Einstein’s mirror and Fermat’s principle of least time
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Almost a century ago, Einstein considered the oblique in-C,, the mirror has already crossed the distan¢e,—tg)
cidence of an electromagnetic wave on a uniformly movingyertically downward from its initial position at timegy.
mirror whose velocity is perpendicular to its surfac&o According to Fermat's principle, the photon is reflected off
derive the equations for the angle of reflection and the wavene pointC for which the pathACB requires the least tinte.
characteristics of the reflected light, he Lorentz-transformedrye sityation is shown in Fig. 3. Hetgis the time required

the equations describing reflection in the reference frameFOr the photon to go fronA to C, andt, is the time fromC
where the mirror was at rest. In recent wérkge showed that to B. Observe that poin€ belongs to the mirror located at a

the problem can be approached in an alternative way by a_ . o )
: o _ . vertical distancet, below the position of the mirror at the
direct application of the Huygens—Fresnel principle and the. e when the photon was emitted frafa Thus, the total

constant light speed postulate. The purpose of this paper is . .
derive the law of reflection from a uniformly moving mirror tUmMe required for the photon to travel the p&ICB is

based on Fermat’s principle of least time. t=t,+tp,. 2)
Fermat’s principle states the actual path between two ) i
points A and B taken by a beam of light is the one that is BY l00king at Fig. 3 we see that

traversed in the least tinfeA classic example of the appli- (cty)?=(dg+vty)?+x2, 3)
cation of Fermat's principle is the derivation of the law of 5 5 5
reflection from a stationary mirrdiFig. 1). In this case, the (Ctp)“=(dotvty) "+ (1=x)%. 4

constraint that the light is reflected from a point belonging to 1, simplify the derivation of the reflection law, we will
the surface of the mirror before it reaches the p8imustbe | ,sa 3 trick. First. we rewrite Eq&3) and (4) as '

taken into account. The light is reflected at a pdwvhose

x coordinate minimizes the timerequired for the light to 1 Gt ot? 5
cover the path fronAA to B at a speed: ta_E (do+vta)™+X%, ®

o \/di+x2+ Vd2+(1—x)2
C C

’ 1) tb:%\/(d0+vta)2+(l_x)2- (6)

Then, we substitute Eq$5) and (6) into Eq. (2) to obtain

whered, anddg are the shortest distances between the sur- 1
face of the mirror andA and B, respectively, and is the t=—(do+ovty)2+x2+ = (do+uvt)2+(I—x)%2. (7

distance between the orthogonal projectionsAadnd B on ¢ ¢

the mirror's surface. If we take the derivative bfvith re-  The principle of least time requires the valuexathat is, the
spect tox in Eqg. (1) and set the result to zero, we can usepoint of reflection off the moving mirror's surfaggo be
simple trigonometgll to show that the angles of incidence andych that the transit timx) of the photon fromA to B be a

reflection are equal. o _ minimum. We take the derivative of E€¥) with respect tox,
Now, consider the situation when the mirror is moving atset the result to zero and obtain

constant velocity vertically downwardsee Fig. 2 We will

consider the reflection of a single photon emitted from point dotuty dty X

A at timety. By considering the reflection of a single photon v W &+ W
instead of a whole light beam, we may neglect the shift that

occurs when the light beam emanating from a stationary do+ut, dt,
source is reflected by a moving mirfowithout loss of gen- +v = 2 dx

erality, we takeA andB to lie on the same horizontal ling V(do+vta)*+(1-x)

and the shortest distance between the fixed horizdnéadd | —x

the moving mirror at the time of the emission of the photon ~ _ =0. (8)
to to bed,. Figure 2 shows a sketch of several hypothetical V(dg+oty)?+(1—x)?

paths of the photon betweekandB. Observe that the hy-
pothetical points of reflection off the mirror’s surfac€
C,, andCj3) will not lie on the same horizontal due to the
motion of the mirror and the finite speed of the photon. For it it

example, by considering the hypothetical patG,B, we see a . a .

that at timet, when the photon will hit the mirror at point v cosa dx tsinatuv cosp dx sing=0. ©)

We have taken into account thgt is a function ofx. By
considering the geometry of Fig. 3, E®) can be rewritten

1325 Am. J. Phys.72 (10), October 2004 http://aapt.org/ajp © 2004 American Association of Physics Teachers 1325



Fig. 1. Several hypothetical ways for a light traveling betwAeandB to be
reflected by a motionless plane mirror.

Here « is the angle of incidence of the photon from the

normal n of the mirror’s surface, ang@ is the angle of its
reflection.
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Fig. 3. The least time derivation of the law of reflection from a plane mirror
in uniform rectilinear motion.

sina—sinﬂz—%sin(aJr,B). (13

According to problem 3 in Ref. 2, we can solve Eij3)
for the reflected angl@ in terms of the incident angle and

The value ofdt,/dx can be calculated by taking the de- the velocityv of the moving mirror

rivative of Eq.(3) with respect tax. Thus

2 S g dta 10
Ctaa—v( 0+vta)a+x, (10
or
dt x/ct
—= . : (12)
dX ( Ud0+Uta)
cl1- - ——2
c ct,

which, according to Fig. 3, can be rewritten as

dt, sina
(12

ax ( v
c| 1— —cosa
c

We substitute Eq(12) into Eqg.(9) and simplify the result to
find the law of reflection of the photdn

lv

Fig. 2. Several hypothetical paths of the photon emitted ffoat timet, at

B
.g,X\//%

v 1)2
—2—+| 1+ —|cosa
C C2
cosB= 7 (14)
U U
1—25005a+

c?
Equation(14) is identical to the result for the angle of reflec-
tion obtained by Einsteih Although it might seem that the
derivation of Eq(14) is not connected with special relativity,
the result is a direct consequence of the constant light speed
postulate. That is, according to the quantum picture of the
process of reflection, the photon will be absorbed and re-
emitted by the atoms at poi@. The implicit assumption in

our derivation is that the photon will be re-emitted at the
same constant speeglso that the speed of the photon does
not depend on the motion of the source.

Similar considerations can be applied when the moving
mirror is inclined at an arbitrary angle to the horizontal. It
can be easily demonstrated that the law of reflection for an
inclined mirror immediately follows from Eq14) if we re-
placev by the velocity component of the mirror that is nor-
mal to its surface.

The author thanks Bojana Ginovsk&/SU) and Aleksan-
dar Donev(Princeton Universityfor supplying him with the
papers quoted in Ref. 5.
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HISTORICAL NOTE ON THE RISE OF KINETIC THEORY

The rise of Kinetic Theory was of a gradual nature, and it is difficult to mention any time at
which the theory may be said to have arisen, or any single name to whom honour of its estab-
lishment is due. Three stages in its development may be traced. There is first the stage of|specu-
lative opinion, unsupported by scientific evidence. Given that a great number of thinkers are
speculating as to the structure of matter, it is only in accordance with the laws of probability that
some of them should arrive fairly near to the truth. An opinion which turns out ultimately to be
near the truth remains, however, of no greater value to the advancement of science than @ more
erroneous opinion, until scientific reasons can be given for supposing the former to be|more
accurate than the latter. When this point is reached the theory may be said to have entered upon the
second stage of its development; the true and false opinions are still equally in the field, but the
former is supplied with weapons for defeating the latter. In the third stage there is general agree-
ment as to the main foundations of the theory and their truth, and labour is devoted no longer to
defeating adverse opinion, but to the elaboration of the detail of the theory, and to attempts to
extend its boundaries.

Sir James Jean3he Dynamical Theory of Gases Fourth Editi@over Publications, INC., 1954p.11.
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