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I. Introduction

M ANY compact analytical expressions currently exist to de-
scribe the orbit evolution of low-thrust transfer vehicles.

These expressions are particularly useful for preliminary analysis
of both vehicle and mission-designconcepts. In particular,compact
expressionsexist for both orbit radius1,2 andpolarangle,2 alongwith
the well-known Edelbaum solutions3 for D v costs during optimal
transfer. These solutions have also been extended by Wiesel and
Alfano.4

Many low-thrust transfer vehicle applications center on payload
orbit raising.5,6 For solar-electric vehicles, eclipse conditions are
clearly of importance. Therefore, nodal precession is important
during preliminary mission design. In addition, other applications
of low-thrust transfer vehicles for polar satellite servicing7 require
the vehicle to align the nodes of its orbit with the target satellite.
Again, nodal precessionis clearlyof signi� cant importance for such
applications.

The dynamics of a low-thrust orbital transfer vehicle are consid-
eredundertheactionofnodalprecessioncausedbyEarthoblateness.
The vehicle also generates an out-of-plane acceleration to contin-
uously change the orbit inclination during the transfer maneuver.
Because both the transfervehiclesemimajor axis and inclinationare
changing, the oblateness-inducednodal precessionwill be strongly
coupled to the orbit evolution of the low-thrust vehicle. Therefore,
a set of coupled, variational equations are derived, which may be
averaged to obtain the long-termevolution of the low-thrust vehicle
orbit with both nodal precession and thrust-induced accelerations.
The resulting coupled equations may then be solved sequentially
to obtain approximate analytic solutions for semimajor axis, true
anomaly, inclination,and ascendingnode angle, thus compactlyde-
scribing the orbit evolution of the low-thrust vehicle.

II. Vehicle Dynamics
For a low-thrust-to-weight ratio vehicle with a high-speci�c-

impulse propulsion system, the reduction in vehicle mass due to
propellantdepletionmay be neglected.Therefore, the transfer vehi-
cle will be modeled with a constant, thrust-induced acceleration e .
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Fig. 1 Schematic orbit geometry with ascending node N and descend-
ing node N 0 .

This acceleration is directed along the vehicle velocity vector, but
is pitched at an angle b relative to the orbit plane (Fig. 1). Again,
assuming a low-thrust-to-weightratio vehicle, the outward spiral is
quasicircular.The orbit radius may then be replacedby the semima-
jor axis under the assumptionthat the orbit eccentricityis negligible.
Under these conditions the Lagrange–Gauss variational equations8

become
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where a represents the semimajor axis, h the true anomaly, \ the
ascending node, i the orbit inclination, and l the gravitational pa-
rameter. In addition, R represents the radius of the Earth and J2

the oblateness parameter. It can be seen that Eq. (1c) contains both
Earth oblateness- and thrust-inducedprecessions.

These equations may now be averaged with respect to true
anomaly to obtain the long-period motion using the averaging
operator

hzi D 1

2 p

2 p

0

z dh (2)

Assuming that the out-of-plane thrust angle b is a function of true
anomaly only and the change in elements during each orbit is small,
the averaging operator may be applied to Eqs. (1) to yield
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These equations may now be solved by de� ning a suitable out-of-
plane thrust angle time history. Although the equations are clearly
coupled,it will be demonstratedthat theymay be solvedsequentially
to obtain compact analytical expressions.

III. Orbit Evolution
Constant Inclination

First, the thrust vector will be aligned in the orbit plane so that
b D 0. The Lagrange–Gauss equationsmay now be solved to obtain
the vehicle semimajor axis, true anomaly, and ascending node time
histories. The semimajor axis may now be obtained from Eq. (3a)
as a function of time by direct integration, viz.,

a(t ) D a0f1 ¡ e (a0/ l )tg¡2 (4)

The true anomaly h may then be obtained by substitutionof Eq. (4)
into Eq. (3b) with further integration yielding
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where g0 is the local gravitationalacceleration at time t D 0. Using
a similar analysis, the ascending node angle may also be obtained
by substitution of the semimajor axis solution in Eq. (3c), viz.,
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A set of closed-form solutions representing the evolution of an
expanding, precessing quasicircularorbit have now been obtained.

In addition to these solutions, an approximate expression for the
time to escape may also be obtained. From Eq. (4) it can be seen
that

a(t ) ! 1 as t ! (1/ e ) l / a0 (7)

However, it is clear that the escape condition will occur at a � nite
orbit radius so that the true escape time will be less than this limit.
It can be shown that the correction factor is small for low-thrust-to-
weight ratios2 so that

tesc ¼ (1/ e ) l / a0 (8)

In addition, the total change in true anomaly to escape can be ob-
tained from Eq. (5) by substituting the escape time to yield

D h esc ¼
1

4( e / g0)
(9)

as obtainedin Ref. 1. Furthermore,a new expressionrepresentingthe
total change in ascendingnode angle to escape can also be obtained
from Eq. (6) as

D \ esc ¼ ¡ 3
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It is clear from Eq. (10) that the total change in ascending node
angle increases for low-thrust-to-weight ratios. This is expected as
a low-thrust-to-weight ratio corresponds to a long spiral time and
so a large accumulated nodal drift. More accurate solutions includ-
ing a varying vehicle mass have also been derived.9 It should be
noted that for large transfermaneuversprecessiondue to third body
effects may be signi� cant. However, for the low-Earth orbit appli-
cations discussed in Sec. I, Earth oblateness will provide the main
contribution to precession.

Variable Inclination
To modela typicaltransferwith out-of-planethrust, theEdelbaum

steering law3 will be used. This corresponds to the out-of-plane
thrust angle b switching between [¡ Qb , C Qb ] every half-orbit at

h D p / 2 and 3 p / 2. Using this steering law, it is found from Eqs. (3)
that
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where the precession induced by out-of-plane thrust averages to
zero. Using the semimajor axis solution, Eq. (11b) may be directly
integrated by substitution to obtain

i (t ) D i0 ¡ (2/ p ) tan Qb f1 ¡ e cos Qb (a0/ l )tg (12)

The ascending node angle may now be obtained from Eq. (11a)
using the solution for semimajor axis and inclination,viz.,
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Fig. 2 Time history: ² , numerical integration.
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where

z D f1 ¡ e cos Qb (a0/ l )tg (13b)

It is found that Eq. (13a) may then be integrated by parts to yield

\ (t ) D \ 0 C 3
2
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( e / g0) cos Qb
R

a0

2

fexpf8zg[8 cos(mz C i0)

C m sin(mz C i0)] ¡ [8 cos(i0) C m sin(i0)]g (14a)

where

m D ¡(2/ p ) tan Qb (14b)

A set of closed-form solutions representing the evolution of an
expanding, precessing quasicircular orbit with continuous plane
change have now been obtained. These solutions will now be used
in an illustrative example.

IV. Example: Low-Thrust Spiral
To illustrate the use of the solutions, a simple spiral maneuver

will be investigated.A low-thrust vehicle with an acceleration e of
1 mm s¡2 will be considered with an initial altitude of 400 km and
an inclinationof 89.5 deg. The Edelbaum steering law will be used
with Qb D 10 deg to increase the orbital inclination as the vehicle
sprials outward.

The changein elements is shown in Fig. 2 overa periodof 50 days.
Numerical solutions obtained from the full nonlinear dynamics are
also shown for comparison.It canbe seen that the nodal rate changes
signas thevehicleorbitbecomesretrograde.In addition,the increase
in ascending node slows as the vehicle altitude increases. This is
due to the strong coupling of nodal rate to semimajor axis. The
total change in ascending node angle is seen to be small due to the
high initial inclination. However, for lower inclinations substantial
changesin ascendingnode angle canaccumulate.9 It can be seen that
the analytic solutions prove accurate and capture coupling effects
in the dynamics such as nodal rate reversals.

V. Conclusions
The dynamics of a low-thrust orbital transfer vehicle under the

action of Earth-oblateness perturbations has been considered. A
set of coupled, orbit-averaged equations have been derived, which
may be solved sequentially.Analytic solutions for semimajor axis,
true anomaly, inclination, and ascending node angle have been ob-
tained. These solutions extend previous, well-known solutions for
low-thrust spiral motion and may be used for mission analysis and
design purposes.
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Introduction

F OR future activities in space, the role of robotic manipulators
carriedby a spacecraftwill be importantand it has receivedcon-

siderable attention. However, for practical applications, there will
be many dynamic and control problems due to the dynamic cou-
pling between the manipulator arm and the spacecraft main body.
The attitude of the spacecraft will be disturbed by movement of a
manipulator whereas steady-state condition is desirable for many
reasons such as keeping communication links and using vision sys-
tems. A number of studies have analyzed the dynamic coupling
problems and proposed methods of planning the path of space ma-
nipulators from the above point of view.1,2 Dubowsky and his group
developed an approach to the manipulator path planning that gives
minimum disturbance to the spacecraft attitude.3,4 This approach
makes use of an aid called a disturbance map (DM) or enhanced
disturbancemap (EDM). They proposed a method for planning the
minimum-disturbancemanipulatorpath thatgives the minimumfuel
consumption for attitude control. This approach is most attractive
for its simplicity although it assumes the use of the attitude control
system for the spacecraftmain body. Moreover, the applicationsare
restricted to two- or three-link manipulators because the planning
procedure requires joint space visualization and ad hoc decisions.
This Note proposesa new method for planning the manipulatorpath
using an algorithm based on the concept of EDM. The method se-
quentially determines the direction of joint movements in the joint
space that simultaneously minimizes the disturbance to the space-
craft attitude and realizes the desired terminal joint angles.

EDM
We here consider a space robot system in two-dimensionalspace.

When there are no external forces and torque,with zero initial angu-
lar momentum, the conservationof the angularmomentum provides
the relation between the spacecraft attitude variation d v and the
small angularmovements of the manipulatorjoints d q. This relation
enables us to draw an EDM4 for the method of path planning. The
EDM shows the direction of joint movements, at each point in the
joint space, that causes zero disturbance to the spacecraft attitude
due to the manipulator motion as well as the magnitude of the max-
imum attitude disturbance.Figure 1 shows an example of EDM for
a planner space robot with a two-link manipulator.The plotted lines
are zero-disturbancelines along which attitude disturbance is zero,
and the contourmap shows magnitudeof the maximum disturbance.
The darker area of the contour map shows the higher magnitude of
the maximum disturbance. The feature of the EDM varies depend-
ing on the speci� c mass and length parameters of the bodies in the
system.
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