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Abstract

The Global Navigation Satellite Systems (GNSSs) apply conventional relativistic corrections to correct apparent clock

offsets. However, with the continuous improvements made to time synchronization approaches and onboard atomic

clocks, this model has obviously limits the accuracy improvements of BDS-3 intersatellite time synchronization, and
also limited the apparent performance of BDS-3 onboard atomic clocks. This study demonstrates that the amplitude of
GNSS conventional relativistic periodic errors can reach 0.08 ns for BDS-3 MEO and IGSO satellites within a day, and
0.40ns within a month. The frequency stability of the errors’ signal can reach 1.33E-14 (approximately10000 s) and
1.78E-15 (approximately1 day), and the absolute influences on the predicted clock offset accuracy can reach 0.05ns
(1h), 1.08ns (1day). Notably, the above signals caused by the model errors are found in the results of current high-
accuracy intersatellite time synchronization based on BDS-3 intersatellite links (ISLs). After adopting a higher-accuracy
relativistic correction model, the frequency instability of BDS-3 intersatellite clock offsets is obviously reduced, and the
RMS of 24h fitting residual can be reduced by approximately 60% from 0.12ns to 0.05ns. The average 2h 95% predicted
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error decreases by approximately 17% from 0.38ns to 0.32ns. These results indicate that this high-accuracy relativistic
correction model can improve both the BDS-3 satellites’ time synchronization accuracy and the BDS-3 apparent clock
offset prediction capability. This study, thus contributes to time synchronization research and signal-in-space accuracy
improvements for BDS-3.
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1. Introduction

Global navigation satellite systems (GNSSs) measure distances and clock offsets by comparing clocks and provide
positioning and timing services by predicting and broadcasting satellite orbits and clock offsets. Broadcasting and
utilizing highly accurate clock offsets are important for improving the accuracy of these services (Montenbruck et al.,
2020, Yang et al., 2021a). As a result, considering that the uncertainties in clock offset predictions are highly related to
the time synchronization accuracy and the performance of atomic clocks, onboard atomic clocks and time
synchronization technologies have rapidly developed since GNSSs were first introduced and have been popularized
worldwide.

The onboard atomic clock is the core component of a GNSS satellite (Montenbruck et al., 2017, Wang et al., 2017), and
the prediction ability of the atomic clock directly determines the accuracy of the clock offset prediction. All of the
satellites in the “Big 4” GNSSs (including GPS, Galileo, BDS, GLONASS), are equipped with high-performance atomic
clocks onboard, including passive hydrogen masers (PHMs), Cs, and Rubidium Atomic Frequency Standards (RAFSs)
(Montenbruck et al., 2020, Yang et al., 2021a, Han and Cai, 2019). Recent research shows that the frequency instability
of GNSS clocks can be less than 3.0E-15 per day (Wu et al., 2018, Yang et al., 2019, Zhou et al., 2020). The variations in
their clock offsets can be accurately modeled and predicted, which has become an effective method to calibrate the
accuracy of both the time synchronization and the orbit determination (Steigenberger and Montenbruck, 2016, Li et al.,
2019). Therefore, the Atomic Clock Ensemble in Space (ACES) project (Cacciapuoti and Salomon, 2011, Giorgi et al.,
2019), the future GNSS Kepler constellation (Glaser et al. 2020), and the "Big 4” GNSSs all plan to carry atomic clocks
with higher performance.

The prerequisite for taking full advantage of onboard high-performance atomic clocks is high-accuracy time
synchronization technology (Yang et al. 2021a). The most widely applicable methods for achieving time
synchronization in GNSSs are orbit determination and time synchronization (ODTS) (Montenbruck et al., 2015,
Steigenberger and Montenbruck, 2016, Johnston et al., 2017) and two-way satellite time and frequency transfer
(TWSTEFT) (Pan et al., 2018, Tang et al., 2016, Zhou et al., 2016). Because of the poor distribution of the BDS-3 ground
stations, the ODTS is not suitable for BDS to estimate satellite clock offsets (Chen et al. 2020). Therefore, the satellites of
BDS-3 are equipped with onboard intersatellite link (ISL), which allows BDS-3 to use the TWSTFT method to estimate
the clock offsets outside of China and its surrounding areas by directly comparing two-way ISLs (Pan et al., 2018, Tang
et al., 2018). Although the TWSTFT-estimated clock offsets are free of orbital errors, they directly suffer from large
measurement noise. To ameliorate this issue, a new time synchronization approach with centimeter accuracy in BDS-3
is proposed. The clock offsets estimated by this approach maintain the advantages of the TWSTFT method and suffer
from less measurement errors. This approach, therefore, establishes a better foundation for further research on time
synchronization with higher accuracy (Yang et al., 2021b, Yang et al., 2022).
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Theoretically, referring to a sufficiently stable time reference and through accurate measurements, the onboard high-
performance clock signals can be effectively described and predicted by the linear or polynomial models (Proia et al.,
2014, Senior and Coleman, 2017). However, it is easy to overlook that the apparent clock offsets and apparent frequency
of atomic clocks vary in different reference coordinates due to relativistic effects (Kouba, 2004, Soffel and Han, 2019).

Therefore, in the evaluation of modern high-accuracy time synchronization, the influence of relativity must be
considered (Kopeikin et al., 2011, Zhang et al., 2014, Colmenero et al., 2021). Within a GNSS, it is not always necessary
to implement a relativistic correction as long as the GNSS-calculated clock offsets are self-consistent with the clock
offsets used by the GNSS users (Kouba, 2002); However, the clock offsets without considering relativistic effects will
fluctuate by approximately 10ns to 100ns, and this relativity-induced fluctuation is difficult to be predicted well by
polynomial models. Therefore, BDS3 incorporates the GNSS conventional relativistic correction model into satellite
multi-source observation to reduce the prediction errors caused by the relativistic effects. This practice inherits the
practice of other earlier GNSS (N. Ashby, 2003, Kouba, 2019). GNSS convention relativistic correction model is
fundamental but is an approximation of the exact solution. In most cases, this correction is satisfied with the sub-
meter accuracy service requirements with hour-level prediction. Moreover, many scholars have derived the correction
with higher accuracy, which considers the Earth ]2 term both effect on orbit and frequency. And this correction has
been verified well in GNSS, especially in the emerging Galileo satellite (Kouba, 2021).

With the development and updates of the time synchronization approach and onboard atomic clocks, it is possible for
BDS to realize hour-level clock offsets with centimeter accuracy. The effects of GNSS conventional relativistic correction
errors are nonnegligible in this context. Therefore, the preliminary study of the influence of the GNSS convention
correction errors on the current BDS-3 clock offsets analysis has a certain guiding significance for constructing the next
generation of BDS.

We present a numerical expression for a relativistic correction with higher accuracy in time synchronization. Then, we
analyze the error characteristics of GNSS conventional relativistic corrections for BDS-3 medium Earth orbit (MEO) and
inclined geosynchronous orbit (IGSO) satellites. Next, we introduce a centimeter-level intersatellite time
synchronization method. Afterward, we characterize the relativistic effects that cannot be described by the GNSS
conventional relativistic correction model in BDS-3 high accuracy intersatellite time synchronization and quantify the
improvement in the results after adopting the proposed relativistic correction.

2. Relativistic correction model in clock offsets

2.1. Numerical correction model

According to the International Earth Rotation and Reference Systems Service (Petit and Luzum 2010), in the Geocentric
Celestial Reference System (GCRS) and vicinity of the Earth, the transformation of proper time 74 and Geocentric
Coordinate Time (TCG) ¢ can be written as:

%:1_%["’?4/2+UE(?A)+23=1 VJ(?A,?E)] (1)

Where c is the light speed E)E is Earth’s position. clock A is located at the GCRS coordinate position ?A and moves
with the coordinate velocity 7 4, Ug is the gravitational potential of the Earth, and V is the gravitational potential of
the other celestial body. Ug at the z A(T4,A4,¢4) can be expanded by spherical harmonic functions up to degree N,
as shown in (2) (Petit and Luzum 2010):

UE(TAa AA7¢A) (2)
— GMs Gr]\fE Eﬁ:z (a_e)n > meo [C nm €08(mA4)+S nm Sin(mA4)| P m sin(ea)

TA TA

where G Mg is geocentric gravitational constant, a. is the equatorial radius of the Earth C,, and S, are the
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spherical harmonic coefficients, and P ,,, denotes Legendre polynomials. The first part of (2) is the gravitational
potential of a spherical Earth, and the second part of (2) describes the nonspherical gravitational potential of the Earth.

V= 23=1 1% (7 A, z E) is the sum of the tidal generating potential V; which can be calculated by (3) (Petit and
Luzum, 2010):

Vi(F0,Z5)=Vi(Z4)-Vo(7r)—240:V5 (Tn) (3)

For GNSS satellites, only the influence of Newton'’s gravitational potential needs to be considered (Han et al. 2021), and

the first term of (3) is GM’ (M7 is the mass of celestial body J, and 74 is the distance between ] and the satellite),

N GM;
n+1
Ty

which can be spherical harmomc expansion up to degree Nas )., 77 P, (cos(04))- The latter terms are the

gravitational potential of the celestial body to the geocentric. After this, V; can be expanded as follows (Delva et al.,
2018, Han and Cai, 2019):

Vy = zﬁ_o GM Gy o Py (cos(87a))— GMJ GMJ 74 cos(614) (4)

where r; is the distance between the center of the Earth and celestial body ] and 64 is the angle between the satellite
and celestial body. Among them, the periods of 674 contain the orbital period of satellite and the revolution periods of
the Earth or celestial body. 7 and 074 can be calculated by the satellite ephemeris and solar system ephemeris
(Folkner et al., 2008). Combining the first term of (4) with the latter terms, the simplified form of (4) can be described
as:

n=2

v;=N GM G 1 Py (cos(814)) (5)

In the solar system, the gravitational potentials of the sun and moon are the largest for the satellites near the Earth,
except for the Earth (Soffel et al., 2003, Han et al., 2021). Thus, (1) can be written as:

‘%:1—&[2 + D2 4 R+(Vs + Vi) (6)

where Vg and Vy are the tidal generating potentials of the sun and moon, R is the second part of (2), which describes
the nonspherical gravitational potential of the Earth. Then, the integral form of the second-order expansion of (6) can
be written as:

TA — Tag =t —tg + At, (7)

where At, represents the additional clock offsets caused by relativistic effects and can be written as:

ftf,[% GME + Ja GME 2( cos® pg — %)_'_G:;:S i( cos? QSA__) GTI;JMM 1(30052 9MA——)]dt

The analytical expression of (8) is difficult to derive, but the numerical expression of (8) can be simply calculated by

(9):

- (9)
U
= _% Zg’:lto)/ h h( At +(i+0.5)h) n GMjz

2 T A(to+(i+0.5)h)

Ry (i+05)m) T V(o +@ro5m) + VM(t0+(i+0.5)h))

where h is the integration step, which is set to 60s. For MEO and IGSO satellites, relativistic corrections can be
computed with accuracies exceeding 1.0E-18s/s.
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2.2. Characteristic of GNSS conventional relativistic correction model errors
Because the velocity term and geocentric potential term play a leading role in (6), the effects of the last three terms of

(6) are currently ignored when GNSSs consider relativistic correction (Kouba 2004). After replacing the coordinates and
velocity with osculating orbital elements, the main terms of (8) can be written as:

%[T GME]dt [ }dt—i—e—'aGcosEdE (10)

1
c

where a is the semimajor axis, e is the eccentricity, and F is the eccentric anomaly. If the orbit without perturbation,

the integral form of (10) can be written as:

fo 5[5+ 2 at= 1L ]t —to)+ ™ oe2sin B (1

- =

2
-3 [a]e- on7

For the BDS-3 satellite, the first term of (11) is considered to be constant and is corrected before the launch of a
satellite into working orbit. The variation of the second term is caused by the eccentricity and eccentric anomaly, so the
second term of (10) is called as the relativistic eccentricity correction at the earlier time (N. Ashby, 2003). For GNSSs,
probably because the relativistic eccentricity correction is widely adopted by the GNSS to correct clock signals, it also is
called as GNSS conventional relativistic correction (Kouba, 2002, Kouba, 2019; IERS2010). However, due to all kinds of
perturbations, the variations in the orbital elements can be 1.0E-3 times the mean orbital elements (Kozai, 1959).
Moreover, solar and lunar effects are not considered in GNSS conventional relativistic corrections. Contributions of the
higher-order relativistic terms in the expansion of the geopotential and the Earth’s tidal potential have been discussed
and measured in the Galileo satellites in eccentric orbit (Delva et al., 2015, Delva et al., 2018, Hermann, et al., 2018).
While previous works have already discussed and improved the relativity correction model, whether the GNSS
conventional relativistic correction errors can be detected by the BDS clock offsets is still worth studying. The GNSS
conventional relativistic correction error can be calculated as:

Ere" = At, — At, (12)

- =
Where At, = 2z ‘;2 Y4 is the GNSS conventional relativistic correction, Er " is the GNSS conventional relativistic

correction error. From the (8) and orbit theory, the cos2 0—1, —cos2 Ora — 1, cos2 0g4 — 1 are not only explicit in

the (8), they but also are implicit in # 4. Therefore, there are at least three kinds of period terms in the high-accuracy
relativistic correction, which are respectively relative to 26(approximately half of the orbital period), 26,74 and 20g4
(approximately half of the lunar revolution period at about 14days and half of the Earth's revolution cycle at about
182days).It is worth mentioning that earlier studies already derived the approximate analytical solution of relativity
effects caused by the J2 term, and some studies further find it is in good agreement with Galileo satellite clock signals.
(Kouba, 2021, Formichella et al., 2021).

Based on the broadcast ephemeris of BDS-3 (beginning with January 1st, 2020), the sequence of GNSS conventional
correction errors can be calculated by (8). The above three kinds of periodic signals of relativity correction in MEO and
IGSO can be extracted by linear or quadratic fitting residuals of the error sequence, which are shown in Fig. 1 and Fig. 2
respectively. For BDS-3 MEO (C26), the amplitude of half-year, half-month, half-orbit periodic error can respectively
reach 1.4, 0.3, and 0.07ns, respectively. For BDS-3 IGSO (C38), after the 160days, GNSS conventional relativistic error for
IGSO platforms can reach 340ns (top panel), and the frequency drift is approximately 2.0E-21s/s2. The reason for this
frequency drift is suspected to be the long-period variation in the IGSO semimajor axis caused by the orbital resonance

of the tesseral harmonics generated by perturbations of the Earth (Liu, 19774, Liu, 1977b). This means that a linear
polynomial is not suited to describe and predict long-term IGSO clock offsets under GNSS conventional relativistic
corrections. After deducting the long-term errors, the amplitude of half-month periodic error can reach 0.40ns (third
panel), and the amplitude of half-orbit periodic error can reach 0.08ns (bottom panel).
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Fig. 1. Fitting residuals of the GNSS conventional relativistic correction errors for a BDS-3 MEO satellite (C26). The
sequences are obtained by linear fitting of the GNSS relativistic error in different time scale.
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Fig. 2. Fitting residuals of the GNSS conventional relativistic correction errors for a BDS-3 IGSO satellite (C38). The
sequence of the top panel is obtained by linear fitting of the GNSS relativistic errors. Others are obtained by quadratic
fitting model.

The blue lines in Fig. 3 represent the frequency stability of the white noise with STD of 0.01ns. Based on the blue line,
the red and orange lines represent the effects of GNSS conventional relativistic errors on the frequency stability of BDS-
3 MEO and BDS-3 IGSO satellites. Fig. 3 clearly demonstrates that the frequency instability of both MEO and IGSO
satellites increases gradually when the interval exceeds 10000s. The periodic signal in the GNSS conventional
relativistic errors is like an approximate sinusoid. Then many bumps in the frequency stability are caused by the
superposition of the approximate sinusoid signals on the white noise (Carson and Haljasmaa 2015). For MEO platforms,
the effects of relativistic errors on the frequency stability can reach 1.33E-14 at an interval of approximately 10000s
and 1.78E-15 at an interval of approximately 1day (81000s). For IGSO platforms, the effects of relativistic errors on the
Hadamard deviation can reach 6.37E-15 at an interval of approximately 10000s and 2.15E-15 at an interval of
approximately 1day. Notably, due to the frequency drift caused by the longer long-period terms of the errors (Liu,
19774, Liu, 1977b), the Allan deviation of relativistic errors on IGSO satellites increases obviously at intervals higher
than 10000s. The frequency instability of the bumps within a few days is greater than the frequency instability of the
BDS-3 onboard clock (Shuai et al., 2021, Mei et al., 2021). It means that the GNSS conventional relativistic errors will
deteriorate the evaluation of the BDS-3 onboard atomic clocks.
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Fig. 3. Frequency stability of GNSS conventional relativistic correction errors. The blue lines, yellow lines, and the red
lines are the frequency stability of 0.01 ns white noise sequence and the frequency stability of the sequence with GNSS
conventional relativistic correction errors for MEO and IGSO.

The GNSS conventional relativistic errors will also affect the prediction ability of clock offsets between high-
performance clocks. Similarly, we introduce Er " in (12) on 0.01ns white noise to analyze the theoretical influence of
the GNSS relativistic conventional model error on the atomic clock prediction. Results of BDS-3 IGSO and MEO are
plotted in Fig. 4. In the prediction, the predicted data are generated by the low order polynomial model and guaranteed
to be of the same duration as the fitting data. Fig. 4 suggests that if a linear model (adopted by PHMs) is used for the
prediction, the maximum 95% predicted error within a day can reach 0.25ns and 0.31ns for MEO and IGSO satellites,
respectively. The influences of the 95% 1h and 2h predicted errors on BDS-3 MEO platforms can reach 0.08 ns and
0.15ns, and the corresponding influences on BDS-3 IGSO platforms can reach 0.02ns and 0.06ns. If a quadratic model
(adopted by RAFSs) is used for prediction, the maximum 95% predicted error over the course of a day can reach 0.25ns
and 0.31ns for MEO and IGSO satellites. Likewise, the influences of the 95% 1h and 2h predicted errors on BDS-3 MEO
platforms can reach 0.05ns and 0.15ns, and the corresponding influences on BDS-3 IGSO platforms (C38) can reach
0.05ns and 0.04ns.
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Fig. 4. Daily prediction ability of GNSS conventional relativistic correction errors.

3. BDS-3 high-accuracy intersatellite clock offsets estimated method

BDS-3 satellites are equipped with Ka-band facilities to circumvent the lack of globally distributed ground observation
stations. Ka-band ISL facilities enable dual time-division multiple access (TDMA) one-way measurements, meaning
that one satellite can establish connections with different satellites at different times within a connectivity cycle (60s).
Based on the corresponding ISLs, the Ka-band two-way intersatellite clock offsets can be directly calculated as:

pAB(tU)_pBA(tO)_’E)AB_I_%)BA‘ rSend _rRev rend_Rev ApAE—ApBA (13)
cl kBA (t0)= 2c - 2¢ + 2c - 2¢

where ¢ is the target epoch described by TCG; el kg4 (tp) denotes the apparent clock offsets between satellites A and B
(referred to as the Ka-band two-way intersatellite apparent clock offsets in the remainder of this paper); pga (t9) and
pap(to) are the measurement values reduced from different times to the target epoch (details regarding the reduction
method can be found in Tang et al.2018); 1-—{ 4B and E) B4 are the relative coordinate vectors between satellites A and
B; c is the speed of light; Ti'end and ‘rge"d are the send delays of satellites A and B, respectively; Tfm’ and r};‘“ are the
receive delays of satellites A and B (the time delay can be solved using the method of Pan et al.); and Ap&E and ApB4
are the correction errors, including phase center corrections and time bias corrections (to describe apparent clock

offsets, the relativistic delay is deliberately ignored here).

Within a connectivity cycle, approximately 300 Ka-band two-way intersatellite clock offsets can be estimated by (13).
While only some of these offsets are needed to achieve time synchronization between all satellites, redundant clock
offsets can be valuable for further estimating the intersatellite clock offsets with higher accuracy via indirect
adjustment. The intersatellite clock offsets estimated by indirect adjustment are referred to as Ka-band estimated
intersatellite clock offsets or high-accuracy intersatellite apparent clock offsets in this paper. The clock offsets
estimated by this approach in BDS-3 are called Ka-band two-way estimated intersatellite clock offsets.

The intersatellite clock offsets of C39-C40 (IGSO-IGSO), C39-C19 (MEO-IGSO), C29-C27 (MEO on the same orbital
plane), and C19-C23 (MEO on different orbital planes) are taken as examples. After applying GNSS conventional
relativistic corrections and detrending the same trend, the Ka-band two-way estimated clock offsets and ODTS precise
intersatellite clock offsets provided by the German Research Centre for Geosciences (GFZ) Multi-GNSS Experiment
(MGEX) are compared in Fig. 5 (Deng et al., 2022). Wherein the pink lines describe the direct Ka-band intersatellite
clock offsets, the blue lines describe the Ka-band estimated intersatellite clock offsets, and the green lines describe the
GFZ intersatellite clock offsets. Despite compared to the GFZ intersatellite clock offsets, the Ka-band intersatellite clock
offsets contain larger noise levels, the Ka-band two-way intersatellite clock offsets exhibit weaker orbital fluctuations,
especially for IGSO satellites. More details and advantages can refer to Yang et al.2022.
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Fig. 5. Clock offset comparison among Ka-band two-way estimated intersatellite clock offsets, Ka-band two-way
intersatellite clock offsets, and GFZ ODTS intersatellite clock offsets. All of them are only corrected by GNSS
conventional relativistic correction.

While the Ka-band inter-satellite estimated clock offsets are affected by the magnetic field, temperature, and
illumination of the sun. The above results indicate that the Ka-band two-way intersatellite clock offsets retain the
advantages of the direct ISL comparison, being free of orbital errors and having smaller measurement errors and
suffering from less noise by adjusting redundant clock offsets. This means that the Ka-band estimated intersatellite
clock offsets are more accurate, at least on the 1-day timescale.

4, Effects in BDS-3 intersatellite clock offsets

Fig. 6and Fig. 7 describe the typical intersatellite fitting residuals of intersatellite clock offsets under different
relativistic correction models. The blue lines are the detrended clock offsets under GNSS conventional relativistic
corrections. The red lines are the detrended GNSS conventional relativistic correction errors. The yellow lines are the
detrended clock offsets under the high-accuracy relativistic correction. Unless otherwise noted, the clock offsets
mentioned in the following are between the PHMs (BaoJun et al., 2021).
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Fig. 6. Thirty-day intersatellite clock offsets under different relativistic corrections. Blue and orange curves are the clock
offsets respectively corrected by GNSS conventional relativistic correction and high-accuracy relativistic correction. Red
curves are the periodic errors of GNSS conventional relativistic correction.
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Fig. 7. Intersatellite clock offsets under different relativistic corrections. Blue and orange curves are the clock offsets
respectively corrected by GNSS conventional relativistic correction and high-accuracy relativistic correction. Red curves
are the periodic errors of GNSS conventional relativistic correction.
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For the intersatellite clock offsets between BDS-3 satellites, the amplitude of the half-month periodic term of GNSS
conventional relativistic correction errors is determined mainly by the difference between the longitudes of the
ascending node (Q) of the two satellites. The top left panel of Fig. 6 describes the 30day fitting residual of the
intersatellite clock offsets between two IGSO satellites under different relativistic corrections. Corrected by the GNSS
conventional relativistic model, the RMS of the 30day fitting residual is 0.49ns. Further deducting the GNSS
conventional relativistic correction error reduces the RMS by approximately 10% to 0.44. top right panel of Fig. 6
describes the 30day fitting residual of clock offsets between IGSO and MEO satellites under different relativistic
corrections. Corrected by the GNSS conventional relativistic model, the RMS of the residual is 0.39ns. Furthermore,
deducting the GNSS conventional relativistic correction error reduces the RMS by approximately 28% to 0.28ns. Bottom
left panel of Fig. 6 describes the 30day fitting residual of clock offsets between two MEO satellites on different orbital
planes (different Q) under different relativistic corrections. Corrected by the GNSS conventional relativistic model, the
RMS is 1.31ns, and further deducting the GNSS conventional relativistic correction error reduces the RMS by
approximately 2.3% to 1.28ns. The bottom right panel of Fig. 6 describes the 30day fitting residual of clock offsets
between two MEO satellites on the same orbital plane. When the satellites are on the same orbital plane, they have
similar Q, and thus, their half-month periodic terms cancel each other out; therefore, the half-month periodic term has
little effect on the intersatellite clock offsets between two satellites on the same orbital plane.

The amplitude of the half-orbit periodic term of the GNSS relativistic correction error for a BDS-3 MEO satellite is
mainly relative to the true anomalies f instead of Q of the two satellites. The typical 24h fitting residuals of
intersatellite clock offsets under different GNSS relativistic corrections are plotted in Fig. 7. The top left panel of Fig. 7
describes the fitting residuals of the clock offsets between two MEO satellites with the same 2f parameter, which
means that the half-orbit periodic term errors cancel each other out, and thus, the 2f term has little effect on clock
offsets. the top middle panel of Fig. 7 describes the fitting residuals of the clock offsets between RAFS and PHM on BDS-
3 MEO platforms. Although the process noises of RAFSs dominate the fitting residuals, deducting the GNSS
conventional relativistic correction error reduces the RMS of the residuals by approximately 16% from 0.19ns to 0.14ns.
The top right panel of Fig. 7 describes the fitting residuals of the clock offsets between two IGSO satellites. After
deducting the GNSS conventional relativistic correction error, the RMS of the residuals is decreased by approximately
11% from 0.073 ns to 0.065ns. The bottom left panel of Fig. 7 describes the fitting residuals of the clock offsets between
IGSO and MEO satellites. After deducting the GNSS conventional relativistic correction error, the RMS of the residuals
decreases by approximately 39% from 0.114ns to 0.070ns. The bottom middle panel of Fig. 7 describes the fitting
residuals of the clock offsets between two MEO satellites on different orbital planes. After deducting the GNSS
conventional relativistic correction error, the RMS of the residuals is reduced by approximately 48% from 0.089ns to
0.055ns. Bottom right panel of Fig. 7 describes the fitting residuals of the clock offsets between two MEO satellites on
the same orbital plane. Deducting the GNSS conventional relativistic correction error reduces the RMS of the residual
by approximately 58% from 0.117ns to 0.050ns.

On the long-term scale, the process noises of atomic clocks dominate the fitting residuals of the intersatellite clock
offsets. Therefore, from the perspective of the long-time fitting residuals, the improvements after replacing the GNSS
conventional relativistic correction with a high-accuracy relativistic correction are not obvious. However, on the scale
from a few hours to a few days, which represents one of the most important time scales in current GNSSs, the influence
of classic relativistic errors on the fitting residual is close to 60%, indicating that the half-orbit periodic terms of GNSS
conventional relativistic correction errors seriously affect the fluctuation of the fitting residuals. Therefore, if higher-
accuracy time synchronization and higher-performance onboard atomic clocks are the targets, describing the clock
offsets under the proposed high-accuracy relativistic frame is necessary.

Frequency stability analysis is able to reflect the advantages of the high-accuracy relativistic correction model. Fig. 8
plots the representative overlapping Hadamard deviations of intersatellite clock offsets under different relativistic
corrections. The blue lines are the Hadamard deviations of intersatellite clock offsets under the GNSS conventional
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relativistic correction, whereas the red lines are the Hadamard deviations of intersatellite clock offsets under the high-
accuracy relativistic correction.
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Fig. 8. Frequency stability of intersatellite clock offsets under different relativistic corrections.. Blue and red curves are
the clock offsets respectively corrected by GNSS conventional relativistic correction and high-accuracy relativistic
correction.

Top left panel of Fig. 8 plots the frequency stability of intersatellite clock offsets between two IGSO satellites (C39-C40).
There are two obvious “bumps” at about intervals of 4/N (orbital periodicity) and 7days in the intersatellite clock
offsets corrected by the GNSS conventional relativistic correction model; however, after adopting the high-accuracy
relativistic correction model, these* bumps” disappear. The top middle panel of Fig. 8 plots the frequency stability of
intersatellite clock offsets between MEO and IGSO satellites (C39-C27). A continuous “bump” is similarly observed
within the interval from 6000s to 100000s in the intersatellite clock offsets corrected by the GNSS conventional
relativistic correction model; likewise, after adopting the high-accuracy relativistic correction model, the “bumps”
disappear. The top right and bottom left panels of Fig. 8 plot the frequency stability of intersatellite clock offsets
between two MEO satellites on the same orbital plane and on different orbital planes, respectively, revealing obvious
“bumps” at the orbital periodic interval of 4/N. Once more, after adopting the high-accuracy relativistic correction
model, the “bumps” disappear, and the Hadamard deviation becomes smoother. However, different from other panels
of Fig. 8, after applying the high-accuracy relativistic correction model, while the “bumps” mostly disappear in bottom
middle panel of Fig. 8, some smaller “bumps” remain. The reason for these smaller “bumps” (whose period is
approximately 1 orbital period) is unknown, but only under the high-accuracy relativistic frame can their mechanism
be further researched. The bottom right panel of Fig. 8 plots the frequency stability of the intersatellite clock offsets
between the RAFSs and PHMs. After deducting the GNSS relativistic correction errors, the frequency instability is
greatly decreased within the interval from a few thousand seconds to 100000s. These phenomena indicate the effects
of GNSS relativistic correction errors not only on the clock offsets between PHMs but also on the clock offsets between
RAFSs.

These analyses in the frequency domain suggest that GNSS conventional relativistic correction errors also seriously
affect the frequency stability of intersatellite clock offsets. After adopting the proposed high-accuracy relativistic
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correction model, the performance evaluation of both PHMs and RAFSs can be improved. Moreover, under the high-
accuracy relativistic framework, smaller measurement errors that otherwise remain hidden beneath GNSS
conventional relativistic errors can be detected (Delva et al. 2015). These findings further strengthen the necessity of
applying a high-accuracy relativity model in time synchronization endeavors and in the evaluation of high-
performance onboard atomic clocks.

Histograms visualizing the statistical results of the 2h predicted errors of the intersatellite clock offsets under different
relativistic corrections are given in Fig. 9, where the blue bars are the RMS 2h predicted errors under the GNSS
conventional relativistic correction model, the orange bars are the 95% predicted errors under the GNSS conventional
relativistic correction model, the red bars are the RMS 2h predicted errors under the high-accuracy relativistic
correction model, and the purple bars are the 95% errors under the high-accuracy relativistic correction model. The top
panel shows the predicted errors between RAFSs. Under the GNSS conventional relativistic correction model, the
average RMS predicted error of the intersatellite clock offsets is approximately 0.199ns, and the average 95% error is
0.403ns. Under the high-accuracy relativistic correction model, the average RMS and average 95% 2h predicted errors
can decrease by approximately 15.1% and 17.1%, respectively, to 0.169ns and 0.334ns. Likewise, the bottom panel shows
the predicted errors between PHMs. Under the GNSS conventional relativistic correction model, the average RMS
predicted error of the intersatellite clock offsets is approximately 0.183ns, and the average 95% error is 0.365ns. Under
the high-accuracy relativistic correction model, the 2h predicted errors can be reduced by approximately 14.6% and
17.5%, respectively, to 0.156ns and 0.301ns. The above results indicate that if the proposed high-accuracy relativistic
correction model is adopted to replace the GNSS conventional relativistic correction model, the accuracy of clock
offsets can be effectively improved, which will facilitate a reduction in the signal-in-space ranging error (SISRE).
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Fig. 9. Two-hour predicted errors of intersatellite clock offsets under different relativistic corrections. The blue and
orange bars are the results corrected by GNSS conventional relativistic correction. The red and purple bars are the
results corrected by high-accuracy relativistic correction.

5. Conclusion and outlook

We presented a high-accuracy relativistic correction method for GNSS time synchronization based on the relationship
between the satellite proper and coordinate times. Furthermore, based on this high-accuracy relativistic correction
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method, we analyze the characteristics of GNSS conventional relativistic correction errors. The results of various
analyses show the following:
1) GNSS conventional relativistic correction errors in BDS-3 satellites mainly include long-term errors, a half-year
periodic term (about 183days), a half-month periodic term (about 14days), and a half-orbit periodic term (about 6h
for MEO satellites and about 12h for IGSO satellites).

2) For IGSO platforms, the long-term and long periodic terms are obvious, and the frequency drift can reach 2.0E-
21s/s% The amplitude of the half-month periodic term can reach 0.4ns, and the amplitude of the half-orbit periodic
term can reach 0.08 ns. For MEO platforms, the amplitude of the half-year periodic term can reach 1.4ns, the
amplitude of the half-month periodic term can reach 0.3ns, and the amplitude of the half-orbit periodic term can
reach 0.07ns.

3) The frequency stability of the GNSS conventional relativistic correction error is approximately 1.33E-14 (about
10000s) and 1.78E-15 (about 1day).

4) GNSS conventional relativistic correction errors will deteriorate the prediction ability of onboard atomic clocks. The
95% uncertainty in the predicted GNSS conventional relativistic correction error can reach 0.25ns for MEO satellites
and 0.31ns for IGSO satellites within 1day.

Then, corrected by GNSS relativistic conventional correction, some obvious parodic terms are still found in the BDS-3
high-accuracy intersatellite clock offsets. The parodic terms are mainly caused by the more exact relativistic effects.
After adopting the high-accuracy relativistic correction model, the frequency instability obviously decreases, the 30day
fitting residual of intersatellite clock offsets can decrease from 0.39ns to 0.28ns (about 28%), and the 24-day fitting
residual of intersatellite clock offsets can decrease from 0.12ns to 0.05ns (about 60%). Further analyses demonstrate
that the average 2h 95% predicted errors of intersatellite clock offsets can decrease by approximately 17% from 0.38ns
to 0.32ns. These results, on the one hand, indicate that both PHMs and ISL observation of BDS-3 were so stable, clearly
detecting sub-daily errors of the conventional relativity correction, and in some cases, even sub-monthly ones, on the
other hand, indicate that the clock offsets products corrected by GNSS conventional relativistic correction model is not
sufficient to support BDS-3 onboard atomic clocks and time synchronization research at present. In contrast, adopting
the high-accuracy relativistic correction model is expected to facilitate improvements in the accuracy of both time
synchronization and clock offset predictions.

In the future, to improve their serviceability, both the satellites and the ground stations in GNSSs will be equipped with
higher-performance atomic clocks and higher-precision measurement equipment (Glaser et al. 2020). Moreover, low
Earth orbit (LEO) constellations, which suffer more serious relativistic effects (Larson et al., 2007, LeMaster, 2021), will
be introduced to enhance the serviceability of GNSSs (Li et al., 2019, Zeng et al., 2019). Both of them require the support
of a highly accurate relativistic framework. Therefore, if high-accuracy clock offset through prediction is a target, both
GNSS OCCs and users are advised to employ higher-accuracy relativistic correction models to correct apparent clock
offsets in the future. A feasible approach is visualized in Fig. 10. First, GNSSs could use (9) to correct apparent clock
offsets (blue lines) to obtain the parameters of the clock offsets described in proper time (red line), which is used to
make predictions and broadcasts to users (yellow lines). On the other hand, according to the broadcast ephemeris,
users could use (9) to correct the parameters of the clock offsets to obtain the predicted apparent clock offsets or make
the opposite correction in the measurements.
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Fig. 10. GNSS clock parameter generation and application under the proposed high-accuracy relativistic correction
model.

Finally, this paper only derives a numerical expression of the relativistic correction model and does not offer an
analytic solution that includes all kinds of perturbations. Previous works have already developed and discussed
relativistic analytic solution (Colmenero et al., 2021, Kouba, 2004, Ashby, 2003). But due to frequent orbital maneuvers
and long-term variation of orbit elements of BDS-3 satellite, which one of them is suitable for BDS-3 needs to be
further compared and discussed. Therefore, the work presented in this paper is just the beginning, and further work is
warranted.
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