Reflection of light from a uniformly moving mirror

Aleksandar Gjurchinovski®
Department of Physics, Faculty of Natural Sciences and Mathematics, Sts. Cyril and Methodius University,
P.O. Box 162, 1000 Skopje, Macedonia

(Received 22 April 2003; accepted 10 June 2004

We derive a formula for the law of reflection of a plane-polarized light beam from an inclined flat
mirror in uniform rectilinear motion by applying the Huygens—Fresnel principle. We then use this
formula and the postulates of special relativity to show that the moving mirror is contracted along
the direction of its motion by the usual Lorentz factor. The result emphasizes the reality of Lorentz
contraction by showing that the contraction is a direct consequence of the first and second postulates
of special relativity, and is not a consequence of the relativistic measurement of the lengtbo4 ©
American Association of Physics Teachers.
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[. INTRODUCTION propagates in an optically isotropic medium, the light ray can

_ ) ) _ ) be constructed as a line normal to every subsequent wave
Experiments involving moving mirrors are among the front at all times.

most interesting experiments encountered in physics. Mich- we will implement a microscopic version of the
elson’s apparatus for measuring the speed of light with a4uygens—Fresnel principle to describe the reflection of light
ner mirrors on the Moon’s surface for estimating the d'Sta”CQ/acuum(see Fig. 1 The inclination anglep of the moving
between the Earth and the Moon, the Michelson and Morleyyiryor determines the orientation of the mirror’s surface with
interferometer for detecting the ether, and the rotating Sagr‘espect to the negativeaxis. Let 1 and 2 label the boundary

nac interferometer for determining rhe angular _velocity_ofrays of the incident plane-polarized light beam, and the dis-
the Earth are just a few of the experiments in which movin anceAB the wave front of the incoming light at some time

mirrors have had prominent roles. In most textbooks tha . . o
discuss these experiments, it is implicitly assumed that thko: The atoms at poiné are disturbed by the incident wave

ordinary law of reflection of light is valid, that is, the angles front AB and begin to radiate a wavelet. The wave fri
of incidence and reflection are equal. Our goals in this papegontinues to disturb the atoms along the surface of the mov-
are to show that the ordinary law of reflection does not holdng mirror. The disturbance due to the wave fré&v stops at
when the mirror is moving at a constant velocity and to findtime t when the wave front strikes poid. The atoms at
a correct relation between the incident and the reflectegoint D become a source of waveletst,) seconds after
angle. ) ) ) . the initial disturbance of the atoms at po#atlf the mirror is

A discussion of the reflection of light from a uniformly stationary, an elementary wave front emitted from a source
moving mirror is not new.A particular case of the problem on the mirror's surface would be an expanding sphere whose
was elaborated by Einstein almost a century aginstein  radius would equatr, wherer is the time interval from the
considered the oblique incidence of a plane-polarized eleooeginning of the emission, and is the speed of light in
tromagnetic wave on a perfectly reflecting mirror whose ve~acyum. If the mirror is in uniform rectilinear motion, the
locity was directed perpendicularly to its surface. To de“VeeIementary wave front will remain a sphere, expanding
the equations for the angle of reflection and the wave chargqyally in all directions at the same constant speédhis
acteristics  of the _reflected .I'.ght’ Einstein I_-Oremz'fstatement is a direct consequence of the second postulate of
transformed the equations describing the reflection in the re special relativity that the speed of light in vacuum is a uni-
erence frame where the mirror was at rest. versal constant and its valueis independent of the motion

In the following we will use a different approach based ong¢ e source. This statement also follows from the fact that
elementary principles of wave optics and the postulates ofye equation that describes the evolution of an elementary
special relativity. Its simplicity could bring this important wave front in vacuum is invariant under a Lorentz
problem into the undergraduate classroom and stimulate stu:, | <tormatior? Consequently, at the moment when the inci-
dent thinking end intgitjve understanding of the basic prin-dent wave fronfAB reaches rJoinD the elementary wave
ciples of special refativity. front emitted from the source & is a sphere with radius
AC: C(t_to)

The motion of the mirror causes the elementary sources of
the secondary wavelets to lie along the straight line connect-

The Huygens' construction is usually employed to traceiNd points A and D. The envelope of all these elementary

the path of an arbitrary light beam through a mediiBvery wavelets is the distancéD, which is the reflected wave
point that belongs to the primary wave front at some fixedfont, and I and 2 label its boundary rayésee Fig. 1 It is
time serves as a source of secondary wavelets which propabvious that the optical disturbance of every point al@1Q
gate in all directions with the same frequency and velocity adias the same phase. We denoterdifie angle of incidence of
the primary wave front. The envelope of these wavelets ighe wave front relative to the normal of the mirror’s sur-
the wave front of the light beam at a later time. If the light face, and byg the angle of its reflection. 16 =0, we can

[I. HUYGENS' CONSTRUCTION
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stationary
source

stationary
direction of motion
of the projected
profile

Fig. 3. As a consequence of the motion of the mirror, the profile of the
reflected beam projected on a stationary screen will be moving at constant
velocity.

moving

front until the moving mirror “escapes” the incident light. If
Fig. 1. Huygens’ construction of the reflected wave front when the mirror isa flat screen is placed against the reflected light, the projected

moving at constant velocity along the positive direction of theaxis. profile of the reflected beam will not be fixed, but, as a con-
sequence of this shift, will move at constant velodigee
Fig. 3.

prove by using certain triangle similarities the well-known \we now concentrate on the wave froAB and its re-
relationa=B.° However, the ordinary law of reflection is not flected analoguﬁ From Fig. 1, we have
valid when the mirror is moving. ] n

We now give a brief description of a shifting phenomenon, BD+DG
whose appearance is a result of the mirror’s motion and the sing= ———, 1)
finite profile of the incident lightsee Fig. 2. If we take the AG
incident light beam to emerge from a stationary source, then -
the wave frontA’B’, which is incident on the moving mirror ng AC—-AF @
sin=———

after the initial wave fronAB, will be reflected at the same

angle B as the wave fronAB, but from slightly different o

points on the mirror’s surface. Hence, the boundary rdys 1We have taken into account thlaD=AG. From the discus-

and 2 of the reflected wave fronE’D’ will not coincide  Sion associated with Fig. 1, we have

with the boundary rays ’1anq 2 of the .in_itial.ly reﬂgcted AC=BD=c(t—t,). )

wave frontCD, but will be shifted an infinitesimal distance ] ]

from 1’ and 2 (see Fig. 2 We note that the reflected wave Figure 4 is an enlargement of the area around painDb-

fronts will be parallel to each other and will have equalserve thad=AO=uv(t—ty)sing is the shortest distance be-

widths. This shift continues with each consecutive wavetween the positions of the moving mirror at timgsandt.
We thus obtain the following relations:

AG—EF

Fig. 2. Schematic description of the shift due to the motion of the mirror.
The distances between the consecutive wave fronts and between the bourfelg. 4. Magnification of the area around the initially disturbed pdirdn
ary rays of the reflected wave fronts are exaggerated for convenience. the moving mirror.
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AO v(t—tp)sing
cosa  CcOoSa

DG=AE= )

— A0 u(t—tg)sing
~cosB  cospB

(5

From the trian_glesﬂEO and Aio, _we Eve EO
=AOtana andOF=AO0OtanB. But EF=EO+OF, which
leads to

E:v(t—to)singo(tanaﬂanﬁ). (6)
We substitute Eq93)—(6) into Egs.(1) and(2) and obtain

sing
c+v
coSa
sina= ———, (7)
AG
(t—=1to)
sing
c—v
cospB
sinB= —— (8
AG
—v sing(tana+tanpg)
(t—to)

The straightforward elimination of the terE/(t—to) from
Egs.(7) and(8) and a little algebra results in a relation that
links the incident angler and the reflected anglé:

sina—sin/B:%sincpsin(a+,8). 9

Equation(9) is the law of reflection of light from an in-
clined flat mirror in uniform rectilinear motion. Obviously,
when the mirror is at restv(=0) or when its inclination
angle is zerd¢=0), the angles of incidence and reflection
are equal. Ifa=0, then 8=0 for any ¢ andv. When the
angle of incidence differs from zer@+#0), Eq. (9) can be
rewritten in the more compact form

U .
—SIne.
c ¢

sina—sinB

sin(a+ B) -

By following a similar procedure, we can show that the
law of reflection of the light when the mirror is moving in
the opposite direction to the one shown in Fig. 1 is

(10

sina—sinB B
sia+pB)

Equation(11) also can be obtained from E@LO) by letting
—v instead ofv, or, equivalently,— ¢ instead ofe.

At first sight it appears that Eq&)—(11) are transcenden-
tal equations. However we can derive an expression for th
angle of reflectior(incidence directly in terms of the angle
of incidence(reflection), the inclination angler, and the ve-

v .
— —SINe.

c (11)

Y

Fig. 5. Einstein’s cat experiment.

2

v ve
2—sine+| 1+ —sirfe
Cc CZ

) COS«

cosB= (12

2
v ve
1+2—sing cosa+ — sir? ¢
C CZ

To make the derivations in the following as simple as pos-
sible, we will use the law of reflection given in Eg®)—
(11).

We note that the obvious asymmetric treatment of the
angles of incidence and reflection in E40O) has an impor-
tant consequence. Namely, if the reflected light ray becomes
incident, it will not be reflected at the angle, but at a
different angleé that is a solution of

sinB—sind

sinB+48)

In other words, the principle of reversibility of the light rays
does not hold if the light is reflected by a moving mirror.

We emphasize that the inclination anglés an important
constituent of the law of reflection given by E(). Al-
though the derivation of Eq9) was based on the second
postulate of special relativity, the angéeis a real physical
entity, which, by itself, has nothing to do with relativity. The
value of ¢ is neither a result of an act of measurement, nor a
result of an act of seeingTo make this point clear, we urge
the reader to recall that while applying the Huygens—Fresnel
principle in the derivation of Eq(9), we assumed that the
surface of the moving mirror was made of atoms, each of
which was moving at the same constant velocityas the
mirror, and each of which radiates secondary wavelets if dis-
turbed by the incident light. The inclination angle was
introduced to describe the moving plane on which these at-
oms are located. Thus, the anglés the physical angle that
the mirror makes at any time with respect to the negative
direction of its velocity. We will utilize this fact in Sec. Il to
Berive an important inherent property of an inclined flat mir-
ror in uniform rectilinear motion.

v

ESIan. (13

locity v of the moving mirror. The procedure is described in Il EINSTEIN'S CAT EXPERIMENT
Problem 3 of the Appendix for a special arrangement, but it

also can be derived in general when the moving mirror

makes an arbitrary angle with respect to the negative di-

Consider the experimental setup shown in Fig. 5. The light
beam emanating vertically downward from the light source

rection of its velocity vector. The reader is encouraged taatA is reflected by a flat mirror at the poiBt The mirror is

show that Eq.(10) leads to the following formula for the
reflected angles:
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Fig. 6. The experiment shown in Fig. 5, observed in a reference framdig- 7. Several consecutive snapshots of the propagation of the wave fronts
where the setup is in uniform rectilinear motion. The bold i@’ C’ is not from the moving source to the moving mirror. The snapshots were taken at

the path of the light beam itself, but a path of a single wave front emitted afimes when the light source was positioned at the paiis, , A,, andAz,
the instant of time when the light source was positioned at pint that is, along the line of its motion. At each time, all the wave fronts will be

lined up along the vertical line connecting the moving source and the mov-
ing mirror. Observe that the plane of every propagating wave front is per-
pendicular to the wave front’s path, but not to the vertical line along which
consisting of two rooms separated by a surface with electhe light beam advances.
tronically controlled permeability. By hitting poin€, the
beam activates a life-supporting mechanism that prevents the . . . .
poisonous gas from entering the room where the cat is loMOVing source to the moving mirror will be lined up along
cated by acting on the permeability of the protecting surfaceth® vertical line connecting the moving source and the mov-
What happens when the experiment is observed from 49 mirror (see Fig. 7. They will be reflected by the moving
frame in which the setup is moving to the right at veloci®/ mirror from the same atoms along Its surfape as Fhe _|n|t|aI.Iy
We can follow the traditional discussion in most textbooksrefIGCted wave front. Therefore, if the experimentin Fig. 5 is
and say that Fig. 6 shows the path of the light beam when thgbserved frpm a reference frame travellng to the left _at con-
setup is in uniform rectilinear motidhHowever, this answer Stént velocityv, it would appear that the light beam is ad-
is not correct, as we shall see in the following. We offer anvancing at velocitycy1—v“/c* along the vertical line con-
explanation by using the principles of special relativity. ~ necting the moving source and the moving mirror, while, at
The reader must be cautious and recognize that the linéhe same time, the whole settipcluding the light bearis
AB'C’ in Fig. 6 is not the path of the light beam itself, but moving at velocityv to the right(Fig. 8). o
a path traversed by a single wave front, the one emitted at the According to Einstein’s first postulatéhe principle of
time when the source of the light beam was at p@inall relativity), all inertial frames are equivalerithere are no
the wave fronts emitted at later times will be emitted by thepreferred inertial reference framesind the laws of physics
same source, but from different points in space. Due to th@re identical in all of them. In this case, it means that if light
motion of the source, these points will be located to the rights hitting the switch of the chamber in the reference frame
of point A. The plane of every single wave front on its jour- Where the setup is at regfig. 5), then the light must hit the
ney from the moving source to the moving mirror will be
perpendicular to the wave front’s trajectory, and the velocity
of the wave front along its trajectory will be constant and source L
equal toc.® The latter statement is Einstein’s second postu- ,
late at work. The mirror obviously has the same velogitys A By ':‘2 Ag oeees i
the source, which means that at any time along the course of ‘
their motion, the moving source and the moving mirror will _(')/aL apparent
lie on the same vertical line. § advancement
By looking at Fig. 6 we see that the distance traversed by N of the beam
the initially emitted wave front from its source atto the

mirror atB’ is AB’ =ct, wheret is the time required for the \“.'.\ ”’1—12
wave front to cover the distan@eB’ at velocityc. The dis- c?
tance traveled by the light source, or equivalently, by the
mirror, for the same time, iBB’=AA’=vt. Consequently, ; A
from the triangleAA’B’ we have

o
o
[o}
o
o
[
-
ol
o€

; :
sinf= —, (14) B B'
¢ mirror %

which is the well-known formula for the aberration of light. _ _
Fig. 8. Several consecutive snapshots of the advancement of the light beam

The path from the moving source to the moving mirror tra_from the source to the mirror, observed from a reference frame traveling to

versed by everys_lmsequently emitted wave front will be Pa@%he left at constant velocity. While the light beam is advancing at a speed

allel tp the pathAB’ of the initially emitted Wave_front- At ¢1—v7c? along the vertical line between the source and the mirror, the
each instant of time, all the wave fronts propagating from theseam as a whole is moving at velociiytogether with the rest of the setup.
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switch of the chamber in every other inertial reference frame,
regardless of the direction of motion of the setup. In simple
words, if the cat is alive in one inertial reference frame, then
the cat must stay alive in every other inertial reference frame.
Our previous considerations require that every single wave R
front must be reflected by the moving mirror, and, in the T
present caséFig. 6), must follow the horizontal in order to c
hit the switch of the chamber. It might be argued that the

light beam will hit the mirror at some point other thBn, or

that the light is somehow hittingc’ directly, and not by

reflection from the moving mirror. However, we can modify AN
the setup in Fig. 5 by making the poiBtan on—off switch of
another life-supporting mechanism belonging to another cat
in a chamber. Then, in the frame of reference where the setup
is moving(Fig. 6), the beam will miss the switch at poiBt ,

the second life-supporting mechanism will not be activated,

and the cat will be dead. Hence, we conclude that the light B > A

beam must hit the moving mirror &'. Iy o~ N
Now that we are convinced that the situation shown in Fig. f

6 is correct, but represents an individual wave frghe one L [45°y

emitted from the source &), we can verify the consistency ¥

of Eq. (9). We will assume that Eq9) correctly describes
the reflection of the wave fronts of the incident light from the Fig. 9. Einstein’s cat experiment 2. The positions of the light source and the
surface of the moving mirror. We also will assume that thechamber are interchanged.

inclination anglep of the moving mirror may differ from the
inclination angle of the stationary mirrgm our case,n/4
rad). From Fig. 6 we express the incident angleand the

reflected angleg as which is a well-known formula in special relativity, com-

monly called the Lorentz contraction of the length. Equation

a=0+o, (15 (20) states that an inclined flat mirror moving at constant
velocity v will be Lorentz contracted along the direction of

B=ml2—¢. 18 its motion.
By substituting Egs(15) and(16) into Eqg. (10), we have Let us explore an identical apparatus, but we will ex-

. . change the positions of the light sous@nd the chambeCt.
Sin(6+ ¢) — sin(w/2— ) = 2sin (17) The setup with respect to the reference frame where the mir-
sSin(6+ ¢+ 72— ¢) co ror is at rest is shown in Fig. 9. If we follow the same argu-
ments as in the previous case, we can demonstrate that Fig.
10 shows the situatioffor an individual wave front ob-

After some rearrangements, and using Bgf), we obtain

1 1 1
ane= : (18

cosf  \/1—sir? 6 V2
1_ J—
C2

Equation (18) shows that tap+#1, which means that our
assumption was correct and the moving mirror really has a
different inclination angle than the angle for the stationary
mirror. We emphasize that the lateral dimensions of an object
do not change when the object is in uniform rectilinear
motion! which implies that the change of the inclination
angle of the mirror due to its uniform motion can be caused
only by a change of the mirror’s dimensions parallel to the
direction of its motion. With this assertion in mind, we can
express the inclination angle of the moving mirror as

lo
tane= T (19
wherel, denotes the projection of the mirror’s length on the
axis perpendicular to its motion, ahds the projection of the
mirror’s length on the direction of its motion. Then, by sub-
stituting Eq.(19) into Eq. (18), we have

UZ

5 (20 Fig. 10. The experiment shown in Fig. 9, observed in a reference frame
c where the setup is in uniform rectilinear motion.

IZIO 1—
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served from a frame in which the setup is in motion. In thistwo simultaneous events that occur at the object’s ends. Ac-

case, cording to this definition and the Lorentz transformation, an
a=ml2— o, 21) object moving at constant velocity will be Lorentz contracted
along the direction of its motion. A common interpretation of
B=¢—0. (22 the effect of Lorentz contraction is that relativistic contrac-
We substitute Eqs(21) and (22) into Eq. (9), take into ac- t@o_n is not a real, physical contraction_, but an apparent, arti-
count Eqs(14) and (19), and obtain ficial phenomgn_on_, whose presence is solely due to the pro-
cess of relativistic measurement of the lentthBy a
v? relativistic measurement we mean a measurement performed
I=lo\/ 1~ g (20) by a stationary observer with a stationary measuring equip-

ment(rulers, clocks, et¢.and interpreted using the notion of
The mirror will be shortened along the line of its motion in simultaneity. According to this interpretation, the length of a
the same manner as in the previous case. uniformly moving object will be measured to be Lorentz
By assuming Eq(9) is correct and using Einstein’s postu- contracted along the direction of its motion, while its physi-
lates, we were able to derive the relativistic contraction for-cg| |ength will remain the same no matter what reference

mula for an inclined flat mirror in uniform rectilinear motion, fame one uses to describet3tThe effect of Lorentz con-
which implies that Eq(9) correctly describes the propaga- yaction does not exist apart from the measuring process. It
tion of thﬁ wave frc&ntfrefg)ctehd by a Ir’r;ovmg]l m]|c|rror. If we occurs only when the length of an object is measured in a
assume that instead of EQ), the usual law of reflection is R

. P elativistic sense. However, we showed that Lorentz contrac-
correct (that is, the z_ingle of |nC|_dence equals t_he reflecte ion is a real effect and is an inherent physical property of a
angle, we would arrive at peculiar results, not just contra—mirror (and, therefore, of any ohjddn uniform rectilinear

dictory to the predictions of special relativitgee Problem 1 SN X o .
in the Appendix. motion:™ As a physical property of an object in motion, Lor-

If the ray optics of the original Einstein’s cat experiment €Ntz contraction is not just a result of the process of relativ-
shown in Fig. 5 is modified, for example, the inclination istic measurement of the object’s length.
angle of the stationary mirror is not equal 84 while the While describing Einstein’s cat experiment, we argued that
position of the source and the angle of the emerging light aréome important points are usually omitted or not correctly
adjusted such that the path of the reflected beam remair#iscussed. We showed that the bold line depicted in Fig. 6 is
unchanged, that is, it follows the horizontal in order to hit thenot the path of the light beam itself, but a path of a single
switch at the pointC, then the effect of relativistic contrac- wave front emitted at the instant of time when the light
tion of the moving mirror along its velocity vector would source was positioned at poiat The actual advancement of
still be in accordance with Eq20). Different versions of the light beam from the source to the mirror, with respect to
Einstein's cat experiment can be used as homework prolthe frame of reference in which the setup is in motion, is

lems. described in Fig. 8. There should be no confusion with the
statement that the light beam is advancing at a speed
IV. DISCUSSION c\1-v?/c? along the vertical line between the source and

of light from a uniformly moving mirror in Eq(9) is a con- . . .
sequence of the constant speed of light postulate. While ¢dn©Ving at velocity together with the rest of the setup. The

riving Eq. (9), we argued that as a result of Einstein’s secondnotion of the beam at velocity in the direction of motion
postulate, each elementary wave front originating from &°f the setup combined with the advancement of the beam at
source on the moving mirror’s surface will preserve its shapeelocity cy1—v?/c? along the vertical line between the
with respect to the situation when the mirror is stationarymoving source and the moving mirror will cause every wave
The shape of the wave front will remain a sphere, expandingront along the beam to possess a net constant spedse
equally in all directions at constant speedThe rest of the  direction is determined by the aberration angle
derivation is a standard Huygens’ construction. If these considerations are not taken into account, we
By making use of the atomic version of the Huygens—would encounter a paradoxical situation. Suppose that the
Fresnel principle, we showed that the angle of reflection ohath in Fig. 6 is the real path taken by the light beam. Then
the light depends on the angle of incidence, the inclination,, e case =0.85 for example, the angle of incidence
ang"? A and the velopltyv of the moving mirror. qu & will be greater thans/2 even without taking relativistic con-
specific thought experiment, we concluded that the InCl"f]a’[raction into accountDetailed calculations with and without

tion_ angle of Fhe movjng mirror WO‘.JId differ from its incli- Lorentz contraction are left to the student as an exejcise.
nation angle if the mirror were stationary. Because we pre;

viously stressed that the inclination angjeis the physical Hence, the I|ght. begm will strike the back'S|de of the mirror,
angle that the mirror makes at any instant with respect to th@nd. therefore, it will never reach the switch@t. Conse-
negative direction of its velocity, we conclude that this tilt of quently the cat would be dead. . o
the mirror due to its motion is a real effect. We further ~The reflection of light from a uniformly moving mirror is
showed that this tilt is a consequence of the fact that théommonly neglected in standard textbooks on optics. Sur-
physical length of the moving mirror in the direction of its Prisingly, the topic appears to be unexplored even by ad-
motion is less than the physical length of the same mirror avanced treatments of relativistic electrodynamics. The prob-
rest by the usual Lorentz factor. lem dates back to Einstein's monumental work on special
In the special theory of relativity the length of an object in relativity. Einstein correctly solved the problem in the frame-

a given inertial frame is defined as the distance between anyork of the newly developed theory. We have shown that the

1321 Am. J. Phys., Vol. 72, No. 10, October 2004 Aleksandar Gjurchinovski 1321



A

B4

N Y

Fig. 12. In the reference frame where the setup is in uniform rectilinear
motion, the wave fronts emitted simultaneously from the light soufces
and A, will hit the moving mirror at the same time.

Fig. 11. Modified version of Einstein’s cat experiment.

subject can be approached in a way that is accessible ends on the angle of incidence of the incoming wave front.

undergraduate students by using elementary ray-tracing andeW l?t us inve'stig'ate the setup depicted i.n Fig. 11. This
the pc?stulates of special r)ellativit%/. y ray 9 setup is a combination of the setups shown in Figs. 5 and 9.

There are two parallel light beams emerging from different
sources and hitting two different chambers after being re-
ACKNOWLEDGMENTS flected from a stationary mirror. The position of the second

I would like to acknowledge the anonymous referee for gSourceA; is adjusted horlz_ontally toward the mirror such
thorough revision process and for a set of very useful, conthat when the whole experiment is observed from the refer-
structive, and thought-provoking comments and suggestion§nce frame where the setup is moving at constant velocity
without which the key idea of this article would not have to the right(Fig. 12, after a simultaneous flash of the light
been written. This work was partially sponsored by ProfessosourcesA; andA,, the two initially emitted wave fronts will
Hendrik Ferdinande(University of Ghent and Professor hit the mirror at the same time. In the frame of reference
Viktor Urumov (Sts. Cyril and Methodius Universityunder ~ Where the setup is in motion, at the instant of time when

TEMPUS JEP #13576-98. these two wave fronts will hit the mirror, the mirror will be
elongated and shortened simultaneously according to Egs.
APPENDIX: PROBLEMS (A2) ano! (A3). T_he_ resulting contradiction proves that the
assumptionw= g is incorrect.
Problem 1. Failure of the classical law of reflectioBy Problem 2. MichelsorMorley experimentProve that in

using the postulates of special relativity, show that for thethe Michelson—Morley experiment the E&ht rays leaving the

situations depicted in Figs. 6 and 10 the angles of incidenciterferometer will meet on parallel patfrs:*®

and reflection cannot be equal. Solution Figure 13 is a schematic of the Michelson—
Solution Assume that for the setup shown in Fig. 6, theMorley interferometer in uniform rectilinear motion at con-

angles of incidence and reflection are equal, thatisg. stant velocityv to the right. The incident light beam is di-

Then, by equating the right-hand sides of Ed%) and(16), vided into two beams by a half-silvered mirror at po#t

we obtainf=m/2—2¢. From Eq.(14), we have After traversing different paths in the apparatus, the wave
sin 9= sin( /12— 2) fronts of these two beams are recombined at péiht Be-
1—tarf v
=COS2{p=COSz(p—Sin2(p=—(P=—. (A1) B B' B"
1+tarfe C
If we apply Eq.(19), we would conclude that the mirror is
elongated in the direction af according to E>
- 1+vl/c A2
=loV 14/ (A2) A A A"
. . . SOURCE o 91 01 M || <
If we repeat the entire procedure for the setup in Fig. 10 > 5T
under the same assumptier=8, we would conclude that ? Y 6,
the mirror will be shortened as
=gy s A3
T 9N 1+u/c (A3)
DETECTOR

We might speculate that the moving mirror is somehow
adjusting itself toward the light beam, and its “rotation” de- Fig. 13. The setup of Michelson and Morley in uniform rectilinear motion.
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fore recombining a\”, the wave front of the seconhori-
zonta) light beam was previously reflected by a third mirror
not shown. The law of reflection of the wave front reflected
at pointA states

v

sina—sinB i
=—- ESIn(p.

sifa+pB)

By looking at Fig. 13 we see that the following relations are
valid:

(A4)

a=1/2— ¢, (A5)
B=ml2+ ¢— 6. (AB)

The substitution of EqgA5) and (A6) into Eq. (A4) would
yield a result that can be simplified to give

0. —2 arct [1—vlc
1= < arctal 1+—U/C

The wave front reflected @t strikes the second mirror &t'.

(A7)

-

Fig. 14. Reflection of an electromagnetic wave by a vertical mirror moving
at constant velocity to the left.

In this case, the angles of incidence and reflection are equaf/e Use some basic trigonometric identities and some algebra

This equality follows from Eq(10) if we take into account
that the inclination angle of the mirror at the poBit equals
ar.
For the wave front reflected at poiAt’ we have

siné—sinw v A8
sino+w) con® (A8)
S=ml2— ¢, (A9)
0= O,— 72+ . (A10)

If we substitute Eqs(A9) and (A10) into Eq. (A8) and do
some algebra, we obtain

0.—2 arct [1—vlc
- carcla 1+vl/c

We conclude tha®;= 6,, which means that the light rays

(A11)

emerging from the apparatus will meet on parallel paths. The

reader can show that EA11), or, equivalently, Eq(A7),
can be simplified to

1_

= (A12)

tanf, ,=——
an
1,2 v

The result is identical to the one obtained by Schumather.
Problem 3. Einstein’s mirrarEinstein derived the law of

reflection of a plane-polarized electromagnetic wave from a

flat mirror moving at constant velocity in vacuum(see Fig.
14).? By applying Lorentz transformations to the equations

derived in the reference frame where the mirror was at rest,

he arrived at

1
C2

v
cosa—2—
c
cospB=

. Al3
. (A13)
2

U
1-2—cosa+
c c

Show that this result also can be obtained from .
Solution We leto=m/2 and write—v instead ofv, so that
Eqg. (9) becomes

sina—sinﬁ:—%sin(omt,s). (A14)
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to obtain

1% 1%
1+ Ecosﬂ)sinaz(l—Ecow)sinﬁ. (A15)

By taking the square of E§A15) and rearranging the terms,
we obtain a quadratic equation in ¢g8s

|

2

v v 1%
1—-2—cosa+ —|cog B+2—(1—coS a)
C CZ C

2

1% v
Xcosp+2 _cosa—| 1+ — cog a=0, (A16)
c
whose solutions are
v 02
2—cofa—| 1+ —|cosa
C CZ
(cosp)1= — (A17)
v v
1-2—-cosa+ —
C CZ
and
v U2
—2—+| 1+ —|cosa
C CZ
(cosB),= (A18)

v 1)2
1-2—-cosa+ —
C CZ
In the reference frame where the mirror is stationawy (
=0), the angles of incidence and reflection must be equal.
But, if =g, then cosxr=cosp. By substitutingp =0 in Egs.
(A17) and(A18), we obtain
(cosB),= —cosa, (A19)
and
(cosB),=cosa. (A20)

It follows that the only physically correct solution is
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