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| derive the three-dimensional velocity and acceleration transformations of special relativity from a
set of thought experiments. These derivations are facilitated by the use of an enhanced particle-light
clock and employ simple physical arguments based on kinematic considerations and the principle of
relativity. The derivations are conceptually simpler, more intuitive, and less abstract, and require
significantly less background and preparatory effort than the usual derivations employing the
Lorentz transformation. They also serve to emphasize the directness and immediacy of the
connection between the principle of relativity and its physical consequence®o¥©American
Association of Physics Teachers.
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[. INTRODUCTION vations of the perpendicular part of the velocity transforma-
tion and the acceleration transformation from thought experi-

The use of thought experiments to convey the essence GRENtS are new. o .
the basic anti-common sense effects associated with special The principle of relativity can be expressed in the form of
relativity is an effective and time-honored technique. On thdwo postulates? (1) The laws of physics are the same in all
one hand, two venerable special relativity textbddkthat  inertial reference frames2) The speed of light in free space
were discussed over 30 years ame extreme examp|es Of has the same V.a.lue in all In%rglgl refe.rence fr.ames.. The sec-
this use. In these two books, all of the fundamental aspects &ind statement is redundaft}>**but I include it, as is tra-
special relativity are derived from thought experiments. Orditional, for explicitness. o
the other hand, most university-level introductory N Sec. lI, | describe the enhanced particle-light clock that
physicé 2 and modern physiés3! textbooks, many | employ in the thought experiments. | also note how this
introductory-level special relativity?32-*3 textbooks, and Cclock can be used to obtain time dilation and length contrac-
some higher-level book& > introduce some or all of the tion. In Sec. lIl, I present the thought experiment and its
three fundamental aspects of special relativity, namely, th@&nalysis that yields the three-dimensional relativistic velocity
relativity of simultaneity, time dilation, and length contrac- transformation. In Sec. IV, | discuss the thought experiment
tion, via thought experiments. Similar discussions can pdhat yields the re[at|V|st|c acc_eleratlon transformatlon.. | con-
found in many articles, of which I cite a feé#¢"Also, inits ~ clude the paper in Sec. V with a summary and a brief dis-
ongoing study of student understanding of special relativity4SSIOn.
the Physics Education Group at the University of Washing-
ton has developed instructional materials that can be 'viewetjlr_ AN ENHANCED PARTICLE-LIGHT CLOCK
at least in part, as a set of thought experiments designed to
explicate the concept of the relativity of simultanéfyBome The particle-light clock, which | hereafter refer to as the
of the books citet'*?*32%8>3and several papef¥®®®~"?  clock, is a generalized version of the timing device employed
also employ a thought experiment to obtain the Einstein relaby Kraneé“ in his discussion of the Einstein relativistic ve-
tivistic velocity addition rule’>"* locity addition rule. It has four essential elements, as shown

Th_e three-dimensipnal velocity transformation is generallyschematically in Fig. 1. The first element,s, is a source
cons'd_elreLng6 lgnllyzovzvlltzh3 4t7hgr0 Jse of the Lorentz trans-(s) with three switch settings. On the first switch settihg,
formation?®13-17,2021,23-47.50-52.75"Fhe acceleration trans- S.pa is a source of light flashes. On its second switch setting
formation, _when it is considered at all, also is dISCUSSGCtp)’ it is a source of particles. These two possibilities are
gglt}llsformvglggr?.o’331:26?39'4oy4l2'l§3ey5lv75y7(7)'];4 the Lorentz included in Krane’s timing de\{ic%“. '!'he new feature is ac-

: _ tivated by the third switch settingd); then $p, is a source
In this paper, | discuss and analyze a set of thought exs \what appears to be particles, but are actually miniature

periments that utilize an enhanced particle-light clock. The,,\ered flying craft capable of maintaining any possible ac-
analysis employs straightforward physical arguments that are,

based on kinematic consideration d the princiole of rel eleration for at least a short period of time. The devigg,\D
as iInemati siderations an princip r'®33etects the light flashes, particles, and accelerated miniature
tivity. On the basis of these thought experiments and thei

analysis, | derive the three-dimensional relativistic transfor-*;Iylng craft emitted by ., and subsequently triggers the

mations for velocity and acceleration. These derivations ar€MiSsion of a flash of light by the source Swvhich is in turn
conceptually simpler, more intuitive, and considerably lessietected by the detector D N
abstract, and require significantly less background and pre- The light flashes emitted by, § and § are sufficiently
paratory effort than derivations based on the Lorentz trangorief that their spatial extent along their direction of propa-
formation. These derivations also serve to emphasize the dgation is much less thanL. the proper length of the clock,
rectness of the connection between the principle of relativitthe length of the clock in its rest frame. The delay between
and its physical consequences. To my knowledge, these deiB, p5'S detection of a flash of light or a particle or an accel-
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Fig. 1. Schematic diagram of the enhanced particle-light clogk, B a
source of brief light flashe€.), particles(P), or miniature flying craft that !

travel with constant acceleratid@). When the light flash, particle, or craft y
emitted by $pa reaches o, , this detector triggers the emission of a brief
flash of light by $ . This flash of light is subsequently detected by.OThe
length of the clock in its own rest frame s, . The frames-(0xyZz) and

F'(0'x'y’z") are the rest frames of the outside observer and the clock,

respectively. Both frames are inertial frames.

z

Fig. 2. The clock is oriented perpendicularly Y6 for the time dilation
o ] ] o experiment.
erated craft and,;Ss emission of a flash of light is negligible

compared to the time required for light to travel the length of
the clock. In addition, $, and O are sufficiently compact . .
that, for the purposes of the experiments, they are at the sanfgndicular tov, and clock 2, oriented parallel ¥, as shown

spatial location, as is also true of R and $ . in Fig. 4. In either way, Fig. 5 depicts the three key events in

The clock is mounted in a vehicle that is capable of trav-IN€ clock cycle as recorded by the outside observer. An

eling with a constant velocity relative to an outside ob- 2nalysis of either thought experiment reveals that length con-
server. Moreover, the clock can be rotated within this vehicldraction is embodied in the relation
so that the velocity of the light flash or particle or accelerated L
craft can be in any direction. L=—"2. 3
The reference frameB(0Oxy2) and F'(0'x’y’z"), with Y
thex andx’ axes parallel, are shown schematically in Fig. 1To the outside observer, the lengthof a clock oriented
and are the rest frame of the outside observer and the reparallel toV is measured to be smaller by a factor of fian
frame or proper frame of the clock, respectively. Thesethe proper length of the clock,, .
frames are oriented so th&t is in the commonx and x’
direction. | assume that they are inertial reference frames.
With the source S, on its_ first(L) setting, we can carry | vELOCITY TRANSFORMATION
out the usual thought experiments to reveal time dilation and
length contractiori” For the experiment to measure time di-  For the experiment to observe the velocity transformation,
lation, an observer i’ orients the clock perpendicular to an observer ifF’ orients the clock at an angt relative to

V, as shown in Fig. 2. The apparent trajectory of the light, as/ as shown in Fig. 6. The dimensions of the clockFirin
measured by an outside observer, is shown in Fig. 3. AQe x' and y' directions are therW,=L,cos¢’ and H

analysis of the thought experiment reveals that time dilation_ L_sing, respectively. The subscript again refers td='
is embodied in the relation P ' ) '
the proper or rest frame of the clock.

T=yT", (N
where
V2 —-1/2
— _ D S D N D S
(1% @ |P=l]| |[P=l]
The tick interval measured by the outside observer,is
larger than the tick intervall’, measured ik’ by a factor Lp

of y. The tick intervals;T andT’, are the times for the entire
cycle, for the light to travel from $a to D ps and then from

S toD. Stpa |SLPA IDL I ISLpA |DL I
To measure length contraction, an observeFinorients
the clock parallel tov, as shown in Fig. 1. Alternatively, if yr vr
p g y j— > — j— 5 —

we wish to derive length contraction so that we do not pre-
sume time dilation in th_e C|0_Ck in which length contraction IS Fig. 3. The three key events in the time dilation experiment appear at dis-
observed, we use two identical clocks, clock 1, oriented pertinct spatial locations for the outside observer.
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. . . . ) ) ) Fig. 6. For the velocity transformation and acceleration transformation ex-
Fig. 4. Clock 1 is oriented perpendicular  and identical clock 2 is  periments, the clock, in its rest frame, is oriented at an afgleelative to
oriented parallel tov for the length contraction experiment. If the clock V. The dimensions of the clock in its rest frame in teandy’ directions
elements are sufficiently compact, then to a sufficient approximation for thearew andH,, respectively.
purposes of the experiment, if the two clocks are synchronized in their rest
frame, they are synchronized in all inertial frames.

and

For this experiment, | use the second switch setting, P, for T=ty+t,. (9)
which § pa emits particles with velocity’ relative toF’ and

. \ . . Given what we know about length contraction, we have
u relative toF. In F', the time for a particle to travel from

and reach Phy is given b W
Sira Poais 9 y W= 7p, H=H,. (10
’ WP Hp
to= AT (4)  Equations(8) and (10) readily yield
! ! ! ! - ’y V —_—
| useu, anduy rather thanu,, andu,,, respectively, for tb:E _WpE+ \/W2+H§ _ (11)

simplicity. Because th& andx’ andy andy’ axes are par-
allel, there is no ambiguity in the notation. The time for the Equation(1), the first of Egs.(4) and (7), Egs. (5), (6),

returning light flash to return to Dis given by (9)—-(12), and a little algebra, yield
W H? UtV
’ p p _
=5 v Uy=—""—. 12
1+ —
The tick interval inF’ is given by c
T'=t)+t). 6) IrEu(?:ation (12) is the Einstein relativistic velocity addition
The corresponding times iR are given by From Eq.(4) it follows that
w H u, H
th= =—, 7 y__P 1
O u—V oy ™ u, W, (13
(Cty)?=(W—Vty)2+H?2, (8)  From Egs.(7) and(10) we find that
Fig. 5. Situation at the start of a cycle
for both clocks, at the end of the “out”
portion of the cycle for clock 2, and at
the end of a cycle for both clocks,
from the viewpoint of the outside ob-
server.
Event l: t=t/=0 Event2: t=t Event3: t=t +t =T

=T/

47 Am. J. Phys., Vol. 73, No. 1, January 2005 W. N. Mathews Jr. 47



u H 2a,W,
=Yy (14) —(uy—V)+ \/(ux—V)2+#
u,—V W, Y
to= , (23
Equations(13) and (14) together with Eq(12) yield ax
u’ and
Uyzﬁ. (15) 5
W1+ =% ) . —uy+yuy+2ayHp 24
c 0 a .

y

For velocitiesu andu’ that also have andz’ components,  The time for the light flash emitted by, So return to D is
respectively, it follows that given by Eq.(11) and the tick interval is given by Eq9).
/ Equations(17), (18), (21), and(22) are a consequence of
z — (16) the kinematic definitions of position, velocity, and accelera-
1+ UxV) tion. Of course, Eq(1) also applies for this experiment.

c? The next step in the analysis is to explicitly write out Eq.
(2). I use Egs(5), (6), and(23) to evaluateT and Eqgs.(5),
(6), and(19) to evaluateT’. In this way | obtain

u
u,=

Y

Equations(12), (15), and (16) constitute the relativistic
velocity transformation. Note that this result follows from
Egs.(1), (2), (4) to (7), and(9) to (11). In other words, given

time dilation and length contraction, the velocity transforma- )

-V \Y, Uy
(—1+Qx)—Wp7—_7;(—l+Q§), (25

=
tion follows from kinematic considerations. a ¢
where
IV. ACCELERATION TRANSFORMATION Qe J1r 2o oo 2a,Wp 26
" Yux=V)* u?

To obtain the acceleration transformation, the clock is ori- ] ) ,
ented as for the velocity transformation experiment. | nowWith the use of Eq(12), which applies becauseandu’ are
use the third switch setting, A, on &, so that it emits the initial velocities inF and F’, respectively, of the craft
miniature flying craft that emerge with initial velocity or ~ emitted by $pa, | obtain from Eq.(25) and a little algebra,
u and travel with constant acceleratiahor a, relative toF’ _v U
andF, ,respe(‘ftlvely. (Qu—1)2=y—=(Q.—1)2. (27)

In F’ the time for the accelerated craft to travel out to ay ay
D\ pa is determined by

Ux

Equation(27) apparently contains the desired connection

W=l th+ aty?, (17) betweern, anday, . It also involves\/,' Uy, Uy, and, through
Qx and Q;, W,. That the connection betweery and a,
and involvesV is expected. That the connection involugsand
1 u, appears to be a problem, inasmuchuaandu’ are the
Ho=ugto+ §a§t(’)2. (18 initial velocities of the craft inF andF’, respectively. We

would expect the connection betweeg and a; at some
| usea, andaj rather thara, anda;, in the same spirit that instant to involve the velocities at that instamith appro-

| useduy, anduy instead ofu;, andu;, . The solutions fot priate care taken in interpreting the meaning of instant
rather than the initial velocities. The presenceé/df implies

are that the connection between anda, involves the dimen-
Ut 2a)W, sions of the clock.

to= 2 : (19 We can arrive at an understanding of the reason for these

X apparent difficulties and resolve them in a way that eluci-
and dates the measurement process by considering the analogy
5 between our clock and a real speedometer or accelerometer.

. —ugtiugtt+2aiH, The latter devices measure the speed or magnitude of the

to= a’ : (20 acceleration, respectively, averaged over a time interval de-

y termined by the instrument. Our clock measures the connec-

.The. time for the light flash e_mitt_ed b1$9 trqvel backtoD  tion betweern, anda,,, averaged over a tick interval. A real
is given by Eq.(5) and the tick interval is given by E@§6).  speedometer, real accelerometer, and our clock, would give a

In F we have better approximation to the instantaneous value of the quan-
tity being measured by averaging over a smaller time inter-
W+ Vio= o+ 3auts, (21)  val. We thus see that the way to resolve our apparent prob-
and lem with the connection betweexy anda, is to reduce the
time interval over which our clock is measuring this connec-
H=u.t.+ ta t2 (22)  tion. That is, we must reduce the tick interval of the clock.
yro™ 29to- . , ;
The only way that we can do so is to shrink the clock, that is,
The solutions fott, are makel,, and thusw, andH,, so small thau andu’ are
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good approximations to the velocities of the craft in the u)’,v
framesF andF’, respectively, during the time that it takes

pva
the craft to traverse the clock. ! sa!— ¢ a (35)
. L "N y ulv 3 9x
Taking L, to be very small poses no fundamental limita Uy 2| 14
tion and is only a constraint on the instrument we are using 4 c?
for the experiment, that is, the clock. A constraint of this | v th it foll that
nature is to be expected for any instrument that carries out a '" €Xactly theé same way, it follows tha
measurement by averaging over a time interval. It would be uv
surprising not to have some such constraint associated with 1 2
an instrument that produces its results by averaging over a g — ——al ——al (36)
time interval. Uy ol 1 uv
I now divide Eq.(27) by W5 and take the limit a®V, goes Vit

to zero. | thereby obtain

u,—V

Y
Uy

a= a,, . (29

With the use of Eq(12), which, as we have noted, applies,

we immediately rewrite EQ(28) as

1

Equation(29) is the longitudinal part of the relativistic ac-
celeration transformation.

To obtain the connection betweer and a§, | again ex-
plicitly write out Eq. (1), use Egs.(9), (11), and (24) to
evaluateT, and use Eqg5), (6), and(20) to evaluateT’. In
this way, | obtain

Uy T \Y;
a—y(Qy—1)=)’a—;(Qy—1)+7ng, (30
where
2a,H 2a/H
Q=1+ =75 Q=1+ 7" (31
y y

Just as Eq(27) contains the connection betwean and
ay, so Eq.(30) contains the desired connection betwegn
anda§. However, Eq(30) contains bottW, andH,, which

slightly complicates matters. Note that Eq42) and (15)
imply that

v uy 1 -

Y@= u, 0 o (32
and Eqgs.(19) and(20) lead to
W, H, 1[a) a;\H}

—,”=—f’——(—¥ X —5+0(HY). (33)
Uy Uy 2lug  ug/uy

After combining Egs.(30)—(33), | find that the first-order
terms inH, cancel. | then divide bwg and take the limit as
H,—0. In this way | obtain

’ 3 ’
) ()
uy/\ug) \ug) ™

With the use of Eq(15), Eq. (34) can be reduced to

2
Uy

!

a:

y (349
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Equations(29), (35), and (36) constitute the relativistic
acceleration transformation. Note that this transformation
follows from Eqgs.(1), (2), (5), (6), (9) to (12), (15), (16),
(19), (20), (23), and(24). In other words, given time dilation,
length contraction, and the velocity transformation, the ac-
celeration transformation follows from kinematic consider-
ations.

V. SUMMARY AND DISCUSSION

| have derived the three-dimensional velocity and accel-
eration transformations of special relativity on the basis of
thought experiments that employ an enhanced particle-light
clock without using the Lorentz transformation. The deriva-
tion of the relativistic velocity transformation is based on
time dilation and length contraction, as embodied in Efs.

(2), and(10), and kinematic considerations, as summarized
by Egs.(4) to (7), (9), and(11).

The derivation of the relativistic acceleration transforma-
tion is based on time dilation and length contraction, as em-
bodied in Egs(1), (2), and(10), the velocity transformation,
as given by Egs(12), (15), and(16), and kinematic consid-
erations, as summarized by E@5), (6), (9), (11), (19), (20),

(23), and(24).

In using Egs.(5) and (11) with the same value for the
speed of lightc, | have explicitly invoked the principle of
relativity. All that stands between the principle of relativity
and the relativistic velocity and acceleration transformations
in my treatment is some discussion and some algebra. The
discussion is comparatively simple and largely intuitive. The
algebra involves nothing more complicated than solving a
quadratic equation. Moreover, the insight concerning the
constraint on the clock used in the thought experiment to
obtain the relativistic acceleration transformation is a bonus
that might be illuminating in other considerations of mea-
surement processes. It is these points that | have in mind
when | assert that my derivations of the relativistic velocity
and acceleration transformations serve to emphasize the di-
rectness and immediacy of the connection between the prin-
ciple of relativity and its physical consequences.

Nearly a century after the emergence of special relativity,
we sometimes encounter the assertion that the velocity trans-
formation, particularly the longitudinal part, that is, the Ein-
stein velocity addition rule, violates common sense. The
usual accompanying observation is that this violation of
common sense stems from the basis of the velocity transfor-
mation in the Lorentz transformation, which itself violates
common sense. The fact that my thought experiment leads to
the same velocity and acceleration transformations as follow
from the Lorentz transformation is an effective rebuttal to
this assertion. Moreover, my thought experiments and the
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