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We calculate the Casimir energy-momentum tensor induced in a scalar field by a macroscopic
ultrastatic spherically-symmetric long-throated traversable wormhole, and examine whether this
exotic matter is sufficient to stabilise the wormhole itself. The Casimir energy-momentum tensor
is obtained (within the R x S2 throat) by a mode sum approach, using a sharp energy cut-off and
the Abel-Plana formula; Lorentz invariance is then restored by use of a Pauli-Villars regulator. The
massless conformally-coupled case is found to have a logarithmic divergence (which we renormalise)
and a conformal anomaly, the thermodynamic relevance of which is discussed. Provided the throat
radius is above some fixed length, the renormalised Casimir energy-density is seen to be negative by
all timelike observers, and almost all null rays; furthermore, it has sufficient magnitude to stabilise
a long-throated wormhole far larger than the Planck scale, at least in principle. Unfortunately, the
renormalised Casimir energy-density is zero for null rays directed exactly parallel to the throat, and
this shortfall prevents us from stabilising the ultrastatic spherically-symmetric wormhole considered
here. Nonetheless, the negative Casimir energy does allow the wormhole to collapse extremely
slowly, its lifetime growing without bound as the throat-length is increased. We find that the throat

closes slowly enough that its central region can be safely traversed by a pulse of light.

I. INTRODUCTION

The idea of a “bridge” of curved space, linking two
otherwise distant regions, has served as a rich basis for
thought-experiments, and a valuable test-bed for ques-
tions at the interface of gravitational and quantum the-
ory. These wormholes have found varied applications,
from models of fundamental particles [1], to ingredients
of a mechanism that would supposedly suppress the cos-
mological constant |2, 3]. More recently, a fascinating
connection between wormholes and quantum entangle-
ment has been conjectured |4, 5] which has played a key
role in the ongoing debate over the existence of a “fire-
wall” behind a black hole event horizon [6]. Lastly, and
most provocatively of all, there is the question of whether
stable traversable wormholes can exist, and if so, whether
anything prevents their being used as time-machines [7—
9.

In this paper we will focus on traversable wormholes,
and explore a mechanism which might allow them to ex-
ist, at least in principle. As is well known, the key im-
pediment to their stability is the need for exotic mat-
ter: negative energy is required, as averaged along a null
geodesic that threads the throat and escapes to infin-
ity [7]. The only experimentally verified phenomenon
expected to produce negative energy is the Casimir ef-
fect [10], wherein conductive plates are introduced to
empty space, and these plates impose boundary condi-
tions on the vacuum state of a quantum field. In many
cases, the new ground state energy is less than that of the
original (zero-energy) vacuum, leading to the conclusion
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that a negative energy has been achieved. Adapting this
phenomenon to the problem at hand, one would hope
to induce a negative energy vacuum in the throat of a
wormbhole, presumably by capping its mouths with con-
ductive plates (as in [11], for example). However, the
plates themselves will inevitably possess some mass, and
under reasonable assumptions! this positive energy will
outweigh the negative energy between the plates when
averaged along a null geodesic that escapes to infinity.

Fortunately, there remains a plausible route around
this obstacle, which we shall presently explore. The idea
is this: discard the conductive plates altogether, and ask
whether the wormhole itself, by virtue of its curvature
and topology, can generate the negative Casimir energy
it requires.

Now, cursory dimensional analysis would suggest that
this mechanism can only stabilise a Planckian wormbhole,?
in which case the semiclassical approach (quantum field
propagating on classical spacetime) would be expected to
break down anyway.? To avoid this pitfall, it is therefore
desirable to optimise the shape of the wormhole so as
to (a) increase the magnitude of the (negative) Casimir

o

The plates should have a mass-to-charge ratio no less than the
electron, and should be further apart than the electron’s Comp-
ton wavelength |7].

If it were possible to describe the wormhole/field system by a
single characteristic length (the “size” of the wormbhole) then it
follows that (size) ~ (Planck length) as there is no other quan-
tity available with the correct dimensions. Of course, the worm-
hole/field system need not be characterised by a single length.
This is the main criticism one can levy at the self-sustaining
wormbhole solution obtained in [12] by numerical techniques. Be-
sides the presence of Planck-scale structure, this solution is also
asymptotically ill-behaved: the time-directed killing vector di-
verges.
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energy-density it generates, and (b) decrease the magni-
tude of the negative energy-density it requires.

One very simple way of achieving this is to make the
wormhole much longer than it is wide. For the purpose of
explaining this claim, let us consider the following spher-
ically symmetric static traversable wormhole:*

ds? = —dt® + dz* + A? (d6? + sin® 0d¢?)
A=L?*+22-L+a.

As figure 1 illustrates, this spacetime is a smooth realisa-
tion of a simple surgically-constructed wormhole which
connects two flat regions with a spherically symmetric
throat of length 2L and constant radius a.

The Einstein tensor for the spacetime (1) is straight-
forward to calculate, and reveals the energy-momentum
tensor required by the wormbhole:

Tﬂf,:Gﬂlj/K/
= L iag (1,1, 2 4
- (L2 + 22) A%k g\ 5 "VIZ 22 V2t 2
212 .
+ mdlag (—1, 0, O, O), (2)

where the hats over indices indicate that components
have been expressed in the orthonormal basis along the
{t, 2,0, ¢} coordinate lines. Let us assume L > a, and
hence A/v/L?+ 22 < 1. Consequently, the first tensor
on the right-hand side of (2) obeys all four energy condi-
tions (null, weak, strong and dominant)® and the second
tensor can be interpreted as the exotic matter required
to stabilise the wormhole. Note that the magnitude of
this second tensor is greatest at z = 0, where it takes
the value 2/Lax. This will serve as an adequate measure
of the negative energy-density required by the wormhole
(1).

Now we turn to the Casimir energy-density generated
by the spacetime (1). Near the centre of the worm-
hole, where the negative energy-density requirements are
greatest, the throat radius is
22
o7 +ORY/L?), (3)

A:
“ta7

and on scales much smaller than the throat length, A
takes the constant value a to a good approximation:
|dA/dz| ~ |z|/L <« 1. Hence, near the centre of the

4 We set ¢ = 1, write & = 87G, and adopt the sign conventions of
Wald [13]: n, = diag(—1,1,1,1), [V, V,]o® = Ramwvﬂ, and
Ry = R,

5 It is a simple matter to prove that an energy-momentum tensor
Typ = diag(1, —1, p, p) obeys the null, weak and dominant energy
conditions if and only if [p| < 1. Furthermore, the strong energy
condition is obeyed if and only if p > 0. Consequently, this
energy-momentum tensor (and any positive multiple thereof) will
obey all the energy conditions if and only if 0 < p < 1.

(i) —A=+VIL2+22—L+a

(ii) --- A =max (|z| — L + a,a)

FIG. 1. (i) Spatial profile of the two-parameter wormhole (1);
(ii) Spatial profile of a simple surgically-constructed wormhole
with throat length 2L and throat radius a.

wormhole, quantum field modes with wavelengths much
smaller than L may as well be propagating in a throat
of constant radius a, and can be expected to produce a
Casimir energy-density of order /a*. Clearly, if we hold
a constant and increase L, then (i) this approximation
will improve, with the Casimir energy-density tending
to a fixed value O(h/a*), and (i) the negative energy-
density O(1/Lak) required by the wormhole will decrease
in magnitude. Ignoring the nonexotic matter, then, the
Einstein equations (2) take the form h/a* ~ 1/Lax, from
which it follows that

@ ~ (1,)*(L/a), (4)

where [, is the Planck length. This suggests that a and L
can both be much larger than the Planck length, provided
L > a.

What remains is to actually calculate the Casimir
energy-momentum tensor, and to check it possesses
the required structure (in particular, negative energy-
density) to allow this rough argument to carry through.
To simplify the calculation, we shall focus on the limit
L — o0, in which the spacetime (1) becomes

ds? = —dt? + dz? + a? (d6? +sin? 0dg?),  (5)
and the Ricci tensor is
Rpup = a~*diag(0,0,1,1). (6)

This will provide us with a good approximation to the
Casimir energy-momentum generated by a wormhole
with L > a, at least in the vicinity of the centre-point
z = 0. Calculating the Casimir energy-momentum tensor
induced by (5) will be the main task this paper,°® followed
by an assessment of wormhole stability in section IV.

6 Note that because curvature coordinates are degenerate in the
infinite throat (5) the treatment of vacuum energies by Anderson
et. al. [14] cannot be applied.



II. CASIMIR EFFECT

When one naively calculates the vacuum energy of a
quantum field, one finds that it is infinite. The canonical
remedy for this is normal ordering, which subtracts this
infinite constant and essentially defines the vacuum en-
ergy to be zero. However, the ground state of a quantum
field is dependent on the field’s environment: the pres-
ence of conductive surfaces will impose boundary condi-
tions, spacetime curvature will alter the field equations,
and nontrivial topology will introduce additional con-
straints. Hence, even after one has fixed the vacuum
energy of empty Minkowski spacetime at zero, energy
differences persist between vacuum states of different en-
vironments, and one is forced to admit that the vacua of
nontrivial environments have nonzero energy.

Let us formulate this symbolically for the case at hand:
let |0) be the vacuum state of a quantum field ¢ in the
infinite throat spacetime (5), and let |0p7) be the vac-
uum state of the same quantum field in empty Minkowski
spacetime

ds? = —dt* + 6;;da'da?; (7)

then the Casimir energy-momentum tensor of ¢ in the
throat is

T = (0] Tw 10) = (Ona| T [0r) (8)

that is, TEUaSimir is the vacuum energy-momentum that
remains once we have accounted for the spurious vac-
uum energy-momentum of i in flat empty space. Unlike
(0| T}, 0), we expect TS2S™IT to be observable, giving
rise to measurable forces on physical objects, and acting
as a source of gravity in the Einstein field equations.

There still remains the technical issue of regularising
the two infinite expectation values on the right-hand side
of (8), and the question of whether their difference re-
mains finite once the regulator is sent to infinity; for the
sake of expediency, however, let us postpone this discus-
sion for now, and take this formal definition of TE;‘Simir
as sufficient for the time being.

As is typical, we will choose the quantum field ¢ to
be a free real scalar field. Although correct physical pre-
dictions may ultimately require the full complement of
standard model fields, it clearly serves no purpose to
burden the present abstract investigation with such a
detailed and realistic model. Rather, it is hoped that
the results of the scalar case will accurately portray the
flavour of a more complete calculation. In the interest
of generality, we will initially proceed without fixing the
field’s mass; however, as the Casimir effect is exponen-
tially suppressed for systems much larger than a field’s
Compton wavelength [15, §4.2], the massless case will be
our primary interest. The most physically pertinent case
will then be the conformally coupled massless scalar field,
due to the strong analogy with electromagnetism; how-
ever, again for the sake of generality, we will leave the

curvature coupling parameter arbitrary for now. We be-
gin by summarising the basic ingredients of field theory
that we require.

A. Basic Formalism

The action for the free real scalar field ¢ is
— 1 4 2 2 2
Sp =5 [da'v=g ((Ve)* + (m* + ¢R)$?) . (9)

where ¢ is the curvature coupling parameter. For the
conformally coupled scalar field, £ = 1/6. This action
gives rise to the classical field equation

-1 68
0=—=—22¢ _ (V2 —m? —¢R) o, 10
/=g o ( m 5)%0 (10)

and the classical energy-momentum tensor

2 §S,
V=g g
= VoV + & (Ruwe? — V.V, (7))

gt (Vo) + (m® +ER)), (1)

T

where we have used (10) to simplify the last line. Note
that it is only for the conformally coupled field that 7},
agrees with the “new improved” energy-momentum ten-
sor which behaves well in the renormalised quantum the-
ory [16]. Tt will also be convenient to define a symmet-
ric bilinear form T}, {-,-} based on the classical energy-
momentum tensor:

T,uu {9015 902}
= Vo1 Vipee +E(Rupiv2 — ViV (0192))
—4
- gM”T§ (Va1 Vo2 + (m® + ER)pr12) . (12)

To quantise ¢, let us set 1 = 1 and specialise to ultra-
static spacetimes:

ds? = g data” = —dt? + h;j(7) da'da? . (13)

Under canonical quantisation, ¢ is replaced by the oper-
ator

=Y (ona, +oiat), (14)

n

where the af = (a; )" are creation/annihilation opera-
tors:

laf,ab] =lan,a,] =0,  [a,,al] =6um.  (15)
In this generic treatment, the mode index n is discrete;
for each continuous index k taking values in R, the sum in
(14) should be augmented by [dk /27, and the Kronecker
delta in (15) should be multiplied by 276 (k — k').



The modes {;"} are an orthogonal basis of solutions to
the field equation (10); they are required to have definite
energy,

8&0?; = :I:iwngpi:, wp >0, (16)

and also obey

on = (en)", (17)
so that ¢ is hermitian (corresponding to ¢ € R). The
modes are normalised such that

ot,7), I (t,7)| =ik Y?5(7 — &), (18)

where IT = 8, is the conjugate momentum of @, and h =
det(h;;). Substituting (14) and using equations (15)—
(17), this condition becomes

> 20 R{p (1 2)p, (6.3)} = h V2@ - 7). (19)

The Fock space is constructed in the usual fashion, with
the vacuum state |0) defined by a,, [0) = 0 for all n.
Consequently, the vacuum energy-momentum tensor is

(0] T, 10) = (0| Ty {2, 3} 0)

= T {en. o} (0l ay arf, 0)

Typically this sum will diverge, so some form of regular-
isation is required to render it meaningful. The simplest
approach is to introduce an energy cut-off:

(01 T 10) = Y~ T {000} Flwn/Q), (21)

where f(x) is a monotonically decreasing function of x,
such that f(0) = 1, which vanishes fast enough as x — oo
to render the sum finite. Based as it is on the energy of
the modes, this scheme can be expected to break Lorentz
invariance; as such it will be a temporary measure, nec-
essary at this stage to prevent us from deriving nonsense
from infinite expressions. In section III, we will replace it
with a Lorentz invariant regularisation scheme and send
Q — oo.

B. Modes in the Infinite Throat

Fixing the metric to be that of the infinite throat (5),
the most convenient set of orthogonal field modes be-
comes

- * 1 i(wt—kz
<lem = (<Pklm) = a—e( b=k )}/lm(ov(b)v (22)

V2w

where Y}, are spherical harmonics, £k € R, [l € N, m €
{-l,=l+1,...,1}, and

I1+1)+2¢

ensures that the field equation (10) is satisfied. Note that
if 2¢ < —m?2a?, then we must disregard modes for which
a?(k* +m?) +1(1+1) + 2¢ < 0, as w is imaginary in this
case. For now let us proceed under the assumption that
2¢ > —m?2a?; it will be trivial to deal with 26 < —m?2a?
in section HE by taking the real part of our results.

To ensure the modes are correctly normalised, we must
check that they are in agreement with (19):

dk o ~
[ &S (1. 07,0}
Im

1 dk ik(z—2z' *
- E / % Ze k( )}/lm(ea d))Ylm(e/a ¢/)
lm

1
= m&z —2')8(0 —0")o(¢ — ¢')
h25(7 — ). (24)

Thus the canonical commutation relation (18) is obeyed.

C. Vacuum Energy-Momentum

To calculate the vacuum energy-momentum tensor, we
substitute the modes (22) into equation (21):

(0 T, [0) =

e S

+§ (Ruulyvlm|2 - vu (|lem|2))

1—-4
- guuTg((_uﬂ + k2 + m2 +§R) |Y2m|2

+ ammaayrm)} . (25)

We can perform the sum over m by use of the identities

Z Yin|? = 21 + 1
! o L 20+1 I(I4+1) 20)
m;ammamm = 5z Ow
where we have introduced the tensor
O = diag(0,0,1,1), (27)



to represent the angular part of the metric. The result is

(0] T [0) =

I mwzazZ 28 om0,

(+1)+2¢
2a?

2+l(l+13+2§>} (28)

+ k2(0,2)(0,2) + O,

1-14
_guuTg (_w2+k2+

a

Applying (23) this becomes

<0|f,w|o>=/oo 1671'2@22 2+ Df(5) [wz(aut)(a,,t)

2—k2—m2}

+ k2(0,2)(0u2) + O 5

> QU+
N / 3271'2a2 Z {w Ay
+ k*By, — mZGW] : (29)

in which we have introduced the tensors
App = diag (2,0,1,1),

30
B, = diag (0,2,—1,—1). (30)

Lastly, we define the dimensionless quantities

u = ka, v = wa, A = Qa, = ma, (31)
and use them to write
(0] T 0) =
oo o0 1\ p(w
/0 8:21;4 > (t+ i)f(i) (V2 Ay +u? By — 1%0,]
(32)
wherein
v=u2+(1+1/22+a, a=p?+26-1/4. (33)

D. Minkowski Vacuum Energy-Momentum

To complete the calculation of TEjEimir, we also require
the vacuum energy-momentum of ¢ in Minkowski space-
time (7), evaluated according to the same regularisation
scheme. The Minkowski modes are of course

1 = -
T R 5 = |2+ m2, (34)

o =(0p) = =

and lead to a regularised vacuum energy
(Or T 10a1)

3 (@
B / ((217:;3 féf-f diag(@?, (k1)?, (k2)?,

(ks)?). (35)

To rewrite this integral in a way the resembles the throat

result (32) let us parameterise k= (k,qcosv,gsind) and
perform the integral over ¥:

(0ar| Tho [0ar)

< dk > flg) ..
:/ (%)2/0 dqq ;g)dlag(wz,kz,qz/lf/?)
< dk [ &
:/ 167‘r2/0 dqquDQ) [Q2Aﬂﬁ+k2Bﬂg—m2@ﬂg},

(36)
where ¢> = @2 — k? — m? was used in the last line. Writ-
ing ¢ = l/a (with | a continuous variable) we express
everything in terms of the dimensionless variables (31):

(0ar| Ty [0ar)

> du > lf(;) _9 2
:‘/0 m/o dlf ['U AHV+U BHV

v

- M2®uu} )
(37)

wherein

1= Vul+12+a, a=pu’. (38)

E. Casimir Energy-Momentum

Finally, we subtract the Minkowski energy-momentum
(37) from the throat energy-momentum (32) to arrive at
the Casimir energy-momentum tensor:

pCasimir _ o (IAAW + JB, — OéK@yu)7 (39)
where

I= / du l2<z+%>vf<%>— / d“vﬂ%)l’

1=0
J= d — di
I

I N RN (e AV L6 VI e A ()

_ du 2N dl —==

e [a{g s [

v=uR 4+ (1+1/2)2 + p? 26 —1/4,
Vu+12+a, a=p?. (40)

Recall that this result is only valid for 2¢ > —m?2a®
(equivalently, & > —1/4) and that if 26 < —m?a® we
must be careful to remove any modes for which w is
imaginary. Fortunately, these modes produce a purely
imaginary contribution to I, J and K, so they are eas-
ily removed simply by taking the real part of the above
expression. Hence,

v

Casimir __
T 174

o — KO, (41)

oz



is now valid for all o € R.

In appendix A, we use the Abel-Plana formula to eval-
uate R{I'}, R{J} and R{K} when f enacts a sharp
cut-off at energy Q = \/a; the results can be found in

equations (A23-A25). Consequently, the Casimir energy-
momentum tensor (expressed in the orthonormal basis)
is given by

pCasimir _ _1 [R{I + J}diag(1,1,0,0) + R{I — J}diag(1,—1,1,1) — aR{K }diag(0,0,1,1)]

1224 87r2a4
B 1
1927244

+ ((a +6(a® —a?) — 4—70> In(2)) + 3(a?In|a| — &% 1In |a|)

<(1 +12(@ — ) A - % (a +6(a® —a?) — %)) diag(1,1,0,0)

~ g(a2 —a%) + 48X(a)> diag(1,—1,1,1)

—a((1+12(a - @) In(2)) + 6 (alnfa] - a1In |a]) + 6(a — ) — 48Y (a) ) diag(0,0,1,1)| + O(A"2), (42)

as A — oo, where the functions X (a) and Y («) are de-
fined in equations (A16) and (A26).

At this stage, the key fact to recognise is that, un-
like in Casimir’s original calculation [10], we cannot send
A — oo and recover a finite result: although the subtrac-
tion of the Minkowski vacuum has removed a singular-
ity O(\*) from the expansion, there remains singularities
O(A?) and O(In \).” With finite A, Lorentz invariance re-
mains broken, and this is manifest in two ways. Firstly,
TE,j*Simir is dependent on the cut-off energy Q = A/a,
which is obviously a frame-dependent quantity. Secondly,
the piece of TEVaSimir proportional to diag(1, 1,0, 0) is not
invariant under boosts in the z-direction, and so does not
respect the Lorentz symmetry of the throat metric (5).
The purpose of the following section is to remedy these
failings with the introduction of a Lorentz-invariant reg-
ularisation scheme.

III. RESTORING LORENTZ INVARIANCE

The simplest way to restore Lorentz-invariance to
T&agimir is to introduce a Pauli-Villars regulator [17]. The
regulator is a fictitious scalar field ¢, (with a very large
mass m,) the energy-momentum of which we subtract
from that of ¢:

TEVV = Tl?uasimir [QD] _ T:le,aSimir[(P*]- (43)

Following this scheme, the low-energy modes of ¢ con-
tribute to TEVV as usual, with negligible subtraction from
©4; for modes with energies far above m., however, the

7 We can nullify the A? divergence by setting o — & = 1/12, which
corresponds to conformal coupling £ = 1/6; however, the coeffi-
cient of the remaining In(\) term is then a+6(a? —a?) —7/40 =
—2/15, independent of the value of 112, and so cannot also be set
to zero.

contributions from the two fields almost exactly can-
cel. Consequently, high-energy modes are suppressed in
a smooth and Lorentz-invariant fashion. Once this reg-
ulator has been added, it will hopefully be possible to
send our original cut-off A — oo , with TEVV remaining
finite, and m, retained as a Lorentz-invariant regularisa-
tion scale.

Although Pauli-Villars regularisation is rarely used for
Casimir energy-momentum calculations, it has a num-
ber of advantages over the alternative schemes (dimen-
sional regularisation [18, 19], point splitting [20], and
zeta-function regularisation |21, 22]) at least for the case
at hand. Firstly, this approach follows very easily from
the energy cut-off result (42), requiring only elemen-
tary algebra, with no need for additional mathematical
tools or formalism. Secondly, the Pauli-Villars approach
has no additional ambiguities or freedoms, beyond the
energy-scale m, that is present in all methods.® Lastly,
Pauli-Villars has an attractive “toy model” physical in-
terpretation: one can think of the regulator field as rep-
resenting the appearance of new particle species (at an
energy scale m,) which suppress the energy-momentum
of high-energy modes of ¢. This behaviour would be
expected from spontaneously broken supersymmetry: as
energies exceed the symmetry-breaking scale, superpart-
ner fields would appear that exactly cancel the energy-
momentum contribution of the fields present at low en-
ergy. Of course, this is only a toy model, and one may

8 For instance, there is the question of how, in detail, one should
perform dimensional regularisation: the wormhole throat (5) has
a (wick-rotated) geometry R? x S2 which generalises to R%1 x S92
with two degrees of freedom. Similarly, point splitting requires a
choice of splitting direction, and the subtleties in application of
the zeta-function give rise to other ambiguities |23, p167]. Even
if these ambiguities can be fixed post hoc (e.g. by insisting on
some property of 7}, or by averaging over splitting direction
[2C]) or can be absorbed in the process of renormalisation, it will
clearly be advantageous to avoid these additional complications.



prefer to default to the minimal interpretation, wherein
regularisation is a purely mathematical device, devoid of
physical meaning. As we will see in section III B, this
more rigorous approach (in which m, is eventually sent
to infinity and divergences are absorbed via renormalisa-
tion) gives essentially the same results as the toy model.

A. Pauli-Villars Regularisation

Employing the Pauli-Villars regularisation scheme is
simply a matter of inserting (42) into (43). Although it
is certainly possible to proceed without fixing the mass of
, it will streamline our analysis to now focus specifically
on the massless case. Recall that this was our original
intention: the Casimir effect of the massive case is ex-
pected to diminish as e=2™¢ for ma > 1 [15, §4.2], and
so would be unable to support a macroscopic wormhole.

pev_ 1 1

19927204 | 2

Of course, we will still require the formula (42) for m # 0
in order to calculate the contribution from the regulator
field.

Referring to definitions (31), (33) and (38), we see that
the massless field ¢ requires « = 2§ — 1/4 and @ = 0,
and the regulator o, requires a = 26 — 1/4 + (m.a)?
and & = (m.a)?. Hence, the Pauli-Villars regularised
Casimir energy-momentum (43) can be written as

_ TCasimir

TV = TG TS .. )

’04:(4-#37 a=py
where
¢=2¢—1/4, s = Maa, (45)

have been introduced as a convenient shorthand. We can
now substitute (42) into (44) and arrive at

Be (1 - 120) ding(1,1,0,0) + (1212 = 1) n(2A) +3¢3(n [¢] — 1/2) = 32 + (2 + ¢~ 1/2)

+ gt (In 2] — 1/2) + 48X (¢) — 48X (42 + €) ) diag(1L, =1, 1,1) + 22 (1 = 12¢) n(2) + 6(s22 + ) In 2 + ¢

— 6u2In || = 6¢ — 48Y (42 + ¢) ) diag(0,0, 1,1)

Notice that, as a consequence of the new regularisation,
the O(\?) divergence has vanished entirely. In general,
though, two pathologies still remain: firstly, a diver-
gence O(In(\)), and secondly, the frame-dependent ten-
sor diag(1,1,0,0). Fortunately, both of these features
can be removed simply by setting ¢ = 1/12; a glance at
(45) confirms that this is the same as

£=1/6, (47)

which of course ensures that ¢ is conformally coupled.
Recall that this value for £ was physically well-motivated
a priori, as the conformal invariance of ¢ makes it most
closely analogous to the electromagnetic field, and thus
a good model for the only massless field in the standard
model. Moreover, (47) also defines the “new improved”
energy-momentum tensor [16] of Callan, Coleman and
Jakiw, which is the form of energy-momentum tensor
most suitable for renormalised quantum theory. Thus,
although the other possibilities £ # 1/6 can presumably
be dealt with using a more complicated regularisation
scheme, there seems little to be gained in pursuing these
results, considering that they were less well-motivated in
the first place.

With conformal coupling (47) fixed, there is nothing
to stop us from sending A\ — oo and recovering Lorentz
invariance. The final step of the calculation is then to let

+0(\7?). (46)

our Lorentz-invariant regulator m, become very large;
specifically, we insist that the wormhole radius should be
much greater than the regulator’s Compton wavelength,
SO0 m.a = [y > 1. We can then use

¢ ¢ -
1n|uf+<|:1nlui|+ﬁ— o +0(u®),  (48)

and the following asymptotic expansions,

X240 = g5 (5 - mlil =+ )

40 40
o), (19)
YW+0—iQWH+i@—1» O(u:")

which can be derived by the same methods as used in
the steps between (A10) and (A17). Inserting these into
(46) with ¢ = 1/12, we finally obtain (after considerable
cancelling) the Pauli-Villars regularised Casimir energy-
momentum tensor:

TPV _

1 . 9
W = 58807701 [diag(—1,1,—1,—=1)(In|uZ] + A)

+ diag(0,0,1,1)] + O(u; ),  (50)



where
A= 37+10In(12) 260 /Oodt t(t? — &) In|t? — L
32 0 e2mt 41
=~ 2.2325 (51)

is a numerical factor.

As far as the toy model is concerned, we can end the
calculation here. In (50) we have pu, = m.a, where m.,
is a very large, unknown but finite mass, quantifying the
energy at which new particle species arise and suppress
the energy-momentum of ¢. Our present analysis cannot
predict m,, but it could be determined experimentally,
at least in principle. Fortunately, as TEVV is only loga-
rithmically dependent on m., this uncertainty will have
little impact on our conclusions. In particular, we know
that u, > 1, so In |p2| is positive, and thus the Casimir
energy-density 7oV is negative, just as we had hoped.
However, negative energy-density is not sufficient in it-
self to guarantee the stability of the wormhole; we will
examine this subject properly in section IV.

Before this, it will be useful to briefly review how renor-
malisation allows us to take the regulator m, to infin-
ity, while retaining a finite energy-momentum tensor. In
truth, this more rigorous treatment has little effect on
the important features of TEVV , so a reader who is happy
to accept the toy model picture of Pauli-Villars regular-
isation may wish to skip to section IV at this point. In
section I1I C we will also discuss the conformal anomaly
displayed by (50).

B. Renormalisation

Prior to renormalisation, the semi-classical Einstein
field equations are

Guu + gHVAB = KB <THV> 3 (52)

with ‘bare’ cosmological and gravitational constants Ap
and kp. Utiyama and DeWitt [24] proved that the expec-
tation value of the energy-momentum tensor will generi-
cally take the form

(Tyw) = clgw,mjf + CQGWmi + c3H,,, In(m,b)
+1ren (53)

pv o

where m, is a Lorentz-invariant regulator, {c1, c2, c3} are
numerical constants, H,,, is a tensor composed of R? and
V2R terms,” and T is finite as m. — oco. Notice that it
has been necessary to introduce an arbitrary length-scale
b, without which the logarithm would have a dimension-
ful argument. Because (T},,) does not actually depend

9 In fact, there are two linearly independent terms of this sort, so
c3Hy,, should really be replaced by 03H,(ﬁ,) + C4H,(3,). This com-
plication is irrelevant to the schematic explanation given here, so
we will ignore it.

on b, any change b — b must produce a compensating
change in the finite part of the energy-momentum tensor:
AT = c3In(b/0')H .

Substituting (53) into (52), grouping terms and divid-
ing by (1—corpm?), we arrive at the following field equa-
tions:

4
AB — C1M KB

G + G 1 — cokpm?
. KB ren 1 b
= T o T s In(om, )] (54)

Ignoring the logarithmic divergence for the moment,

we see that neither the bare constants Ap, kg, nor the
m?2,m? divergences, can be observed directly: one can

only measure the renormalised quantities

4
AB — C1M KB o KB

A

_ 55
1 — corpm?2 (55)

1 —cokpm?2 ’
These quantities have been measured experimentally, and
are known to be finite.!® Consequently, we can infer the
behaviour of Ag and kg as m, — oo.

This deals with the quadratic and quartic divergences:
they simply produce an unobservable shift in the cos-
mological and gravitational constants.'’ The interest-
ing physical behaviour is then confined to T)7" and
the logarithmic divergence. To absorb this divergence,
one must posit the existence of extra R? terms in the
gravitational action, with an (unobservable) bare cou-
pling parameter op. These contributions produce a term
opH, /(1 — cakpm?) on the left-hand-side of the field
equations (54) which combines with the logarithmic di-
vergence to give

Guv + g +0oHy = KT,5", (56)

where the renormalised coupling

0B

g 2
1 — cokpms

— c3k In(m.d) (57)

can once again be determined by experiment. Astrophys-
ical observations provide a stringent upper bound for o,
so it goes without saying that its value must be finite;
indeed, o = 0 remains a possibility, in which case Ein-
stein’s theory survives in spite of the R? counter-terms
in the action.

Notice that the definition of o depends on the arbitrary
length-scale b. Changing b allows us to add any finite

10 The empirical value of the cosmological constant is so small that
it is unlikely to have a significant effect on the wormhole; as such,
we sett A = 0 outside this section of the paper.

As it happens, neither of these divergences are present in (50):
the quadratic divergence does not appear when the field is con-
formally coupled, and the quartic divergence was removed by
subtracting the Minkowski energy-momentum in equation (8).
This latter process is essentially a renormalisation of A.
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amount to o, with an equal and opposite change in T',7".
A particularly convenient way to remove this ambiguity
is to choose b such that ¢ = 0. This convention promotes
b to a physically meaningful quantity (determined by ex-
periment) and ensures the field equations take on their
usual Einsteinian form,

Guv + g = kT30 (58)

Let us now apply this process to the Casimir energy-
momentum of the long wormhole throat (50). We write
the divergent logarithm as

In|u?| = 21In(m.a) = 2In(m.b) + 21In(a/b),

with the first piece identified as producing the logarith-
mic divergence in (53), and the second piece to be in-
cluded in T,7". Following the scheme above, R? terms
are added to the gravitational action, the logarithmic di-
vergence is absorbed into 0 H,,,,, and we fix b by insisting
that o = 0. Consequently, we arrive at the renormalised
Casimir energy-momentum tensor

ren __ 1 :
T = 53807201 [diag(—1,1,—1,—1)21n(a/ao)
+ ding(0,0,1,1)], (59)
where
ap = be A/? (60)

is a fixed length that can only be determined by experi-
ment.

Equation (59) is then our final result. As previously
advertised, the renormalised energy-momentum tensor
displays much of the same structure as the Pauli-Villars
regularised tensor (50), with the unknown length-scale
ap replacing 1/m,. The parameter ag has a straightfor-
ward interpretation: it is the throat-radius of a wormhole
for which the Casimir energy-density vanishes. Provided
the wormhole has a throat-radius greater than ag, the
Casimir energy-density will be negative.

C. Conformal Anomaly and Wormhole
Thermodynamics

Being largely irrelevant to the stability of the worm-
hole, we have thus far paid little attention to the
diag(0,0, 1, 1) part of the Casimir energy-momentum ten-
sor (59). However, this part of the tensor plays a key
role in generating the conformal anomaly, and ensuring
the self-consistent thermodynamic behavior of the worm-
hole. We shall quickly cover these details here, for the
sake of completeness, before finally examining the energy
conditions violated by T7,7".

The presence of a conformal anomaly is evidenced by
the trace of the renormalised energy-momentum tensor,

ren __ 1

" 144072a%’

which classically would be expected to vanish for a con-
formally coupled massless scalar field. This anomaly
could have been anticipated from general considerations
of quantum fields in curved backgrounds; for example,
one might have used equation (6.114) of Birrell & Davies
[23]. Accounting for the difference in metric sign conven-
tion, this gives
1

ren __ afyd af _ 2
7" = i (Raps R RasR*® — V°R)

1

- 61
14407204’ (61)

in agreement with the result above. This trace, which
arises from the diag(0,0,1,1) part of T is intimately
connected to the logarithmic dependence of the trace-
less part (proportional to diag(—1,1,—1,—1)) as we will
see by examining the thermodynamical behaviour of the
wormhole.

Consider a section of throat (5) of length I. From (59)
we see that Casimir energy contained within is

E = 4nd’lp = — In(a/ap). (62)

360ma?

Thus, if the throat radius undergoes a change da (with
ap held constant) the Casimir energy is altered by

l

dE = ————
3607a?

(=2In(a/ap) + 1)da, (63)

where the +1 arises from differentiating the logarithm.
The energy-momentum tensor (59) also reveals the pres-
sure acting in the angular directions:

1

P = S ssontai

(—21In(a/ap) + 1), (64)

where the +1 arises from the diag(0,0,1,1) part of T};5".
Consequently, under a change in radius, the work done
by the throat (on the field ¢) is

1
288072a*

= m(—Zln(a/ao) + 1)da. (65)

PdV = (—21In(a/ag) + 1)d(4ma?l)

Hence the logarithm and the diag(0,0,1,1) tensor con-
spire to ensure that the first law of thermodynamics

dE = —PdV (66)

is obeyed when the throat radius expands or contracts.

IV. WORMHOLE STABILITY

When the throat radius is sufficiently large (a > ao)
the renormalised Casimir energy-density 735" is negative
(in violation of the weak and dominant energy condi-
tions) and has a magnitude of order a=*. Hence the



required exotic energy-density —2/Lak (obtained from
the second term on the right of (2) in the limit that the
throat length L becomes extremely large) can be supplied
by the Casimir energy-momentum tensor (59) if

-2 —In(a/ao)

Lak — 1440m2a*’ (67)
or equivalently,
In(a/ap)
2 2
=(l,)*(L/a)—=— 68
@ = (1) (1 o) ol00), (65)
where [, is the Planck length: x = 87(l,)?. Thus, as

hypothesised in the introduction, the Casimir effect of
a very long wormhole (L > a) is capable of generating
exotic matter in quantities that could, in principle, allow
for the stability of a wormhole with a macroscopic throat
radius a > [,.

However, thus far we have satisfied only the first com-
ponent of the Einstein field equation (ignoring nonexotic
matter). Unfortunately, the positive Casimir pressure
T = =T56™ will prove problematic when extending this
procedure to the other components. To understand this
issue, let us relax our focus on the single component 755",
and consider the inequalities obeyed by the tensor T}7"
as a whole.

A. Energy Conditions

As previously mentioned, the weak and dominant en-
ergy conditions are clearly violated if a > ag; indeed, we
show in Appendix B/ that if this inequality is strength-
ened very slightly, so that

a > agel/4, (69)
then 777" will violate all four energy conditions: weak,
strong, dominant and null. Furthermore, the stipulation
(69) ensures that, for all null or timelike vectors v*,

T <0, (T"0")? <0, (70)

with equality if and only if v* o (1,+1,0,0). The first
inequality reveals that all four-velocities v* define nega-
tive energy-densities, with the sole exception being null
vectors running directly parallel to the throat, for which
the energy-density is zero. The second inequality reas-
sures us that the energy-flux is always causal: T, v" is
never spacelike. Thus T)7" is impressively exotic (defin-
ing negative energy-densities in almost all directions) but
does not violate the more fundamental expectation that
energy (whether positive or negative) should never flow
faster than light.

With regards to the stability of the wormhole, the
problem arises from those particular null directions v*
(1,£1,0,0) which define vanishing energy-density. We
would like to be able to solve the Einstein equations with
the addition of some ordinary matter T;L’l’ﬂd:

G = k(T + T3, (71)
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where G, is given by (2) in the large L limit. Let us
contract this equation with v#v"”, where v* is timelike or
null:

v Gv” = kot (T, + Tﬁ,ﬂd)v”. (72)

For all timelike v*, and almost all null v*, we have
v < 0, so we should be able to accommodate neg-
ative values for v* G, v". However, for v" o« (1,+£1,0,0),
we have v* T 7" = 0 and v" G 0" < 0, leaving us with

VT <0, (73)

which requires the ordinary matter to violate the null
energy condition — clearly a contradiction. Thus it is
impossible to solve the Einstein equations for the static
wormhole (1) in the large L limit, using only its Casimir
energy-momentum (59) and ordinary matter. Unfortu-
nately, the exotic energy-momentum generated is not
quite of the right form to stabilise the wormhole.

The root cause of this obstacle is the symmetry of
the throat metric (5) under Lorentz boosts in the z-
direction. Consistency with this symmetry (and the
spherical symmetry of the cross-sections) guarantees
that 173" = diag(p, —p,p,p), for some p and p, with
vt oc (1,£1,0,0) = o*To%" = 0 an inevitable con-
sequence. Considering that all other four-velocities de-
fine negative energy-density, it is conceivable that some
symmetry-breaking deformation of the spacetime may al-
leviate this problem. In particular, noting that null rays
with nonzero angular momentum do see negative energy-
density, one might hope that introducing a “twist” to
the throat would mix the angular and longitudinal be-
haviour in a profitable way. Alternatively, one could ex-
amine wormholes with very short throats: their extreme
aspect ratios leave them open to the method of attack de-
scribed in the introduction, but unlike the L — oo limit
considered here, the L — 0 limit is not invariant under
longitudinal boosts. We shall leave these possibilities for
separate investigations.

It should be stressed, however, that although the
Casimir effect cannot fully stabilise the wormhole, this
does not preclude some very interesting behavior. In par-
ticular, it seems that Casimir effect can slow down the
collapse of the wormhole, so that it can have an arbitrar-
ily long lifetime, and moreover, that the collapse may be
slow enough to allow a light pulse to traverse the throat
before closing. We conclude the paper with an analysis
of this phenomenon.

B. Slow Collapse

To understand the collapse of the wormhole, let us be-
gin with the static wormhole spacetime considered in the
introduction (1) and promote the radius a to a time de-
pendent quantity a(t):

ds® = —dt® + dz? + A” (d6? + sin® 6d¢?) |

A=+L%24 22— L+alt).

(74)



The Einstein tensor of this spacetime is then
2

da(ll A A )
L _
2+ )2 8\ T Uy 2 VTt 2

a?
+ ﬁdlag(l, -1,0,0)

Gﬂl) =

—2L2 —24 —d —a
di —,— .
+diag (A(L2+z2)3/2’ 1A A) (75)
Taking the large L limit (or equivalently, focussing on
the centre of the throat: z = 0) we find that
1 . a a a?
Gup = Edlag (1, -1, T Z) + Edlag(l, —1,0,0)
. (—2 —24 —a —d)
+ diag e

T 5 76
La  «a a’ a (76)

To calculate the Casimir energy-momentum tensor
generated by this nonstatic spacetime, one can proceed
in a similar fashion to the static case, representing the
L — oo limit of (74) as an infinite throat

ds? = —dt* + dz* + o (d6* + sin® 6d¢?) (77)

with a time-dependent radius a. As this spacetime is in-
dependent of L, the Casimir energy-momentum must be
independent of L also, and so we can perform the fol-
lowing taylor expansion in {a,d, @, ...} about the static
case:

T = Thella, a, i, @, ..,
=T72"[a,0,0,0,.. ]
x (14+0(a) + O(da) + O(aa®) +...), (78)

where the factors of a in each term follow from dimen-
sional analysis. Thus, if the expansion/collapse of the
wormbhole is sufficiently slow, that is

lal, |dal, |[da?],... < 1, (79)

then we can neglect the extra terms and use the result
(59) that was derived for the static case. Once we have
determined the behaviour of a(t), we will be able to con-
firm the validity of (79); for now, let us take it as given,
and neglect the time-derivative terms in equation (78).
Hence T,7" is simply given by equation (59) with the
radius a now time dependent; let us write this as

T = %diag(—l, 1,B—1,8-1),  (80)
where

-1 81

p= 21In(a/ap)’ (81)

Let us also introduce some ordinary matter to the worm-
hole, with the following energy-momentum tensor:
kln(a/ag) 2 .
Tord = (220 2 ) g 1,-1,1-8,1-
W (14407r2a4 Iq) Jas (=L 1=51-5)
1 . a . a .
+ Edlag (1, -1, 7 + aa(28 — 3), I + da(28 — 3))
£ 2

+ L diag(1,~1,0,0). (82)
a
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The precise form of this tensor has been chosen to sim-
plify our analysis; for the purposes of this discussion, we
need only check that it obeys all the energy conditions,
but let us postpone this task until we have found the
form of a(t).1?

Substituting (76), (80) and (82) into the Einstein field
equations (71) and simplifying, we arrive at the following;:

2(1+ La
2UH LD g (01,518 -1) =0, (83)
La
the solution of which is of course
i=—1/L. (84)

Hence the throat radius accelerates towards closure at a
constant rate, and fixing ¢ = 0 to be the time at which a
achieves its maximal value an.x we conclude that

t2
a(t) = amax — TR (85)
We are now in a position to confirm the validity of our

earlier assumptions. Excluding the unphysical times

|t| > v/2Lamax, (86)
for which a < 0, we see that
|la| = [t]/L < /20max/L < 1, (87)

as L > a. Furthermore, it follows from (84) that
lda] = a/L < 1 and that all higher time-derivatives van-
ish. This validates the conditions for slow collapse (79).

To prove that Tﬁl’ﬂd obeys the energy conditions, we
shall consider each term of (82) individually. Referring
to footnote 5, it is clear that the first term on the right-
hand-side of (82) will obey all four energy conditions if
and only if

rk1n(a/ap) - 2

0<pB<1 d — 88
=h= an dortat = Lot )
or equivalently,
360
a>apet?  and  a3In(a/ao) > L(lp;;' (89)

As can be seen from figure 2, both these inequalities can
be satisfied if and only if

2
L>ao (%) 720me3/2, (90)

p

2 One should also check that the tensor obeys the conservation law
V“Tﬁf,d = 0, where V, is the covariant derivative of the time-
dependent throat metric (77). Fortunately, this follows from the
field equations (71) and the identities VT = 0 and VG =
0, which one can check hold true without restriction on a(t).
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FIG. 2. Plot of y = a*log(a/ao), indicating the region
1/2

ape’’* < a < a4 in which both inequalities (89) are satisfied.
It is clear from the graph that ay exists and is greater than
aoe'/? if and only if 3607 /L(1,)? < 1/2a3e/?; this condition
can be written as (90).

in which case they are equivalent to
ae'’? <a<ay, (91)
where a = a4 is the larger solution of

3607

a31n(a/ag) = TA(AER

(92)

and can thus be expressed in closed form using the Lam-
bert W function [25]:

/3
C[—L(1,)? —1080ma3\ 1"
= [ 10s0r "\ T, - (99)

Note that both conditions (90) and (91) are consistent
with the long-throat assumption L > a, and a > ag > .
Furthermore, we have

o= (H o) = (HY

by virtue of (92) and then (91); hence the wormhole can
be much larger than the Planck scale: ay > [, as L —
0.
With (90) and (91) taken as given, the other two terms
in le’,ﬂd are essentially trivial. With (84) the second term
on the right of (82) becomes

1 2 2
—diag (1, —1, fa(2 - B), fa(2 - B)) ;o (94)

recalling that a/L < 1, and that 0 < 8 < 1 as a conse-
quence of (91), we refer to footnote 5 to verify that (94)
obeys all the energy conditions. The last term in (82)
also satisfies the specifications of footnote 5, and so is
similarly nonexotic.

We have thus justified our earlier claims: (i) that the
collapse of the wormbhole is so slow (79) that one can
neglect the time-derivative terms from the renormalised
Casimir energy-momentum tensor 777", and (ii) that the
Einstein equations (71) have been solved by adding only
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ordinary matter, Tﬁd. As long as L is sufficiently large
(90) the throat of the wormhole will therefore collapse
according to (85) with a constant acceleration @ = —1/L
that can be arbitrarily small.

This picture breaks down if ever the throat radius exits
the range (91), as Tﬁf,d is then required to be exotic, at
least for the particular form (82) considered here. If we
consider only wormholes for which

Amax < a4, (95)

then we need not worry about exceeding the top limit
of (91). However, as the wormhole collapses there will
inevitably be a time t = t¢ose When the bottom limit of
(91) is reached,

a(tclose) = aOel/2 = Umin, (96)
after which the slow collapse can no longer be supported
by the Casimir effect and ordinary matter. At this point,
the collapse presumably becomes much more rapid, and
within a very short time the throat radius falls to zero,
splitting the wormhole (74) into two disconnected space-
times.'? Treating this process as instantaneous in com-
parison to period of slow collapse, one can easily solve
(85) and (96) to obtain the closure time for the throat:

tclose - \/2L (amax - amin)- (97)

As L has no upper bound, we conclude that a long worm-
hole can exist intact for an arbitrarily long time. Indeed,
if we consider the optimal case, where the inequality (95)
is saturated, we can use the asymptotic behavior of the
Lambert W function,

W_q(z) ~ In(—x) as ¢ — 07, (98)

to obtain

1 L(1,)% \\"°
terose ~ (L21,)Y/? 1 P 99
close ~ (L) 7 135210 T080ma3 - (99

as L — oco. Thus, under optimal conditions, the closure
time grows as L?/3(In L)'/0.

Considering that the Casimir effect failed to fully sta-
bilise the wormbhole, it is exciting to find that it nonethe-
less allows the wormhole a remarkable longevity. Indeed,
this unexpectedly long lifetime poses an interesting ques-
tion: can the wormhole remain open long enough for a
pulse of light to travel through, thus permitting the trans-
mission of information across the throat? To answer this
question definitively lies beyond the scope of this arti-
cle; however, we shall attempt a preliminary analysis of
transmission near the centre of the wormhole.

13 More accurately, the throat radius approaches the Planck scale,
wherein quantum effects allow for the change in spacetime topol-
ogy.



C. Transmission of Information

The possibility of light traversing the closing throat
cannot be dismissed a priori: the wormhole avoids the
topological censorship theorem [26] because the renor-
malised Casimir energy-momentum tensor 77" violates
the averaged null energy condition, albeit in a man-
ner that does not allow for absolute stability. Like-
wise, one cannot immediately conclude that because
telose ~ O(L2/3(1nL)1/6) grows more slowly than the
throat crossing time O(L), so must transmission fail in
the large L limit. The flaw in this reasoning lies in the
fact that tcjose is only the time taken for the wormhole to
close at z = 0: we must also account for the propagation
of closure outwards from the centre.

To proceed we therefore need to consider the approxi-
mately quadratic profile of the wormhole (74) near z = 0:

2
A:a+z—+0(z4/L3). (100)
2L

Note that in equation (84) the acceleration d is indepen-
dent of the throat radius a; thus we do not expect the
acceleration to change as the throat widens out, at least
to a first approximation for |z| < L. We therefore model
the collapse as uniform in close vicinity to the center,
with the time-dependent profile obtained simply by in-
serting (85) into (100):

2 2
A:amax+z——t—+0(z4/L3).

2L 2L (101)

Discarding the negligible terms, it follows that the worm-
hole throat is open everywhere for |t| < tclose, and that
when [t| > tcose the wormhole closes (A = amin) at
2 = *2close(t), where

Zelose = V12 — 2L(@max — amin) < [t]- (102)
Thus, as illustrated in figure 3, the null geodesics
z = *+t, 6 = const., ¢ = const., (103)

lie entirely within the allowed region |z| > zclose, and
hence safely thread the collapsing throat. We conclude
that, in the vicinity of the centre of the throat, the worm-
hole collapses slowly enough to let a pulse of light pass
through.
Extending this idea very slightly, we can consider the
timelike geodesics
z==t(1—¢€), 0=const., ¢=const., (104)
with 0 < € < 1, and observe that these wordlines re-
main within the allowed region out to a distance of
|z| ~ \/L(amaX — Gmin)/€. A massive particle, moving
sufficiently close to the speed of light (¢ ~ O(a/L)),
can therefore safely traverse the regime of validity of the
present analysis |z| < L.
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FIG. 3. Spacetime plot (with angular directions suppressed)
illustrating that the null geodesics given in (103) avoid the
regions |z| < zeose Where the throat has closed.

These are intriguing results: although the wormbhole is
not stable, it seems that it may be traversable for parti-
cles moving at (or near) the speed of light. Depending
on how the two ends of the wormhole connect to the
external spacetime, this could allow for communications
that exceed the speed of light (from the point of view of
external observers) or even closed causal curves. How-
ever, it must be stressed that we do not currently know
the behaviour of the spacetime far from the centre, so it
remains to be seen whether the light pulse can actually
escape the wormhole completely. To tackle this prob-
lem properly would require, firstly, an extension of the
Casimir energy-momentum (59) beyond infinite throat
approximation (77), and secondly, a more general model
of collapse than the metric (74). We leave these develop-
ments for future work.

V. CONCLUSION

We have obtained the renormalised energy-momentum
tensor (59) induced in the vacuum state of the mass-
less conformally-coupled scalar field by the geometry and
topology of a long wormhole throat (5). The tensor de-
scribes highly exotic matter (70) and is sufficiently large
that it could, in principle, stabilise a macroscopic worm-
hole (68). Unfortunately, the energy-density vanishes
along null vectors running parallel to the throat, and this
prevents the Casimir effect from stabilising the wormhole
in this particular case (§IV A). Nonetheless, the exotic
matter provides partial support to the wormhole, allow-
ing it to collapse extremely slowly (§IVB) and remain
open for an arbitrarily long time (99). Moreover, near
the centre of the throat, the collapse is sufficiently slow
that a pulse of light can be safely transmitted (§IV C),
although it is currently unknown whether this light-pulse
can escape the wormhole completely.

These results tentatively suggest that a macroscopic
traversable wormhole might be sustained by its own
Casimir energy, providing a mechanism for faster-than-



light communication and closed causal curves. To ob-
tain a more definitive assessment of this possibility, the
present research suggests two main avenues of inves-
tigation for future work. Firstly, we should explore
other traversable wormhole metrics (e.g. (1) in the short-
throat limit: L < a) with the hope of finding a space-
time which avoids the throat-parallel null-vector energy-
density problem, and can therefore be fully stabilised
by its own Casimir energy. Secondly, we should seek
to better understand the dynamics of the long-throated
wormbhole, with a view to establishing whether Casimir-
supported collapse does indeed allow information to be
transmitted from one end of the wormhole to the other.
If either approach succeeds, it would then be important
to determine whether the solutions can survive the intro-
duction of symmetry-breaking perturbations.
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Appendix A: Evaluation of I, J and K

Let us begin by focussing on I with @ > 0 and a > 0.
The definitions we will need are

oo

1:/0 du ng(u%)vf(g)—/o Ao (L)
v_\/u2 v=Vut+12+a.

Using the (half-integer) Abel-Plana formula [27, §2.2],

> o [ F(—it) — F(it)
gF(H—%)—/O le(l)_z/O A=
(A2)

F(+1/2)2+

the bracketed quantity in (A1) becomes

Zl+ Juf(¥) —/Oodzwf(g)

=

o dt
0

ozf]—i—/ dlivu? + 12 + af
0

—/ Al + 12 + af, (A3)
0

where, in each case, the argument of f is the adjacent
square-root, divided by A. Care must be taken with the
first two terms in (A3) as the square-roots must be eval-

uated by analytically continuing vu? + 12 + a from [ > 0
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to [ = +it, t > 0. Following this stipulation, one finds
that

_ w2+ (—it)2+a P <u’+a

2 +)2 — .
'LL+(7/) + « {_ /—u2+(—lt)2+a t2>u2—|—a
(A4)

Furthermore, let us assume that the cut-off function f(z)
is an analytic function of 22, so that it takes the same
value in both the first and second terms of (A3), regard-
less of the value of ¢. Hence

S+ ber) - [ auos)
1=0 0
Vurte ot u — 2 fa >
= dt————— dl v/ u? + 12
/0 P f—l—/o u? + 12 +aof
—/ dlivu? + 12 + af, (A5)
0
and consequently, I can be split into three pieces:
I=I0 4 1™ 1@ (A6)
where
2+a 2 _ 42
= / du/ i af,
827'rt +1 (A?)

Ig2>z/ du/ dlivu2 + 12 + af.
0 0

Concentrating on Lgl) to begin with, we first swap the

order of integration, and then substitute u? = 22 +t2—a
giving

)

u2 — 12
eQﬂt+1 t—l—O[f

([l e )

CTRVE

o 1 W (48)

Notice that the assumption o > 0 was necessary at this
step.

At this point, we shall take f to be a sharp cut-off
(i.e. f(x) = H(1 —2?), H being the Heaviside step func-
tion)'* and perform the z-integration using hyperbolic

14 We have written H(1—2?) rather than H(1—x) to be consistent
with our previous specification that f(z) be an analytic function
of 2. Of course, the Heaviside step function is not analytic, but
it can be thought of as the limit of an analytic sigmoid function
as the width of its step is taken to zero.



substitutions:

« A
7 — /\/_dti / de
a 0 et 41 Jomm V4 —a

sl ), Y e—a
Va 2t(a—t2) arcosh(A/va—t?)
[aan
0

827'rt + 1 0
0o 2t(t2 _ Oé) arsinh(A/vVt2—a)
Ry
NG esmt + 1 0
> t(a —t?)
9 A
- —ln|t —al+ =S VATHE —al. (A9)

We are now in a position to expand the integrand as a
taylor series in A~!

dy cosh?y
dy sinh?y

/\2—|—t2—a)

VAZTta 2
t(a—t?) _
1<1>:/ dt ——2|1n (2 !
o= [T el D o)
1 A2 1
— Zn|t? - _— = —2 P,
St —al+ —— 2+O(A )]+ ,
(A10)
where
o 42
PE/ dtt(gtit)[ln()\—i— /\2+t2—a)
)\2+a 87r+1

1n|t2 —a|+ L\/v ez - } (A11)

is the part of the integral where \> < [t* — a| and so
the expansion cannot be performed. Fortunately, P is
exponentially suppressed as A\ — oo, and so can safely be
neglected:

P=0 (/ dtt?e 2t lnt) =0 (e N n)).
A
(A12)

Hence, equation (A10) becomes

o t
I(gl) = ‘/0 dt m |:/\2 + (Oé — t2) 11?1(2)\)

t—a 2 -2
+—— 1+l —al) | —Q+0 (W),
(A13)
where
_ [ _ bt ]y 2
Q= / i [)\ + (- 12)In(2))
2 _
LLoe (1+ln|t2—a|)]

=0 (e ™ N\ 1n)) (A14)
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is also negligible.
Using the standard results

e t 1
dt — = —
/0 et +1 48’

Al5
[ust (A15)
o exm 41 1920
and defining
1 [ tt?—a)ln|t? —q|
X(a) =< dt Al6
=3[ o=l (e

we conclude that

o= 418 <)\2 (a - %) <ln(2)\) - %)) + X(a)

+0(\?). (A17)

All that remains is to calculate the integral LS?) that
appears in equation (A6). Swapping the order of inte-
gration, substituting u? = 22 — [? — a, and taking f to
be a sharp cut-off, we have

Ic(f):/ dl/ dulvu? 412 + of

m 122
- / al / o (Al18)
0 ViZFa \/:62 -P2—-a
Swapping the order of integration once more,
xzfa 1
1(2 / dx 2?2 /
— 12 “a
= dx 2?2 —a
Ja
2 1
- (ln (/\—i— VA2 —a) - —lna)
8 2
A
§(2A2 —a)V A2 —a. (A19)
Thus, as A — oo
Ma a? a?
2 2 _Z\2_ 2 il
1, 1 4)\ 3 In(2)\) + 3 2lna+1)
+O0(\?), (A20)
and
1(2) I(2)_0_Z_O[A2+O_[2—O[21 (2)\)
« a T 4 8 n
o? a? _
t35 2lna+1) - %9 2lna+1)
+0(\7?). (A21)



We now have all the results we need. Inserting (A17)
and (A21) into equation (A6), we arrive at

I =

14120 —a) , 1 e T
23 A +48 a+6(a —a)—40 In(2))

1 7 1 9 9. _
_%(Q_E)+E(a Ino—a lna)

+ 3—12(a2 —a%) + X(a) + O\ ?),
which, according to our original assumption, is valid for
a >0 and & > 0. To obtain the result for & < 0, we can
analytically continue the above expression, moving « to
negative values while avoiding the branch-point a = 0 in
the complex plane. The only subtlety to this step is that
the Ina term in (A22) will produce %im in the process,
the sign depending on whether one moves clockwise or
anticlockwise. Clearly, the same can be said of a. For-
tunately, we are only interested in the real part of I, so
this ambiguity is of no concern:

(A22)

R{I} =
1+12@a—a) ., 1 g T
15 A +48 a+6(a” — o) m In(2))
1 7 1, L
% (a 4()) + T (¢’ In|a| — &’ In|al)
+ %(oﬁ —a%) + X(a) + O\, (A23)

valid for all o, & € R.

The calculations for J and K proceed in exactly the
same fashion, so it serves no purpose to repeat them here.
The results (valid for all a, @ € R) are as follows:

R{JT} =
1+12@@—a),, 1 o T
15 A P a+6(a” — o) m In(2))
1 7 1, P
% (a 4()) T (¢’In|al — & In|al)
+ %(oﬁ —a?) = X(a) + O(A?), (A24)
and
R{K} = #Z‘a) In(2)\) + i (aln|a] — aln la])
1
+7(@—a)=2Y(a) + o\ ?), (A25)
where
1 [ tln|t? —qf
V(o)== [ dt———— A2
=3 [ (A26)

Appendix B: Energy Inequalities

Here we derive some key inequalities obeyed by the
renormalised Casimir energy-momentum tensor (59) of
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the long wormhole throat (5). Considering that we are
interested in the creation of exotic matter, let us assume

a > aop, (B1)
so that the weak and dominant energy conditions are

immediately violated by virtue of Tjj§" < 0. We can then
write

Tﬁ?/n X dlag(_lv laﬂ - laﬂ - 1)5 (B2)
where we have introduced
" 2In(a/ag)’

and use the symbol o to indicate proportionality by
means of a positive constant:

Po,xQu = Is5>0 s.t.

P = 5Qu,. (B4)

The various energy conditions concern the energy-
density and energy-flux defined by a four-velocity v* that
is either timelike or null; without loss of generality, let us
take this four-velocity to be

v o (1,v,,v,0), v 402 < 1. (B5)
The energy-density v*T,7"v"” and energy current T),7"v"
then obey

VT o —1 + vi+0i(B-1) <l (B-2),
(Té?f’v”)Q o —1+v2+0v3(B—-1) <3 (B—2)8,

with equality if and only if the four-velocity is null. Thus
0 < B < 2 ensures that the energy-flux is always causal
(T}"v” is never spacelike) and every four-velocity defines
a negative energy-density, except for null vectors directly
parallel to the throat, which have zero energy-density.
That is,

0<B<2 = VT <0, (TiM")?<0, (B7)

with equality if and only if v, = 1. Note that we already
had 8 > 0 as a consequence of the assumption (B1), and
that the full restriction 0 < 8 < 2 is equivalent to

a > aget/*, (BY)
In contrast, 5 > 2 preserves the null energy condition

8>2, v'v,=0 = oM T >0, (B9)

but allows for noncausal energy-flux:

B>2 = 3Fov* st (T9)*>0. (B10)

It B =2, then T,}7" g, resembles a cosmological con-
stant term, trivially obeying the null energy condition,
B=2, v'v,=0 =

o' =0, (B11)



with causal energy-flux:

o ren, v\2
B=2 = (Them”)? < 0. (B12)

Finally, to asses the strong energy condition we con-
struct the trace-reverse energy-momentum tensor

—=ren

Ty = Th" — 0, T /2

“diag(ﬁ_lul_ﬁu_lu_l)u (B13)

and observe that

T o (B —1) + (1= B2 =03 > (8 —2)(1 —v?),
(B14)
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so that if 8 > 2 the strong energy condition is obeyed. If
0 < B < 2 then we can consider a timelike four-velocity
withv, = 0and v, = 1—€(2—0), where € in an arbitrarily
small positive number; this gives

—ren v

T o (B—1)— (1 —e(2— B)) = (B-2)(1—¢)

x (8—-2) <0, (B15)

in violation of the strong energy condition.

In aggregate, these results demonstrate that the renor-
malised Casimir energy-momentum tensor (59) violates
all four energy conditions (null, weak, dominant and
strong) if and only if (B8) is obeyed. Under this restric-
tion, the inequalities (B7) hold true, and are saturated if
and only if v* o (1,£1,0,0).
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