
Differential Geometry and its Applications 2 (1992) 385-397 
worth-boded 

385 

Three-dimensional Einstein-like manifolds 

Communicated by A. Gray 
Received 20 October 1991 

Berndt J.$ Thre~d~ension~ E~s~e~-~ke ma~folds, Diff. Geom. Appl. 2 (1992) 385-397. 

~~~~~uc~~ One derives a focal classification of a.iI ~~ree-~~e~si~~al Riemannian manifolds whose 
Ricci tensor satisfies the equation V(ric -$sg) = &ds 0 g. 

Keywords: Einstein manifolds, three-manifolds, confarmally flat StBckel systems, covariant de- 
rivative of the Ricci tensor. 

One of the nicest metrics a manifold might be equipped with is an Einstein matric. 

Alas, in dimension three the concept of Einstein metrics leads merely to the spaces of 

constant curvature. In 1978 A. Gray f5] suggested to study (in arbitrary dimensions) 
three genera~zatians of Einstein metrics. Background for his investigation was the fact 

that any Einstein manifold obviously has parallel Ricci tensor, and conversely, that any 
R~ernan~~an manifold with parallel Ricci tensor is locally a Riemannian product of Ein- 
stein manifolds. Using representation theory of the ortbogo~~ group Gray decomposed 

the covariant derivative Vric of the Ricci tensor ric of a ~iema~nian manifold into its 

irreducible components and derived so in a natural way three classes of ~ema,n~ian 

manifolds, namely 

1. the class 83 of ~~emannian manifolds whose Ricci tensor is a Codazzi tensor, 

that is, V ric is symmetric in ah its variables (this is precisely the class of ~erna~~~au 
mauifolds with harmonic curvature), 

2. the class Iz1 of ~emannian ma~folds whose Ricci tensor is a Killing tensor, that 

is, the cyclic sum of (Vx ric)(Y, 2) is zero for all vector fields X, Y, 2 on the manifold, 
3. the class Q of ~emannian manifolds whose Ricci tensor satisfies 

. 
v lx ( 1 > R- 2 -- 

2n-2Sg = 2(~+2)(~-~) 
d8Og, 

where n is the dimension of the manifold M, g its Riemaunian metric, ds the differential 
of the scalar curvature s of M, and Q denotes the symmetric product of symmetric 
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tensors. 
Clearly any Riemannian manifold with parallel Ricci tensor, in particular any locally 

symmetric space, belongs to each of these three classes. A detailed discussion of these 
classes of Riemannian manifolds can also be found in Chapter 16 of [2]. 

While a reasonable amount is known about the geometry of manifolds in ?7!f or %, 

only few seems to be known about the class Q. In particular there are many examples 

for manifolds with non-parallel Ricci tensor in B or B, but only few are known which 
belong to Q. An exception is dimension two, since any two-dimensional Riemannian 

manifold is a Q-space (for the sake of brevity we call manifolds belonging to Q also 
Q-spaces). The two-dimensional Riemannian manifolds in ?Z or 93 are precisely the 

spaces of constant curvature. Gray remarks in [5, p. 2651 that he does not know any 

interesting manifolds in Q which are of dimension greater than two. Later a class of 

examples for Q-spaces was presented in [2, p. 4481. These examples arise as certain 
bundles over one-dimensional manifolds and whose fiber is an. Einstein manifold with 

negative scalar curvature. Moreover, Besse has investigated equation (l), but he could 

not obtain any classification for manifolds in Q. The purpose of this article is to classify 
locally all three-dimensional Riemannian manifolds belonging to Q. This classification 

provides also some new examples of Q-spaces which seem to be unknown up to now. 

Theorem. A three-dimensional Riemannian manifold M belongs to the class Q if and 

only if h4 is almost everywhere (that is, on an open and dense subset of M) locally 

isometric to one of the following Riemannian manifolds: 

(I) a Riemannian symmetric space; 
(II) a warped product of the form iI41 xf 1742, where iI41 is a one-dimensional Rie- 

mannian manifold, h4z is a two-dimensional flat Riemannian manifold, and l/f is a 

positive solution of the second order equation y” + cy = 0 with some c E Iw; 

(III) a warped product of the form 442 xrh41, where Ml is a one-dimensional Riemann- 

ian manifold, A42 is a Liouville surface with Riemannian metric of (local) Liouville 

f orm 

ds2 = (~44 + +(y))(dx2 + dy2), 

and f is given by 

f 2(5 Y) = I++HY)I. 

Moreover, p and ti satisfy one of the following two conditions: 
(IIIa) v and II, are non-constant and satisfy the equations 

y12 = a(p4 + by3 + cv2 + dv, 

$I2 = -a+” + bti3 - c+’ + d$ 

with some a, b, c, d E II%, a # 0; 
(IIIb) $J is constant and y is non-constant and satisfies the equation 

P’~ = P(V + ti)“(ap + b) 
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with some a, b E IW,a # 0; 
(IV) a Riemannian manifold with R~emannian metric of the form 

where 6 denotes the cyclic sum and l/F;(z;) = P(zi) (i = 1,2,3) with a potynomial 

P(x) of degree five. 

Remarks. 1. The complete, simply connected three-dimensional Riemannian sym- 

metric spaces are the standard models for the spaces of constant curvature, namely the 

sphere S3, the Euclidean space E3 and the real hyperbolic space H3, and furthermore 
the Riemannian products S2 x Iw and H2 x Iw. These manifolds provide also the model 

spaces for all three-dimensional Riemannian manifolds with parallel Ricci tensor. 
2. The general solution of y’! + cy = 0 is of the form 

a cos(&x) + -!- sin(fiX), 
G 

if c> 0, 

a+bx, if c = 0, 

a cosh( &Zr) + & sinh(J-cs), if cc 0, 

with some a,b E EL If M is of type (II), then M has parallel Ricci tensor if and only if 

c<0,a>Oanda2c+b2 = 0 (in this case M is of constant curvature c). 

3. With regard to (III) we put Q(s) = ax4 + bs3 + cz2 + dz and R(s) = -ax* + bs3 - 

cx2 + CZZ. Then tr is a zero of Q if and only if --fy is a zero of R. If the zeros of Q are all 

distinct, then 9 and II, are (real) elbptic functions. The close relation between Q and 

R suggests that there is also a close relation between v and $. Indeed, consider y as a 

(complex) elliptic function in a complex variable z given by the equation $2 = 8 o q. 

We define a new (complex) elliptic function ?I, by the Jacobi transformation of ‘p, that 

is, q(z) := -cp(is). Then $ satisfies I/Y~ = R o I,!I. 

If the zeros of Q are not distinct, then 9 and $ can be expressed in terms of elemen- 

tary functions. This is always possible in case (IIIb). We omit the explicit expression 
of 41 and + in these cases, since it is lengthy and not helpful in order to understand 

the geometry of spaces of type (III). 
4. We want to point out that spaces of type (III) and (IV) have always nonpar~el 

Ricci tensor. (We could also consider a = 0 in case (III) or a polynomial P(Z) of 
degree less than five in case (IV), but this would lead us merely to spaces of constant 
curvature.) 

The structure of the proof can be described as follows. At first we show that in 
any three-dimensional Q-space the Jacobi operator and its covariant derivative com- 

mute. Manifolds whose Jacobi operator has this property have recently been classified 
locally by the author and L. Vanhecke [l] in another context. By means of this clas- 
sification we get four classes of Riemannian manifolds which contain necessarily all 
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three-dimensional Q-spaces. These classes are the spaces of constant curvature (which 

obviously belong to Q), warped products of the form Mr xf Mz (where Mk is a k- 
dimensional Riemannian manifold), and two more classes consisting of certain Stackel 
manifolds. On the warped products we impose condition (l), which leads to the spaces 

of type (I) and (II) of the Theorem. For manifolds belonging to the remaining two 
classes we prove that they are in Q if and only if they are conformally flat. This en- 

ables us to use Eisenhart’s [4] classification of all three-dimensional Stackel systems in 

conformal Euclidean space in order to complete the proof of the Theorem. 

The Jacobi operator 

Let M be a three-dimensional connected C” Riemannian manifold. We denote by 

TM the tangent bundle of M, by g the Riemannian metric of M, by V the Levi Civita 
connection of M, by R the Riemannian curvature tensor of M with the convention 

R(X, Y)Z = VxVy Z - VyVx Z - Qyl Z, by Ric and ric the Ricci tensor of M in its 

(1,l) and (0,2) version respectively, and by s the scalar curvature of .M. 

Evaluating explicitly the right-hand term of (1) in this situation we get that M is a 

Q-space if and only if 

(VX ric)(Y Z> = &MWdY, Z> + &=jW%(X, Z> + $WZ)dX, Y>, (2) 

or equivalently, 

(VX Ric)Y = &ds(X)Y t &ds(Y)X t &g(X,Y)S, (3) 

where S denotes the gradient of s. It is known that the curvature tensor R of M can 
be expressed in terms of the Ricci tensor and the scalar curvature, namely 

R(X, Y)Z = ric(Y, Z)X - ric(X, Z)Y -I- g(Y, Z) RicX - g(X, Z) Ric Y 

- $(g(Y, Z)X - g(X, Z)Y). 

This immediately implies 

(V&)(X,Y)Z = (V w ric)(Y, Z)X - (VW ric)(X, Z)Y 

+ g(Y, Z)(Vw Ric)X - g(X, Z)(Vw Ric)Y (4) 

- +@%(Y, Z)X - g(X, Z)Y). 

We recall that for each tangent vector w E T,M (p E M) the associated Jacobi opera- 
tor R, and its “derivative” RL (with respect to v) are the selfadjoint endomorphisms of 

T,M defined by R, = R(.,v)v and Rh = (V,R)(., v)v. Note that R,v = 0 and Rlv = 0. 

Lemma 1. If M E Q, then R, and Rh commute for each v E TM. 

Proof. For 21, w E TpM we get from (2), (3) and (4) 

R;w = ;ds(v)(g(v, v)w - g(v, w)v). 
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Thus any vector w E T,M 1 40) orthogonal to v is an eigenvector of R’,. On the 

other hand, from R,v = 0 we see that R, maps the orthogonal complement (Iwv)l of 

IWV in T,M into itself. From this we readily get that R, and Rh are simultaneously 

diagonalizable and hence commute with each other. Cl 

The three-dimensional Riemannian manifolds for which R, and RI commute have 

been classified by the author and L. Vanhecke [l, Theorem 7). (In order to apply 
Theorem 7 one should also read the first three lines of its proof.) Combining this 

classification and Lemma 1 we get 

Proposition 1. Ij A4 E Q, then M is almost everywhere (that is, on an open and 

dense subset of M) locally isometric to one of the foZ$ow~ng spaces: 

(A) a space of constant Riemannian section& curvature, 
(B) a warped product of the form Ml xf M2, where MI is a one-dimensional Rie- 

mannian manifold, M2 is a two-dimensional Riemannian manifold, and f is a positive 
function on MI, 

(C) a warped ~r~uct of the form Mz xf Ml, where MI is a one-dimensional Rie- 

munn~an manifold, Mz is a Liouv~lle surface, and f is given by 

f% y) = k(++YY)l> 

where the functions 9 and $I come from a (local) Liouville form 

(cp(4 + ~(~))(d~2 + dy”) 

of the Riemannian metric of Mz, 
(D) a three-dimensional Riemannian manifold with Riemannian metric of the form 

where 6 denotes the cyclic sum and Fl, F2, F3 are positive functions. 

As any space of constant curvature is a locally symmetric space and thus locally 
isometric to a R~eman~ian symmetric space, it remains to select the Q-spaces from the 

spaces of Type (B), (C) or (D). 

Manifolds of Type (B) 

Let M be a warped product of the form MI xf Mz. We choose a local orthonorm~ 

frame field El, Es, Es of TM such that Er is tangent to MI and Ez, E3 are tangent 
to M2 (here, and henceforth, we identify in the usual way functions and vector fields, 

which are defined on Mr or M2, with the corresponding objects defined on M). These 
vector fields are eigenvectors of the Ricci tensor everywhere, namely (see for example 

1% P. 21111 

RkEr = XEI and Ri~icE~=@~ (j=2,3) (5) 



390 J. Berndt 

with 

jj = f” 
-2f ana (6) 

where Ii is the Gaussian curvature of Mz and ’ denotes differentiation with respect to 

El. The scalar curvature s of M is given by 

s=2 K-gLf’2 ( > f f2 * (7) 

The submanifolds Mr x {q} are totally geodesic in M for each q E M2. Hence we have 

VEXES = 0. (8) 

The submanifolds {p} x M2 are spherical in M for each p E MI, that is, they are totally 
umbilical with parallel mean curvature vector field. Since they are totally umbilical, 

we get 

g(YQ3, El) = 0 = s(v_@;z, El) . (9) 
Moreover, their mean curvature cy is given by 

f’ 
o = s(V,Ez,E,) = g&Es,El) = -7 , (10) 

where the last equation follows from the well-known formula for the Levi-Civita con- 

nection of warped products (see for example [6, p. 2061). 

Proposition 2. M is in Q if and only if 

(i) M2 is flat and l/f is a solution of y” + cy = 0 for some c E R, or 
(ii) M2 is of constant curvature and f is constant. 

Proof. In view of (3) we define a (1,2) tensor field H on M by 

H(X, Y) = &ds(X)Y t &ds(Y)X + &g(X, Y)S. 

Our goal is to find necessary and sufficient conditions in order that the equations 

(VEX Ric)Ej = H(Ei, Ej) are valid for all i,j E {1,2,3}. By means of (5), (6), (8), (9) 
and, (10) we calculate 

(VEX Ric)Er - H(Er,Er) = d(A - kjs)(EI)EI - &ds(E2)E2 - &ds(E3)E3, 

(V_IZ~ Ric)Ez - H(E2, E2) = (a(~ - A) - &ds(E1))E1 t d(p - ~s)(E~)E~ 

- &ds(E$E3, 

(VEX Ric)Ez - H(EI,Ez) = -&ds(&)G t d(p - &s)(EI)E2, 

(VEX Ric)El - H(E2, EI) = -&ds(G)G t (a(~ - A) - &ds(EI))E2, 

(VE, Ric)E3 - H(E2,E3) = -&ds(&)& t d(p - &)(E2)E3, 
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and the corresponding equations obtained by changing Ez and Ea. These equations 

yield that M is in 4 if and only if 

ds(Ej) = 0 (j = 2,3), (11) 

d(P- $S)(Ej) = 0 = d(p- &a)(Ej) (j = 2,3), (12) 

d&b- 5w1) = 0 = d(p - us), (13) 

4P - A) - $ds(El) = 0. (14) 
By means of (7) we see that (11) is valid if and only if K is constant. This and (6) 

shows that (12) is already a consequence of (11). Next, using (6) and (7), we calculate 

- @’ = sfcf>“- $, (15) 

by which we see that (13) is valid if and only if l/f satisfies y”+cy = 0 for some c E II%. 

By differentiation of (15) and using (13) we conclude 

Finally, (6), (7), (10) and (16) yield 

=_$(K+-II_ ‘f $) + ;($)I= -K$, 

Hence (20) is valid if and only if Ii’ = 0 or f is constant. Summing up we see that M 

is in 4 if and only if li = 0 and l/f is a solution of y” + cy = 0 for some c E Iw, or if 
K and f are constant. Cl 

We now determine those of the warped products of the form n/r, xf A42 in 4, whose 

Ricci tensor is parallel (and thus are locally isometric to a Riemannian symmetric 

space). Clearly, if M2 is of constant curvature and if f is constant, then A4 is locally 
isometric to a Riemannian product S2 x Iw, Iw2 x Iw or H2 x I-hence the Ricci tensor 

of M is parallel. 
From now on we assume that iI&. is flat and l/f is a solution of y” + cy = 0 for 

some c E Iw. Then M is of constant curvature if and only if X = ~1 everywhere. By 
means of (6) this holds precisely if (lnf)” = 0, that is, if f(z) = dexp(rz) for some 
d,rfIW,d>O.Forsuchfweget 

0 f ” + cf = (7-2 + c$. 
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f is constant, which means that b = 0, a > 0 and 
M is flat (for a and b see Remark 2). Finally, if c < 0, we calculate that 

dexp(rx) = a cosh(JZ) t 

holds if and only if either r = &i5 and d = a = b/G or r = -J-c and d = 

a = -b/G. This proves that M is of constant curvature precisely if a > 0 and 
a2c t b2 = 0. The value Ii of the curvature can be determined from (6), namely 

X = -2f”/f = -2r2 = 2c implies Ii’ = X/2 = c. Summing up we have seen so far that 
M is of constant curvature (of value c) if and only if c < 0, a > 0 and a2c+ b2 = 0. Now, 

if M has parallel Ricci tensor, then in particular we have 0 = (VEX R,ic)E2 = a@-A),?&. 

Regarding to (10) o = 0 implies that f is constant and hence M is flat. Thus we may 

assume (Y # 0 almost everywhere. But this leads to X = p almost everywhere and 
therefore to the spaces of constant curvature. Thus we have proved Remark 2. 

Manifolds of Type (C) or (D) 

At first we shall derive some formulae for the eigenvalues of the Ricci tensor of man- 

ifolds of Type (C) or (D). T o e b g in with we consider a three-dimensional Riemannian 

manifold M whose Riemannian metric is of the form 

with some positive functions pr,p2,~3 depending on coordinates xl, x2, x3 on M. Such 

a Riemannian manifold is often called a triply orthogonal system of surfaces. We put 

x; := &, Vi := ln(pu;), ._ a26 
%jk I- axjaxk 7 

and define functions RfEij and 5’: on M by 

R(X;, Xj)Xk = ~ R:,jXI and fiC Xj = 2 $tXk. 
I=1 k=l 

Explicitly we have in terms of the functions ~1, ~2, p3 for distinct i, j, k (see for instance 
[3, p.17-221) 

‘;Cij = vi,jvj,k + vi,kvk,j - vi,jvi,k - vi,jky 

Rjij = ui,juj,j - ui,jui,j - ui,jj + (3) (vj,ivi,i - vj,ivj,i - vj,ii)- (3) vi,kvj,k, 
t 
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From now on we assume that M is of Type (C) or (D). The Riemannian metric of 

M is locally of the form 

and 

respectively. Hence M is locally a triply orthogonal system of surfaces. Using the above 

formulae we obtain by a lengthy, but straightforward computation, that X1, X2 and X3 
are eigenvectors of the Ricci tensor everywhere, say RicXd = &Xi, and the eigenvalue 

functions X1, X2 and X3 are subject to the relations 
- in case of Type (C): 

A? - x3 = $T, X3 - X1 = VT, XI - X2 = -(cp f $)T, (17) 

where 

- in case of tgpe (D): 

where 

A; - 

T= 

, Aj = (CCi - Xj)T (i*j = 1,2,3) 9 tw 

(20) 

We now normalize X1,X2 and X3 to unit length and denote the resulting vector 
fields by El, & and Ea, respectively. Note that Ric Ei = X;E; and Xi = p+?Q. For the 

following it will be useful to introduce three notations, namely 

ti$ := g(VEi Ej, Ek) y 

si .- *- x,+x - h-k2 (index module 3) , 

A := Sltoq + S&AZ + s3dX3 . 

From the classification we have used to obtain Proposition 1 we know already that 
the Jacobi operator of M and its covariant derivative commute, that is, L, := Rh o 

& - R, o RL = 0 for all 21 E TM. As we are in dimension three, we can express each 
endomorphism L, in terms of the Ricci tensor and its covariant derivative. Investigating 
the equation L,, = 0 for various linear combinations 2) of ~~(~},~~(~) and E&n) (at 
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any fixed point p E M) leads to some relations between the entities Xi, ~5 t si and A. 

Since this investigation has been carried out rigorously in fl] we omit it here and just 

state the ~on~Iu~iou: For all distinct Z,j, k E jt,2,3) we have 

L$ = 0. (23) 

Note that (23) means (VEX ri~)(~~~ Ek) = 0 and that (21) means (VE$ ric)(Bi, ,!Yi) = 

(VEI, ric)f& &)= 
Equations (17) and (19) show that T = 0 holds precisdy if M is a space of ~~~~taut 

curvature. We will now see that the constancy of T plays an important role with regard 

to our problem, 

Proof, “(i) =+ (ii)“. If M E Q, then we see immediately from (1) that ric-$89 is a 

Coda& tensor. A well-known theorem due to WeyI and Schouten then says that M is 

conformally ffat. (Note that this argument is true for any three-dimensional Q-space.) 

“(ii) z+. (iii)“. We assume that M is conf~rm~y flat. Then L := ric - $sg is a Codazzi 

tensor and we get for distinct i,j 

d(Xj - $3)(EJ = (v~j~)(Ej~Ej~ = (VEjL)(&,Ej) 

= (Xi - Aj>c&$ = (Xj - A$djj. 

This and (21) implies dXj(&) = dXk(_&) f or all distinct i,j, Ic by which eventually the 
constancy of T follows from (17) and (19). 

“(iii) * (i)“. In th e o f 11 owing we always assume that i,j,k Al (1,2,3) are distinct. 
From the second Bianchi identity for the curvature tensor we derive 

0 = g(2(VEp ric)f& E;) - (VEi Tic)(&) Ev)) 
K=l 

= 2(Xj - +Y$ + 2(XI, - Xj)W& - 2&j(&) - 2dX&5) + ds(J?.@* 

By the ~sumption T is constant* Hence (17) and (19) imply 
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Then (21) and the preceding two equations yield 

(Xj - x&.& = d(Xj - $s)(&). 

Using (24), (22), (as), and taking the index modulo three we calculate 

s;&(X; - X&2)(E~) = %&(&) + (%+1+ %+&f&*2(&) = A(&) 

= 2~&+l~~+z,i+2 = 2s;(X;+z - Xi,Wj+z,;+z ‘“- 28;d(Xi+2 - iS)(Ei), 

and therefore, again using (24), 

395 

(25) 

s;dX;(E(? = ~S;dX~+~(Ej) = ~s~~~j+~(Ej~. (261 
2’ = 0 in a point implies X1 = X2 = Xa in that point. Thus on the open kernel U of 
(p E MIT(p) = 0) the manifold M is of constant curvature and hence in Q. We define 

V = {P E MT(P) # 01, w HZ h’ h is an open subset of M, We shall prove that V E Q. Since 
U u V is an open and dense subset of A4 we then conclude that (1) holds everywhere 

and hence the whole of h4 is in Q. The following computations and arguments are all 

restricted to V, which is henceforth to be assumed non-empty. In view of (17) and (19) 
the functions s; are non-zero everywhere, hence (26) implies 

$ds(E;) = dX;(E;), 

&ds(E;) = dXj(E& 

&jds(E;) = d(Xj - $s)(&). 

Again, let H be the (1,2) tensor field 

(27) 

(28) 

(29) 

a(x, Y) = #s(X)Y + &ds(Y)X + &(X, Y)S* 

Then we calculate with (25), (27) and (29) 

(V’E~ Ric)Ei = ~~~(~~~~~ + (X; - ~~)~~~~~ + (X; - X~)W~E& 

= dX&!$)Ei + d(Xi - $)(Ej)Ej + d(X; - $)(E;;)E,, 

= @s(E;;)E; + JjdS(Ej)Ej + &#s(E&!$ = H(&)E;, 

and with (25), (23), (28) and (29) 

(V,EJ Ric)Ej = (Xi - X~)O~~E; + ~~~~~~)~~ + (Xj - Xk)&Ek 

= d(& - $S)(Ej)Ei + dXj(E~)Ej 

= ~~S{Ej~E~ + ~~s(~~)E~ = N(Ei, Ei)* 

Thus (3) is valid on V and hence V E Q. [II 

In view of Proposition 3 it remains to find the solutions of T GE const . 

Case 1, M of Type (C). If cp and $J are both constant on open subsets, then M is flat 
and hence in Q over the corresponding open subset of M. We now consider the case 
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where $J is constant and 9 is non-constant everywhere (that is, cp is non-constant on 

any open subset). The equation T = a/4 for some a E R then becomes 

In the regular points of 9 we can substitute p(v) = 9’ and get the Bernoulli equation 

The substitution u = p2 then leads to the linear equation 

The general solution of this equation is of the form 

U(V) = ~(cp + $)2(uv + b) with some b E R. 

Thus we see that 9 satisfies 

V’2 = cp(V t ti)2(aP + b) 

on the set of its regular points. Since by our assumption this set is open and dense, 

9 satisfies the above equation everywhere. Conversely, if p satisfies this equation, a 
straightforward computation proves that T = u/4 holds. 

Eventually we consider the case where p and ?I, are non-constant everywhere. At 
first we solve the equation T = u/4 for fixed y in an analogous way by using the same 

substitutions as above. Here we deduce that v satisfies necessarily the equation 

v’2 = v4 -I- WP3 t C(Y)P2 t d(?/)P 
with some b(y),c(y),d(y) E R. Th en we fix x and solve T = u/4 for $J analogously, 
which leads to 

!L+2 = -afj4 t P(x)$J3 t r(+b2 t qx>+ 
with some ,O(x),y(x),S(x) E R. Finally, inserting these expressions for ‘p and II, in the 

equation T = u/4 shows that p(x) = b(y),y(x) = -c(y) and 6(x) = d(y). Thus we have 
T = a/4 for some a E E% if and only if 

vt2 = up4 + big3 + cv2 + dp and 

+I2 = -uT+!J~ + bti3 - c$~ + d?l, 

with some b, c,d E IR. A different proof for the last statement can be found in [4, p. 

64/65]. 

Case 2. M of Type (D). We consider the equation T = -u/4 for some a E IR and 

substitute G, = l/FV (V = 1,2,3). Let i,j,k E {1,2,3} be distinct. For fixed xi and 
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zk the equation T = -a/4 is linear and can be solved explicitly in the usual way. Its 

solution is of the general form 

v=o 

with some b,;(zj, CC~) E Iw (V = 0,. . . ,4). Now, inserting these expressions for G1, G2 and 
GJ into the equation T = -a/4 leads via a straightforward and lengthy computation 

to the necessary and sufficient conditions 

b&2,23) = h/2(21,23) = h/3(%22) (u = 0,...,4). 

Thus we have T = -a/4 if and only if l/F;(z;) = P(z;) (i = 1,2,3) with a real 

polynomial P(z) = uz5 + bs4 + cz3 + dx2 + ex + f. Also in this case one can find a 

different proof in [4, p. 65/66]. 

We remark that in both cases and in view of (17) and (19) the vanishing of T (or 
equivalently, of the coefficient a) corresponds to the spaces of constant curvature. In 

case of T # 0 the number d of distinct eigenvalues of the Ricci tensor is three, whereas 
for a three-dimensional Riemannian manifold with parallel Ricci tensor always d < 2 

(see Remark 1). Thus h4 has non-parallel Ricci tensor in case T # 0. 
In view of Propositions 1,2 and 3 and the preceding computations regarding the 

constancy of T we have finished the proof of the Theorem. 
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