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Certain precessing black-hole mergers produce gravitational waves with net circular polarization,
understood as an imbalance between right- and left-handed amplitudes. According to the cosmological
principle, such emission must average to zero across all binary mergers in our Universe to preserve mirror-
reflection symmetry at very large scales. We present a new independent gravitational-wave test of this
hypothesis. Using a novel observable based on the Chern-Pontryagin pseudoscalar, we measure the
emission of net circular polarization across 47 black-hole mergers recently analyzed by [T. Islam et al.,
arXiv:2309.14473.] with a state-of-the art model for precessing black-hole mergers in general relativity.
The average value obtained is consistent with zero. Remarkably, however, we find that at least 82% of the
analyzed sources must have produced net circular polarization. Of these, GW200129 shows strong
evidence for mirror asymmetry, with a Bayes factor of 12.6 or, equivalently, 93.1% probability. We obtain
consistent (although stronger) results of 97.5% and 94.3%, respectively, using public results on this event
from [M. Hannam et al., Nature (London) 610, 652 (2022).] and performing our own parameter inference.
This finding further implies evidence of astrophysical sources that can spontaneously emit circularly
polarized photons by quantum effects. Forthcoming black-hole merger detections will enable stronger
constraints on large-scale mirror asymmetry and the cosmological principle.
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Introduction—The gravitational-wave (GW) interferom-
eters, Advanced LIGO [1], and Advanced Virgo [2], now
joined by KAGRA [3], have made the detection of compact
binary mergers almost routine. In less than a decade, these
detectors have reported ∼Oð90Þ observations [4–6], pro-
viding unprecedented knowledge on how black holes
(BHs) and neutron stars merge in astrophysics, their
populations [7], novel observations of gravitational phe-
nomena [8–10], and first tests of general relativity (GR) in
the strong-field regime [11–16].
GW observations have also enabled qualitatively new

studies of the Universe at large scales by offering a novel,
model-independent measurement of the Hubble constant
[17,18]. This parameter quantifies the expansion rate of our
Universe, and is one of the key observations supporting the
standard model of big bang cosmology. In recent years,
however, a serious tension has arisen between different
independent measurements of this parameter [19,20].
While systematic errors are still not entirely discarded,
the persistence of this and other issues after several years of
improved accuracy is starting to put into question the

standard cosmological model. A statistical analysis involv-
ing many GW events across the Universe could shed light
on some of its underlying global assumptions, such as the
cosmological principle. This is the assumption that, when
viewed at sufficiently large scales, our Universe should
look homogeneous and isotropic. While observations of the
large-scale structure [21] and anisotropies of the cosmic
microwave background [22,23] support this assumption for
≳100 Mpc with great accuracy, various findings have
recently questioned the validity of this hypothesis
[19,20,24], and have therefore revived interest in this topic.
Despite the limited number of events, GW catalogs have
already made possible some preliminary tests of homo-
geneity and isotropy in our Universe, finding no evidence
for violations of these. Such studies target the extrinsic
source parameters, namely the sky location [25] and
orientation of the source with respect to the observer
[26,27]. In sharp contrast, in this Letter we describe and
demonstrate an independent probe of the cosmological
principle by testing instead the handedness of the astro-
physical BH mergers detected by LIGO-Virgo, which is an
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intrinsic property solely determined by the masses and
spins. (We focus here on quasicircular binary black-hole
(BBH) mergers, ignoring orbital eccentricity.)
If our Universe is homogeneous and isotropic at very

large scales, then, in particular, it should be statistically
invariant under any global mirror transformation. Any
evidence of the contrary in large-scale structure observa-
tions would violate the cosmological principle. For isolated
astrophysical sources in GR, mirror asymmetry can be
quantified through the so-called Chern-Pontryagin scalar.
In a spacetime ðM; gabÞ, with Riemann curvature
tensor Rd

abc, the Chern-Pontryagin is the integralR
M d4x

ffiffiffiffiffiffi−gp
Rabcd�Rabcd, where � represents the Hodge

dual, �Rabcd ¼ 1
2
ϵabefR

ef
cd. This curvature integral is a

(dimensionless) pseudoscalar and, consequently, flips sign
under a mirror transformation. Therefore, it necessarily
vanishes if the spacetime ðM; gabÞ has mirror symmetry.
A nonzero value can be used to measure mirror asymmetry
in astrophysical sources. The higher the Chern-Pontryagin
is, the higher the mirror asymmetry of the spacetime will
be. As a coordinate invariant, it is furthermore an observer-
independent measure.
It can be shown that the Chern-Pontryagin is different

from zero if and only if the (asymptotically flat) spacetime
ðM; gabÞ admits a net flux of circularly polarized gravita-
tional radiation, VGW ≠ 0, where [28,29]

VGW ¼
Z

∞

0

dωω3
X∞

l¼2

Xþl

m¼−l

× ½jh̃þlmðωÞ − ih̃×lmðωÞj2 − jh̃þlmðωÞ þ ih̃×lmðωÞj2�
ð1Þ

can be understood as the gravitational analog of the electro-
magnetic Stokes V parameter. Above, h̃þ;×

lm ðωÞ denote the
Fourier transforms of the real and imaginary parts of theGW
strain multipoles, hlmðtÞ ¼ hþlmðtÞ − ih×lmðtÞ in a generic
frame, expressed in a spin-2 spherical harmonic basis.
The combinations h̃þlm − ih̃×lm and h̃þlm þ ih̃×lm denote a

left-handed and right-handed circularly polarized wave
mode, respectively. (Alternatively, h̃þlm − ih̃×lm, h̃þlm þ
ih̃×lm represent the multipoles of fields with spin weight
−2 and 2, respectively.) It is easy to see from simple
considerations that mirror symmetry implies VGW ¼ 0, i.e.,
null net circular polarization. An astrophysical system with
mirror symmetry, such as the merger of two spinning black
holes with parallel spins, always admits a frame where
h̃þl−m ¼ ð−1Þlh̃þlm, h̃×l−m ¼ −ð−1Þlh̃×lm. Then, although a
particular GW mode ðh̃þlm; h̃×lmÞ may be circularly polar-
ized, in the sense jh̃þlm − ih̃×lmj2 − jh̃þlm þ ih̃×lmj2 ≠ 0, the
mode ðh̃þl−m; h̃×l−mÞ cancels this contribution out in the sum
above. In other words, if this astrophysical source generates
a circularly polarized flux in a given direction of the sky,
observers in the opposite direction will receive exactly the

same flux but with opposite circular polarization.
Therefore, integration over the full sphere yields null net
handedness. Thus, an imbalance in Eq. (1) between right-
and left-handed modes can only be obtained when there is
no mirror symmetry.
Individual astrophysical sources can generate a greater

abundance of right-handed over left-handed GWs, or vice
versa, VGW ≠ 0. Since VGW flips sign under a mirror
transformation (left-handed modes turn into right-handed
modes and vice versa), these sources break mirror symmetry.
If the cosmological Principle holds, however, one should
recover mirror-reflection symmetry at very large scales when
averaging across all GW sources in our Universe, i.e.,
hVGWi ¼ 0. Therefore, GW catalogs can be leveraged to
constrain mirror asymmetry in our Universe using VGW.
As a (pseudo)scalar derived from the Chern-Pontryagin,

VGW remains invariant under coordinate transformations
that preserve the frame’s handedness. Consequently, VGW
is a real number intrinsic to the astrophysical source,
independent of the frame. This allows a test of the
cosmological principle that is independent of the source’s
orientation relative to the observer, in contrast to [25–27].
Binary black holes (BBHs) can produce this imbalance

in the handedness of GWs in our Universe [30]. However,
as elaborated on in [28,37], mirror asymmetry requires the
BH spins to be misaligned not only with respect to the
orbital angular momentum (thus leading to orbital preces-
sion) but also between them. Therefore, BBHs can only
emit such a net flux of circularly polarized radiation
[Eq. (1)] in certain precessing configurations. The detection
of precessing systems itself is far from common, with only
one event to date being claimed as precessing, namely
GW200129 [8]. This is because current matched-filter
searches for BBHs still omit orbital precession in their
templates [6,38–40], which greatly damages their sensi-
tivity to these systems [41–43]. Moreover, BBH-spin
configurations are influenced by astrophysical formation
channels [44]: while dynamical formation channels favor
isotropic spin distributions [45–47], common evolution
scenarios favor aligned spins [48,49]. Do mirror-asymmet-
ric BBH exist in our Universe, or are they just unphysical,
idealized scenarios?
Mirror asymmetry in single LIGO-Virgo events—We use

the posterior distributions for the masses and spins of 47
BBH mergers recently analyzed by Islam et al. [50]. This
analysis uses the state-of-the-art waveform model
NRSUR7DQ4, which is calibrated directly against numerical
relativity simulations obtained by Boyle et al. [51,52]. The
posterior samples are available at Islam et al. [56]. From
these, we obtain posterior distributions for VGW through
Eq. (1), generating the GW modes hlm (up to l ¼ 4) using
the NRSUR7DQ4 model.
Figure 1 shows the posterior probability distribution

pðVGWÞ for all 47 events, together with the corresponding
prior πðVGWÞ, shown in black. The latter is induced by the
priors on the BBH parameters imposed by [50], described
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in Appendix B. Among all events, we find that only
GW200219 shows a posterior distribution (in green) that
clearly deviates from zero, peaking around VGW ¼ −1 and
with VGW ¼ 0 laying at the 98th percentile. We also
highlight the posterior for the first detection, GW150914
[57], which closely follows the prior, and GW190521, for
which Abbott et al. [58] found mild evidence for
precession.
For each event, we compute the evidence for nonzero

VGW through the Savage-Dickey ratio (see Appendix C),
given by BVGW≠0

VGW¼0 ¼ πð0Þ=pð0Þ. The corresponding values
are reported in Fig. 6 (Appendix A) for all events. First, we
find that all but one of the events yield BVGW≠0

VGW¼0 > 1. Among
these GW200219 stands out as the only one yielding strong
evidence for VGW ≠ 0, with BVGW≠0

VGW¼0 ¼ πð0Þ=pð0Þ ¼ 12.7
or, equivalently, 92.7% probability. Hannam et al. [8] also
recently analyzed this event, finding strong evidence for
orbital precession [8]. Using their posterior samples [59]
and the corresponding induced prior, we find BVGW≠0

VGW¼0 ¼ 40

(or 97.5% probability). Finally, performing our own
parameter inference (see Appendix B for details), we find
an intermediate result of BVGW≠0

VGW¼0 ¼ 16.7 (or 94.3% prob-
ability). The corresponding posterior distributions are
shown in Fig. 2.
Ensemble properties: Average mirror symmetry and

relation to orbital precession—Figure 3 shows the pos-
terior distribution for the average of VGW across all 47
events (blue) together with the corresponding prior. The
posterior distribution is consistent with zero, mildly devi-
ating from the prior. We obtain hVGWi ¼ −0.013þ0.142

−0.141 ,
quoted as the median value, together with the sym-
metric 90% credible interval. Consistently, using the

Savage-Dickey ratio again, we find no evidence that mirror
symmetry is violated, obtaining a relative evidence of
1.27∶1 between the hVGWi ≠ 0 and the hVGWi ¼ 0 hypoth-
eses. We have checked that removing GW200129 from the
set of events makes the posterior follow the prior.
While only GW200129 shows strong evidence for

nonzero VGW, all but one event presents weak positive
evidence. This invites the question of what fraction ζVGW

of
the 47 BBH events must have VGW ≠ 0, even if we cannot
identify them individually. We can compute the posterior
distribution for ζVGW

as pðζVGW
Þ ∝ Q

i∈ ½1;47�½BVGW≠0
VGW¼0;iζVGW

þ
ð1 − ζVGW

Þ� [60,61]. We obtain ζVGW
¼ 0.95þ0.04

−0.13 , indicating

FIG. 1. Posterior probability distribution for the gravitational
Stokes parameter (1) for the 47 events considered in this Letter.
The black curve denotes the prior distribution. Most of the
posteriors are rather noninformative. We highlight the only event
displaying strong evidence for nonzero VGW, namely
GW200129, together with GW190521 and GW150914.

FIG. 2. Posterior probability for the gravitational Stokes
parameter VGW for GW200129 according to various analyses.
The solid, dot-dashed and dotted green lines show, respectively,
the posterior distributions obtained from our own analysis and
those using the samples released by Islam et al. [50] and Hannam
et al. [8]. We show the prior distribution in black.

FIG. 3. Posterior probability distribution (in blue) for the
average value of VGW across the 47 events considered in this
Letter. The gray curve denotes the prior distribution. The
posterior distribution, while minimally informative, is strongly
consistent with zero. Removing GW200129 from the observation
set makes the posterior noninformative, following the prior.
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that 82% of the events have VGW ≠ 0, which requires orbital
precession, at the 95% credible level (see the discussion section
for more details).
Beyond orbital precession—Given the close relation

between orbital precession and VGW, it is natural to ask
whether a nonzero VGW for GW200129 follows trivially
from previous claims of orbital precession in this event. To
answer this question, Fig. 4 shows the two-dimensional
69%, 90%, and 95% credible regions for VGW and the
effective-precession spin parameter χp [62,63], commonly
used to parametrize the amount of precession. First, the
posterior for GW200129 clearly deviates from the prior.
Second, while the prior distribution shows a clear corre-
lation between the value of χp and the maximum allowed
value of VGW, GW200129 clearly deviates from the prior
even when restricting it to high values of χp, progressively
disfavoring VGW ¼ 0 for increasing χp. To quantitatively

show this, we compute BVGW≠0
VGW¼0 for restricted intervals of

χp ∈ ½0.7; 0.8�, χp ∈ ½0.8; 0.9�, and χp ∈ ½0.9; 1�, respec-
tively, yielding 17, 33, and 53. In summary, our finding
of mirror asymmetry for GW200129 does not trivially
follow from that of orbital precession. Instead, this event
belongs to a “subclass” of precessing mergers producing a
net emission of circularly polarized GWs.
Spectrum—Figure 5 shows the posterior distribution for

the absolute value of the integrand of VGW for GW200129
as a function of the frequency. The red lines denote, for
each frequency, median values and 90% credible intervals.
We highlight two aspects. First, the highest emission
probability occurs at 200 Hz, roughly corresponding to
the merger frequency. This is not surprising as it is near a
merger when mirror asymmetry becomes stronger. Second,
while a lower cutoff of 20 Hz was used in our calculation of
VGW, Fig. 5 clearly shows that, for such frequencies, the
integrand has already decayed nearly 2 orders of magnitude

with respect to the peak value. Therefore, we do not expect
the limited length of our waveforms to impact our
conclusions.
Discussion—Since GR is not a chiral theory, one may

assume that our Universe should contain the same pro-
portion of right-handed vs left-handed BBHs to achieve
global mirror symmetry. However, this is not necessarily
the case [64], and this hypothesis has to be confirmed with
observations. This is crucial, as any significant deviation
would lead to a direct violation of the cosmological
principle. GWastronomy has now compiled a good sample
of ∼90 events, and is starting to have the potential to test
this hypothesis. Currently observed BBHs range in distances
up to 10 Gpc, providing valid probes of large-scale phenom-
ena. Using these, we have designed a novel test based on the
calculation of the net circular polarization emission from 47
BBHs observed to date, through the observable VGW,
derived from the Chern-Pontryagin pseudoscalar.
We report three main results. First, we find no evidence

that mirror symmetry is broken across the observation set.
Second, we find strong evidence that GW200129 produced
a net emission of circularly polarized GWs—with Bayesian
evidence that varies between 12.6 and 40, depending on the
analysis choices—with all but one of the remaining events
mildly favoring such hypothesis. This result is consistent
with the fact that GW200129 has previously been identified
as a precessing BBH, which is a necessary condition for a
net GW polarization emission [28,37]. Remarkably, while
most posteriors for individual events are rather nonin-
formative and all but one (very mildly) favor the net
emission hypothesis, any deviations of the average pos-
terior from the corresponding prior are solely due to
GW200129. This situation may change as further GW
events, especially strongly precessing events, are detected
in current and forthcoming observation runs. Third, we
have found that at least 82% of the analyzed events must

FIG. 4. Gravitational Stokes VGW parameter vs effective orbital
precession parameter χp for GW200129. We show two-dimen-
sional 69%, 90%, and 95% credible contours, together with the
corresponding prior.

FIG. 5. Spectrum for the circularly polarized emission of
GW200129. Posterior distribution of the absolute value of the
integrand of VGW as a function of the frequency. The red lines
denote the median and 90% credible intervals.
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have VGW ≠ 0, which requires orbital precession. We
cannot, however, claim that 82% of the events must be
precessing, as none of our competing models is purely
restricted to nonprecessing systems. Instead, we show that
if BBH mergers are split into two physically motivated
groups—one containing only precessing mergers—most
binaries must belong to such group, with the other one
containing both aligned-spin and precessing mergers
with VGW ¼ 0.
The existence of mirror asymmetric BBHs like

GW200129 is the breeding ground for additional parity-
violating processes. As reported in [28], these systems
trigger the spontaneous creation of photon pairs with the
same helicity by quantum effects [65–68], thus producing
an overabundance of photons with one preferred handed-
ness. Integrated across all the events in the Universe, they
might impact cosmological observables, e.g., by introduc-
ing a systematic error in measurements of the cosmic
microwave background. In this Letter, a viable astrophysi-
cal source for this quantum effect has been identified for the
first time, shedding evidence that these sources are viable
and potentially frequent in nature.
Our results can have deep implications in the context of

BBH formation channels and their environments. The hints
found on the number of precessing events, which can only
be confirmed through explicit calculation of Bayesian
evidences for such effect, aligns with existing arguments
for dominant dynamical formation channels (although
these rather come from claims of orbital eccentricity
[69–71]), as opposed to isolated evolution, which favors
aligned spins typical of isolated BBH formation [45–47].
Dynamical formation is characterized by isotropic spin
distributions [48,49] and is linked to hierarchical BBH
formation in dense environments, commonly invoked to
explain the current observations of merging black holes
[58,72–75] with masses within the pair-instability super-
nova gap [76–78] and the formation of supermassive black
holes from stellar-mass ones [79]. While it is known that
precession and eccentricity can be mistaken for very large
total masses [71,80], most of the studied events have
masses low enough that they should be safe from such
degeneracy. Our Letter is also limited by the fact that we do
not include selection or population effects, which would
allow us to conclude not only on the observed set of events
but also on the underlying population. In particular, it is
known that current searches for BBHs have very limited
sensitivity to precessing BBHs as compared to aligned-spin
ones, hinting that the fraction of precessing events in the
population may be much larger than that in the observation
set. Estimating such sensitivities would, however, require
computationally intensive injection campaigns [42,81], so
we leave this is as a potential future line of research.
Finally, our Letter omits the handedness of sources

beyond BBHs as, e.g., neutron stars, which can emit a
comparable GW strain [82,83] and can produce nonzero

VGW even in the absence of precession, during their
postmerger stages. Such signals should be detectable by
future detectors like Cosmic Explorer [84,85], Einstein
Telescope [86,87], or NEMO [88]. The GW background
recently detected by NANOGrav [89], which remains out
of the scope of this Letter for obvious reasons, may also
display some degree of mirror asymmetry and contribute to
another frequency band.
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End Matter

Appendix A: Individual evidences for nonzero VGM—
Figure 6 shows the value of BVGW≠0

VGW¼0 for each of the 47
BBHs considered in this Letter, obtained from the
posterior samples publicly released by [50]. As
described in the text, all values are above 1 expect for
that for GW190929_012149. The event with the second
highest value, GW190527_055101, does barely exceed a
value of 4, not individually indicative of any strong
evidence for the effect we discuss.

Appendix B: Comparison of parameter inference
settings—We conduct Bayesian parameter inference on
8 s data from the pair of Advanced LIGO and the
Advanced Virgo detectors around the time of
GW200129 and other selected events. Our analysis uses
the publicly available software BILBY [92,93] in its
parallelizable version PARALLEL BILBY [94]. For the

GW200129 study, we use the deglitched data frame for
LIGO Livingston as the event coincided with an excess
noise caused by an electro-optic modular system [6]
similar to Hannam et al. [8] and Islam et al. [95].
As a signal-template model, we use the state-of-the-art

model NRSUR7DQ4 [96], which is directly calibrated to
numerical-relativity simulations of precessing binary black-
hole mergers and includes higher emission modes up to
l ¼ 4. We use the standard likelihood function for gravi-
tational-wave transients [97,98] and evaluate it from a fixed
minimum frequency of fmin ¼ 20 Hz identical to the
reference frequency choice for our analysis. Our priors
align with those adopted by the LIGO-Virgo-KAGRA
Collaboration, except for the bounds in the mass parameter
space, which we adapt to the domain of validity of the
NRSUR7DQ4 model. Specifically, we restrict the mass ratio
to values greater than 1=6 and constrain the chirp mass

FIG. 6. Evidence for nonzero VGW for each of the analyzed events. For each event, we show the relative Bayes factor for the VGW ≠ 0
scenario versus the VGW ¼ 0 one, according to the posterior parameter samples released by [50].
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from 14M⊙ to 100M⊙. We sample the likelihood function
across the parameter space using the nested-sampling
algorithm DYNESTY [99] and use Eq. (1) to obtain the
gravitational Stokes parameter VGW from the obtained
posterior samples for the source.
For comparison, the analysis by Hannam et al. [8] limits

the mass ratio between 1=4 and 1, the chirp mass between
14.5M⊙, and 49M⊙ and the detector frame total mass to be
above 68M⊙. Also, they used a reference frequency of
50 Hz and a power law luminosity distanceD2

L prior default
in LALINFERENCE [100]. The latter is in contrast to our
luminosity-distance prior, which corresponds to a uniform
merger rate in the source’s comoving frame for a cold
dark matter cosmology with H0 ¼ 67.9 km=s=Mpc and
Ωm ¼ 0.3065, similar to that used for LIGO-Virgo-
KAGRA Collaborations and Islam et al. [95] analysis.
We believe this is the main reason behind the slightly
different results shown in Fig. 2, as the little “bump” of the
posterior distribution for VGW around zero in ours and
Islam’s analyses correlates with a similar feature in the
posterior distribution for the luminosity distance, located at
low distance values.
The Islam et al. [95] analysis also employs marginally

distinct mass prior bounds. They restrict the mass ratio
within the range of 1=6 to 1, constrain the chirp mass to fall
between 12M⊙ and 400M⊙, and set the detector frame total
mass in the interval 60M⊙ to 400M⊙, while maintaining
consistency with other settings employed in our analysis.

Appendix C: Savage-Dickey density ratio for generic
sharp nested hypotheses—Consider two models H1 and
H0 described by a set of parameters collectively denoted
as θ⃗ and an extra parameter φ. Next, consider that the
H1 model allows all parameters to vary freely over a
given range, with prior probability π1ðθ⃗;φÞ, while the
model H0 imposes the restriction φ ¼ φ0. Further, let us
assume that the prior probability π0ðθ⃗Þ for the
parameters θ⃗ in the model H0 is equal to the prior
probability for θ⃗ in H1, conditional to φ ¼ φ0. This is
π0ðθ⃗Þ ¼ π1ðθ⃗jφ ¼ φ0Þ. Under these conditions, the
Bayes’ factor for the model H0 over H1 is given by
the ratio of the marginal posterior and prior distributions
for φ ¼ φ0 in H1, known as the Savage-Dickey ratio.
This is

B0
1 ¼

p1ðφ ¼ φ0jdÞ
π1ðφ ¼ φ0Þ

; ðC1Þ

where

p1ðφ ¼ φ0jdÞ ¼
Z

δðφ − φ0Þp1ðθ⃗;φjdÞdθ⃗dφ;

π1ðφ ¼ φ0Þ ¼
Z

δðφ − φ0Þπ1ðθ⃗;φÞdθ⃗dφ: ðC2Þ

Above, p1ðθ⃗jdÞ denotes the posterior probability for the
parameters θ⃗, given the data d, under the model H1. In
general, the posterior probability distribution for a set of
parameters θ⃗ is given by

pðθ⃗jdÞ ¼ pðθ⃗Þpðdjθ⃗Þ
p1ðdÞ

≡ πðθ⃗ÞLðθ⃗Þ
Z

: ðC3Þ

The term Lðθ⃗Þ≡ pðdjθ⃗Þ denotes the probability for the
data d given the parameters θ⃗ (also simply known as the
“likelihood” for θ⃗) and the term Z denotes the evidence
for the model H, given by

Z ¼
Z

πðθ⃗ÞLðθ⃗Þdθ⃗: ðC4Þ

In the main text, we have applied the Savage-Dickey
ratio to a nested model H0 defined as the restriction of a
larger modelH1, with parameters θ⃗ ¼ fθ1;…; θng, through
a condition imposed on a function fðθ⃗Þ of the parameters θ⃗.
In contrast, in all of the cases we have seen in the literature,
the Savage-Dickey ratio is applied to models H0 defined
through the restriction of one of the parameters θi to a fixed
value θi;0. While it seems natural that the Savage-Dickey
ratio should be applicable the situation we consider, we
have not been able to find an explicit demonstration in the
literature. For this reason, we provide a derivation of it in
this appendix.
The relative Bayes’ factor for the model H0 over the

model H1 is given by the ratio of the respective Bayesian
evidences. This is

B0
1 ¼

Z0

Z1

: ðC5Þ

By definition, the evidence for the model H0 is given by

Z0 ¼
Z

π0ðθ⃗ÞLðθ⃗Þdθ⃗: ðC6Þ

Also by definition, H0 is given by the restriction of H1 to
the subset of parameters satisfying fðθ⃗Þ ¼ 0. Therefore, the
prior probability for the parameters θ⃗ in H0 is given by
π0ðθÞ ¼ π1½θjfðθÞ ¼ 0�. With this, we get

Z0 ¼
Z

π1½θ⃗jfðθ⃗Þ ¼ 0�Lðθ⃗Þdθ⃗: ðC7Þ

Applying the Bayes’ rule to the first term in the integrand
yields

Z0 ¼
Z

π1½fðθ⃗Þ ¼ 0jθ⃗�π1ðθ⃗Þ
π1½fðθ⃗Þ ¼ 0�

Lðθ⃗Þdθ⃗: ðC8Þ
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Next, using the definition for the evidence for H1, we
obtain

Z0 ¼ Z1

Z
π1½fðθ⃗Þ ¼ 0jθ⃗�
π1½fðθ⃗Þ ¼ 0�

p1ðθ⃗jdÞdθ⃗: ðC9Þ

Finally, noticing that π1½fðθ⃗Þ ¼ 0jθ⃗� ¼ δ½fðθ⃗Þ − 0�, we
arrive to the expression

Z0 ¼ Z1

p1½fðθ⃗Þ ¼ 0jd�
π1½fðθ⃗Þ ¼ 0�

; ðC10Þ

where

p1½fðθ⃗Þ ¼ 0jd� ¼
Z

δ½fðθ⃗Þ − 0�p1ðθ⃗jdÞdθ⃗ ðC11Þ

denotes the marginal posterior distribution for fðθÞ ¼ 0
within the model H1.
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