear excitations of matter sources resembling those of
the observed hadrons that follow the Regge trajectories.

Of an even more fundamental nature, however, is the question concerning the
enormous relative difference between the macroscopic “weak” and the microscopic
“strong” gravity. The relative strength of the coupling constants �2 and �∗2, which
has been taken as the basis for the model in (15.1.1), due to (15.0.1) is an enormously
small number of order of magnitude κ = 0, 38 × 10−38. It was again Einstein in
1919 who, while anticipating the bag models of quantum chromodynamics, modi-
fied his gravitational field equations by an accordingly large constant term. Concern-
ing a still classically regarded corpuscle, this compensating term should generate
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such an inwardly directed pressure as to balance repulsive electric forces. Later,
Lanczos (1949) took up this idea in a modified way.

All these Ansätze point to a cosmological origin for the remarkable asymme-
try of these coupling constants (De Sabbata & Rizzati 1977; Sivaram &

Sinha 1979). Within Dirac’s hypothesis (1938) concerning the origin of the big
dimensionless numbers in physics, it is suggested that Newtons’s gravitational con-
stant GN changes on cosmological time scales and likewise the Planck length �∗
derived from GN with the result that in the original hadronic area of the universe
there would be a fundamental length � being enlarged by about 1020. This hypothe-
sis is supported indirectly by the empirical estimate of the relationship

MU

MP
= �H

�∗ · �

�∗ = 1

κ

�H

�
� 1080 (15.1.20)

between the total mass MU of the universe and the mass MP of the proton while
relating it to the product of the relative Hubble radius �H and the relative Compton
wavelength � of the nucleon. Here the standard of measurements is to be seen in
Planck’s length �∗.

Another possible argument for the huge difference in the order of magnitude
concerning the “weak” and “strong” gravity could be inferred from the analysis of
instanton and meron configurations of a gravitationally coupled Yang–Mills theory,
an idea that was presented byDe Alfaro et al. (1979, 1980).With the occurrence of
a microscopic contribution proportional to the inner curvature of the group manifold,
the ideas explained here would come full circle within the corpus of Kaluza–Klein
theory.

15.2 Einstein–Cartan Theory with Internal Degrees
of Freedom

As has been pointed out by Heisenberg (1932), protons and neutrons are isospin
doublets concerning the SU (2) group of unitary transformations. This theoretical
proposition is justified by the approximate charge independence of strong interac-
tions. Such a group-theoretic approach has been extended in order to arrange the
observed spectrum of the metastable hadronic particle-like states according to rep-
resentations of the unitary groups SU ( f ). Concerning this aspect, particular success
has to be ascribed to the quark model (Gell-Mann & Ne’eman 1964; cf. also
Kokkedee 1969).2

2It is impossible, however, to regard SU (3) as an exact symmetry, since the hadrons that are
combined in SU (3) octets, decuplets, and so on have too distinct masses. Alternatively, there may
be a ramification of a dynamical symmetry (Barut 1972) of the interacting system. This may hold
to a far larger extent for the enlarged group SU (4) that is postulated in the context of the charm
hypothesis, and also for the grand unified theories (GUTs) that embarks upon SU (5) as internal
symmetry group.
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Apart from the “internal” characteristics of particles such as isotopic spin, hyper-
charge, charm, and so on, they most certainly have also spin proper, i.e., the fields
transform according to spinor representations of the group SO(3) ≈ SU (2) of the
familiar rotations of the 3-dimensional space. In order to position internal and exter-
nal spin within a common group-theoretic scheme, the group SU (4) ≈ SO(6) ⊃
SO(4) ≈ SU (2) × SU (2) was proposed by Wigner. Later on, the group SU (6) was
proposed by Gürsey et al. (1964) for the classification of excited particle states.
Within the framework of this phenomenological classification scheme, the low-lying
meson states are supposed to be contained within the 35-dimensional representation
of SU (6), while the energetically low-lying baryon states with quantum numbers
J = 1/2 and J = 3/2 of total angular momentum are thought to fill out a 56-fold
irreducible representation.

This classification is partly successful. One basic objection, however, cf. Salam
& Strathdee (1978b), is that the symmetry scheme of Wigner–Gürsey–Radicati–
Sakita is essentially of a nonrelativistic nature. The simplest way of circumventing
this problem is to extend SU (6) to the linear group SL(6, C) ⊃ SL(2, C) × SU (3).
Thereby a relativistic union of the internal symmetry group SU(3) with the (simply
connected) covering group SL(2, C) of the Lorentz group, acting “externally” on
spacetime, is achieved. If the symmetry is regarded only as a local one, an SL(6, C)

gauge theory of strong interactions (Isham et al. 1972b; 1973a) results that is a large
enough frame also for dealing with tensor forces in an apt way. Shortly afterwards,
Salam (1973) pointed out in his anticipatory study that these more involved models
are nothing but a natural generalization of the SL(2, C) gauge theory of Weyl

(1929a, b, 1950), a generalization that leads to a theory with additional, “internal,”
degrees of freedom in an extended Riemann–Cartan space.

Here we are considering Salam’s model for the generic case in which the unitary
degrees of freedom of the building blocks (quarks, preons) of particles are charac-
terized by both f flavors and c colors; cf. Mielke (1981a). The structure of such an
Einstein–Cartan theory with internal degrees of freedom is again based on a principal
fiber bundle P(M, G, π , δ) as a geometric arena. But this time, it is

G = SL(2 f, C) ⊗ SL(2c, C)

⊃ SU ( f )L ⊗ SU ( f )R ⊗ SU (c)L ⊗ SU (c)R
(15.2.1)

that has to serve as the structure group. Furthermore, it can be shown that the unitary
subgroups, being marked by L and R, are related to the left-, or right-handed helicity
of the fundamental fermions. Thus, there is a “noncompact” generalization of the
chiral [SU (4)⊗]4 model of Elias et al. (1978) ready to hand for the case f = c = 4.
For the sake of the following insertion of a G-gauge-covariant multiplet of spinor
fields into this theory, we therefore consider the generalized G-bundle

L(M) := M 4 × G ⊃ M 4 × SL(2, C) (15.2.2)
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instead of the bundle L(M) of linear frames (compare also with the formalism of
Elias et al. (1978) in the pure Yang–Mills case). Following Isham et al. (1973b,
1974), our gauge-theoretic concept is developed with respect to a Dirac basis. We
associate a 1-form

γ = E
α

j (m)γα ⊗ dx j = E j dx
j (15.2.3)

with L(M). This 1-form is supposed to have holonomic components in the local
expansion

Ei = 1

2

{
E ( f )
iα

j γ α + i ∗E ( f )
iα

j γ αγ 5
}

λ
( f )
j

⊕ 1

2

{
E (c)
iα

j γ α + i ∗E (c)
iα

j γ αγ 5
}

λ
(c)
j

(15.2.4)

with reference to elements of the ideal of G.Analogously, theG-invariant fibermetric

1

4
Tr(γ ⊗s γ ) = fi j dx

i ⊗s dx j (15.2.5)

can be introduced into the bundle L(M). It can be identified with the contribution of
the strong tensor field in (15.1.13). If it is required, a complete multiplet of spin-2
fields—as is, for instance, realized in nature via the SU (3)-nonet f, f’, A2, and K*
(1430)—can thus be achieved without the trace operation. On the other hand, the
expansion (15.2.4) may be vaguely regarded as an equivalent of the generalization
of the Kaluza–Klein ansatz for tensor gauge fields; cf. Percacci (1984).

As a further dynamical ingredient, a Lie-algebra-valued 1-form in the (associated)
bundle is needed. In order to clarify the character of the relationship between G and
the subgroup SL(2, C), we again refer to a Dirac basis as far as the local presentation

∗
σω = ω

j
i L j ⊗ dx i = ωi dx

i (15.2.6)

of this connection 1-form is concerned. In terms of this basis, the infinitesimal gen-
erators of SL(2N , C) ⊃ SL(2, C) ×U (N ) can be realized by the matrices

{
L j = σαβ ⊗ λi , λi , i γ 5λi | j = 1, . . . 8N 2 − 1

}
, (15.2.7)

where the generalized Gell-Mann matrices λi are the N2-1 vector operators of the
SU (N ) subgroup. If the gauge potentials of the unitary groups—which are contained
in G according to the subgroup chain (15.2.1)—are defined by

Ai = 1

2

{
A( f ) j
i + ∗A( f ) j

i γ 5
}

λ
( f )
j

⊕ 1

2

{
A(c) j
i + ∗A(c) j

i γ 5
}

λ
(c)
j ,

(15.2.8)
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then the components of the total connection 1-form ω will be obtained in holonomic
notation as follows:

ωi = 1

2
Γ

( f )αβ j
i σαβλ

( f )
j ⊕ 1

2
Γ

(c)αβ j
i σαβλ

(c)
j ⊕ Ai . (15.2.9)

The Yang–Mills-like gauge potentials Ai aside, this total connection 1-form com-
prises also generalizations of the spacetime rotation Ricci coefficients. The gauge
field strengths that belong to the 1-forms γ and ω are the 2-form

Θ := Dγ = dγ − [ω, γ ] (15.2.10)

of the internal “torsion” and the 2-form

Ω = dω − ω ∧ ω (15.2.11)

of the gauge curvature, respectively.
The completion of the gauge-theoretic scheme is achieved by the prescription of

dynamics that are closely related to what has already been applied successfully in the
tensor dominance model. Within the Einstein–Cartan theory with internal degrees of
freedom, this is achieved by replacing the Weyl term LW(f) in the total Lagrangian
4-form (15.1.1) by the generalized Lagrangian 4-form

LW .( f ) = i

8
Tr ( γ ∧ γ ∧ ∗Ω). (15.2.12)

If the internal degrees of freedom are suppressed, i.e., for the case f = c = 0, the
form (15.2.12), which is written in a Dirac basis, reduces to Weyl’s version of the
Lagrangian 4-form of the conventional Einstein–Cartan theory.

It was Isham et al. (1974) who first formulated a gauge theory with SL(2, C)

as a structure group. In the framework of an SL(6, C) gauge theory, i.e., for f = 3
and c = 0, they also proposed a mixing term L fg that is responsible for the medi-
ation between the realms of strong and weak gravity. The aim was to break the
local SL(6, C) invariance without violating the invariance of the subgroup SU (3)c.
In order to solve this problem, it seems to be much more promising to extend the
“broken” Poincaré gauge theory by incorporating internal symmetries. An analysis
of the quantum-theoretic particle content of such a tensor gauge theory with inter-
nal degrees of freedom, which should follow closely the procedure of Sezgin &

Van Nieuwenhuizen (1980), is most likely to provide all the physically desirable
multiplets of spin-1 and spin-2 particles. According to the proposal of Dennis &

Huang (1977) and Huang & Dennis (1981a, b), such a mechanism of symmetry
breaking can also be achieved by the explicit introduction of Higgs fields that carry
not only hadronic but also leptonic quantum numbers.

The EC theory with internal degrees of freedom couples to fundamental spinor
fields represented by the following multiplet:
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ψ = {ψ(q f ,qc)|q f = 1, . . . , f ; qc = 1, . . . , c}. (15.2.13)

Remarkably enough, it shows that the generalized torsion (15.2.10) induces a non-
linearity in the Dirac equation that yields not only a self-interaction for the single
Dirac fields, but also a “contact interaction” among the different fundamental fermion
fields that occur in (15.2.13). Accordingly, this results in a G-gauge-invariant non-
linear Heisenberg–Pauli–Weyl spinor equation

i γ ∧ ∗D{}
ψ − 6 � 2 γ 5 γ ∧ ∗(ψ γ 5 γ ψ)ψ − mψη = 0 (15.2.14)

with
D

{} := d + i ω{} (15.2.15)

(Mielke 1977, 1980, 1981a). This generalization, however, due to the proposition
of strong tensor forces, contains the Compton wavelength (15.0.1) of the proton
as a coupling constant. In his unified field theory, Heisenberg (1967) originally
made allowance only for the isospin group, i.e., G = SU (2). If we followed that
assumption, this would be equivalent to the introduction of an isotorsion into a
generalized Riemann–Cartan space, similar to what can be found in Finkelstein

(1961a, b).
The problem, however, as to which of the gauge groups is to be valued as the

optimal remains a subject of controversy within the scientific community. If one
acknowledges not only the hypothesis of charmed quarks but also the necessity of
additional color degrees of freedom concerning the fundamental building blocks, a
theoretically elegant solution, for our purposes, is to be seen particularly in the assim-
ilation of the unification model of strong, weak, and electromagnetic interactions,
which was developed by Pati & Salam (1974) on the basis of Yang–Mills gauge
theories. Within the scheme A of this SU (4) f ⊗ SU (4)c-gauge theory, the quarklike
parts of the 4 × 4 fundamental spinor fields carry integer quanta of charge, while
the lepton number is interpreted as a fourth color (lilac). Our generalization to an
SL(8, C) f ⊗ SU (8, C)c-gauge theory, however, is rather more related—following
the evidence of (15.2.1)—to the [SU (4)⊗]4-model of Elias et al. (1978), in which
quarks carry noninteger quanta of charge.

Nevertheless, in both schemes, thematrix of fundamental spinors can be identified
with those hypothetical hadronic constituents and the known leptons as follows:

ψ =

⎡

⎢
⎢
⎣

Pa Pb Pc νe
ηa ηb ηc e−
λ a λ b λ c μ−
ca cb cc νμ

⎤

⎥
⎥
⎦

up
down
strange
charm

↑
flavors↓

red yellow blue lilac
←− (body) − colors −→

(15.2.16)



15.2 Einstein–Cartan Theory with Internal Degrees of Freedom 341

Within this frame3 of color geometrodynamics (CGMD, Mielke 1980), as in
quantum chromodynamics (QCD), there also emerge gluon fields, apart from the
observable hadronic mesons, but here maximally with spin 2. The exact particle
content of this model depends also on the mechanism that is applied to the physi-
cally necessary breaking of this high symmetry. If the exact local SU (3)c-symmetry
is preserved, as is usually taken for granted, the resulting vector gluons might be
responsible for the saturation of the color degrees of freedom of the quarks—as is
the case in chromodynamics—and the tensor gluons might possibly be responsible
for their confinement (Mielke 1977).

On account of the nonlinear coupling of the different spinor fields, being con-
tained in the Eq. (15.2.14), the baryons should form semiclassically bound states of
three quarks; cf. Rañada (1983, 1986). A dominant role, however, with regard to
the problem of permanent confinement, is probably taken by the self-consistently
generated attractive tensor forces.

This holds also for hadronic mesons, which are thought to be quark–antiquark
pairs within QCD. Here it is the CGMD that provides for the alternative
(Mielke 1980), which is admittedly highly speculative, to capture the color gauge
fields within the nontrivial topology of the space M = R × S1 × S2. Its apparent
apertures would give the impression of sinks for these color gauge fields—similarly
to thewormholemodel (Wheeler 1955, 1966), which has its origin in the theoretical
insights of Weyl (1924, p. 611) and Einstein & Rosen (1935). Such a wormhole
would function, so to speak, as a quark–antiquark system that is bound by a gluon
string, cf. Fig. 15.1.

Moreover, it cannot be excluded that the Einstein–Cartan theory with internal
degrees of freedom including the fermionic degrees of freedom leads to a “superge-
ometrodynamics” (Baaklini & Salam 1979) in the sense of a supersymmetry.

Fig. 15.1 Hadronic meson as “gluonic string” being trapped in a multiply connected Kerr–
Newmann geometry

3This “color geometrodynamics” (CGMD) is approximately equivalent to Ne’emans visionary
notion (1965, p. 230): “This is a new type of ‘geometrodynamics,’ this time involving all interac-
tions.”.
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15.3 Outlook: Gauge Unifications in Four Dimensions?

One of the first attempts to unify gravitywith electromagnetism, the celebrated exam-
ple of a U(1) gauge theory, was made by Einstein & Mayer (1931), Percacci
(1993), who explicitly advocated four dimensions (4D) in order to avoid generaliza-
tions to higher dimensions4 à la Kaluza; cf. Denardo & Doebner (1981). Indeed,
from a modern perspective, dimension four is special not only for physics, where
it represents macroscopic spacetime, but also for mathematics (Donaldson 2006;
Atiyah et al. 2010) due to the invariants of Donaldson.

Eventually, Maxwell’s abelian gauge group U (1) was generalized to the global
SU (3) of Gell-Mann & Ne’eman (1964), the SU (4) of Pati & Salam (1974),
and even to SU (5). Influenced by strong gravity ideas, the Pati–Salam model with
leptons (or “leptoquarks”) as fourth color, together with the local Lorentz group
SL(2, C) of gravity, has been embedded into color geometrodynamics (Mielke

1980) as indicated previously; see also Castro (2012). Thereby, a GL(8, C) f ⊗
GL(8, C)c gauge unification of all basic particle forces emerged into a rather spec-
ulative scheme.

Since SU (4) andU (5) togetherwith the local Lorentz group can also be embedded
in higher orthogonal groups, gauge unifications based on local orthogonal groups
(Faddeev 2011) such as SO(1, 9) and the embedding of the SO(10) GUT into the
group SO(1, 13) have been proposed (Percacci 1991). Even “graviweak” groups
such as SO(4, C) have been considered by Nesti & Percacci (2010). Again, in
order to be realistic, it is necessary to break (Leclerc 2006) such large symmetries
à la Higgs.

More recently, exceptional groups (Lisi & Weatherall 2010; Lisi et al. 2010)
such as E(8) and hyperbolic Kac–Moody algebras (Kleinschmidt & Nicolai

2010) like E(10) have been suggested to achieve this. However, these approaches
may stumble into chirality issues (Nesti & Percacci 2010).
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Chapter 16
Geometric Model of Quark Confinement?

In all current gauge-theoretic models of fundamental interactions, it is the material
core, i.e., the emanating point of the gauge fields, that is taken to be constituted by
spinor fields. Apart from the electron, neutrino, and those “excited” partners such as
the muon, muonic neutrino, and the τ -lepton, which exist freely, hadronic, matter is
based on quarks (Gell-mann 1964). These hypothetic building blocks are thought
to constitute all of the hadrons that are known at present. Up to now, high-energy
experiments have not yielded any direct hints concerning their existence. It was only
within the repetition of Millikan’s experiment for the purpose of determining the
quantum of charge with superconducting niobium spheres, La Rue et al. (1981)
found specimens with one-third the quantum of charge, but without confirmation.

However, independent of these considerations, it is incumbent on every realistic
theory of strong interactions that is founded on the quark hypothesis to provide for a
mechanism of permanent or partial (Pati & Salam 1977) confinement of quarks.

An answer to the problem of saturation is in a sense already provided for by
chromodynamics (Greenberg & Nelson 1977): the basic assumption of the
“colorlessness” of the total system against the structure group SU(3) allows just for
bound states that consist of a quark–antiquark pair, or a combination of three colored
quarks for which the total state represents a color singlet.

Additionally, the existence of free quanta of the associated spin-1 gauge fields,
i.e., of gluons, is prohibited with reference to this postulate. What remains a problem
in such gauge theories is consequently the interpretation of the strong interactions in
the nucleus, which occur among the already compounded nucleons.

The permanent confinement of quarks cannot be proved by the usual treatment
of quantum chromodynamics in terms of perturbation theory; cf. Marciano &
Pagels (1978). Rather, it is to be expected that a decisive role in this nonlinear
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field theory is taken over by global effects, as exemplified by instanton or monopole
solutions. However, a convincing argument proving that quantum chromodynamics
provides for a phase transition without necessitating additional preconditions, which
could establish the confinement of quarks or at least that of the gluons, has not yet
been found. The very reverse seems to be true in the classical treatment of such
SU(3) color gauge theories: since adjacent vector gauge fields always point in the
same direction, as far as the space of internal degrees of freedom is concerned, they
repel each other in a manner similar to that in the case of like charges. Consequently,
there are no geonlike structures (i.e., classical “glueballs”) in a Yang-Mills gauge
theory (Coleman & Smarr 1977, Weder 1977).

16.1 Bag Models

A promising and successful way out of this dilemma was provided by Chodos et
al. (1974). Within the so-called MIT bag model, a color-sensitive “bag”constant B
is introduced into the Lagrangian 4-form of the coupled Yang–Mills–Dirac system
in order to compensate for the “quark gas.” It is this supposition in addition to apt
Cauchy initial conditions, regarding the fundamental spinor fields at the boundary of
this extended and baglike hadronic structure, that leads to an astonishingly realistic
description of the hadrons, see Hasenfratz & Kuti (1978). This is equally to be
seen as a further development of the Dirac model (1962) of the extended electron
which withstands the pressure of its own electromagnetic field by the Poincaré-type
surface tension of its “bubble-type” structure. However, these and other theoretical
constructions have to be introduced in a rather ad hoc way, due to the spin-1 character
of the internal gauge fields.

In order to modify this discouraging situation, some are inclined to admit a tensor
component within strong interactions, a theoretical modification that was consid-
ered by Salam (1977). Then all of the geometric theories with tensor gauge fields
that have been presented so far in this study, i.e., the Poincaré gauge theory, the
Kaluza–Klein theory and the f-g theory, have in common one feature: the occurrence
of a “cosmological term” of microscopic origin. Within the qPG theory, a constant
term is a consequence of the general duality ansatz by which the field equations are
to be solved; within the Kaluza–Klein spaces, such a term is the result of integration
over the internal curvature of the structure group taken as a manifold; and within
the frame of the f-g theory, a related result is given by the symmetry-breaking mix-
ing term and the interlocking of both metric structures. On the other hand, it has
to be noted that the nontrivial vacuum expectation value of the Yang–Mills–Higgs
theories, being spontaneously broken, is identical to a huge “microcosmological”
constant, which possibly ought to be compensated for on a cosmological scale by the
renormalization of its vacuum energy (Davies & Unwin 1981). In the microcosm,
such terms are in principle unavoidable, so that the tensor component of the strong
interaction is to be determined by Einstein’s field equation
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Rf
i j − 1

2
fi j (R

f − 2Λeff ) = �2Ti j (16.1.1)

for the strong gravity tensor.

And it was again Einstein who recognized their relevance for the construction of
“baglike” models of (classical) particles: “The scalar curvature R takes over the part
of a negative pressure that is of constant value R◦ outside of the electrically charged
corpuscle. Within each of these corpuscles there is a negative pressure (positive
R − R◦) whose gradient balances the electrodynamic force.1

In 1957, this idea was enlarged upon in a modifying way by Lanczos. The pos-
sibility of providing an exemplary geometrodynamical mechanism for confinement
via the Schwarzschild–de Sitter solution of the f-g vacuum field equations (16.1.1)
was first pointed out by Salam & Strathdee (1978a, b, c, cf. also Caldirola et
al. 1978), and with reference to the Einstein–Cartan theory with internal degrees of
freedom by Mielke (1977a, b, 1980). The notion, however, that extended particles
are to be represented by microuniverses of (anti-)de Sitter type, i.e., via a spacetime
with constant curvature, is not completely new but has been already advocated by,
for instance, Prasad (1966, 1967) and Roman & Koh (1966). These notions have
been revitalized by Roman & Haavisto (1977) regarding the already mentioned
“spontaneous” generation of a microcosmological contribution on account of the
breaking of the internal gauge symmetry by the Higgs fields.

Judged by today’s advanced scientific standards, qPG theory may provide an
effective theoretical framework, since it contains a strongly interacting tensor gauge
field component (of the “rotons”), and this without the postulate of explicit terms
inducing a symmetry breaking. Essentially, this tensor gauge field component is
responsible for the negative (for κ > 0) pressure term

B = 2�c

�∗2 Λeff = −3κ

2

�c

�∗4 (16.1.2)

resulting from the effective cosmological constant within, e.g., the Baekler solution.

16.2 Confining Potentials from Strong Gravity

In order to clarify the confining properties of this configuration, we adopt the crude
physical notion, following Salam & Strathdee (1978c), that a hadron is repre-
sented by a Schwarzschild–de Sitter microuniverse, whereby the 2µ/r-singularity
results from one of the quarks. The properties of this metric background are thought
to be probed by the addition of a further quark—as it were a test particle—since its

1“Der Krümmungsskalar R spielt die Rolle eines negativen Druckes, der außerhalb der elek-
trischen Korpuskel einen konstanten Wert R◦ hat. Innerhalb jeder Korpuskel besteht ein negativer
Druck (positives R−R◦), dessen Gefälle der elektrodynamischen Kraft das Gleichgewicht leistet”
(Einstein 1919, p. 352).
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contribution as a source of an induced gravitational field is to be ignored. Within this
model, we restrict ourselves to scalar quarks that have to serve not only as a source
but also as test particles that solve the Klein–Gordon equation

[� − (mc/�)2]ϕ = 0 (16.2.1)

within the given four-dimensional background space of constant curvature given by
(3.9.1,2) for µ = 0. Here

� = 1√| f |∂i ( f
i j
√| f |∂ j ) (16.2.2)

denotes the local expression of the generally covariant Laplace–Beltrami operator
(B.19). Stationary radial solutions of (16.2.1) are obtained by the application of the
well-known separation ansatz

ϕ = m
c

�

1

ρ
F ι
nm(ρ∗)Ym

ι (ϑ, φ)e−i tωmc2/�

. (16.2.3)

Moreover,

ρ :=
√
1

3
Λeff r, r = |x| (16.2.4)

is introduced as a radial coordinate and via a Pfaffian form, Wheeler’s “tortoise”
coordinate

ρ∗ =
ρ∫

o

dx

1 ± x2
=

{
artan ρ, κ > 0
Arth ρ, κ < 0).

(16.2.5)

Within the anti-de Sitter space, the above integration provides a globally defined
coordinate. The (dimensionless) ratio of the Compton wavelength �m of the test
particle to the Planck length �∗ is abbreviated by

β =
√
2πκ

�∗

/
mc

�
= �m

�
. (16.2.6)

Then it follows that the Eq. (16.2.1) is reducible to the radial Schrödinger equation

[
∂2
ρ∗ − V ι

eff (ρ
∗) + ω2

β2

]
F = 0 (16.2.7)

with reference to the still to be determined functions F = Fι
nm(ρ∗).

After the transition to the “tortoise” coordinate ρ∗, the curved background space
no longer enters the wave equation in a multiplicative manner but formally as an
effective curvature potential (cf. MTW, p. 868). For the anti–de Sitter space, this
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Fig. 16.1 Confining potentials in strong gravity

potential is implicitly given by

V ι
eff(ρ

∗) = 1 ± ρ2

ρ2

[
ι(ι + 1) −

(
2 − 1

β

)
ρ2

]
,
κ > 0
(κ < 0).

(16.2.8)

For the sake of illustration (Fig. 16.1), the simplest case ι = 0 for κ > 0, i.e., the
state without orbital angular momentum, is considered. Then the effective potential
takes on the explicit form

V o
eff(ρ

∗) =
(

1

β2
− 2

)
[1 + tan2 ρ∗] (16.2.9)

and thus belongs to a family of potentials that in the context of oscillations of diatomic
molecules was studied by Pöschl & Teller (1933) (cf. also Flugge 1971, p. 89).
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At ρ∗ = π
2 there arises for β2 < 2 a steeply rising potential wall that can never be

penetrated by a test quark.
The radial Schrödinger equation (16.2.7) can be solved in terms of hypergeo-

metric functions (Prasad 1966, Salam & Strathdee 1978c). The regular square-
integrable solutions form a complete set of functions with quantized field energies

En = βmc2
(

2n + ι + 3

2
+

√
g

4
+ 1

β2

)

, n = 0, 1, 2 . . . . (16.2.10)

Exempt from the zero-point energy, these are exactly the energy levels that are
known from the quantum-mechanical treatment of the three-dimensional nonrel-
ativistic harmonic oscillator (Flugge 1971, p. 70). The result (16.2.10) may be
considered the prototype of a mass spectrum for an excited hadron with integer spin,
in particular if the invariance group SO(2,3) of the anti-de Sitter space is considered
a dynamical symmetry of the interacting system; cf. Barut (1972). Only discrete
eigenvalues belong to the spectrum. There is no continuum to it and subsequently
no dissociation of the quarks. This is equally shown by the investigation of coher-
ent quantum-mechanical states in such potentials that was conducted by Nieto &
Simmons (1979).

On account of the infinitely steepwall of the potential, which is fixed in this coordi-
nate systematρ∗ = π

2 , the geometrodynamical confinementmechanism incorporates
the properties not only of the MIT bag but also of models with an external potential.
In the latter, it is usually the potential V(r) = 2μ/r + cr that is postulated for the
confinement (Marciano & Pagels 1978). The Coulomb-type source term 2μ/r
is also necessary in quantum chromodynamics as well as in the Schwarzschild–de
Sitter solution, in order to account for that “asymptotic freedom” (Wilczek 2005) of
the constituents that is observable in the scattering experiments at very high energy,
i.e., at very small distances. This would in any case be expected in gauge field theo-
ries with nonabelian structure groups. Arguments for the conjecture that a quantized
theory of gravity is also asymptotically free are to be found in Salam (1977). Addi-
tionally, it has to be remarked that the Schwarzschild term, if taken alone, already
induces such a partial confinement (Deppert & Mielke 1979). Then spin-1 gluon
fields, which saturate the quarks, would be unobservable from the outside, i.e., would
become “transcendent” (Wheeler 1971).

It has to be admitted that our analysis of the confinement properties of an anti-
de Sitter microcosm is only of model-like character. The quarks as hypothetical
building blocks of matter are fermions. Consequently, it would thus be necessary
to investigate a generally covariant and “minimally” coupled Dirac equation, within
the frame of the EC theory with internal degrees of freedom even with a torsion-
induced self-interaction of the different spinor fields. Moreover, due to the spin, a
self-consistent axially symmetric solution of Kerr–Newman–de Sitter type would
be an even more appropriate representation of the metric background. According
to these notions, the hadrons would be identical to the geons or “black solitons,”



16.2 Confining Potentials from Strong Gravity 353

respectively (Wheeler 1955; Salam& Strathdee 1976), which are held together
by their self-generated strong curvature (Vigier 1966;Mielke& Scherzer 1981).

The main problem for the de Sitter model of the geometrodynamical mechanism
of quark confinement has to be seen in the embedding of the hadronic microcosm
into spacetime (Salam & Strathdee 1978c). For here it has to be achieved via an
appropriate mechanism of symmetry breaking. The effective “bag” constant (16.1.2)
of the qPG theory with internal degrees of freedom becomes color sensitive, in such
a way that the colored quarks are subject to the geometrodynamical mechanism
of confinement, while the colorless singlet state, which represents the hadron, is
not. Moreover, the issue of embedding—as is already assumed by Komar (1964),
Ne’eman (1965) andVigier (1966)–could lead to important insights concerning the
physical origin of the structure group SU(f) of the “flavor” symmetries.

16.3 Black Soliton Mass Formula

Independent of its internal structure, the external region of a hadron of mass M,
quantum number J of total angular momentum, and generalized charge Q̄ is (almost)
unequivocally described by the Kerr–Newman solution. This follows from the corre-
sponding generalization of Wheeler’s conjecture that “a black hole has no hair,” i.e.,
that there are no further adjustable parameters to a black hole other than M, J, and Q
(MTW, p. 876; cf. also Teitelboim 1972 and Bekenstein 1972a, b, c, 1975). In the
Einstein–Cartan theory with internal degrees of freedom, a modification is obtained
only insofar as the concept of charge had also to be extended with reference to the
quantum numbers I, Y, and C of isotopic spin, hypercharge, and possibly also charm.

If the basis of the following considerations is seen in a model with additional
charmed quarks, it will be observed that the quadratic Casimir operator of the broken
SU(4) symmetry, with reference, for instance, to the octet representation within the
20-dimensional representation of the excited baryon states (Okubo 1975), has the
following eigenvalues:

TrQ
2 = −4b

αe
Y + I (I + 1) − 1

4
Y 2. (16.3.1)

The amount of symmetry breaking enters via the phenomenological parameter b,
while the electric charge Qe is determined via the generalized Gell-Mann–Nishijima
relation

Qe = I3 + 1

2
Y − 2

3
C. (16.3.2)

The size of the horizon of the Kerr–Newman solution is characterized by the
irreducible mass Mir; concerning the tensor dominance model, it is thus suggestive
to propose that Mir as well as the modified Planck mass M∗ := �

√
8π/�∗c are

approximately identical to the mass of a proton, i.e., Mir = M∗ = 1GeV/c2. For
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Fig. 16.2 Black soliton
mass formula for baryons

such a rescaling, the Christodoulou & Ruffini (1971) result leads to the mass
formula

M2

M∗2 =
{
1 − bY + αe

4
[I (I + 1) − 1

4
Y 2]

}2

+ 1

4
J (J + 1) (16.3.3)

for extended baryons (Mielke 1977b, 1980).Thus in contrast to the comparableGell-
Mann–Okubo formula (Gell–mann 1964) or to that of Gürsey&Radicati (1964),
M , J , and I are the characteristics of particles that are here defined canonically in
the sense of field theory. In (16.3.3) these are coupled in a nonlinear way on account
of the underlying (strong) geometric structure of the Einstein–Yang–Mills system.
(However, if J = 0, this leads precisely back to the linearGell-Mann–Okubo formula!)

As sort of a “metatheorem,” it then is to be expected that an analogous result
follows from every generally relativistic gauge field theory that couples to “gravita-
tional charge,” i.e., to the mass. This conjecture, which is also to be expected after
quantization, is underscored by the fact that part of the mass spectrum of baryons is
surprisingly well represented by (16.3.3). (In Fig. 16.2, b = 1

5 has been chosen, while
M* has been accommodated to the state Λ(1116) of excited baryons.) A detailed
comparisonwith the empiricalmasses of the nucleon andΔ resonances and a possible
verification of the mass spectrum of mesons is to be found in Mielke (1981).
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The idea to generate a nonphenomenological relation for the mass increase of
excited hadrons from the structure of the Kerr–Newman geometry can be traced
back to Salam (1973), and it was later considered in a series of highly specula-
tive works (Tennakone 1974; Keskinen& Perko 1976; Sivaram& Sinha 1977;
Moffat 1978). Those latter worksmention the Christodoulou–Ruffini formulawith-
out employing it in full scale for the construction of a fundamental mass formula for
hadrons with nonvanishing total angular momentum (cf. Sivaram & Sinha 1979).

The notion that a hadron corresponds to amicrouniverse with regard to its interior,
while its exterior characteristics are similar to a black hole (the black hole possibly
being a quantized one; cf. Mal’tsev & Markov 1980) in which the quarks are
confined via either an enormously steep wall in the potential or the semipermeable
“membrane” of the black soliton’s horizon has even further physical consequences.
As has already been mentioned, the Kerr–Newman geometry yields exactly Dirac’s
gyromagnetic ration for the electron, for an observer located at asymptotic infinity.
Additionally, the Bekenstein–Hawking effect (Hawking 1975) occurs as well with
this quantum-theoretic treatment of the external fields in curved spacetime: a black
hole with a given surface area of the event horizon emits radiation like an absolute
blackbody of temperature

T• = 2�c

SAkB

(
r+ − M

M∗2
�

c

)
. (16.3.4)

Here kB = 8.6 × 10−5 eV/K denotes the Boltzmann constant. Under the assump-
tion of a strongly interacting tensor component, this fundamental process, which is
established in the geometric frame, can be related quantitatively—similarly to the
blackbody radiation of the MIT bags (Chodos et al. 1974)—to Hagedorn’s concept
of a maximum temperature in hadronic fireballs (Salam & Strathdee 1977). On
the other hand, it clearly has to be seen that the probability of a quantum-mechanical
breaking of a black hole into several smaller ones is nearly zero (Hawking 1976).
Measured by classical standards, such a process is prohibited in any case. Therefore,
in our view, a black hole “rivals an elementary particle in its perfection …” (cf.
Wheeler 1974, p. 279). Independently from the question whether it is a specified
phase transition characterized by instanton solutions of the Yang–Mills theories or
the ad hoc introduced boundary conditions of the MIT bag or the anti-de Sitter solu-
tions of an extended geometrodynamics that solve the issue of quark confinement
and hence the riddle of the structure of matter.

All of these different working hypotheses have their conceptual origin in Rie-
mannian geometry. And this one fact—in agreement with an insight of Von–
helmholtz (1868)—cannot be dismissed, i.e., that a Riemannian space indeed
allows a pointwise rotation, but that free movability of extended (rigid) domains
is possible only in spaces of constant curvature. Judged by today’s scientific stan-
dards, this looks rather like an anticipation of the notion of extended hadrons as closed
microuniverses that communicate with one another and with the macrocosm only
via self-consistently generated gauge fields. This “prestabilized harmony” roughly in
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the sense1 of the categories of Leibniz’s (1714) monadology may be the core answer
of geometrodynamics to the fundamental issue of physics: “what is the structure of
matter?”
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Appendix A
Notation

(a) Mathematical symbols

:= : Equal by definition
≡ : Identically equal
≈ : Isomorphic
� : Approximately equal
∼ : Asymptotic expansion
× : Topological product
⊗ : Direct product
⊕ : Direct sum
⊂× : Semidirect product
G◦ : Connected component of the group
G̃ : Simply connected covering group
[A,B] := AB − BA : Commutator
{A,B} := AB + BA : Anticommutator
A*= C A : Complex-conjugate matrix
A+ = A∗T : Hermitian adjoint matrix
−1
π (N) : Original domain of N with respect to the mapping π : M → N
T(μν) := 1

2 (Tμν + Tνμ) : Symmetrized second-rank tensor

T[μν] := 1
2 (Tμν − Tνμ) : Antisymmetrized second-rank tensor

(b) Metric and summation conventions
If not stated otherwise, Einstein’s convention of summation over repeated indices is
taken for granted:

x A yA :=
n∑

A=0

n∑

B=0

x A y B gAB . (A.1)

(c) Physical units
With the exceptions given, the following system of natural units is employed:

c = � = 1. (A.2)
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(d) Spin matrices
2 × 2 Pauli matrices

(σ a)T := (σ 0, σ k) k = 1, 2, 3.

σ 0 :=
(
1 0
0 1

)
≡ 1, σ 1 :=

(
0 1
1 0

)
,

σ 2 :=
(
0 −i
i 0

)
, σ 3 :=

(
1 0
0 −1

)
.

(A.3)

They obey the commutation and anticommutation relations

[σ i , σ j ] = εi j
k σ k (A.4)

and
{σ i , σ j } = gi j (A.5)

of the Clifford algebra C(0, 2) = H (field of quaternions).

4 × 4 Dirac matrices in the so-called Pauli realization:

(γ α)T := (γ 0, γ k), (A.6)

where

γ 0 :=
(

σ 0 0
0 σ 0

)
, γ k :=

(
0 σ k

−σ k 0

)
; (A.7)

γ 5 := iγ ◦γ 1γ 2γ 3 =
(
0 σ 0

σ 0 0

)
.

These matrices satisfy the defining relation

γ αγ β + γ βγ α = 2gαβ (A.8)

of the Clifford algebra C(1, 3).
Moreover, it follows from (A.3) and (A.5) that

γ 0+ = γ 0, γ k+ = −γ k, γ 5+ = γ 5. (A.9)

(e) Clifford algebras
According to Atiyah et al. (1964), every Clifford algebra can be decomposed into
a tensor product of the following elementary Clifford algebras:

C(0, 1) = C (field of complex numbers), (A.10)

C(1, 0) = R ⊕ R, (A.11)
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C(1, 1) = C(2, 0) = GL(2, R), (A.12)

C(0, 2) = H (field of quaternions), (A.13)

As an example, the Clifford algebra C(1, 3) of the familiar 4×4 Dirac matrices (A.6)
can be decomposed as follows:

C(1, 3) = C(0, 2) ⊗ C(1, 1). (A.14)

More generally, in n dimensions, the decomposition reads

C(1, n − 1) =
⎡

⎣
[ n−2

2 ]⊗

i=1

C(0, 2)

⎤

⎦ ⊗ C(1, 1). (A.15)

This algebraic structure is reflected in the following realization of N × N Dirac
matrices in an n-dimensional spacetime:

(γ̂ A)T := (γ̂ μ, γ̂ 2p+1, γ̂ 2p+2),

γ̂ μ := γ μ ⊗
⎡

⎣
[ n−2

2 ]⊗

i=1

σ 1

⎤

⎦ ,

γ̂ 2p+1 := i1 ⊗
(

p−2⊗

i=1

σ 0

)

⊗ σ 3 ⊗
⎛

⎝
l−p+1⊗

j=1

σ 1

⎞

⎠ , (A.16)

γ̂ 2p+2 := i1 ⊗
(

p−2⊗

i=1

σ 0

)

⊗ σ 2 ⊗
⎛

⎝
l−p+2⊗

j=1

σ 1

⎞

⎠ ,

where 4 < 2p + 1 < 2p + 2 ≤ n = 2l + 2; cf. Kalinowski (1984).

(f) Topological space
A topological space consists of a set X together with a collection of subsets of X,
called open sets, that satisfy the following implicit axioms:

(i) The union of an arbitrary number of open sets is open.
(ii) The intersection of any finite number of open sets is open.
(iii) Both X itself and the empty set ∅ are open.

(g) Hausdorff space
The open sets of a topological space are usually subject to the requirements of the
following separation axioms:

T1: For each two distinct points m1,m2 ∈ X, there exist neighborhoods Ui � mi of
each point that exclude the other point.

T2: For any two distinct points m1,m2 ∈ X there exist neighborhoods Ui � mi that
are disjoint, namely U1

⋂
U2 = ∅.
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A topological space X that satisfies the axiom T2 is called a Hausdorff space.

(h) Diffeomorphism
A diffeomorphism σ : M → N betweenmanifolds of the same dimension (e.g., M ≈
N ≈ Rn) is an injective mapping for which σ and the corresponding inverse mapping
−1
σ are C∞ functions, i.e., every partial derivative of σ exists and is continuous in
some neighborhood.

(i) Inverse image (“pullback”) of exterior forms
Let σ : M → N be a mapping from a manifold M to another manifold N and
let α be a given exterior differential form on N. The differential of σ at the point
m gives rise to a mapping σ∗ : Tm(M) → Tσ(m)(N) within the space of tangent
vectors along the curve s(t) or σ (s(t)) if constructed according to the directional
derivative e f . On the other hand, the transposed mapping of σ∗ defines a linear
mapping σT∗ : T ∗

σ(m)(N) → T∗
M(M) between the “dual” cotangent spaces. As such,

it may be employed for the construction of a p-form on M

∗
σα(eα1 , . . . , eαp ) := α(σ∗eα1 , . . . , σ∗eαp). (A.17)

Consequently,
∗
σα denotes the inverse image of the differential form α. For cross

sections of fiber bundles over M or N, analogous mappings can be constructed
(Drechsler & Mayer 1977, p. 67).
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Calculus of Exterior Differential Forms

Completely antisymmetric covariant tensor fields of degree (p, 0) are of prime impor-
tance not only in differential geometry but also in the description of gauge fields.
Following the book of Flanders (1963), a compendium of the calculus of forms
will be given here.

The space of exterior differential forms of degree p is generated by the completely
antisymmetric tensor field

α(p) = 1

p! Aα1···αp ϑ
α1 ∧ · · · ∧ ϑαp ∈ C∞(∧pT ∗(M)). (B.1)

With regard to the exterior (wedge or Grassmann) product

α(p) ∧ β(q) := 1

(p!) · (q!) Aα1···αp · Bβ1···βq ϑ
α1 ∧ · · · ∧ ϑαp (B.2)

∧ ϑβ1 ∧ · · · ∧ ϑβq

having the alternating property

α(p) ∧ β(q) = (−1)pqβ(q) ∧ α(p), (B.3)

these p-forms span the exterior algebra

D(M) :=
n∑

p=0

∧pT ∗(M) (B.4)

of differential forms over the field R of real numbers. The action of the exterior
differential d within D(M) is defined as follows: applied to a 0-form or a real function
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f, it is nothing but the total differential1 df = ϑα∂αf. This action is extended to
arbitrary forms by postulating the following additional properties:

d(α(p) ∧ β(q)) = dα(p) ∧ β(q) + (−1)pα(p) ∧ dβ(q) (B.5)

(generalized Leibniz rule) and
d dα(p) ≡ 0. (B.6)

With these additional rules, d is defined for general p-forms.
These rules ensure that the exterior differential forms transform covariantly with

respect to smooth transformations of the coordinates. Let

σ : M → N , σ ∈ D(M) (B.7)

be a diffeomorphism between two manifolds. Then there exists a “derived” mapping

σ∗ : ∧pT ∗(N ) → ∧pT ∗(M) (B.8)

that for a 0-form is obtained by composition the σ∗α(0) := α(0) ◦ σ .
This construction extends to p-forms in a way (Flanders 1963, p. 56) that clearly

exhibits their covariance:

σ∗(α(p) + β(p)) = σ∗(α(p)) + σ∗(β(p)), (B.9)

σ∗(α(p) ∧ β(q)) = σ∗(α(p)) ∧ σ∗(β(q)), (B.10)

d(σ∗α(p)) = σ∗(dα(p)). (B.11)

Let εα1...αn be the totally antisymmetric unit tensor (Levi-Civita tensor; see MTW,
p. 87) with the conventional choice of signs ε1̂...ñ = +1. In a pseudo-Riemannian
manifold endowed with the metric tensor gij, this unit tensor allows one to define the
dual of a p-form by

∗α(p) := 1

(n − p)! · (p!)
√| det gij| εα1···αpβ1 ···βn−p (B.12)

× Aα1···αp ϑβ1 ∧ · · · ∧ ϑβn−p .

(Here the metric is used not only for the construction of the determinant but also
for raising the indices of the local components of the p-form). Application of this
so-called Hodge star operator * brings an (n-p)-form into existence.

Let us assume, as a special case, that a p-form is given as the exterior product of
p canonical 1-forms ϑ . On the other hand, it is known that the ϑα generate a basis
for a generic form. Then it follows from (B.12) that its dual, i.e.,

1This differential is given here in terms of an arbitrary “comoving” frame of reference; with respect
to a coordinate basis, it would read df = (∂f/∂xi )dxi .



Appendix B: Calculus of Exterior Differential Forms 365

∗(ϑ ∧ · · · ∧ ϑ︸ ︷︷ ︸
p products

) = p!
(n − p!) ϑ ∧ · · · ∧ ϑ︸ ︷︷ ︸

n−p products

(
), (B.13)

consists of n-p exterior or alternating products of the 1-form ϑ . The volume form on
the manifold M may consequently be expressed by

dμ(M) := ∗1 = √| det gαβ | ϑ1 ∧ · · · ∧ ϑn = η

= √| det gi j | dx1 ∧ · · · ∧ dxn = 1

n
ϑ ∧ ∗ϑ. (B.14)

Except for the sign, the twofold application of the star operator leads back to the
original form, i.e.,

∗∗α(p) = (−1)p(n+1)+sα(p). (B.15)

Moreover, the Hodge star operator induces an inner product

〈α(p), β(p)〉 := α(p) ∧ ∗β(p) = β(p) ∧ ∗α(p)

= (−1)s∗(α(p) ∧ ∗β(p))η (B.16)

= (−1)

p!
s

Aα1···αp Bα1···αp dμ(M) ∈ C∞(∧nT ∗(M))

on the space of p-forms that may be extended to the following globally defined
symmetric scalar product:

(α, β) :=
∫

M
α(p) ∧ ∗β(p) = (β, α) (B.17)

(see, e.g., Choquet- Bruhat et al. 1982), provided the integration over the pseudo-
Riemannian manifold converges.

The adjoint of the exterior derivative d, i.e., the generalized divergence operator
for p-forms, is defined by

δα(p) := (−1)pn+n+1+s ∗d∗α(p). (B.18)

The Laplace–Beltrami operator is an invariant operator of second order that does
not change the degree of 0-forms if applied to scalars. For p-forms, the appropriate
generalization is provided by the de Rham–Lichnerowicz operator

�α(p) := dδα(p) + δdα(p). (B.19)

In the case of a Riemannian manifold, its expansion in local components is intricate
and may be found in the book of Yano (1970, p. 67).
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For a closed manifold, i.e., one without boundary, the generalized Laplace–
Beltrami operator (B.19) is positive definite with respect to the scalar product defined
by (B.17). The proof follows immediately from the following identities:

(α,�α) = (α, dδα) + (α, δdα)

= (δα, δα) + (dα, dα). (B.20)

In the de Rham theory of cohomology, an exterior differential form is called a closed
form if it satisfies

dα = 0. (B.21)

A sufficiently smooth form α is harmonic, i.e., satisfies the relation

�α = 0, (B.22)

if and only if it is closed as well as coclosed, i.e., δα = 0.
The corresponding cocycles Z(M) form a graded subalgebra of D(M). The subset

B(M) := d D(M) of exact forms

β(p) = dα(p−1) ∈ C∞(B(M)) (B.23)

is a graded ideal in Z(M) due to the property (B.6) of the exterior derivative. The
(graded) quotient space

H(M) := Z(M)/B(M) (B.24)

is commonly called de Rham’s cohomology algebra of M. The grading of H(M) is
generated via

H(M) =
n∑

p=0

H p(M) :=
n∑

p=0

Z p(M)/B p(M). (B.25)

Since the degree of a differential form cannot exceed the dimension n of themanifold,
the following is a logical consequence:

H p(M) = 0 for p > n, (B.26)

and
Hn(M) = ∧n T ∗(M)/Bn(M). (B.27)

On the other hand, we have B0(M) = 0. Consequently,

H 0(M) = Z0(M) (B.28)

is bound to consist solely of closed smooth functions over M. If M is connected,
these functions have to be constant, a result that has
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H0(M) ≈ R (B.29)

as its consequence.
In the case of finite-dimensional cohomology classes (as is the case for compact

manifolds), the dimensions of the spaces Hp(M) are called the Betti numbers

bp := dim H p(M) (B.30)

of M. The Poincaré polynomial

fM(t) =
n∑

p=0

bpt p, (B.31)

with the Betti numbers as coefficients, gives for t = −1 the alternating sum

χ(M) := fM(−1) =
n∑

p=0

(−1)pbp, (B.32)

which yields the Euler–Poincaré characteristic, or Euler number for short.
If the base manifold is the n-dimensional sphere, Sn , then the cohomology classes

are given by
H0(Sn) = Hn(Sn) ≈ R (B.33)

and
H p(Sn) = 0 for 1 ≤ p ≤ n − 1. (B.34)

Consequently, the corresponding Poincaré polynomial takes the form

fSn (t) = 1 + tn, (B.35)

which yields

χ(Sn) =
{
0 for n = 2k + 1,
2 for n = 2k,

(B.36)

as the Euler number of the n-sphere.
In order to be able to integrate differential forms over the manifold, we proceed

froma simplicial covering ofM. In the case of the Euclidean vector spaceEn endowed
with a countable basis ηi, a p-dimensional standard simplex is defined by the set

Δp :=
{

x ∈ En|x =
p∑

i=0

λiηi , λ
i ≥ 0,

p∑

i=0

λi = 1

}

. (B.37)
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From this construction, a smooth p-simplex of a manifold M may be derived from
the C∞-mapping c : Δp → M. These simplices form a free R-module Cp(M, R),
whose elements are called p-chains. The boundary ∂c of a chain will be generated
by the mapping

∂ : C p(M, R) → Cp−1(M, R), (B.38)

defined explicitly by

∂c =
p∑

i=0

(−1)i c

⎛

⎝
i−1∑

j=0

λ jη j +
p−1∑

j=i

λ jη j+1

⎞

⎠ . (B.39)

As in the case of the exterior derivative, this operation is a linear derivation. As such,
it has the property

∂ ∂ c ≡ 0, (B.40)

which means figuratively speaking that “the boundary of a boundary vanishes iden-
tically.” The spaces Zp(M, R) = (Ker∂)p,Bp(M, R) := (lm∂)p as well as

Hp(M, R) := Zp(M, R)/Bp(M, R) (B.41)

are called p-cycle, p-boundary, and p-dimensional homology class, respectively.
In general, p-forms may be regarded as p-dimensional volume elements of a p-

dimensional (compact) submanifold N(p) ⊂ M of M. Consequently, they can be
integrated, provided N(p) admits a simplicial covering by the chain cp ∈ Cp(M, R).
Then Stokes’s theorem2 can be expressed in its most general form via

∫

cp+1

dα(p) =
∫

∂cp+1

α(p). (B.42)

Expressed differently, the integration

〈 , 〉M :
⎧
⎨

⎩

∧p T ∗(M)× Cp(M, R) → R

∈ ∈

〈α(p), cp〉M → ∫
cp

α(p)
(B.43)

provides us with an R-bilinear mapping in terms of exterior forms and chains. Due
to (B.42), the relation

〈dα, c〉M = 〈α, ∂c〉M (B.44)

holds in terms of this mapping.

2Special subcases of this general theorem have been considered or proved by Newton, Leibniz,
Gauss, Green, Ostrogradsky, Stokes, and Poincaré.
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Speaking in more precise terms, (B.44) should rather be considered as the map-
ping HP(M) × Hp(M, R) → R from the Cartesian product of the cohomology and
homology group into the field of real numbers. The reason for this is that the divisors
in the quotient spaces (B.24) and (B.41) do not contribute to (B.43), due to (B.44).
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Appendix C
Lie Groups

In most cases of relevance for physics, infinite-dimensional groups are used. Such a
group is called a Lie group G if

(i) the elements g ∈ G form an (analytic) manifold,
(ii) the mapping G × G → G originating from the pointwise multiplication

(g1, g2) → g1g
−1
2 of (group) elements is analytic as well.

The most general example is given by G = GL(N, C), i.e., by the general linear
group of complex N × N matrices.

The tangent space Te(G) attached to the unit element e ∈ G of the group possesses
the structure of a vector space of dimension K = dim G, and as such is isomorphic to
the Lie algebra of g of G (KN I., p. 38). Let ξ = {ξ j, j = 1, . . . ,K} be an appropriate
parametrization of G. Then the matrices

I j := ∂g(ξ)

∂ξ j
|g=e ∈ Te(G) ≈ g (C.1)

are the infinitesimal generators of G. Viewed oppositely, the transition from the Lie
algebra g to the group G is mediated by the exponential mapping

exp : g → G � g = exp(ıξ j I j ) (C.2)

in terms of matrices. The vector space spanned by the infinitesimal generators is
turned into the corresponding Lie algebra by prescribing the commutation relations

[Ii , I j ] = ci j
k Ik . (C.3)

Here the real structure constants ckij are characteristic of the groupG. They are always
antisymmetric

ci j
k = −c ji

k (C.4)

with respect to the first two indices. Moreover, they satisfy the cyclic Jacobi identity
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3c[i |s pc| jk]s := cis
pc jk

s + c js
pcki

s + cks
pci j

s ≡ 0. (C.5)

As a result, the Lie product
[AB] := AiBjckijIk. (C.6)

defined for generic Lie-algebra-valued vectors A = AiIi and B = BjIj is linear and
antisymmetric. Moreover, it satisfies the Jacobi identity, as required.

For applications in physics it is not the group itself, but more often the group’s
linear representations that are considered. The latter are derived from a Lie homo-
morphism ρ : G → GL(N, C), i.e., from an injective, continuous, and openmapping
into the general group of complex matrices. This homomorphism inherits the matrix
multiplication

ρC
A (g1)ρ

B
C (g2) = ρB

A (g1g2) (C.7)

from the multiplication rûle of the group in question. The “derived” homomorphism
generates a representation of the Lie algebra via

[A, B] −→ ρ([A, B]) = [ρ(A), ρ(B)]. (C.8)

An example of prime importance is the adjoint representation

AdA(B) := [A, B]; A, B ∈ g, (C.9)

which reads explicitly, with regard to the basis Ij,

(Ad A) j
k = ci j

k Ai . (C.10)

With the aid of the trace operation Tr, a scalar product

(A, B) := Tr(Ad A Ad B) = ci
ιkck

si Aι Bs =: ◦
gιs Aι Bs (C.11)

may be introduced that is determined by the Cartan–Killing metric
◦
gls of the Lie

algebra. This scalar product is invariant with respect to the group of automorphisms
of g. In the case of the Lie algebra gl(N, C) of the general linear group, this product
can be written as follows:

(A, B) = 2NTr(AB) − 2Tr(A)Tr(B) (C.12)

Barut & Rączka 1980, p. 15). For the special groups that by definition satisfy
det G = 1, the last term vanishes. This is a consequence of the matrix identity
det G = expTrg. The scalar product (C.12) is nondegenerate if and only if G is
semisimple, i.e., if G does not contain an abelian invariant subgroup.A closer analysis
(Helgason 1962) of the Cartan–Killing metric
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◦
gιm := cιk

i cmi
k (C.13)

reveals that every simple Lie group, regarded as a manifold, corresponds either to
a Riemannian manifold or a pseudo-Riemannian manifold. This may indicate why
(C.13) can also be regarded as the metric of the group manifold.

The group that is frequently discussed in connectionwith the quarkmodel (Gell-
Mann & Ne’eman 1964; Kokkedee 1969) is the simple group SU(N) or its Lie
algebra. In terms of a real parametrization ξ j, an arbitrary group element is generated
by

g = exp(− i
2 ξ j λ j ) ∈ SU (N ), j = 1, . . . , N 2 − 1. (C.14)

Here the λj denote the generalized Gell-Mann matrices, which are Hermitian and
trace-free. Their commutation and anticommutation relations are specified by

[λi , λ j ] = 2ifi j
kλk (ci j

k = 2i fig
k), (C.15)

{λi , λ j }+ = 4

N
δi j + 2di j

kλk . (C.16)

It is a consequence of these relations that the product of two of such matrices can
always be written in the following form:

λi λ j = 2

N
δi j + (di j

k + i fi j
k)λk . (C.17)

In these formulas, it is understood that the λ-matrices are normalized according to

Tr(λi λ j ) = 2δi j . (C.18)
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