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The purpose of this talk is not to present anything new. Instead I'd simply like to encourage you to consider
taking an approach to teaching electrodynamics that was introduced in the 1960's by Edward M. Purcell in
his well-known book, Electricity and Magnetism, in the Berkeley Series of introductory physics texts.
Specifically, Purcell in his book used relativity to essentially derive the existence of magnetic forces and of
electromagnetic radiation. His approach brings these subjects to life in a way that doesn't require a lot of
math.

After a few introductory comments and disclaimers, I'll review Purcell's ideas and thus try to convince you to
try this approach yourselves. The two ideas are first, that magnetism is a consequence of length contraction,
and second, that electromagnetic radiation happens because of the cosmic speed limit, that is, because
information can't travel faster than the speed of light.

Introductory Comments

Before starting | have to put in a bunch of disclaimers:

e There's almost nothing new in this talk. You can find it all in Purcell's book. I'd also like to thank Tom
Moore for motivating me to try this approach myself for the first time several years ago.

e Just because | recommend Purcell's approach doesn't mean | recommend Purcell's book. | feel that the
book itself is not suitable for an introductory course, because many parts of it are too advanced and for
a variety of other reasons. To back up this opinion, I refer you to the ultimate authority on the quality of
textbooks, namely the reviews on Amazon.com. Notice also that the price is now nearly a hundred
dollars, and that isn't going to improve student morale either.
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¢ I'm not putting forward a complete curriculum for introductory electromagnetism. The material that I'll
discuss would occupy only about three to five class sessions, and how you would teach the rest of
electromagnetism is up to you.

¢ | have, however, developed a 39-page text supplement that you could use in a calculus-based
introductory course. Click here to download this document in pdf format (234K).

e | think that this approach should also work just fine in an algebra-based course, with some loss of rigor
because Gauss's law would be replaced by intuitive arguments based on field lines.

e The prerequisites for this material are:

o Electrostatics (including either Gauss's law or some equivalent statement about where field lines
start and end);

o Familiarity with basic magnetic phenomena, like the fact that parallel currents attract;

o Special relativity, specifically an acquaintance with the idea of multiple reference frames, length
contraction, and the fact that information cannot be transmitted faster than the speed of light.
(Students do not need to know the full Lorentz transformation equations or anything about
relativistic dynamics.)

Magnetism as a Consequence of Length Contraction

So let's start with Purcell's basic explanation of magnetic forces. Shown below is a model of a wire with a
current flowing to the right. To avoid minus signs I'm taking the current to consist of a flow of positive
charges, separated by an average distance of |. The wire has to be electrically neutral in the lab frame, so
there must be a bunch of negative charges, at rest, separated by the same average distance. Therefore there's
no electrostatic force on a test charge Q outside the wire. What happens, though, if the test charge is moving
to the right? For simplicity, let's say its velocity is the same as that of the moving charges in the wire. Now
consider how all this looks in the reference frame of the test charge, where it's at rest. Here it's the negative
charges in the wire that are moving to the left. Because they're moving, the average distance between them is
length-contracted by the Lorentz factor. Meanwhile the positive charges are now at rest, so the average
distance between them is un-length-contracted by the Lorentz factor. Both of these effects give the wire a net
negative charge, so it exerts an attractive electrostatic force on the test charge. Back in the lab frame, we call
this force a magnetic force.
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T caleulate the atrength of the fores, fivst find the linsar charge density of the wire in the
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whers R iz the distanes of the test charpe from the wire. The magnetic foree in the lab
frame= has the same magnituds (when » & o). Written in terms of the current, [ = @ /4,
the magn=tic fores iz ;
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The sxpression in parenthesss must be the magnetic field sbrength. Nobe that the quantity
1/{e0e”) iz what we usually call .
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By the way, it's remarkable that we can measure magnetic forces at all, since the average drift velocity in a
household wire is only a snail's pace: v/c is typically only 10713, so the Lorentz factor differs from 1 only by

about one part in 1028, We can still measure this effect because the total charge of all the conduction electrons
in a meter-long wire is tens of thousands of coulombs; two such charges separated by only a few millimeters
would exert enormous electrostatic forces on each other.

You can repeat the preceding calculation for the more complicated case where the test charge's velocity
differs from the average drift velocity of the charge carriers in the wire. Their velocities can also be opposite
in direction. In each case, you still get the correct expression for the magnetic force on the test charge. The
case where the test charge moves perpendicular to the wire is still more complicated, but we can understand it
qualitatively after digressing to consider how electrostatic fields transform from one reference frame to

another.

Transformation of Electrostatic Fields
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Shown above at left is a simple electrostatic field, created in this case by a pair of closely spaced charged
plates. If we put the plates in motion to the right they get length-contracted, but the total charge on each is an
invariant so the surface charge density increases by the Lorentz factor, and therefore so does the field
strength. On the other hand, if the plates are moving vertically then the distance between them gets length-
contracted, but for closely spaced plates the distance has no effect on the field strength so the field strength is
the same as in the original reference frame. In summary, the components of E perpendicular to the boost are
greater in the boosted frame, but the component parallel to the boost is the same in both frames.

Now consider the electrostatic field of a point charge at rest, shown at left below. At every point on the circle
(actually a sphere), the field has the same strength and points directly away from the particle.

Point charge at rest: Point chargein motion
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If we put this system in motion to the right (shown at right), two things happen. The first is that the sphere
gets length-contracted, flattened in the direction of motion. The second is that the components of the field
perpendicular to the motion get stretched by the very same Lorentz factor. Therefore the field still points
directly away from the point charge, but it's not the same in all directions: it's weaker in front of and behind
the particle, and stronger to the sides, as shown below.

NUA

o
7

P

5/10/2015 10:59 AM



Magnetism, Radiation, and Relativity file:///R:/ElectroDynamics/Schroder-1999 PurcellSimplified_Magentis...

A Charge Moving Perpendicular to a Wire

With all this in mind, let's now consider our wire again, but with the test charge moving directly toward it.
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In the frame of the test charge the wire is moving downward. The negative charges in the wire, which are
moving straight down, have their electric fields distorted as shown previously, but these fields are
symmetrical from left to right so they exert no net horizontal force on the test charge. The positive charges in
the wire, however, are now moving diagonally, so their fields are distorted as shown above. At the location of
the test charge, the field of the positive charge to the right is stronger than that of the positive charge to the
left, so the test charge feels a net force pushing it to the left.

In summary, we can account for the direction of the magnetic force on the test charge no matter which way
it's moving, and this motivates us to introduce a magnetic field vector that points into the page, with the force
given by a cross-product of v and B.
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At this point in the course you can go on to various applications of magnetism. You could also introduce the
Biot-Savart law and Ampere's law, but they're not really needed for most applications.

Radiation as a Consequence of the Cosmic Speed Limit
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The other part of electrodynamics that I'd like to discuss is radiation. If you're familiar with Purcell's book
you'll remember that he draws some beautiful illustrations of the field lines of a point charge that suddenly
starts moving or comes to a sudden stop. | prefer to consider a bounce, where the particle is first moving to
the right, say at 1/4 the speed of light, then bounces off a brick wall and moves back to the left at the same
speed.

e

i n\
Barticle / Bouise Paricle would be here
is nowr here wma here had 1 not bounced

Near the particle, its electric field points directly away from where the particle actually is. But far away, the
news that the bounce has occurred hasn't arrived yet, so the field points away from where the particle would
be had there been no bounce. As David Griffiths likes to say, "electromagnetic news travels at the speed of
light." So there's an inner region of field lines pointing away from the particle, and an outer region of field
lines pointing away from the imaginary point where it would be. These two regions are separated by a
transition region--a spherical shell that expands outward at the speed of light.

The next question is, what does the field look like in the transition region? | think most people would guess
that you just connect up the corresponding field lines, and this is correct, because field lines can't start or end
in empty space. To be rigorous, you can apply Gauss's law to the dashed surface shown above, and then to a
more complicated surface that actually follows the field lines through the transition region. A complete
sketch of the field around the bouncing point charge is shown below. Notice that the transverse field is
weakest to the right and left, and strongest in the perpendicular directions. As time passes, the shell expands
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at the speed of light. The transverse field also gets stronger because the gap, between the particle's actual
location and the point where it would be, expands.

(There exists software for drawing and animating pictures like this. An old DOS program that does this is
included in the Physics Simulation Programs package available from Physics Academic Software. A
somewhat prettier Macintosh program has been created by Blas Cabrera, Sha Xin Wei, and Jim Terman. This
program is now in the public domain; to download it, click here.)

When teaching this material | always assign homework problems in which students are asked to sketch the
field lines for charges undergoing various instantaneous accelerations. Shown at left below is the somewhat
complicated example of a point charge bouncing vertically between two walls. If you just round off the
corners, you get something like the illustration on the right, for a point charge undergoing simple harmonic
motion as in a radio transmission antenna. Notice that the waves are strongest in the horizontal directions,
perpendicular to the particle's acceleration.

Quantitative Treatment of Radiation
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In the original edition of his book, Purcell went no further than drawing these pictures and interpreting them
qualitatively. But in his second edition he added an appendix in which he computes the radiation field
quantitatively.

Congider the case of o point charge ¢ initally moving ab spesd wp € ¢ which then stops,
decelerating uniformly for o duration of 5. At a time T 3 % afber thiz happens, the puls=
of radiation has reached o radiug of B = &7, a2 shown below,

For an arbitrary field line at an angle #, the geometry of the “kink™ requires that the ratio
of the trangwerse field to the radial field be
Ky _?J.;.Tsinﬁ'_aﬁsinﬁ' (4]
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whers o Iz the magnitude of the particle’s acecleration. Bub the radial field iz given by
Coulomb’s law, s the transverss fi=ld iz
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Motiee that thiz falle off with distenes ag 1/R, not 1/R* The energy per unit volume
stored in this field, proportional to |1§|2? therefore falls of as 1/R% 20 the total energy
conbained in the shell i unchangsd as the shell epands. To caleulate the power radiated
you have to average over angles (which gives o factor of 2/3) and alse multiply by 2 to
inelude the equal snergy stored in the magnetic field. The result iz the Larmeor formula,
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I've never understood why the Larmor formula isn't even mentioned in most introductory textbooks. In fact |
never saw it in all of my undergraduate education. Yet it's simple to interpret, and it has all sorts of interesting
uses. I've already mentioned antennas. You can also understand why the sky is blue and polarized, and
explain why a classical Rutherford atom, with electrons orbiting around the nucleus, would be unstable,
radiating away all its energy in a fraction of a nanosecond. More generally, the Larmor formula ties
electromagnetic waves to their source, making it clear that radiation requires not just motion, but also

acceleration of charged particles. Once you have the Larmor formula, why bother to cover Maxwell's
equations?

Last modified on September 22, 1999.
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