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ANNALS OF MATHEMATICS
Vol. 63, No. 1, January, 195¢
Printed in U.S.A.

THE IMBEDDING PROBLEM FOR RIEMANNIAN MANIFOLDS

By JouN Nasu
(Received October 29, 1954)
(Revised August 20, 1955)

Introduction and remarks

History. The abstract concept of a Riemannian manifold is the result of an
evolution in mathematical attitudes [1, 2]. In an earlier period mathematicians
thought more concretely of surfaces in 3-space, of algebraic varieties, and of the
Lobatchevsky manifolds. As the more abstract view of manifolds came into
favor a question naturally arose: To what extent are the abstract Riemannian
manifolds a more general family than the sub-manifolds of euclidean spaces?

This question has been considered in various specializations and with assorted
side conditions. In 1873 Schlaefli [3] discussed the local form of this imbedding
problem. He conjectured that a neighborhood in an n-manifold would generally
require an imbedding space of (n/2) (n 4+ 1) dimensions. In 1901 Hilbert [4]
obtained a negative result, showing that the Lobatchevsky plane is not realizable
as a smooth surface in E3. Some contemporary negative theorems are due to
Tompkins [5] and to Chern and Kuiper [6]. For example, a flat n-torus is not
realizable in less than 2n dimensions.

Janet [7] solved the local problem for two-manifolds with analytic metric in
1926, and Cartan [8] immediately extended the result to n-manifolds, treating it
as an application of his theory of Pfaffian forms. The dimensionality requirement
was (n/2) (n + 1), as conjectured by Schlaefli. This number is a plausible one,
being the number of components of the metric tensor. The proof depended on
power series development, so it was limited to local results and it required that
the metric be analytic.

There are some theorems on the existence of isometric imbeddings in infinite
dimensional spaces. This is a much simpler problem.

A recent discovery [9, 10] is that C' isometric imbeddings of Riemannian
manifolds can be obtained in rather low dimensional spaces. At first glance some
of these C' results seem inconsistent with the negative theorems, such as Hilbert’s.
Apparently C' imbeddings are very different from the smoother ones.

Until recently the only general results on imbeddings in the large were proved
for the problem of Weyl. This problem is to realize in E* all two-manifolds with
everywhere positive Gaussian curvature. Alexandrov [13] and Pogorelov [14]
have been successful with a geometrical approach based on polyhedral approxi-
mations. H. Lewy [12] and L. Nirenberg [15] have treated the problem from the
viewpoint of partial differential equations. These results can probably be sharp-
ened with respect to differentiability, but dimension-wise they are clearly
optimal.

Rigidity theory concerns the metric preserving perturbations of an imbedding.

20
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IMBEDDING OF RIEMANNIAN MANIFOLDS 21

A closed convex surface in E® is rigid, because it admits only trivial perturbations.
But it becomes flexible if there is a hole in it. Apparently rigidity disappears
completely when the imbedding space has enough dimensions.

Arrangement of this paper. There are four main divisions, called Parts A, B, C,
and D. At the end of Part C the treatment of compact manifolds is complete
and we state Theorem 2, which is essentially this: Every compact Riemannian
n-manifold is realizable as a sub-manifold of Euclidean (n/2). 3n + 11)-space.
In Part D this is made to apply to non-compact manifolds by means of a device
which reduces the non-compact problem to the compact case. The device is
extravagant with dimensions. Theorem 3 realizes non-compact n-manifolds in
(n/2)(n 4+ 1)(3n 4+ 11) dimensions.

The core of this paper is in Part B. There a perturbation process is developed
and applied to construct a small finite perturbation of an imbedding such that
the perturbed imbedding induces a metric that differs by a specified small amount
from the metric induced by the original imbedding. This work is summarized at
the end of Part B in Theorem 1. The interesting thing about the perturbation
process is that it does not seem special to this imbedding problem. It may be an
illustration of a general method applicable to a variety of problems involving
partial differential equations.

Part A is devoted to the fairly straight-forward construction of a smoothing
operator of the type required by the method of Part B. The operator’s main
properties are stated in equations (A15, 16, 17). In general, the four Parts are
relatively independent in notation. Each depends only on the main results of the
preceding part, not on the details.

Remarks. Some respects in which the results here should be improvable are
these: The dimension bounds for the imbedding space should be lowered; the
C* case should be included; and it should be proved that the process gives an
analytic imbedding when the metric is analytic. The treatment of the C* and
analytic cases would require new sets of estimates. A more unified approach to
the problem which would not require the use of two separate sets of imbedding
functions might reduce the dimension requirements substantially.

The methods used here may prove more fruitful than the results. Time will
tell how much can be done with smoothing and ‘‘feed-back’ methods like those
applied in Part B. The device of Part D suggests an alternative way to imbed
general two-manifolds by exploiting the results on Weyl’s problem.

Acknowledgement. I am profoundly indebted to H. Federer, to whom may be
traced most of the improvement over the first chaotic formulation of this work.
N. Levinson also gave very helpful advice and information; and through con-
structive criticism, several others at M.I.T. helped me to improve the paper.
This paper was supported in part by the Office of Naval Research.

PART A: A GENERAL SMOOTHING OPERATOR

This part develops an analytical tool, the smoothing operator, which is es-
sential to the perturbation process developed in Part B. A smoothing operator is

This content downloaded on Tue, 1 Jan 2013 15:28:59 PM
All use subject to JSTOR Terms and Conditions


http://www.jstor.org/page/info/about/policies/terms.jsp

22 JOHN NASH

first constructed to act on real functions of n-variables, that is functions on E".
Then we define a smoothing operator for a manifold I by imbedding M in E"
and extending scalar functions on I to functions on E”, which can be smoothed
by the E™ operator. Finally, we devise a canonical representation for tensors on
9N in terms of sets of scalars and use this to smooth tensors. We also obtain three
important general inequalities that describe the action of smoothing on functions.

Smoothing functions on E"

Real functions of n-variables are smoothed by convolution with a certain
kernel, K, , that we define below. Here 6 is a parameter controlling the degree of
smoothing. K, is defined by defining its Fourier transform K, .

Let ¢(u) be a C” function such that

foru < 1: Y(u) = 1,
for1 £ u £ 2: y(u) is monotone decreasing,
foru = 2: Y(u) = 0.
To illustrate, we could take ¢y = e 1u=2) in the range 1 < u < 2.
Suppose 2, X2, -+ - N, are the coordinates of E” and &, &, -+, £, are the

corresponding coordinates of the Fourier transform space. We define the trans-
form K, of the kernel as

Ky = y(£/9), where

E=Erat a0
Thus K is a spherically symmetric non-negative C* function which is 1 inside
the sphere ¢ = 6, zero outside the sphere £ = 26, and smoothly decreasing with
¢ in the annular region between the two spheres.

K is the transform of K, ; so K, is spherically symmetric; it is real because K,
is even; it is analytic because K, vanishes, except for £ < 26; and | K, | de-
creases as rapidly as any negative power of the distance because all derivatives
of K, are continuous.

As 6 varies Ky will be more or less concentrated at the origin. But the integral
over all of E" of K, will always be the same. Since variation of 6 changes K,
only in a way corresponding to a change of scale in the transform space, Ky will
change in a similar way, with normalization being preserved. Specifically, we
can relate K, to K; (where 6 = 1) by the equation

(A2) Ko(x1,22, -+ - 2,) = 0"K1(621, 025, - - - 6z,,).

(A1)

Effect of convolution on derivatives
Convolution and differentiation commute under favorable conditions:

im) ..

(43) o ween = (2
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IMBEDDING OF RIEMANNIAN MANIFOLDS 23

In our applications of this f will vanish outside a compact region. Since K,
(and also its derivatives, as we see below) decreases rapidly away from the
origin, the favorable conditions will be more than met.

To consider a derivative of Ky, observe that 0K,/dz;, which we abbreviate
to K, ; satisfies

E,f =& (_1)5120 .
Thus the transform of Ky, is a C* function and vanishes outside the sphere
£ = 26. So | Ko.; | decreases rapidly in the same manner as | Kp |, and the same

is true for the higher derivatives of K .
From (A2) we see that

Kevi(il?l y T, .’l?,,) = 0n+1K1,i(0Z1 y Sty Oxn),
so (A3) can be written as
(Ko *f).i = Bn_HKl.i(oxi y ", bz,,) * f
= 0n+1f e le.i(oyl y T ,01/,,) f(xl — Y1, — yn) d?/l e dyn

Il

of ttt le.i(Zl, oo ,Zn)f((.’t1—'21/0),"' 7(xn_zn/0)) dZ] "'dzn-

Here we considered the integral formula for convolution, letting the kernel carry
the dummy variables y1, ¥2, -+, ¥». Then we made a change of variables:
6y, = z:. Now using the last equation we can say

| (Ko % f).i] B(maxlfpf"'f|K1,4|d21-~dzn

< Comax|f],

lIA

where C is the integral of the absolute value of K;,; . Similarly we could obtain a
bound for the size of a higher derivative of K, * f. Each such bound would involve
a constant, analogous to C, and 6 to the power equal to the order of the deriva-
tive. A higher order derivative can be considered a derivative of a lower order
derivative and we can bound it in terms of the maximum size of that derivative,
before convolution with K, . To illustrate,

(Ko % f),ji = (Ko xf.5).i = (Ko,i % f.J),
! (Ko f),,i] = C 0 max If.i | .
If we are not concerned with the precise sizes of the constants, such as C, which
appear in these estimates we can put them all in one comprehensive statement.
Let max" f stand for the maximum of the values attained by the absolute values

of all derivatives of f of order s at all points of E".
Then we can say generally:

(A4) max” (Ko x f) £ 0" max® f when r = s.
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24 JOHN NASH
Here C,, is to be a constant, independent of f, and in fact depending only on
r— s.

Effect of varying 6

We need to know how rapidly K, * f and its derivatives change as 6 varies.
Of course we can say

a 0K,
2 winp =,

since we do not think of f as varying with 6. 3K,/96 will also be a kernel with good
properties, as we see below.
We can begin by considering

a3 _ 0 5 9 PNy -1
W5 2K = 2R = 2w/l = g0t v/ = 7 x(/0.
Here we introduce a new function, x, defined by x(u) = —u ¢’(u). Observe that

x(®) = 0foru < 1 oru < 2, and that x(u) > 0for 1 < u < 2. Also x is C”,
so we see that dK,/060 has the same general properties of analyticity, smallness
at infinity, etc., that Ky has.

Let L stand for the value of dK,/360 at 8 = 1. We can express dK;/30 in terms
of L in a manner analogous to the way we obtained in (A2) an expression for
Kp as 6"K (6, - - - ). The only difference in the situations is the appearance of
6" in (A5). So we obtain

(A6) a%Ko = 0" L0z, , Ox2 , - - - , 0z,).
We want to express L(x;, x2, - -+, x,) as the sum of n special functions L, .

We do this via the transform of L, which is x(£). Thus we shall have

(A7) L=x®=2:L.
To define the L, we construct a non-negative C* function a;, for each transform
variable & :
a; =0, for |&]| < @n)7

and

a; = elem™i=lEinTt
for | £ ] > (2n)%.
Observe that when ¢ > (2)—% then& + & + -+ + £ > L andsome & > (271,)_i

so that some a; > 0. Therefore oy + a2 + --- + a, is positive and C” in the
region 1 < £ £ 2 where x(£) is non-vanishing. So we can define

I. = b > :
L; afmt  fa x(®), for £=1, and
L: =0, for £¢<1.
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IMBEDDING OF RIEMANNIAN MANIFOLDS 25

These functions will be C° everywhere and will satisfy (A7). Each L; has the
important properties:

(@) Li= 0 for £ 2

The corresponding kernels L; will clearly have all the good behavior properties
at infinity, etc., that K, has. And we have

the value at 6§ = 11

,'L,;=L= .
Z Of Kp l

Purpose of the L; kernels
Each L; is so constructed that when one forms the indefinite integral f . L; dx;

the result is still a function that is small at infinity. We see this again via the
transform L; . Let H} stand for the rth member of a series of kernels developed
from L; and defined by

= (&(— D)L
The properties of L; that were emphasized above assure that H: will be a C”
functionof & , &, - - - , & which vanishes when | ¢; | < 2n)* or| £] = 2. There-
fore the kernels H} are analytic functions which decrease rapidly away from the
origin.
The important property of the H? is that
H;
or

— L. Also H — [ H da because

f Hi;dx; = 0, since Hi =0 when & = 0.

The H; help us to estimate the size of dK,/90 * f from data on the size of
derivatives of f. By (A6) we have

%Ko wf = (0" D Li(bxy, -+ 0xa)) *f(m1, -+, w).
Changing variables, 6z; — x;, as we did when estimating (K, * f) ;, we obtain
0Ks/30 + f = 07 ({3 i Li(my, - -+, @)} % f(21/8, -+ -, 2,/6)]

=07 2 {La, -, z0) *f(x1/0 e, xa/0))

=0 2 {Hﬁ(xl, W) ko [f(x1/0 o ,xn/O)]}

=62 {Hi(xl, cee ) %07 f(z1/0, - xn/G)}

3z /0)'
=6 Z.{H: E1es /0),f( 1/, - - - ,x,,/O)}.
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26 JOHN NASH

By the series of equations above we have expressed (0K,/90) = f entirely in
terms of rth order derivatives of f. These equations are, of course, invalid unless
the rth order derivatives of f are continuous, which we assume. They lead to an

¢! max{z.-

inequality:
}max,-/ ---ledel-udx,,
< C, 0" max f.

Since a derivative of (0K,/36) * f is the same as (0K,/36) convoluted with the
corresponding derivative of f, we can also say

(),

Extending this principle, we obtain

a
a—oKp *f

s
ax’;

< C 07 max”(f))

< C, 07 max¥t f.

(s) 9 —r—1 (r+8)
max " | — Ks *f] =C,0 max 5 or
(A8) [60

< Cres 0777 max® f.
This is valid only for ¢ = s, so far as we have shown.
Actually (A8) is also valid for ¢ < s, if appropriate constants C, are used for

the negative r values. We don’t need the L; to see this. Beginning with (A6),
we obtain

(%K@)*f: 0"_1 L(oxl’-.. ,OIH) *f(xl,... 7xn),
3' d __ prin—1 ar )
) %& l:gé Ko » f] =40 3(056,')' L(oxl ’ ’ 0.’1:,,) * f(xl y , .’IJ,,).
Making the change of variables 8x; — x., the right hand term is

or—l%L(xly"' yxn) *f(xl/07 e 7xﬂ/0) y = C—"or—lma'x lfI

Again we can generalize by replacing f by (3°/dx%)f. And we could deal with mixed
partial derivatives. The general result would be

max‘® l:(% Ko f] < 0 67 max®™" §.

This corresponds to (A8) with —r in place of r. So we see that (A8) holds with
positive or negative r or with s < for s > ¢.
Smoothing on a manifold

Let the manifold I be compact and analytic in the strong sense, so that it has
an analytic imbedding R in a euclidean space E". We can find a surrounding
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IMBEDDING OF RIEMANNIAN MANIFOLDS 27

neighborhood, N, in E” of N; and N can be such that for any point z in N there
is a unique point y(z) on R which is the point of R that is nearest to z. Also
y(r) can be an analytic function throughout 9.

Now let

o(@) = ¢ <distance fr(;m z to y(x))
where ¢ is the C” function defined before above (A1) and ¢ is a small constant.
If we assume ¢ is sufficiently small, ¢(x) will be a C” function throughout 9 and
will vanish at all points near the boundary of 9. Assume also that the definition
of ¢(r) is extended by making it vanish identically outside 9. Then o(z) is C*
everywhere.
Now if f(y) is a function defined on R we define an extension f(z) to E™ by

putting

f@) = o(@) fy(x)), for =z eN, and

flx) = 0, for z¢MN.

This extends f(y) to a function f(z) which agrees with the original function on
and has the same degree of differentiability.

The method of smoothing is simple. Beginning with f(y) on % one extends to
f(@) in E™. Then K, * f(x) is the smoothed function. The final (a logical formality)
step is to restrict the definition of K, * f(z) to R and again have a function de-
fined only on R. But we must do more than simply present this definition of
smoothing on RN; we need to know how it affects derivatives of the function
smoothed, etc. To do this we need

A standard size concept for derivatives

R has an analytic metric induced by the imbedding in E™. So at each point
p of R we can set up an internal system of geodesic normal coordinates. This
system is not unique, but is unique up to orthogonal transformations. At p we
can measure the size of the derivatives of order r of a function by considering all
the systems of geodesic normal coordinates at p. We define size”,) f as the max-
imum over all these systems of the maximum of the absolute values of the var-
ious rth order derivatives of f with respect to the coordinates of that system.
Then we call size”f the maximum of size"}’f over all points p of R.

We need to know how the measure size ”f(y) of the sizes of the derivatives of
f as a function on R is related to the measure max”f(z) of the sizes of the de-
rivatives of the function extended to E". And when f(y) is obtained by restricting
the range of definition of a function defined throughout E™ we need to know how
the sizes of the internal derivatives will be related to the sizes of the derivatives
with respect to coordinates of E”. In the first case it is fairly easy to see that there
will be general inequalities of the form

(A9) max"f(x) £ D ieo Bi size®f(y)

! The existence of such a neighborhood 9 is shown in Lemma 1 of [16].

This content downloaded on Tue, 1 Jan 2013 15:28:59 PM
All use subject to JSTOR Terms and Conditions


http://www.jstor.org/page/info/about/policies/terms.jsp

28 JOHN NASH

where the coefficients are constants determined by the imbedding of $ in E"
and the function ¢ which was used in the extension of the function f(y) defined
only on R to the function f(r) defined on E™.

Similarly, when a function g(z) defined on E” is specialized to a function, say
g(y), defined only on R there is a conversion from bounds on derivatives with
respect to the E™ coordinates (max”) to the internal measure of the size of
derivatives. This has the form

(A10) size” g(y) = Di-o Di max® g(z).
Actually, Dj = 0, except for the trivial case r = 0, where Dy = 1. The con-
stants D; depend only on the imbedding 9.

Effect of smoothing on a manifold on derivatives

We are now ready to see how smoothing of a function on a manifold acts on
derivatives, etc., and relate this action to the size of the original function and its
derivatives. Suppose f(y) was the original function. Then smoothing proceeds
thus:

(a) fly) = f(x) by extension to E",
(b) f@x) — g(2) = Ko * f(z),
(e) g(x) — g(y) by restriction to IN.

We call g(y) = Sp f(y) so that here Sy stands for the total operation of smoothing.

Corresponding to the two general inequalities, (A4) and (A8), for smoothing in
E", we obtain two general inequalities for smoothing on R. For example, (A9)
gives us bounds on maxf(z) from size” data on f(y). Then (A4) gives us max®
data on g(z) from this data on f(z). Finally (A10) gives us size” data on g(y)
from the max® g(z) data. The outcome is a bound on size” g(y) in terms of
size® f(y), size®™ f(y), - - -, size® f(y). If we use Sf for g(y) and f for f(y),
and if we weaken the form of the bound by using the maximum constant in-

volved, we get a bound of the form
(A11) size”[Sof] £ H.0D i size’s, forog = 1,r = s.

Exactly analogously we obtain from (AS8):

v

(A12) size®” [a—% Sof] S T 607 Yy size® f, foro = 1.

We use the restriction 6 = 1 so that we can majorize lower powers of 8 by 6
or " in the two inequalities. The H,, and J,, coefficients depend only on the

imbedding R and .

Smoothing of tensors

Here the first step is to express each tensor in a normalized (non-tensorial)
form in terms of a set of scalar functions defined over all of ®. This corresponds
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IMBEDDING OF RIEMANNIAN MANIFOLDS 29

to using a specific redundant coordinate system on R in order to have a co-
ordinate system without singularities. Let z', z°, - - - , 2" be the coordinates of
E™and let 4!, 4%, - - - , u” be any local system of coordinates in R, such as one of
the family of geodesic normal coordinate systems used in defining the size®
concept.

The imbedding defines a transformation

(A13) (ulr u2, T uv) g (xly $E2, ) xn)

and the nearest point function y(z) defines a transformation r — y(z) in the
neighborhood N, which gives a transformation of coordinates

(A14) (xl) x?) ] xn) - (uly u2) ] uy)'

Both transformations are analytic and their composition in either order is the
identity on R.
Now suppose T80 is a tensor on % referred to the coordinates
u', u*, -+, w’. Then we define
O A N A s
= redn = = T T
Tia Y5 due duP dz* art ’

with the summation convention operating, and with dz*/du®, etc., taken from
(A14). This definition has the correct invariance properties, so T;i... is defined
globally on R and is completely independent of the coordinates u', u’, - -, u”
through which it is obtained.

Because the composition of (A13) and (A14) is the identity, it is easy to see
that the reverse conversion

. ou® o’ L az* oz

T =T
e Tid Azt Azt dur Ul

yields the original tensor again from the normalized form Tji... .

The smoothing operation for a tensor consists of three steps: (a) conversion to
normalized form, (b) smoothing of each component of the normalized form by
Ss, and (¢) converting the result back to a tensor on R via the reverse con-
version.

Derivative size concept for tensors

If T is a tensor we consider the standard local coordinate systems defined
before and at the center of each system we consider all the derivatives of order r
of each component of 7. The maximum of the absolute values of these is then the
local size™” of T. Then the maximum of this over all the standard systems is
size” T.

Associated with the conversion of tensors to normalized form and with the
reverse conversion there will be conversions from size” T measures to size”
measures on the components of . These will give us inequalities quite anal-
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ogous to (A9) and (A10). By combining these inequalities (we shall not bother
to write them out) with (A11l) and (A12) to estimate the effect of Sy on the
components of T, we can obtain the analogous bounds for smoothing of tensors
via the process T — T — ST — ST (definition of SsT"). These bounds are

(A15) size™(SeT) < Lo Y ig size”T
forrzs, 621 and
(A16) size™ [(a% So>T] S M, 677" Y i size T for6 = 1.

Note that the process for smoothing tensors preserves certain simple properties
that a tensor may have, such as symmetry or skew-symmetry, etc.

Concluding remarks

The size” concept is suited to routine estimations concerning sums, dif-
ferences, or products of functions or tensors. For example
) )

size®(fg) = (sizeVf)(size®g) + (size™f)(sizeg),

size®@(Ti8%) < v size®(T7) size®(S5).
In the second estimate we invoke the summation convention and » should be the
dimensionality of ®%. These remarks are made to prepare for the frequent use of
such elementary estimations in Part B, where we shall not specifically mention
these properties of size” in the instances where they are used.

Another general bound referring to the action of Sp is derivable from (A15)
and (A16). This is

(A17) size™(T — ST) £ N6 D iosize®T fors = r 6= 1.

In the case s = r this is derived trivially from (A15). When s > r we use

©(d
T — 8, T = fal (a,s,,)Tdo
and apply (A16).

Our more or less elaborate development of S; was undertaken to give us a
smoothing operator for which (A15), (A16), and (A17) would hold. Without
care in the definition one would obtain a weaker set of bounds. (A17) would
probably have 6™**"~*"® instead of 6™. (A15) would probably not be weakened.

There is a good heuristic interpretation for an operator such as Sy . It is a low-
pass filter which passes undiminished all frequencies below 6. Above 20 it cuts
off completely. Between 6 and 26 there is a variable attenuation, decreasing with
increasing frequency so that the characteristic of the filter for all frequencies is
a C” function of frequency.
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Part B: THE METRIC PERTURBATION THEOREM

The perturbation device

The perturbation process developed in this part of the paper is based on a
method for finding an infinitesimal change in the imbedding of a manifold that
will effect a specified infinitesimal change in the metric induced by that imbed-
ding. The smoothing operator Sy of Part A is used in connection with this method,
the “perturbation device”.

Let I be a compact n-manifold smoothly imbedded in E™. Let the Cartesian

coordinates of E™ be 21, 22, -+ - , 2m . Referred to a set 2;, 2, -+ , x, of local
coordinates in I, the metric tensor induced by the imbedding is
02, 92
B1 = D e e e
( ) gii E a.’l)i a.’t,'

We can consider perturbations of the imbedding as rates of change, measured
with respect to the change of a parameter. The parameter is unspecified and we
indicate the rate of change of any quantity by placing a dot over it. Thus we
have

024 02 024 02,
B .," _ . O%a OZa a O%a
(B2) g = 2. ox; ox; + 2 ox; dx;’

which follows from (B1).

We want a method by which we can determine {Z,} satisfying (B2) when
{g:;} is specified. We can make this problem simpler to solve by adding another
condition to be satisfied by the rate {Z,} of change of the imbedding. This is

024 5= .
(B3) Do 9, o = for all ¢,
which requires the perturbation {Z,} to be normal to the imbedding.
Consider the result of differentiating (B3) with respect to z; :

Gza 62‘« _ a Ra
(B4) Za g:a 5:;] = Za ax] (9.'1},
The left member occurs in (B2) and the right member is symmetric in 7 and j
(since the imbedding is to be reasonably smooth). Consequently we can use
(B4) to modify (B2) and obtain

(B5) Gi = =2 T 0t g,

This is the condition the perturbation {2,} should satisfy to effect the metric
perturbation {¢§:;} when (B3) holds.

Now we have a much simpler type of requirements relating {Z,} to {g.;}.
Together (B3) and (B5) form a system of linear equations to be satisfied by the
Za , whereas before we had partial differential equations in the Z, .
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How and when can we solve (B3)-(B5) for {Z.} after {g.;} has been specified?
The number of variables 2, , which is m, should be at least as large as the number
of linear equations, which is in* + 1%n, taking the ¢, 7 symmetry into account.
Probably m will have to be larger than in® + 13n to insure that the equations
are not singular at some points of M. So the equations will probably be under-
determined.

In Part C we construct an imbedding of I such that (B3)—(B5) is everywhere
non-singular. Here in Part B we assume that the imbedding has this property and
simply make our results conditional upon this.

We must find a way to select a particular solution {Z.}, and do this in a smooth
way, when the equations are underdetermined. A very simple requirement,

Y« (¢2)" = minimum,

(B6)
subject to satisfaction of (B3-B5),

selects a particular solution in a satisfactory manner. {2,} will have the same
degree of differentiability as {g.;}.

The geometrical interpretation of the effect of (B6) is that it selects the nearest
point to the origin in the plane of solutions {2.} of (B3)-(B5). We can also study
the effect of (B6) from a more formal viewpoint. The system (B3)—(B5) is of
the form:

(a) 2t Cucta = @u.

If we assume a solution in the form

(b) o = 22 0L d,,
then the d,’s must satisfy

() Y ar CucCrady = @4
Let

() By = 2aCuaCia)
then (¢) becomes

(e) 20Eud = .

This last equation (e), will be non-singular if det || E,, || is not zero. However this
is Gram’s determinant for the matrix || Cy. || and it cannot vanish unless || Cy. ||
has less than maximal rank (3n° + 1in). Because we are assuming that (a),
which is (B3)—-(B5) in a condensed notation, is non-singular, we know that

rank || Cua || = 2n* + 13n. So (e) is non-singular. Because (e) is not under-
determined it has a solution in the form
® d, = ” E,, ” - {qa,,}.

Now from (b) we can express a special solution {z%} of (a) (or of (B3)-(B5),
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which is the same thing) in the form
€)) é: = ” Cra ” : ” E, ” - {eu) -

This special solution of (a) happens to be the one for which Y, (2,)° is min-
imized. Suppose {2,} is any other solution of (a). Then

(h) D aCuo (Ba — 22) = 0.
We can write
@) e () — 2 (B2 = Xa (Ga— 28 + 220 25(Ga — 23),

and the last term vanishes because
22 0 da(ta — 22) = 22°4[25 d:Cod] (a — £2)
= 230,42 0 Cra (6a — 22)
=2>.4d,-0

= 0.

@

Here we employed the expression (b) for 2% .

Now that we know the last term of (i) is zero it follows that the right hand side
is positive and D (2a)’ > D a (¢%). Thus the special solution of (B3)—(B5) that
is given by (g) is the same as the one selected by (B6). This shows that (B6)
determines a solution which is a well behaved function of {g;;} and the deriva-
tives of the imbedding functions, so long as (B3)—(B5) remains a non-singular
system.

The solution of (B3)-(B5) determined by (B6), or equivalently by (g), has
the following form of linear dependence on {g;;} and analytic dependence on the
imbedding derivatives:

. . 9z 9%
(B7) ba = D izi §ij Faif <{5x—k} ) {m})

{g:;} 1s represented in (g) by {e.}, so this shows that {2.] depends linearly

n {g:;}. The F;; are analytic functions of the first and second order derivatives

of the imbedding functions, so long as these are such that (B3)-(B5) is non-
singular.

To recapitulate, (B7) indicates the form and behavior of the solution of the
system:

02, .
(BS&) Za 'a_xl -
824 PR
(B8b) Za W = 0
(B8c) >« (¢,)" = minimum, subject to (a) and (b).

The solution is an imbedding perturbation rate {Z.} which leads to the rate
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{g:;} of change of the metric induced by the imbedding. We call this method of
determining a perturbation rate {2,} the ‘“perturbation device”.

Notational conventions

The work below becomes almost entirely the treatment of a problem in
analysis, so a different (condensed) notation is appropriate. We shall drop the
coordinate indices generally. Thus

2

{z«} becomes z, {2.} becomes 2, %’} becomes 2/, 9 2 becomes 2”, etc.
ox; 0x; 0x;

We now write (B7) as
(B9) i=FE, ") R

X indicates the (contracting) tensor product acting between F and ¢§. (B9) is
the solution of

(a) 2oz =0
(B10) (b) —22" 02 =g
(c) | 2| = minimum, subject to (a) and (b).

Here o indicates the scalar product, summation over the index « of E™. We also
have
(B11) g =2 Q¢

as a modified condensation of (B2). Here ® is a symmetrizing tensor product
accompanied by a summation (as with o).

We shall deal with many inequalities on the sizes of functions and derlva.tlves
Generally these will be tied to the parameter 6, which controls the smoothing
operator (see Part A). 8 will play a dual role, being both the parameter of smooth-
ing and the parameter of the process. Dot will denote 9/96. [e.g.: 2 = 82/96].
The process will begin with a specific value of 6, called 6y , and end with § = «.

Our canonical notation for bounds on the sizes of functions and their derivatives
is explained by illustration:

T < K[0] 72 1]
indicates a whole system of bounds on the tensor T and its derivatives measured
in terms of the size™ concept of Part A (think of T as varying with 6), which are

size® T < K6~

size® T < Ko7'

size® T < K6~

size® T X K

size® T X K6

size® T < K¢".
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In general, if the symbol is [0 | 7’ 7], where r and s are integers and 0 < r < s,
p =< g, the exponent of 0 is p for size®, size?”, - -, size™. Then from size” to
size® the exponent increases in arithmetic progression in such a way that we
have 6¢ for size®”. Almost always this increase will be one unit for each increase of
the order of differentiation, as in the illustration. In other words, we usually
have ¢ — p = s — r, and also ¢ and p are usually integers.

Most often we can abbreviate [6 |7 3] to [7’ ] and understand that @ is
involved. Also we shorten symbols such as [§’ 3] to [3].

The perturbation process

As was remarked above, this process uses the perturbation device and the
smoothing operator. It also uses ‘“feed-back”.
The equations defining the process are listed below:

(B12) ¢ = Sz
(B13) ¢ =F{, " RM
E=M-—j
(B14)
=2t -2 ® %

(equivalence shown below)

(B15) wu(p) = a special C” function, nondecreasing everywhere and monotone
increasing for 0 < p =< 1. Also, u(p) = 0 for p = 0 and u(p) = 1 for
p = 1. To be specific think of u(p) = ¢(2 — p), where ¢ is the special
function of Part A.

]
(B16) L) = j; E@)ul6 — ) db

G = the desired total change of the metric tensor (a symmetric co-
variant tensor).

(B17)

(a) f: M@®) db = u(® — 65)Ss G + Se L(8), or

(B18) (b) M = u(6 — 60)Se G + u(® — 60)Se G + Se L + So L, or
() M = w6 — 8)8s G + u(® — 68 G + So L

+ S j; " B @l — 8 .

Interpretation of the quantities and equations

Each of the quantities has its interpretation, but our interpretation may seem
unilluminating to many. ¢ is a smooth approximation to the imbedding. M is the
rate of metric change that is being “attempted.” Since the actual rate, 2, of
perturbation of the imbedding is computed from a formula which is like (B9)
but has ¢ in place of z, we cannot expect that the actual rate, ¢, of metric change
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will be the same as M. If the imbedding function were ¢ instead of z then ¢
would be M. That is, (B13) gives the correct rate of imbedding perturbation to
accomplish the metric change M, provided ¢ is the imbedding. This implies that

(B19) M=2 Q7.

E is the error rate, or the excess of the attempted metric change rate over the
actual rate, so E = M — ¢. Since we have (B11),

§g=2'Q®7%,
we can subtract this from (B19) to obtain the alternate E formula:
E=2(—-2)Q®7Z%.

This formula is the more useful one for estimating the size of E.

L represents accumulated error. It is not the total accumulated error, but it
includes all the error incurred up to 8 — 1. Between # — 1 and 6 it includes only
part of the error. Effectively, there is a lag in the inclusion of error in L. This
effect is accomplished by the weighting function w(f — 6) in (B16). It is not
really necessary to define L so elaborately. It could be the total error. The
advantage of the more elaborate definition is that it ultimately makes it easier
to view the process as controlled by a set of very tame integral equations. L,
has the simple integral expression

i = fo " E@alo — 8) db.

If L were the total error [, would be E. Then it would seem that M was defined
from E and E from M. We avoid this complication with the definition we use.

The definition of M is based on the principle of ‘“feeding in’’ the smoother
parts of the desired metric correction girst, saving the rougher parts for later.
Referring to (B18a), we can consider , M the total “attempted” metric change

0

from the beginning of the process at 6, to the current situation at 6. This is set
equal to SeL + u(6 — 6p)SsG. So it is the smooth part of L plus the smooth
part of G weighted by the coefficient u(6 — 6,). The reason for attaching u(6 — 6,)
to Se¢@ in this formula is the simple one that for § = 6, both sides of the equation
(B18a) should be zero. At the beginning of the process a finite portion of G,
specifically Sp,G, is considered smooth enough to be “fed in.” But it must be
fed in gradually, so we use u(6 — 6,) to make the process start gradually. For
6 = 6, + 1 this factor u(6 — 6) is just +1 and is irrelevant.

We can see how these definitions should work out if the process is convergent.
The total metric change accomplished by the process from its start at 6, to the

limit as 8 — oo will be f 4 6. From (B14),
0o

(B20) g=M — E, therefore
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(B21) fgdo=f M-[ E
0o 8o

o
= u(®)8, G + 8, L(x) -fo E

=G+ L(») — L(x)
= G.

To put L(x) for /o E requires the assumption that £ — 0 as § — «. (B21)
[

verifies the general design of our “feed-back’ process, but of course the main task
is the proof of convergence. These remarks on interpretation should not be
regarded as if presented as proofs. However, we shall use the equivalence of
the two formulas of (B14).

To prove that the process works we first derive a set of appropriate a prior:
bounds on the quantities involved which would be satisfied if the equations
defining the process have a solution up to some value 6, of 6. Second we prove
a local continuation theorem about solutions of the equation system. The com-
bination of the bounds and the local continuation theorem gives us the existence
and uniqueness of the solution for all values of 6, but we assume that G is suffi-
ciently small and that 6, is properly chosen in obtaining this result.

The estimates

These estimates, or bounds, form a self-interacting system because the size
of each function tends to depend on the sizes of the others. We assume the
system (B12) through (B18) has a solution for 6y < 8 < 6, and assume that the
quantities E, M, ¢, z, L, etc., satisfy certain bounds in this range. Then we
compute new bounds on the quantities from the defining equations. Finally we
show that when G is sufficiently small and 6, properly chosen there exists a set
of bounds which is satisfied by the initial values of the quantities and is such
that the rederived bounds computed from the defining equations are all smaller
than this original set of bounds.

The first bound is

(B22) ¢ — 2 < eldl

2o stands for 2(6y), the initial value of the imbedding function. We assume that 2,
is analytic and such that (B8a, b) is non-singular. F(2’, 2”) will be well behaved
when z, 2, 2” are near 2o, 20 , 2 . So (B22) is designed to insure the good behavior
of F(¢’, ¢”). ¢ must be a sufficiently small constant so that F(¢’, ¢”) will be well
behaved when (B22) holds.

There will be some value 6, (assume 6, = 1) such that for § = 6, we have
Sszo — 20 < €/2[3]. So we make a requirement:

(B23) 00 g 041 .
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With this requirement we can satisfy (B22) by keeping z — 2, small enough.
Let

(B24) B

This is for notational convenience only. 2 is of course independent of 6. The
bound « should be chosen so that (B24) holds for all § = 1. For z — z, we as-
sume a bound

(B25) 2 — 20 < B34l

Note that if (B23) holds and 8 is small enough then (B22) holds. Adding (B24)
and (B25),

2 5 (a4 Blss
< &sal.

¢ is employed for notational advantages.
Other bounds used are:

(B26)

(B27) L <A
(B28) M < ulod
(B29) ¢ 50
(B30) E a0
(B31) G < 3.

The bound on G is a handle by which we can refer to the size of G, which we shall
assume to be as small as necessary to make the process converge. This smallness
includes derivatives up to the third order.

The rederived bounds

Now we assume that (B22) through (B31) hold for a solution of the equations
of the process for 6 = 6 < 6; and use the defining equations to compute new
“rederived” bounds on the same quantities in terms of the original bounds. The
new bounds hold in the same 6 range and are distinguished by starred Greek
letters.

First consider L. From (B16)
0 - - -
LO) 5 [ 401756 — ) db.
0o

When k£ = 2

1—k 1—k

o — 0
E—1

1—k

6o

IIA

[}
&)™ db =
o
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Since | v | = 1 and 6, = 1 we can put
L 5 nlfo] 7073
(B32) < 60 (3]
< M3l
To estimate M we use (B18c) and have
M <06 — 8)C[34] + Cod[ 034
(Bas) + CoA* [0 + Se fo 28] 573 w6 — 8) db.

The first term is obtained from (A15) applied to (B31). The constant C; is simply

the largest of the coefficients that would come in from (A15). In general, when

we have unspecified constants appearing in estimates we shall simply number

them C;, C2, -+« in order of occurrence. We shall not be concerned with the

actual sizes of these constants. The second term comes from applying (A16)

to (B31), remembering that | » | £ 1, and the third comes from (A16) and (B32).
For the first term we say

w'(0 — 60)Cidla:s] < [6'u(6 — 60)1C10[ o
< mMaXe oo+t {6} maxo {4(0 — 60)} C1d[ 08
< Ca(8o + 1)'[ 704

This brings the first term into the [73'4] form, leaving only the fourth term of
(B33) to be treated.

We want the fourth term of (B33) majorized by a [75'3] term. Let 6* =
max (6, # — 1), then since %'(§ — ) = 0 when d < 6 — 1, we can say

6
the fourth term < S, fo 28] 7073w (6 — 8) db

< 8o {n max , [a(p)] [6* | 75731},

because the interval of integration is not more than one unit long, i.e., 8 — 6* < 1.
Continuing,

the fourth term < Ca[6* | 75:74],

where C; is to take care of max, % (p) and the constant coefficients arising from
(A15) (which tells us how Sp acts). Then, since 6, < 6* < 6, we can say

the fourth term < Cyn65(6*/6)™°(6 | ~0:4
< Can 3710 704
(because 1 < 6* < 6, and 6* = 6 — 1)

< 0577 —l[—4 ,0
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Combining these results we obtain

M < {Cs(6 + 1)' + C2d + CA* + Csfa™n}[ 708

(B34
: 3w ol
To estimate 2 we need (B34) and an estimate on ¢. For { we write
(B35) ¢ X Cetlssl,

by applying (A15) to (B26). The reason for extending this estimate to sixth
derivatives is that 2 depends on {”, so that the fourth derivatives of Z depend
on the sixth derivatives of ¢.

A derivative of Z will depend on derivatives of various orders of M and ¢.
For example, we can write symbolically

g =F") RM + (Fo)e" &M+ (Fe )" B M.

The function F and its partial derivatives F¢. and F;.. will be bounded when
(B22) holds so we can say

size 2 < const. u*§° + const. Cetu** + const. Cetu*o

by applying (B34) and (B35). Notice that the highest (least negative) power
of 6 comes from the term where M is differentiated. For a higher derivative of 2
there would be many terms and the highest power of § would appear in the term
with the maximum differentiation of M. If we majorize the lower powers of 6 by
the highest and observe that u* would appear once in each term we can put the
general estimate for Z in this form:

¢ X Pi®w 04, or
2 ol

where P;(£) is simply some fourth degree polynomial in £, the first of a series of

such polynomials that we shall use, analogous to the series of numbered con-

stants. Note that Z has the same 6 dependence as M.
We can use (B36) and an estimate

¢ =2 S G5,

obtained via (A17) and (B26), to estimate E. Using E = 2(¢ — 2)’ ® ¢’ we ob-
tain

(B36)

E L 2{Ct[0ull ® (v oul), or
E 5 2C:# 03] @ v*[ a8, or
(B37) 7 0_53]_2 0,3
E < Csty*[ 0! 3
< 78l

This illustrates the pattern of the bound corresponding to the product of two
bounds expressed in our notation.
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The estimate of z is the most laborious. The simple estimate obtainable
]
through z = 2, + f Z is not good enough for the third derivatives of z. We
02
need an estimate on integrals of M as an intermediate step. Here also the direct
estimation is inadequate, but we can use (B18a) to say

03
fo M(6) do = u(8s — 60)Se, G + So, L(6s) — u(6 — 00)Se, G — S, L(6s).

Applying (A15) to the G and L bounds, assuming 6: < 6;, and using |u | < 1,
we can say

03
L.wmwgaw+VHmm
2
The straightforward integration of the M estimate, (B34), yields

03 63
[ M@ dox [ w3 o
2} -2}

< Cuop* 6] 7575,

This estimate is stated for differentiation only up to the second order because
for the third order f 67" d6 would lead to a logarithmic term; and for the fourth

order 67" would majorize 637" rather than the 6, term majorizing the 6; term
(which occurs up through the second order derivatives).

Now we have two estimates, one good for lower derivatives, and one good
for higher ones. If we add the two estimates we can safely extend the range of
the second and modify the first in the range covered by the second. This gives us

03
(B38) j; M) do < Culp* + 6 + A% {16 | 75:4] + [65 | ~5:41}.

We also need an F estimate in obtaining our z estimate. Symbolically written,
F = Fu§ + Fpof”.

To use this we must estimate {, which is (Ssz) = Sez + Ss2. So from (A16)
and (B26) and from (A15) and (B29) we derive

[ Crt[ 58] + Cuv[ o)
< Cult + v)[ o

Using this { estimate we can now estimate F in a manner exactly analogous to
the manner in which we estimated 2 = F & M. The result has the form

FX Pa()(E + 105 + Pa®E + Mok

(B39) s
S Pi®E+ M
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Finally, we need an estimate on F itself. Here the highest power of 6 will
come from the maximum differentiation of {”. So the estimate takes the form
(B40) - F X Ps®hi
and has the same 6 dependence as {”.

The 2 estimate

We actually estimate z — z,, then z is easily estimated from this result. First,

03
2(05) — 2 = f 2do
0o

03
= F X Mds
0o
“p O " yrasa
= -2 9 | do
0o ‘Z]I: a0, Jo, :|

“rr(2 "y
= — — do ) de.
6o <302 02 )

Now we apply integration by parts and have

03 02=03 03 . 03
z(ﬂs)—-zo=-—[FE \ Md0] + FE( Md@)dﬁz.
2

0920 1) 02
The first term can be evaluated and we obtain
2(0;) — z

(B41) = F@'(60), " (6n) R fo O’Mde+ fa 03{F(at 6,) X fo aszo} do, .

At this point we insert the estimates (B40) for F, (B39) for F, and (B38) for
[ 31 ao. This yields
B42) 2z — 2
2 Pa(®)l60 | 14 ® Cule* + 8 + M){10 | 753 + (65| 7541}

(]
+ fo (Pa® (&4 N (62| 722} B Culp* + 8 4+ N9 {10, | o2l + [6: | 75:41} b,

Call the two terms on the right T; and T, . Using 6; = 6, = 1 we can weaken
and simplify T, and have

Ty < Po(®)(u* + 6 4+ A9)[6; ] 5.4

T, must be handled with more care. Each derivative of 7' would correspond
to the sum of several integrals involving various powers of 6, and 6; in the
integrand. For the 7t order derivatives of 7', there are terms of the form

03
f constant - 65 - 65" df.,

6o
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where r = 0, 1, 2, 3, 4 and either s = r — 5 (which makesr — s — 5 = Q) or s
satisfies —2 < s < r — 2. These two alternatives correspond to the two expres-
sions [0, | “54] and [6; | “o4] which are added in T:. These integrals give
varied terms and we can handle the situation most clearly by simply listing all
cases. (This is done in Figure 1.)

r=20 r=1 r=2 r=3 r=4
S=r—5 165* 1652 165" 65" log(6:/8.)
s = =2 05 677 05" 637 07" 63" 05" 65" 65
-1 log(8:/60)05° | log(8:/600)63° | log(6s/80)65" log(63/60)
0 6;° 03" 1
1 165" 1
2 %
majorizer o 65° 05" oot 65" 05
Fi1c. 1

By using the majorizing terms listed at the bottom of the chart we can say
Ty X Pr®)(E + 7)(w* + 6 + A6 (6] §:]-

Because the pattern of powers of 6, does not fit into our notation scheme we
have simply used the highest power (65") which occurs.
Now if we add the T; and T estimates we get an estimate for z(6;) — z :

2(85) — 20 S Po®)(1 + & + 1)(* 4+ 6 + A6 | 34, or
2 — 2 3 B3
Since z = 2y + (2 — 20) we can say
2 X (a4 89
< 8l
To conclude the rederivation of bounds we must consider the requirement
(B22). We have stipulated 6, = 6, so that

Sezo — 20 < &/2[3].
Applying (A15) to (B43) we see that
¢ — Swzo = Sz — 20) < CusB*[T04l.
Adding inequalities,
¢ — 20 = (£ — Sizo) + (Sizo — 20) < (CusB* + £/2)[3]

e*[3l;

(B43)

(B44)

I\

(B45)

IIA

we hope, of course, that ¢* < ¢
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Strong consistency of the bounds

We verify here that if § is sufficiently small we can choose 6, so that 6y = 6,
as required and so that all the rederived bounds are smaller than the originals:
M <N < g, &% < g, ete. For clarity the formulas for all the rederived bounds
are assembled here:

\* = nbg" (B32)
p* = C3(6 + 1)%6 + Co6 + CA* + Csbs 'y (B34)
v* = Pi(§)u* (B36)
(B46) n* = Cegy* (B37)
B* = Py())(1 + £ + 7)(w* + 6 + 1% (B43)
F=a+p* (E=a+h (B44)
e = /2 + CuB* (B45).

Consider any set A, g, v, 1, 8, £ € (with ¢ > @) of positive original bounds and
consider the behavior of the rederived bounds as §, — « and as § — 0 for each
6o value. That is, consider

limoo_.w lima..o

of each rederived bound.
First we see that

lim e [lims.o A*] = 0,

or \* — 0. Since \* — 0 we can see that u* — 0. Therefore v* — 0, whence
7% — 0. Because u*, 8, \* — 0 we see that 8* — 0. Therefore £* — a and £* — /2.
These observations make it clear that, regardless of the sizes of the bounds A,
i, --- assumed originally, if 6, is taken large enough and § is sufficiently small
the rederived bounds A*, u*, - - - will all be smaller than the original bounds.

Existence of the solution

To use the results above we need a general understanding of the equation
system defining our perturbation process. We must know there will be a local
continuation whenever we have a well-behaved solution of the system in an
interval 6 < 6 < 6, . Actually, the equation system is a very innocuous one. The
smoothing makes the solutions analytic functions and makes them very well
behaved, at least over small ranges of 6.

The form which the system takes above, as (B12) through (B18), does not
reveal its true character very directly. The extent of the taming effect of Sy
is not fully apparent. Another formulation, given below, makes this tameness
apparent.

A removable aspect of the system as presented above is the differentiation
with respect to spatial coordinates, which is indicated by priming, as with ¢

This content downloaded on Tue, 1 Jan 2013 15:28:59 PM
All use subject to JSTOR Terms and Conditions


http://www.jstor.org/page/info/about/policies/terms.jsp

IMBEDDING OF RIEMANNIAN MANIFOLDS 45

or 2. This differentiation makes the system look like a partial differential equa-
tion system, a type of system where local continuations of solutions often do not
generally exist.

If a quantity is defined by smoothing, such as { = Ssz, then its space derivative
can be expressed as the result of an appropriate operator’s action on the original
quantity. So let us say

¢ = Se.

For higher derivatives we have analogous operators Ss , Sg”’, etc.; and for
Ss there is a similar series Sp, S5, --- . These derived operators also have
smoothing properties. By using them we can recast the system as an innocuous
functional-integral-equation system.

Regard z, 2/, L and [, as basic quantities. Then the others are expressible as
functions or functionals of these four, either direct or indirect:

=081, =28 ¢ =8z =28
M = Sp(u(8 — 60)G + L) + S(u(6 — 6)G + L)
M’ = Sy(u(0 — 0)G + L) + Ss(u(6 — 6)G + L)
FE,¢) R M
¢ =Fp" +Fen ") RM+FRM
§g=2/ Q%
E=M—-g¢g or E=2( —272)Q®7%.

Il

zZ

The basic quantities are to be equal to certain integrals:

] ]
. ’ o/
Zo+fz, z’=zo+fz
0o 0o

z

] [}

L= [ ue-0E@d0, L=/ u6-0E0 .

0 0

Now, since all the functions, functionals, and operations involved are well-
behaved, in fact, analytic, we have a well-behaved integral equation system.
Indeed, the system is especially tame. Since Z and 2’ are defined through smoothed
quantities exclusively and since zo and zg are analytic, therefore z and 2’ are
smooth and analytic (as functions of the space variables). Consequently ¢ and E
are smooth. So L and [, are also smooth. Thus all the quantities are kept smooth
by the presence of Sy in the equations.

Continuation
Suppose the system has a solution for 6, < 6 < 6, . We can show that this

solution will satisfy the bounds A, u, etc. The bounds will certainly hold at the
beginning of the solution, so they will hold in an interval 6, = 6 < ¢ where

6 < ¢ < 6, if they do not hold up to 6;. But now the smaller bounds
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N, w*, -+ ¥ must hold in 6y < 6 < ¢. Therefore the larger bounds (from con-
tinuity) must hold in some interval past ¢. This contradiction proves that the
larger bounds, and therefore also the smaller rederived bounds, hold in the
whole range 6y < 6 < 6, of the solution.

Now suppose 6, is the limit of continuation of the solution. There will certainly
be a solution in the closed interval 6, < 6 < 6; because of the bounds and the
tameness of the system. But a standard argument, such as the Picard method
or the functional fixed point approach, will show that the system has a local
continuation past 6; . Furthermore, the continuation of a solution will be unique.
Therefore we have contradicted the hypothesis and we see that the solution

will exist, will be unique, and will satisfy the bounds for all values 6 = 6, .

Convergence to isometry

We must show that the imbeddings 2(6) occurring in the perturbation process
tend to a limit imbedding which realizes the desired metric G + go, where go
is the metric of the initial imbedding.

The Cauchy criterion approach to the proof of convergence of the imbedding
requires us to consider

02
2(6) — 2(8), which = fo #(6) do, which

1
23

,ﬁf 7_3:2] doa or
01

< 6 | —g:_;]~

This estimate on 2(f;) — 2(61) and its derivatives is good enough to show that
the imbedding z(6) and its first and second derivatives converge to a limit
2(=). The integration of the Z bound is too crude an approach for the third
derivatives.
To check the convergence of the metric, g(6), induced by the imbedding to
the desired limit, go + G, observe that
01

g(6) = go + , g de
0

01
(B48) = gy + \ (M — E)ds
0
0, 0
= go + M do — E ds.
8o 8o

Now apply (B18a):

0y
g(6) = go + u(® — 60)Se, G + Ss, L(6r) — ) E de.
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Assume 6; = 6 + 1 so that u(6, — 6,) = 1. Then we can say

01
g(61) = go + So, G + 8o, L(6:) — ]; 1 — w6 — 0)IE(®) do

- fo " 6n — EG) db.

The first integrand vanishes for § < 6, — 1, and the second integral is L(6;), so

g(6) = go + G+ (Se, — DG + L(6)]
(B49) 0y
+ [ o~ &) — 1E) a.

Let us call the last two terms remainders R; and R, . Then by (A17) and (B27)
and (B31) we see that

Ry X Cis(8 + N)[6: | 753

~

From (B30),
Ry X nl6y — 1]7073).

The bound on R, is good enough for third derivatives but the R; bound is not.
So we see that the metric g(6) converges to the desired limit metric and also
see that the first and second derivatives converge to the corresponding deriva-
tives of the limit metric. But we do not yet know that the third derivatives
converge. The limit metric, go + @, is C*, of course.

More refined results

This section of Part B can be passed over without losing the continuity of the
paper. Here we show that the limit imbedding is actually always C* and we
treat the cases where G is C*, C°, --- , C™.

The cases where G is C* are treated by an inductive method. The C* case is
handled with the aid of the results of the C*™ case. We can illustrate all the
essential features of the induction (with minimum notational difficulty) by con-
sidering the step from C® to C*. To begin, we can assume bounds

G < o[

2 <

(B50)

that have the same form as (B24) and (B31), with 4 replacing 3. However, we
make a point of not requiring ¢’ to be small.

Assume that the perturbation process is applied just as if G were only C°.
We will have the bounds (B22) through (B31) on the quantities involved. Our
result will be that we can deduce a new set of bounds that are analogous to these
except for the systematic replacement of 3 by 4, 4 by 5, etc., in the indices re-
ferring to order of differentiation.
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In the above work which computed the set of rederived bounds A*, u*, etc.,
wherever an estimate was derived for a quantity defined by smoothing the
estimate could have been derived for any particular upper limit on the order of
differentiation. Instead of (B34) we could have derived

M<y_41

This is not the kind of estimate we ultimately want for M. That would be an
[T5:%] estimate. This is just a useful intermediate step. Similarly we can say

¢ < Ctlar and
¢ < A0l

By integrating this and using (B50) to estimate fifth derivatives and by using
(B26) for the lower derivatives we get a crude z bound:

2 3 sl
From this we have
¢ — 2 3 Gl
Since E = 2(¢ — z)’ ® #/, it can be estimated from our above results and we find
E L6l
A weaker E estimate, more conveniently manipulated, is
E A
This weakened estimate behaves nicely in an integrand and we get new L
and I estimates via the L and  formulas. These are
L N[
L 5 Cal ol
Now reconsider the estimation of M and use the new L and [, bounds and the
new G bound, (B50). One gets

(B51)

M 3T,
From this we obtain
¢ <4k, then
E 3 1700,
This sharper E bound yields improved bounds for L and I :
L X N[
L3 Con 074

~
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Now from these and the new G bounds we can derive
M < w0, then
¢ v, then
E X573
The z estimate depends on estimating z — z,. This can be done exactly like
it was done before in computing the rederived bounds. We can use a weak ¢

estimate, improved only by extension to sixth derivatives. This gives us a weak
F estimate, which is however adequate because it is used in combination with

an improved estimate on j; :3 M df. This improved estimate comes from the
strong M, L, and G bounds above (with u’, \’, §’). The result is of the form
2 — 2 %8s
2= 3 €l
and th)is completes the set of new C* type estimates (indicated by primed greek
letters).

Our result concerning the inductive extension of appropriate bounds to the
cases where G is C* also gives us a result for the C* case. The (typical) induction
step from the C* case to the C* case shown above, involved the use of a new G
bound (B50). But we did not assume & was small. So our results on the C* cases
with & > 3 are really sharper than the exactly analogous results would be,
because only G and its derivatives up to the third order need be small.

If G is C™ the result of each C* case is valid, so the imbedding is C*.

We can show that when G is C* the ktt derivatives of the imbedding converge
so the limit imbedding is C*. Also the kth derivatives of the metric converge.
The argument is the same for any value of k, and since we have not shown this
for k = 3, we treat that case.

The basic fact is that the limits of the third derivatives of SyG as § — « are
the third derivatives of @, and that this convergence is uniform. This follows
from the uniform continuity of the third derivatives of G, a consequence of
compactness. The fact can be symbolized by saying

(B52) G — SiG X Ad3),

where Ay is a constant for each 6 value and Ay — 0 as § — . Nothing can be
said about the rapidity of the decrease of Ay ; the fact is purely qualitative.

The estimate of (B51) on L, although derived after we assumed G to be c,
did not depend on this assumption. So we can use it here, where G is again only
assumed to be C°. By applying (A17) to it one can obtain

(1 — So)L(B) < Crh(B))[61 ] 703,
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Assuming 6, = 6, , it follows that

(B53) S0, L(8) — So,L(B) < 2CuA (@)1 | T5:8).
We shall need a bound on L(6;) — L(6;). Assume 6, =

6, = 6y + 1, then

L@ — L(o) = fa " wls — OEG) db — f, " 6y — O)E@) db

=f;m@—m—u@—wwww,

because u(f: — 0) = u(6; — 6) = 1 for 6 < 6, — 1 and because u(6, — 6) = 0
for 6 = 6, . Using (B30),

~0g

L) — L@ 3 [ a5 ao

B54 —4—
. Sl — 1787
< 16000, | 7573
b2

We must have a more refined estimate on M. By (B18a), assuming
[}

1
6 = 6 = 6+ 1,
02

M do = Sp, G+ Ss, L(g) — Se, G — Sp, L(6y)

0
(B55) = 85, G — S0, G+ So[L6) — DO + (So, — So)L(05)
= Ta + Tb + Tc .

Our principal concern is the third derivatives, which our previous estimate,
(B38), merely showed bounded, not decreasing. By (B52),

Ta X (o, + A3l

If 6, 6, — oo the third derivatives of T, will approach zero, which is what we
want.

(B54) is strong enough to show that the third derivatives of T} will approach
zero as 6;, 6, — . But T, requires a more elaborate treatment. We can write

Te = (8o, — So)L(62) = (S, — So)[L(6) + {L(62) — L(8)}]

where 8 should be regarded as smaller than 6, . Then by (A15) applied to (B54)
and by (B53) we obtain

< Cuanl | 70775 4+ 20N (B)Y6: | 58]

Observe now that 7', and its derivatives up to order 3 can be forced to be arbi-
trarily small if one first chooses 8 large enough to make the first term above small
and then chooses 6; enough larger than 6 so that the second term is small. Effec-
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tively then, as 6, , 6: — o the term T, and its derivatives up to the third order
approach zero.
Since 7%, Ty, and T.” all approach zero as 6, , 6, — o, we have shown that

[: ) 1
I: Md0:| —0 as 6,0, — «,
0,

For the lower derivatives of this intergal the simple estimate obtained by inte-
grating (B28) is adequate. We can combine the two approaches in a single esti-

mate:
(P}

(B56) M de X ule | “072) + wal61 | 705
1

us is to be a constant for each # which approaches zero as § — «.

We show that the third derivatives of the imbedding z(6) converge by a
Cauchy criterion argument. The difference z(6;) — 2(6.) can be expressed in a
form exactly analogous to (B41), where 6; appears in place of 6, :

03
2(0) — 2(6) = F((8), ¢ (6) ® ] M do (=T

+ fojs{ﬁ'(at o) f:Mdo} b (=T).

The analogue of the estimate we obtained, below (B42), for 7 is not adequate
for our needs here. But the analogous 7', estimate
Ty £ Pr(®)(E 4+ v)W* + 5 4+ \)60'[6 | 23]

is quite good because 67" becomes small as 6; , §, — .
The estimate (B56) was obtained so that we could handle 7. We use this
with (B40) for F and obtain

Ty < Po(®)ulbr | 70 72] + Puo@ulby | T0.75] + Pu(®us,[6:] 755).
This shows that 77" — 0 as 6;, 6: — o and that is what we need to show that
[2(85) — 2(6)])” — 0 as 61, 6, — «.

So we have verified that the third derivatives of the imbedding converge uni-
formly to the third derivatives of the limit imbedding (which therefore must
exist and be continuous).

To see that the third derivatives of the metric converge consider

IR 0
g(6) — g(6) = [o gde = \ (M — E) do
1 1

02

05
= M do — E do

01 01

< 6y | 7575+ pe, 160 ] o8] + ml6y | ToiTEl,
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from (B56) and (B30). Since s, — 0 as 6; — oo, this gives us the convergence
of the metric and its derivatives up to the third order.

Summary of results
The main results of this part of the paper can be summarized in one theorem:

THEOREM 1:
HyPOTHESES:

(1) I is a compact manifold analytically imbedded in a euclidean space.

(2) The system (B8a, b) of linear equations in the z. is non-singular at all
points of the vmbedding.

(3) G is a symmetric covariant tensor on M representing the change we want fo
make in the metric induced by the imbedding of M. We want fo accomplish this
change by modifying the imbedding.

(4) Gis C* where3 < k < =.

(5) 6o s the parameter determining the initial amount of smoothing in our per-
tubation process.

CONCLUSIONS:

If 0o vs taken sufficiently large and if G and its derivatives up to the third order
are sufficiently small, then the perturbation process will produce a perturbed im-
bedding of I that is C* and induces a metric tensor on M which differs by the amount
G from the metric induced by the original imbedding.

PAarT C: PREPARATORY METRIC APPROXIMATION

In Theorem 1 of Part B we have the means for making small changes in the
metric induced by an imbedding. Here in Part C we learn how to arrange that
only a small change is needed. This solves the imbedding problem for compact
Riemannian manifolds.

The addition property

Suppose a manifold I has two imbeddings, one by functions z* into E™ and
the other by functions 3° into E”. Let

024 024
g: = Za EI;@ *a—x] and
©1) dyg 0
= 9Ys °Ys
9y = Zﬂ 3z, oz;
be the two metric tensors defined by the two imbeddings, both referred to a
system z;, 23, - -+ Z, of local coordinates in . The total set of functions z; ,

22, " Zm, Y1, Y2, -+ Yp defines an imbedding of IN into the product space
E™ X E”. The metric tensor induced on 9N by this product imbedding is g. + g, .
This is the addition property of metric tensors.
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This property enables us to separate into two parts the problem of con-
structing an imbedding of I such that we can successfully apply Theorem 1
and obtain an isometric imbedding. Suppose g is the intrinsic metric of I which
we want to realize by an imbedding. We first find a z-imbedding which is “per-
turbable”; that is, one such that the equation system (B8a, b) is everywhere
non-singular. Then we find a y-imbedding such that g, + g, is close to ¢g. The
perturbation process is now applied only to the z-imbedding, directed towards
effecting the change G = g — (g. + g¢,) in the metric induced by the z-imbedding.

Actually, the form of Theorem 1 forces us to proceed somewhat like this.
This theorem tells us that for any perturbable imbedding a sufficiently small
change G in the metric can be accomplished. To use it we must be able to make
G small without changing the imbedding which is to be perturbed. And deriva-
tives of G up to the third order must be small. Thus it is rather important that
we make G(= ¢ — g, — ¢,) small by adjusting the y-imbedding, leaving the
z-imbedding fixed.

The metric g, must be a positive metric, so it is clear that it would be im-
possible to use the approach we outlined above unless ¢ — g, were a positive
metric, which g, would approximate to. If we have a z-imbedding that is per-
turbable (i.e. where (B8a, b) is everywhere a non-singular system) we can
always simply make a change of scale, if necessary, to make g, as small as desired
so that ¢ — g, will be positive. This does not affect the quite qualitative question
of the singularity or non-singularity of (B8a, b).

A simplified approach

The method we actually use here for constructing the z and y imbeddings has
a certain intricacy occasioned by our desire to bound the number of dimensions
needed for the final imbedding and to get a relatively good bound. But if one
throws out all concern for the number of dimensions to be used the problem can
be handled rather simply. Therefore we indicate here the simpler approach for
the benefit of those who may not want to bother with the more complicated
details of our method.

One could get by with two lemmas:

L, : Every compact differentiable manifold may be tmbedded as an analytic sub-
manifold of some euclidean space in such a way that (B8a, b) is everywhere non-
singular.

L, : Any compact Riemannian manifold with C* positive metric, where3 < k <
can be represented as an analytic sub-manifold of euclidean space so that the induced
metric and its derivatives up to the third order approximate the given metric as closely
as desired.

These lemmas would not give us any indication of the number of dimensions

necessary.

L, can be proved very easily by a direct construction. Take an analytic im-
bedding of M in E*", where n = dim M. Let v;, vz, - -+, vz, be the coordinates
of E*". Then the 2n* + 3n functions vy, va, -, Van ; V3, V3, ~-+ , Vhn ; U102,
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v, -+, vy, --- define an imbedding of 9 in (2n* + 3n)-space if they are
used as imbedding functions. This imbedding has the property we want, that
(B8a, b) is everywhere non-singular. To verify this, consider n of the v’s as
local coordinates at a point of M. [See (C7).]

L, could be proved by considering finite dimensional approximations to a C*
isometric imbedding of 9t in Hilbert space. Or one could use a result of J.
Schwartz that implies L, . It is relatively easy to patch up a good approximation
to a metric when there is no limit on the number of imbedding functions to be
used. Each function might vanish except on a small neighborhood of 9.

Outline of the method

Our method for constructing y-imbeddings can use a minimum number of
dimensions if the z-imbedding is chosen with some care. It turns out that if
g — g. is close to a favorable metric v the y-imbedding can be made in n* + 3n
dimensions.

Our first step is to find a favorable metric v. Then we construct a z-imbedding
such that ¢ — ¢, approximates v (derivatives are not involved here). Finally we
construct the y-imbedding so that g, approximates ¢ — ¢. and its derivatives.

Determination of v

The special mechanism we use in constructing the y-imbedding requires a
set {¢"} of functions on I such that the set of symmetric tensors

. 3y Y’
(C2) M = 3c; 91;
has at every point of I a subset of in’ + in tensors that are linearly inde-
pendent. The z;/s are local coordinates in . The metric ¥ will be the sum
over r of the M7;;, or in other words, it will be the metric induced by the im-
bedding defined by using the y" as imbedding functions.

Our construction of the ¢” is based on a dimensionality argument. If we ar-
range to deal exclusively with algebraic functions and conditions we can think
in terms of the precise dimensionality concepts of algebraic geometry (such as
those based on transcendance degree). Therefore let 9 be an algebraic representa-
tion® of M in E°. The mapping between M and A can be as differentiable as the
differentiability structure on I, and analytic if I has a global analytic structure
(not mere overlapping local coordinates analytically related). Then a C* metric
on M becomes a C* metric on A.

Let us first see how we can find a set of functions which has the independence

or “(C2) property” in the neighborhood of a point of A. Suppose 1, 22, - - - , &,
are local coordinates. Then the in? 4+ in functions
(C3) 9 =2+ a;, where ¢ = 7,

2 Reference [16] proves that there is an algebraic representation of any closed differ-
entiable manifold.
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can easily be seen to suffice. At any point of A some n of the coordinates u; ,

U, -+, u, of £« will be suitable as local coordinates. Therefore the 3a* + 3a
functions
(C4) 1% = ug + us, where 8 < 5,

will have the *“(C2) property” everywhere. But this is more functions than we
want to use.

A plausibility argument for the number of functions ¢ that should be neces-
sary so that there are always in® 4+ in linearly independent M7; at a point
of ¥ goes as follows: in° 4+ 1n functions are good locally, so they would fail on
a sub-manifold of » — 1 dimensions. Adding a total of n — 1 functions should
reduce it step by step to a zero-dimensional set of singular points. Then one more
function should eliminate these. Thus we should need in’ -+ 1in functions
in all.

1n® 4 13n is the correct number, although that argument is not rigorous.
Define 1n* + 1in functions

, - r=1,2,--- 0" + 1in
(05) 12 ‘_“Zﬁ(’ﬂuﬂ [B=1,2,~~,a :|
as linear combinations of the coordinates of E*. We shall show that a generic
choice of the coefficients Cs automatically gives a set of " with the desired prop-
erty. Let s = in> 4+ in. Then there are s + n of the ¢" and (s + n)a of the
coefficients Cp.

Our dimensionality argument is based on analyzing the family of ways in
which a set of the ¥ can fail to define independent M7;. If the M7; are not
linearly independent at a point p of A they lie in some linear sub-space H,
of the space L, of all values of symmetric tensors (with two subscripts) at p.
We can consider only sub-spaces H, which have one less dimension than the
whole linear space L, . Since dim L, = s, dim H, = s — 1 and the dimension
of the family of sub-spaces H, of L, is s — 1. The dimension of the family of
all H, for all points p of Aisn 4+ s — 1.

For any r the coefficients (C7, C3, ---, Ca) can be chosen so that ¢ is any
one of the functions fﬁ ® of (C4). Therefore for any particular H, , one can select
(€7, Cy, -+-, Ca) so that M7; (which they determine, via ¢") does not lie in
H, . If this were not so the f % would not have the “(C2) property,” but we saw
that they did have this property. Since not all selections of the constants deter-
mining ¥* make M7; lie in H,, the dimension of the family of selections of
(7,5, -+, Cy) that do make M%; ¢ H, is not more than a — 1.

The dimension of the family of selections of all the C3 which make all the
M7%; lie in H, is clearly not more than (s + n)(a — 1) since there are s + n
sets of a coefficients determining the s + = functions " which determine the
M?7; . Now since the family of all H, has dimension n + s — 1, the dimension
of the family of selections of the Cj for which there is some H, such that all the
M7%; lie in H, at p can be at most [(s + n)(@ — 1)] 4+ [n + s — 1]. But this
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number is (s + n)a — 1, one less than the dimension of all selections of the Cj .
Consequently with a generic selection of the C there will be no point p and
tensor sub-space H, where all the M7; lie in H,. In other terms, the y" will
have the “(C2)”, or independence, property we want.

One can be quite explicit about how the Cj can be chosen. The n-dimensional
variety associated with [ (which is the smallest variety containing %) can be
defined by a set of polynomial equations in the coordinates of E°. Adjoin all the
coefficients involved in these equations to the field of rationals to produce an
extension F. If the Cj are algebraically independent over F the ¢" will have the
desired property.’ Obviously this is a sufficient but not necessary condition
for the proper selection of the Cj .

We have said that the ‘“favorable metric” vy would be the sum of the M};,
so that

, oy oy
C6 G = M3 = —_ .
(C6) i 27 ? Y dx; oz
We also said that our procedure was to make ¢ — g, = v. This means g, = g — v,
80 we must certainly have ¢ — v a positive metric. To take care of this let us
assume that a definite choice of the Cg is made in such a way that they are small
enough to make ¢ — v be a positive metric.

The Z-imbedding

There will be a C' imbedding of 9% in E** which realizes the metric g — v
exactly [9]. We can think of this as a mapping from ¥ into E** and approximate
it in the C" sense by an algebraic imbedding 8. Let g, be the metric induced by
this imbedding B. The approximation between g, and ¢ — v can be as close
as desired, but it does not extend to derivatives.

Let v, v2, -+ -, vs, be the coordinates of E*". At any point of B some n of
these will be suitable as local coordinates; let 21, 2, - - -, 2, be this subset.

Now consider the functions

2; = X4

(©7) i

Zij = X

IIA
<

If these are the functions z, of (B8a, b) that system takes a very simple form:

024 . .

a T Ra =< Ky T 0
Dagoda=2
B L P
« 0x; 6a:j « ” gii -

3 By using rational coefficients in the approximating polynomials used in [16] one would
obtain an algebraic imbedding ¥ such that the equations defining the corresponding variety
would have rational coefficients. Then it would suffice to simply select the C5 as independent
transcendentals over the field of rationals, without reference to .
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The solution is apparent for any ¢;; . The system is non-singular in the most
obvious way. Each linear equation has just one variable (remember the 2,
are the variables) with non-vanishing coefficient and this is a different variable
in each equation.

The system (B8a, b) has the property that once one has a set of functions
2 that makes the system non-singular then the introduction of new functions
2o (which also introduces new variables Z,) can only improve the situation.
The coefficients of each variable 2, in the equations can be regarded as a vector
V. with 3n® + in 4+ n or in* + 1in components. The system is non-singular
if there are in® + 1in, which is s + n, linearly independent V,’s. Additional
functions z, simply introduce more V,’s.

Define s + 2n (or n* 4+ 2in) quadratic functions of the coordinates of E*" by

(C8) 24 = El§ﬂ§2n c’ vs + Zlgﬂgs <2n D3ve;

where 1 £ a = s + 2n. At any point of B we can make the z, contain the func-
tions defined by (C7) which are suitable at that point by an appropriate choice
of the C’s and the D’s. An argument exactly analogous to the one we used
above in finding the ¥ shows that a generic choice of the C’s and D’s gives
functions 2z, that make (B8a, b) non-singular. If the C’s and D’s are algebraically
independent over the field of definition for B they define satisfactory func-
tions 2, .

Now how do we arrange that g, &~ g — y? We select all D¥ ~ 0 and C% ~
unless 8 = a, when we select Cq & 1. This makes the z-imbedding, which is in
E***" be approximately the same as 9B, because all the z* are quite small, except
for the first 2n, and these are approximately the coordinates vy, vz, -+, v2
of E**. Thus g, =~ g, and hence g, ~ g — v since g, ~ g — 7.

The Y-imbedding

This is constructed, with the aid of the ¢ of (C2), by means of a special
device. The device will produce an imbedding with metric g, approximating
any metric of the form

(Cg) g(al y A2, t 00, a’8+n) = ZT a’TM;:J‘ )

where the M}; are those of (C2) and the a, are positive analytic functions on .
(Regard I as having an analytic structure corresponding to those of its im-
beddings A and B.) This approximation will apply to derivatives also.

Note that g(1, 1, --- 1) = 4. Since the M;; are linearly independent at each
point and ¢ — ¢, & v, we can certainly represent ¢ — ¢, in the form

(CIO) g—g. = Zr Q. ;f

at any point of I, and we can have | @, — 1| = & where ¢ is a small uniform
bound that depends on the closeness of the approximation of ¢ — g, to v.

But can we do this in a uniform manner so that the a, become continuous
functions on M? The solution for the o, of (C10) will be non-unique at every
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point because there are s + n of the «, and only s components of ¢ — g., thus
only s equations. This redundancy can be removed by the same device which
removed the redundancy of (B8a, b) in Part B. Here we desire positive «,,
so we specify:

(C11) > (@, — 1) = minimum, subject to (C10).

This determines the a, uniquely and makes them have the same differentiability
as ¢ — g.. Since (C10) has a solution with |a, — 1| = ¢, the solution of the
modified system (C10, 11) will have | @ — 1| £ € (s + n)!. Assume ¢ is small
enough so that this makes the «, necessarily positive.

We define g(a1, a2, -+, @.4s) by approximating the a, by positive analytic
functions a,. The a, must also approximate the o, for derivatives up to the
third order. Hence ¢ — ¢, must be C? so that the a, are C°. Since a, X3 o, We
shall have g(ai, a2, -, Qnys) 39 — ¢: -

The device

This device is reminiscent of one used for constructing €' imbeddings.*
Suppose A is a large constant. We define 2(s + n), which is n* + 3n, y-imbedding
functions as

Yr = %’.—)‘% Sin ()\#/r)
(C12) ,
Gr = ((;\') cos ().

When these are used as imbedding functions they induce the metric

S 0w 5~ 35 30
0 = 2 dx; 0x; + 2 dz; ox;’
When this is expanded by substituting the formulas for %, and §. many terms
cancel. All terms which contain A™ occur as pairs which differ only by containing
either [sin (\W")]-[cos (\W")] or [cos (W")]-[—sin (AW")] and cancel together. The
remaining terms can be combined with the identity sin® + cos® = 1. This finally
gives

a‘//‘r a¢r —2 a(ar) a(ar)
= r - T A r
G Z axi 313]' + Z axi 313,'
9 = 2ra Mij+ N7

= g(al, Tty a8+n) + >\_2§-

)

Now § is an analytic tensor independent of A. By choosing \ very large the error
A7%§ and any number of its derivatives can be made as small as desired. So we
have

(C14) Gy s glar, @z, -+, Qoyn) 39 — g,

4 See equation (13) page 387 of reference [9].
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where R; indicates approximation up to third derivatives. Thus we have
gy + g. = g, which is what we need to apply Theorem 1. This requires, of
course, that g be C°.

Summary and applications

We used s + 2n, which is in’ 4+ 21n, z-imbedding functions and 2(s + n),
or n’ 4+ 3n, y-imbedding functions. This is 3s 4+ 4n or 1in’ 4+ 5in functions
altogether. The z-imbedding was analytic and made (B8a, b) everywhere non-
singular, so that Theorem 1 could be applied to it. The y-imbedding was also
analytic and was adjustable so that g. 4+ g, could approximate g as closely as
desired (this approximation including derivatives up to the third order). For
this, g had to be C°.

The z- and y-imbeddings can be arranged to take up arbitrarily little space.
The z-imbedding approximates a C' imbedding of 9t which realizes the metric
g — . Since a C" isometric imbedding can be made arbitrarily small (and highly
twisted) so can the z-imbedding. If the parameter X is very large the y-imbedding
is very small.

The fact that the z-imbedding approximates a C* imbedding serves to prevent
self-intersections in the final imbedding of the manifold in EU™+%" Gince the
amount of perturbation needed can be made arbitrarily small by adjusting the
y-imbedding, the application of the perturbation process to the z-imbedding
need not produce self-intersections.

Now we state the result obtained by combining the work of Part C with
Theorem 1 of Part B. This is our “main theorem.”

Imbedding of compact manifolds

THEOREM 2. A compact n-manifold with a C* positive metric has a C* isometric
imbedding in any small volume of euclidean (n/2)(3n + 11)-space, provided
3=k w.

PART D: NON-COMPACT MANIFOLDS

Our treatment here is not a direct attack. It exploits a device by which the
imbedding problem for non-compact manifolds is reduced to the problem for
compact manifolds. This approach gives a poor upper bound on the number
of dimensions needed for the imbedding space; but that is the price of taking a
shorteut to the non-compact case.

A special mapping

Our basic tool isa C” mapping of E" onto then-sphere S™. Most of E” is mapped
into the ‘“north pole” of S". The interior of the unit disk of E” covers the re-
maining portion of S” in a one-to-one manner. Any mapping of E™ on S™ with
these properties will serve our purpose, but to illustrate we construct one.

Take the case of the (z, ) plane, or E*. This can be mapped on the 2-sphere
£+ 9 + & = 1asfollows:
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Forz* + ' < 1, let
Q=exp@+y -1

5:#
@+z22+y
S

"ot Sty

S R S—
pE R

for @' +4'21, ¢=9=0, (=34

It is easy to see that £, 5, and ¢ are C” functions because Q is a C” function if
it is assigned the value zero for 2* + 3> = 1. A direct check verifies that

g4+ =1

The equations define a non-singular one-to-one mapping of the open disk
2’ + y* < 1 onto the sphere minus the “north pole” (¢ = n = 0, ¢ = %). This
mapping is obtainable by taking a mapping of the open disk onto the whole
plane,

z=1z/Q
=y/Q
and following this by the classical conformal mapping of the plane onto the
sphere (minus the ‘“north pole”). The effect is to give a mapping which has a

C” extension to the rest of the plane where all points not interior to the disk map
into the “north pole’’.

<

Patch mappings

Consider a C* Riemannian n-manifold 9% (the metric need not be C*, but
M has a C” structure). A local coordinate system or neighborhood N in I can
be regarded as the image of the unit disk D of E” under a C* mapping of D
into 9. This mapping should be one-to-one, non-singular, and extensible to an
open set of E” containing D, as a C” non-singular mapping. Then an open set
containing N is mapped on the open set containing D by the C” inverse mapping.

For brevity call S the n-sphere. Our special mapping will map any open set
containing D onto S in a C” manner. This mapping, with the inverse mapping
N — D, gives a mapping

2
N—8
which is C” and has a C” extension to an open set containing N. ¢ maps all

points on the boundary of N or outside N into the “north pole” of S. Clearly we
can extend the definition of ¢ to all points of I by mapping all other points into
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this “north pole”. ¢ will remain C”. This mapping ¢ has non-vanishing Jacobian
in the interior of N, so ¢ ' is C* there. ¢ is called a patch mapping.

Appropriate coverings for I

I can be covered by a family of disk neighborhoods N; in such a way that we
can divide the N; among n + 1 classes where: No two N; of the same class over-
lap. Each N; overlaps only a finite number of other N .

How is such a covering constructed? First obtain a regular star-finite cellular
sub-division of . Then form a disk neighborhood corresponding to each vertex,
edge, - - -, face, or cell of the cellular sub-division. Each disk neighborhood that
corresponds (for example) to an edge covers the middle section of the edge but
not the end points. These are covered by the neighborhoods which correspond to
them in their role of vertices. In this way no two edge neighborhoods are allowed
to meet. The same principle applies up the series of dimensions. The n + 1
dimensions from 0 through n give rise to the n 4 1 classes of neighborhoods.

Within each N; we can select a slightly smaller disk neighborhood N; such
that the N; also cover M. These N, should correspond to sub-disks of D (through
the mappings between D and the N;). Then we can select a C” function u; for
each N; which is positive interior to N; and zero on the boundary and outside
N . Each u; can be regarded as defined and C* over all of .

Now if we define

v = Ui D iU

the v; form a partition of unity by C* functions, each of which is positive interior
to the corresponding sub-neighborhood N; and zero everywhere else.

Assignment of metrics

Each N, has an associated patch mapping

N5 s,

We write S; to distinguish different n-spheres for different N;. The mapping
¢: has a C” non-singular inverse ¢; ' on N; .

Consider a metric v, on S;. This gives a corresponding metric g, on N.
Actually g can be regarded as defined for all IR because it will be zero at the
boundary of N; and can be extended by defining it as zero on the rest of IN.
If it is C% on S; it will be C* on M also. If we select a metric vi on each S; which
is positive, C”, and sufficiently small the corresponding metrics g; will add on
I to a metric

Jo = Zi gio
which is C* and everywhere shorter than g, the metric we are given on I, and

which we want to realize by an imbedding of . For example, each v, could be
the metric induced by an imbedding of S; in E**" as a small geometrical sphere.
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Now, since g — go is a positive metric,

gi = g + vi(g — go)

will be positive and will be as differentiable as g (say C). g; differs from g, only

within N; where the mapping ¢; has a non-singular inverse ¢;'. Therefore ;*

carries g; — g0 over to S; as a C* non-negative metric y; — i . That is, there is

a positive C* metric v; on S; which corresponds, via ¢; , to the metric g; on N;.
Consider the sum

20i0i = 2igo+ (i) — 90)
=g+ (9 — g0
=g.
Realization of metrics

We have defined a C* metric v; on each S;. Assuming3 < k < «, v; can be
realized by a C* imbedding of S; in E™?®"™ by our Theorem 2. We can always
let the “north pole” of S; be at the origin.

Now consider all the N; of one of the n + 1 classes, let us say class C. The S;
corresponding to each has an imbedding in E/®®**) that realizes v; and maps
the “north pole” into the origin. The corresponding patch mappings ¢;, to-
gether with these imbeddings, define a mapping ¢c of M into E™PE"+D,
This y¢ is C* and maps all points of M, except those interior to any neighborhood
N of class C, into the origin. Each of these other points can be in only one N,
so the mapping is unambiguously defined.

This mapping ¢ induces a metric on ¢ which is the sum,

of the metrics g; associated with neighborhoods N; of class C. The product map-
ping

v =y Xa X -+ X¥np
maps M into (n + 1)(n/2)(3n + 11) dimensional space and is also C*. Tt induces

the metric
g = ; Je,

as we desired. If the image of 9 under ¢ has no self-intersections it is an isometric
imbedding. In any case it is a C* isometric immersion.

Avoidance of self-intersections

Self-intersections can be avoided by using the fact that the isometric imbedding
of S; can be made as small as desired. Let a; be the minimum distance of a point
of N, from the origin after it is mapped into B " by ¢, and the imbedding
of S;. Let 8; be the maximum distance from the origin of points of N, after
being mapped into E¥™¥%" Think of ¢ as a serial index running 1, 2, 3 - - - .
Now all we need do to avoid self-intersections is to arrange the imbeddings of
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the S; in order of increasing 7 so that for all ¢
B: < min «; .
i<i
Why is this sufficient? First, any two points of I that are interior to a com-
mon N; are distinguished through the imbedding of S; . So we need only consider
pairs of points which lie in completely different sets of neighborhoods. In this
case one of the points will be in a sub-neighborhood N; with lower index than the
other. Then this point will be further from the origin with respect to the set of
13n® + 5in coordinates associated with N than the other point can be.

The result

Our theorem is:

TuEOREM 3. Any Riemannian n-manifold with c* posz‘tive metric, where 3

< k £ o, has a C* isometric imbedding in (1in® + Tn® 4+ 5in)-space, in fact.
mn any small portion of this space.
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