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In this letter, with the use of matching method, we investigate the shear viscosity in a non-relativistic
boundary filed theory without hyperscaling symmetry, which is dual to a bulk charged hyperscaling
violating black brane. By matching the solutions to the inner region and outer region at the matching
region, we analytically obtain that the ratio of shear viscosity and the entropy density is alway 1/4m at
zero temperature and finite temperatures. Our results satisfy the Kovtun-Starinets-Son (KSS) bound.
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1. Introduction

Gauge/gravity duality is a beautiful approach to study the
physics of strongly coupling sectors, because it connects a bulk
gravitational theory and quantum field theory that lives in one
less dimensions [1-3]. This allows us to explore the strongly cou-
pled phenomena with the use of dual gravitational systems with
weak coupling. In order to capture physics in a wider class of field
theories, the duality has been generalized to the sectors beyond
relativistic conformal symmetry. A remarkable generalization pro-
posed in [4-11] is to consider the dual gravity with the metric

) % (1 5, 1, 1,
ds2,, =udT <_ﬁdt+u_2du +u—2dx , )]

which presents both a Lifshitz dynamical critical exponent z
(z>1) and a hyperscaling violating (HV) exponent 6. Under the
scale-transformation t — A%t, X; — AXj, U — Au, the metric trans-
forms as ds — 1%/@=1Dds, which breaks the scale-invariance. When
6 =0, the above analysis recovers the known geometry with Lif-
shitz symmetry and it goes back to the pure AdS geometry when
z=1 and 0 =0. Lots of extensive holographic study based on HV
background have been present in [12-21] and references therein.
As the simplest implement of holography, AdS/CFT correspon-
dence has been widely used in the study of hydrodynamic prop-
erties, such as transport coefficients of strongly coupled systems.
Specially, it is found that the ratio of the shear viscosity (1) over
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the entropy density (s) has a universal value 1/4m in dual theo-
ries described by Einstein gravity [22,23], which has been extended
into more general theories, see [24-27] and therein. It is then ad-
dressed in [28,29] that the value of ratio 1/4m gives a universal
lower bound, namely the KSS bound, which should be satisfied by
all sectors in nature. However, the violation of the viscosity bound
has been studied in the presence of higher-derivative gravity cor-
rections [30-40] and in anisotropic gauge/gravity dualities [41,42].
All the descriptions above are focused on finite temperature. Later,
by borrowing the matching method proposed in [43] to study the
holographic (non-)Fermi liquid, the transport coefficients includ-
ing shear viscosity and electric conductivity were investigated at
extremal AdS RN black hole with finite charge density [44,45]. At
zero temperature, the ratio 7/s of the boundary field theory is the
same as that at the finite temperature boundary field theory. With
the same method, the transport coefficients of field theory dual to
AdS charged Gauss-Bonnet is performed in [46].

It will be interesting to explore the transport coefficients of
hydrodynamic modes in wider boundary geometries like Eq. (1) ac-
companying with finite charge density, because it is more general
than that discussed in AdS gravity. This means that one requires
a charged black hole solution with the asymptotical behavior of
Eq. (1) in the bulk theory. This kind of solution was firstly pro-
posed in [7], which will be present in the next section.

The aim of this work is to disclose the shear viscosity of the
field theory with finite charge density at any temperatures, dual to
the bulk theory with hyperscaling violation found in [7]. We will
use the matching method via comparing the solution of inner re-
gion and outer region at the matching region. Before computing
the shear viscosity, we calculate the asymptotical solutions of the
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perturbation modes by matching the solutions. The ratio of shear
viscosity to entropy density keeps 1/4m both at zero and finite
temperature, though the HV exponent 6 explicitly contributes to
the entropy density and shear viscosity. This means the hyperscal-
ing violating in the system does not violate the KSS bound. Note
that the shear viscosity via matching method in Lifshitz black hole
without hyperscaling violation has been addressed in [47]. And
more study of the shear viscosity of non-relativistic effective field
theory in neutral case via various methods can be seen [48-52].
This paper is organized as follows. We briefly review the black
brane solution at any temperature in HV theory in section 2. Using
the matching method, we study the shear viscosity at zero and
finite temperature in section 3. In both cases, the KSS bound is
satisfied. The last section is the conclusion and discussion.

2. The charged HV black branes from Einstein-Dilaton-Maxwell
theory

We start from Einstein-Dilaton-Maxwell (EDM) action in 3 + 1
spacetime dimensions [53]

_ 4 LY
Sp= - dx«/_[ @9+ V@)

1
-2 (eMPFMVF Ly + ekzd’f/”fw)] 2)

The action contains two U(1) gauge fields coupled to a dilaton
field ¢. The U(1) field A with field strength F,, is required to
have a charged solution, while the other gauge field A with field
strength 7, and the dilaton field are necessary to generate an
anisotropic scaling. Here A and A, are free parameters, which will
be determined later. We can deduce the equations of motion for all
the fields from the above action. The Einstein equation of motion
for the metric is
1 V(¢)

—Rguv = 3u¢3v¢ gy

RMV_z

1
3 [ew(ng =GP )

+ €420 (F, L — %fﬂ”fpa)]. (3)

The equation of motion for the dilaton field is

dV(¢)

Vi = 4 1 (A eMOFMVE, + 00" FIVFL) . (4)
The Maxwell equations for the gauge fields are

Vi (vV—ge??F*V) =0, (5)
Vi (vV—geM?F*’) =o0. (6)

The potential V(¢) plays a very important role in obtaining a
charged HV black brane. Following [7], we set V (¢) = Vge?? with
y and Vg being free parameters. Then the analytical charged HV
black brane solution is [7]

ds3 =1~ ( r?2 f (rydt? + 2f( 3 + r?(dx? +dy2)), (7)
Th 24+z—60 Q2 h 0—z
f=1- (?) toeam |1 (?) ; (8)
2-6/2
Fre =2z —1)2 + 2z — O)e A0 o 102 01420, (9)
_ [z=1+072
Fre=Qy2Q2—0)(z— 0)e V 730 90041 (10)
b — pbopVZEDE—1-072) (11)

Here, ry is the radius of horizon satisfying f(rp) =0 and Q =
ﬁ [ €*1?Fy is the total charge of the black brane. All the param-
eters in the action can be determined by Lifshitz scaling exponent
z and HV exponent 6

L [2e=1-6/2 ~ 22-6/2)
TV 2T S2C-0@z-02-1
0
V= he-te-1-02
—6
Vo = e FEETETTS (2 — 0+ 1)z — 0 +2). (12)

From Egs. (9) and (10), we can obtain the gauge fields

el )

with g = V20— 1)(2+Z_9)e#/j*%%r2“_9,
24z-6 :
(13)
z—0
e[
22 -0 z-110/2
with w= Q ( 0) 202-0) %o 9 z (14)

In addition, the Hawking temperature and entropy density are re-
spectively

2+z—-0)r? -0 L

:( )h 1_ (Z )Q f21(0 z—1) i (15)

4 2+z—-6

2-6

r

"h

S=— 16

4G - (16)

Before proceeding, we have to fix the valid region of the pa-
rameters z and 6. First, the background solution (7)-(11) are valid
only if z>1 and 6 > 0. Second, the condition z — 6 > 0 should
be satisfied to make sure a well-defined chemical potential in the
dual field theory. Third, it is obvious from equation (13) that 6 < 2.
The null energy condition (—— + 1)(—— +z—1)>0 [7] gives us
6 < 2(z —1). Thus, in this charged background the range of the
parameters is

{ 0<6<2(z—1) for 1<z<2, (17)

0<6 <2 for z>2.

Furthermore, if we set Q = 1/%rﬁ_eﬂ, ie, u =

ST
W ry, one gets the zero-temperature limit. Then the
redshift factor f(r) becomes

2z—-60+1) z2—6+2

Flrg =1~ 204D (1)
—0 r
Z—0+2 /rp\2(z—0+1)
+ () . (18)

z—0 r
Obviously, in the near horizon limit r — ry,

(z—0+1)(z—6+2)
FOr=0r-m, =~ - (r —rm)*. (19)

Th
Therefore, at the zero temperature, there exists the same near hori-
zon geometry, AdS, x R?, as that for RN-AdS background. Specially,
we can define u =r/ry and change the coordinate via
o

u—1=-—, (20)
S
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with a = Consequently, near the horizon, the

1
Z=0+1)(z=0+2)r% "
metric is given by

—dt? +dg?
ds? = rh_e [ o
(z—0+1)(z—60+2)¢g
with the curvature radius of AdSy Ly =1//(z—0+1)(z—0 +2),

while the gauge fields are A; = “(Z 9¢ and A, szﬂ re-
spectively.

S+ 1h(dx? +dy2)], (21)

3. Analytical study of shear viscosity

The shear viscosity of the dual boundary theory is related with

the retarded Green function via the Kubo formula
ImGR (w)

n=— lim — 2 (22)

w—0 w

According to the real-time recipe proposed in [54], the formula of
the retarded Green function is

\/_guuhx*(u)auhx (W) ly— o0, (23)
167G
where h"y(u)e"“’t is the tensor perturbation, gxy = &xy + hxy, of
the background Egs. (7)-(11), satisfying the linearized equation of
motion

xy Xy (w) =

u? f1 () + (3uf Fuzf —ubf + uzf’) ()
2

+ == (24)

w
222 f () =
In the equation above, the prime denotes to the derivative to u.
3.1. Shear viscosity at zero temperature

We shall calculate the shear viscosity according to the retarded
Green function following the matching method proposed in [43].
To this end, we divide the radial axis into inner region with u—1=

aw

%@ and outer region with u — 1 > “*, and we consider the limit

-0, ¢=finite, € -0, ?—w. (25)

And then, we match the solutions of the inner region and the outer
region in the matching region with ¢ — 0 and u—1 = %2 — 0. For

€
convenience of notation, we will set h"y = . After introducing

w=oaw and ¢ =wg¢, (26)

we have u =1+ '?“ from (20). So the matching region near the
horizon means taking a double limit ¢ — 0 and tv/¢ — 0. The
equation (24) can be rewritten in term of to as

w2 fy’ (u) + (3uf Fuzf —ubf + uzf’) v (1)

N (z=6 4 1)(z -6 + 2))%w?
u22f

Y (u) =0. (27)

3.1.1. Solution of inner region
The perturbation mode near the horizon can be expanded in
the low frequency limit as

@) =9 0@ + oy V@) + w02y P @)+ (28)

Here the leading term attributes to the near horizon AdS; x R?
geometry. Subsequently, in terms of the coordinate ¢, the leading
term of (27) reads as

v )+ 9@ =0, (29)

the general solution of which is

2 2) = al” exp(ic) + b\” exp(—i?). (30)

Keeping the regularity in mind, we intend to choose the in-going
boundary condition which requires to set b;o) =0 to cancel the
out-going branch.

Then, near the matching region, i.e., in the limit of ¢ — 0, the
in-going result can be expanded as

1
0@ lemo~a® 1 +ig) =al” [1 +gR(m>m] (31)

where we have used ¢ =
coordinate u. Meanwhlle

Gr(to) = ito (32)

77 to express the second equality in the

is nothing but the retarded Green function of a zero-charge scalar
operator with conformal dimension one in the IR conformal field
theory, of which the dual field is 1//1(0) in the framework of AdS/CFT
correspondence. This is explicit because when we rescale ¢ into
¢/w, equation (29) coincides with the equation of motion for a
massless and chargeless scalar field in AdS; geometry [43].

Considering equation (27) in term of the order of tv, it's easy
to obtain that the solution in the inner region near the matching
region has the form

) ago)
WI(U):GI +ng(m)+"' (33)
where the dots denote the non-vanishing w term, but they van-
ish in the limit of to — 0. Note that the solution of inner region
is universal, meaning that it does not depend on the geometrical
parameters. Then we will move on to explore the outer region so-
lution in order to match the solutions.

3.1.2. Solution of outer region, matching and the shear viscosity
In this subsection, we shall work out the solution in the outer
region, which can be expanded for both at asymptotical boundary
and at the matching region so we can match the solution in outer
region to that in inner region obtained in the above subsection.
Now, we expand the perturbation field of the outer region in
the low o limit as

Yo )=y @) +w0yy @) + iy @) + - . (34)
It’s straightforward to get the leading order equation of (27)
w2 fyr @+ (3uf +uzf —uof +ulf )y W =0, (35

from which we see that this equation only explicitly depends on
the value of f =z — 6.
For arbitrary z — 6 =1, the general solution of (35) is

v )

.
K[2]
= ag)) + / ef1

1

_ 2ot p2n KNP 3 K2 ey
KII@+i-Q+20) K1 +2K [112T2E)

b(o)dK[Z]

(36)

where K[i] (i =1,2) is the complete elliptic integral of the first
kind. And a((?) and bg)) are integral constants which will be dis-
cussed soon. Although the above solution is not explicit for gen-
eral ff, once we give the value of f, we can obtain the concrete
expression of the solution. Furthermore, we can take its behavior
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near the matching region and the boundary. Specially, the asymp-
totical behavior of the above equation has the form

p©
(@ +2)urt?

with the dots denoting the higher subleading terms than u—¢+2),
while near the matching region, the behavior of (36) is

b©

(0) _ 0 0) ~ 1(0)
% Wy—s1= G1DHE+2@—1) +ag +C0bo +

Y W)y = (@ + Cob) — T (37)

(38)

where the dots represent the vanishing term in the limit of o — 0.
Note that Co and Cp are some functions of . Matching (33) and
(38) will give us the following relations

bY = — (¢ + 1)(& + 2)Gr(w)a®,
0§ =[14 ¢+ 1@ +2Co) () |af”. (39)

Then putting the above relations in to (37), we can write asymp-
totic form of h"y (u) as

Yo Wluroo =a” [14 & + Dz +2)(Co — Co)Gr(w) + -+ ]

+ (8 + D" Gr(0)1 4 u™ D 4
a1 + A(#)Gr (o) + - -]
+ @+ DaVGro) 1+ u= D 4. (40)

where in the second line we have defined the constant function
A() =+ 1 + 2)(Cop — Cp). Then taking account of (22) and

(23) and setting aEO) =1, we obtain the ratio of shear viscosity to
the entropy density is

ImGy, ,, (@)

s=— lim
n/ w—0 wSs
. 1 1
= — lim —Im r4+22 49u2+22 —46 0 2+9
w—>0ws | 167GV 'h "t

X fl—(#+ 1)+ 2)Gr(0)(1 + @(m))u—<n+3)]]

u—0oo
20
1
__'n =—, (41)
16 Gs 4nm

. s _ iw ; _
where we have substituted Gg(tv) = icw = FDEDT in the sec

ond line. Note that the result in AdS case with z=1 and 6 =0
discussed in [44] can be recovered by our case with jj—] So we
conclude that in HV background, the KSS bound n/s = E always
hold at zero temperature, independent on the geometrical expo-

nents.
3.2. Shear viscosity at finite temperatures

At finite temperature, we do not have AdS, geometry near the
horizon because the first oder of the expansion of the redshift now
dominants. But we will take some approximation to work out the
solutions. In details, we will solve the equation in the near region
with w < uw « 1 and outer region with u > 1, and then match
the solutions in the near horizon region u — 1 <« 1.! We rewrite
equation (24) as

T Note that in the coordinate r, the near region is ry@ < rw < 1 and the outer
region is r > ry while the matching near horizon region is r — r, <y [47].

w2

v (u) +

3 —0
<++ d () =0

f)w<)+

22,2742 2
(42)

3.2.1. The matching near horizon region

In the matching near region, we have u — 1« 1 and f(u) =
f'rp)(u — 1)+ --- with f’(ry) =47 T, which gives us the leading
order of equation as (42) as

2

¥ (u) + < >1ﬂ () + 1)21/f(u) =0. (43)

(4 Trf)?(u —
The solution to the above equation is ¥ (u) = Cq(u — 1)~ @/47Tr; 4
Cy(u — 1)!@/47 T To regularize, we choose the infalling solution
by setting C, = 0. Then in the low frequency limit, the solution
behaves as

Yu) =C (l - log(u — 1)) ) (44)

iw
V4
4 Trh

3.2.2. The near region
The region with @w < uw « 1 is our near region, in which the
equation becomes

3 —0 !
() + <++ + ’%) ¥ () =0. (45)

Its solution can express as

du

Near horizon with u — 1 and f(u)
behaves as

=47 T(u—1), the solution (46)

1/f(u)=C3+C4/ C3+—log(u 1), (47)

4AnT(u—1)
while, at large radius with u > 1 and f(u) — 1, it becomes
w(u>=cg+c4/3d—”=cg—i. (48)
u3+z—6 u2+z—6

3.2.3. Outer region, matching solution and the shear viscosity

In the asymptotic of the outer region u > 1, it is easy to get
f'(u) > 0 and f(u) — 1, so the perturbation equation can be sim-
plified as

w>

3
z )w<)+ g VW =0, (49)

Yr(u) + <T

We rewrite the above equation in the coordinate u=1/u and ob-
tain the following solution to the equation of motion

o p ou? coy (@8 50)
v=(%) oo (5)an ()]

where J and Y are first and second kind of Bessel function with
p=% "Z’“ 2 respectively. According to the feature of Bessel func-
tion, in the low frequency limit, the leading order the above solu-
tion is

_ _ o 2p _ ~ o z—(z+2 1
W=C6+C5 <_Z> u22p=C6+C5 (_Z) m (5])
Th rh u

Now we are ready to match the inner and outer solutions in
matching region. This can be achieved by identifying (47) with
(44), and (48) with (51), which gives us the following relations
between the coefficients
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Ce=C3=C1, C4=——Cy,
Th
z—6+2 .
w\ 2 iw
c5< ) =—C. (52)
T Th

Thus, the leading order of the asymptotic solution (51) at low fre-
quency limit is

iw 1
V= C1+C1<h)uz 3 (53)

where we will consider the normalizability of the solution near the
horizon, i.e. we set C; = 1. Having the above behavior, with the
similar algebraic computation using (22) and (23), it is straightfor-
ward to obtain the shear viscosity

n=—t_. (54)

The shear viscosity is the same as the result (41) at zero temper-
ature, so that the KSS bound is also fulfilled at finite temperature
as we expect.

4. Conclusion and discussion

In this letter, via matching method, we have calculated the
shear viscosity of a holographic charged non-relativistic effective
field theory at both zero and finite temperature, which is dual to
a charged HV gravity. We find that the ratio of shear viscosity and
the entropy density is always 1/4m at any temperature as that
found in RN-AdS black hole, which satisfies the KSS bound. Our
result shows that the domain of universality of the ratio can be
enlarged to include holographic HV effective field theory. Here we
only consider the perturbations formula e~i@t+ikX i the limit with
momentum k = 0. It is worthwhile to calculate transport coeffi-
cients at finite k. Also, we can calculate the shear viscosity of the
other non-relativistic backgrounds, for example, the background
with the Schrodinger symmetry [55].

Besides the shear viscosity, another important transport coeffi-
cient is the conductivity of the dual field theory. It is addressed
in [56] that the electric conductivity at large frequency in three di-
mensional field theory dual to an AdS geometry approaches to be a
constant. So it is of great interest to further investigate the conduc-
tivity in Lifshitz and HV gravitational theory. For the shear chan-
nel with the radial gauge, the vector perturbations, g = gt + hei,
A = A; +a;, Aj = A; + b; with i = x, y, control the conductivity,
including electric conductivity, heat conductivity and thermoelec-
tric conductivity of the dual boundary field theory [54]. Due to the
S0 (2) symmetry in the x-y plane, one can only consider the per-
turbation in x direction, which satisfy the following equations of
motion in linear order

0=u*n" (u) + (5u° u0)n® (u)
+ w25z — )l (u) + 1278 (2 - 0 + 2) bl ()],

(55)
0=u?fa/(u) + (u(3z —9—1f +u2f’) a,(u)
+ Uz — o) urk 22X (u) + " zzfax(u), (56)
0=u?fb!(u) + (u(z+9 —3)f+ uzf’) b, (u)
F U (2 — 0+ 2 prF RN () + w’ ———by(u),  (57)

u2z 22f

0 = u?3h¥ () + u 2[4z — 0) pay(u)
+2) by (W)]. (>8)

Note that the last equation is a constraint equation from the
xu-component of linearized Einstein equations.

The AC electric conductivity has been studied in [47,57] in Lif-
shitz black brane with 6 = 0, however, the authors turned off the
perturbation by and only work with the simplified perturbation
equation of ay. They argued that when the Lifshitz exponent z > 1,
the AC electric conductivity behaves with a (non-)power scaling in
large frequency limit which is analogous to the phenomena found
in some disorder realistic materials [58]. Recently, the DC conduc-
tivity dual to both ay and by in the hyperscaling violation theory
with additional massless axions has been disclosed in [59,60]. Con-
sidering both perturbations of the two Maxwell field, a new matrix
computational method was proposed. By calculating the mixed DC
thermoelectric conductivities, both linear dependent and quadratic
dependent of the resistivity on the temperature can be recov-
ered. So it would be very interesting to solve the coupled system
(55)-(58) to disclose the properties of various AC conductivity of
the system and extended the study to HV theory with momen-
tum relaxation. We will address the results elsewhere in the near
future.
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