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Abstract

We present a wormhole solution in four dimensions. It is a solution of an Einstein
Maxwell theory plus charged massless fermions. The fermions give rise to a negative
Casimir-like energy, which makes the wormhole possible. It is a long wormhole that
does not lead to causality violations in the ambient space. It can be viewed as a pair
of entangled near extremal black holes with an interaction term generated by the
exchange of fermion fields. The solution can be embedded in the Standard Model
by making its overall size small compared to the electroweak scale.

ar
X

iv
:1

80
7.

04
72

6v
2 

 [
he

p-
th

] 
 2

9 
A

ug
 2

01
8



Contents

1 Introduction 2

2 Single Magnetically charged black hole 4
2.1 The theory . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4
2.2 Single charged black holes . . . . . . . . . . . . . . . . . . . . . . . . . . . 5
2.3 Charged fermions moving in a magnetic black hole . . . . . . . . . . . . . 7

3 Two oppositely charged black holes 8
3.1 Fermions outside the black holes . . . . . . . . . . . . . . . . . . . . . . . 9

4 General strategy 10

5 The wormhole region 10
5.1 The geometry . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11
5.2 Negative energy . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13
5.3 Stabilizing the wormhole . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14

5.3.1 Quick variational ansatz argument . . . . . . . . . . . . . . . . . . 14
5.3.2 Directly solving the Einstein equations with quantum matter . . . . 15

5.4 Stability of the throat under small perturbations . . . . . . . . . . . . . . . 17
5.5 Wormholes at larger distances, d > q2lp . . . . . . . . . . . . . . . . . . . 18
5.6 Some possible throat instabilities . . . . . . . . . . . . . . . . . . . . . . . 21

6 Stabilizing the two wormhole mouths 21
6.1 Rotation in flat space . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21

6.1.1 Effect of rotation on the fermions . . . . . . . . . . . . . . . . . . . 22
6.1.2 Emission of radiation . . . . . . . . . . . . . . . . . . . . . . . . . . 22
6.1.3 Unruh-like temperature . . . . . . . . . . . . . . . . . . . . . . . . 23
6.1.4 Thermodynamic analysis for the rotating case . . . . . . . . . . . . 24

6.2 Black holes in AdS4 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 24
6.2.1 Rotation in AdS4 . . . . . . . . . . . . . . . . . . . . . . . . . . . . 24
6.2.2 Hovering black holes . . . . . . . . . . . . . . . . . . . . . . . . . . 24

6.3 Two coupled AdS4 spaces . . . . . . . . . . . . . . . . . . . . . . . . . . . 25

7 Large number of flavors 25

8 Traversable wormholes in the Standard Model 25

9 Conclusions and discussion 27
9.1 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 27
9.2 Van der Waals analogy . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 28
9.3 Open questions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 29

1



A Mass generation 29
A.1 Non abelian gauge fields . . . . . . . . . . . . . . . . . . . . . . . . . . . . 30

B The next order correction in the gravity solution 30

C The solution of the Dirac equation 31

D Properties of magnetic field lines 32

E Motion along the field lines 33

F Extra contributions to the two dimensional stress tensor due to the con-
formal anomaly 34

G Electric fields for the rotating configuration 35

1 Introduction

Figure 1: Schematic form of the solution we discuss here. It is a traversable wormhole
threaded by magnetic fields. This drawing was made by John Wheeler in 1966.

It has been a long-standing speculation that wormhole configurations might exist, see
figure 1, for example. Traversable short wormholes that join very distant points in space,
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and would lead to causality violation, are not allowed by the Einstein equations combined
with the achronal average null energy condition [1, 2, 3, 4]1. However, long traversable
wormholes are in principle allowed. By “long” we mean that it takes longer to go through
the wormhole than through the ambient space. Such solutions should crucially use quan-
tum effects because they are not allowed in classical physics, which obeys the average null
energy condition2. However, it has been difficult to find a controllable example. Here
we provide an example by considering a solution that is close to a pair of extremal mag-
netically charged black holes. A single extremal charged black hole develops an infinitely
long throat with the geometry of AdS2 × S2. We consider a configuration where two such
throats are joined to each other by a spacetime that again looks like AdS2 × S2, but in
global coordinates. The combined configuration has a time translation symmetry that
corresponds to the global time translation of AdS2 in the throat region. It has no horizon.
In the presence of the magnetic field, a massless charged fermion gives rise to a series of
Landau levels. The lowest Landau level has zero energy in the sphere directions and gives
rise to massless fields in the radial and time directions. This Landau level has degeneracy
q, where q is an integer specifying the quantized magnetic flux through the sphere. A
crucial idea in this paper is that, for large q, q � 1, a single four dimensional fermion
field gives rise to q two dimensional fields. This large number of fields enables parametric
control of the solution. Each of the states within the lowest Landau level can be viewed
as localized along a magnetic field lines. The corresponding two dimensional field moves
on the spatial circle described by this magnetic field line. A two dimensional fermion on
a circle gives rise to a negative Casimir-like vacuum energy. The vacuum stress tensor
develops a negative null-null component leading to a violation of the average null energy
condition along the null lines wrapping around the cylinder. Of course, these null lines
are not achronal, see figure 2. This negative energy makes it possible to find a solution
with a geometry close to global AdS2 in the throat region. The Einstein equations in the
throat region determine the length of the throat. In the ambient space, the two mouths of
the throat look like a pair of extremal black holes with opposite charges. We can create a
long lived solution if we imagine that they are rotating around each other. By adjusting
the distance between them, we can make sure that they rotate slowly enough so that the
throat is not de-stabilized. Rotation implies that the configuration emits gravitational and
“electromagnetic” radiation which will cause the two mouths of the wormhole to eventually
merge. This is a slow process and the wormhole can exist for a relatively long time. The

1The achronal average null energy condition is expected to be obeyed in general quantum field theories.
It has recently been proven in general flat space theories [5, 6]. Achronal means that no two points along
the null line are timelike separated. They are, in a sense, the fastest null lines. Non traversable wormholes
are easily realizable in term of two sided black hole solutions [7].

2The fact that long wormholes are not allowed in classical physics can be understood as follows. In
classical physics the equations are local, so we can go the covering space, where it joins two different
universes. In this case, the wormhole becomes short, since the two different universes are infinitely far,
so it should be forbidden by causality. We thank A. Wall for this remark. Our solution will use Casimir
energy, which depends on the actual topology of space, so we cannot go to the covering space.
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configuration is rather fragile. If enough energy is sent through the wormhole mouth, a
pair of horizons will develop. However, the wormhole can be safely explored by sending low
energy waves, whose propagation will display the characteristic features of the wormhole
configuration.

The wormhole solution can be viewed as a pair of entangled black holes [8, 9, 10]. Sim-
ilar solutions were found in [11] (following [12, 13]) by postulating an interaction between
the fields on the two asymptotic regions of AdS2. In this four dimensional configuration
this interaction is generated automatically by the exchange of massless fields in the bulk.

The elements we used are rather general and solutions of this type are expected in
any theory that contains these elements. In particular, the Standard Model of particle
physics contains these elements. The U(1) gauge field can be considered to be the weak
hypercharge gauge field. And the overall size of the configuration, namely the distance
between the two wormhole mouths, can be taken to be smaller than the electroweak scale
to ensure that the fermions can be approximated as massless.

There are many possible variations of the basic construction, such as putting it in
AdS4, etc, which we will not explore in detail here.

Another very interesting question which we will not address is whether the wormhole
can be reached starting from two separate near extremal black holes.

Interesting examples of traversable wormholes supported by Casimir energy were also
recently discussed in [14].

This paper is organized as follows. In section two we review the geometry of extremal
and near extremal charged black holes. We also consider a charged fermion propagating
on this background. In section three we consider a pair of pointlike magnetic charges and
we study the geometry of the field lines. In section four we discuss the general strategy for
finding the solution by splitting it into three different regions. In section five we discuss
the wormhole region, the Casimir energy, and we show that enforcing Einstein’s equations
fixes the length of the wormhole. In section six we discuss the rotating configuration of the
two mouths. In section 8 we discuss some aspects of this type of solutions in the Standard
Model. In section 9 we present some conclusions.

2 Single Magnetically charged black hole

2.1 The theory

In this paper we will consider a theory described by Einstein gravity plus a U(1) gauge
field coupled to a set of massless Weyl fermions. In order to have no anomalies we need
that the sum of the cube of the charges and well as the sum of the charges is zero. As a
simple example, we can consider a single charged Dirac fermion with charge one. We will
discuss this case for most of the paper. The action is

I =

∫
d4x
√
g

[
R

16πGN

− 1

4g2
F 2 + iχ̄( /∇− i /A)χ

]
(2.1)
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Figure 2: In (a) we see a particular field line highlighted in green. There is a corresponding
lowest Landau level state localized around this field line. It describes a massless two
dimensional field moving along the field line, which has the topology of a circle. In (b)
we see a cylindrical spacetime. The null line that wraps around the circle is not achronal,
since we can see that there are points that are timelike separated along this null line. The
average null energy along this line is negative.

We assume that g is small so that loop corrections are suitably suppressed.

2.2 Single charged black holes

We start by recalling the form of the magnetically charged black hole solution, with metric
and gauge field given by

ds2 = −
(

1− 2MGN

r
+
r2
e

r2

)
dt2 +

(
1− 2MGN

r
+
r2
e

r2

)−1

dr2 + r2(dθ2 + sin2 θdφ2) (2.2)

A =
q

2
cos θdφ , r2

e ≡
πq2l2p
g2

, lp ≡
√
GN (2.3)

where M is the mass and q is an integer, giving us the charge of the black hole. Here g
is the coupling constant of the U(1) gauge field. In the quantum theory, g is the running
coupling evaluated at distance scale re/

√
q, which is the scale set by the magnetic field.

The horizon is located at r = r+, where r± are given by:

r± = MGN ±
√
M2G2

N − r2
e (2.4)
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The temperature and entropy are given by

T =
r+ − r−

4πr2
+

, S =
πr2

+

GN

(2.5)

At extremality, T → 0 and r+ = r− = re. Near extremality, for small temperatures, we
can expand

M =
re
GN

+
2π2r3

eT
2

GN

+ · · ·

S =
πr2

e

G2
N

+
4π2r3

eT

GN

+ · · ·
(2.6)

The near horizon geometry of these black holes is approximately given by an AdS2 × S2

geometry

ds2 = r2
e

[
−dτ 2

r (ρ2
r − 1) +

dρ2
r

ρ2
r − 1

+ (dθ2 + sin2 θdφ2)

]
, (2.7)

τr = 2πTt , ρr =
(r − re)
2πTr2

e

, for r − re � re (2.8)

where we have also given the relation between the near horizon coordinates and the ones
in (2.2). We see that this geometry is a good description when r− re � re and also when
Tre � 1. This geometry connects with the flat space region via a transition region which
is located where r ∼ re. See figure 3.

R3,1

AdS2 × S2

HORIZON

re

Figure 3: Schematic form of a near extremal black hole geometry. As we approach ex-
tremality, a long “throat” with an AdS2 × S2 geometry develops.
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2.3 Charged fermions moving in a magnetic black hole

We now consider a massless charged fermion moving in the magnetically charged black
hole background (2.2). The basic physics is the following. We have a magnetic field on the
sphere. This leads to a series of Landau levels. The energy of the Landau levels has an
orbital contribution and a magnetic dipole contribution. For fermions, these two precisely
cancel for the lowest Landau level. So we get states with zero energy on the sphere. In
fact, this lowest level has degeneracy q, which is also related to the angular momentum, j,
by 2j+1 = q. Here we assumed that the fermion has charge one. Each of these states gives
rise to a massless two dimensional field in the radial and time directions. In conclusion,
a four dimensional chiral fermion gives rise to q massless two dimensional chiral fermions,
whose two dimensional chirality depends both on the four dimensional chirality and the
sign of the charge3.

The fact that we get zero energy states on the sphere can be understood in terms of
anomalies [21]. Viewing the U(1) gauge field as a fixed background field, the massless
four dimensional fermion has a U(1)V ×U(1)A symmetry. The four dimensional anomalies
involving U(1)A imply that we should have two dimensional anomalies. So we should have
two dimensional massless chiral fermions after reducing on the sphere. This can be seen
by dimensionally reducing the anomaly polynomial of the four dimensional theory to the
two dimensional one, which acquires an overall factor of q. This is consistent with a four
dimensional Dirac fermion giving rise to q two dimensional Dirac fermions.

So far we have ignored the dynamics of the gauge field. It turns out that the dynamics
of the gauge field gives a small mass to some of the two dimensional the fermions. We will
ignore this effect here because it is subleading for large q. Further discussion can be found
in Appendix A.

Since this discussion can sound a bit abstract, it is also useful to explicitly solve the
Dirac equation. Since the massless Dirac equation (and the Maxwell field) are Weyl in-
variant we can scale out the metric of the two sphere as an overall factor, so that the size
of the sphere is constant. This amounts to dividing the metric (2.2) by r2. We can then
factorize the four dimensional spinor as

χ = ψ ⊗ η (2.9)

where η is a spinor on the S2 and ψ a spinor in the other two directions. The lowest
Landau level corresponds to a negative chirality spinor η− that obeys the two dimensional
massless Dirac equation on the two sphere with a magnetic field, γα(∇α − iAα)η = 0.
These solutions have the form

η− ∝ eimφ
(

sin
θ

2

)j−m(
cos

θ

2

)j+m
, j =

q − 1

2
, − j ≤ m ≤ j (2.10)

where m is the J3 quantum number. See appendix C for more details.

3This plays an important role in the Callan Rubakov effect [15, 16, 17, 18, 19]. Charged fermions in
magnetic black holes were discussed previously in [20].
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Note that for large q these wavefunctions are well localized near θm given by

cos θm =
m

j
, (∆θ)2 ∼ 1

q
, q � 1 (2.11)

where we also indicated the rough size of the wavefunction around the central value. These
wavefunctions are extended along the φ direction of the sphere.

As we said before, each of these modes on the sphere gives rise to a two dimensional
massless mode ψm on the r and t directions. Again, this two dimensional system is
conformal invariant, so we can ignore the overall factor in the two dimensional metric. In
other words, these fermions propagate on a space with the metric

ds2
2 = |gtt|

[
−dt2 + dx2

]
, where dx =

√
grr
−gtt

dr (2.12)

As a final comment let us note that if we consider a scalar field instead of a fermion
field, then the Landau levels all have positive energy, with the lowest one having an energy
of order E ∼

√
B. This is also the order of magnitude of the energy for all the other

non-zero energies in the case of the fermion field. In the throat region, this leads to modes
which have masses in AdS units of the form m2R2

AdS2
∝ q. These relatively large masses

lead to fields that decay quickly in the AdS2 region and do not give rise to significant
Casimir energy. If we had a charged spin one field, then we would have an instability.
This arises when the magnetic field is part of a non-abelian gauge group and it represents
the fact that the magnetic field can be screened. This is why we insisted that the gauge
field is U(1).

3 Two oppositely charged black holes

We now consider two oppositely charged magnetic black holes. Let us imagine that the
two black holes are at some relative distance d that is large compared to their size, d� re.
First we will ignore the motion of the black holes, which will be relatively slow, and focus on
the massless fermions, which can move at the speed of light. At distances large compared
to re, we can approximate the black holes as two magnetic monopoles in flat space. These
produce a magnetic field simply given by the vector potential (see figure 4)

A =
q

2
(cos θ1 − cos θ2)dφ (3.13)

where θ1 and θ2 are the angles relative to the ẑ axis, which is the axis joining the two
black holes and φ is a azimuthal angle. The configuration is rotational invariant around
this axis. In order to find the form of the magnetic field lines it is convenient to write the
spatial metric in polar coordinates, ds2 = dρ2 + dz2 + ρ2dφ2. The magnetic field can then
be written as

Bρ =
∂zAφ
ρ

, Bz = −∂ρAφ
ρ

, Bφ = 0 (3.14)
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The equations for the field lines should be such that the tangent vector is along ~B. We see
that if we consider the solutions of the equation Aφ =constant, then its gradient is normal

to ~B due to (3.14) and therefore the tangent vectors to the curve are along ~B. Then the
equations for the field lines are at φ = constant and

cos θ1 − cos θ2 = ν , 0 ≤ ν ≤ 2 , ν =
j +m

j
(3.15)

where we also indicted the relation between ν and the value of the angular momentum of
a fermion at that angular position near each of the black holes, as computed via (2.11).

ν = 2

d

ν = 0 ν = 0

ν = 1.8

ν = 1.5

ν = 0.9

θ1

θ2

ν = 0.1

Figure 4: Magnetic field lines for two sources at distance d. We have plotted the magnetic
field lines for a few values of ν in equation (3.15). We have also defined the angles θ1, θ2.

3.1 Fermions outside the black holes

We now consider the massless fermions moving in the magnetic field described in the
previous section. We are now interested in the solutions at distances comparable to the
distance, d, between the two sources. We want to focus on solutions with low energies, low
compared to

√
q/d. For this reason we are interested in the lowest Landau levels. Near

each of the sources the solutions are approximately the ones described above, with the
fermion wavefunctions localized on the field lines. In fact, we can make the approxima-
tion that the fermions continue to be localized along the field lines throughout the whole
intermediate region. This amounts to solving the Dirac equation in a WKB-type approxi-
mation. Quantitatively, the condition that massless fermions follow the magnetic lines can
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be stated as follows. First of all, for massless fermions the wave function will be localized
over distances ∼ 1/

√
B. We demand that the magnetic field changes adiabatically over

this distance:
1√
B

1

B

∂B

∂r
� 1 (3.16)

Since the magnetic field goes as the dipole field, namely, as ∼ qd/r3, this implies that
the fermions will follow the lines up until distance r ∼ qd. Using the result of Appendix
D we see that this distance corresponds to ν near 0: ν ∼ 1/q. We conclude that only a
small fraction of fermions will not follow the magnetic lines and fly away to infinity. See
appendix E for further discussion.

The fermion with angular momentum Jz = m follows a magnetic field line obeying
(3.15). The length of this magnetic field line is is proportional to d times a function of ν

Lflat = d f(ν) , (3.17)

where precise form of f(ν) is given in appendix D, eqn. (D.21). This is also the length
in the x coordinate defined in (2.12) because gtt = 1 in this flat space region we are
considering.

4 General strategy

Our strategy for finding and describing the solution is the following. We cut the solution
in three pieces: 1) the wormhole, 2) the mouth, and 3) the flat space region, see figure
5. We approximate the solution in different ways in each region. These approximations
have overlapping regions of validity so that we can patch the solutions. In the wormhole
region we approximate the solution as AdS2 × S2 plus a small deformation. In region 2)
we approximate it as the mouth of the single black hole solution (2.2). It turns out to
be a black hole with a mass slightly below extremality. In 3), the flat space region, we
approximate the two mouths as two point-like masses and charges, incorporating their
almost Newtonian dynamics, emission of radiation, etc.

5 The wormhole region

In this section we find the solution in the wormhole region, see figure (5). We do this in
a few steps. First we write down the geometry of the wormhole as AdS2 × S2, which is a
solution of the leading order Einstein equations with gravity and the magnetic field. It is
not quite a solution of those equations once we deform it so that each of the two boundaries
turns into mouths connecting the throat into flat space. After this deformation we have
one free parameter, called `, which parametrizes the length of the wormhole. We then
consider a massless fermion in this geometry and argue that it generates negative energy.
This negative energy then produces a solution with the length ` fixed to a special value.

10



Flat space region

Mouth

Wormhole

Figure 5: We separate the solution into three overlapping regions: 1) the wormhole, 2) the
mouth and 3) the nearly flat space region. Within each region we describe the solution
using a different metric which coincide with that of the next region in the overlapping
regions of validity.

First we show this from a quick energy minimization argument. Then we analyze in detail
Einstein’s equations in the wormhole region.

5.1 The geometry

We will now make a precise ansatz for the wormhole geometry that joins the two throat
regions. As a first approximation, the geometry is that of AdS2 × S2

ds2 = r2
e

[
−(ρ2 + 1)dτ 2 +

dρ2

(ρ2 + 1)
+ (dθ2 + sin2 θdφ2)

]
(5.18)

This is a solution of Einstein’s equations with a magnetic field on S2. We know this since it
is a limit of the original charged black hole solution (2.7). (5.18) is a different coordinate
system for AdS2 compared to (2.7). (5.18) is the so called “global” coordinate system
which covers the whole Penrose diagram of AdS2, see figure 6. We want to match each of
the two asymptotic regions to each of the two black holes, see figure (6b). So for large ρ
we match the geometry (5.18) to the small r region of the extremal black hole geometry,
(2.2), via

τ =
t

`
, ρ =

`(r − re)
r2
e

, for 1� ρ ,
r − re
re

� 1, 1� `

re
(5.19)

where ` is a free parameter that we will soon fix. Since the throat opens up at r− re ∼ re
we see that we can trust the AdS2 geometry until ρcutoff ∝ `

re
. We assume that `/re � 1

and we will check it later. Here ` is a length like quantity that plays a role similar to the
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inverse temperature β = 1/T in (2.8), in the sense that it provides a rescaling between
the AdS2 time and the asymptotic time. Notice that the time direction never shrinks in
(5.18), so that this configuration is not a black hole, since it does not have a horizon. And
this spacetime is at zero temperature (for now).

ρ = −∞ ρ = ∞

τ

ρ

(b)

ρ = −∞ ρ = ∞

τ

ρ

(a)

tR, ρRτ = 0 τ = 0

Figure 6: In (a) we display in red the region corresponding to the near horizon region
of a near extremal black hole. The two triangles correspond to the two exteriors of the
maximally extended black hole. The regions shaded in grey should be cut out, and instead
replaced by a geometry that connects to flat space. These red regions correspond to a
Rindler-like portion of global AdS2 space. In (b) we consider the full AdS2 space in global
coordinates. We cut out the shaded regions near the boundaries. We will then patch that
geometry to flat space. We have also highlighted a τ = 0 slice which is very similar for the
geometries in (a) and (b).

It is interesting to calculate the rescaled length of the wormhole in the x coordinates
introduced in (2.12). We find

Lthroat = ∆x ∼
∫ ρcutoff

−ρcutoff

dρ
`

(1 + ρ2)
∼ π` (5.20)

Therefore we can interpret ` as setting the “length” of the wormhole. Notice that this is
not the proper length. It is the effective length that a two dimensional massless field will
effectively see, after we normalize the time coordinate as in the asymptotically flat region.
Note that (5.20) is also the time that it takes to go through the wormhole, as measured
in terms of the asymptotically flat spacetime coordinate t. In other words, if an outside
observer sends a signal into one side at t = 0, he or she will see it emerge from the other
side at time t = π`. ` also sets the energy gap for excitations deep inside the wormhole.
For example, we can consider a massless four dimensional field, which we expand in Kaluza
Klein modes on the S2. Then, these excitations have energies of order one measured in
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terms of the time τ . However, they have energies of order 1/` measured in terms of the
outside time t. So we can say that the energy gap for the wormhole geometry is

Egap ∝
1

`
(5.21)

5.2 Negative energy

Solutions with the shape that we have discussed so far cannot exist without negative
energy. However, we have set up the whole configuration so that we have a sizable source of
negative energy. This comes from the effectively massless two dimensional fermions. These
are modes that move along the magnetic field lines. They come out of one the throats,
moving along the field lines in the flat space region, they go into the other throat and
then through the wormhole in (5.18) they emerge again in the original throat. Therefore
each massless mode lives on a circle, parametrized by coordinates t and x, (2.12), of total
length

L ≡
∮
dx ∼ Lthroat + Lflat(ν) , Lthroat = π` , Lflat = d f(ν) (5.22)

where π` is the contribution in the connecting wormhole region and Lflat(ν) is the distance
(3.17). First we will assume that

`� d , (5.23)

This implies that for most of the field lines we have that ` � Lflat(ν) and L = π`. After
we find the value of `, we will check this assumption, (5.23).

If we had q complex fermions with both left and right moving components moving on
a circle of length L we would have a ground state energy

Eflat cylinder = − q

12

2π

L
= −1

6

q

`
(5.24)

It is tempting to say that this is also the energy in our case. However, in the wormhole
region, the spacetime where these fermions live is not flat, it is only conformally flat. So
we need to take into account the two dimensional conformal anomaly. One quick way
to derive the effect of the anomaly is to note that for the case of AdS2 with reflecting
boundary conditions at both boundaries we do not expect to see negative energy. In this
case the field configuration and the boundary conditions are SL(2) invariant so we cannot
have a null-null component in the stress tensor. On the other hand, on a flat strip of length
L we have a negative energy of the form

Eflat strip = − q

24

π

L
(5.25)

This means that the conformal anomaly contribution must be such that it cancels this
precisely, see appendix F. Therefore, in our case, we have a total negative energy of the
form

Ewormhole = +
q

24

π

L
− q

12

2π

L
= − q

8`
(5.26)
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This is the total energy, but it could be also viewed as generated by a stress tensor of
the form

T̂tt = T̂xx = − q

8π`2

1

4πr2
e

, T̂αβ ≡ Tαβ −
1

2
gαβT

α
α , α, β = t, x (5.27)

where we have extracted the two dimensional trace contribution, which also is related to
the conformal anomaly. This trace part can also have contributions from the other four
dimensional modes.

When we wrote (5.24) we had implicitly assumed that the fermions have anti-periodic
boundary conditions around the cylinder. In fact, this corresponds to a choice of spin
structure. It is part of the specification of the geometry in a theory with fermions. We
chose the fermions to be antiperiodic. In this particular case of a single charged fermion, the
two choices are continuously connected by another continuous variable which the Wilson
line of the gauge field around the circle. Since the Casimir energy depends on this Wilson
line, the Wilson line is fixed to the value that minimizes it, which is again the antiperiodic
boundary condition. This is related to the fact that the two dimensional gauge field
becomes massive in the throat, see appendix (A).

One might question whether it is reasonable to ignore all the other quantum effects
due to all the other modes of the fermion field, as well as the other modes of the gauge
field and gravity. The logic for ignoring them is the following. All other modes of the fields
are massive in the throat region, with a mass at least of order one in units of the radius
of the sphere or AdS. In the case that we have exactly AdS2 × S2, all these other modes
give a stress tensor which respects the SL(2)× SU(2) symmetries and is proportional to
the metrics of AdS2 and/or S2. Such contributions to the quantum stress tensor slightly
change the radius of the S2 or AdS2. This is not a qualitative change. Therefore we
will ignore components of the stress tensor that are proportional to the AdS2 and/or S2

metrics. When we consider the wormhole geometry, we get nontrivial boundary conditions
that relate the fields at the two opposite ends of AdS2. This arises because the two mouths
of the wormhole are close in the ambient space. However, for massive fields, the effect of
this change of boundary conditions dies relatively quickly as we go deeper into the throat.
This means that we do not get a significant contribution to the qualitatively important
components of the stress tensor from these modes.

5.3 Stabilizing the wormhole

In this subsection we will determine the length ` of the wormhole. We will first present
a quick argument and then present a longer, conceptually clearer, argument, by solving
explicitly Einstein’s equations with the quantum stress tensor source.

5.3.1 Quick variational ansatz argument

Notice that the full extended Penrose diagram of a near extremal black hole also contains
a wormhole. As opposed to the one we are considering here, this is not a traversable
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wormhole. However, if we focus purely on the t = 0 slice of the geometry we find a
configuration similar to the t = 0 slice of the above wormhole if we connect the temperature
to ` with the equation

T =
1

2π`
(5.28)

obtained by comparing the rescaling of both time directions. In order to make the con-
nection between the two geometries it is useful to note the explicit change of coordinates
between τr, ρr in (2.7) and (5.18). This is most simply obtained by expressing the embed-
ding coordinates XM , X2 = −1, in both sets of coordinates. In particular, this implies
that

X1 = ρ =
√
ρ2
r − 1 cosh τr (5.29)

As ρ goes from being positive to negative we move through the Rindler horizon, (τr →
τr + iπ).

We can now set up a variational ansatz for the geometry as follows. First we ignore the
quantum corrections and compute the classical energy by focusing on the τ = 0 slice and
equating the geometry to that of the τr = 0 of the standard near extremal wormhole. This
last energy is simply the energy of two near extremal black holes (2.6) at the temperature
(5.28). Quantum effects then add the Casimir energy (5.26) so that we get a total energy
(relative to that of two extremal black holes)

E =
r3
e

GN`2
− q

8`
(5.30)

We now set the value of ` by minimizing this, and we get

` = 16
r3
e

GNq
=

16π3/2q2lp
g3

, Emin = −GNq
2

256 r3
e

= − g3

256π3/2qlp
(5.31)

where we have also written the net result for the binding energy coming from the throat,
relative the the energy of two disconnected extremal black holes. Since this is the minimum
energy configuration, we then expect it to lead to a time independent solution, which is
the wormhole we are after.

Though this procedure seems to be intuitively reasonable, we have not derived it di-
rectly from Einstein’s equations. Therefore in the next section we rederive this result by
directly solving Einstein’s equations.

5.3.2 Directly solving the Einstein equations with quantum matter

Here we directly solve the semiclassical Einstein equations. We will divide the problem
into two regions. First we consider the classical solution in a region that goes from flat
space until deep in the throat. There we will mostly ignore the quantum effects. We make
a spherically symmetric ansatz for the geometry

ds2 = −A(r)dt2 +B(r)dr2 + r2dΩ2 , F = dA = −q
2

sin θdθdφ (5.32)
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The most general solution that is asymptotically flat has only one integration constant
which is the mass parameter in (2.2). This integration constant will be set after we solve
the equations in the wormhole region.

A =
1

B
=
(

1− re
r

)2

− 2ε

r
, ε ≡ GNM − re (5.33)

where ε is proportional to the difference between the mass and the extremal mass.
In the wormhole region, we could dimensionally reduce the equations to two dimensions,

where we recover the Jackiw-Teitelboim theory [22, 23, 24, 25]. Then the solution of the
equations can be obtained from appendix appendix C of [11]. For the benefit of the readers
who are not familiar with all that, we will solve them directly here.

In the wormhole region we can expand the metric as a perturbation away fromAdS2×S2

ds2 = r2
e

[
−(1 + ρ2 + γ)dτ 2 +

dρ2

1 + ρ2 + γ
+ (1 + φ)(dθ2 + sin2 θdφ2)

]
(5.34)

where φ and γ are small quantities, so that we expand the denominator to first order in γ.
The four dimensional stress tensor contains a classical piece from the magnetic field. The
quantum part of the stress tensor was computed in (5.27).

We can now write the ρρ component of Einstein’s equation to obtain

Rρρ −
1

2
gρρR− (8πGN)[Tmag

ρρ + T̂ρρ] = 0→ (5.35)

ρφ′ − φ = (8πGN)(1 + ρ2)T̂ρρ = − α

(1 + ρ2)
, α ≡ q

8π

(8πGN)

4πr2
e

(5.36)

→ φ = α(1 + ρ arctan ρ) (5.37)

where we used that the quantum contribution to the stress tensor is

T̂ρρ =
T̂ττ

(1 + ρ2)2
, T̂ττ = `2Ttt = − q

8π

1

4πr2
e

(5.38)

where we used (5.27) and (5.19) to relate the t and τ variables. There T̂αβ denotes the
traceless components in the two dimensional sense. The parts of the stress tensor that are
proportional to the AdS2 metric or the S2 metric simply rescale the overall sizes of the S2

or AdS2 and are not interesting for our purposes.
The most general solution of (5.36) contains also a term linear in ρ which we have set

to zero by demanding a Z2 symmetry around ρ = 0 to obtain (5.37). The ττ component of
Einstein’s equations is then automatically obeyed. In addition, we can look at the sphere
components of Einstein’s equations. These determine the form of γ. Fortunately we will
not need γ.

We now should match the throat solution to the asymptotic solution. We perform this
matching at large ρ where

r2 ∼ r2
e(1 + φ) −→ 2

r − re
re

= φ ∼ πα

2
ρ (5.39)
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where the first equality is obtained by comparing the sphere part of the metric between
(5.32) and (5.34). The second equality comes from expanding (5.37) at large ρ. We can
now compare the leading order time component of the metrics to determine `

(r − re)
r2
e

dt = ρdτ −→ ` =
dt

dτ
=

r2
eρ

(r − re)
=

4re
πα

= 16
r3
e

qGN

(5.40)

which agrees with (5.31). We can also compare the leading expansion of the metric (5.32)
(5.33) with (5.34) (with γ = 0) to obtain

r2
e(1 + ρ2)dτ 2 =

[
(r − re)2

r2
e

− 2
ε

re

]
dt2 (5.41)

Using (5.40) and (5.39) we see that the ρ2 term is identical to the (r − re)2 in the right
hand side. Equating the constant terms on both sides we get

Emin =
2ε

GN

= − 1

256

q2GN

r3
e

(5.42)

which is the wormhole energy reproducing what we found in (5.31). The factor of two
comes from the mass correction to each of the two black holes. We have also checked that
the radial components of the metrics match. We see that we only needed to use the leading
form of the time component of the metric, so that we justify neglecting γ in (5.34). If you
are curious, you can find the form of γ in appendix B.

Note that ε in (5.42) is smaller than zero, which is less than the extremality bound.
For a single black hole this would lead to a naked singularity. However, in our case, with
the additional Casimir energy contribution, we find that the geometry of the throat is
completely smooth.

5.4 Stability of the throat under small perturbations

It is important to check that the throat is not so long that quantum gravity fluctuations
become large. For a near extremal black hole this happens when the temperature is so
low that the near extremal entropy is of order one, r3

eT/GN ∼ 1. Since 1/T is setting
the length of the throat, and is analogous to `, we expect that quantum fluctuations will
become important when r3

e/(GN`) ∼ 14. So the solution presented here is valid only when

`� q3lp (5.43)

In (5.31) we got ` ∝ q2lp, which obeys this bound5.

4This combination is the effective coupling of the Schwarzian theory that governs the gravitational
effects in Nearly-AdS2 [26, 27, 28].

5When we give the scalings for large charge, using ∝, we imagine that g is small and fixed as q becomes
large. One can also consider theories where g is parametrically small, but we will not discuss it explicitly
here.
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As we mentioned above, the throat energy gap is (5.21), Egap ∼ 1/(q2lp). However,
if we send too much energy into the throat we run the risk of making a near extremal
black hole. This happens when we send an energy that is larger than the binding energy
of the throat (5.31) which is of order 1/(qlp). While this is larger than the gap by a
factor of q, it is still a relatively small energy. In fact, an object that has a Compton
wavelength of order re outside the throat will already have this energy!. This means that
these wormholes are not safe for human travelers, who will need re much larger than their
Compton wavelength!. On the other hand, the presence of the wormholes can be detected
by sending very low energy waves. These could be the charged fermion fields themselves,
for example. They can still make into the throat region and can come back out the other
black hole after a time of order `, revealing the presence of an energy gap. We can say
that the wormhole is traversable for waves, but not for very small and energetic objects.
It is a fragile and delicate wormhole.

5.5 Wormholes at larger distances, d > q2lp

Since we found that ` ∼ q2lp and we had assumed that ` � d (5.23), we conclude that
the discussion in the preceding sections holds only in the case d � q2lp. We can wonder
what happens when d is larger than this value. To analyze this we need to take into
account the length of the field lines outside the wormhole (5.20). So the total length
is L = π` + df(ν), which depends on the particular angular momentum of the charged
fermion wavefunction. The Casimir energy will then have a contribution involving 1/L
which needs to be integrated over ν. This approximation breaks down for some of the
fermion wavefunctions that can escape to infinity, but these give a subleading contribution
anyway, so we ignore this issue. Notice that when we talk about “length” we are referring
to length in the coordinate x defined in (2.12). We should also take into account the
effects of the conformal anomaly inside the throat. This is a positive energy contribution
that only depends on the geometry of the throat (and `), but is independent of the total
length of the magnetic field lines. Putting these two contributions together, and adding
the classical energy we get

E =
r3
e

`2GN

+
q

24`
− qπ

6

∫ 2

0

dν

2

1

(`π + df(ν))
(5.44)

The first term is the classical energy, the second term arises from the conformal anomaly
in the throat region, and the final contribution is the integral over all the field lines of the
Casimir energy.

We can get the value of ` by minimizing (5.44). Here it will also give the same answer
as directly solving Einstein’s equations, because the stress tensor is proportional to the `
derivative of the last two terms in (5.44), and, in equation (5.36), all that appears is the
total integral of the stress tensor over the throat region, which ends up equated to the
same ` derivative of the first term of (5.44) as it happened in (5.40) in section (5.3.2).

As a toy model, just to get oriented, it is convenient to replace the integral in (5.44)
by 1/(π` + d) which amounts to approximating the integrand as a constant given by its
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largest term. Namely it amounts to saying that all fermions go from one mouth to the
other by the shortest path, instead of following the field lines. In this case we can minimize
the energy by imposing

∂E

∂`
= 0 , −→ 2

r3
e

GN`3
=
q

6

[
− 1

4`2
+

1

(`+ d/π)2

]
(5.45)

In the approximation that we neglect the left hand side we find that

π` = d (5.46)

which is saying that the length through the wormhole is equal to the length through the
ambient space. Notice that this result depends crucially on the relative coefficient of the
flat space Casimir energy contribution (the last term in (5.45)) and the conformal anomaly
contribution (first term on the right in (5.45)). For d � q2lp we can safely neglect the
left hand side relative to the right hand side of (5.45). If we included the left hand side
of (5.45), we would get a bigger distance through the wormhole. We see that including
the correct Casmir energy, as in (5.44), we are having distances along the field lines are
all greater or equal to d, so that the value of ` that minimizes (5.44) will be such that the
distance through the wormhole is larger than d. To study (5.44) it is convenient to rewrite
it as

E =
πq

6 d

[
3

8

d0

d y2
+

1

4y
−
∫ 2

0

dν

2

1

(y + f(ν))

]
, y ≡ π`

d
, d0 ≡

16πr3
e

qGN

∝ q2lp (5.47)

where we defined d0 to be the distance through the wormhole when d� q2lp, see (5.20),(5.31).
We can now find the solution by minimizing over y, for a fixed value of d. This determines
π` for each d. We finally obtain the plot in figure (7). For d/d0 � 1 we have that y is
very large and we recover the approximation used in (5.31) where `� d and π` = d0. In
the other extreme, for d/d0 � 1, we find that π` grows linearly with d, with a coefficient
which is greater than one, and numerically of order 2.35. This ensures that in all cases
π` > d, which is saying that it takes longer to go through the wormhole than through the
ambient space. In this regime the energy gap is of order Egap ∼ 1/d, which also the energy
of a massless particle whose wavelength is the separation between the two black holes. In
the large distance regime the energy at the minimum depends on d as

Emin ∝ −
q

d
, for q2lp � d (5.48)

This is larger than the gap by a factor of order q.
Since the Landau levels are localized on the sphere, and the various levels have different

lengths, we have a Casimir energy that depends on the angle on the sphere. So we get a
stress tensor which depends on the sphere coordinates. This will excite the Kaluza Klein
modes, which were found in [29]6. Since Kaluza Klein modes are massive, this non-uniform

6In [29] an extremal black hole in supergravity was considered. However, the bosonic spectrum is the
same as one in the Einstein Maxwell theory.
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energy distribution is not expected to be a problem, we will simply slightly excite some
of these Kaluza Klein modes. But we expect that the basic shape of the wormhole is still
the same. The extra energy due to this excitation of the KK modes is of higher order in
the 1/q expansion compared to (5.44).
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Figure 7: (a) Linear plot of the relation between π` and the distance d. For distances
d � d0 we see that π`/d0 goes to one. In orange we see the line π` = d, which is the
causality bound, anything above this line is consistent with causality. (b) The same plot
in log-log form. For large d we approach a linear relation π` ∝ d, with a proportionality
constant bigger than one. The orange curve is again the causality bound.

It is interesting to ask whether there is an upper limit on d for the validity of the
solution. We already mentioned that we expected that when ` ∼ q3 quantum corrections
would be important (5.43). That estimate was based on an analogy with the thermal case.
Here we note the following, the circle on which the fermions live has a portion inside the
wormhole throat and a portion outside, both proportional to d, up to a numerical factor.
Though the total energy on the circle is fixed to be the Casimir energy, the energy within
each portion could have quantum fluctuations. We can worry that the total energy inside
the throat might have fluctuations that are larger than the left hand side in (5.45), which
would invalidate our classical derivation in (5.36) (5.40). Estimating these fluctuations,
after averaging them over a time also of order d, we find that they become larger than the
left hand side of (5.45) unless

d� q5/2 (5.49)

which is smaller than our previous estimate q3 in (5.43). The solution might exist beyond
d > q5/2, but it would require a more quantum mechanical treatment that we will not
attempt in this paper. The energy gap for throat excitations continues to be given by
(5.21). This is also true for energy of fluctuations of the ` mode around the minimum7.

7In the d � ` regime the kinetic term for this mode comes from the Schwarzian action [11]. In the
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5.6 Some possible throat instabilities

In a theory of quantum gravity we also expect magnetic monopoles. These monopoles could
be pair created in the throat resulting in a net decrease of the magnetic field in the throat8.
However, we expect that for large q this process should be suppressed exponentially, as
e−q C where C depends on the mass of the monopole, the Newton constant, the gauge
coupling, etc, but not on the charge q.

Another possible issue is the following. If we have a single extremal black holes, we
can split it into two different black holes with charges q1,2, q1 + q2 = q and separate them
with no cost in energy. If we have a black hole/anti-black hole pair and we separate both
the black hole and the anti-black hole in this way, then we could imagine that we will form
smaller throats. Since the binding energy of the throats goes like −1/q, we see that it
is energetically favorable to split the black holes in this way. We expect that this is also
exponentially suppressed for large charge. In fact, for q1 = 1, this is a special case of the
monopole creation process discussed above.

6 Stabilizing the two wormhole mouths

So far, we have only found a solution in the throat region. We now need to pay attention
to the exterior region, at distances r � re. In this region, we will treat the two mouths
as point masses. This is an approximation that has been extensively discussed, see eg.
[31]. We will approximate the two objects as extremal black holes, with opposite magnetic
charges. These would attract and would fall into each other if released at rest. So we need
some mechanism to keep them apart.

6.1 Rotation in flat space

The first mechanism involves putting the two extremal black holes in orbit around each
other at a distance d much larger than the size of each of the two black holes, d� re. Then
the orbital frequency for a circular orbit can be calculated by the usual Kepler formula
(the total force includes gravity and the magnetic attraction)

Ω = 2

√
re
d3

(6.50)

We would like Ω to be small compared to the energy gap of the throat region. That energy
gap is of order 1/`. So we want

Ω`� 1 (6.51)

regime d � `, the dominant contribution to the kinetic term arises from the time dependent Casimir
energy. Namely, if L varies slowly, in addition to the Casimir energy, we get a term in the effective action

of the form S ∝ c
∫
duL′2

L , for L′ = dL
du � 1.

8The weak gravity conjecture implies that pair creation is always a possibility [30].
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This implies that d should be sufficiently large. In the regime that d� q2, this implies

lpq
5/3 ∝

(
r7
e

l4pq
2

)1/3

� d (6.52)

where the first term indicates the parametric dependence on q. We see that, for large q
there is a whole range of distances, q5/3lp � d � q2lp, which are possible. In fact, the
situation is even better, because for larger distances, q2lp . d � q5/2lp, then ` ∝ d and
(6.51) is automatically obeyed. Therefore (6.52) is the lower bound on d. The upper
bound is d� q5/2lp from (5.49).

We could wonder whether we can tolerate a small excentricity in the orbit. This would
result in perturbations of the throat with frequency Ω. Since this is smaller than the
energy gap in the throat, (5.21), we expect that small excentricity should not destroy the
throat.

6.1.1 Effect of rotation on the fermions

When the black holes are not rotating, the lowest Landau levels are characterized by their
azimuthal angular momentum, m. This is a good quantum number both in the throat
region and the outside. When the black holes are rotating this is no longer the case, so
we could worry that the various modes are mixed with each other as they go through the
exterior from one mouth to the other. The fermions will feel extra forces, coming both
from the electric field generated by the rotation as well as the Coriolis force. Forces acting
on the lowest Landau level states lead to a transverse displacement: the quantum Hall
effect. This can be characterized as a geometric angular displacement of the orbitals as
we go from one mouth to the other. This is potentially dangerous because the electron
starting in one field line can end on a different field line after going through one cycle, via
the wormhole and the exterior. This implies that it would have to go through many cycles
before coming to the initial line. So it would be moving on an effectively larger circle, thus
weakening the strength of the Casimir energy. Naively, the displacement of field lines is
proportional to the ratio of electric to magnetic fields, which is of order Ωd. If we require
that this is smaller than the effective spacing between the lines, Ωd � 1/

√
q, we get a

stringent condition d� q2lp which is only obeyed in the regime of section (5.5).
Fortunately, the massless charged fermions themselves largely screen the electric field

in the rotating frame. The residual electric fields, as well as the Coriolis terms are of
order one in the 1/q expansion, see appendix G. This means that any possible drift of the
fermions orbitals is down by another power of q, so that now we need Ωd/q � 1/

√
q which

is obeyed automatically for d > qlp.

6.1.2 Emission of radiation

The rotation also implies that we are emitting gravitational radiation as well as radiation
of the gauge field (we can call it “electromagnetic” radiation). The emission rates for each
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of these goes as

dEgrav

dt
=

2

15

r2
ed

4Ω6

GN

∝ l3pq
5

d5
,

dEe.m.

dt
=

4π

g2

2

3

(
qd

2

)2

Ω4 ∝ l2pq
4

d4
(6.53)

where we have given the q dependence in the last terms. We can also wonder whether we
can radiate fermions. We expect that this should be down by additional powers of g2 since
they need to be pair produced by the other fields.

We see that the electromagnetic emission dominates. Due to this emission, the total
lifetime is finite

Tlifetime ∝
d3

q2l2p
(6.54)

which is small compared to the time to go through the wormhole, when (6.52) is obeyed.
The amount of energy emitted per orbit is small compared to the gravitational binding

energy of the system. However, we might worry that some of this energy might make it
into the throat. We can think of the radiation as produced far away, in the region that is
at some distance of order 1/Ω� `� d from the two mouths.

As a very strong condition, we could demand that the total energy emitted during a
time of order ` is small compared to 1/` we get the condition

`
dEe.m.
dt

� 1

`
−→ d� q2lp (6.55)

This is obeyed in the regime describe in subsection 5.5. However, this seems to be too
stringent. We do not think we need it, since most of the radiated energy comes from the
region far away from the two black holes. If we demand that the left hand side of (6.55)
is small compared to the energy necessary to destroy the throat, which is q/`, then we see
that it is automatically obeyed.

6.1.3 Unruh-like temperature

One irreducible contribution to the energy that can go into the throat comes as follows.
The fact that the two objects are accelerated implies that there is a an Unruh-like

temperature. This temperature is of order the angular frequency Ω (6.50), see e.g. [32].
One way to qualitatively understand this is to notice that the rotating configuration is
invariant under the Killing vector ∂t + Ω∂ϕ. This is timelike for small r but becomes
spacelike for large enough r. The distance where it becomes spacelike, Ω ∼ 1/r, sets the
frequency of the radiation as well as the scale of the Unruh-like temperature [32]

T ∝ Ω (6.56)

(this formula has multiplicative logarithmic corrections in Ωd and the spectrum is not
quite thermal). Note that the temperature is not equal to the acceleration, a, which is
much smaller a ∼ Ω2d � Ω in our regime. Fortunately, (6.51) already ensures that this
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temperature is much smaller than the energy gap of the throat, which is of order 1/`. If
the temperature had been larger than the this energy gap, we would have started filling
the throat with these thermal excitations which would make the energy less negative,
producing a longer wormhole, which in turn would be easier to fill with excitations, a
process which will likely end up with the formation of a horizon. Fortunately, this does
not happend and the Unruh-like temperature does not destabilize the throat.

6.1.4 Thermodynamic analysis for the rotating case

Given that the throat is effectively at finite temperature we can ask whether it is the most
stable phase in the canonical ensemble. Another alternative configuration consists of two
separate finite temperature black holes at temperature T ∝ Ω. In this case we lose the
wormhole energy (5.31) but we gain the entropy of the extremal black holes, which is very
large, S ∝ q2. Then the free energy of the two configurations is

Fwormhole ∝ −Emin , F2BHs ∝ −TS ∝ −Ωq2 (6.57)

for T ∝ Ω. We used that the extremal entropy is S ∝ q2, (2.6). The value of the wormhole
energy is Emin ∝ −1/(qlp) for d < q2lp and Emin ∝ −q/d for d > q2lp. It turns out that
for d < q3lp the wormhole is not the thermodynamically preffered state. It is metastable,
and we expect it to be long lived. Analyzing it beyond d > q3lp requires incorporating the
quantum gravity effects in the throat, which we are not doing in this paper.

6.2 Black holes in AdS4

If we are willing to put the system in AdS4 then several options open up. We just mention
a few possibilities, leaving further study for the future.

6.2.1 Rotation in AdS4

In order to produce a more stable wormhole we can put the whole rotating configuration
in AdS4. Now we have a new parameter, the AdS4 radius, RAdS4 . If d < RAdS4 and
ΩRAdS4 < 1, then we can ensure that the symmetry of the rotating configuration is de-
scribed by a killing vector which is timelike everywhere. In this case, by weakly coupling
the AdS4 theory to an external system we can let the black hole cool down and so that
the thermodynamically stable phase becomes the wormhole one.

6.2.2 Hovering black holes

When we are in AdS4 we can fix the magnetic field at the boundary in such a way that we
produce a pair of black holes which sit at specific locations in the bulk. A configuration
of this type consisting of a single black hole is the magnetic dual of the solution discussed
in [33]. It seems possible to arrange the configuration so that a portion of the magnetic
field lines go between the two black holes.
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6.3 Two coupled AdS4 spaces

Of course, we can also have two AdS4 spaces, with one black hole at the center of each
of the AdS4 spaces. We then couple the two AdS4 spaces by putting boundary conditions
for the fermions that allow them to go from one AdS4 to the other. This is simply a small
variation of the kind of setup studied in [11].

7 Large number of flavors

The parametric scalings we worked out in the main part of the paper apply when we have
a single bulk charged fermion. Instead we could have Nf charged fermions. This makes
the size of the quantum effects larger. Now the number of massless fields in the throat
region is qNf and the length and energy of the wormhole scales as

` = 16
r3
e

GNqNf

∝ q2

Nf

lp , Emin = −
GNq

2N2
f

256r3
e

∝ −
N2
f

q

1

lp
,

q

Nf

� 1 (7.58)

where the last inequality ensures the validity of the approximations, where we assume
that the quantum correction is relatively small compared to the classical action. Still it is
possible to scale up Nf and q in a concerted way so as to obtain an interesting classical
solution. In this case we can obtain wormholes which allow passage of objects smaller
than re. This also allows for a range of d where the wormhole is the thermodynamically
favored state, which was not the case for Nf = 1, discussed in section (6.1.4).

8 Traversable wormholes in the Standard Model

Here we discuss how to embed the previous construction in the Standard Model with
Einstein gravity. We (unconventionally) normalize the weak hypercharge so that the lowest
charged fermion has charge one. We then consider a magnetic flux q which is an integer9.
We can imagine that q is such that the radius of the extremal black hole, re, is much
smaller than the electroweak scale (say 1/TeV). In this case, the Higgs field in the throat
is set to zero, since it is a charged boson in a magnetic field, whose lowest Landau level
has positive energy.

We have a set of four dimensional positive chirality fermions of charges qi. The ones
with positive qi lead to negative two dimensional chirality while the negative ones lead to
positive two dimensional chirality. Note that the four dimensional antiparticle has opposite
charge and opposite chirality, so that it gives rise to a mode with the same two dimensional
chirality, but opposite charge, as expected for a two dimensional charged chiral fermion.
Each four dimensional fermion of charge qi leads to qqi massless fields in two dimensions,

9In principle, q can be a multiple of 1/6 at the cost of introducing fluxes of SU(2) and/or SU(3). We
set q to an integer here.
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via the Landau level problem, since only this product appears in the equation for the
fermions in the magnetic field10. Then the total central charge of the throat is

c = q
1

2

∑
i

|qi| (8.59)

The mixed anomaly cancellation
∑

i qi = 0, ensures that there is the same number of
positive and negative chirality modes, or cL = cR.

We have the following charges for each generation, in units where the field with lowest
hypercharge carries hypercharge one.

qeR = −6 , q lcL = 3 , quR = 4 , qdR = −2 , qqcL = −1 (8.60)

We view all them as right-handed Weyl spinors, so we have conjugated the left-handed
fermions. Each of these comes with a degeneracy related to their SU(2)×SU(3) quantum
numbers11. Including the three generations, from (8.60) we find that the net contribution
to the central charge is the same as if we had an effective number of flavors Nf = 54 of
charge one12, in formula (7.58).

In order for the analysis in the previous sections to be valid, we need that the distance
d between the two black holes is smaller than the electroweak scale, so that we can approx-
imate all the fermions as being massless. Since we had a hierarchical relation between d
and re, we see that the size of the black holes would be much smaller than the electroweak
scale. The coupling g that appeared in (2.2) is the hypercharge coupling evaluated at the
scale of the magnetic field in the throat region.

One could imagine also a configuration where the distance d is smaller than the Comp-
ton wavelength of the electron: 1/me. In this situation we can imagine that the two objects
carry ordinary magnetic field. However, in this case we expect that re should be much
smaller than the electroweak scale in the throat region. Then the SU(2) component of
the magnetic field would be screened in the throat13. So we expect that near the mouth
of each black hole we will have a condensate of W and Z bosons. The Higgs field also
would go from the non-zero value in the vacuum to zero inside the throat. This structure
would be present for any magnetically charged black hole with radius, re, smaller than
the electroweak scale. Here in addition we are connecting the two throats. It would be
interesting to find this configuration in detail. Large magnetic fields were discussed in e.g.
[21].

10The fact that in the presence of fluxes we can get massless fermions is a central element in Kaluza
Klein compactifications. The idea that weak hypercharge flux can lead to light modes was introduced in
Kaluza Klein theory in [34].

11In the order listed in (8.60) the degeneracies are (1, 2, 3, 3, 6).

12Alternatively, we keep the usual hypercharge assignments, say that q is a multiple of six and an
Nf = 9.

13Depending on whether the magnetic field flux is even or odd, we could be left with a discrete flux of
the SU(2) gauge field, since this is small relative to q � 1, we will not worry about it.
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Of course, since we are talking about distances shorter than the ones experimentally
measured, it could be that the Standard Model is not a good description. For example,
there could be other particles carrying weak hypercharge, etc.

New physics beyond the Standard Model could also give rise to new opportunities
to construct this solution. There could be light dark photons, for example. Also in a
Randall-Sundrum model without an IR brane (RS2) [35], which is equivalent to coupling
the SM to a CFT, we could use these new light degrees of freedom as the ones propagating
inside the throat. This raises an interesting question. In a solution of this kind, where the
matter has an AdS dual, then quantum effects become classical. This means that such a
solution should not be classically forbidden by the topological censorship arguments [1, 2].
We think that this means that the throat region should be continuously connected with
the exterior via the 5 dimensional bulk. It would be nice to see whether a solution of that
form is possible.

9 Conclusions and discussion

9.1 Summary

We have constructed a traversable wormhole solution in four dimensions. It is a solution
of a theory described by Einstein gravity plus a U(1) gauge field plus massless charged
fermions. Solutions with this topology are forbidden in classical physics because of the
average null energy condition, which is positive classically. The idea is to engineer a
configuration that generates enough negative null energy via quantum effects so as to
make the solution possible. This is achieved by close to extremal black holes with a large
magnetic charge, q � 1. Charged fermions moving in the magnetic field have a zero
energy Landau level on the sphere with large degeneracy proportional to q. These give
rise to q two dimensional fields moving along the magnetic field lines. In the wormhole
configuration these magnetic field lines describe closed circles. A massless fermion on a
circle develops a negative energy. This negative energy, when fed into Einstein’s equations,
makes the wormhole into a solution. To stabilize the mouths, we added rotation so that
they can be kept apart, at least for a while until the electromagnetic radiation causes them
to lose energy and eventually merge with each other.

We should emphasize that this wormhole does not require any exotic matter. In fact,
the ordinary matter of the Standard Model is enough!.

The wormhole is metastable, it is a long lived solution, but it is not completely stable
for various reasons.

The resulting wormhole solution has no horizon and no entropy. It can be viewed as an
entangled state of two black holes. The state is close to the thermofield double. If there
was no interaction between the two black holes, the thermofield double state would be a
time dependent state. The interactions change the Hamiltonian and now the thermofield
double is close to the true ground state of the combined system. This is explained in more
detail in [11], and results from a mechanism related to the one proposed in [12].
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It might seem surprising that we get a controllable solution by balancing classical and
quantum effects. There are a couple of features that make this possible. First, in the
presence of a large magnetic flux, q � 1, we end up with a large number of massless two
dimensional fermions, of order q. It is important that we get this large number of light
fields both in the throat as well as in the flat space region between the two mouths. The
second feature is the appearance of a scaling regime as we approach extremality, where the
black hole develops a long throat. This long throat is “almost” a wormhole, in the following
sense. The global AdS2 × S2 geometry looks like a wormhole. However, when we deform
one of its ends so that it joints on to flat space the classical equations produce a singularity
in the other. More precisely, when the sphere expands at one end to lead to flat space,
it shrinks at the other producing a singularity. The negative null-null components of the
stress tensor make it possible to make the two spheres grow as we go to both boundaries.
The classical action of the solution is of order q2, and the effect of these fermions is of order
q. The length, or depth, of the throat is very large, larger than q2lp. The classical action
is of order q2 and the Casimir energy is of order q/lp. The large length of the wormhole
reduces the classical action of one particular mode, the boundary graviton of AdS2, so
that we can balance this term against the Casimir energy [11]. The presence of this long
throat also removes the quantum effects of all other fields that are massive in the AdS2

sense. More precisely, the quantum effects are there, but they do not change the fact that
we get an AdS2 solution.

9.2 Van der Waals analogy

The fact that close proximity leads to entanglement is a very common occurrence for
systems that have several low energy levels. A simple example is given by the Van der
Waals force between two neutral atoms. This is produced by the exchange of photons,
when the distance between the atoms is larger than their size but smaller than the inverse
energy spacing of the atomic levels. In this case, after integrating out the photon, we
induce a dipole-dipole interaction of the schematic form Hint ∝ ~pL.~pR/d

3 where d is the
distance, and ~pL,R are the dipole operators of two atoms, see e.g. [36]. This interaction
produces entanglement among the low energy levels of the atom and a potential which
goes as the square of this interaction Hamiltonian, V ∝ −1/d6.

In our system, instead of atoms we have two black holes, with an exponentially large
number of energy levels. When they are in close proximity they exchange the charged
fermions (and other fields). This generates an effective Hamiltonian of the form Hint ∝
ψiLψ

i
R acting in the near horizon regions of the two black holes. The ground state of this

Hamiltonian is then given by the wormhole configuration. This is precisely the kind of
Hamiltonian studied in [11]. In [11], this interaction was introduced by hand. Here we see
how it arises naturally when two black holes are close to each other. In principle, we also
generate terms in the interaction Hamiltonian involving other fields. But since the other
fields are massive in the throat region, they do not generate much negative energy.
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9.3 Open questions

In this paper we showed that the solution exists, but we did not describe a simple procedure
for taking the system to that solution. Ideally, one would like to be able to give a procedure
to construct the solution that is not exponentially difficult as the charge becomes large. For
example, one would like to say that one could produce many monopoles, then get them
to collapse into two separate black holes, then let them evaporate close to extremality,
then bring them close enough so that the wormhole can form. It is not clear how long
this last step would take, or how to steer the solution into the wormhole rather than the
thermodynamically preferred solution consisting of two separate black holes.

The mechanism by which the wormhole forms is bound to be very interesting, since it
involves topology chance and the disappearance of horizons. Of course, we already know
that such processes can occur by tunneling, with exponentially small probabilities. There
are some reasons to believe that in coupled SYK models, such as the one in [11], this
process occurs in a time which is a power law in N , the size of the system. But we do not
know whether this is also the case for these Einstein gravity wormholes.

Understanding these questions would give us more insight into the generation of space-
time connections from entanglement. More optimistically, it might lead to some futuristic
experiment for checking that this connection indeed appears.

It would also be interesting to see whether a similar construction can be done in a
supersymmetric or BPS context.
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A Mass generation

We have shown that a fermion field on AdS2 × S2 leads to q two dimensional massless
fermions. Now we will take into account the dynamics of the gauge field. Of particular
interest is the dynamics of the two dimensional gauge field along the AdS2 directions.

First let us consider a two dimensional theory in flat space consisting of n charged
fermion fields interacting with a two dimensional gauge field

S =

∫
d2x

[
− 1

4g2
2

F 2 + i
n∑
l=1

χ̄lγ
α(∂α − iAα)χl

]
(A.1)

We can bosonize each of the fermion fields into a boson ϕl. The gauge field couples to the
“center of mass” ϕ = 1

n

∑n
l=1 ϕl only. The Lagrangian for this mode then becomes

S =

∫
d2x

[
− 1

4g2
2

F 2 +
n

2π
(dϕ− A)2

]
(A.2)
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Fixing the gauge ϕ = 0, we see that the gauge field describes a massive mode of mass
m2 = g2

2n/π. The rest of the modes remain massless. This can be argued as follows. We
can bosonize the fermions in terms of the overall U(1) degree of freedom ϕ and an SU(n)1

WZW model. The fact that this SU(n) chiral symmetry (left and right) is preserved by
the quantization implies that we should continue to have massless degrees of freedom. In
this case they are described by the SU(n)1 WZW model.

If we now go back to the AdS2 × S2 case, then we find a two dimensional gauge field,
with an action of the form

S =
4π

2g2

∫
dtdσ sin2 σF 2

tσ +
∑
m

∫
dtdσiχ̄m(/∂ − i /A)χm (A.3)

where the AdS2 metric is ds2 = (−dt2 + dσ2)/ sin2 σ. We see that we get very similar
physics so again we can bosonize and obtain a massive mode, with mass m2R2

AdS2
∝ g2q,

where g is the four dimensional coupling of the gauge field. This is only one mode, and the
rest of the modes remain massless. More precisely, the other Kaluza Klein modes of the
gauge field on the sphere also get an additional contribution to their (mass)2, of the form
g2q, due to the interaction with the massless fermions. However, since the initial vector
field was already massive, we are still left with massless modes.

A.1 Non abelian gauge fields

We can also consider a non-abelian SU(r) gauge field interacting with n fermions in the
fundamental representation. In this case the non-abelian bosonization will give us an
overall U(1) scalar and an SU(r)n and an SU(n)r WZW model. The coupling to the
gauge fields eats the SU(r)n degrees of freedom. But we still remain with the SU(n)r
WZW model with a number of degrees of freedom which is of order nr for large n and
fixed r. This is simply because, when we gauged the SU(r), we only removed of order r2

degrees of freedom.
In the case that we consider the Standard Model, we are in this situation. We are

gauging the U(1) × SU(2) × SU(3) symmetries and this removes a number of massless
degrees of freedom. However, the number we remove is fixed when q becomes large.

We can also consider the SU(2) Kaluza Klein symmetry that acts on the sphere. At
leading order, these give rise to massless two dimensional gauge fields. The fermions
are charged under these gauge fields since they transform in the spin j = (q − 1)/2
representation of SU(2). This gives the gauge fields a mass of order m2R2

AdS2
∝ l2pq

3/r2
e ∝

g2q. This is curiously of the same order as that of the U(1) boson.

B The next order correction in the gravity solution

In this appendix we discuss the form of γ in (5.34). We look at the sphere components of
the Einstein equations and get the following equation for γ

γ′′ + (1 + ρ2)φ′′ + 2ρφ′ + 4φ = 0 (B.4)
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Integrating this equation we get

γ = c̃− α
[
ρ2 + ρ(3 + ρ2) arctan ρ− log(1 + ρ2)

]
(B.5)

where we have imposed the ρ→ −ρ symmetry to fix one of the integration constants. α is
given in (5.36). The constant c̃ can be set to zero by a rescaling of the ρ and τ coordinates.
So we set it to zero. It is interesting to expand γ for large ρ. We obtain

γ ∼ α

[
−π

2
ρ3 − 3π

2
ρ+ 2 log ρ+ · · ·

]
(B.6)

We can now do the same comparison we did in (5.41) but including γ and expanding to
the next order in r − re in (5.33). We then find that the leading order term in γ (B.6)
matches the third term in the r − re expansion of (5.33)

A =
(r − re)2

r2
e

− 2ε

re
− 2

(r − re)3

r3
e

+
2ε

re

(r − re)
re

− 2ε

re

(r − re)2

r2
e

+ o((r − re)4) (B.7)

This is to be compared to the expansion of

r2
e(1 + ρ2 + γ)

dτ 2

dt2
=
r2
e

`2
(1 + ρ2 − πα

2
ρ3 − 3απ

2
ρ+ · · · ) (B.8)

Note that ε ∝ α2 and r− re should be viewed as being of order α, in light of (5.39). Using
(5.39) and (5.40) we see have already checked that the first two terms match in (5.41).
Unfortunately, in order to match the next term we also need the next order solution in φ.

However, we can go to a regime where ρ is large, but αρ is small and fixed, so that φ
is still given by the first order expression (5.39). This amounts to expanding around small
(r − re)/re but very small α. Since ε ∝ α2, in this regime we can expand (B.7) as

A ∼ (r − re)2

r2
e

− 2
(r − re)3

r3
e

+ · · · (B.9)

The cubic term then matches the cubic term in ρ in (B.8) coming from the cubic term in
(B.6), using (5.39).

C The solution of the Dirac equation

We consider a Dirac equation on the following background gravitational and electromag-
netic fields

ds2 = e2σ(t,x)
(
−dt2 + dx2

)
+R2(t, x)

(
dθ2 + sin2 θdφ2

)
, A =

q

2
cos θdφ (C.10)

In this metric we can choose a simple vierbein

e1 = eσdt, e2 = eσdx, e3 = Rdθ, e4 = R sin θdφ. (C.11)
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The only non-zero spin-connections are

ω12 = σ′dt+ σ̇dx, ω32 = R′e−σdθ, ω42 = R′ sin θe−σdφ, ω43 = cos θdφ, (C.12)

where a dot corresponds to the differentiation with respect to the time and a prime with
respect to the spatial coordinate. We write the four dimensional spinors as tensor product
of two dimensional spinors χαβ = ψα ⊗ ηβ. The gamma matrices in this representations
are

γ1 = iσx ⊗ I, γ2 = σy ⊗ I, γ3 = σz ⊗ σx, γ4 = σz ⊗ σy. (C.13)

The Dirac operator in this representation is

/D = e−σ
[
iσx

(
∂t +

1

2
σ̇

)
+ σy

(
∂x +

1

2
ρ′ +

R′

R

)]
⊗ I+

+
σz
R
⊗
[
σy
∂φ − iAφ

sin θ
+ σx

(
∂θ +

1

2
cot θ

)]
(C.14)

We substitute the following ansatz in the Dirac equation

χαβ =
e−

1
2
σ

R
ψα(x, t)ηβ(θ, φ), (C.15)

We now look for a solution where the η spinor obeys[
σy
∂φ − iAφ

sin θ
+ σx

(
∂θ +

1

2
cot θ

)]
η = 0, (C.16)

(iσx∂t + σy∂x)ψ = 0 (C.17)

The second equation indicates that we get an effectively massless two-dimensional spinor
χ. The second equations can be exactly solved. For q > 0 we get

η− =

(
sin

θ

2

)j−m(
cos

θ

2

)j+m
eimφ, η+ = 0, j =

|q| − 1

2
, −j ≤ m ≤ j (C.18)

where σzη± = ±η±. If q < 0 we should switch η+ ↔ η− and if q = 0 there is no zero modes
on the sphere.

Here we assumed that the four dimensional field has charge one. If instead it has charge
qi, then we should replace q → qqi in the above formulas.

If we started with a four dimensional Weyl spinor of a definite chirality, then, since η
has definite chirality, given by the sign of qiq, then the spinor ψ also has a definite chirality.

D Properties of magnetic field lines

We now compute the length of the field lines in the flat space region in terms of ν in (3.15).
We make a change of the coordinates from the coordinates z, ρ to θ1, θ2 (see figure 4)

z

d
= ẑ(θ1, θ2) =

sin(θ1 + θ2)

2 sin(θ2 − θ1)
,

ρ

d
= ρ̂(θ1, θ2) = d

sin(θ1) sin(θ2)

sin(θ2 − θ1)
(D.19)
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With the use of the equations for the field line (3.15) we can express one of the angles θ2

via the other

θ2(θ1) = arccos(cos θ1 − ν), θ1 ∈ [0, arccos(ν − 1)] . (D.20)

After that the length can be calculated as

f(ν) =
L(ν)

d
=

arccos(ν−1)∫
0

dθ1

√
(ẑ′(θ1, θ2(θ1)))2 + (ρ̂′(θ1, θ2(θ1)))2 (D.21)

The plot of this length is depicted on the picture 8

0.5 1.0 1.5 2.0
ν

5

10

15

f(ν)

Figure 8: The length of field lines as a function of ν, in units of d.

E Motion along the field lines

In this section it is convenient to make the angular momentum νq/2 go between 0 and q,
such that νq = 0 corresponds to fermions going away from the black holes, and νq/2 = q
to fermions going straight between them. The square of the Dirac operator is

/D
2

= −E2 + (p− A)2 +
i

2
F µνγµν (E.22)

Lets ignore the spin term for a while. Then we get an effective Schrödinger equation:

E2 = −∂2
z − ∂2

ρ +
1

ρ2
(i∂φ + Aφ)2 (E.23)
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where we wrote it in cylindrical coordinates: ds2 = −dt2 + dz2 + dρ2 + ρ2dφ2. If the wave
function ψ has a definite momentum νq/2 in the φ direction then we get

E2 = −∂2
z − ∂2

ρ +
1

ρ2

(
−νq

2
+ Aφ

)2

(E.24)

For two monopoles Aφ = q
2
(cos θ1− cos θ2). So we get an effective two-dimensional motion

in the potential:

V =
1

4ρ2
(νq − q cos θ1 + q cos θ2)2 (E.25)

This potential has a minimum along the field line and is separated by a barrier from
infinity. To estimate when a fermion can tunnel to infinity lets study the motion along the
ρ direction in this potential. For simplicity consider the plane z = d/2(the middle plane
between monopoles). Then:

V (ρ) =
q2

4ρ2

(
d√

ρ2 + d2/4
− ν
)2

(E.26)

Suppose that ν � 1. Then the potential minimum occurs at ρ ∼ d
ν

and the maximum at
ρ ∼ 2d/ν. Note that the barrier length is of order d/ν, we will need it later. To understand
whether a fermion can tunnel or not we will compare the barrier height with the ground
state energy near minimum. We can estimate this energy by approximating the potential
there by a quadratic oscillator. It is easy to obtain that:

Ebound =

√
V ′′

2
=

(νq)3

2q2d2

Vmax =
(νq)4

64q2d2

(E.27)

They are comparable only for νq ∼ 1. It means that fermions with ν � 1/q will follow
the field lines.

F Extra contributions to the two dimensional stress

tensor due to the conformal anomaly

We consider a metric ds2 = e2ω(−dt2 + dx2). More generally, we can consider two metrics
related by gµν = e2ωĝµν . There are correspondingly two stress tensors Tµν and T̂µν obtained
by taking a derivative with respect to each of the metrics. The two are not the same because
they are defined with different regularizations. The conformal anomaly allows us to relate
the two partition functions. In Lorentzian signature we have

Z[g = e2ωĝ] = exp

{
i
c

24π

∫
d2x
√
ĝ[R̂ω + (∇̂ω)2]

}
Z[ĝ] (F.28)
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The stress tensors are related as

Tµν = T̂µν −
c

12π

[
∂µω∂νω −

1

2
ĝµν(∇̂ω)2 − ∇̂ν∇̂µω + ĝµν∇̂2ω

]
Tµν = T̂µν +

c

24π

(
1 0
0 1

)
µν

− c

24π
gµν (F.29)

where we used e2ω ∝ 1
sin2 x

. The last term gives the contribution to the trace anomaly
T µ
µ = c

24π
R. But we also have the second term, which comes also from the conformal

anomaly but is a traceless contribution. For standard AdS2, with Dirichlet (or Neumann)
boundary conditions for the fields, this term cancels precisely the vacuum energy in the
flat space strip that we get in T̂µν . This is good because the stress tensor Tµν should be
SL(2) invariant in that case, which implies that only a term proportional to the metric is
allowed.

In our problem, we have other boundary conditions and T̂µν is the naive Casimir energy
in the flat cylinder. Then the second term in (F.29) gives an extra contribution, which we
were calling the “conformal anomaly contribution” in the main text.

G Electric fields for the rotating configuration

In this appendix we discuss in some detail the electric fields that arise when we consider
the two rotating magnetic charges.

Let us assume that we rotate along the ŷ axis. Then in the rotating frame we have the
metric

ds2 = −dt2 + dx2 + dy2 + dz2 + 2Ωdt(zdx− xdz) + o(Ω2) (G.30)

where we neglect terms of higher order in Ω. Let us also assume that the two magnetic
charges are separated along the z axis, at z = ±d/2. To leading order we have the same
magnetic field we had in the static frame, given by (3.13). However, due to the new term
in the metric (G.30) this field no longer obeys Maxwell’s equations to leading order in Ω.
This can be fixed by adding a time independent non-zero component At for the potential.
So that now we have the Maxwell equation

∇µF
µt = ∂2At − 2~Ω. ~B = 0 −→ At =

qΩy

2

[
1

|~r − ~d/2|
− 1

|~r + ~d/2|

]
(G.31)

to first order in Ω. Here ∇ is the covariant derivative with the metric (G.30) and ∂2 is the
flat space laplacian in the spatial directions. This is the naive electric field that we obtain
if we ignore the fermions. Of course, this electric field can be obtained directly from the
usual Lienard Weichert potentials, applying an electric-magnetic duality transformation,
and going to the rotating frame.

Let us now include the fermions. Most of the fermion modes in this region have large
energies and we can ignore them. We are left with the massless modes that propagate
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along the field lines. These modes interact with the electric field. It is convenient to
bosonize them so that along each field line we have an action of the form

S =
1

2π

∫
dtds

[
(∂tϕ− At)2 − (∂sϕ− As)2

]
(G.32)

where s is the length coordinate along the field line and As = Ai
dxi

ds
. In our case As = 0

and we postulate an At which depends only on space. In this case, the minimum energy
solution of (G.32) is one where ϕ =constant. For this solution we have a contribution to
the electric current that goes as

jt =
1

π
Atδ

2
⊥ (G.33)

where the delta function is in the two spatial directions orthogonal to the field line. This
comes from the derivative of (G.32) with respect to At for ϕ =constant. We have a large
density of field lines going as |B|/(2π). After we take into account all field lines we get

jt =
|B|
2π2

At (G.34)

Therefore, after including the fermions, the Maxwell equation reads (to first order in Ω)

∂2At − 2~Ω. ~B = ∇µF
µt = g2jt =

g2|B|
2π2

At −→ −∂2At +
g2|B|
2π2

At = −2~Ω. ~B (G.35)

with the rest of the components automatically obeyed. The terms with an explicitly B
field factor are very large for large q. This means that we can ignore the laplacian term
and approximate the solution as

At ∼ −
4π2~Ω. ~B

g2|B| + o(1/q) (G.36)

This means that the electric field is of order one, rather than of order q as in (G.31).
Therefore we find that the leading order electric field is screened by the charged fermions.

Therefore, in the Dirac equation all extra terms are of order one: the electric field and
the off diagonal metric components (or Coriolis force). The drift they induce is of order
the ratio of these new forces and the magnetic field, or

δθ ∝ Ωd

q
(G.37)

This is the drift experienced by a fermion going along one magnetic field line. It starts at
some angle θ and it ends at the angle θ + δθ.
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