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INTRINSIC ISOMETRIC EMBEDDINGS OF PRO-EUCLIDEAN SPACES

B. MINEMYER

Abstract. In [5] Petrunin proves that a metric space X admits an intrinsic isometry into En

if and only if X is a pro-Euclidean space of rank at most n. He then shows that either case
implies that X has covering dimension ≤ n. In this paper we extend this result to include
embeddings. Namely, we first prove that any pro-Euclidean space of rank at most n admits an
intrinsic isometric embedding into E2n+1. We then discuss how Petrunin’s result implies a partial
converse to this result.

1. Introduction

In [5] Petrunin proves the following Theorem:

Theorem 1.1 (Petrunin). A compact metric space X admits an intrinsic1 isometry into E
n if

and only if X is a pro-Euclidean space of rank at most n. Either of these statements implies that
dim(X ) ≤ n where dim(X ) denotes the covering dimension of X .

A metric space X is called a pro-Euclidean space of rank at most n if it can be represented as
an inverse limit of a sequence of n-dimensional Euclidean polyhedra {Pi}. In this definition, the
inverse limit is taken in the category with objects metric spaces and morphisms short2 maps. So the
limit lim

←−
Pi = X means that the sequence {Pi} converges to X in both the topological and metric

sense. The morphisms being short maps means that all maps involved in the inverse system are
short, including the projection maps.

In [2] the following Theorem is proved:

Theorem 1.2 (M). Let P be an n-dimensional Euclidean polyhedron, let f : P → E
N be a short

map, and let ǫ > 0 be arbitrary. Then there exists an intrinsic isometric embedding h : P → E
N

which is an ǫ-approximation of f , meaning |f(x)− h(x)| < ǫ for all x ∈ X , provided N ≥ 2n+ 1.

Combining Theorem 1.2 with some methods used by Nash in [4] and Petrunin in [5] we can prove
the following:

Theorem 1.3. Let X be a compact pro-Euclidean space of rank at most n. Then X admits an
intrinsic isometric embedding into E

2n+1.

Theorem 1.3 extends half of Theorem 1.1 to the case of intrinsic isometric embeddings. What
Theorem 1.3 does not prove is that, if X admits an intrinsic isometric embedding into E

2n+1, then
X is a pro-Euclidean space of rank at most n. The (main) reason that Theorem 1.3 does not say this
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is because it is not true! If X is a pro-Euclidean space with rank at most n, then dim(X ) ≤ n. But
there are many metric spaces with covering dimension greater than n that admit intrinsic isometric
embeddings into E

2n+1 (a simple example is the 2n-sphere).
A metric space X is a pro-Euclidean space of finite rank if X can be written as an inverse limit of

a sequence of Euclidean polyhedra {Pi} and if there exists a natural number N such that dim(Pi)
≤ N for all i. Again we require that the inverse limit take place in the category of metric spaces
with short maps. Then what we can say by using Theorems 1.1 and 1.3 is the following:

Theorem 1.4. A compact metric space X admits an intrinsic isometric embedding into E
N for

some N if and only if X is a pro-Euclidean space of finite rank.
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2. Proof of Theorem 1.3

Proof of Theorem 1.3. Let X be a pro-Euclidean space of rank at most n and let (Pi, ϕj,i) be the
inverse system associated to X where Pi is an n-dimensional Euclidean polyhedron for all i. For
each i let ψi : X → Pi be the projection map. Remember that every map associated with this
system is short.

Given ǫi+1 > 0 and a pl intrinsic isometric embedding fi : Pi → E
2n+1, by Theorem 1.2 there

exists a pl intrinsic isometric embedding fi+1 : Pi+1 → E
2n+1 such that

|fi+1(x)− (fi ◦ ϕi+1,i)(x)|E2n+1 < ǫi+1

for all x ∈ Pi+1.
Then define hi := fi ◦ ψi for all i. To keep track of all of the maps involved, please see Figure

1. What needs to be shown is that the values for ǫi can be chosen in such a way that the sequence
{hi}

∞

i=0 converges uniformally to an intrinsic isometric embedding. The fact that the sequence
{ǫi}

∞

i=1 can be chosen so that the sequence {hi}
∞

i=0 converges uniformally to an intrinsic isometry
is identical to the proof by Petrunin in [5] and is omitted here.

To see that we can choose the sequence {ǫi}
∞

i=1 so that the sequence {hi}
∞

i=0 converges to an
embedding just consider the collection of sets

Ωi := {(x, x′) ∈ X × X | dX (x, x
′) ≥ 2−i}.

Since X = lim
←−

Pi and because Ωi is compact, for every i ∈ N there exists i′ such that ψi′(x) 6=

ψi′(x
′) for all (x, x′) ∈ Ωi. For every i choose i′ > (i − 1)′ which satisfies the above. Thus

hi′(x) 6= hi′(x
′) for all (x, x′) ∈ Ωi. Then we let

δi := inf{|hi′(x) − hi′(x
′)|E2n+1 | (x, x′) ∈ Ωi} > 0.

If we choose ǫi <
1

4
min{δi, ǫi−1} then no point pair in Ωi can come together in the limit.

Eventually any pair of distinct points is contained in some Ωi, which completes the proof.
�
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Figure 1. Diagram for the proof of Theorem 1.3.
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