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Abstract

It is shown - in Ashtekar’s canonical framework of General Relativity - that spherically
symmetric (Schwarzschild) gravity in four-dimensional space-time constitutes a finite-dimensional
completely integrable system. Canonically conjugate observables for asymptotically flat space-
times are masses as action variables and - surprisingly - time variables as angle variables, each
of which is associated with an asymptotic “end” of the Cauchy surfaces. The emergence of the
time observable is a consequence of the Hamiltonian formulation and its subtleties concerning
the slicing of space and time and is not in contradiction to Birkhoff’s theorem. The results are of
interest as to the concept of time in General Relativity. They can be formulated within the ADM
formalism, too. Quantization of the system and the associated Schrodinger equation depend on
the allowed spectrum of the masses.

1. Introduction

Recently we have shown [1] (quoted as Ref. I in the following) that Ashtekar’s con-
straints in his Hamiltonian formulation of general relativity can be solved completely —
classically and quantum mechanically as well - for spherically symmetric field config-
urations. As the two basic canonically conjugate observables — in the sense of Dirac —
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we identified the mass squared P = 4m? and a quantity called Q which in geometrical
metric terms takes the form (modulo constraints, see below)

Q= #/dx(l —2m/R)™'y/(dR/dx)? — gxx(1 - 2m/R), (1.1)
z

where R = ,/qgg and g, are defined by the line element

ds? = —(N(x,1) d1)? + gue(x, 1) (dx + N*(x,1) dt)? + gaa(t, x) (d6? + sin? 8dg?) .
(1.2)

The (local) variable x is assumed to coincide asymptotically (x — oo) with the usual
Euclidean radial variable r (our notation in the present paper is generally the same as
in Ref. I).

For the Schwarzschild solution

G0 =x",  Gux=(1-2m/x)"" (13)

we have Q = 0. Remembering Birkhoff’s theorem on the uniqueness of Schwarzschild’s
solution in the context of spherical symmetry [2], one wonders whether there are
“observable” configurations which have Q # 0.

We have argued in Ref. I that such configurations are possible in the Hamiltonian
picture where the diffeomorphisms are to be generated by finite constraint functionals
and cannot be implemented “by hand” as is done in the mainly geometrical proof
of Birkhoff’s theorem in the conventional space-time picture. A related observation
was already discussed by Ashtekar and Samuel [3] for asymptotically flat Bianchi
models. Later Coussaert and Henneaux pointed out [4] that the different notions of
diffeomorphisms may be reconciled for these models by imposing stronger conditions
on the geometrical diffeomorphisms at spatial infinity. Such conditions are not imposed
in the usual derivations of Birkhoff’s theorem.

The possibility of a nonvanishing observable Q within the Hamiltonian framework is
associated with the subtleties of slicing the four-dimensional pseudo-riemannian mani-
fold into space and time: A nonvanishing Q requires a nonvanishing shift N*!

This last observation was explicitly discussed in Ref. I, but we did not try to give a
concrete physical interpretation of the quantity Q. It is the aim of the present paper to
give such an interpretation and discuss some of its implications.

The main result is that the quantity

T =8mQ (1.4)

can be interpreted as a time variable canonically conjugate to the mass m! This inter-
pretation does not only follow from the formal canonical conjugacy of T with respect
to the mass m but especially from the relations

dT/dt = {T, Ho} f = {T, Hrea} = 2N (1),  Hpea = Hot| p = 2m N (1), (1.5)

where H,,: means the total Hamiltonian consisting of the (nonvanishing) constraints and
the surface terms (see Eq. (2.4) below), { -, - } denotes the Poisson bracket, Hr.q means
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the value of Hy, on the constraint surface I" where the constraints vanish and N(%) (¢)
is the lapse function N(?) in the spatially asymptotic region under consideration (there
may be several of such regions each having its own lapse function).

This means that both Hamiltonians generate time translations as symmetry trans-
formations - in contrast to gauge transformation - in asymptotically flat regions. The
dependence of the “observable” T'(¢) on the “unobservable” asymptotic time parameter
t is determined by the gauge dependent quantity N> (t), (N> = 1 for space-times
which are asymptotically Minkowski flat). The factor 2 in Eqs. (1.5) is due to the
normalization of the Hamiltonians adopted here.

Notice that the observable T is a volume, not a surface quantity!

Our results mean that spherically symmetric gravity constitutes a completely integrable
system with respect to its observables the mass m being an action, the time T an angle
variable! This resembles the situation in (2+1) gravity [5] and in other cases where
Einstein gravity in four dimensions is reduced to two dimensions as discussed and
reviewed by Nicolai [6]. Whereas Nicolai and others (see Ref. [6]) analyze models of
gravity (and their supergravity extensions) which have two commuting Killing vectors —
one timelike and one spacelike or both spacelike — we are dealing with a system which
has three noncommuting spacelike Killing vectors but not a timelike one.

The results can be translated into the ADM framework where one sees that T is
simply related to an exact Hamilton-Jacobi solution of the (classical) Wheeler-DeWitt
equation for spherical gravity.

Quantization of the (1+1)-dimensional canonical system formed by the observables
m and T is straightforward, but depends on the spectrum of m, namely whether it covers
the whole real axis or whether it is bounded from below.

2. The model

We here collect the main elements of spherically symmetric gravity in terms of
Ashtekar’s variables and refer to Ref. I for further details.

In the spherically symmetric case the basic canonical variables in Ashtekar’s approach
to quantum gravity, namely the connection coefficients AZ (x) as configuration variables
and the densitized triads E?(x),a =1,2,3, i=1,2,3 as momentum variables, can be
expressed by six functions A;(r,x), and E!(t,x), I =1,2,3, where the E! are real
and the A; are complex. Here ¢ is a “time” variable and x is a (local) spatial variable
which becomes the usual Euclidean radial variable r at spatial infinity.

The metric (gq) on the three-dimensional (Cauchy) surfaces 3> takes the form

H E 1 1 .:.2
(Qab)=dlag(2—E—l,E ,E sin“9),
det(gu) = SE'Esin® 6,
E=(E")? + (E%)?, (2.1

which shows that the variables E! and E determine the sign and the degeneracies of the
spatial metric.
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Integrating the Einstein—Ashtekar action over the unit sphere in 3 = $? x 3, where 3
is an appropriate one-dimensional manifold (see below), we get the following effective
(1+41)-dimensional action for spherically symmetric gravity:

S=/dt /dx(—iE’A,) — Hetl (2.2)
R X

with the total Hamiltonian

Htot=/dx(iAG —iN* (Vs = A1G) + NC) + Qr + Papm + Enpm, (2.3)
3

where an overall factor 477/ (« = 87G) has been dropped and where

G=(E" + AE® — A3E? (2.4)
is the Gauss constraint function;

Vi=B’E’ — B3E? (2.5)
the vector constraint function;

1

C=(B’E’ + BPE*)E' + EEB1 (2.6)

the scalar constraint function;
1
(B', B%, BY) = (5((A2)" + (42)" = 2), A5 + A1 Ao, —A + AiAy) (2.7)

the “magnetic” fields; A the Lagrange multiplier for the Gauss constraint; N* the “shift”
(see Eq. (1.2)) and Lagrange multiplier for the vector constraint;

N=N/+/(EE'/2) (2.8)
the Lagrange multiplier for the scalar constraint; N the lapse function (see Eq. (1.2));
0= —i/AE1 (2.9)

(23
the charge of the remaining O(2) symmetry;

Paow = / IN*(A2E2 + (A3 — VD)) (2.10)
4y

the ADM momentum in the x-direction and

EADM=/Q/(A2E3 ~ (A3 — V2)EV)E! (2.11)
[

the ADM energy.
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As usual [7,8], the surface terms arise from the requirement that the three constraint
functionals

G[A,E;A]:/dxAG,
P
Vx[A,E;N"]=/de"Vx,
P
ClA,E;N] =/deC (2.12)
>

are functionally differentiable with respect to A; and E’. A dot means d/dt and a prime
d/dx.
The (equal-“time”) Poisson brackets are
{Ai(0),El (0N} =i818(x,y),  {A(0, 4,0} ={E"(0),E/ (N} =0.
(2.13)

The normalization of the energy Eapm is such that Expy = 2m N(®, N(*) = N(¢,x €
823 for the Schwarzschild mass m (with Newton’s constant G = 1, ¢ = 1). The Hamil-
tonian Hy, generates gauge transformations and motions:

O0A; = {Al, Htot}f, OE' = {EI, Hlot}ey (2.14)

where € is a corresponding infinitesimal parameter. Explicitly we have

8A) =[A'+ (N*A)' +iN(B’E’ + B’E%) ]e, (2.15)
8Ay=[AAs + N*A) + ilAvJ(BzEl + B'E?)]e, (2.16)
8A3=[—AAr+ N*A; +iN(B’E' + B'E) e, (2.17)
S8E'=[N*(E") — iN(AE" + A3E)E' e, (2.18)
SE=[AE’ + (N*E®)' — iN(AIE'E® + JAsE) — i(NE'E®)']e, (2.19)
SE’=[—AE* + (N*E*)' — iN(A\E'E’ + JAsE) + i(NE'E®)' €. (2.20)

Whereas the functions E’ are real, the connection functions A; are complex, because
A= +iK;, 1=1,2,3, (2.21)

where I'; are the (reduced) coefficients of the spin connection and K| the corresponding
coefficients of the extrinsic curvature. These coefficients can be expressed in terms of
the functions E,

_ E2(E3)I _ E3(E2)/

Fa , (2.22)

/ IE‘3 IEI2 /
(I, 2, T3) = (-8, —(EY E’(El) =) B
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where B = arctan(E3/E?), and

1 .
(K1, K2, K3) = N—MT(E‘(qxx — (gxx)'N* = 2q,(N®)', E*(E' — N*(EY)").

(2.23)

3. Topology of the Cauchy surfaces 3 and asymptotic properties at spatial infinity
3.1. Possible topologies

For spherically symmetric systems the topology of the Cauchy three-manifold 3? is
necessarily of the form 3° = % x 3 where 3 is a one-dimensional manifold. In this
paper we are only interested in topological situations where ¥ is open or compact with
boundary, especially when it is asymptotically flat: As motivated already in Ref. I we
choose here

3=3,, znzKuUZA, (3.1)

i.e. the hypersurface is the union of a compact set K (diffeomorphic to a compact
interval) and a collection of ends (each of which is diffeomorphic to the positive real
line without the origin), i.e. asymptotic regions with outward orientation and all of them
are joined to K. This means that we have n positive real lines, including the origin, but
one end of each line is common to all of them, i.e. these parts are identified. Since the
identity map is smooth, this is still a C°>° (Hausdorff) manifold.

As an example consider the Kruskal-extended Schwarzschild manifold (see e.g. Ref.
[9]), where we have two ends 3; and 3, each of which belongs to the asymptotic
region x — oo with N3 = —N{° = _N(°®)_ This is, of course, the most interesting
situation, however the case n > 2 is a theoretical possibility, too, especially for our
effective two-dimensional model.

We want to point out here that the boundary of the compactum K has nothing to do
with the location of a horizon; it is just a tool to glue the various ends together and
thus is a kinematically fixed ingredient of the canonical formalism, whereas the location
of a horizon will depend on the mass of the system which is a dynamical object. In
particular, one and the same topological compactum will be used for all possible values
of the mass. Thus, although it is appropriate to draw the space-time pictures which one
can find in textbooks for, say, the Schwarzschild configuration with parameter m, the
lines x = 2m which separate the four Kruskal regions do not correspond to a specific
coordinate value for the boundary of the compactum K and its time evolution. This
property should not give rise to confusion because from the mainly geometrical point of
view one is used to the fact that the topology of 3 may change under evolution while
in the Hamiltonian picture topology change is excluded by definition.

Notice that - according to Eqs. (2.15)-(2.20) - we can have independent evolutions
in different ends of 3 by choosing the support of the Lagrange multipliers A, N* and N
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appropriately.

3.2. Asymptotic properties of the fields

The following discussion of the asymptotic properties of the fields differs slightly
from the one in Ref. L. It is, however, more appropriate for the physical interpretation
of the observables of the system discussed below.

Most important for our purpose are the asymptotically flat manifolds 33, for which
we have

0 + fab(x/r’t)
r

lim g, = g3, +0(1/7), (32)

where ¢%, denotes a fixed flat Euclidean metric with coordinates x® and r? = g2, x7x?.

In our case we have
g — 1 +q’_1/r+q'_2/r2..., qoy —>r2+q‘i'r+qg... . (3.3)

We want to translate this asymptotic behaviour of the metric coefficients into that of the
quantities E’. This leads to the ansatz (compare Eq. (2.1))

E[——>x2+e}x+e$+..., (34)
E*—=V2elx+ed+er /x+..., (3.5)
EoV2ex+ed+ed,/x..., ()P4 ()?=1. (3.6)

These asymptotic relations have to be made compatible with those of the canonically
conjugate quantities A;, for which we start with the ansatz

A —al /x+a,/xr 4., 3.7
Ay —a’ [x+a’,/x* +..., (3.8)
A3 V2+ad | Jx+d,/8% +. ... (3.9)

Because of Eqs. (2.21) and (2.22) the asymptotic properties of E’ and A; are not
independent. They imply the relations (recall that the E’ are real!)

1
V2

1
O0=¢} (= el =1), Re(a?)) = —¢3, Re(a?,) =—€* |+ e3(V2e} — Ee}), (3.11)

Re(al ) =0, Re(a',) = —=(ede? —edel), Re(a';) =v2ed, —elel, (3.10)

1
Re(d’ ) = —=¢l — €. (3.12)

V2

Eqs. (2.21) and (2.23) lead to identities if we express the time derivatives g, etc. by
means of the evolution equations (2.15)-(2.20).
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In order to fix the appropriate asymptotic behaviour of the quantities E/ and A; we
require
(i) that - essentially following Ref. [8] - the integrands of the Liouville form

AL = —i/E’dA, (3.13)
P

and the symplectic form

ﬂ:—i/dE’/\dA, (3.14)
z

behave asymptotically as O(1/x?) in order for the integrals to converge, and that

(ii) the Gauss constraint function (2.4) vanishes at least as O(1/ x?) at spatial infinity.
This is the only use we make of all the constraints as far as the asymptotic properties
are concerned.

The condition E/dA; — O(1/x%) implies

da' | =0,
d(a',+V2d%)) =0,
elda , +dal 5 + vV2da®, + €}d2 | + e}dd® | =0, (3.15)

and from dE' AdA; — O(1/x%) we get

d(V2a' ,+4*) =0, d(ed—Vv2d',) =0. (3.16)
All the conditions obtained to far can be satisfied by requiring

al; =0, a',=0, a*,=0, €=0, a',+v2ad%,=0. (3.17)

It will turn out that these conditions alone do not suffice to ensure the convergence
properties of the quantities we are interested in. This will, however, be achieved by
requiring the Gauss constraint function (2.4) to decrease at least as O(1/x?) at spatial
infinity. This implies the relations

=1, el—v2ed=v2d’,, (=Im(d’)) =0, cf. Eq. (3.12)), (3.18)
\/Eez_l +eja’, + \/§a3_2 =0. (3.19)

The resulting expansions for E/ and A; are compatible with the evolution equations
(2.15)-(2.20) and the following asymptotic behaviour of the Lagrange multipiers:

A—0(/x"), N*—0(1/x), N =0(1), = N—O0(1/). (3.20)

This asymptotic behaviour of the Langrange multipliers means that we allow for a
spatially asymptotic O(2) symmetry and for spatially asymptotic time translations — as
opposed to the corresponding gauge transformations which require a stronger decrease
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for A and N (see Refs. [1,8]). In the following we shall not exploit the asymptotic O(2)
symmetry and shall treat it as a gauge symmetry. However, the possibility of generating
time translations at spatial infinity is of utmost importance for the interpretation of the
theory.

The asymptotic properties of E! and A; yield

E—-2x(1+V2e/x+ (J(ed)* + V22 ) /X2 + ..., (321)
A—2(1+V2d /x+ (V28 ,+ L@ DY/ + .., (3.22)
B! = V2ad /x +0(1/x%), (3.23)
B> — —d’ /X +0(1/5), (3.24)
B> - (3a%; +V2d', +a'3d% ) /xt + 0(1/55). (3.25)
The expansions for E! and E imply
E
Qxx=ﬁ,7—+1+(\/§e%—e})/x+0(l/x2). (3.26)

Comparing this expression with the asymptotic expansion of the Schwarzschild solution
(1.3) we find

V2el —el =2m=-v2d,. (3.27)
The last equality follows from Eq. (3.18). It implies for the ADM energy (2.11) that
Eapm = —V2N©a | =2m N, (3.28)

For a compact ¥ it is sufficient to require the fields and Lagrange multipliers to be
smooth and finite everywhere. Obviously, the case of compact topologies is much easier
to handle from a technical point of view.

4. Symplectic reduction of the model and its observables

We first recall some basic facts from the theory of symplectic reduction (for further
details see Refs. [10,11]). It was shown in Ref. I that the present model is a field theory
with first-class constraints. Let I, " and I" denote the full phase space, its constraint
surface (where the constraints are satisfied identically) and its reduced phase space (i.e.
the constraint surface, but points in it are identified provided they are gauge related).
The (local) existence of the latter follows from general theorems that are valid for
first-class systems. Let

v: F—>Tand ow: F =T (4.1)

denote the (local) imbedding into the large phase space and the projection onto the
reduced phase space respectively. Call the symplectic structures on the two phase spaces
£ and 2 respectively. Then the presymplectic structure on I” is defined by the pull-backs

=0 =00. (4.2)
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In practice one computes the constraint surface and thus obtains the imbedding. One
then defines the presymplectic structure by the pull-back under the imbedding. After
that one computes the gauge orbits and obtains the projection. The reduced symplectic
structure is then defined by the pull-back under the projection.

On the other hand, if @ and @ are the symplectic potentials (Liouville forms) for the
symplectic structures, we obtain

dA (O —70) =00 —7*N=0, (4.3)
whence t*@ — 76 is (locally) exact:
ds =0 — 76. (4.4)

Here S is the Hamilton-Jacobi functional which generates a singular canonical trans-
formation from the large to the reduced phase space. Replacing the canonical momenta
on I" by the functional derivatives of S with respect to the canonical coordinates on I”
solves the constraints because by doing so one pulls back the momenta to . Hence,
one way of obtaining the reduced phase space is to solve the Hamilton—Jacobi equation
for constrained systems. This has been done in Ref. [11] and also in Ref. L

The relation (4.4) suggests an additional method : it says that, up to a total differential,
one obtains the reduced symplectic potential simply by inserting the solution of the
constraint equations into the full symplectic potential.

For field theories there might also be boundary terms involved in this reduction process
the contribution of which to the reduced symplectic structure does not vanish. They may
be neglected at a first stage because they will be recovered when one checks whether
the observables of the reduced phase space are finite and functionally differentiable. It
turns out that the last method is quite appropriate for our model.

In the following we only discuss the nondegenerate case E'E # 0. It then follows
that the vanishing of the scalar and vector constraint functions V, and C (Eqs. (2.5)
and (2.6)) is equivalent to the vanishing of the functions

C,=BE' +1B'E’,  C3=B'E'+}B'E’, (4.5)
because
E'V,=EC, - E’C;, C=E'G+ECs. (4.6)

The vanishing of C; and C; implies
E* =gB?, E? =4B3, g=-2=". 4.7

Here we exclude the trivial case B' = 0 (see Ref. I). For our purpose the following
combinations will be of interest, too:

A3C, — AC3=E (B + 1B'((E")' - G), (4.8)
AxCy + AsC3 =AY E' + 1B (AE” + A3EY) (49)
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where G is the Gauss constraint function (2.4) and

_ AB® + A3B?
e
We here assume A # 0, because otherwise B! = —1,(B')’ = 0 (Eq. (2.7) and a

vanishing expression (4.8) implies (E!)’ = 0 contradicting Eq. (3.4).
From Eq. (4.8) we get the constraint

A= (A)2+ (A)% y=A+o (4.10)

K = %BI(E‘)’ +(B"YE'=0, or (E') =g(B")'. (4.11)
Integration yields

VE'B' = const. . (4.12)
From the Eqgs. (3.4), (3.23) and (3.27) we obtain

VE'B' = —2m. (4.13)
This is our first observable. That this is so follows from

(8(VE'B"Y))|; = {(VE'B"), Ho}|7 =0, (4.14)

where the Egs. (2.16)-(2.18), (4.7) and (4.11) have been used.

For the further discussion it is convenient to make use of the O(2) symmetry in
the (2,3) “plane” of the variables (A2, A3) and (E?, E*) by introducing cylindrical
coordinates

(A2, A3) = VA(cos a, sina), (E2, E®) = VE(cos B,sin B) . (4.15)
They imply the relations

G =(E"Y — VAEsin(a — B) (4.16)
and

E'dA; = m,dy + mdB' + 7mada — :—x(Elda), (4.17)
where

. E
my=E, m = Zcos(a—ﬂ), e =G. (4.18)

We see that the change of variables is tantamount to a canonical transformation where
one of the new momenta is the Gauss constraint function G!
In addition, the r.h.s. of Eq. (4.9) now takes the form

A(myy+ §mB'), (4.19)
implying the constraint
K, =2my + 7r1B1 =0, or m=gy. (4.20)

Setting G = 0 we get for the constraint functions C and V, in terms of the new variables
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1

C=(1+B"YmKk;+ ————7'

(1+B)m 2+2(1+BI)W7K1’ (4.21)
Ve=—(E) 'y + (B")'m .

Dropping the last term in Eq. (4.17) that leads to a surface integral to be ignored (see

the remarks following Eq. (4.4) above), the integrand of the Liouville form reduced
with respect to the Gauss constraint is given by

mydy + mdB! = —ydm, — Bldm +d(..)). (4.22)

Using the relation (4.20) we have

A

ydmr, + B'der =/, B'd( ), (4.23)
b% Y e
so that the Liouville form (3.13) finally reduces to
@L=—i/E’dA1=i/,/—7ryB'd(—7il—)+d$’=de+d§, (4.24)
AL
3 3
where Eq. (4.13) has been used and where
T =T(m,m) /,\ A= —2i (4.25)
= , = , = -2 . .
- N
z
The quantity T is our second observable: From Egs. (4.13) and (4.20) we have
Y Ty P 4
/\=—21g 77-7—41 Bl 'y—8mp, p:-l(B—l)z' N (426)

and since the asymptotic relations for Az, A3, A, B2, B3 and B' (Egs. (3.16), (3.18)
and (3.22)-(3.25)) imply p — O(1/x?) the integral T exists. From Ref. I we know
that B! is weakly real and y weakly imaginary. So T is weakly real.

Most important for our interpretation of T is the relation

d 4m2N(Bl)/
Sp=— |N* —_— , 4.27
=4 Pt — By | € (4.27)
which follows from applying Egs. (2.15)-(2.17) to
Sy =8(A; + '), Sa = (A28A; — A38A7) /A, 8B' = 8A/2

and using the relations (4.7) and (4.13). The expression in the square brackets of Eq.
(4.27) approaches the value N(°°)/(4m) for large x. Combining this with Eqs. (4.14)
and (4.25) we get the important result

n
8T ={T,Ha}e =2 Ny e, (4.28)
A=1
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where we have allowed for different lapses Nf,°°) at different ends 34 (see Eq. (3.1))
and where we have assumed that there are no contributions from possible inner boundary
points and that each end “sees” the same mass m. The occurrence of the lapses on the
r.h.s. of 8T is due to our allowance for time translations as a symmetry transformation
at spatial infinity [8], as opposed to a gauge transformation for which N(°) = 0.

If space-time is Minkowski-like at spatial infinity we have N(°) =1 and - interpret-
ing the parameter € as the (infinitesimal) proper time of an asymptotic observer and
considering one end only — we get

T=2, T =2t + const. . (4.29)

Thus, the observable T is to be interpreted as a time variable! (The factor 2 is a
consequence of our normalization of the energy, see Eq. (3.28)).

Notice that Eq. (4.26) and Eqs. (2.15)-(2.20) allow for different - even indepen-
dent - evolutions of T in different ends 34 by choosing the supports of the Lagrangian
multipliers A, N* and N (or N) appropriately!

The mass m is canonically conjugate to the time 7: Let us define the mass M = m by

M:—%/\/EBIX, /,\/=1 , (4.30)
b3 z
where y is a suitable smooth test function the support of which can again be concentrated
on a given end 4. From Egs. (3.13) and (4.17) we infer the Poisson brackets
{B'(x),m(y)}=id(x.y),
{y(x), my ()} =id(x, ),
{mi(x),my(y)} =0, etc. (4.31)

for the new canonical variables. We therefore have

, m 1
TMy= [dx [dyi<(—=)(x),( B)(y) ()}
{ }z/xz/yl{‘/ﬂ_’x VTy W x(y
=/dx/dyi %{m(x),Bl(y)}x(y)
Y
X p)

=/dy,((y) =1. (4.32)
P

We see that we can interpret spherical symmetric gravity as a (1+1)-dimensional com-
pletely integrable canonical system where the mass M is the action and the time T the
angle variable.

This is in complete agreement with the structure of the reduced Hamiltonian Heq =
Ho|; which, according to Eqgs. (2.3) and (3.28), takes the form (again considering
one end only)

Hpeqg =2 M N, (4.33)
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because the constraints G, V, and C now vanish and we have Pxpm = O from our choice
of the asymptotic properties of the fields and of N*. In addition, we have Q, =0 by an
appropriate choice of the decay (O(1/x**€)) of A. Eq. (4.31) then yields

T = {T, Hea} = 2N, (4.34)

in complete agreement with Eq. (4.27) above.

In deriving the results above the introduction of the variables ¥, 7, and 7r; has been
quite useful. The advantage of these canonical variables will be especially apparent
when solving the Reissner—Nordstrgm model [12].

5. Relations to the space-time metric

We first express 7 as functional of the metric coefficients g, and ggg : From Egs.
(4.16) and (4.18) we get — without using any constraint -

1= (5.1)
Assuming G = 0, dividing by E! and taking the square root yields
A=2:‘-\}? (Y - AE]”2
=2(1—2m/R) " ((R)? = gua(1 — 2m/R)'/2, (5.2)
where the relations
qxx=-2—%, R=/qw=VE', A=2(1+B" =2(1—3k"3)

have been used. The difference ((E')’)? — EA behaves as O(1/x) for large x if the
properties (3.21), (3.22), (3.18) and (3.19) hold. In that case the integral

Tqur, doo] = / 2(1 = 2m/R) "W dxs. gs0) - (5.3)
by

W( Gz go0) = ((R)? = gux(1 = 2m/R)'?

exists because w — O(x~3/2). Notice that the decay of the integrand of T[gxy, gss] is
determined here without referring to the constraint (4.20) which we used in the context
of Eq. (4.25) when calculating the asymptotic behaviour of A there!

For the quantity T to be real the inequality

(R)2 > g (1 - 27’") (5.4)

has to be satisfied. As already mentioned this is guaranteed due to the property of T
being weakly real.
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For the Schwarzschild solution (1.3) the quantity 7 vanishes. How is such a vanishing
T to be reconciled with Eq. (4.27)? The answer lies in the fact that the Schwarzschild-
Kruskal manifold has two ends for x — oo with N{®) = —N§°°) so that the sum on the
r.h.s. of Eq. (4.27) vanishes! It is amusing that here a second end is required in order to
obtain consistency of the formalism! Nonvanishing values of T will be discussed below.

The important Eq. (4.27) can be derived in the ADM framework, too: It follows from
Eqgs. (2.18)-(2.20) that

8R=(N*R + NR’w)e, (5.5)
1
8Grx= (295 (N) + GuN* + — (29R'R" — ¢, R°R = 2mqz) N]e . (5.6)
In obtaining the last equations the relations
SR = iaEl , 8Gsx = L sE_ 2‘1”613, OE =2(E*SE* + E*6E®)  (5.7)
2R 2R? R

have been used. For the derivation of Eq. (5.6) the relations E2( E*)’ — E3(E?)' = B'E
and

R '
B’ =a’ — |arccos , (5.8)
Vqxx(1—2m/R)
arccosz =—icosh !z = —iln(z + V22— 1), z>1

are essential. The last one follows from Eq. (4.16) with G = 0 and observing that
(arcsin z)’ = (arccos z)’ for z > 1.
The r.h.s. of Eq. (4.28) arises here from the term

d [ aA 2R’

— (—6R=——"—"—-6R

dx (8R’ w(l —2m/R) )
which appears in the integrand when T is varied with respect to R. Collecting all the
terms we get

2 -1
8T [gxx, R] = 2/ <1 - —R"—l> (wN* + R*R'N)e. (5.9
2

The first surface term vanishes and the second one gives Eq. (4.28). Eq. (5.9) is
equivalent to Eq. (4.27) above or Eq. (5.35) below.
The observable T is related in a very simple way to the functional

S[qxx,R;m)=/u(qn,R,m), (5.10)
P

)
u(qxy, R,m) =2R(R cosh™' ( R ) —w),

Vaxx(1—2m/R)
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R’ 1
h—l ————e———— =] ! -3 (1 —2 >
cos| ( — 2m/R)> n(R +w) > In(gxx(1 —2m/R))

derived in Ref. I, which provides an exact Hamilton-Jacobi solution of the (classical)
Wheeler-DeWitt equation

g RR'

XX

1
I [qixpfx — gxxRpxxPr + R*(2RR" + (R')? — - qxx)] =0 (5.11)
for spherical symmetric gravity [13], where p;, and pg are the canonical momenta
conjugate to g,, and R, respectively (the radial function R here should not be confused
with the curvature scalar R which does not appear in this paper at all!).
The integral S exists because the integrand u behaves as u — O( ) ifw—

O(x~3/2y for large x as supposed above. Furthermore, since

du / 1

R 2R [ln(R +w) — 5In(gu (1 - 2m/R))] (5.12)
the functional S[ R, g,,; m) is functionally differentiable with respect to R if SR — O(1)
for x — oo because then the surface term

u

vanishes for x — oo if w — O(x~3/?). Inserting

8S ou ___M_)B

=—-= s (5.13)
Pax 8qxx  0qxx 9xx
8S du d [ du
- _ (= 5.14
PR=SR =R~ dx <6R’) (5.14)
1 ' RR' 2
- Dy — — <2RR" _ Yxx _ _qux> (5.15)
w Gxx R

into the Wheeler-DeWitt equation (5.11) solves that equation identically. In the same
way the ADM diffeomorphism constraint [13]

1

xXx

(GxxPxx — (ZQxxpxx)l + R,PR) =0 (5.16)

is fulfilled. The solution S(g,., R) was - slightly differently normalized - also discussed
in Ref. [14]. The quantities S and T are related as follows: Eq. (4.24) gives

O, = -Tdm+d(8§ —mT). (5.17)
On the other hand we have

as as
dR ) + —dm =6 + —dm. (5.18)
om om

S S
dS[gxx, R; m) = E/ (qu_xd‘hx + 6—15
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Comparing the last two equations we can identify § — mT = § and so we have

as
=m" (5.19)
This important relation can be verified by an explicit calculation!

We now come to the discussion of configurations for which the observable T' does not
vanish. Our approach is to start with given values of the observables T and m and ask
for those values of N* and N which are compatible with them and with the remaining
gauge degrees of freedom:

We begin with the special gauge E' = x? so that SE' = 0! Eq. (2.18) implies the
condition

1 2
N4 —x2 (1 _ —’"> AN =0 (5.20)
2 X ~

for N*. It shows that N* has to be nonvanishing for a nonvanishing A!

The usual choice for the Schwarzschild parametrization is N* =0 so that A =0 and
T =0 in that case. We see that a nonvanishing 7 is associated with a slicing (foliation)
of space-time which necessarily has a nonvanishing lapse N*!

Next we ask what gauge freedom is left in general for the gauge dependent functions
N* and N once the observables m and T are given. In order to answer this question it

is convenient to introduce new canonical variables again by defining
s=In(-B'), B'=—¢'. (5.21)

We then have

mydy + mdB' + Gda = im,dp + mds + mada, (5.22)
where
m,=m,(BY?,  w =2my+mB', 7.=G, (5.23)

so that the constraints (see Egs. (4.11) and (4.20)) now take the special form
77':,:0, s =0, e =0. (5.24)

If we define the constraint functional

Flmp, s, mq] = — /()tpn':, F iAgTTs + iALTS) (5.25)
X

we get from

{p(x), (M)} =6(x,y),
{s(x),ms(y)}=ib(x,y),
{a(x),G(y)}=i8(x,y) , etc. (5.26)
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that

{p(x),F} = A;,(x) s {s(x), F}=A(x), {a(x),F}=2A(x). (5.27)

Thus F generates pure gauge transformations: F acts additively on the O(2) angle a
and the variable s (i.e. it acts as a scale transformation on B'). Furthermore, if we put
p = f' then F acts additively on f. All the gauge freedom left over is now contained
in the choice of the variables «,s and f. The choice of f is, however, not arbitrary
because 8m f 5 p =T. We therefore introduce

T
p=—f, /f=1, ie lim f=1. (5.28)
8m X—00
3>
This is compatible with the property p — O(1/x?).
Expressed in terms of the observables m and T and the gauge quantities s and f’ the
metric coefficients take the form

N2
tux= G gery ~ $4C0 2/ (529)
! a—5\2
=4m2(s1—e_é3— - %(Tf’)z(l —e'),
qoo =4m*e™% . (5.30)

For the special gauge ggp = x* we have exp(—s) =x/(2m) and

= Tgs ~ 3 TP = 2mf0), (531)

qoo=x". (5.32)
We finally have to express the shift N* and the “lapse” N in terms of s and f: Observing
that B! = (A/2 - 1) we get from Eqgs. (2.16) and (2.rlv7)

B'=(B"Y +m(1+B")AN, (5.33)
so that
§'N* +m(1 — e_S)Tf'N =3. (5.34)

A second equation for N* and N we obtain as follows: Eqs. (4.14) and (4.27) yield

. d . 32m*(B'Y’
=— —_— . 5.35
A& <AN T A3 N (535)
Observing that A = Tf’,T = 2N'>) and integrating with respect to x we obtain
sle—3s .
Tf N* — 16m3ﬁN=2N<°°>f+Tf, (5.36)
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where the “constant” of integration ¢(#) = 0, due to the asymptotic properties of the
different quantities for large x : f — 1,f — 0,B' — —2m/x,N — 1/x*,N* —

0(1/x?).

For the special gauge ggs = x*> we get
AN F 4 Tf
2
XN=——b i ——, (5.37)
~ 2
or
AN© f 4+ Tf
N= ____fﬁ—__f , (5.38)
2\/Qxx
1-2 Tf (2N Tf
[ m/x)Tf'( f+ f)’ (5.39)

2qxx
where Egs. (2.8) and (5.29) have been used.

6. Quantization

As we have only two physical degrees of freedom, M and T, quantization is easy.
It depends, however, on the spectrum of the Mass operator M, namely whether it is
bounded from below or not:

(1) — o< m< +0.
In this case we have the commutation relations

[(M,T1=—i. (6.1)
Choosing the representation
Té(T) =TH(T) , M§(T) = —i%CI”(T) (6.2)
with the scalar product
+0oo
(b1.d) = [ AT 91T, (63)

we get from Eq. (4.32) the Schrodinger equation for the wave function ¢ (7, ¢):
. ad
i0ap(T,t) = HY(T,t) = 2N My (T, 1) = —i2N(°°)a—T¢//(T, 1, (6.4)
which has the solutions

em(T, 1) = e~ ™2 O-T) " \where + = N (¢) . (6.5)

However, in view of the positive energy theorem for isolated gravitational systems
[15] the assumption that the spectrum of M is unbounded from below appears to be
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unphysical and should be changed. We therefore assume:
2)0<m< .

Here, if the commutation relation (6.1) still holds, 7 cannot be selfadjoint - and
therefore not diagonalizable - because otherwise exp(iuT’), u real, would be a unitary
operator which generates translations by w in m-space violating the spectral condition
m > 0. The problem has been discussed in detail by Klauder et al. [16] and by Isham
et al. [17]: If one defines the operator

S=L(mrf+ 1T, (6.6)
then we get the Lie algebra commutator
(8, M] =iM (6.7)

of the affine group in one dimension, i.e. § generates scale transformations of the
spectrum of M:

e~BS N1 eiBS = PRI, B real . (6.8)

In the space of functions y(m) we may choose the operator representations

M:m,§=%<m%+%m>=i(magn—1+%) (6.9)
which are selfadjoint with respect to the scalar product
+00
(x1,x2) = /deT(m)Xz(m) (6.10)
0
and where
(5 x) (m) =e Py (e Pm) (6.11)

leaves the scalar product invariant.
The Schrédinger equation here has the form

idx(m,t) =2Nm y(m,t), (6.12)
with the solutions

—2imr(1)

x(m,1)=e g(m), (g.8) <oo. (6.13)

The operator S has the eigenfunctions

fs(m) = _\/%___m—(i5+%) > (fsl,fSZ) =d(s1 — 52) (6.14)
aw

where s is a real eigenvalue of S. .
A more general choice for the scalar product (x1, y2) and the operator § is
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+oo

(Xl,xz)=/dm m=7 x1(m) x2(m) ,
0
S=i(md/dm+ (1 —0)/2), o real. (6.15)

As to the unitary representations of the affine group in one dimension see Ref. [18].
It it easy to verify that the functional T'[my,,] provides the solution of Dirac’s
algebraic quantization approach, too.
First we observe that the constraint functions K;(x) and K;(x) in Egs. (4.11) and
(4.20) are first class: Let y;(x),{= 1,2 be two suitable test functions. Then it follows
from the Poisson brackets (4.31) that

{Kx()n),Kz(Xz)}=/dy/dxxl(x)Xz(y){Kl(x),Kz(y)}

P z

=—i/dxX1(X)X2(x)K1(x)
3
=—iKi(x1x2) - (6.16)

Notice that the constraint functionals K;(y;) and K>( y;) generate the Lie algebra of
the affine group in one dimension, too: K, generates a scale transformation of Kj.

From the Poisson brackets (4.31) we infer the (equal time) operator commutation
relations

[ (x), B'(9)1=8(x,y),
[7ry (X)), 7(¥) 1 =6(x,y),
[G(x),a(y)]=8(x,y), etc., (6.17)

which can be implemented by the choice

é o
p=-2 . 5=-2 . 4o
877'1 Y 57T7 a=a
A . A 6
i =, Try =y, G=£. (6.18)

Thus the operator versions of the constraint functions (4.11) and (4.20) take the form

. 1, 6 5\ N 5 5
Ro=——g — _ — 1, K=2mn— —m—, 6.19
! 277,/ & Ty (577'1> 2 Ty o, i o ( )

where a suitable choice for the operator-ordering in K, has been made. It is easy to see
that GT =0, K;T = 0, K,T = 0 so that any complex function (7T) is annihilated, too.
The first-class property (6.16) holds also for the operators K, and K.
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Note added in proof

After this paper was submitted for publication a preprint by K. Kuchaf appeared
(gr-qc 9403003) with results very similar to ours.
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