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Lecture 1. Elements of Riemannian geometry and tensor analysis

Main mathematical objects of GRT (general relativity theory) are Riemannian four–
dimensional space and tensors. The purpose of this lecture is to remind and to recollect the
basic formulas of Riemannian geometry and tensor analysis. It might seem that for people
interested only in GRT applications there is no need in these mathematical subjects. But
the correct understanding of GRT techniques and results can be hardly achieved without
competence in these mathematical tools.

The simplest space studied in geometry is the affine space representing the set of points
and vectors governed by the laws of ordinary vector algebra. This space is homogeneous
and isotropic. In the affine n–dimensional space An a set of n linearly independent vectors
ei (i = 1, 2, . . . , n) emanating from an arbitrary point O constitutes an affine reference
basis. An arbitrary vector x emanating from point O may be decomposed on the basis
vectors

x = xiei , (1.1)

xi (i = 1, 2, . . . , n) being affine coordinates of the vector. The Einstein summation rule
(summation from 1 to n over every index occurring twice in any expression) is applied
here and everywhere in what follows. The affine (linear) transformation from one basis to
another one reads

ei′ = Ai
i′ei (1.2)

involving the corresponding transformation of the affine coordinates of a vector

xi′ = Ai′
i xi , Ak′

i Aj
k′ = δj

i (1.3)

with the Kronecker symbol

δj
i =

{
0 , i 6= j ,
1 , i = j .

(1.4)

The accented indices in (1.2), (1.3) refer to the new reference basis. It is seen that the
the affine coordinates of a vector are transformed with the aid of the transposed inverse
matrix of the generating basis transformation (1.2).

Generalization of the vectorial form may be carried out with the aid of tensors. Tensors
enable one to define operations remaining invariant under the transformation of coordi-
nates. All relations expressed in the tensorial form retain their form in any reference system
(although the components of a tensor are distinct in the different reference systems). A
tensor covariant of rank k and contravariant of rank m is defined as a collection of nk+m

quantities aj1...jm

i1...ik
given in any reference system and transforming under the basis change

(1.2) in accordance with

a
j′1...j′m
i′1...i′

k
= A

j′1
j1

...A
j′m
jm

Ai1
i′1

...Aik

i′
k
aj1...jm

i1...ik
. (1.5)

The basic tensor operations are addition, multiplication, contraction (choosing all compo-
nents for which a definite upper index is equal to a definite lower index), and change of
indices (alteration of the order of arrangement of indices of a given tensor).

1
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Euclidean n–dimensional space Rn represents the affine space An with the opera-
tion of scalar (inner) product of vectors. This product has properties of symmetry and
indegeneracy. For the vectors of some affine reference basis it reads

gij = eiej , gij = gji , g = det || gij ||6= 0 . (1.6)

Then in virtue of (1.1) the scalar product of vectors x and y, the scalar square and the
length of vector x will be

xy = gijx
iyj , x2 = gijx

ixj , | x |= (x2)1/2 . (1.7)

Under transformation (1.2) the quantities gij act as the components of a covariant tensor
of rank two. This metric tensor determines all structure of Rn at hand. For a new reference
system the components of this tensor and the determinant of the corresponding matrix
will be

gi′j′ = Ai
i′A

j
j′ gij , g′ = (det || Ai

i′ ||)2g . (1.8)

Elements gij of the inverse matrix of || gij || are the components of the contravariant metric
tensor. With the aid of gij and gij one can perform in Rn the operations of index raising
and lowering such as

xi = gijx
j , xi = xei , xi = gijxj . (1.9)

Depending on real or complex values for the scalar products of vectors Euclidean space Rn

may be real or complex. Then, the real Euclidean space can be classified as proper Eu-
clidean (x2 > 0 for all non–zero vectors) and pseudo–Euclidean where there exist the non–
zero vectors with zero, positive and negative scalar squares (x2 = 0 , > 0 , < 0). Hence, in
the pseudo–Euclidean space the length of a non–zero vector may be zero (isotropic vector),
positive or purely imaginary.

A curve in An is represented analytically as a one–parametric set xi = xi(t). The
position vector of any point of the curve, its tangent vector and the arc length from M1

to M2 are

x(t) = xi(t)ei ,
dx
dt

=
dxi

dt
ei , s =

∫ M2

M1

|dx| =
∫ t2

t1

∣∣∣∣
dx
dt

∣∣∣∣ dt (1.10)

with the differential of the arc length

ds = |dx| =
∣∣∣∣
dx
dt

∣∣∣∣ dt . (1.11)

Depending on the sign of ds2 the curves in Rn may be divided into three types as follows:

ds2 =

{
> 0 , real length curve,
< 0 , purely imaginary length curve,
= 0 , isotropic curve.

2
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In Rn one can construct an orthonormal basis characterized by n(n + 1)/2 independent
parameters. Such a basis for the pseudo–Euclidean space consists of k unit and n − k
imaginary unit vectors (0 < k < n), the space index k being the same for any reference
basis in given Rn. The spaces with the indices k and n− k are not different since all the
lengths of these spaces are distinguished by the common factor i.

For application to the theory of relativity the pseudo–Euclidean space R4 of index 1
is of primary importance. It is used mostly as R4 of index 3 with numeration 0 , 1 , 2 , 3
(instead of 1 , 2 , 3 , 4). In the orthonormal basis

e2
0 = 1 , e2

1 = e2
2 = e2

3 = −1 (1.12)

of this space the scalar square of any vector is

x2 = x02 − x12 − x22 − x32
. (1.13)

Affine transformation of the reference basis consists of rotation of the pseudo–Euclidean
plane (e0 , e1) and trivial rotation of the proper Euclidean space R3 (e1 , e2 , e3)). By
omitting here this trivial rotation one has

e0′ =
e0 + βe1

(1− β2)1/2
, e1′ =

βe0 + e1

(1− β2)1/2
, e2′ = e2 , e3′ = e3 (1.14)

involving

x0′ =
x0 − βx1

(1− β2)1/2
, x1′ =

−βx0 + x1

(1− β2)1/2
, x2′ = x2 , x3′ = x3 , (1.15)

β being a real constant such that −1 < β < 1. Affine transformation (1.15) underlies the
famous Lorentz transformation of the theory of relativity.

All preceding formulas involve only affine coordinates permitting to express all rela-
tions in An and Rn in the most simple form. But it is possible to use also the curvilinear
coordinates related with the affine ones by means of a non–singular, non–linear transfor-
mation. If xi are such curvilinear coordinates it means that at any point M of An one can
construct n coordinate lines xi (along any such line the position vector x is a function of
this coordinate alone) and the local reference basis xi formed by the tangent vectors to
the coordinate lines at the given point, i.e.

x = x(xi) , xi(M) =
dx
dxi

(M). (1.16)

Under the non–singular, non–linear transformation

xi′ = xi′(x1, ..., xn), xi = xi(x1′ , ..., xn′) (1.17)

there results a new local reference basis

xi′ =
∂xi

∂xi′ xi . (1.18)

3
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As an extension of (1.5) the components of a tensor with respect to the local basis are
transformed under (1.17) as follows:

a
j′1...j′m
i′1...i′

k
(M) =

∂xj′1

∂xj1

(M)...
∂xj′m

∂xjm

(M)
∂xi1

∂xi′1

(M)...
∂xik

∂xi′
k

(M) aj1...jm

i1...ik
(M). (1.19)

Algebraic operations are valid in curvilinear coordinates as well. But the absence of a
unified affine reference basis manifests itself in parallel transporting the vectors. Consider
at some point M(xi) of the curve xi = xi(t) a constant vector ξ = ξk(t)xk . Parallel
transport of this vector to the neighbouring point

M(xi) → M̃(xi + dxi)

results due to the change of the local basis in new coordinates ξk +dξk of this vector. From
the condition of parallel transport

dξ ≡ xkdξk + ξjdxj = 0 (1.20)

with

dxj = xijdxi , xij =
∂xj

∂xi
=

∂2x
∂xi∂xj

= Γk
ijxk (1.21)

it follows
dξk = −Γk

ijξ
jdxi , (1.22)

quantities Γk
ij symmetrical in their lower indices are called the connection coefficients

(Christoffel symbols) of the second kind. For affine coordinates xi = ei, xij = 0, and
Γk

ij = 0. Vanishing of Γk
ij is necessary and sufficient for curvilinear coordinates xi in An

to be affine. Transformation (1.17) leads to the transformation of the Christoffel symbols
as follows:

Γk′
i′j′ =

∂2xk

∂xi′∂xj′
∂xk′

∂xk
+

∂xi

∂xi′
∂xj

∂xj′
∂xk′

∂xk
Γk

ij . (1.23)

In using curvilinear coordinates the metric tensor of Rn is determined as the scalar product
of the local basis vectors

gij(M) = xi(M)xj(M) (1.24)

being the function of a point. If xi = xi(t) and x = x(x1, . . . , xn) are some curve in Rn

and a position vector of any point of this curve then

dx = xidxi , (1.25)

and the square of the differential of arc ds2 = dx2 is expressed by the metric quadratic
form

ds2 = gijdxidxj . (1.26)

Given metric tensor gij or metric form ds2, all the geometry of Rn may be determined. In
particular, it is easy to find the connection coefficients. The relations

xijxm = Γmij , Γmij = gkmΓk
ij , Γk

ij = gkmΓmij ,
∂gij

∂xk
= Γijk + Γjik (1.27)

4
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result in the connection coefficients (Christoffel symbols) of the first kind

Γmij =
1
2

(
∂gim

∂xj
+

∂gjm

∂xi
− ∂gij

∂xm

)
. (1.28)

The mathematical tools considered until now and related to Euclidean (flat) n–dimensional
space (n = 4) are adequate for SRT (special relativity theory). For GRT (general relativity
theory) one has to deal with more sophisticated tools related to Riemannian (curved) n–
dimensional space (n = 4). A Riemannian space Vn represents a manifold satisfying two
conditions: 1) there exists one–to–one map into a domain Mn of n coordinates defined up to
the transformation (1.17), and 2) for each point M of this manifold there exists a covariant
symmetrical and non–singular metric tensor gij(M) = gij(x1, . . . , xn). A tensor at point
M of Vn is defined as a set of quantities given in any reference system xi and transformed
to new coordinates with (1.19). In contrast to Rn there is no reference basis (global or
local) in Vn. But the components of tensors in Vn in coordinates xi may be interpreted
as the tensor coordinates in the tangent Euclidean space Rn relative to the local reference
basis appropriate to the coordinates xi. Vn is the proper or pseudo–Riemannian space
in the same sense as the tangent space Rn is the proper or pseudo–Euclidean. In the
pseudo–Riemannian space there exist curves of real (ds2 > 0), imaginary (ds2 < 0) and
zero (ds2 = 0) length. Euclidean space Rn may be regarded as the particular case of Vn

admitting such coordinates (affine) for which components gij are constant for the whole
space (reducible to 0,±1).

Under the transformation (1.17) the determinant g = ||gij || will be

g′ =
(

det
∣∣∣∣
∣∣∣∣
∂xi

∂xi′

∣∣∣∣
∣∣∣∣
)2

g , (1.29)

so that the n– dimensional integral taken over some domain Ω

W =
∫

Ω

√
| g |dx1...dxn (1.30)

is invariant under the transformation (1.17) determining the volume of domain Ω in curvi-
linear coordinates in Rn and in Vn.

In Rn it is possible to introduce such coordinates (affine) that the connection coeffi-
cients Γk

ij vanish in the whole domain at hand. For Vn it is possible for Γk
ij to vanish at

any given point M . Coordinates satisfying this condition are called geodesic. Equations
determining the geodesic coordinates xi′ in terms of xi follow just from (1.23)

∂2xm′

∂xi∂xj
(M) = Γk

ij(M)
∂xm′

∂xk
(M). (1.31)

These equations may be satisfied by putting

xm′
= am′

i (xi − xi
M ) + 1

2am′
k Γk

ij(M)(xi − xi
M )(xj − xj

M ) (1.32)

5
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with non–singular constant matrix ||am′
i ||, xi

M being the coordinates of point M .
Parallel transport of vectors in Vn formally coincides with the corresponding operation

(1.22) in curvilinear coordinates in Rn. But in contrast to Rn the parallel transport in Vn

depends generally on the path.
Parallel transport is closely related to absolute differentiation, the most important

operation of tensor analysis. Consider a tensor aj1...jm

i1...ik
(t) at some point of the curve

xi = xi(t). At an infinitesimally close point this tensor has value aj1...jm

i1...ik
(t+ dt). However,

these tensors are related to different local reference bases and cannot be compared directly,
their difference being approximately equal to the non–tensorial differential daj1...jm

i1...ik
(t).

Denoting by ãj1...jm

i1...ik
(t) the tensor resulting from the parallel transport of aj1...jm

i1...ik
(t+dt) to

point t one has approximately

aj1...jm

i1...ik
(t + dt)− aj1...jm

i1...ik
(t) ≈ daj1...jm

i1...ik
(t), ãj1...jm

i1...ik
(t)− aj1...jm

i1...ik
(t) ≈ Daj1...jm

i1...ik
(t), (1.33)

D standing for the absolute differential leading to a tensor of the same structure as the
initial one. For vectors there results

Dak = dak + Γk
ija

jdxi , Daj = daj − Γk
ijakdxi . (1.34)

Generalizing these relations for a tensor of arbitrary structure one has

Daj1...jm

i1...ik
=daj1...jm

i1...ik
+

(
Γj1

rsa
sj2...jm

i1...ik
+ ... + Γjm

rs a
j1...jm−1s
i1...ik

−

− Γs
ri1a

j1...jm

si2...ik
− ...− Γs

rik
aj1...jm

i1...ik−1s

)
dxr . (1.35)

Hence, under parallel transport of a tensor its absolute differential vanishes. Formula
(1.35) may be rewritten in the form

Daj1...jm

i1...ik
= ∇ra

j1...jm

i1...ik
dxr . (1.36)

The quantity ∇ra
j1...jm

i1...ik
(t), denoted often as aj1...jm

i1...ik;r(t) represents the tensor with an extra
lower index and is called the absolute or covariant derivative. For scalars and vectors one
has respectively

∇ra =
∂a

∂xr
, ∇ra

k =
∂ak

∂xr
+ Γk

rsa
s , ∇rak =

∂ak

∂xr
− Γs

rkas . (1.37)

By virtue of the definition of the Christoffel symbols one gets

∇kgij = ∇kgij = ∇kδi
j = 0 . (1.38)

A curve xi = xi(t) in Vn is called geodesic if any vector ξk = ξk(t) tangent to it at some
point remains tangent in parallel transport along it. By virtue of the collinearity of tangent
vectors one has

dxk

dt
= α(t)ξk(t), dλ = α(t)dt (1.39)

6
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with the scalar factor α(t) dependent on a point of the curve. By means of (1.22) the
differential equations of the geodesic line referred to the canonical parameter λ such that
dλ = α(t)dt will be

d
dxk

dλ
= −Γk

ij

dxj

dλ
dxi , D

dxk

dλ
≡ d2xk

dλ2
+ Γk

ij

dxi

dλ

dxj

dλ
= 0 . (1.40)

Since a parallel transported vector retains its length one has along the geodesic

gij
dxi

dλ

dxj

dλ
= C (1.41)

with a constant

C =





1, λ = s (geodesic of real length),
−1, λ = s/ i (geodesic of imaginary length),

0, (isotropic geodesic).

The isotropic geodesic referred to an arbitrary parameter t = t(λ) is determined in accor-
dance with (1.40) and (1.41) by the equations

d2xk

dt2
+ Γk

ij

dxi

dt

dxj

dt
= − d2t

dλ2

(
dt

dλ

)−2
dxk

dt
, gij

dxi

dt

dxj

dt
= 0 . (1.42)

The equations for the non–isotropic geodesic may be obtained from the variational principle

δ

∫
ds = 0 . (1.43)

Indeed, from (1.43) one gets

ds =
√

fdλ , f = gij
dxi

dλ

dxj

dλ
,

d

dλ

∂
√

f

∂(dxi/dλ)
− ∂

√
f

∂xi
= 0 (1.44)

and finally
d2xk

dλ2
+ Γk

ij

dxi

dλ

dxj

dλ
=

1
2

d ln f

dλ

dxk

dλ
(1.45)

generalizing (1.40) for an arbitrary (non–canonical) parameter λ , e.g. in choosing λ among
coordinates xi.

Principle (1.43) gives Lagrangian
√

f in irrational form. There exists also the varia-
tional principle in rational form (including isotropic geodesics)

δ

∫
f dλ = 0 , f =

(
ds

dλ

)2

. (1.46)

If a curve is not geodesic then a vector tangent to it at some point does not remain tangent
in parallel transport along this curve. Transport which enables a vector ξk to remain

7
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tangent for any real curve xi = xi(s) is called Fermi–Walker transport. This transport is
determined by the equations

Dξi

ds
= W ijξj , W ij = Aiuj −Ajui (1.47)

with

ui =
dxi

ds
, Ai =

Dui

ds
, uiu

i = 1 , uiA
i = 0 . (1.48)

If ξi , ηi are two vectors satisfying the Fermi–Walker transport then

D

ds
(ξiη

i) = 0 (1.49)

demonstrating that the Fermi–Walker transport preserves the scalar products of vectors
and hence the angles between vectors and their lengths.

All operations with absolute differentials and derivatives of the first order are per-
formed in the same manner as with ordinary differentials and derivatives. But even for
the absolute differentials and derivatives of the second order this is not true. If D , d are
operations of absolute and ordinary differentiation in displacement from a given point xi

along some definite direction and derivatives D̃ , d̃ are analogous operators in displacement
along some other direction, then from (1.34) there results

D̃Daj −DD̃aj = −R...j
kmi.a

id̃xkdxm , D̃Dai −DD̃ai = R...j
kmi.aj d̃xkdxm (1.50)

with the curvature (Riemann–Christoffel) tensor

R...j
kmi. =

∂Γj
ki

∂xm
+ Γj

mnΓn
ki −

∂Γj
mi

∂xk
− Γj

knΓn
mi , R...j

mki. = −R...j
kmi. . (1.51)

In terms of absolute derivatives the relations (1.50) may be rewritten

(∇k∇m −∇m∇k)aj = −R...j
kmi.a

i , (∇k∇m −∇m∇k)ai = R...j
kmi.aj . (1.52)

The curvature tensor satisfies the Ricci identities

R...j
kmi. + R...j

mik. + R...j
ikm. = 0 (1.53)

and the Bianchi identities

∇kR...j
mni. +∇mR...j

nki. +∇nR...j
kmi. = 0 . (1.54)

By lowering an upper index one obtains the covariant curvature tensor

Rkmij = gjnR...n
kmi. = 1

2 (gkj,mi + gmi,kj − gmj,ki − gki,mj) + gpq(Γ
p
kjΓ

q
mi − Γp

mjΓ
q
ki) . (1.55)
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The covariant curvature tensor satisfies the relations

Rijkm = Rkmij , Rmkij = −Rkmij , Rkmji = −Rkmij (1.56)

and the Ricci identities take the form

Rkmij + Rmikj + Rikmj = 0 (1.57)

admitting cyclic permutation of any three indices. The number of the significantly different
components of the curvature tensor in Vn reduces from n4 to n2(n2 − 1)/12. Along with
tensor (1.55) one obtains on the basis of the curvature tensor the symmetrical Ricci tensor

Rij = R...k
kij. = gkmRkjim (1.58)

and the scalar curvature
R = gijRij . (1.59)

In particular, the curvature tensor determines the behaviour of close geodesics in Vn. For
a one–parametric set of curves xi = xi(t , p) with parameter p one has from (1.34)

Dui

dp
=

Dqi

dt
,

D2qi

dt2
=

D

dp

Dui

dt
+ R...i

kmj.u
mujqk , (1.60)

where ui = ∂xi/∂t represents a vector tangent to the reference curve of the set and
qi = ∂xi/∂p represents a vector characterizing the deviation from the reference curve.
Deviation of curves is determined by the infinitesimal vector ηi = qidp. For the canonical
parameter t = λ the final equations of the deviation of the geodesics take the form

D2ηi

dλ2
= R...i

kmj.u
mujηk . (1.61)

Definitions and generally all exposition techniques employed here are based on the textbook
by Rashevsky (1953).
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Lecture 2. Elements of the special relativity theory

One of the greatest scientific achievements to open the 20th century was the creation of
special relativity theory (SRT) by Albert Einstein in 1905. Nowadays, it is even difficult to
imagine the astonishment and admiration of the scientific community caused by SRT. In
its further development the 20th century involved so much novelty into human life (both
positively and negatively), that people seemed to have lost the capability to be surprised
by anything. But, in the beginning of the 20th century, SRT and the resulting revolu-
tionary change of the physical description of the world was met by mankind in a quite
adequate manner. Indeed, for two preceding centuries Newtonian mechanics and Newto-
nian gravitation theory have successfully advanced in the description of the observed world
phenomena and prediction of observable effects (it is sufficient to remind the triumph of
celestial mechanics when Neptune got discovered based on analysis of the relevant pertur-
bations in motion of Uranus). Therefore, the concepts of Newtonian physics seemed to be
quite true. These concepts were:

1) the absolute (homogeneous) time – one and the same regardless of the reference
system (RS) of its actual measuring. In particular, the time interval between two events
is the same in any RS. One may intuitively consider RS as a laboratory equipped by clock
and some devices to measure linear quantities (a local physical RS) or angular distances
in the background of fixed celestial reference objects (a global astronomical RS);

2) the absolute space described by three–dimensional Euclidean geometry. This space
is maxi–homogeneous (no privileged points) and maxi–isotropic (no privileged directions).
In particular, the distance between two points is the same regardless of RS of its actual
measuring;

3) the laws of Newtonian mechanics. The first one of them is the inertia law. A RS
where this law is valid is called inertial RS. Any RS moving uniformly and rectilinearly
with respect to a given inertial RS also represents an inertial RS. The laws of Newtonian
mechanics are valid in any inertial RS resulting in the Galileo principle of relativity. Math-
ematically this principle is provided by the invariance of the equations of Newtonian me-
chanics under the Galileo transformations describing the transfer in the three dimensional
Euclidean space between two inertial reference systems. The above-mentioned properties
of absolute time (homogeneity) and absolute space (homogeneity and isotropy) are related
just to inertial systems;

4) the Newton law of universal gravitation. In developing Newtonian gravitation
theory (NGT) this law has become into use in the alternative form as well, i.e. as the
Newtonian gravitational field of material bodies.

Newton law of universal gravitation and Newtonian mechanics, within the concepts
of absolute time and absolute space, were completely sufficient to satisfy scientific and
technical demands of human society during two centuries. The first difficulties were met in
the middle of 19th century while attempting to represent experimental data of electrody-
namics and optics of moving bodies (Maxwell theory of electromagnetism and wave theory
of light). Retaining the concepts of 1) homogeneity of space and time and 2) isotropy of
space, these experimental data caused the crisis of Newtonian mechanics in the beginning
of the 20th century and resulted in two new statements: 3) the principle of special relativ-
ity (invariance of the laws of nature in all inertial reference systems) and 4) the postulate
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of the constancy of light velocity (the speed of light c in vacuum is constant having the
same magnitude in all inertial reference systems). The first two statements are common
for Newtonian mechanics and SRT. The last two statements, specific of SRT of Albert
Einstein and formulated in his famous paper ‘On the electrodynamics of moving bodies’
were published in September 1905, in the journal ‘Annalen der Physik’.

Let S(t, x, y, z) and S′(t′, x′, y′, z′) be two inertial systems, S′ being in motion rel-
ative to S with constant velocity v. The Galileo transformation S → S′ reads

t′ = t , r′ = r− vt . (2.1)

Adoption of the special principle of relativity and the postulate of the constancy of the
velocity of light has radically changed Newtonian conceptions on space and time. The
set of four statements indicated above results in the invariability for any two events
M1(ct1, x1, y1, z1) and M2(ct2, x2, y2, z2) the square of length of the 4–vector M1M2 (the
square of the space–time interval between two events)

(M1M2)2 = c2(t2 − t1)2 − (x2 − x1)2 − (y2 − y1)2 − (z2 − z1)2. (2.2)

For infinitesimal events this means the invariability of

ds2 = c2dt2 − dx2 − dy2 − dz2 . (2.3)

From this it follows that the SRT space–time is described by geometry of the four–
dimensional pseudo–Euclidean space of index 1. Transformation between different inertial
systems thus reduces to the transformation of the orthonormal reference bases. In the
general case for n = 4 this transformation depends on n(n + 1)/2 = 10 parameters. Four
of them are due to the possibility of arbitrary choice of the initial point (homogeneity of
space and time). Three parameters enable one to perform arbitrary rotation of the spa-
tial axes (isotropy of space). The remaining three parameters are the components of the
translatory velocity of one inertial system with respect to another one. Within the trivial
transformation of translation and rotation, for the particular case of coinciding axes of S
and S′ and motion along the x–axis with constant velocity v = βc (v2 < c2) this change
reduces by (1.15) to the famous Lorentz transformation

t′ =
t− c−2vx

(1− v2/c2)1/2
, x′ =

−vt + x

(1− v2/c2)1/2
, y′ = y , z′ = z . (2.4)

A more general six–parameter Lorentz transformation valid for arbitrary direction of the
translatory velocity v and including the rotation of the spatial axes has the form

t′ =
t− c−2(vr)

(1− v2/c2)1/2
, (2.5)

Tr′ = r +
[(

1
(1− v2/c2)1/2

− 1
)

vr
v2
− t

(1− v2/c2)1/2

]
v , (2.6)
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T being the orthogonal 3 × 3 rotation matrix. In the absence of rotation, T is replaced
by the unit matrix E. In the limit c → ∞ the Lorentz transformation reduces to the
Galileo transformation. The inverse transformation from S′ to S is determined by the
same formulas by replacing T → T−1 , t ↔ t′ , r ↔ r′ , v → v′ , v′ being the velocity of
S relative to S′ satisfying the relations

Tv′ = −v , v′ = |v′| = v = |v| . (2.7)

The Lorentz transformations represent the affine transformations of R4 and assume
a specific class of reference systems, i.e. inertial systems (reflected in the name ‘special
relativity theory’). They involve a set of kinematical consequences to demonstrate the
relativity of the space–time observational data in dependence of RS of actual measurement.
The most important consequences are as follows:

1) Contraction of the linear sizes of the moving bodies.
The proper length of a body, i.e. the result of the length measurement of the body in the
RS where the body is at rest is greater than the result of its length measurement in the
RS where the body is in motion. For a particular case considered by (2.4) the length d of
a material rod at rest in S′ (its proper length) and its coordinate length d′ in S are related
by

d =
d′

(1− v2/c2)1/2
, d = x′2 − x′1 , d′ = x2 − x1 . (2.8)

2) Relativity of simultaneity.
Two events simultaneous with respect to the clock readings of some RS and occurring in
different spatial points of this system are not simultaneous with respect to another RS
moving relative the first RS. Moreover, if in some RS the time interval between two events
is less than the time needed for light to pass the distance between them (in accordance
with SRT no interaction can propagate with a velocity greater than the light velocity)
then their consecutive order can be different in different systems admitting the existence
of a system where such events are simultaneous. On the other hand, if two events are such
that the time interval between them is greater than the time needed for light to pass the
distance between them then their consecutive order remains the same in any RS and there
exists a RS where these events occur in the same spatial point. Indeed, for two events M1

and M2 in accordance with (2.4) one has

t′2 − t′1 =
t2 − t1 − c−2v(x2 − x1)

(1− v2/c2)1/2
. (2.9)

Dependent on the sign of the four–dimensional interval (2.2) one has two cases of quasi-
simultaneous events or consequtive events described above

(M1M2)2 =
{

< 0 , spacelike interval, possibility of t′1 = t′2 ,
> 0 , timelike interval, possibility of x′1 = x′2 .
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3) Retardation of a moving clock.
The time interval τ measured by a clock at rest in the given RS (proper time of RS) is
less compared with its coordinate time T for a clock moving in the given RS. For a clock
at rest in system S′ one has be means of the inverse Lorentz transformation

τ = (1− v2/c2)1/2T , τ = t′2 − t′1 , T = t2 − t1 . (2.10)

4) Relativistic addition of velocities.
The law of velocity addition in SRT differs significantly from the simple algebraic addition
of velocities of Newtonian mechanics. This law involves new effects as compared with
Newtonian mechanics. For example, if there are three inertial systems such that the second
system is in translatory rectilinear motion with respect to the first one (no rotation) while
the third system moves in the same way with respect to the second one (no rotation) then
the spatial axes of the third system turn out to rotate with respect to the spatial axes of
the first system (Thomas precession).

Consider a moving point having velocities u = dr/dt and u′ = dr′/dt′ in systems S
and S′, respectively. Let systems S and S′ be related by the Lorentz transformation (2.5),
(2.6) without rotation, i.e. T = E. By applying the inverse Lorentz transformation in
terms of differentials of t, t′, r, r′ one has the addition formula

u =
(1− v2/c2)1/2

1 + c−2(vu′)

{
u′ +

[(
1

(1− v2/c2)1/2
− 1

)
vu′

v2
+

1
(1− v2/c2)1/2

]
v

}
. (2.11)

For the particular case of collinear velocities this involves the Einstein formula

u =
u′ + v

1 + c−2vu′
, (u′ ‖ v). (2.12)

Due to the non–commutability of the Lorentz transformation the velocities v and u′ en-
ter into (2.11) non–symmetrically (unless they are parallel directed). But the absolute
magnitude of u is commutative since as resulted from (2.11)

u2 =
(u′ + v)2 − c−2|v× u′|2

(1 + c−2vu′)2
. (2.13)

Formula (2.11) enables one to solve a set of problems of motion in SRT. For example, let
us find the relative velocity of two particles having in some system S′ velocities v1 and
v2, respectively. Evidently, the velocity of the second particle relative to the first one
represents the velocity of the second particle in a system S in which the first particle is at
rest. Hence, S moves relative to S′ with velocity v1. Putting in (2.11) v = −v1, u′ = v2

one finds the needed velocity u. Assuming that the particles move with close velocities,
v2 = v1 + dv, one finds from (2.13) the square of the relative velocity

ds2 ≡ u2 =
(1− v2/c2)dv2 + c−2(vdv)2

(1− v2/c2)2
, (v ≡ v1) (2.14)
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where, for the sake of convenience, v1 is designated by v. The space with such metric is
called Lobachevsky space.

Another important application of (2.11) is to derive the above mentioned Thomas
precession. One may regard a point at hand (moving with velocities u and u′ in S and
S′, respectively) as being at rest in some inertial system S′′ defined by coordinates t′′, r′′.
Denoting the Lorentz transformation without rotation by a double arrow (⇒) we have

S ⇒ S′(v), S′ ⇒ S′′(u′), S → S′′(u)

with the inverse transformations

S′ ⇒ S(−v), S′′ ⇒ S′(−u′), S′′ → S(u′′),

u′′ being the velocity of S relative to S′′. In accordance with (2.7)

Tu′′ = −u (2.15)

with the spatial rotation matrix T of the general–case Lorentz transformation S → S′′.
The velocity u is expressed in terms of v and u′ by (2.11). The velocity u′′ is expressed
by the same formula replacing v and u′ by −u′ and −v, respectively. If u′ is infinitesimal
then within the terms of the first order in | u′| by applying (2.11) to (u,v,u′) and to
(u′′,−u′,−v) one gets

u = v + dv , dv = (1− v2/c2)1/2

[
u′ +

(
(1− v2/c2)1/2 − 1

)
(vu′)

v2
v
]
, (2.16)

u′′ = −[v + u′ − c−2(vu′)v]. (2.17)

Using the relation
vdv = (1− v2/c2)(vu′) (2.18)

resulting from (2.16) one can present (2.17) in the form

u′′ = −v− dv +
(

1
(1− v2/c2)1/2

− 1
)

1
v2

[v× (v× dv)]. (2.19)

Comparison with (2.15) shows that rotation T of the resulting transformation from S to
S′′ represents the infinitesimal rotation around vector Ω by angle | Ω|

Tr = r + (Ω× r), (2.20)

Ω = − 1
v2

[(1− v2/c2)−1/2 − 1](v× dv). (2.21)

Let a particle moving in system S be a gyroscope. If the velocity of the particle at moment
t is v then for moment t + dt this velocity will be u = v + dv, dv = v̇dt. S′ and S′′ are
in this case the inertial rest systems of the particle at moments t and t + dt, respectively.
The direction of rotation of the gyroscope at moment t in S′ coincides with its direction
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at moment t + dt in S′′ provided that there is no external angular momentum. According
to (2.20) the axis of gyroscope in S undergoes precession with angular velocity

ω = − 1
v2

[(1− v2/c2)−1/2 − 1](v× v̇). (2.22)

This effect is called the Thomas precession.
5) Aberration of light.

Aberration of light and Doppler effect are kinematical effects treated in SRT more accu-
rately as compared with Newtonian physics.

Directions towards one and the same star as measured in two different reference sys-
tems differ from one another by aberration. Returning to (2.11) let u and u′ be velocities
of a light photon in S and S′. Since the speed of light is the same in any system we have
u = cp, u′ = cp′, p, p′ being the unit vectors characterizing the direction of light. The
relation between p and p′ follows from (2.11)

p =
(1− v2/c2)1/2

1 + c−1(vp′)

{
p′ +

[
1

(1− v2/c2)1/2
− 1

]
(vp′)

v2
v +

1
c(1− v2/c2)1/2

v

}
. (2.23)

Inverting this formula one gets

p′ =
(1− v2/c2)1/2

1− c−1(vp)

{
p +

[
1

(1− v2/c2)1/2
− 1

]
(vp)
v2

v− 1
c(1− v2/c2)1/2

v

}
(2.24)

with a checking relation

1 + c−1(vp′)
(1− v2/c2)1/2

=
(1− v2/c2)1/2

1− c−1(vp)
. (2.25)

Different particular cases of SRT aberration formula may be obtained from (2.23) or (2.24).
The terms of the first order with respect to v/c describe the Newtonian aberration of light.

6) Doppler effect
Doppler effect reveals as a difference between the proper frequency ∆t′ of a light emission
at the spatial origin of S′ (r′ = 0) and its registered frequency ∆t∗ in S. If the time of the
light emission is t then the time of the light registration will be

t∗ = t +
r(t)
c

, (2.26)

r(t) being the distance between the emitter and the receiver. It involves the relation
between the frequencies

∆t∗ =
(
1 +

vr

c

)
∆t , vr =

dr

dt
(2.27)

6

17/177



with radial velocity vr. The inverse Lorentz transformation

t =
t′

(1− v2/c2)1/2
(2.28)

enables one to relate the frequency ∆t∗ in S to the proper frequency ∆t′ in S′ resulting in
the Doppler effect formula

∆t∗ =
1 + c−1vr

(1− v2/c2)1/2
∆t′ . (2.29)

Again the first–order terms in v/c describe the Doppler effect in Newtonian theory.
These are basic kinematical effects associated with the Lorentz transformations. Their

more detailed physical meaning is exposed in numerous textbooks on SRT, in particular,
in the monograph by Møller (1972) underlying our exposition.

Dynamics of a particle in SRT is characterized by the following basic equations:
For the world line of any material point one has

ds2 = dx02 − δijdxidxj => 0 , x0 = ct . (2.30)

Taking s as the parameter of the world line of a material particle one gets

xα = xα(s) , uα =
dxα

ds
, vi =

dxi

dt
, u2 = 1 . (2.31)

Here and everywhere below the greek indices run from 0 to 3 and the latin indices run
from 1 to 3. Therefore, the unit tangent vector uα defines the 4–velocity of the particle,
vi being its 3–velocity. The proper time τ of the moving particle is determined by

ds = cdτ = c(1− v2/c2)1/2dt . (2.32)

The relationship between 4–velocity and 3–velocity reads

u0 =
1

(1− v2/c2)1/2
, ui =

vi

c(1− v2/c2)1/2
. (2.33)

A 4–vector A with components

Aα =
duα

ds
=

1
c(1− v2/c2)1/2

duα

dt
, uA = 0 (2.34)

represents the 4–acceleration of the moving particle.
By the second law of mechanics the equations of motion of the material particle in

some inertial system are written in the form

d

ds
(m0u

α) ≡ m0A
α + uα dm0

ds
= c−2χ(v)Fα , (2.35)
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the rest mass m0 = constant is a quantity characterizing the inertial mass of the particle.
Fα are components of the external force. The 3–vector F = (F i) represents an ordinary
vector of force. The constancy of m0 implies F 0 = c−1Fv and

χ(v) = (1− v2/c2)−1/2 . (2.36)

Finally, the SRT dynamics equations (2.35) take the form

dE

dt
= Fv ,

dp
dt

= F (2.37)

with kinetic energy E = mc2 , impulse p = mv and mass m of the moving point

m =
m0

(1− v2/c2)1/2
. (2.38)

The dynamical characteristic of the moving point is the energy–momentum vector E0u
with E0 = m0c

2 being the rest energy. The time component of this vector is the energy of
the point E0u

0 = mc2. The space components are components of the impulse multiplied
by c, i.e. E0u

i = mvic.
For a more complicated case of matter, if dω0 and dm0 are elementary rest volume

and rest mass in a co–moving system S0 then in S

dω = (1− v2/c2)1/2 dω0 , dm =
dm0

(1− v2/c2)1/2
. (2.39)

Mass density may be characterized by any one of the quantities

ρ∗ =
dm0

dω0
, ρ =

dm0

dω
, ρ̃ =

dm

dω
, (2.40)

ρ∗ being the rest mass density in a co–moving system S0 (invariant density), ρ representing
the rest mass density in S and ρ̃ being the mass density in S (this is the total density
including the mass corresponding to the kinetic energy of particles). The tensor of mass
of a stream of dust–like non–interacting particles is determined by

Tαβ = ρ∗uαuβ (2.41)

with uα being the 4–vector of velocity. The components of the energy–momentum tensor
c2Tαβ are

c2T 00 = c2ρ̃ , c2T 0i = cρ̃vi , c2T ij = ρ̃vivj . (2.42)

The most important property of the total energy–momentum tensor is the conservation
law. Analytically this law may be formulated in the form

∇βTαβ = 0 (2.43)
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valid in any curvilinear coordinates. For the dust matter described by (2.41) this may be
easily verified

∇βTαβ = uα ∂(ρ∗uβ)
∂xβ

+ ρ∗uβ ∂uα

∂xβ
. (2.44)

The first term vanishes in virtue of the equation of continuity (conservation of the rest
mass)

∂(ρ∗uβ)
∂xβ

= c−1

(
∂ρ

∂t
+

∂(ρvi)
∂xi

)
= 0 . (2.45)

Besides,

uβ ∂uα

∂xβ
=

1
c(1− v2/c2)1/2

(
∂uα

∂t
+ vi ∂uα

∂xi

)
=

1
c(1− v2/c2)1/2

duα

dt
= Aα = 0 , (2.46)

4–acceleration Aα being zero due to the absence of external forces.
Inside macroscopic bodies one may assume the validity of the equation of continuity

and the equations of motion of a continuous medium (internal equations)

ρ
dvi

dt
= ρF i +

∂pij

∂xj
, (2.47)

F i being the external force and pij being the stress tensor. For an ideal fluid pij = −pδij .
An expression for the energy–momentum tensor of macroscopic bodies is obtained by
generalizing (2.30) taking into account pressure p (Fock, 1955)

c2Tαβ = (c2ρ∗ + ρ∗Π + p)uαuβ − pηαβ (2.48)

with potential compressional energy

dΠ =
p

ρ∗2
dρ∗ , Π = − p

ρ∗
+

∫ p

0

dp

ρ∗
. (2.49)

Tensor ηαβ is called Minkowski tensor

η00 = 1 , η0i = 0 , ηij = −δij , (2.50)

η00 = 1 , η0i = 0 , ηij = −δij (2.51)

permitting to write the SRT metric in the form

ds2 = ηµνdxµdxν . (2.52)

Presently SRT represents a theory experimentally checked in all of its aspects. More-
over, it is a working theory used now in many domains of applied science from astronavi-
gation (by means of navigation satellites) to physics of elementary particles. In the distant
future described now in scientific fiction SRT might play the major role as scientific base
for interstellar flights with the use of photon rockets.
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Historical remarks.
Nowadays, there are no explicit opponents of SRT (although at the present time of broad
activity of pseudo-science one can listen from time to time about sensational ‘discoveries’
claiming to argue against the postulate of the light constancy). But there are still attempts
to doubt about the priority of Einstein in the foundation of this theory. One can even meet
the implicit accusations of Einstein in plagiarism. But the responsibility of all statements
of such kind should be addressed to the conscience of their authors. The history of the
creation and development of SRT is well known. This history started with the works by
Lorentz and Poincaré. The paper by Poincaré ‘On dynamics of electron’ appeared in draft
form in June 1905 and in complete form in January 1906. When comparing with SRT
many statements of this paper may be considered equivalent to the SRT statements. But
such comparison might be done only having the formulations of SRT. As mentioned above
the basic paper by Einstein formulating in complete form all physical statements of SRT
came out of press in September 1905. Later on Minkowski contributed into mathematical
outlook of this theory. Replying the question about the priority in the foundation of SRT
Einstein wrote to his biographer Carl Seelig in February 1955: ‘Remembering the history of
the development of SRT we can firmly say that its discovery had been prepared by 1905.
Lorentz knew already that the transformation called later after him was of significant
importance for the analysis of Maxwell equations. Poincaré advanced this thought. As
for me, I knew only the fundamental work by Lorentz written in 1895 but was not aware
of his later paper and research by Poincaré related with it. In this aspect my work was
independent. Its novelty was to formulate that the Lorentz transformation is of importance
beyond the scope of the Maxwell equations and concerns the structure of the space and
time. Another new point was the conclusion that the ‘Lorentz invariance’ is the general
demand for any physical theory.’

SRT and celestial mechanics.
For Einstein SRT was of importance not only as a theory of space and time in the absence of
gravitation but also as a starting point to elaborate a theory of space, time and gravitation.
This theory, completed in 1915 and called GRT, forms now a physical foundation for
contemporary celestial mechanics. From purely operational point of view GRT extends
SRT demonstrating that all space-time characteristics at the point of observation in some
RS depend not only on the velocity of this point but on the value of the gravitational
potential (and its higher moments) at this point. Neglecting gravitation and returning to
SRT one may indicate some problems of celestial mechanics under the beneficial effect of
SRT:

1) Hierarchy of reference systems and time scales. Since 1991 International Astro-
nomical Union (IAU) recommends to use the GRT-based hierarchy of four-dimensional
reference systems mutually interrelated by the generalized (non-linear) Lorentz transfor-
mations. The fourth coordinate of any RS serves as the corresponding time scale. In the
framework of SRT such four-dimensional systems generalize the spatial inertial systems
of Newtonian astronomy. In case of SRT these astronomical reference systems are real-
ized by inertial systems of SRT interrelated by the ordinary Lorentz transformations. All
kinematical effects of Newtonian astrometry such as velocity–dependent rates of clocks,
aberration of light, Doppler effect, etc., can be easily calculated just from the sequence of
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the Lorentz transformations from some global RS to a local RS of an observer. One meets
therewith a specific SRT effect, i.e. Thomas precession, mentioned above. Treatment in
the GRT framework generalizes all these effects taking into account gravitation but the
first distinction from Newtonian astrometry reveals already at the SRT level.

2) Photon rocket motion. It was already mentioned that the study of the photon
rocket motion demands mainly to apply SRT dynamics combining the kinematical effects
due to the four-dimensional space-time with the dynamical effects due to the variable mass.
Investigations of motion of a particle with variable mass have long been studied in celestial
mechanics. SRT extends and stimulates such investigations.

3) KS (Kustaanheimo–Stiefel) regularization. SRT was of benefit for celestial me-
chanics (and generally for theoretical mechanics) even outside the scope of relativity. SRT
introduces the fourth dimension quite naturally. It turns out that many problems of New-
tonian dynamics can be treated more effectively in extending the dimension of the space
of events from three to four. Although the famous KS regularization has been introduced
without explicit reference to SRT there is no doubt that the use of the mathematical tech-
niques of SRT facilitated greatly in developing KS transformation and its generalizations.

4) SRT as a prelude of GRT. If celestial mechanics relativistic effects of kinematical
origin can be well understood in the SRT framework the dynamical relativistic effects and
hence relativistic celestial mechanics as a whole are based on GRT underlying the primary
role of SRT as a stemming theory for GRT.

To conclude this lecture let us remind once again that SRT is one of the greatest
scientific achievements of human civilization. It is of interest that there exist alternative
theories of gravitation aiming (unsuccessfully so far) to replace GRT. In this respect the
position of SRT is more solid because there is no serious alternative theory contesting the
fundamental role of SRT in describing the physical processes (ignoring gravitation) in the
flat four-dimensional spacetime.
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Lecture 3. Essential general relativity theory

The basic idea of GRT is that the properties of space and time, i.e. the space–time
metric, are determined by motion and distribution of masses and, conversely, motion and
distribution of masses are governed by the field metric:

[space-time properties] ↔ [motion and distribution of masses].
Some people believe that, currently, it might be possible to come to the main idea of GRT
from experimental results. Yet Einstein derived the basic statements of GRT by logical
considerations proceeding from SRT and the fundamental law of equality of gravitational
and inertial mass.

Having completed SRT Einstein successively put forward the principle of equivalence
and the principle of general covariance. According to the principle of equivalence all
physical processes follow the same pattern both in an inertial system under the action of
the homogeneous gravitational field and in a non–inertial uniformly accelerated system in
the absence of gravitation. The principle of equivalence is strictly local in contrast to the
law of identity of gravitational and inertial mass underlying it. The principle of general
covariance implies that equations of physics should have the same form in all reference
systems. Combination of these two principles enabled Einstein to formulate the principle
of general relativity.

The space–time of GRT is the four–dimensional pseudo–Riemannian space with the
metric

ds2 = gµνdxµdxν (3.1)

(let us remember again that greek indices can have values 0, 1, 2, 3, while latin indices
take the values 1, 2, 3).

In SRT it is possible, if one wishes, to put all equations in the covariant form and to
use any curvilinear coordinates. But the space of events in SRT is flat (affine), i.e. its
tensor of curvature is zero. In this space there are preferable coordinate systems (affine)
defined up to affine transformations (Lorentz transformations). In such affine systems the
SRT metric takes the form (2.52) with values (2.51). The coordinates providing values
(2.51) are called Galilean. In GRT one cannot introduce the global Galilean coordinates
(valid for the whole space–time). Instead, one may use quasi–Galilean coordinates such
that

gµν = ηµν + hµν , η00 = 1 , η0i = 0 , ηij = −δij , (3.2)

hµν being functions of x0, x1, x2, x3 with | hµν | ¿ 1. More specifically, h00 and hij are of
the second order in v/c and h0i are of the third order (v being the characteristic velocity
of bodies with v2 ∼ U , U being the characteristic Newtonian potential of bodies). We will
write simply

h00 , hij ∼ c−2 , h0i ∼ c−3

taking in mind the dimensionless small quantities indicated above. Representation (3.2)
makes it evident that the GRT pseudo–Riemannian metric differs little from the pseudo–
Euclidean metric of SRT. Quasi–Galilean coordinates xµ admit not only linear transfor-
mation but any non–linear transformation of the type

x̃α = xα + ξα(xβ),
∣∣∣∣
∂ξα

∂xβ

∣∣∣∣ ¿ 1 (3.3)
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since metric (3.1) expressed in new coordinates x̃α is again little distinct from the Galilean
metric. But it should be underlined that this distinction looks different for each reference
system.

At every point M of the GRT space–time one may introduce in accordance with
(1.32) the locally geodesic coordinates ensuring gµν = ηµν and gµν,α = 0 at M (here and
everywhere below the partial derivative with respect to some coordinate is denoted by a
comma accompanied by the appropriate index). Moreover, the locally geodesic coordinates
may be introduced in some vicinity of a given world line. Thus, in these coordinates in
displacing from point M to an infinitesimally close point functions hµν are at least of
second order with respect to differences xµ − xµ(M). Neglecting these infinitesimal terms
of the second order one has in the infinitesimal vicinity of point M the space–time of
SRT. Hence, the locally geodesic coordinates determine a local inertial reference system
where there is no gravitational field and the GRT coordinates xµ may be interpreted as the
SRT inertial coordinates ct, x, y, z. Such a possibility of introducing the locally geodesic
coordinates is due to the principle of equivalence valid only locally. The relation x0 = ct is
used in GRT just as transformation to a time–type mathematical coordinate (coordinate
time t).

The interrelation between the properties of space and time from the one hand and
motion and distribution of masses from the other hand is revealed in the field equations
for determining the tensor gµν . Einstein set up the form of the GRT field equations using
the considerations as follows:

(a) the right–hand members of the field equations may contain only the mass tensor,
(b) the field equations should have the covariant form,
(c) in analogy with the Poisson equation for the Newtonian potential the field equa-

tions might be of the second order,
(d) in virtue of ∇βTαβ = 0 of SRT the left–hand members should satisfy the same

conditions.
These considerations lead to the following form of the field equations:

Gαβ + Λgαβ = −κTαβ (3.4)

with the Einstein tensor
Gαβ = Rαβ − 1

2Rgαβ (3.5)

expressed in terms of the Ricci tensor Rαβ , scalar curvature R and metric tensor gαβ . The
Bianchi identities (1.54) imply

∇βR = 2gβµ∇νRµν , ∇βGαβ = 0 . (3.6)

The field equations (3.4) contain a constant κ determined below in passing to the limiting
case of the Newtonian field and the cosmological constant Λ which is of no importance in
most problems of relativistic celestial mechanics and astrometry. Assuming Λ = 0 one has

Gαβ = −κTαβ . (3.7)

In virtue of
R = κT , T = gαβTαβ (3.8)
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the field equations may be presented also in the form

Rαβ = −κ(Tαβ − 1
2Tgαβ) . (3.9)

In the domain outside the gravitating masses the tensor Tαβ vanishes and the field equa-
tions in vacuum may be reduced simply to the vanishing Ricci tensor

Rαβ = 0 . (3.10)

The field equations represent ten non–linear second–order partial equations of the hyper-
bolic type. They determine ten unknown functions: six components of gαβ (four com-
ponents remain arbitrary due to general covariance of the field equations), three velocity
components vi of the matter, and mass density ρ (an equation of state relating the density
and pressure should be given separately).

To derive the solution of the field equations in some definite coordinate system it is
necessary to add (explicitly or implicitly) four non–tensorial equations called coordinate
conditions. For any problem at hand there may exist coordinate conditions which are
preferable mathematically (but no way physically) for solving this problem. In problems
of relativistic celestial mechanics one often uses harmonic conditions determined by the
equations

∂(
√−ggαβ)

∂xβ
= 0 . (3.11)

The problem of coordinate conditions has for a long while been the subject of rather
emotional discussions, particularly, between Fock (1955) and Infeld (Infeld and Plebanski,
1960). At present such discussion seems meaningless. Each specific celestial mechanics
problem may be solved in any coordinates (taking into account the possibility of mathe-
matical simplification under some definite coordinate conditions) but in the final compar-
ison with observations one should obtain coordinate–independent results. The problem of
comparison of calculated and measurable quantities will be considered below.

For application in celestial mechanics the most important problem of GRT is the
problem of motion of material bodies. The early history of this problem is exposed in
(Chazy, 1928, 1930; Kottler, 1922). In 1927 it was first demonstrated by Einstein and
Grommer that in contrast to NGT (Newton gravitation theory) the equations of motion
of material bodies in GRT are closely related to the field equations. Starting in 1938, the
group of Einstein from one side and the group of Fock from another side succeeded in
elaborating practical methods to derive the GRT equations of motion of material bodies.
These two different techniques, i.e. EIH (Einstein–Infeld–Hoffman) technique for vacuum
equations (3.10) and Fock technique for equations (3.7) with a mass tensor, are treated in
(Brumberg, 1972). In more detail the equations of motion will be considered further.

For a test particle, i.e. for a particle with infinitesimal rest mass producing no influence
on the surrounding field, the equations of motion are determined by the geodesic principle
implying that the motion of such a particle is performed on the geodesic line in a given
field. This law results from the field equations (3.7) or (3.10). The most simple derivation
is related to (3.7) with the mass tensor (2.41) for a stream of dust–like non–interacting
particles. Considering

uα =
dxα

ds
, gαβuαuβ = 1 (3.12)
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and expressing the law of the conservation of rest mass in covariant form

∇β(ρ∗uβ) = 0 (3.13)

one gets from (2.43)
uβ∇βuα = 0 (3.14)

or
Duα

ds
≡ d2xα

ds2
+ Γα

µν

dxµ

ds

dxν

ds
= 0 . (3.15)

Hence, the trajectory xµ = xµ(s) of a test material particle is a non–isotropic geodesic. Due
to the principle of equivalence the propagation of light is performed on isotropic geodesics.

Thus, there is no gravitational force in the Newtonian sense in GRT. The motion of
test particles is presented as the free inertial motion along the geodesic lines of the pseudo–
Riemannian space with metric determined by the gravitating masses. Components of the
metric tensor act as gravitation potentials. In this respect the field equations (3.7) and
(3.10) may be regarded as generalizing Poisson and Laplace equations for the Newtonian
potential. Irrespective of the smallness of the relativity effects in specific celestial mechan-
ics problems the explanation of gravitation first achieved only in GRT is of paramount
scientific importance. Celestial mechanics primarily devoted to the motion of celestial
bodies under gravitation and astrometry devoted to the orientation of celestial bodies in
space and time should be inevitable relativistic, i.e. based on GRT.

The field equations (3.7) may be derived from the condition of stationarity of some
scalar invariant. This variational principle is of importance both from the theoretical point
of view and for applications.

Let us find the variation of the integral

Sg =
∫ √−g RdΩ (3.16)

with changing gµν provided that the variations of gµν and their first derivatives vanish on
the boundary of the 4–domain of integration. The variation of the Ricci tensor

Rµν =
∂Γα

αν

∂xµ
− ∂Γα

µν

∂xα
+ Γα

µβΓβ
αν − Γα

αβΓβ
µν (3.17)

reads
δRµν = ∇µδΓα

αν −∇αδΓα
νν . (3.18)

The differential of the determinant g is

dg = ggαβdgαβ . (3.19)

From the definition of the Christoffel symbols it follows

Γα
αµ = 1

2gαβ ∂gαβ

∂xµ
=

1
2g

∂g

∂xµ
=

∂ ln
√−g

∂xµ
. (3.20)
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Therefore for any tensor aµ

∇µaµ =
1√−g

∂(
√−gaµ)
∂xµ

. (3.21)

There results
gµνδRµν =

1√−g

∂

∂xµ
[
√−g(gµνδΓα

αν − gανδΓµ
αν)] . (3.22)

In the variation of the integral (3.16)

δSg =
∫ √−g gµνδRµνdΩ +

∫
Rµνδ(

√−g gµν)dΩ (3.23)

the first term makes no contribution since δgµν together with their first derivatives vanish
on the domain boundary. Using the relations

gµνgβν = δβ
µ , gµνdgβν = −gβνdgµν , dg = −ggαβdgαβ , (3.24)

dgαβ = −gαµgβνdgµν , aαβdgαβ = −aαβdgαβ , (3.25)

δ(
√−g gµν) =

√−g(δgµν − 1
2gαβdgαβ) , (3.26)

Rµνδ(
√−g gµν) =

√−g(Rµν − 1
2Rgµν)δgµν (3.27)

the variation of (3.16) may be presented in the form

δSg = −
∫

(Rµν − 1
2Rgµν)

√−g δgµνdΩ (3.28)

resulting to the left–hand member of the field equations (3.7). In addition, the integrand
of Sg may be transformed to the form not containing the second–order derivatives of the
metric tensor components. In virtue of the relation (Fock, 1955; Brumberg, 1972)

√−gR =
∂

∂xµ
[
√−g(gµνΓα

αν − gανΓµ
αν)]−√−gJ , (3.29)

J = gµν(Γα
βνΓβ

αµ − Γα
µνΓβ

αβ) (3.30)

it is evident that Sg may be rewritten as

Sg = −
∫ √−g JdΩ . (3.31)

It may be noted that J as a function of gµν and derivatives ∂gµν/∂xα is Lagrangian for
the left–side of the field equations (3.7).

The right–hand side of (3.7), i.e. the mass tensor, also may be obtained as a variation
of the appropriate action integral

Sm =
∫

ρ∗(c2 + Π)
√−g dΩ (3.32)
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with ρ∗ being an invariant density satisfying the equation of continuity (3.13) and Π being
the potential compressional energy. With the rest mass density ρ the equation of continuity
takes the standard form

∂

∂xα
(
√−gρ∗uα) = 0 ,

√−gρ∗ = ρ
ds

dx0
. (3.33)

The variation of ρ∗ with respect to gµν yields

δρ∗ = 1
2ρ∗(uαuβ − gαβ)dgαβ (3.34)

resulting to

δSm =
∫ [(

c2 + Π +
p

ρ∗

)
δρ∗ +

1
2g

ρ∗(c2 + Π)δg
]√−g dΩ (3.35)

or else
δSm = 1

2c2

∫
Tµν√−g δgµνdΩ (3.36)

with
c2Tµν = (c2ρ∗ + ρ∗Π + p)uµuν − pgµν (3.37)

generalizing (2.48). Combination of (3.28) and (3.36) enables one to conclude that the
field equations (3.7) follow from the variational principle

δ(2c−2κSm − Sg) = 0 . (3.38)

The simplest approximate solution of the field equations is obtained in the linearized theory
with respect to hµν . Separating linear and non–linear parts in the Ricci tensor one has

Rµν = 1
2ηαβ(hαβ,µν + hµν,αβ − hαµ,βν − hβν,αµ) + L′µν , (3.39)

L′µν = 1
2hαβ(hαβ,µν + hµν,αβ − hαµ,βν − hβν,αµ)+

+ gαβgλδ(ΓλµνΓδαβ − ΓλαµΓδβν). (3.40)

Based on (3.9) the field equations may be rewritten in the form

Rαβ = −κT ∗αβ , T ∗αβ = Tαβ − 1
2Tgαβ . (3.41)

Substituting the Galilean values of the metric tensor into (3.37), ignoring the terms de-
pendent on the internal structure (p = Π = 0) and retaining only the first–order terms in
v/c one gets

T 00 = ρ , T 0i = c−1ρvi , T ij = 0 , T = ρ , (3.42)

T00 = ρ , T0i = −c−1ρvi , Tij = 0 (3.43)

6
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resulting in the right–hand members of (3.41)

T ∗00 = 1
2ρ , T ∗0i = −c−1ρvi , T ∗ij = 1

2ρδij . (3.44)

Denoting
Lµν = L′µν + κT ∗µν (3.45)

the field equations may be rewritten as follows:

h00,ss − 2h0s,0s + hss,00 = 2L00 , (3.46)

h0m,ss − h0s,ms + hss,0m − hms,0s = 2L0m , (3.47)

hmn,ss − hmn,00 + hss,mn − hms,ns − hns,ms − h00,mn+
+ h0m,0n + h0n,0m = 2Lmn . (3.48)

In the linearized theory L′µν are ignored and the right–hand members of (3.46)–(3.48)
become the known functions determined by (3.43). Equations (3.46)–(3.48) represent in
this case the second–order linear partial differential equations. They are significantly
simplified under harmonic conditions (3.11). Defining hµν by

gµν = ηµν + hµν (3.49)

one gets
h00 = −h00 + (h00)2 + . . . ,

h0m = h0m − h00h0m + h0shms + . . . , (3.50)

hmn = −hmn − hmshns + . . . .

It will be clear below that in arbitrary non–rotating quasi–Galilean coordinates the com-
ponents h00 and hmn are of the second order in v/c and h0m are of the third order.
Expressions (3.50) represent the relations between hµν and hµν up to the terms of fifth
order inclusively. With the same accuracy

−g = 1 + h00 − hss − h00hss + 1
2 (hss)2 − 1

2hrshrs + . . . , (3.51)

√−g =1 + 1
2 (h00 − hss)− 1

8 (h00)2 − 1
4h00hss+

+ 1
8 (hss)2 − 1

4hrshrs + . . . , (3.52)

√−gg00 =1− 1
2 (h00 + hss) + 3

8 (h00)2 + 1
4h00hss+

+ 1
8 (hss)2 − 1

4hrshrs + . . . , (3.53)

√−gg0m = h0m − 1
2 (h00 + hss)h0m + h0shms + . . . , (3.54)
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√−ggmn =− δmn − hmn − 1
2 (h00 − hss)δmn+

+ [ 18 (h00)2 + 1
4h00hss − 1

8 (hss)2 + 1
4hrshrs]δmn−

− 1
2 (h00 − hss)hmn − hmshns + . . . . (3.55)

By differentiating these expressions one easily deduces the harmonic conditions up to the
terms of fifth order inclusively. The harmonic conditions for the linearized theory are

h00,0 + hss,0 − 2h0s,s = 0 , (3.56)

h00,m − hss,m + 2hms,s − 2h0m,0 = 0 . (3.57)

Under these conditions the linearized field equations take the form of the wave equations

hµν,ss − hµν,00 = 2Lµν . (3.58)

As is known the solution of the wave equation

ψ,ss − ψ,00 = −4πσ(t, r) (3.59)

is expressed by the volume integral

ψ =
∫

σ(t′, r′)
| r− r′| d

3x′ , t′ = t− c−1 | r− r′| (3.60)

with d3x′ being an elementary 3–volume and the density being evaluated at the current
point r′ at the retarded moment t′. The exact solution (3.60) is applied now in some high–
accuracy applications as, e.g., the light propagation in the field of moving bodies. But in
most applications under assumption (| r− r′| ¿ ct) this exact solution may be expanded
in series :

ψ =
∫

σ(t, r′)
| r− r′| d

3x′−c−1 d

dt

∫
σ(t, r′)d3x′+ 1

2c−2 d2

dt2

∫
σ(t, r′) | r−r′| d3x′+ . . . . (3.61)

In the linearized theory it is sufficient to take only the first term resulting to

hµν = − κ

2π

∫ (T ∗µν)′

| r− r′| d
3x′ (3.62)

with primes indicating that the appropriate value is to be taken for the moment t at the
current point r′. The comparison with the Newtonian equations of motion of a test particle
results in a determining constant κ

κ = 8πGc−2 . (3.63)

With the aid of (3.44) the solution (3.62) of the linearized field equations in harmonic
coordinates is presented in the form

h00 = −c−22U , h0i = c−34U i , hij = −c−22Uδij (3.64)
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with Newtonian potential U

U = G

∫
ρ′

| r− r′| d
3x′ (3.65)

and vector–potential U i

U i = G

∫
ρ′v′i

| r− r′| d
3x′ . (3.66)

One may add to it the relation
cU,0 + U i

,i = 0 . (3.67)

In all celestial mechanics applications of GRT v2/c2 and U/c2 are small quantities (∼ 10−8

for the Earth orbital motion). From (3.64) it follows that h00 and hij are of second order
and h0i are of third order of smallness. This is true in harmonic coordinates and in
all practically employed quasi–Galilean coordinates. Returning to the linearized equations
(3.46)–(3.48) in arbitrary quasi–Galilean coordinates and denoting the solution in harmonic
coordinates by an asterisk one obtains the solution in arbitrary coordinates in the form

h00 = h∗00 , h0i = h∗0i + a0,i + ai,0 , hij = h∗ij + ai,j + aj,i , (3.68)

aµ being four arbitrary functions of x0, x1, x2, x3. In dealing with (3.68) a0 is to be re-
garded as a third–order function and ai as second–order functions. In substituting (3.68)
into (3.46)–(3.48) all terms with first– and second–order derivatives with respect to x0

should be rejected as having higher orders than required (differentiating with respect to
x0 increases the order of smallness of the corresponding quantity). Starting with the so-
lution in harmonic coordinates x∗µ expressions (3.68) may be obtained by the coordinate
transformation

x∗0 = x0 + a0 , x∗i = xi − ai , a0 = O(c−3), ai = O(c−2) . (3.69)

Indeed, the usual tensor formula

gµν(xδ) =
∂x∗α

∂xµ

∂x∗β

∂xν
g∗αβ(x∗δ) (3.70)

gives (3.68) within the adopted accuracy. Finally, the linearized metric in arbitrary quasi-
Galilean coordinates reads

ds2 =(1− c−22U)c2dt2 + 2(c−34U i + a0,i + ai,0)cdtdxi+
+ [−(1 + c−22U)δij + ai,j + aj,i]dxidxj . (3.71)

With hµν = 0 this metric becomes Galilean (Minkowski) metric of SRT yielding the New-
tonian equations of light propagation (motion in a straight line). Retaining in (3.71)
only the term h00 = −c−22U and rejecting all h0i , hij one gets the metric giving the
Newtonian equations of motion and incorrect approximation for the light propagation
equations. The correct post–Newtonian equations of light propagation are obtained with
the full metric (3.71). This metric is called weak–field (linearized) GRT metric and it is
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quite sufficient for present relativistic astrometry based on the post–Newtonian equations
of light propagation and post–Newtonian (generalized Lorentz) transformations between
different four–dimensional reference systems (including the post–Newtonian theory of the
time scales). It is widely believed that to derive the post–Newtonian equations of material
bodies underlying present relativistic celestial mechanics it is necessary to include in h00

also the non–linear fourth–order term h
4
00.

Indeed, the post–Newtonian equations of motion of a test particle in a given grav-
itational field resulting from the geodesic principle (motion on a geodesic line) demand
h
4
00 (e.g., Section 2.2.3 of Brumberg, 1991). The derivation of the equations of motion

in the post–Newtonian N–body problem by the PNA (post–Newtonian approximations)
techniques also demands this term. This term is explicitly indicated in the IAU (2000)
Resolution B1 (IAU, 2001) on reference systems and time scales. Moreover, it is combined
with h

2
00 term by introducing generalized (relativistic) potential instead of ‘out-of-date’

Newtonian potential.
Presently, relativistic celestial mechanics is far beyond the linearized metric (3.71).

Thanks to the PNA techniques one has now in practical disposition the expansions of the
metric coefficients for the for the gravitational N–body field as follows:

h00 = c−2
h
2
00 + c−4

h
4
00 + c−5

A
5

00 + c−6
h
6
00 + c−7

A
7

00 + O(c−8) , (3.72)

h0i = c−3
h
3
0i + c−5

h
5
0i + c−6

A
6

0i + O(c−7) , (3.73)

hij = c−2
h
2
ij + c−4

h
4
ij + c−5

A
5

ij + O(c−6) . (3.74)

The Aµν terms are due to gravitational radiation of the N–body system presenting a
qualitative difference from the Newtonian N–body problem (see references in Brumberg,
1991). Such advanced expansion is needed in studying the motion in a strong gravitational
field (e.g., the binary pulsar problem). Most present applications related to the solar system
deal with the post–Newtonian metric resulting from (3.71) by adding the fourth–order
correction term. In harmonic coordinates this term reads (Fock, 1955)

h
4
00 = 2(U2 − Ũ − c2χ,00) (3.75)

with
χ,ss = U , (3.76)

Ũ,ss = −4πG( 3
2ρv2 − ρU + ρΠ + 3p) . (3.77)

In converting by (3.69) to arbitrary quasi–Galilean coordinates it is necessary also to
transform in (3.70) g∗µν(x∗α) to g∗µν(xα). For the general case of the gravitational field
created by N bodies with coordinates xs

A and velocity components vs
A (A = 1, 2, . . . , N)

this transformation implies

g∗µν(x∗δ, x∗A
s, v∗A

s) = g∗µν(xδ, xA
s, vA

s) + g∗µν,α(x∗α − xα)+

+
∑

A

(
∂g∗µν

∂xs
A

(x∗A
s − xs

A) +
∂g∗µν

∂vs
A

(v∗A
s − vs

A)
)

+ . . . . (3.78)
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Denoting (3.75) by h
4

∗
00 one finds the correction term h

4
00 in arbitrary coordinates

c−4
h
4
00 = c−4

h
4

∗
00 + 2a0,0 + c−2 2U,sas + c−2 2

∑

A

∂U

∂xs
A

(ãs)A , (3.79)

ãs being the regular part of as after substituting xk = xk
A. The coordinate conditions with

non–zero ai are used now very seldom. But together with harmonic choice a0 = 0 one may
often meet the so called SPN (standard post-Newtonian) gauge with

a0 = c−2νχ,0 , ν =
{

0 , harmonic gauge
1 , SPN gauge . (3.80)

resulting to
h00 = −c−2 2U + c−4 2

(
U2 − Ũ + (ν − 1)c2χ,00

)
, (3.81)

h0i = c−3(4U i + νcχ,0i) . (3.82)

Instead of Newtonian potential U and vector–potential U i satisfying the equations

U,ss = −4πGρ , U i
,ss = −4πGρvi (3.83)

one often uses now generalized (relativistic) potential w and vector–potential wi with
compact representation

h00 = −c−2 2w + c−4 2w2 , w = U + c−2
(
Ũ + (1− ν)c2χ,00

)
, (3.84)

h0i = c−3wi , wi = U i + 1
4νcχ,0i (3.85)

and defining equations

w,ss − (1− ν)w,00 = −4πGσ , σ = ρ

[
1 + c−2

(
3
2v2 − U + Π +

3p

ρ

)]
, (3.86)

wi
,ss = −4πGσi , σi = ρvi − 1

16πG
νcU,0i. (3.87)

In case of harmonic coordinates σ and σi may be expressed only in terms of the mass–tensor
components. Indeed, from (3.33) and (3.37) it follows

ρ∗ = ρ[1− c−2( 1
2v2 + 3U) + . . .], (3.88)

and
T 00 = ρ[1 + c−2( 1

2v2 − U + Π) + . . .],

cT 0i = ρvi

[
1 + c−2

(
1
2v2 − U + Π +

p

ρ

)
+ . . .

]
,

c2T ij = ρvivj + pδij + . . .

(3.89)
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resulting in
σ = Tµµ , σi = cT 0i . (3.90)

But is should be reminded that the Tµν components depend generally on the metric tensors
components gµν and only by substituting some approximate values of gµν in the process of
iterations they become functions of the matter variables alone. Therefore, the expressions
of σ and σi in terms of the matter variables may correspond to some step of approximation.

In spite of all these results it may be reminded that as far back as 1957 Infeld (1957)
suggested to derive the post–Newtonian equations of the N–body problem from the vari-
ational principle for the GRT field equations. This technique turned out to be the most
economical one not demanding the use of h

4
00. In doing so Infeld used the mass tensor with

δ–functions. In (Brumberg, 1972) the same technique was applied in combination with the
Fock mass tensor for ideal liquid. The possibility to use just the GRT linearized metric for
relativistic celestial mechanics simplifies greatly the use of GRT in practical astronomy.
Very regretfully, this idea was forgotten (rather frequent case in any science in all times).

Now it is possible to return to (3.38) to find the Lagrangian L of the post–Newtonian
N–body problem in harmonic coordinates (or SPN coordinates considering that function
a0 does not affect the post–Newtonian equations of motion). The variational principle
(3.38) after multiplication by c2/2κ may be presented in the form

δ

∫ [ c4

16πG

√−gJ + c2(1 + c−2Π)ρ
ds

dx0

]
dΩ = 0 . (3.91)

Since the elementary 4–volume is dΩ = cdt d3x it seems reasonable to rewrite this principle

δ

∫
Ldt = 0 (3.92)

to treat L as the Lagrangian of the N–body problem equations (see Infeld and Plebansky,
1960 for mathematical reasoning). Needless to say, this may be done in the post–Newtonian
and post–post–Newtonian approximations in (3.72)–(3.74) but not for the radiation ap-
proximation when the equations of motion cannot be presented in the Lagrange form due
to the presence of the radiative (dissipative) terms. Changing the sign one gets from (3.91)
and (3.92)

L = −
∫ [ c4

16πG

√−gJ + c2(1 + c−2Π)ρ
ds

dx0

]
d3x , (3.93)

the integral is to be considered as the sum of integrals taken over the volumes of the bodies.
By using expansions (3.72)–(3.74) in the post–Newtonian approximation and taking

into account the values (3.64) one finds (Brumberg, 1972)

c2 ds

dx0
= c2 − ( 1

2v2 + U) + c−2(−1
8v4 − 3

2v2U − 1
2U2 + 4Ukvk + 1

2 h
4
00) + . . . , (3.94)

c4√−gJ =2(U,i)2 + c−2[8U(U,i)2 + 6(cU,0)2 + 16 U,i cU i
,0−

− 4(U i
,k − Uk

,i)
2 − 2U,i h

4
00,i] + . . . . (3.100)
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The function c2(1− ds/dx0) represents the Lagrangian of the geodesic equations of a test
particle in a given field. It is seen that both expressions (3.94) and (3.95) entering into
Lagrangian (3.93) contain explicitly h

4
00. The last expression may be rewritten as follows:

c4√−gJ =− 2UU,ss + c−2[−4U2U,ss − 2(U i
,i)

2 + 8U iU i
,ss + 2 h

4
00U,ss]+

+ [(2U + 4c−2U2 − 2c−2
h
4
00)U,i + 8c−2(U iUk),k − 8c−2UkUk

,i],i+

+ 16c−1(U iU,i),0 + . . . . (3.96)

The terms under the sign of the derivative ∂/∂xi vanish upon integrating (3.93). The
term representing the time derivative does not affect the equations of motion and may be
omitted. Considering the equations for U , U i and χ one may transform the integrand
(U i

,i)
2 as follows:

∫
(U i

,i)
2 d3x = −c

∫
U i

,i U,0 d3x = c

∫
U i U,0i d3x = c

∫
U i χ,0iss d3x =

= −c

∫
U i

,s χ,0is d3x = c

∫
U i

,ss χ,oi d3x = −4πGc

∫
ρviχ,0i d3x . (3.97)

Therefore, within the post–Newtonian accuracy there results

L =
∫

ρ
{

[ 12v2 + U + c−2( 1
8v4 + 3

2v2U + 1
2U2 − 4U ivi − 1

2 h
4
00)]+

+ [− 1
2U + c−2(−U2 + 2viU i − 1

2cviχ,0i + 1
2 h

4
00)]+

+ Π[−1 + c−2( 1
2v2 + U)]

}
d3x . (3.98)

As mentioned above the expression in the first square brackets resulting from (3.94) rep-
resents the Lagrangian of the geodesic motion equations of a test particle in a given field.
The expression in the second square brackets results from (3.96). Adding of these two
expressions results in remarkable simplification of the Lagrangian of the post–Newtonian
N–body problem, i.e. cancelling h

4
00 terms. The terms dependent on the internal structure

of the bodies may be treated as in (Brumberg, 1972) by using

ρΠ = ρΠ∗ − c−2p ( 1
2v2 + 3U) + . . . , Π∗ = −p

ρ
+

∫ p

0

dp

ρ
, (3.99)

Π∗ being the Newtonian value of Π. Taking into account that such internal structure terms
result only in re–definition of parameters (e.g., introducing ‘effective’ masses, etc.) and
omitting for the sake of simplicity such terms we have finally

L =
∑

A

∫

A

ρ [ 12v2 + 1
2U + c−2(1

8v4 + 3
2v2U − 1

2U2 − 2U ivi − 1
2cviχ,0i)] d3x (3.100)
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with summation over all gravitating bodies labelled A,B, C, . . . .
Integration in (3.100) may be performed by standard technique by Fock separating U ,

U i, χ into internal and external parts with respect to body A and expanding the external
parts in the vicinity of body A (Fock, 1955; Brumberg, 1972). In particular, for the model
of point masses there results the well–known Lagrangian of the EIH (Einstein–Infeld–
Hoffman) equations

L =
∑

A

{
1
2mAv2

A + 1
2G

∑

B 6=A

mAmB

rAB
+ c−2

[
1
8mA(v2

A)2 + 1
4G

∑

B 6=A

mAmB

rAB

(
3v2

A+

+ 3v2
B − 7vavb − (vArAB)(vBrAB)

1
r2
AB

)
− 1

4G2
∑

B 6=A

mAmB(mA + mB)
r2
AB

−

− 1
6G2

∑

B 6=A

∑

C 6=A,B

mAmBmC

( 1
rABrAC

+
1

rBArBC
+

1
rCArCB

)]}
(3.101)

with rAB = xA − xB , vA = ẋA, xA denoting the position vector of body A. Assuming in
the EIH equations one of the N masses to be zero one gets the equations of the restricted
N − 1 problem (motion of a test particle in the field of N − 1 gravitating bodies).

To take into account the non–point structure of the bodies using more complicated
expressions for U , U i and χ it is to be reminded that such body characteristics (rotation
velocity, multipole moments, etc.) should be considered in a body reference system. In so
doing it is sufficient to use the post–Newtonian theory of reference system transformations
in the equations obtained in a global reference system (e.g., Bretagnon and Brumberg,
2003) not demanding h

4
00. It involves relativistic contributions to the parameters occurring

in U , U i and χ. The post–Newtonian equations of rotation of bodies also may be derived
from the variational principle. Now it is possible to improve the first results obtained in
this way in (Michalska, 1960a,b).

It is to be noted once again that for high accuracy research (strong gravitational field,
high accurate relationship between proper time and coordinate time, etc.) one should know
h
4
00 (and even more advanced terms) in the expansions of the metric coefficients. But the

results obtained half a century ago (Infeld, 1957) and reminded here clearly show that for
post–Newtonian celestial mechanics and astrometry there is no need in it.

It might seem that this conclusion is in contradiction to the IAU (2000) Resolution B1
(IAU, 2001) on reference systems and time scales claiming the necessity of h

4
00 term. As

stated above this term is relevant for the geodesic principle and PNA techniques implicitly
envisaged by this resolution. In this respect it is of interest that the original EIH technique
(unsurpassed by its elegance) demands not only h

4
00 but also h

4
ij and h

5
0i. No one resolution

can restrict the search for different techniques to solve problems.
Let us underline that the word ‘relativistic’ in these lectures means always the syn-

onym of the word ‘Einsteinian’ involving the use of the general relativity theory by Einstein.
However, there exist many alternative theories of gravitation pretending to be called ‘rela-
tivistic’ since they admit pseudo–Riemannian space–time metrics but different from GRT
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metrics. In the 70th of the last century much attention was given to PPN (Parametrized
Post–Newtonian) formalism involving a set of numerical coefficients in the space–time met-
ric to be determined from observations. Until now all PPN coefficients determined from
observations turned out in full agreement with the values corresponding to GRT. Two
main PPN parameters γ and β (extending formally the Eddington–Robertson metric for
the one–body problem considered in Lecture 6) enter into h

2
ij and h

4
00, respectively. But

as follows from above discussion the term h
4
00 is not needed at all in deriving the post–

Newtonian equations of motion. If the basic equations of relativistic celestial mechanics
were derived from the very beginning without this term then parameter β might not been
introduced into equations of motion at all. The GRT variational principle underlines once
again the compactness of GRT as compared with alternative theories of gravitation.

In dealing with PPN parameters one should not mix two different approaches. If one
works, for example, within the framework of the scalar-tensor theory then parameter β
is present in the equations of motion regardless of the way of their derivation, e.g. from
the geodesic principle or from the variational principle. The key point is that there is
no cancellation of h

4
00 term in the variational principle for the scalar-tensor theory (this

cancellation of h
4
00 is characteristic for GRT). On the other hand, if the PPN parameter

β is introduced just empirically in h
4
00 as it takes place in most applications of the PPN

formalism) the corresponding metric cannot be considered anymore as the GRT metric.
No wonder that the equations of motion resulted from the geodesic principle and from the
GRT variational principle are different (coinciding only for the GRT value β = 1). PPN
formalism played some positive role in its time stimulating the interest to GRT (in vain
hope to reveal some observational discrepancies with it). Now the mixture of GRT and
PPN formalism might lead to ambiguities.

Needless to say, all practical GRT tools such as EIH planetary equations, equations
of Earth’s satellite and lunar motion, Earth’s rotation equations, algorithms of reference
systems transformations, etc., are well known now but it is of importance that all these
tools might be obtained based on a very simple metric. Moreover, as indicated by Infeld,
if one is interested in generalizing the EIH equations for the post–post–Newtonian order
it may be done with the available values h

4
00 h

5
0i h

4
ij for (3.72)–(3.74) (given, for example,

in Brumberg, 1972) using the field variational principle. The standard PNA techniques or
the geodesic principle (for a test particle) would demand also h

6
00.

To conclude this lecture let’s say several words about GRT and astronomy. Generating
of GRT resulted in developing three new branches of astronomy, i.e.

1) relativistic cosmology,
2) relativistic astrophysics, and
3) relativistic celestial mechanics.
There is no doubt that the most significant scientific prediction of GRT was given by

the theory of the expanding Universe developed by A.A.Friedman based on the Einstein
field equations. The phenomenon of the expanding Universe was discovered from observa-
tions in 1929. Nowadays, relativistic cosmology presents an intensively developing branch
of astronomy based on GRT, on the one hand, and on vast observational data, on the other
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hand.
In application to astrophysics GRT enables one to analyze phenomena not compatible

within the framework of Newtonian concepts. It is sufficient to give two examples. GRT
predicts the existence of qualitatively new objects like black holes. GRT made it possible
to calculate the binary pulsar motion (as a problem of relativistic celestial mechanics).
Binary pulsars observations confirmed the conclusion of GRT about the energy loss due
to gravitational radiation. Although gravitational waves predicted by GRT have not been
registered so far the agreement of theoretical and observational results in the binary pulsar
problem demonstrates indirectly their existence.

The place of GRT in celestial mechanics is quite peculiar. In contrast to cosmology
and astrophysics relativistic celestial mechanics does not deal with so impressive and un-
usual events. But celestial mechanics has an indisputable merit to have an extraordinary
precision of observations unattainable in cosmology and astrophysics. That’s why rela-
tivistic celestial mechanics and related to it relativistic astrometry are so important in
checking the consequences of GRT. Moreover, GRT acts here as a working theory for high
accurate dynamical theories of motion and high precision analysis of observations.
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Lecture 4. Celestial Mechanics

Aspects of celestial mechanics
In most brief terms celestial mechanics is a science to study the motion of celestial

bodies. This laconic and nevertheless very broad definition involves a lot of ambiguities.
What is to be meant by celestial bodies? Does this term include both the actually existing
physical bodies and model mathematical objects? In case of artificial celestial bodies
(satellites, space probes, etc.) do the problems of the guidance motion lie into the scope of
celestial mechanics? Celestial mechanics is doubtless one of the most ancient sciences but
from the antique times until Newton epoch it managed to describe only the kinematical
aspects of motion of celestial bodies (Ptolemeus theory of motion of planets, the Sun
and the Moon, Kepler laws). Only since the Newton epoch the dynamical aspects of
motion began prevail in celestial mechanics. Actually, celestial mechanics became a science
about the motion of the solar system bodies under the Newton gravitation law. In 18th-
19th centuries celestial mechanics was advancing with permanent success in developing
high-accuracy theories of motion of planets and the Moon. This advance resulted in the
triumphal discovery of Neptune based on the analysis of perturbations caused by Neptune
in the motion of Uranus. In the end of 19th century Poincar who contributed so much into
the development of celestial mechanics formulated its aim as the solution of the question
if the Newton gravitation law alone is sufficient to explain all observed motions of celestial
bodies.

Starting with the middle of the 20th century celestial mechanics became much more
versatile than it was before. It lost the title of theoretical astronomy (historical title
when astronomy was restricted only by astrometry and celestial mechanics representing
its observational and theoretical parts, respectively) but became related much closer to
physics and mathematics. In fact, modern celestial mechanics deals with four interrelated
groups of topics, as follows:

1) physics of motion, i.e. investigation of the physical nature of forces affecting the
motion of celestial bodies and formulation of a physical model for a specific celestial me-
chanics problem. The final aim in this domain is to derive the differential equations of
motion of celestial bodies and of light propagation. The global physical model underlying
contemporary celestial mechanics is the Einstein general relativity theory (GRT). Within
present physics Newtonian celestial mechanics is regarded as a completed science since the
equations of motion for any Newtonian problem are known and the problem is reduced to
the mathematical investigation of these equations;

2) mathematics of motion, i.e. investigation of the mathematical characteristics of
the solutions of the differential equations of motion of celestial bodies (various forms of
solution representation, asymptotic behaviour, stability, convergence, etc.). Within this
domain a problem of celestial mechanics is considered as solved if the general solution form
and qualitative picture of motion are known;

3) computation of motion, i.e. the actual determination of the quantitative character-
istics of motion. In many natural sciences this problem domain presents no difficulty and
is not treated as a separate section. This is not so in celestial mechanics. For instance, if
it is known that some problem may be solved in form of a power/trigonometric series then
the actual determination of the necessary amount of the terms of such series and their
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summation is not a trivial problem when the amount of the terms ranges of many hundred
and thousand. Numerical integration of the equations of motion of celestial bodies over a
long interval of time is not also a non-trivial problem. Analytical and numerical techniques
of celestial mechanics have been permanently improved over all history of celestial mechan-
ics. In its turn it was stimulatory for many branches of mathematics (the theory of special
functions, linear algebra, differential equations, theory of approximation including series
compression techniques, etc.). The computation tools employed now in celestial mechanics
range from Numerical Recipes to computer algebra systems like Mathematica;

4) astronomy of motion, i.e. application of mathematical solution of a problem to
a specific celestial body, comparison with the results of observations, determination of
initial values and parameters of motion, and pre-computation of motion for future. By
comparing the theoretical (computed) and observational results one may make conclusion
about adequacy of physical and mathematical model to the observed picture of motion.
If this adequacy is not satisfactory the investigation of the problem is returning to one of
the previous steps (improvement of a physical model and mathematical solution).

In the first three items celestial mechanics acts as a fundamental science. The fourth
section characterizes celestial mechanics as an applied science although eventually just the
results of the fourth section investigations (agreement or disagreement with observations)
are crucial for the development of celestial mechanics as a whole. Needless to say, this
classification of the philosophy of celestial mechanics is rather conventional.

Keplerian two–body problem

The simplest and at the same time the most practically important problem of celestial
mechanics is the problem of motion of two material points mutually attracted in accordance
with the Newtonian law of gravitation. Kepler was the first to derive (empirically) the
resulted laws of motion. That is why this problem is often called the Keplerian two–body
problem.

If mi and ri (i = 1, 2) are masses and position vectors of two bodies (regarded as
material points) then according to Newtonian mechanics the equations of motion of these
bodies in an arbitrary inertial coordinate system have the form

r̈1 = −Gm2
r1 − r2

r3
, r̈2 = −Gm1

r2 − r1

r3
(4.1)

where G is the gravitational constant and r = |r2− r1| is the mutual distance between the
bodies. Introducing instead of r1 and r2 the position vector r0 of the centre of mass of the
bodies

r0 =
1
m

(m1r1 + m2r2), m = m1 + m2 , (4.2)

and the relative position vector of the second body with respect to the first one

r = r2 − r1 (4.3)

one can replace (4.1) by two independent systems

r̈0 = 0 (4.4)

2

40/177



and
r̈ = −Gm

r
r3

. (4.5)

Equations (4.4) show that the centre of mass of the two bodies is in the uniform rectilinear
motion. A coordinate system in which

r0 = ṙ0 = 0 (4.6)

is called the barycentric coordinate system. Equations (4.5) describe the relative motion
of the two bodies. Just these equations are characteristic for the Keplerian two–body
problem.

The trajectories of the two–body problem are the conic sections. In dependence on
the type of the conic section one speaks about elliptic, parabolic or hyperbolic type of
motion. In the degenerate case one meets also the rectilinear type of motion.

From mathematical point of view the general solution of equations depends on time
and six arbitrary constants. One may adopt for these constants the values of the coordi-
nates and velocity components at the initial moment of time but to visualize the general
picture of motion it is reasonable to choose for these constants some quantities character-
izing the orbit. Such quantities are called orbital elements. The most widespread form of
the general solution of the two–body problem is given by the set of relations

r = r(t; a, e, i, Ω, ω, M0), (4.7)

and
ṙ = ṙ(t; a, e, i, Ω, ω, M0), (4.8)

expressing the position and velocity vectors in terms of time t and six Keplerian elements
a, e, i, Ω, ω and M0. The first two elements, the semi–major axis a and eccentricity e,
characterize the size and the form of the orbit, respectively. Just these two elements
determine the type of the motion as exposed below:

type elliptical parabolic hyperbolic rectilinear
a > 0 ∞ < 0 finite
e < 1 1 > 1 1

Elements a, e and inclination i are the action elements of the two–body problem. The
remaining three quantities are the angular elements:

Ω, the longitude of node
ω, the argument of pericentre
M0, the mean anomaly at epoch

In addition, other angular quantities of the two–body problem are as follows:
π = Ω + ω, the longitude of pericentre
ε = M0 + π, the mean longitude at epoch
v, true anomaly
u = v + ω, the argument of latitude
g, eccentric anomaly
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M = M0 + n(t− t0) = n(t− τ), mean anomaly
τ , the instant of pericentre passage
λ = M + π = ε + n(t− t0), mean longitude

The mean motion n related to a by the third Kepler’s law

n =
(Gm)1/2

a3/2

involves the period of motion

T =
2π

n
.

Equations (4.5) admit the first integrals, i.e. area vector integral

c = r× ṙ , (4.9)

Laplace vector integral

f =
(
ṙ2 − Gm

r

)
r− (rṙ)ṙ , (4.10)

and energy integral

ṙ2 = Gm

(
2
r
− 1

a

)
. (4.11)

In virtue of (4.9) one has
c2 = r2ṙ2 − (rṙ)2 . (4.12)

Seven scalar constants of (4.9)–(4.11) satisfy two relationships

cf = 0 , Gmc2 + af 2 = (Gm)2a . (4.13)

One often makes use of the unit vectors related to the two–body problem

l =




cos Ω
sinΩ

0


 , m =



− cos i sinΩ

cos i cosΩ
sin i


 , k =




sin i sin Ω
− sin i cosΩ

cos i


 , (4.14)

and
P = l cos ω + m sin ω , Q = −l sin ω + m cos ω . (4.15)

In particular,
c = na2η k , f = n2a3eP , η =

√
1− e2 . (4.16)

In terms of these quantities the general solution of the two–body problem may be presented
in the closed form as follows:

r = r(l cosu + m sin u) = r(P cos v + Q sin v) = a[P(cos g − e) + Qη sin g], (4.17)

ṙ =
na

η
[−l(sin u + e sin ω) + m(cosu + e cosω)] =

na

η
[−P sin v + Q(cos v + e)] (4.18)

4

42/177



with radius–vector r and orbital parameter p

r =
p

1 + e cos v
= a(1− e cos g) , p = aη2, tan

v

2
=

√
1 + e

1− e
tan

g

2
. (4.19)

One often meets also the orbital coordinates

X = r cos v = a(cosg − e), Y = r sin v = aη sin g . (4.20)

Relation to time t is given by the differential equations

r2u̇ = na2η , ṙ =
na

η
e sin v (4.21)

resulting in the Kepler’s equation

g − e sin g = M . (4.22)

The coordinates of the two–body problem may be expressed as explicit functions of time by
means of the Hansen series (trigonometric series in the mean anomaly or mean longitude
with Hansen coefficients dependent only on e):

Φnm ≡
( r

a

)n

exp i mv =
∞∑

s=−∞
Xn,m

s (e) exp i sM , (4.23)

x + i y =a
∞∑

s=−∞
X1,1

s+1(e)
{
cos2

i

2
exp i[(s + 1)λ− sπ]+

+ sin2 i

2
exp i[(−s− 1)λ + sπ + 2Ω]

}
, (4.24)

z = a sin i
∞∑

s=−∞
X1,1

s+1(e) sin[(s + 1)λ− sπ − Ω], (4.25)

r = a
∞∑

s=−∞
X1,0

s (e) cos(sλ− sπ). (4.26)

In virtue of
Xn,m

s (e) = Xn,−m
−s (e) = O(e|m−s|)

the terms of the Hansen series satisfy D’Alembert characteristics being of the structure

O
(
e|s2|(sin i)|s3|) exp i(s1λ + s2π + s3Ω)

The coordinates of the two–body problem are holomorphic in terms of e cos π, e sin π,
sin i cosΩ, sin i sin Ω.

For large values of eccentricity the Hansen series are not too effective. Alternative series
in true or eccentric anomaly might be more compact:

Φnm =
∞∑

s=−∞
Y n,m

s (e) exp i sv , (4.27)

Φnm =
∞∑

s=−∞
Zn,m

s (e) exp i sg . (4.28)

5

43/177



But the most compressed series for celestial mechanics problems are given by using the fast
converging elliptic functions expansions (Brumberg and Brumberg, 1999). Application of
these expansions is possible in cases as follows:

If f(x, y) represents some function admitting a Fourier expansion

f(x, y) =
∞∑

m=−∞
fm(x) exp i my , 0 ≤ x ≤ 1 , 0 ≤ y ≤ 2π (4.29)

converging rather slowly for large values of x and if there exists a transformation of variables

(x, y) → (k, u) , (4.30)

reducing function f(x, y) to Jacobi elliptic function g(k, u) with modulus k and argument
u then the corresponding Fourier expansion

g(k, u) =
∞∑

m=−∞
gm(q) exp i mw , w =

πu

2K(k)
+ const , (4.31)

q = exp
(
−πK ′

K

)
, K ′ = K(k′), k′ =

√
1− k2 , (4.32)

is generally much more compact than (4.29). K = K(k) stands here for the complete
elliptic integral of the first kind. Jacobi nome q remains comparatively small even for large
values of k.

Just this case takes place in the two–body problem. It is possible to introduce here elliptic
anomaly w by putting

k = e , sin g = − cn u , cos g = sn u .

Then function (4.23) admits the expansion

Φnm =
∞∑

s=−∞
Bn,m

s (q) exp i sw , w =
πu

2K
− π

2
. (4.33)

Expansion (4.33) is much more compact that (4.23), (4.27), or (4.28) (moreover, coefficients
of (4.33) may be computed by the closed formulas). A similar anomaly related with elliptic
functions may be introduced also in planetary problems with the big ratio a/a′ of the semi–
major axes (Brumberg, 1995).

Problems with the dominant role of the two–body motion may be presented in the form
of the perturbed two–body problem

r̈ = −Gm

r3
r + F , (4.34)
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F i =
∂R

∂xi
− d

dt

∂R

∂ẋi
, R = R(r, ṙ, t). (4.35)

These equations may be rewritten in the Lagrange form

d

dt

∂L

∂ẋi
− ∂L

∂xi
= 0 , L = 1

2 ẋiẋi + U + R , U =
Gm

r
, r2 = xixi , (4.36)

or in the canonical (Hamiltonian) form

ẋi =
∂H

∂pi
, ṗi = −∂H

∂xi
, (4.37)

H = 1
2pipi − U − V , V = R +

1
2

∂R

∂ẋi

∂R

∂ẋi
, pi ≡ ∂L

∂ẋi
= ẋi +

∂R

∂ẋi
. (4.38)

The relationship between the Hamiltonian H and Lagrangian L is given by

H ≡ piẋi − L = 1
2 ẋiẋi + ẋi ∂R

∂ẋi
− U −R . (4.39)

Needless to say, in these formulas we use again the Einstein summation rule.

The perturbed two–body problem may be investigated by means of the vectorial or Ke-
plerian elements. In contrast to the two–body problem these elements are some definite
functions of time satisfying differential equations resulted from (4.34). Variations of the
vectorial elements read

ċ = r× F , (4.40)

ḟ = 2(ṙF)r− (rF)ṙ− (rṙ)F = [F× (r× ṙ)] + [ṙ× (r× F)]. (4.41)

In the variations for the Keplerian elements one meets the components of the perturbing
forces

S =
1
r
(rF), T =

1
r
(k× r)F , W = kF (4.42)

so that
T = QF cos v −PF sin v , S = QF sin v + PF cos v , (4.43)

rP = r cos v , rQ = r sin v , ṙP = −na

η
sin v , ṙQ =

na

η
(cos v + e) , (4.44)

and

ḟ P = na2η[sin v S + (cos v + cos g)T ], ḟ Q = na2η
[
− cos v S +

(
1 +

r

p

)
sin v T

]
. (4.45)

Equations for the variations of the Keplerian elements result from the relations

ċ =
na

2η

dp

dt
k + na2η

(
l sin i

dΩ
dt

−m
di

dt

)
, (4.46)
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ḟ = n2a3 de

dt
P + n2a3e

[(dω

dt
+ cos i

dΩ
dt

)
Q +

(
sin ω

di

dt
− cosω sin i

dΩ
dt

)
k
]
, (4.47)

by multiplicating them by k , l , m , P , Q, respectively.

Each angular anomaly (true, eccentric, mean or elliptic) should be related to time. By
differentiating (4.17) and combining with (4.18) one finds

dv

dt
=

na2

r2
η −

(
dω

dt
+ cos i

dΩ
dt

)
. (4.48)

Then
dg

dt
=

na

r
− r

aη

(
dω

dt
+ cos i

dΩ
dt

+
sin v

η2

de

dt

)
, (4.49)

M = M0 +
∫ t

t0

ndt ,
dM

dt
= n +

dM0

dt
, (4.50)

dM0

dt
= −

(
1 +

r

aη2

)
sin g

de

dt
− r2

a2η

(
dω

dt
+ cos i

dΩ
dt

)
, (4.51)

and finally

dw

dt
=

π

2K dn u

[
na

r
+

1
η2

(
1
k

Z(u) dnu +
r

a
cn u

)
de

dt

− r

aη

(
dω

dt
+ cos i

dΩ
dt

)]
, (4.52)

Z(u) being Jacobi zeta function , i,e, a periodic part of the elliptic integral of the second
kind

E(amu, k) =
E

K
u + Z(u). (4.53)

Sometimes it might be useful to have the variation of the radius–vector in terms of any of
these anomalies

dr =
r

a
da− a cos v de +

ae

η
sin v dM , (4.54)

dr =
r

a
da− a cos g de + ae sin g dg , (4.55)

dr =
r

a
da− r

η2

[
e + (cos v + e)

r

aη2

]
de +

r2

aη2
e sin v dv , (4.56)

dr =
r

a
da +

a

η2
dn u

(
Z(u) cn u− snu dn u

)
de

− 2K

π
ak cn u dnu dw . (4.57)
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Osculating elements permitting to express the coordinates and velocities of the perturbed
two–body problem by means of the formulas of the two–body problem satisfy equations

da

dt
=

2
nη

(
Se sin v + T

p

r

)
=

2
na

∂R

∂M0
, (4.58)

de

dt
=

η

na
[S sin v + T (cos v + cos g)] =

η2

na2e

∂R

∂M0
− η

na2e

∂R

∂ω
, (4.59)

di

dt
=

r cosu

na2η
W =

cot i

na2η

∂R

∂ω
− csc i

na2η

∂R

∂Ω
, (4.60)

dΩ
dt

=
r sin u

na2η sin i
W =

csc i

na2η

∂R

∂i
, (4.61)

dω

dt
= − cos i

dΩ
dt

+
η

nae

[
−S cos v + T

(
1 +

r

p

)
sin v

]
=

= − cot i

na2η

∂R

∂i
+

η

na2e

∂R

∂e
, (4.62)

dM0

dt
= −η

(
dω

dt
+ cos i

dΩ
dt

)
− S

2r

na2
= − η2

na2e

∂R

∂e
− 2

na

∂R

∂a
. (4.63)

When the right–hand members are expressed in terms of the components S, T , W the
corresponding equations are called Gauss equations. In case when the perturbing force F
admits the perturbing function R dependent only on the coordinates and time

F =
∂R

∂r
, R = R(t, r) (4.64)

the corresponding equations with the right–hand members expressed in terms of the deriva-
tives of R are called Lagrange equations.

One may note therewith useful differential relations

sin u
di

dt
− cosu sin i

dΩ
dt

= 0 , (4.65)

dl
dt

= (m cos i− k sin i)
dΩ
dt

, (4.66)

dm
dt

= −l cos i
dΩ
dt

+ k
di

dt
, (4.67)

dk
dt

= l sin i
dΩ
dt

−m
di

dt
, (4.68)

dP
dt

= Q
(

dω

dt
+ cos i

dΩ
dt

)
+ k

(
sin ω

di

dt
− cos ω sin i

dΩ
dt

)
, (4.69)
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dQ
dt

= −P
(

dω

dt
+ cos i

dΩ
dt

)
+ k

(
cos ω

di

dt
+ sin ω sin i

dΩ
dt

)
. (4.70)

There results also

Ṗ cos v + Q̇ sin v =
1

n2a3e
(−P sin v + Q cos v)ḟ Q . (4.71)

The most typical example of the celestial mechanics perturbations is provided by the
three–body problem. The disturbing function of this problem has the form

R = Gm′
(

1
∆
− rr′

r′3

)
, (4.72)

∆ =| r− r′| being the mutual distance between the perturbed and perturbing bodies. The
most general expansion of the perturbing function reads

R = Gm′∑ Aqq′ss′j cos θqq′ss′j (4.72)

with angular arguments

θqq′ss′j = qM + q′M ′ + sω + s′ω′ + j(Ω− Ω′)+
= qλ + q′λ′ + (s− q)π + (s′ − q′)π′ + (j − s)Ω + (−j − s′)Ω′ (4.73)

and coefficients

Aqq′ss′j = O
(
e|q−s|e′|q

′−s′|(sin i
2 )|s−j|(sin i′

2 )|s
′+j|

)
. (4.74)

In dependence on the values of the trigonometric indices the perturbations of the first
order are divided in three main groups, i.e. secular terms δΩs , δωs , δMs with

q = q′ = s = s′ = j = 0 ,

quasi–secular terms in δe , δi , δΩ , δω , δM with

q = q′ = 0 , | s | + | s′ | + | j |6= 0 ,

and short–period terms in the variations of all six elements with

| q | + | q′ |6= 0 .

Quasi–secular terms in planetary theories are secular terms only formally. In fact, they
result from replacing the long–period terms by their power series expansions. In satellite
theories they retain the form of the long–period terms.
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In classical planetary theories only mean anomalies (or mean longitudes) are consid-
ered as trigonometric variables involving in the process of integration the divisors

∇qq′000 = qn + q′n′ (planetary case).

In satellite theories, particularly in lunar theory, all trigonometric arguments of (4.72),
(4.73) are regarded as functions of time involving in the process of integration the divisors

∇qq′ss′j = q(n + δṀs) + q′(n′ + δṀ ′
s) + sδω̇s + s′δω̇′s + j(δΩ̇s − δΩ̇′s) (lunar case).

The main difficulties in classical theories are related with small divisors resulted from the
quasi–commensurability of the angular frequencies.

As an example of more modern approach to represent the motion of the major planets
let’s mention GPT, general (long–term) planetary theory (Brumberg, 1995). This theory
is based on combining the Von Zeipel’s separation of fast and slow variables and Birkhoff’s
normalization, i.e. reduction to the secular autonomous system. It means that instead of
representation of the general solution by series GPT deals with the trigonometric series
involving only fast variables (mean longitudes of the planets) and resulting to the secular
autonomous system to describe the behaviour of the slow variables (longitudes of perihelia
and nodes). This system may be investigated by different techniques specifically adequate
for such case. The formulas below are given just for the sake of illustration. If xi, yi, zi, Ai

and λi (i = 1, . . . , N, N = 8) are heliocentric rectangular coordinates, semi–major axes
and mean longitudes of the planets then the transformation

xi + i yi = Ai(1− pi) exp i λi , zi = Aiwi , (4.75)

λi = nit + εi , n2
i A

3
i = G(m0 + mi) (4.76)

enables one to deal with the dimensionless variables pi (complex) and wi (real) of the order
of planetary eccentricities and inclinations, respectively. These variables may be expanded
in power series in new variables ai, āi, bi, b̄i with coefficients dependent only on the mean
longitudes (fast variables)

pi =
∞∑

m=0

∑
p+q+r+s=m

p(i)
pqrs(t)

N∏

j=1

a
pj

j ā
qj

j b
rj

j b̄
sj

j , (4.77)

wi =
∞∑

m=1

∑
p+q+r+s=m

w(i)
pqrs(t)

N∏

j=1

a
pj

j ā
qj

j b
rj

j b̄
sj

j , (4.78)

p, q, r, s being multi–indices of the corresponding scalar indices. Being simply transformed

ai = αi exp i λi , bi = βi exp i λi (4.79)

these new variables permit to get a secular autonomous system

α̇ = iN [Aα + Φ(α, ᾱ, β, β̄)
]
,

β̇ = iN [Bβ + Ψ(α, ᾱ, β, β̄)
]
.

(4.80)
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Here N is the matrix of the mean motions ni, A and B are constant matrices dependent
only on semi–major axes and masses of the planets, Φ and Ψ are power series of their
arguments. In neglecting Φ and Ψ, and retaining only linear terms with respect to the
planetary masses in A and B one comes back to the equations of the linear trigonometric
theory of secular perturbations by Lagrange and Laplace.

Presently, the most important practical problems of celestial mechanics are as follows:
1) Theories of motion of the major planets and the Moon. The most developed

analytical theories of the major planets and the Moon were elaborated in IMCCE (Institut
de mécanique celeste et calcul des éphémérides, Paris). These theories are known under
the names VSOP87 (Variations Séculaires des Orbites Planétaires) for major planets and
ELP2000 (Éphémérides Lunaires Parisiennes) for the Moon. These theories may be found
in Internet at www.imcce.fr . They are used in different celestial mechanics problems
demanding analytical expressions for planetary–lunar coordinates and velocities. General
form of representation of the planetary coordinates in these theories is as follows:

xi(t) =
∑
α

tα

[∑

k

Xα
ik cos(ψα

k + να
k t)

]
. (4.81)

Yet, the space programs related to the computation of the high–accuracy orbits of space
probes and the discussion of the high–precision observations make use of the numerical
planetary–lunar theories such as DE/LE JPL (Jet Propulsion Laboratory, Pasadena, USA)
and EPM IAA (Institute of Applied Astronomy, Saint–Petersburg). These theories are
exposed at www.jpl.nasa.gov and www.ipa.nw.ru , respectively. It is to be noted that
these theories are not purely Newtonian because they are constructed taking into account
the main GRT effects.

2) Earth’s rotation theory. The most advanced analytical rigid-body Earth’s rotation
theory is SMART97 (Solution du Mouvement de l’Axe de Rotation de la Terre), also
elaborated in IMCCE basing on VSOP87 theories. This theory has been complemented
by corrections due to a more sophisticated Earth’s body model and by main GRT terms.

3) Space dynamics. Due to specific character of space flights most space dynam-
ics solutions are given by short–term numerical theories (to precise possible approximate
analytical solutions of the designing stage).

4) Uncompleted problems of Newtonian celestial mechanics. In spite of its complete-
ness in opinion of many physicists Newtonian celestial mechanics still involves a lot of
uncompleted and interesting problems. First of all, it concerns the problem of evolution of
motion in the n–body problem of comparable masses. Even for the case of one dominant
mass (the case of the solar system) the representation of a solution valid for long intervals
of time still presents an actual problem. In this respect it seems reasonable to investigate
further the possibilities of GPT by using the compact elliptic function expansions (Brum-
berg and Brumberg, 1999, 2001) and to extend GPT to represent both the heliocentric
motion of the planets and their axial rotation. The elliptic function expansions might be
useful also for the short–term theories of motion. In general, going beyond the material
point model the motion of the rigid or liquid bodies in relationship to their axial rotation
presents a vast field of investigation. Needless to say, celestial mechanics at present has
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lost its former actuality but this is a common destiny of any science having nothing to
do with mathematical or astronomical completeness of celestial mechanics. Some celestial
mechanics problems still awaiting their solutions (reflecting the point of view of the author)
are outlined in (Brumberg, 2008).
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Lecture 5. Relativity in Celestial Mechanics and Astrometry

As seen from the previous lecture Newtonian celestial mechanics is characterized by four
mutually independent conceptions, i.e.
(1) absolute time (invariance of dt),
(2) absolute space (invariance of ds2 = dxidxi),
(3) linear field theory of potential (linear Laplace and Poisson equations),
(4) Newtonian dynamics (ordinary differential equations of motion).
Special relativity theory (SRT) combines first two items into unique object, i.e. the four–
dimensional flat space–time characterized by metric (2.52) in inertial coordinates. However,
SRT does not consider gravitation.

General theory of relativity (GRT) simplifies methodological foundations of celestial
mechanics combining all four items, i.e. time–space properties from the one hand and
motion and distribution of matter from the other hand into the field equations (3.4).
These equations determine the metric form (3.1) of the pseudo–Riemannian space–time
together with the location and motion of the gravitating masses.

From the purely operational point of view there are two distinctions between NGT
(Newton gravitation theory) and GRT:
(1) mathematically: the structure of the field equations and equations of motion,
(2) physically: the way to compare the results of computation and observational data
(O−C problem).

The first question is the subject of relativistic celestial mechanics. It involves the
solution of the field equations and then the equations of motion of celestial bodies. In
some respect it may be regarded as one more branch of the celestial mechanics perturbation
theory. The second question is the subject of relativistic astrometry. Only the consistent
simultaneous treatment of the both questions leads to the physically meaningful results.
The specific feature of the second question is that in contrast to the inertial coordinates
of Newtonian mechanics the GRT coordinates have no physical meaning and cannot be
considered as the physically measurable quantities. Therefore, the results of the relativistic
dynamical theories expressed in terms of the coordinates are not unique, depend on the type
of the employed coordinates and cannot be directly confirmed or refuted by observations.
Only in terms of the measurable quantities the conclusions of the dynamical theories
become unique and may be compared with observations.

There exist three main possible ways to overcome difficulties caused by the intrusion
of coordinate dependent quantities into ephemeris astronomy, i.e.
(1) constructing theories only in terms of measurable quantities,
(2) using arbitrary coordinates with indicating the metric employed enabling one to develop
an unambiguous procedure to compare measurable and calculated quantities,
(3) using one and the same type of coordinates both in constructing dynamical solution
and in discussion of observations.

Considering present applications of these ways one may call them conventionally as
physical, mathematical and astronomical approach, respectively. For ephemeris astronomy,
first of all, for problems related to reference frames, time scales, astronomical constants,
etc., the third way seems to be quite appropriate. But in applying it under the formulations
by the IAU (International Astronomical Union) resolutions one should never forget that it
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presents only one of the possible way of research and even within its own framework there
might be different approaches to solve astronomical problems.

The concept of reference frame is often differently used in physics and astronomy
leading sometimes to misunderstanding. In astronomy the reference (coordinate) system
(RS) is the primary mathematical construction to be given in GRT by a metric form.
The reference frame results from the matching of the reference system to some reference
astronomical objects (‘materialization’ of a reference system). In GRT one may use any
coordinates in constructing a reference system. But if a coordinate system is not dynami-
cally adequate to the class of problems under consideration then both the solution of the
dynamical problems (the subject of relativistic celestial mechanics) and the transformation
to the observational data (the subject of relativistic astrometry) will contain a number of
extra terms caused only by the inadequate choice of the reference system. These terms can-
cel out in the expressions for the measurable quantities (time intervals, angular distances,
frequency ratios, etc.) and the resulting relativistic effects turn out to be much smaller
than the relativistic perturbations in the coordinate solution of the dynamical problems.
On the contrary, if the coordinate system is dynamically adequate, then the coordinate
solution of the dynamical problems will not contain any large terms of the non–dynamical
origin and will insignificantly change in converting to the measurable quantities. These
considerations underlying the contemporary theory of relativistic reference systems for
astronomy will be explicitly exposed in Lecture 7.

Post–Newtonian equations of motion of a test particle
As seen from Lecture 3 for relativistic celestial mechanics in the post–Newtonian approxi-
mation it is sufficient to know only the linearized GRT metric. Nevertheless, if the complete
post–Newtonian metric is known (i.e. metric with h00

2
, hij

2

, h0i
3

and h00
4

then one may apply

the geodesic principle to write the post–Newtonian equations of motion of a test particle
in a given gravitational field (3.1), (3.2). Moreover, we will start with the exact equations
of the geodesic motion

d2xα

ds2
+ Γα

µν

dxµ

ds

dxν

ds
= 0 . (5.1)

The transformation of the independent argument from s to x0 performed with the deriva-
tives

dxi

dx0
=

dxi

ds

ds

dx0
,

d2xi

dx02 =
d2xi

ds2

(
ds

dx0

)2

+
dxi

ds

d2s

dx02 ,

ds

dx0
=

(
dx0

ds

)−1

,
d2s

dx02 = −d2x0

ds2

(
dx0

ds

)−3

results in the equations

d2xi

dx02 = −Γi
µν

dxµ

dx0

dxν

dx0
+ Γ0

µν

dxµ

dx0

dxν

dx0

dxi

dx0
(5.2)

or else

ẍi =− c2Γi
00 − 2cΓi

0kẋk + cΓ0
00ẋ

i − Γi
kmẋkẋm+

+ 2Γ0
0kẋkẋi + c−1Γ0

kmẋkẋmẋi . (5.3)
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These equations are exact. If one wants to apply them in the gravitational radiation
approximation, i.e. within c−5 accuracy, then Γα

µν should be found within the accuracy as
follows:

Γi
00 ∼ c−7 , Γi

0k , Γ0
00 ∼ c−6 , Γi

km , Γ0
0k ∼ c−5 , Γ0

km ∼ c−4 .

Using the general expression

Γα
µν = 1

2gαβ(gµβ,ν + gνβ,µ − gµν,β)

with
gµν,0 = c−1 ∂gµν

∂t
, gµν,i =

∂gµν

∂xi

and the expansions
g00 = 1− h00 + (h00)2 + . . . , (5.4)

g0m = h0m − h00h0m + h0shms + . . . , (5.5)

gmn = −δmn − hmn − hmshns + . . . (5.6)

one finds
Γ0

00 = 1
2h00,0 − 1

2h00h00,0 − 1
2h0sh00,s + . . . , (5.7)

Γ0
0k = 1

2h00,k − 1
2h00h00,k + . . . , (5.8)

Γ0
km = 1

2 (h0k,m + h0m,k − hmk,0) + . . . (5.9)

and

Γi
00 = 1

2h00,i + 1
2hish00,s − h0i,0 + 1

2h0ih00,0 − hish0s,0+

+ 1
2hirhrsh00,s + . . . , (5.10)

Γi
0k = 1

2 (h0k,i − h0i,k − hik,0) + 1
2h0ih00,k + 1

2 (h0k,s − h0s,k − hks,0)his + . . . , (5.11)

Γi
km = 1

2 (hkm,i − hik,m − him,k) + 1
2 (hkm,s − hks,m − hms,k)his + . . . , . (5.12)

Expressions (5.9)–(5.12) are sufficient for writing the geodesic equations in the gravitational
radiation approximation. Here we are interested only in the post–Newtonian equations.
Retaining in (5.9)–(5.12) only linear terms and one quadratic (underlined) term we get

ẍi =− 1
2c2h00,i − 1

2c2hish00,s + c2h0i,0 + 1
2ch00,0ẋ

i+

+ c(h0i,s − h0s,i + his,0)ẋs + h00,sẋ
sẋi+

+ (hir,s − 1
2hrs,i)ẋrẋs + O(c−4) . (5.13)

h00 in the first term of the right–hand side should be given up to the fourth–order terms
inclusive. For all other terms one may use the values from the linearized theory. With the
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aid of the geodesic variational principle these equations may be put in the Lagrange form
with the Lagrangian L = c2(1− ds/dx0). Considering that

(
ds

dx0

)2

= 1 + h00 − c−2ẋsẋs + 2c−1h0kẋk + c−2hrsẋ
rẋs (5.14)

one has

L = 1
2 ẋsẋs − 1

2c2h00 + 1
8c2(h00)2 − ch0sẋ

s−
− 1

2hrsẋ
rẋs − 1

4h00ẋ
sẋs + 1

8c−2(ẋsẋs)2 + O(c−4) . (5.15)

In taking the time–derivative the relation

ḣµν = chµν,0 + hµν,sẋ
s (5.16)

is to be used. Sometimes one makes use of the equations of motion referred to s. From
(5.14) it follows

dx0

ds
= 1− 1

2
h00 +

1
2

dxk

ds

dxk

ds
+

3
8
(h00)2 − 1

4
h00

dxk

ds

dxk

ds
−

− 1
2
hkm

dxk

ds

dxm

ds
− 1

8

(
dxk

ds

dxk

ds

)2

− h0k
dxk

ds
+ . . . (5.17)

. There results the post–Newtonian equations of the test particle referred to s

d2xi

ds2
= − 1

2h00,i + 1
2h00h00,i − 1

2hikh00,k + h0i,0 + (h0i,k − h0k,i + hik,0)
dxk

ds
−

− 1
2h00,i

dxk

ds

dxk

ds
+ (hik,m − 1

2hkm,i)
dxk

ds

dxm

ds
. (5.18)

Again h00 is needed here within c−4 accuracy.
Solution of equations (5.13) determines the motion of a test particle in some specific

coordinate system given by components gµν . For comparison with observations it is nec-
essary then to describe the procedure of observations in the same coordinate system. This
aim is achieved with the use of the equations of light propagation. Only afterwards is it
possible to exclude the physically meaningless coordinates xi and to deal with the directly
measurable quantities in the proper time of an observer.

Post–Newtonian equations of light propagation
The propagation of light referred to the coordinate time t is described by the equations of
isotropic geodesics (1.42), i.e.

ẍi + Γi
µν ẋµẋν = − d2t

dλ2

(
dt

dλ

)−2

ẋi , (5.19)
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gµν ẋµẋν = 0 (5.20)

with λ being the canonical parameter. In more detail, relation (5.20) reads

c2(1 + h00) + 2ch0kẋk + (−δkm + hkm)ẋkẋm = 0 . (5.21)

Differentiating with respect to time and considering that in light propagation ẋi = O(c),
ẍi = O(1) one obtains

2ẋkẍk = c3h00,0 + c2h00,kẋk + c(2h0k,m + hkm,0)ẋkẋm + hik,mẋiẋkẋm + O(c−1) . (5.22)

Substituting into (5.19) the Christoffel symbols one finds within the same accuracy

ẍi + 1
2c2h00,i+c(h0k,i − h0i,khik,0)ẋk + ( 1

2hkm,i − hik,m)ẋkẋm =

= − d2t

dλ2

(
dt

dλ

)−2

ẋi . (5.23)

Considering that for the Newtonian approximation ẋkẋk = c2 and d2t/dλ2 = 0 one gets
from (5,22), (5.23)

− d2t

dλ2

(
dt

dλ

)−2

= 1
2ch00,0 + h00,kẋk + c−1(h0k,m − 1

2hkm,0)ẋkẋm (5.24)

resulting in combination with (5.23) in the post–Newtonian equations of light propagation

ẍi = − 1
2c2h00,i + h00,kẋkẋi + (hik,m − 1

2hkm,i)ẋkẋm + 1
2ch00,0ẋ

i+

+ c(h0i,k − h0k,i + hik,0)ẋk + c−1(h0k,m − 1
2hkm,0)ẋkẋmẋi + O(c−2). (5.25)

In the case of the constant field (hµν,0 = 0) these equations may be put into the Lagrange
form with Lagrangian

L = 1
2 ẋsẋs − 1

2h00ẋ
sẋs − 1

2hrsẋ
rẋs − 1

2ch0sẋ
s − 1

2c−1h0sẋ
sẋrẋr + O(c−2). (5.26)

Infinitesimal time intervals and distances
As stated above the curvilinearity of the GRT space–time manifests itself differently in
different coordinate systems demonstrating that generally time and spatial characteristics
(including spatial distances) are coordinate–dependent quantities. The problem of deter-
mination of the coordinate–independent quantities from the coordinates x0, x1, x2, x3 of
some given RS will be considered in subsequent lectures. For infinitesimal time intervals
and distances the problem is comparatively simple. A set of relations useful in practice is
given below.

By putting dx1 = dx2 = dx3 = 0 in the expression of ds2 one finds the proper time
of a rest particle (a particle at rest with respect to a given system) or, in other words, the
proper time of a RS at a given point

dτ = c−1g
1/2
00 dx0 . (5.27)
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Similarly, the proper time of the moving particle (the time of a clock moving in a
given system) is determined by

dτ = c−1

(
g00 + 2g0i

dxi

dx0
+ gik

dxi

dx0

dxk

dx0

)1/2

dx0 (5.28)

generalizing (2.10).
The proper distance between points A(x0 + dx0 , xi + dxi) and B(x0 , xi) is defined

as the multiplied by c/2 interval of the proper time of a system elapsed between emission
a light signal from point A at moment x0 + dx0

(1) and its back reception in A at moment
x0 + dx0

(2) after its reflection from B at moment x0. Determining the values dx0
k , k = 1, 2

from the condition ds2 = 0 of the light propagation one finds the expression for the square
of the infinitesimal space distance in GRT (proper distance)

dl2 = γikdxidxk , γik =
1

g00
g0ig0k − gik . (5.29)

Since this quadratic form generally changes in time the integral of dl depends on the world
line between given space points. Only in a constant field with gµν independent of x0 the
integral of dl has quite definite sense determining the space distance between points.

The quantities γik may be considered as components of the three–dimensional tensor
determining the metric dl2. They may be also used to facilitate operations in transforming
from covariant components gµν to contravariant components gµν . Indeed, if contravariant
components γik are known then

g0i =
1

g00
g0kγik , gik = −γik , g = −g00γ (5.30)

with γ = det ||γik||.
In SRT time is different for moving clocks. In GRT it is different even for clocks at

rest in different space points of one and the same RS. A comparison of clock readings at
infinitely close points A(x0 +dx0 , xi +dxi) and B(x0 , xi), i.e. their synchronization, may
be again performed by the previously considered light signals (Einstein synchronization).
The moment x0 + ∆x0 at point A representing the middle reading of clock A between
emission and return of the light signal is adopted as being simultaneous with moment x0

of clock B. There results

∆x0 = 1
2 (dx0

(1) + dx0
(2)) = − g0i

g00
dxi . (5.31)

In a RS with g0i 6= 0 Einstein synchronization in the finite domain is impossible. Only
under g0i = 0 Einstein synchronization is possible in the whole space.

The relation (5.27) defines the proper time for events occurring at the same point of
space. The coordinate time interval between the events occurring at different (infinitely
close) points is

x0 + dx0 − (x0 + ∆x0) =
g0µ

g00
dxµ
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resulting after multiplication in accordance with (5.27) by c−1√g00 in the proper time
interval for the events occurring at different space points (proper time of RS)

dτ = c−1(g00)−1/2g0µdxµ . (5.32)

At every point of the GRT space–time one may introduce locally, i.e. in the infinitesimal
vicinity of the point, a pseudo–Cartesian RS. This system may be presented by means
of a tetrad composed of four orthonormal vectors λν

(µ) where the lower index taken in
parentheses means the number of the vector (µ = 0, 1, 2, 3). All SRT relations are locally
valid in such RS and all tensor operations wuth local tetrad indices are performed with
the aid of the Minkowski tensor ηµν as, for instance,

gµνλµ
(α)λ

ν
(β) = ηαβ , (5.33)

λ(β)
α = ηβµgανλν

(µ) . (5.34)

From this it follows that
gµν = λ(α)

µ λ(β)
ν ηαβ (5.35)

and
ds2 = ηµνdx(µ)dx(ν) (5.36)

with
dx(µ) = λ(µ)

ν dxν , dxµ = λµ
(ν)dx(ν) . (5.37)

The main merit of the tetrad formalism is the local Galilean form (5.36) for the field metric.
All quantities being projected onto the tetrad have physical meaning. In particular, dx(0)

and dx(i) are local measurable intervals of time and distance respectively. The tetrad
formalism is one of the tools of the ‘physical’ approach mentioned above.

To illustrate the tetrad formalism techniques we consider two simple examples. The
first example is related to the local 3+1 splitting of any GRT metric

ds2 = c2dτ2 − dl2 (5.38)

where dτ and dl2 are defined by (5.32) and (5.29), respectively. In the case of the weak
field one has

cdτ = (1 + 1
2h00 − 1

8h2
00)cdt + (h0i − 1

2h00h0i)dxi , (5.39)

γik = δik − hik + h0ih0k . (5.40)

Here h00 , hij are O(c−2) quantities. As for h0i, they are generally of the third order (with
respect to c−1). But in accelerated moving (for example, rotating) systems they are of
the first order. Therefore, in (5.39), (5.40) and in the formulas given below the underlined
terms are to be rejected if h0i are of the third order. The tetrad associated with the
splitting (5.38) is

λ
(0)
0 = 1 , λ

(0)
i = 0 , λ

(k)
0 = 0 , λ

(k)
i = δik − 1

2hik + 1
2h0ih0k . (5.41)
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Using it one may compose the space triad

dx(i) = λ
(i)
k dxk = dxi + 1

2 (−hik + h0ih0k)dxk (5.42)

enabling one to present the element of space distance in the form

dl2 = δikdx(i)dx(k) . (5.43)

dτ and dx(i) may be regarded as physically measurable infinitesimal intervals of time and
distance, respectively.

The second example is related with rotation in a weak field determined by metric
(3.71). A test particle characterized only by its mass moves in a given gravitational field
on the geodesic. If the test particle represents a gyroscope then its axes are subjected to
the Fermi–Walker transport described by equations (1.47). Mathematically, a gyroscope
represents a particle with spin. The spin vector Sα is orthogonal to the 4–velocity vector
of a particle. Therefore, the transport of Sα is described by the equations

DSα

ds
= −AβSβuα , uα =

dxα

ds
. (5.44)

The 4–acceleration of a particle Aβ = Duβ/ds is zero for the geodesic motion when there
are no forces of non–gravitational origin. For a point moving in a given gravitational field
the simplest relations may be obtained by using the co–moving tetrad. Its time–like vector
coincides with the 4–velocity of the point

λα
(0) = uα + dxα/ds (5.45)

and the triad vectors correspond to coordinate directions. If vi = dxi/dt are components
of the coordinate 3–velocity of a moving point then

λ0
(0) = 1− 1

2h00 + 1
2

v2

c2
+ . . . , λi

(0) =
vi

c
+ . . . ,

λ0
(i) =

vi

c
+ . . . , λi

(k) = δik + 1
2hik + 1

2

vivk

c2
+ . . .

(5.46)

(more accurate expressions for the co–moving tetrad are given in Brumberg, 1991). In the
co–moving tetrad

u(0) = 1 , u(i) = 0 , A(0) = uµAµ = 0

and S(0) = uµSµ = 0 so that finally the equations of spin transport take the form

dS(i)

dt
= −Γ(i)

(0)(j)S
(j) . (5.47)

In three–dimensional vector notation

S = (S(1), S(2), S(3)), Ω = (Γ(2)
(0)(3),Γ

(3)
(0)(1), Γ

(1)
(0)(2))
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these equations may rewritten as
dS
dt

= Ω× S . (5.48)

Computing the Christoffel symbols in the co–moving system by means of

Γ(α)
(β)(γ) = λ(α)

µ λµ
(γ),(β) + λ

(µ)
β λ(ν)

γ λ(α)
σ Γ(σ)

(µ)(ν)

and using the values (5.7)–(5.12) together with the Newtonian equations of motion

vi
,0 = − 1

2ch00,i + c−1Ai

one finds (Lightman et al., 1975; Brumberg, 1991)

Ω =− 1
2c−3(v×A) + 3

2c−3(v×∇U) + 2c−3(∇×U)+

+ 1
2c−1v∇(∇× a) + 1

2c−1 ∂

∂t
(∇× a). (5.49)

The three–dimensional vectors stand here for the triplets

A = (Ai), U = (U i), ∇ =
(

∂

∂xi

)
, a = (ai).

Equation (5.48) describes the precession of spin relative to the co–moving system whose
axes are assumed to be directed towards fixed distant celestial objects. If the RS associated
with the gyroscope is considered as an analogue of the inertial dynamical RS and the co–
ming system is treated as an analogue of the inertial kinematic RS then the space rotation
of one system with respect to the other is determined by the angular velocity (5.49). The
first term in (5.49) corresounds to the Thomas precession of SRT. The second term in
(5.49) due to the velocity of the particle at hand is called geodesic precession or de Sitter–
Fokker precession. If the vector potential U is caused by rotation of the central body
determining the motion of a particle then the third term in (5.49) is called Lense–Thirring
precession. The fourth and the fifth terms in (5.49) give a contribution from arbitrary
coordinate functions entering into the weak field metric (3.71) (non–harmonic coordinates
influence).
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Lecture 6. One–body problem

This lecture deals with the exact solutions of the GRT field equations. Such solutions
are applied in relativistic astrophysics and relativistic cosmology to model the processes
of evolution of individual objects and the Universe as a whole. In relativistic celestial
mechanics such solutions are related to the one–body problem, i.e. the Schwarzschild
solution for the spherically symmetrical metric describing the field of a fixed spherical
body, the Kerr solution for the axially symmetrical field due to a rotating spherical body,
and the Weyl–Levi-Civita solution for the axially symmetric field due to a fixed spheroid.
By its application the Schwarzschild solution is the most important one.

Schwarzschild metric
A fixed body of spherical structure produces a spherically symmetric gravitational field
with a metric

ds2 = p(r)c2dt2 + 2b(r)cdtdr − q(r)dr2 − a2(r)dΩ2 , (6.1)

dΩ2 = dθ2 + sin2 θ dϕ2 .

t is the coordinate time, r, ϕ, θ are spherical coordinates, p, q, a, b are functions of r to
be determined from the field equations. As ‘time’ t and ‘radial distance’ r may be chosen
arbitrary not violating the field spherical symmetry, two of these functions, a and b for
example, may remain arbitrary. In terms of rectangular coordinates

x1 = r sin θ cos ϕ , x2 = r sin θ sin ϕ , x3 = r cos θ

the metric (6.1) takes the form

ds2 = p(r)c2dt2 + 2b(r)
xi

r
cdt dxi − 1

r2

[
a2(r)δik +

(
q(r)− a2(r)

r2

)
xixk

]
dxidxk . (6.2)

Transformation

cdt∗ = cdt +
b(r)
p(r)

dr (6.3)

excludes the mixed term resulting to

ds2 = p(r)c2dt∗2 −
(

q(r) +
b2(r)
p(r)

)
dr2 − a2(r)dΩ2. (6.4)

The reduction
r∗ = f(r) (6.5)

to the isotropic form

ds2 = A(r∗)c2dt∗2 −B(r∗)(dr∗2 + r∗2dΩ2) (6.6)

yields

A(r∗) = p(r) , B(r∗) =
a2(r)
f2(r)

=
1

f ′2(r)

(
q(r) +

b2(r)
p(r)

)
, (6.7)
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a prime denoting differentiation with respect to r. There results

f(r) = exp
∫

1
a(r)

(
q(r) +

b2(r)
p(r)

)1/2

dr . (6.8)

In rectangular coordinates the metric (6.6) implies

g00 = A , g0i = 0 , gik = −Bδik . (6.9)

For the sake of more general applications of the isotropic metric it is reasonable to consider
A and B as functions of all four coordinates. Ricci tensor for this case reads

R00 = − 1
2B

(
A,ss − 1

2A
A,sA,s +

1
2B

A,sB,s − 3B,00 +
3

2A
A,0B,0 +

3
2B

B,0B,0

)
, (6.10)

R0i = − 1
2B

(
−2B,0i +

1
A

A,iB,0 +
2
B

B,iB,0

)
, (6.11)

Rik = − 1
2B

[
−B,ik − δikB,ss +

1
2A

(A,iB,k + A,kB,i − δikA,sB,s + δikB,0B,0)+

+
1

2B
(3B,iB,k + δikB,sB,s)− B

A

(
A,ik− δikB,00+

δik

2A
A,0B,0− 1

2A
A,iA,k

)]
. (6.12)

Returning to the Schwarzschild problem one has A,0 = B,0 = 0). The field equations (3.10)
for the empty space, i.e. for the external relative to the gravitating body space, yield

A,ss − 1
2A

A,sA,s +
1

2B
A,sB,s = 0 , (6.13)

B,ik + δikB,ss +
1

2A
(+δikA,sB,s −A,iB,k −A,kB,i)−

− 1
2B

(3B,iB,k + δikB,sB,s) +
B

A

(
A,ik − 1

2A
A,iA,k

)
= 0 . (6.14)

The solution of these equations may be found in the form

A =
(

1− ψ/2
1 + ψ/2

)2

, B = (1 + 1
2ψ)4 (6.15)

with the function ψ of the spatial coordinates satisfying the relation

ψψ,ik − 3ψ,iψ,k + δikψ,sψ,s = 0 . (6.16)
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By means of contraction i = k it results to the Laplace equation ψ,ss = 0 with the solution

ψ =
m

r∗
, m =

GM

c2
. (6.17)

G is the gravitational constant, M is the mass of the gravitating body, the constant m is
chosen to provide the coincidence with the Newtonian limit for h00. There results

a(r) = r∗
(
1 +

m

2r∗

)2

, r∗ = 1
2{[a2(r)− 2ma(r)]1/2 + a(r)−m}, (6.18)

p(r) = 1− 2m

a(r)
, q(r) =

a′2(r)− b2(r)
p(r)

. (6.19)

Depending on the choice of two arbitrary functions a(r) and b(r) one may obtain different
coordinate forms of the Schwarzschild metric. The forms (in spherical or rectangular
coordinates) most frequently employed are associated with the following six sets of a(r)
and b(r):
1. Schwarzschild solution in standard coordinates

a(r) = r , b(r) = 0 ,

ds2 =
(

1− 2m

r

)
c2dt2 − dr2

1− 2m

r

− r2dΩ2 , (6.20)

ds2 =
(

1− 2m
r

)
c2dt2 −


δij +

2m

r3

xixj

1− 2m

r


 dxidxj . (6.21)

2. Schwarzschild solution in harmonic coordinates

a(r) = r + m , b(r) = 0 ,

ds2 =
r −m

r + m
c2dt2 − r + m

r −m
dr2 − (r + m)2dΩ2 , (6.22)

ds2 =
r −m

r + m
c2dt2 −

[(
1 +

m

r

)2

δij +
m2

r4

r + m

r −m
xixj

]
dxidxj . (6.23)

3. Schwarzschild solution in isotropic coordinates

a(r) = r
(
1 +

m

2r

)2

, b(r) = 0 ,

ds2 =

(
1− m

2r

)2

(
1 +

m

2r

)2 c2dt2 −
(
1 +

m

2r

)4

(dr2 + r2dΩ2) , (6.24)
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ds2 =

(
1− m

2r

)2

(
1 +

m

2r

)2 c2dt2 −
(
1 +

m

2r

)4

δijdxidxj . (6.25)

4. Schwarzschild solution in Painlevé coordinates

a2(r) = r2
[
1− 2m

a(r)

]
, b(r) = 0 ,

(a(r) being a root of the indicated cubic equation)

ds2 =
[
1− 2m

a(r)

]
c2dt2 − a′2(r)

1− 2m

a(r)

dr2 −
[
1− 2m

a(r)

]
r2dΩ2 , (6.26)

ds2 =
[
1− 2m

a(r)

]
c2dt2−

−





[
1− 2m

a(r)

]
δij +

a′2(r)−
[
1− 2m

a(r)

]2

r2
[
1− 2m

a(r)

] xixj





dxidxj . (6.27)

5. Eddington metric

a(r) = r , b(r) =
2m

r
,

ds2 =
(

1− 2m

r

)
c2dt2 +

4m

r
cdt dr −

(
1 +

2m

r

)
dr2 − r2dΩ2 , (6.28)

ds2 =
(

1− 2m

r

)
c2dt2 +

4m

r

xi

r
cdt dxi −

(
δij +

2m

r3
xixj

)
dxidxj . (6.29)

6. Painlevé metric

a(r) = r , b(r) =

√
2m

r
,

ds2 =
(

1− 2m

r

)
c2dt2 + 2

√
2m

r
cdt dr − dr2 − r2dΩ2 , (6.30)

ds2 =
(

1− 2m

r

)
c2dt2 + 2

√
2m

r

xi

r
cdt dxi − δijdxidxj . (6.31)

All these forms are related by a coordinate transformation. For example, if harmonic
coordinates are denoted by a tilde then the transformation from the harmonic to arbitrary
coordinates is represented by the relations

dt̃ = dt + c−1 b(r)
p(r)

dr (6.32)
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and
r̃ = a(r)−m, θ̃ = θ , ϕ̃ = ϕ (6.33)

or in rectangular coordinates

x̃i =
a(r)−m

r
xi . (6.34)

Forms 5 and 6 introduced respectively by Eddington and Painlevé are examples of sta-
tionary metrics for the Schwarzschild problem. In actual celestial mechanics and astro-
metric applications mainly the static case b(r) = 0 of the Schwarzschild problem is used.
In what follows only this case is considered. Then there remains in (6.1) or (6.2) only
one arbitrary function a(r) satisfying the condition of the Galilean metric at infinity:
a(r)/r → 1, a′(r) → 1 with r →∞.

Solution (6.1) or (6.2) with (6.19) relates to the external Schwarzschild problem, i.e.
the determination of the gravitational field outside a fixed spherical body. For cosmology
and relativistic astrophysics the internal Schwarzschild problem, i.e. the determination of
the gravitational field inside a fixed spherical body, is of no less importance.

The external Schwarzschild problem is valid as long as the component g00 is posi-
tive. The value of r which vanishes g00 is called the gravitational radius (radius of the
Schwarzschild sphere inside which the external solution is not valid). This value determined
by the equation p(r) = 0 is

r =





2m, (in standard coordinates),
m , (in harmonic coordinates),

m/2 , (in isotropic coordinates).
(6.35)

Motion of a test particle
The variational geodesic principle enables one to derive the exact equations of motion and
light propagation in the Schwarzschild problem admitting the rigorous solution in elliptic
functions. Taking the plane θ = π/2 as a plane of motion one finds the Lagrange function
from (6.1)

L = −p(r)c2
( dt

ds

)2

+ q(r)
(dr

ds

)2

+ a2(r)
(dϕ

ds

)2

, θ =
π

2
. (6.36)

L being explicitly independent of ct, ϕ and s there exist three first integrals

p(r)c
dt

ds
= E , a2(r)

dϕ

ds
= K , L = I =

{
1 , material particle,
0 , light particle. (6.37)

Therefore, the motion is described by the system with one degree of freedom with the
Lagrangian

L = q(r)
(dr

ds

)2

+ K2W (r) , W (r) =
1

a2(r)
− A

p(r)
, A = (E/K)2 . (6.38)
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The circular solution r =constant is determined by the condition

W ′(r) = 0 (6.39)

resulting to
p2(r)
a(r)

= mA . (6.40)

The stability condition of this solution reads

W ′′(r) ≥ 0 (6.41)

or explicitly

1− 6m

a(r)
≥ 0 . (6.42)

In addition, the condition L = I involves the restriction on a radius of the circular motion

1
a(r)

(
1− 3m

a(r)

)
= mB , B =

I

K2
. (6.43)

It follows that the smallest radius of the circular motion is determined by a(r) = 3m
(with the motion with the light velocity for this orbit) and the radius of the nearest stable
circular orbit is determined by a(r) = 6m.

For the circular motion

ϕ = nt + const , n2a3(r) = GM , (6.44)

the mean motion n being related with a(r) by the generalized Kepler third law. In ac-
cordance with (6.1) the proper time of a particle moving in a circular orbit is determined
by (

dτ

dt

)2

= p(r)− c−2n2a2(r) ,
dτ

dt
=

(
1− 3m

a(r)

)1/2

. (6.45)

The mean motion
n′ =

dϕ

dτ
(6.46)

referred to the proper time is evidently the measurable quantity since the sidereal period
of revolution, expressed in the proper time,

T ′ =
2π

n′
(6.47)

is directly obtained from astronomical observations. Introducing two auxiliary quantities
r′N and rN by means of the classic third Kepler’s law one has

n′2r′N
3 = GM , n2rN

3 = GM , r′N = rN

(
1− 3m

rN

)1/3

. (6.48)
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The physical constants GM and m are to be considered as the measurable quantities.
Since n′ is the measurable quantity then r′N is an indirectly measurable quantity. The
same is true for rN and so for n. The angular coordinate ϕ in the Schwarzschild problem
may be regarded as a measurable quantity as well. Therefore, the coordinate time t on the
circular motion may also be treated as an indirectly measurable quantity (being not only
one of the four coordinates of the GRT metric but an independent argument of the theory
of motion subjected to observations). Only the radius r of the circular orbit determined
by the equation

a(r) = rN (6.49)

represents a coordinate–dependent, unmeasurable quantity.
The terms ‘measurable quantity’, ‘indirectly measurable quantity’, and ‘coordinate–

dependent (unmeasurable quantity)’ being conventional are used here in accordance with
their meaning as given in (Brumberg, 1991, Sec. 3.1.2).

Returning to the general case one finds from (6.38) the differential equation of the trajec-
tory (

d(1/a(r))
dϕ

)2

= A−B +
2mB

a(r)
− 1

a2(r)
+

2m

a3(r)
. (6.50)

This equation with respect to a(r) may be rigorously solved in elliptic functions. For
relativistic celestial mechanics it is sufficient to deal with an approximate solution within
the post–Newtonian approximation.

Post–Newtonian approximation
For most practically employed quasi–Galilean reference systems one may represent the
function a(r) by the expansion

a(r) = r
(
1 + (1− α)

m

r
+ ε

m2

r2
+ . . .

)
, (6.51)

α, ε, . . ., being the coordinate parameters defining specific coordinate conditions, for in-
stance:

α = 1 ε = 0 standard coordinates,
α = 0 ε = 0 harmonic coordinates,
α = 0 ε = 1/4 isotropic coordinates,
α = 2 ε = −3/2 Painlevé coordinates.

In the post–Newtonian approximation (PNA) one may reject in (6.51) all terms of second
and higher order in m/r. Usually in this approximation the metric (6.2) with (6.51) is
considered taking into account the main parameters β and γ of the PPN (parametrized
post–Newtonian) formalism as follows:

ds2 =
(

1− 2m

r
+ 2(β − α)

m2

r2
+ . . .

)
c2dt2−

−
[
δij +

2m

r

(
(γ − α)δij + α

xixj

r2

)
+ . . .

]
dxidxj . (6.52)
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In dealing with (6.52) one should always remember two important matters. First of all, this
metric represents the solution of the GRT field equations only for β = γ = 1. For β and γ
different from 1 this metric is not a solution of these equations (for specific values of β and
γ it may be a solution of the field equations of some alternative theory of gravitation). Not
all GRT results and techniques are valid for this metric. This metric (called Eddington–
Robertson metric in case of α = 0) was introduced as an empiric generalization of GRT. By
formal application of the geodesic principle one may derive the equations of motion of the
test particle and light propagation and to determine β and γ from observations. Until now
there is no evidence of violation of the GRT condition β = γ = 1. There are no objective
reasons to introduce β, γ (and other PPN parameters). They are retained somewhere
below just for the sake of comparison with other papers. It is tacitly always assumed
that β = γ = 1. Then, it should be remembered from Lecture 3 that the metric (6.52)
is superfluous for the post–Newtonian treatment of motion of a test particle. Indeed,
by applying the Lagrangian (3.101) for the two–body problem in the post–Newtonian
approximation of GRT and vanishing one of the masses one gets the post–Newtonian
equations of a test particle in the Schwarzschild field just from the linearized metric, i.e.
from the metric (6.52) ignoring the second–order term in g00 (involving parameter β).

Starting with (6.52) and taking the coordinate time t as an independent argument the
Lagrangian of the equations of motion of the test particle reads

L = 1
2 ṙ

2 +
GM

r
+ 1

8c−2(ṙ2)2 +
m

r

[(
1
2 + γ − α

)
ṙ2 +

(
1
2 − β + α

)GM

r
+ α

(rṙ)2

r2

]
, (6.53)

r denoting the triplet of coordinates xi. This Lagrangian results in the equations of motion

r̈ +
GM

r3
r =

m

r3

[(
2(β + γ −α)

GM

r
− (γ + α)ṙ2 + 3α

(rṙ)2

r2

)
r + 2(1 + γ −α)(rṙ)ṙ

]
. (6.54)

Analytical solution of these equations may be easily obtained by introducing polar coor-
dinates r and u in the plane of motion

r = Xl + Y m , ṙ = Ẋl + Ẏ m , X = r cosu , Y = r sin u , (6.55)

l and m being unit vectors (4.14) determining the orientation of the plane of motion. There
results

r̈ − ru̇2 +
GM

r2
= m

(
2(β + γ − α)

GM

r3
− (γ + α)u̇2 + (γ + 2)

ṙ2

r2

)
, (6.56)

d

dt
(r2u̇) = 2m(γ + 1− α)ṙu̇ . (6.57)

The particular circular solution of these equations reads

r = a , u = nt + const , n =
(

GM

a3

)1/2 [
1 +

m

a
(−1

2γ − β + 3
2α)

]
. (6.58)

The general solution may be expressed as follows:

r =
a(1− e2)
1 + e cos f

, f = ψ − α
m

a(1− e2)
e sin ψ , ψ = ν(u− ω), (6.59)
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ν = 1− (2γ − β + 2)
m

a(1− e2)
. (6.60)

In the practically most important case of the quasi–elliptic motion the true anomaly
changes from f = 0 to f = 2π while the argument of latitude changes from u = ω to
u = ω + 2π/ν = ω + 2π + ∆ω with the relativistic advancement of the pericentre

∆ω = (2γ − β + 2)
2πm

a(1− e2)
(6.61)

reducing for β = γ = 1 to the famous formula of the Schwarzschild advancement of the
pericentre for one revolution. The relation of the true (f), eccentric (E) and mean (l)
anomaly with time is given by

ndt =
r2

a2(1− e2)1/2

[
1 +

m

a

(
−β + α + (2γ + 2− α)

a

r

)]
df , (6.62)

E −
(
1 + (−2γ − 2 + α)

m

a

)
e sin E = l , (6.63)

and
dl

dt
= n

(
1− (2γ + 2− β)

m

a

)
. (6.64)

The relationship between the proper (τ) and coordinate (t) time of the moving particle is
given by

dτ

dt
= 1− 2m

r
+

m

2a
+ . . . (6.65)

so that

n′dτ =
r2

a2(1− e2)1/2

[
1 +

m

a

(
2− β + α + (2γ − α)

a

r

)]
df (6.66)

with the mean motion n′ for the proper time of the particle

n′ =
(

GM

a3

)1/2 [
1 +

m

a
(− 1

2γ − β + 3
2α + 3

2 )
]
. (6.67)

The Kepler equation referred to the proper time is

E −
(
1 + (−2γ + α)

m

a

)
e sin E = l′ ,

l′ being the linear function of τ with the frequency

dl′

dτ
= n′

(
1− (2γ + 2− β)

m

a

)
. (6.68)

The anomalistic period T1 defined as the proper time interval of the increase of f or E by
2π is

T1 =
2π

n′

(
1 + (2γ + 2− β)

m

a

)
. (6.69)
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The sidereal period T ′2 defined as the proper time interval of the increase of u by 2π is

T ′2 =
2π

n′

[
1 + (2γ + 2− β)

m

a

(
1− (1− e2)1/2

(1 + e cos f0)2

)]
, (6.70)

f0 being the initial value of the true anomaly. The mean value of the sidereal period in
changing the initial position f0 from 0 to 2π is determined by

T2 =
2π

n′

(
1− (2γ + 2− β)

m

a

e2

1− e2

)
. (6.71)

Replacing n′ by n results in the similar periods T1, T ′2, T2 referred to the coordinate tome
t.

For small eccentricity it is convenient to use expansions in powers of the eccentric-
ity. These trigonometric expansions in terms of l and l/ν enable one to represent the
coordinates of the particle as explicit functions of time t. The initial terms O(e2) read

r

a
= 1+ 1

2

(
1+(−2γ−2+α)

m

a

)
e2−e cos l− 1

2

(
1+(−2γ−2+α)

m

a

)
e2 cos 2l+ . . . , (6.72)

u = ω +
l

ν
+2

(
1+(γ +1−β +α)

m

a

)
e sin l +

[
5
4 +

(
− 1

2γ− 1
2 − 5

4β + 5
2α

)m

a

]
e2 sin 2l + . . . .

(6.73)
Let’s introduce two new constants a∗, e∗ and and two new trigonometric variables λ, π as
follows:

λ̇ = n∗ =
(
1 + (2γ + 2− β)

m

a
e2

)
n , π̇ = (2γ + 2− β)

m

a(1− e2)
n , (6.74)

l = λ− π , λ = ω + Ω + l/ν , (6.75)

a∗ = a
(
1 + 2

3 (−2γ − 2 + β)
m

a
e2

)
, e∗ =

(
1 + (γ + 1− β + α)

m

a

)
e . (6.76)

It is to be noted that a∗ is related to n∗ just as a is related to n and e∗ is one half of the
leading trigonometric term in u. There results

r

a∗
=1 + 1

2

[
1 +

(
− 4

3γ − 4
3 + 2

3β − α
) m

a∗

]
e∗2 −

(
1 + (−γ − 1 + β − α)

m

a∗

)
e∗ cos(λ− π)−

− 1
2

(
1 + (−4γ − 4 + 2β − α)

m

a∗

)
e∗2 cos 2(λ− π) + . . . , (6.77)

u = λ− Ω + 2e∗ sin(λ− π) +
[

5
4 +

(
−3γ − 3 + 5

4β
) m

a∗

]
e∗2 sin 2(λ− π) + . . . . (6.78)

Comparing (6.73) and (6.78) and noting the disappearance of the coordinate parameter
α in (6.78) it is seen that e as a parameter to characterize the form of the orbit is an
unmeasurable quantity, and e∗ as a half of a coefficient in sin(λ− π) in u is a measurable
quantity.
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Solution in osculating elements
There are many other ways to investigate the motion of a test particle in the Schwarzschild
field. Within the classical celestial mechanics set of techniques the most traditional way
is to present the solution in osculating elements. To extend the domain of application of
the relevant results the equations of the perturbed two–body problem are considered in
the form

r̈ +
GM

r3
r = F , F = m

[(
2σ

GM

r
− 2εṙ2 + 3α

(rṙ)2

r2

) r
r3

+ 2µ
(rṙ)
r3

ṙ
]

(6.79)

with particular values values

σ = γ + β − α , 2ε = γ + α , µ = γ + 1− α (6.80)

for the Schwarzschild problem equations (6.54). Components of the perturbing acceleration
(4.42) read

S =
m

r2

[
2σ

GM

r
− 2εṙ2 + (3α + 2µ)

(rṙ)2

r2

]
, T = m 2µ

√
GM

r4

√
a(1− e2)1/2(rṙ), W = 0 .

(6.81)
The Gauss equations (4.58)–(4/63) result in the first–order perturbations

δa =
me

(1− e2)2
{[4(ε− µ− σ) + e2(−9

2α + 4ε− 4µ)] cos f+

+ (2ε− 2µ− σ)e cos 2f + 1
2αe2 cos 3f}|tt0 , (6.82)

δe =
m

a(1− e2)
{[2(ε− σ) + e2(−9

4α + 2ε− 4µ)] cos f+

+ (ε− µ− 1
2σ)e cos 2f + 1

4αe2 cos 3f}|tt0 , (6.83)

δπ =
m

a(1− e2)

{
(2ε + 2µ− σ)f +

1
e
[2(ε− σ) + e2(−3

4α + 2ε)] sin f+

+ (ε− µ− 1
2σ) sin 2f + 1

4αe sin 3f

}∣∣∣∣
t

t0

, (6.84)

δε =[1− (1− e2)1/2]δπ +
2m

a(1− e2)1/2
[(3α− 2ε + 2µ)(1− e2)1/2E+

+ (−3α + 4ε− 2µ− 2σ)f + (3α + 2µ)e sin f ]|tt0 , (6.85)

i = const , Ω = const , (6.86)

∆λ = n(t− t0) + δλ , δλ =
∫ t

t0

δndt + δε , δn = −3
2

n

a
δa , (6.87)
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∫ t

t0

δndt = 3
m

a

{
(−3α + 2ε− 2µ)E + (2α− 2ε + 2µ + σ)

f

(1− e2)1/2
− α

e sin f

(1− e2)1/2
+

+
[
a(1− e2)

( a

r0

)3

+ (−3α + 2ε− 2µ− σ)
( a

r0

)2

+ (3α− 2ε + 2µ)
a

r0

]
l

}∣∣∣∣
t

t0

. (6.88)

In particular, one gets again the secular advancement of the longitude of pericentre per
one revolution

δπ =
2πm

a(1− e2)
(2ε + 2µ− σ) =

2πm

a(1− e2)
(2γ + 2− β)(PPN) =

6πm

a(1− e2) (GRT) . (6.89)

Light propagation in the Schwarzschild field in the post–Newtonian approximation
The Lagrangian of the post–Newtonian equations of the light propagation for metric

(6.52) reads

L = 1
2 ṙ

2 +
m

r

[
(γ + 1− α)ṙ2 + α

(rṙ)2

r2

]
(6.90)

resulting to the equations

r̈ =
m

r3

[
−(γ + 1 + α)(ṙ2)r + 3α

(rṙ)2

r2
r + 2(γ + 1− α)(rṙ)ṙ

]
. (6.91)

General solution of these equations under conditions r(t0) = r0 , σ = ṙ(−∞)/c , σ2 = 1
(Cauchy problem) is given by

r(t) =r0 + c(t− t0)σ + m
[
(γ + 1)

(σ × (r0 × σ)
r0 − σr0

− σ × (r× σ)
r − σr

−

− σ ln
r + σr

r0 + σr0

)
+ α

(r
r
− r0

r0

)]
, (6.92)

ṙ
c

= σ − m

r

[
(γ + 1)

σ × (r× σ)
r − σr

+ (γ + 1− α)σ + α
(σr)
r2

r
]
. (6.93)

Needless to say, r should be replaced by its Newtonian expression rN (t) = r0 + c(t− t0)σ
in the right–hand sides. As seen from (6.93) the magnitude of the coordinate light velocity
is

|ṙ(t)|
c

= 1− m

r

(
γ + 1− α

|r× σ|2
r2

)
. (6.94)

In the limit t →∞ the equation (6.93) yields

ṙ(∞)
c

≡ ν = σ − 2m(γ + 1)
σ × (r0 × σ)
|r0 × σ|2 . (6.95)

The sine of the angle of the total deflection of light is

|ν × σ| = 2(γ + 1)
m

|r0 × σ| (6.96)
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resulting to the value 1.75′′ for the solar limb. Another characteristic of the light propa-
gation is the impact parameter

|rN × σ| = |r0 × σ| = d .

For particular case of the radial (solar) ray the expressions (6.92), (6.93) take the form

r(t) = r0 + c(t− t0)
r0

r0
+ m(γ + 1)

r0

r0
ln

r0

r
, (6.97)

ṙ(t)
c

=
r
r

[
1− (γ + 1)

m

r

]
. (6.98)

The general expressions (6.92), (6.93) may be applied for deriving solution of the boundary
value problem with r(t0) = r0 , r(t) = r , (t0 < t). Denoting

D = r(t)− r0(t0) , D = |D|
one gets the light direction at t → −∞

σ =
D
D

+
m

D

[
(γ + 1)

r − r0 + D

|r0 × r|2 +
α

D2

( 1
r0
− 1

r

)]
[D× (r0 × r)] (6.99)

and the time of the light propagation (travel time)

t− t0 =
D

c
+

m

c

[
(γ + 1) ln

r0 + r + D

r0 + r −D
+ 1

2α
(r0 + r)[(r0 − r)2 −D2]

r0rD

]
. (6.100)

Therefore, the coordinate velocity at point r at moment t is

ṙ
c

=
D
D

+
m

D

{
−γ + 1

r
D− α

r3
[r× (r0 × r)]+

+
[ α

D2

( 1
r0
− 1

r

)
− γ + 1

r(rr0 + rr0)

]
[D× (r0 × r)]

}
. (6.101)

For r ¿ r0 the expressions (6.99), (6.100) may be replaced by their initial expansions

σ = −r0

r0
+

r0 × (r× r0)
r3
0

[
1 +

m

r

( (γ + 1)rr0

rr0 + rr0
− α

)]
+ . . . , (6.102)

t− t0 =
r0

c

(
1− r0r

r2
0

)
+

m

c

[
(γ + 1) ln

2r2
0

rr0 + rr0
+ α

(r0r
r0r

− 1
)]

+ . . . . (6.103)

Doppler effect
Doppler effect, i.e. the displacement of the light frequency for a light signal emitted

at t0 with period δt0 and received at t with period δt, may be calculated with the use of
the formulas for light propagation. The proper time of the light emitter reads

δτ0 = c−1
(ds

dt

)
r0(t0)

δt0 .
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The proper time of the light receiver is

δτ = c−1
(ds

dt

)
r(t)

δt

with
δt =

dt

dt0
δt0 .

Considering that the frequency is inversely proportional to the period in the proper time
one may find the frequency ratio

ν0

ν
=

δτ

δτ0
=

(ds/dt)r(t)

(ds/dt)r0(t0)

dt

dt0
. (6.104)

For the Schwarzschild field in the first order post–Newtonian approximation one has

ν0

ν
=

1− m

r
− ṙ2

2c2

1− m

r0
− ṙ2

0

2c2

dt

dt0
, ṙ0 =

dr0

dt0
, ṙ0 =

r0ṙ0

r0
, ṙ =

dr
dt

, ṙ =
rṙ
r

, (6.105)

dt

dt0
=

1− (Dṙ0/cD)[1 + mS(r0, r,D)] + m(ṙ0/c)T (r0, r,D)
1− (Dṙ/cD)[1 + mS(r0, r,D)]−m(ṙ/c)T (r, r0, D)

(6.106)

with

S(r0, r,D) = 2(γ + 1)
r0 + r

(r0 + r)2 −D2
− 1

2α(r0 + r)
(r0 − r)2 + D2

r0rD2
(6.107)

and

T (r0, r,D) = −2(γ + 1)
D

(r0 + r)2 −D2
+ α

r2 − r2
0 + D2

2r2D
+ α

r

D

( 1
r0
− 1

r

)
. (6.108)

It may be reminded once again that the coordinate condition constant α enters into the
solutions of the equations of motion of a test particle and light propagation and disappears
in the expressions for measurable quantities provided that one and the same metric is used
for dynamics (eqs. of motion) and kinematics (light propagation).

There exist two more closed (axial symmetric) solutions of the Einstein field equations
of interest for celestial mechanics.

Kerr metric
This metric of a rotating spherical body reads

ds2 =p(r, θ)c2dt2 + 2b(r, θ)cdtdr + 2d(r, θ) sin2 θ cdtdϕ− q(r, θ)dr2−
− a2(r, θ)dθ2 − f2(r, θ) sin2 θ dϕ2 − 2g(r, θ) sin2 θ drdϕ , (6.109)
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a, b, d, f, g, p, q being even functions of θ, d 6= 0, b, g may be zero. This metric is frequently
used under one of three forms as follows:

I II III

b(r, θ) 2mr
R2 0 2mr

r2+A2

q(r, θ) 1 + 2mr
R2

r2

r2−2mr+A2
R2

r2+A2 (1 + 2mr
r2+A2 )

g(r, θ) A(1 + 2mr
R2 ) 0 2mrA

r2+A2

(6.110)

where
p(r, θ) = 1− 2mr

R2
, d(r, θ) =

2mrA

R2
, a2(r, θ) = R2

and
f2(r, θ) = r2 + A2 +

2mr

R2
A2 sin2 θ , R2 = r2 + A2 cos2 θ .

The forms I and III reduce under A = 0 to Eddington form of the Schwarzschild metric
whereas the form II reduces to the standard Schwarzschild form. By comparison with the
case of the weak field one finds A = Cω/cM , C being the moment of inertia (=2ML2/5
for the homogeneous sphere of radius L).

Weyl–Levi-Civita metric
This axially symmetric metric of a fixed spheroid is of the form (6.109) with

b(r, θ) = d(r, θ) = g(r, θ) = 0 , p(r, θ) = e2ψ , a2(r, θ) = (r2 − 2mr + m2 sin2 θ) e2γ−2ψ ,

f2(r, θ) = (r2 − 2mr) e−2ψ , q(r, θ) =
a2(r, θ)

r2 − 2mr

and the closed–form expressions for ψ , γ. In practice, these closed–form expressions are
replaced by their expansions

ψ = 1
2 ln

(
1− 2m

r

)
− 1

2q(3 cos2 θ − 1)
(

2
15

m3

r3
+

2
5

m4

r4
+ . . .

)
, (6.111)

γ = 1
2 ln

r2 − 2mr

r2 − 2mr + m2 sin2 θ
+ q

[(
−2

5
sin2 θ +

1
2

sin4 θ

)
m4

r4
+ . . .

]
+

+ q2

[(
− 2

25
sin2 θ +

6
25

sin4 θ − 1
6

sin6 θ

)
m6

r6
+ . . .

]
. (6.112)

Comparison with the Newtonian potential of the spheroid

U =
GM

r
− Q

2r3
(1− 3 cos2 θ) + . . . Q = G(A− C) (6.113)

results in
q =

15
2

Q

c2m3
. (6.114)
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The Weyl–Levi-Civita metric is rarely used as an exact solution. In practice it is incor-
porated in the approximate (post–Newtonian) metric of Lecture 3 for a slowly rotating
spheroid. The components of the spheroid vector potential U i are determined by

vi = εijkωjxk , εijk = 1
2 (i− j)(j − k)(k − i), U i = GεijkωjIkm xm

r3
. (6.115)

Taking the plane x3 = z = 0 as the equatorial plane one may assume

ωi = ωsi , s1 = s2 = 0 , s3 = 1 , I11 = I22 = 1
2C , I33 = A− 1

2C .

Therefore,
U1 = − 1

2GCω
y

r3
, U2 = 1

2GCω
x

r3
, U3 = 0 . (6.116)

Choosing the arbitrary coordinate functions as

a0 = 0 , ai = α
m

r
xi

one gets the metric as follows:

h00 = −2m

r
+

Q

c2r3

(
1− 3z2

r2

)
+ 2(1− α)

m2

r2
+ (−2 + 3α)

mQ

c2r4

(
1− 3z2

r2

)
,

hik = −2(1− α)
m

r
δik − 2α

m

r3
xixk +

Q

c2r3

(
1− 3z2

r2

)
δik , (6.117)

h0i = −2GCω

c3r3
εijkxjsk

or explicitly

h01 = −2GCω

c3

y

r3
, h02 =

2GCω

c3

x

r3
, h03 = 0 .

This metric involves the Lagrangian

L = 1
2 ṙ

2 +
GM

r
+ R1 + R2 + R3 + R4 (6.118)

with perturbing contributions

R1 = −Q

r3

(
1− 3z2

r2

)
(Newtonian oblateness),

R2 =
1

8c2
(ṙ2)2 +

m

r

[
( 3
2 − α)ṙ2 + (−1

2 + α)
GM

r
+ α

(rṙ)2

r2

]
(Schwarzschild part),

R3 = −2GCω

c2r3
(xẏ − yẋ) (Lense− Thirring part),
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R4 =
Q

2c2r3

(
1− 3z2

r2

)[
(1− 3α)

GM

r
− 3

2 ṙ
2
]

(GRT oblateness).

Then the equations of motion take the form

r̈ +
GM

r3
r = F , F = F1 + F2 + F3 + F4 (6.119)

with the perturbing components

F1 =
3Q

r5

[
1
2

(
1− 5

z2

r2

)
r + zs

]
, s = (0 , 0 , 1),

F2 =
m

r3

[(
(4− 2α)

GM

r
− (1 + α)ṙ2 + 3α

(rṙ)2

r2

)
r + (4− 2α)(rṙ)ṙ

]
,

F3 =
2GCω

c2r3

(3z

r2
(r× ṙ) + (ṙ× s)

)
,

F4 =
Q

c2r5

{[(
−8 + 6α + 3(12− 11α)

z2

r2

)GM

r
+ 3

2

(
1− 5

z2

r2

)
ṙ2

]
r+

+ 3
(
(−4 + 5α)

GM

r
+ ṙ2

)
zs− 6

[(
1− 5

z2

r2

)
(rṙ) + 2zż

]
ṙ
}

.

It should be noted that the GRT direct oblateness perturbations F4 are of the same order as
the indirect second–order perturbations caused by the interaction of F1 and F2. Ignorance
of such mixture of the perturbations may lead to confusion.

It is easy to show that for a spherical body (Q = 0) the equations of motion in vectorial
elements reduce to

ċ = Ω× c , ḟ = Ω× f , (6.120)

Ω =
3mn

a(1− e2)
k +

2GCω

c2

1
a3(1− e2)3/2

[s− 3(sk)k] (6.121)

resulting to the Schwarzschild and Lense–Thirring secular advances of the node and the
argument of pericentre

Ω̇ =
2GCω

c2a3(1− e2)3/2
, (6.122)

˙̃ω =
3mn

a(1− e2)
− 6GCω cos i

c2a3(1− e2)3/2
. (6.123)
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Lecture 7. Relativistic hierarchy of the reference systems

One of the most commonly used tools of present relativistic celestial mechanics
and astrometry is to apply an adequate hierarchy of reference systems. Such an
adequate hierarchy may significantly facilitate the solution of a problem under
consideration. It is true that there are no physically privileged coordinates in
GRT and in this respect all coordinates are the same. But it is true also that
the solution of a specific problem may be simplified by using some appropriate
coordinates.

First of all, one should note the terminology dualism of using attributes
‘coordinate’ and ‘reference’ with subjects ‘system’ and ‘frame’ in different com-
binations. Besides, as mentioned in Lecture 5 the concept of reference frame
is used in a different sense in physics and astronomy. In accordance with the
operational definition used in astronomy the reference (coordinate) system (RS)
is the primary mathematical construction to be given in GRT by a metric form.
For any specific astronomical RS its main characteristics involved in the under-
lying metric form are as follows:

(1) metric coordinate conditions,
(2) the type of solution of the field equations,
(3) the world line of the origin of RS,
(4) the angular velocity rotation of the spatial axes.

An astronomical reference frame (RF) results from the matching of the RS to
some reference astronomical objects (‘materialization’ of a RS).

The main astronomical reference systems and frames now used in practice
and provided by IERS (International Earth Rotation Service) are ICRS/ICRF
and ITRS/ITRF, C standing for ‘celestial’ and T for ‘terrestrial’. ICRS is an
example of global (solar system barycentric) system and ITRS represents a local
(geocentric) rotating (with the Earth) system. One of the practical goals of the
present hierarchy of relativistic systems is to describe these two systems with
their interrelation. In constructing this hierarchy in quasi-Galilean coordinates
the four above-indicated conditions are specified as follows:

(1) harmonic coordinate conditions,
(2) physically adequate type of solution (avoiding non–physically meaningful

terms as much as possible and manifesting the external mass influence only
in form of the tidal terms in conformity with the EEP, Einstein equivalence
principle),

(3) BRS, barycentric RS, with the origin at the solar system barycenter;
GRS, geocentric RS, with the origin at the geocenter; TRS, topocentric RS, with
the origin at the topocenter (point of observation on the surface of the Earth);
SRS, satellite RS, with the origin at the Earth artificial satellite; this hierarchy
may be extended beyond the solar system (GalRS, galactic RS) or inside the
solar system (Earth–Moon barycenter, Moon, other solar system bodoes); each
specific origin, especially within the GRT framework, should be strictly defined),
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(4) with respect to the Newtonian rotation of the spatial axes (characterized
by the Coriolis term of the type c−1εijkωjxk in g0i) all systems are divided into
rotating (e.g., ITRS) and non–rotating (e.g., ICRS) systems; all non–rotating
(at the Newtonian level) systems with respect to the relativistic–order rotation
of the spatial axes (characterized by the Coriolis term of the type c−3εijkωjxk

in g0i) are divided into dynamically non–rotating (e.g., DGRS, no Coriolis term
in g0i) and kinematically non–rotating (e.g., KGRS, a relativistic–order Coriolis
term in g0i) systems; D non–rotating systems are preferable for celestial me-
chanics (no rotation terms in the equations of motion) whereas K non–rotating
systems are preferable for astrometry (no kinematical rotation with respect to
distant astronomical objects).

For celestial mechanics problems where the solar system is regarded as iso-
lated and gravitationally non–radiating system of bodies the four BRS coordi-
nates play the role of the global coordinates. Generally speaking, it is possible
to use only this system. But to have more compact solution and to describe
the physical characteristics of celestial non–point bodies (their characteristics
of figure, rotation, etc.) in physically more adequate form one makes use of
local coordinates related to GRS, TRS, or any other specific local RS. Many
definitions of classical astronomy (including the system of astronomical con-
stants) may be interpreted in GRT consistent manner just using the hierarchy
of relativistic systems. But the use of such hierarchy is a convenient but in no
way the only one possible way of research. Irrespective of employed global or
local coordinates it is of primary importance that the same RS is used both for
dynamics (equations of motion of bodies) and kinematics (observation analysis
procedures based on light propagation).

To illustrate the difference between physically adequate and inadequate sys-
tems let us consider a quasi–Galilean BRS

ds2 = (1 + h00)c2dt2 + 2h0icdt dxi + (−δik + hik)dxidxk ,

with
h00 ∼ c−2 , h0i ∼ c−3 , hik ∼ c−2

and perform the three–dimensional Galilean transformation of Newtonian me-
chanics

xi = Ri(t) + ξi , dxi = Ṙidt + dξi ,

Ri(t) being the BRS spatial coordinates of a point of observation. If this point
coincides with the geocenter E (Ri(t) = xi

E(t)) then ξi represent the formally
geocentric spatial coordinates, i.e. just the differences of the BRS coordinates
of the point of observation and the geocenter. In such coordinates the metric
takes the form

ds2 = (1 + h00 − c−2Ṙ
2

+ 2c−1h0kṘk + c−2hkmṘkṘm)c2dt2+

+2(−c−1Ṙi + h0i + c−1hikṘk)cdt dξi + (−δik + hik)dξidξk .
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This metric contains explicitly the terms of kinematic origin (non–physical
terms), i.e. the terms involving (in the Newtonian order) the velocity Ṙi and the
potential of the external masses (by means of h00) as well as the c−1 terms (in
g0i) caused by the motion of the RS origin. The dynamical theory constructed
in such RS would involve large terms of non–physical origin. Although these
terms would vanish in deriving observational effects (using the solution for the
light propagation in the same RS) it is more effective to use an adequate RS
where such terms of the non–physical origin are absent (at the Newtonian level
at least).

Let’s describe the key point in solving any astronomical problem in the GRT
framework once again. Having found the metric form of the problem at hand
as a solution of the GRT field equations in some specific coordinates (in prin-
ciple one can use any coordinates one likes) one should find the solution of
the dynamical equations (of motion, of rotation, etc.) and the solution of the
kinematical equations (of light propagation, of observational procedure, etc.)
in these coordinates. Combining these two solutions one gets the measurable,
coordinate independent effects peculiar to the problem ar hand. In doing so one
may play with the arbitrary choice of the coordinates choosing the coordinates
mostly facilitating the treatment of the dynamical part, or the treatment of the
kinematical part, or else presenting a reasonable compromise in solving both
parts. At present, the motions of the Sun and major planets are investigated in
BRS, a solar system GRT barycentric RS (although for the major planets the
GRT heliocentric RS might be more adequate in some respects). The motion of
the Moon, Earth’s artificial satellites and Earth’s rotation are treated most ef-
fectively in GRS, a GRT geocentric RS. There are two advantages in using GRS
in these problems. First, the ‘internal’ characteristics of the Earth (its form,
e.g. sphericity, non–sphericity parameters, rotation velocity, e.g. rigid–body
rotation, etc.) are described much more adequately than in BRS. Second, for
most practical applications these problems may be treated in GRS within the
Newtonian dynamical equations because the main relativistic effects are taken
into account therewith in the space–time transformation BRS→GRS. Consid-
ering that all technical details may be found in the corresponding references we
reproduce here only the final results.

BRS metric (in harmonic quasi–Galilean coordinates):

ds2 = gµνdxµdxν , x0 = ct , t = TCB , (7.1)

g00 = 1 + h00 , g0i = h0i , gij = −δij + hij , (7.2)

h00 = −2c−2U(t,x) , h0i = 4c−3U i(t,x) , hij = h00δij . (7.3)

U is the Newtonian potential and U i the vector–potential with splitting into
internal and external parts with respect to the Earth E (as one of the bodies
generating the solar system gravitational field)

U(t,x) = UE(t,x) + ŪE(t,x), U i(t,x) = U i
E(t,x) + Ū i

E(t,x) . (7.4)
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In evaluating in the geocenter x = xE for the nonrotating point mass model
there results

ŪE(t,xE) =
∑

A6=E

GMA

rEA
, Ū i

E(t,xE) =
∑

A6=E

GMA

rEA
vi

A (7.5)

with summation over solar system bodies A (the Sun, the Moon, major planets)
and

xE = xE(t), vE = ẋE(t), rE = x− xE , rEA = xE − xA , (7.6)

xE , vE being the BRS position vector and velocity of the Earth E. It should be
reminded once again that vector designations are used here rather conventionally
just as triplets of the corresponding spatial components.

GRS metric (with spatial origin at the geocenter E):

ds2 = ĝµνdx̂µdx̂ν , x̂0 = ct̂ , t̂ = u = TCG , (7.7)

ĥ00 = −2c−2
(
ÛE + Qj x̂

j + T (x̂)
)

,

ĥ0i = c−3
[
(q−1)Ḟ ij x̂j+4

(
Û i

E+T i(x̂)−vi
ET (x̂)

)
+ 2

5

(
3ȧj

E x̂j x̂i−ȧi
E x̂j x̂j

)]
, (7.8)

ĥij = ĥ00δij .

ÛE is the GRS geopotential, Û i
E the GRS vector–potential, T (x̂) is the tidal

potential,
T (x̂) = ŪE(xE + x̂)− ŪE(xE)− ŪE,j(xE)x̂j , (7.9)

T i(x̂) is the tidal vector–potential,

T i(x̂) = Ū i
E(xE + x̂)− Ū i

E(xE)− Ū i
E,j(xE)x̂j , (7.10)

Qi is the nongeodesic acceleration in the BRS motion of the Earth:

ai
E = ŪE,i(t, xE)−Qi + O(c−2) . (7.11)

Antisymmetric matrix F ij (geodesic rotation in the broad sense):

Ḟ ij = 3
2

(
vi

Eaj
E−vj

Eai
E

)−2
(
Ū i

E,j(t, xE)−Ū j
E,i(t, xE)

)
+2

(
vi

EQj−vj
EQi

)
. (7.12)

Representation of F ij with the aid of the corresponding triplet F i:

F i = 1
2εijkF jk , F ij = εijkF k , εijk = 1

2 (i− j)(j − k)(k − i). (7.13)

For any vector aj

F ijaj = −εijkF jak = −(F× a)i .
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Components F ij satisfy the relations

F ij = 1
2εijkεmnkFmn , εijmF km + εjkmF im + εkimF jm = 0 . (7.14)

In dealing with εijk one often makes use of

εijkεmnk = δimδjn − δinδjm . (7.15)

The geodesic rotation vector is determined by the differential relation

Ḟ i = εijk

[
3
2vj

Eak
E − 2Ū j

E,k(t,xE) + 2vj
EQk

]
=

= εijk

[
3
2vj

EŪE,k(t,xE)− 2Ū j
E,k(t,xE) + 1

2vj
EQk

]
(7.16)

combining the effects of de Sitter precession, Lense–Thirring precession and
Thomas precession.

Main terms (assuming in particular the nonrotating point mass model) are
as follows:

Ḟ i =
∑

A6=E

GMA

r3
EA

[(− 3
2vE + 2vA)× rEA]i . (7.17)

Considering that vector F i is determined by its time–derivative it is necessary
to fix an additive constant (e.g., by implying the condition F i = 0 for J2000.0).
Until now it is not done by any IAU resolutions.

For the two–body problem F i may be expressed in closed form:

Ḟ i = − 3
2

GM

r3
(v× r)i = 3

2

n3a5

r3

√
1− e2ki ,

r2 df

dt
= na2

√
1− e2 , r =

a(1− e2)
1 + e cos f

,

F i = 3
2

n2a2

1− e2
ki

∫
(1 + e cos f)df = 3

2

n2a2

1− e2
ki(f + e sin f) . (7.18)

Using the two–body problem trigonometric expansions in mean anomaly l one
gets the expressions of the geodesic precession (secular term in l) and the geo-
desic nutation (trigonometric terms):

F i = 3
2

n2a2

1− e2
ki(l + 3e sin l + 9

4e2 sin 2l + . . .). (7.19)

These expressions describe geodesic precession and geodesic nutation in narrow
sense, i.e. in the framework of the point–mass two–body problem.

The four–dimensional BRS→ GRS transformation results from the matching
procedure interrelating BRS and GRS:

gαβ(t, x) = ĝµν(t̂, x̂)
∂x̂µ

∂xα

∂x̂ν

∂xβ
.

5

82/177



The relationship between t and u reads

t̂ = t− c−2
[
A(t) + vj

Erj
E

]
, (7.20)

Function A(t) satisfies the time equation (TCG→ TCB transformation in
the geocenter)

Ȧ(t) = 1
2v

2
E + ŪE(t,xE). (7.21)

Its solution is presented with separating a linear secular term from all other
(polynomial, trigonometric and mixed) terms

A(t) = c2LCt + Ap(t) , LCt = LC(J − 2443144.5)86400s (7.22)

with

c−2Ap(t) = P =
∑
α

tα

[∑

k

Aα
k cos(ψα

k + να
k t)

]
(7.23)

and condition P = 0 on Jan. 1, 1977 0h 0m 0s TAI (J=2443144.5 TAI).
Theoretically, t and t̂ are supposed to be TCB and TCG, coordinate time scales
of BRS and GRS, respectively. But in practice t and t̂ are often used as the time
scales TDB and TT differing by scalar factors from TCB and TCG, respectively,

TDB = (1− LB)TCB , TT = (1− LG)TCG . (7.24)

These three scalar factors satisfy the relation

1− LB = (1− LC)(1− LG), (LB = LC + LG − LCLG). (7.25)

According IAU Resolution B1 (2000) their values read

LC = 1.48082686741× 10−8 , LB = 1.55051976772× 10−8 , (7.26)

LG = 6.969290134× 10−10 . (7.27)

Contrary to values (7.26) dependent on the O–C analysis of the planetary–lunar
motions LG is a defining constant. In terms of TDB and TT the equation (7.20)
takes the form

TT = TDB− c−2[Ap(t) + vErE ] + . . . . (7.28)

The use of TDB and TT involves the scale factors for spatial coordinates and
mass coefficients

(x)TDB = (1− LB)x , (GM)TDB = (1− LB)GM , (7.29)

(x̂)TT = (1− LG)x̂ , (GM̂)TT = (1− LG)(GM̂) , (7.30)

so that the velocity components and the equations of motion remain the same.
By introducing the scalar parameters

µ =
{

1 , t = TCB ,
0 , t = TDB ,

ν =
{

1 , t̂ = TCG ,
0 , t̂ = TT

(7.31)
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one may write the direct BRS↔GRS transformation for any possible combina-
tion of the time scales as follows:

t̂ = (1− µLB + νLG)t− c−2(Ap + vErE), (7.32)

x̂i = [1 + (1− µ)LB − (1− ν)LG]ri
E + c−2Λi(t, rE), (7.33)

Λi(t, rE) = 1
2vErEvi

E − qεijkF jrk
E + ŪE(t,xE)ri

E + aErEri
E − 1

2r
2
Eai

E , (7.34)

where aE is the BRS acceleration of the Earth, F j is the vector of geodesic
rotation and q is a numerical parameter to distinguish between kinematically
non–rotating (q = 0) or dynamically non–rotating (q = 1) GRS (e.g., Bretagnon
and Brumberg, 2003). Inverse transformation reads

t = (1 + µLB − νLG)t̂ + c−2(Ap + vEx̂), (7.35)

xi = [1− (1− µ)LB + (1− ν)LG](x̂i + zi
E) + c−2Γi(t̂, x̂), (7.36)

Γi(t̂, x̂) = 1
2vEx̂vi

E + qεijkF j x̂k − ŪE(t,xE)x̂i − aEx̂x̂i + 1
2 x̂

2ai
E . (7.37)

Function zi
E = zi

E(t̂) representing the Earth’s motion referred to the GRS coor-
dinate time can be computed from the BRS–time representation of the Earth’s
motion by means of

zi
E(t̂) = [1 + (1− µ)LB − (1− ν)LG]xi

E(t∗), (7.38)

where
t∗ = (1 + µLB − νLG)t̂ + c−2Ap . (7.39)

Instead of determining t∗ one can just use

xi
E(t∗) = xi

E [(1 + µLB − νLG)t̂] + c−2Apv
i
E . (7.40)

By substituting (7.38) into (7.36) one can use also

xi = [1− (1− µ)LB + (1− ν)LG]x̂i + xi
E(t∗) + c−2Γi(t̂, x̂). (7.41)

The right–hand members of the Newtonian equations of the Earth’s satellite
motion and the Earth’s rotation involve the geocentric position vectors of the
disturbing bodies x̂i

A(t̂). Their expressions in terms of the BRS quantities result
from the BRS↔GRS transformation as follows:

x̂i
A(t̂) = zi

A(t̂)− zi
E(t̂) + c−2

[
Λi(t∗, rAE) + vErAEvi

AE

]
, (7.42)

zi
A(t̂)− zi

E(t̂) = [1 + (1− µ)LB − (1− ν)LG][xi
A(t∗)− xi

E(t∗)] (7.43)

with vAE = vA − vE . These expressions contain relativistic terms leading
to the indirect relativistic perturbations in the formally Newtonian right–hand
members of the GRS equations of motion and rotation. The direct relativistic
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terms come from the relativistic parts of the complete GRS equations of motion
and rotation. But as a rule these direct relativistic terms are smaller than the
indirect terms coming from the Newtonian parts of the right–hand members.
In many problems one may just neglect such direct relativistic terms. The
possibility to use only the Newtonian parts in the GRS equations is due to the
adequate choice of GRS. The extension of this technique for other planets of
the solar system is straightforward.

Recent IAU (2000) Resolution B1 on reference systems and time scales in-
volves much more profound use of general relativity theory in ephemeris astron-
omy compared to the IAU (1991) Resolution A4. However, there still exists
some confusion in using the time scales TDB and TCB, TT and TCG, and
in GRT–consistent interpretation of ICRS and ITRS, the two main reference
systems.

For astronomical practice it is sufficient to have only the reference systems
ICRS and ITRS with their physical realizations given by the reference frames
ICRF and ITRF, respectively. In the GRT framework, ICRS represents a four–
dimensional Barycentric Celestial Reference System (BCRS) whereas ITRS rep-
resents a local four–dimensional geocentric system rotating with the Earth. For
the relationship between BCRS and ITRS it is necessary to introduce one more
local geocentric system with the same time scale, TCG, as used for ITRS and
the same directions of the spatial axes as for BCRS. Such a Geocentric Celestial
Reference System (GCRS) is introduced by the IAU Resolution B1.3 (2000).
GCRS represents a system kinematically non-rotating with respect to BCRS.
This system rotates dynamically with respect to BCRS. The angular veloc-
ity of this rotation has a relativistic order of smallness and is caused by the
motion of the geocenter around the solar system barycenter. Indeed, the four–
dimensional transformation from the barycenter to the geocenter can transform
any barycentric system BRS either into DGRS, a geocentric system dynamically
non–rotating with respect to BRS, or into KGRS, a geocentric system kinemat-
ically non–rotating with respect to BRS. GCRS represents just such a KGRS
suitable for astrometric purposes. The systems of DGRS type are more prefer-
able for celestial mechanics enabling one to deal with the geocentric equations
of motion without the terms caused by the rotation of the system. One should
note also that the classical concepts of ephemeris astronomy and the system
of astronomical constants are based on Newtonian mechanics with its absolute
time and absolute space. In Newtonian astronomy such concepts are invariant
under the transformation from the barycenter to the geocenter and vice versa.
Such invariance does not take place in relativistic astronomy. To avoid possible
confusion one has to go beyond the framework of ICRS and ITRS systems.

One of the possibilities (not unique, of course) is to consider several reference
systems at the barycentric and geocentric levels. At the barycentric level, along
with ICRS (BCRS) one may consider ecliptical BRSC and equatorial BRSQ
systems. Their main planes are chosen to coincide with planes of the ecliptic
and equator fixed for J2000.0 . The coordinate time scale of all these four–
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dimensional systems is t =TCB. Their spatial coordinates are designated in
this paper by x = (xi), xC = (xi

C) and xQ = (xi
Q), respectively. At the geocen-

tric level each of these three system involves two geocentric systems, dynami-
cally (D) or kinematically (K) non–rotating with respect to the corresponding
barycentric system. As a result one has at the geocentric level six geocentric
systems DGRS, KGRS, DGRSC, KGRSC, DGRSQ and KGRSQ. They all have
(within the post–Newtonian approximation) the coordinate time scale t̂ =TCG.
Their spatial coordinates are designated below by x̂ = (x̂i), x̂C = (x̂i

C) and
x̂Q = (x̂i

Q), respectively. If necessary, the spatial coordinates for dynamically
(D) or kinematically (K) non–rotating systems may be distinguished explicitly
by indicating x̂

q

i with q = 1 for version D and q = 0 for version K. The GCRS

system as defined by the IAU Resolution B1.3 (2000) corresponds in these no-
tations to KGRS. VSOP theories of planetary motion are constructed in BRSC.
SMART theory of the Earth’s rotation is to be considered in DGRSC. Since the
ecliptic may be defined reasonably only at the barycentric level, GRSC (in any
version) should be regarded just as another intermediate system between ICRS
and ITRS. Quite similarly, since the equator is defined reasonably only at the
geocentric level, BRSQ should be regarded as one more intermediary between
ICRS and ITRS.

This two–level (wide) RS hierarchy is shown below:

sGRS+

(ITRS)
sDGRS sKGRS (GCRS) sDGRSC sKGRSC sDGRSQ sKGRSQ sGRS level

TCG time

s
BRS+

s
BRS (ICRS, BCRS)

s
BRSC

s
BRSQ

sBRS level

TCB time

- - -¾

¾ B
B

B
B

B
B

B
BBM

£
£
£
£
£
£
£
££±

B
B

B
B

B
B

B
BBM

£
£
£
£
£
£
£
££±

B
B

B
B

B
B

B
BBM

£
£
£
£
£
£
£
££±
p p p p

p p p p p p p p

Two–level RS hierarchy. Barycentric and Geocentric Reference Systems (RSs)
B — barycentric, G — geocentric, C — ecliptical, Q — equatorial,
D — dynamical, K — kinematical, + — rotating;
ICRS — International Celestial RS, ITRS — International Terrestrial RS (IERS);
BCRS — Barycentric Celestial RS, GCRS — Geocentric Celestial RS (IAU 2000)

The basic relationships between these systems are as follows:
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G level:

[GRS+] = P̂
1
(t̂)[DGRSC] = P̂

1
(t̂)PC [DGRS] = P̂

1
(t̂)PCPT

Q [DGRSQ] (7.44).

[GRS+] = P̂
0
(t̂)[KGRSC] = P̂

0
(t̂)PC [KGRS] = P̂

0
(t̂)PCPT

Q [KGRSQ] (7.45).

B level:

[BRS+] = P (t)[BRSC] = P (t)PC [BRS] = P (t)PCPT
Q [BRSQ]. (7.46)

K and D versions:

[KGRS] = (E − c−2F )[DGRS] , P̂
1
(t̂) = P̂

0
(t̂)(E − c−2FC) (7.47)

[KGRSC] = (E − c−2FC)[DGRSC], [KGRSQ] = (E − c−2FQ)[DGRSQ]
(7.48)

FC = PCFPT
C , FQ = PQFPT

Q , PC = D1(ε)D3(χ), PQ = D3(χ)
(7.49)

ε = 23◦26′21.408800′′ = 0.409092614174 , χ = −0.053727′′ = −0.000000260476
(7.50)

P̂
0
(t̂) = P (t∗) (7.51)

D1(α)=




1 0 0

0 cos α sin α

0 − sin α cos α


, D2(α)=




cos α 0 − sin α

0 1 0

sin α 0 cos α


, D3(α)=




cos α sin α 0

− sin α cos α 0

0 0 1




P and Di being the Earth’s rotation matrix and elementary rotation matrices,
respectively.

Two–level hierarchy is sufficient to treat most dynamical problems related
with the motion and rotation of celestial bodies. To describe the observational
procedure one needs a RS of actual observer, i.e. a topocentric RS (TRS) or
Earth’s satellite RS (SRS). These systems may be regarded as RS of a massless
observer with gravitating masses acting only as external masses (by means of
tidal forces). These systems transform the two–level hierarchy of BRS and GRS
into three–lever hierarchy by adding TRS or SRS. We will consider this hierarchy
with minimal versions.

A single RS at the barycenric level with some given orientation of the spatial
axes (BRS) generates at the geocentric level two different systems, dynamically
nonrotating system (DGRS) and kinematically nonrotating system (KGRS).
One may treat these systems as one system supplied by numerical parameter q
taking values 1 or 0, correspondingly. In its turn each of this system generates
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at the satellite level (related to a satellite orbiting the Earth) two systems,
dynamically (DSRS) or kinematically (KSRS) nonrotating with respect to the
generating GRS. One may again distinguish these systems by values 1 or 0
of numerical parameter q̂. Transformations BRS → GRS and GRS → SRS
represent generalized Lorentz transformations. Even in case of special relativity
two consequent Lorentz transformations without rotation (BRS → KGRS and
KGRS → SRS4) result in spatial rotation of the final system (SRS4) with respect
to the initial one (BRS). GRT treatment results in more accurate estimation
of this effect. Consideration of this rotation leads to the fifth system at the
satellite level, SRS5, kinematically nonrotating with respect to BRS. To describe
all five satellite systems as one system one has to introduce additive numerical
parameter q̃ equal to 1 for all four preceding systems and vanishing for SRS5.
Replacing SRS by TRS changes nothing in this hierarchy.

Three–level (deep) RS hierarchy

BRS −→





DGRS (q = 1) −→
{

SRS1 (q̂ = 1, q̃ = 1)
SRS2 (q̂ = 0, q̃ = 1)

KGRS (q = 0) −→




SRS3 (q̂ = 1, q̃ = 1)
SRS4 (q̂ = 0, q̃ = 1)
SRS5 (q̂ = 0, q̃ = 0)

(7.52)

STRS (TRS) metric (with spatial origin at the satellite location or at the
topocenter T ):

ds2 = g̃µνdx̃µdx̃ν , x̃0 = ct̃ , t̃ = τ (proper time at the topocenter)
(7.53)

h̃00 = −2c−2
[
Ej x̃

j + T (x̃)
]

(7.54)

h̃0i = c−3
[
(q − 1)Ḟ ij x̃j + (q̂ − 1)Ṙij x̃j + (q̃ − 1)K̇ij x̃j + 4T i(x̃)−

−4
(
vi

E + v̂i
T

)T (x̃) + 6
5

(
ȧj

E + ˙̂aj
T

)
x̃j x̃i − 2

5

(
ȧi

E + ˙̂ai
T

)
x̃j x̃j

]
(7.55)

h̃ij = h̃00δij (7.56)

T (x̃) and T i(x̃) are the tidal potentials constructed with the total potentials U
and U i

T (x̃) = U(xE + x̂T + x̃)− U(xE + x̂T )− U,j(xE + x̂T )x̃j (7.57)

T i(x̃) = U i(xE + x̂T + x̃)− U i(xE + x̂T )− U i
,j(xE + x̂T )x̃j . (7.58)

Ei stands for the nongeodesic acceleration of the topocenter. In case of SRS
one has Ei = 0 resulting to the equations of an Earth satellite:

Ei = −âi
T + ÛE,i(x̂T ) + Qi + ŪE,i(xE + x̂T )− ŪE,i(xE) + O(c−2) (7.59)
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££
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J
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J
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­­

­­

­­

­­

¾ ¾ q̃ = 1 - - q̃ = 0

q̂ = 1 q̂ = 0 q̂ = 1 q̂ = 0 q̂ = 0

q = 1 q = 0

p p p p p p p p

p p p p p p p p p p p p p p p p p p p p p p p p p p p p p p p p

p p p p p p p p p p p p p p p p p p p p p p p p p p p p p p p p p p p p p p p p p p p p p p p p

TRS
level
t̃, x̃i,
ω̃i, q̂,

q̃

GRS
level
t̂, x̂i,
ω̂i, q

BRS
level
t, xi,
ωi

(( ((%%
%%

%%
%%

%%
%%

%%
%%

q = 0

DD

DD

Three–level RS hierarchy. BRS→GRS(s) →TRS(s)

(Reference systems kinematically nonrotating one with respect to another
are connected by dashed lines.)

Antisymmetric matrix Rij (topocentric precession):

Ṙij = 3
2

(
v̂i

T âj
T − v̂j

T âi
T

)
+

(
ȧi

E x̂j
T − ȧj

E x̂i
T

)− 2
(
Û i

E,j(x̂T )− Û j
E,i(x̂T )

)
+

+2
[
vi

EŪE,jk(xE)− vj
EŪE,ik(xE)− Ū i

E,jk(xE) + Ū j
E,ik(xE)

]
x̂k

T +

+2
(
v̂i

T Ej − v̂j
T Ei

)
. (7.60)

Kij precession for SRS (TRS) kinematically nonrotating with respect to BRS:

Kij = x̂i
T aj

E − x̂j
T ai

E + 1
2

(
v̂i

T vj
E − v̂j

T vi
E

)
. (7.61)

GRS→TRS transformation:

t̃ = t̂− c−2
[
V (t̂) + v̂j

T r̂j
T

]
, r̂i

T = x̂i − x̂i
T (7.62)

x̃i = r̂i
T + c−2

{[
1
2 v̂i

T v̂j
T + q̂Rij(t̂) + (q̃ − 1)Kij(t̂) +Dij(t̂)

]
r̂j
T +Dijk(t̂)r̂j

T r̂k
T

}
.

(7.63)
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with
Dij(t̂) =

[
ÛE(x̂T ) + Qj x̂

j
T + T (x̂T )

]
δij (7.64)

Dijk(t̂) = 1
2

(
δij â

k
T + δikâj

T − δjkâi
T

)
. (7.65)

In dependence on the values of parameters q, q̂ and q̃ (q enters in (7.63) implicitly
by means of the GRS coordinates x̂i

T ) one gets all five SRS systems of the three–
level hierarchy.

One should add to it the relationship of the proper time of an observer
located in T with TCG

V̇ = 1
2 v̂2

T + ÛE(x̂T ) + Qj x̂
j
T + T (x̂T ) . (7.66)

The three–level hierarchy can be applied, for instance, to study the main
effect of the presence of the Galaxy (motion of the solar system barycenter in
the Galaxy). In this case one has the hierarchy

GalRS→(DBRS/KBRS)→GRS(s)
consisting of galactic RS, two solar system barycentric RS (dynamically or kine-
matically nonrotating with respect to the galactic RS) and five geocentric sys-
tems. The galactic precession (similar to the geodesic precession) amounts to
0.85′′ · 10−6 per century.

Two–level or three–level hierarchies with the corresponding time scales can
be developed in the same way for any solar system bodies.

To conclude this lecture let’s say once again that the IAU resolutions 2000
(IAU, 2001) with their positive aspects in using unambiguous concepts such as
reference systems, time scales, astronomical constants and units, etc. should not
be considered as the panacea in treating problems of relativistic celestial me-
chanics and astrometry (Brumberg and Groten, 2001). Fundamental distinction
of RF (reference frame) notion in astronomy and physics, the use of Newtonian
three–dimensional rotation in defining rotating reference systems (violating har-
monic coordinate conditions for rotating RS), the validity of many concepts only
within the post–Newtonian approximation, and many other problems lie indi-
rectly beyond the scope of these resolutions. In any case one should not be
constrained by these resolutions in solving in optimal way specific astronomical
problems.
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Lecture 8. Equations of motion of bodies and gravitational radiation

The N–body problem in the solar system is characterized by small velocities v ¿ c, weak
gravitation U ¿ c2 and quasi–point body structure L ¿ R, v being the characteristic
velocity of the bodies, U standing for Newtonian potential, L and R being the lengths
characterizing the linear seizes of the bodies (their diameters) and their mutual distances,
respectively. As already mentioned in Lecture 3 the PNA (post–Newtonian approximation)
expansions of the metric tensor components in quasi–Galilean coordinates read

h00 = c−2
h
2
00 + c−4

h
4
00 + c−5

A
5

00 + c−6
h
6
00 + c−7

A
7

00 + O(c−8), (8.1)

h0i = c−3
h
3
0i + c−5

h
5
0i + c−6

A
6

0i + O(c−7), (8.2)

hij = c−2
h
2
ij + c−4

h
4
ij + c−5

A
5

ij + O(c−6), (8.3)

with Aµν standing for the gravitational radiation terms.
The history of development of the GRT problem of motion goes back to the first years

since GRT foundation. The early history is covered in the encyclopedic paper by Kottler
(1922). The present techniques of this problem were elaborated by Einstein, Infeld, Fock
and then advanced by Thorne, Damour, Kopeikin, Schäfer and many others.

As first indicated by Infeld and exposed in Lecture 3 the post–Newtonian equations of
motion may be derived from the field variational principle just using the linearized metric
with h

2
00, h

3
0i, h

2
ij alone resulting to the Lagrangian (3.100). The famous EIH (Einstein–

Infeld–Hoffman) BRS equations of motion of the Sun and major planets considered as
point masses result just from this linearized metric. This metric contains only Newtonian
potential and vector–potential. In present practice the non–point structure of the bodies
is taken into account only at the Newtonian level in the Newtonian parts of the post–
Newtonian equations of motion. To take into account the non–point structure at the post–
Newtonian level (mainly for advanced research study) it is to be reminded that such body
characteristics (rotation velocity, multipole moments, etc.) should be considered in a body
reference system. In so doing it is sufficient to use the post–Newtonian theory of reference
system transformations in the equations obtained in a global reference system (Lecture 7)
not demanding h

4
00 (both in a global system and a local body–related system). It involves

relativistic contributions to the parameters occurring in U and U i. The post–Newtonian
equations of rotation of bodies also may be derived from the variational principle.

Considering that most results in the problem of motion were obtained by the PNA
techniques with using h

4
00 term we reproduce below the main points of that approach. As

was indicated earlier the N–body field metric (in harmonic coordinates)reads

g00 = 1− c−22U + c−4(U2 −W ) + ... ,

g0i = c−34U i + ... ,

gik = −δik − c−22Uδik + ... (8.4)

with
W = 3

2Φ1 − Φ2 + Φ3 + 3Φ4 + c2χ,00 . (8.5)
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The occurring potential functions satisfy the equations

U,ss = −4πGρ , U i
,ss = −4πGρvi , χ, ss = U ,

Φ1,ss = −4πGρv2 , Φ2,ss = −4πGρU , Φ3,ss = −4πGρΠ , Φ4,ss = −4πGρ

(under designations of Lecture 3).
Equations of motion of a test particle in the N–body field (8.4) (the restricted problem

of N + 1 bodies) may be presented in the form

ẍi = U,i + c−2Gi (8.6)

with
Gi = −4UU,i − U,kẋkẋi + U,iẋ

kẋk − 3U̇ ẋi + 4U̇ i − 4Uk
,iẋ

k + W,i . (8.7)

As usually, the dot means here the total time derivative, e.g.

U̇ = cU,0 + U,kẋk .

These equations may be presented in the Lagrangian form with the Lagrangian

L = 1
2 ẋkẋk + U + c−2

[
1
8 (ẋkẋk)2 + 3

2Uẋkẋk − 4Ukẋk − 1
2U2 + W

]
. (8.8)

Geodesic principle is applied rigorously only to the test (massless) particles. However, the
equations of the N–body problem still may be presented in the form close to the geodesic
equations of the test particles. Splitting the potential functions into internal and external
(regular with respect to the substitution x = xE) parts

U = UE + ŪE , U i = U i
E + Ū i

E , W = WE + W̄E , χ = χE + χ̄E (8.9)

one may write the BRS equations of the motion of the Earth in the form

ai
E = ŪE,i(xE) + Hi

E + c−2Ḡi
E (8.10)

with

Ḡi
E =− 4ŪE(xE)ŪE,i(xE)− ŪE,k(xE)vk

Evi
E + ŪE,i(xE)v2

E−
− 3 ˙̄UE(xE)vi

E + 4 ˙̄U
i

E(xE)− 4Ūk
E,i(xE)vk

E + W̄E,i(xE) (8.11)

and non–geodesic acceleration designated in (7.11) as −Qi

Hi
E ≡ −Qi = 1

2M−1
E Ikm

E ŪE,ikm(xE) + . . . , (8.12)

Ikm
E being quadrupole moments of inertia of the Earth

Ikm
E =

∫

(E)

ρ′(x′k − xk
E)(x′m − xm

E )d3x′ . (8.13)
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BRS equations for any other solar system body (the Sun, major planets, etc.) are written
in the similar manner.

The classical multipole expansions for the Newtonian potential reads

U =
∑

A

G

∫

(A)

ρ′d3x′

|x− x′| =
∑

A

G
[MA

rA
+Ik

A

rk
A

r3
A

+
1

2r3
A

Ikm
A

(
−δkm +

3
r2
A

rk
Arm

A

)
+ . . .

]
. (8.14)

Here and below we use previous designations rk
A = xk−xk

A , rk
AB = xk

A−xk
B . The monopole

expansion is based on

|x− x′|n = (rA)n
[
1− n

r2
A

rk
Ar′kA +

n

2r2
A

(
r′kA r′kA +

n− 2
r2
A

(rk
Ar′kA )2

)
+ . . .

]

and involves mass
MA =

∫

(A)

ρ′d3x′ (8.15)

and monopole moments starting with the dipole moments

Ik
A =

∫

(A)

ρ′(x′k − xk
A)d3x′ . (8.16)

Velocity distribution inside body A in Newtonian approximation is assumed to correspond
to the rigid–body rotation (to be used in the relativistic terms)

vi = vi
A + εijkωj

Ark
A , (8.17)

with BRS angular rotation velocity ωj
A. Time–derivatives of the inertia moments satisfy

in the Newtonian approximation the relations

İk
A = εkjnωj

AIn
A , İkm

A = (εkjnImn
A + εmjnIkn

A )ωJ
A . (8.18)

Newtonian vector–potential is given by

U i =
∑

A

G

∫

(A)

ρ′v′id3x′

|x− x′| =
∑

A

G
[MA

rA
vi

A + εijkωj
AIkm

A

rm
A

r3
A

+

+
1

2r3
A

Ikm
A

(
−δkm +

3
r2
A

rk
Arm

A

)
vi

A + . . .
]
. (8.19)

Retaining only monopoles and rotation terms the additive potential will be

W =
∑

A

G

∫

(A)

( 3
2ρv2 − ρU + ρΠ + 3p)′

d3x′

|x− x′| +
∂2χ

∂t2
=

=
∑

A

G
[3
2

MA

rA
v2

A + 3εkjnωj
Avk

AImn
A

rm
A

r3
A

− MA

rA

∑

B 6=A

GMB

rAB

]
+

∂2χ

∂t2
+ . . . (8.20)
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with

χ = 1
2

∑

A

G

∫

(A)

ρ′|x− x′|d3x′ = 1
2

∑

A

GMArA + . . . . (8.21)

Presently, the BRS N–body relativistic equations of motion are in use in form of the
EIH equations with some additive terms in the Newtonian parts to produce numerical
ephemerides of the major planets and the Moon. It does not mean that in the planetary
ephemerides the planetary relativistic terms are indeed relevant. In producing numerical
ephemerides it is simpler to use the complete EIH equations available rather than to make
estimates of different relativistic contributions. In any case the EIH equations involving
the non–rotating point–mass model are more than sufficient for practical purposes and
there is no need to introduce more complicated model in relativistic terms to take into
account the structure and proper rotation of the bodies.

For the non–rotating point–mass model the integral of the motion of the center of
mass is ∑

A

M̃Axi
A = Kit + N i (8.22)

with the Tolman mass of body A

M̃A = MA

(
1 + 1

2c−2v2
A − 1

2c−2
∑

B 6=A

GMB

rAB

)
. (8.23)

By introducing the Tolman mass (conserving) of the system of bodies

M̃ =
∑

A

M̃A , ˙̃M = 0 (8.24)

the coordinates of the center of mass will be

M̃X̃i =
∑

A

M̃Axi
A = Kit + N i . (8.25)

The BRS system is defined by conditions Ki = N i = 0.
The BRS equations of motion involving Newtonian potentials and vector–potentials

contain multipole moments of inertia and angular rotation velocities of the bodies. Being
referred to BRS these quantities have no physical meaning and should be considered just
as coordinate quantities. It does not affect the applicability of the BRS equations of
motion but to construct a GRT–consistent system of astronomical constants one should
consider the physical characteristics of a body in a body centered RS. It enables one to
get the body characteristics as the coordinate–independent quantities (at least within the
post–Newtonian approximation). This may be done by using DSX (Damour–Soffel–XU)
approach in constructing relativistic RSs. Even earlier this problem was treated just by
RS theory exposed in Lecture 7. To illustrate this approach we will consider BRSC and
GRSC quantities relating to rotation and multipole structure of the Earth.
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Assuming the Earth’s rigid–body rotation in DGRS

v̂i = εijkω̂j x̂k (8.26)

the corresponding rotation in BRS may be presented in the form

vi = vi
E + εijkωj(xk − xk

E) + c−2f i , (8.27)

where corrections f i are determined from the differentials of BRS↔GRS transformation
(Brumberg, 1995) and vanish only in the geocenter. Generally, vi 6= vi

E for ωi = 0
demonstrating that the rigid–body rotation depends on RS. Returning to the relations of
the previous lecture involving the Earth’s rotation matrix (P (t) in BRS, P̂ (t̂) in GRS) one
has

P̂ (t̂) = P (t∗)− c−2qPFC , [GRS+] = P̂
q

(t̂)[GRSC], [BRS+] = P (t)[BRSC].

These relations result in the corresponding relations for angular rotation velocities as
follows:

ωi = 1
2εijkPmjṖmk , ω̂i = 1

2εijkP̂mj
˙̂
Pmk , (8.28)

t∗ = t̂ + c−2A(t) , (8.29)

ω̂i(t̂) = ωi(t∗) + c−2(Ȧωi − qḞ i
C + qεijkωjF k

C) (8.30)

(the dot denotes here the derivative with respect to the corresponding time argument).
In virtue of ρ′d3x′ = ρ̂′d3x̂′ one has the mass relation

ME = M̂E . (8.31)

BRS and GRS multipole moments involve volume integrals over hypersurfaces t=const
and t̂=const, respectively. Any quantity A defined on t=const takes value Ã on t̂=const
in result of the Lie transfer

Ã = A + v′iA,i∆t , ∆t = t′ − t = c−2vn
E(x′n − xn) , v′i = εikmωk

Er′mE . (8.32)

Therefore,
Ii
E = Îi

E + c−2(1
2ai

E Îkk
E − ak

E Îik
E − εikmωk

Evn
E Îmn

E ) , (8.33)

Iik
E (t∗) =

[
1− 2c−2Ū(t,xE)

]
Îik
E (u)− 1

2c−2vm
E (vi

E Îkm
E + vk

E Îim
E )−

− c−2q(εimnÎkm
E + εkmnÎim

E )Fn
C (8.34)

The relation Îi
E = 0 is used for the definition of the geocenter as a spatial origin of GRS.

It involves the dipole term of the relativistic order of smallness in the BRS multipole
expansion of the Newtonian potential. Since vector–potential and additive potential enter
only in the relativistic terms such dipole term is omitted there.
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The concept of sphericity also depends on RS. It is reasonable to define a spherical
Earth in GRS by relation

Îkm
E = δkmÎE . (8.35)

From this it follows
Ii
E = c−2( 1

2ai
E − εikmωk

Evm
E )ÎE , (8.36)

Iik
E = [1− 2c−2Ū(t,xE)]ÎEδik − c−2vi

Evk
E ÎE , (8.37)

demonstrating that the BRS quadrupole matrix is not diagonal.
The GRS quadrupole moments are similar to BD (Blanchet–Damour) moments used

in the DSX approach and recommended for use by IAU (2000) Resolutions. In fact, it
is possible to use the BRS equations with Newtonian potentials taking into account the
relations like (8.34), (8.36), (8.37).

Gravitational radiation and motion in a binary pulsar

Virtually, the post–Newtonian (O(c−2)) and post–post–Newtonian (O(c−4)) equations of
motion of the N–body problem do not differ qualitatively from the Newtonian equations. In
all cases the system of equations may be presented in the Lagrange form with corresponding
consequences (long–term evolution, stability questions, etc.). Qualitative difference starts
with (O(c−5)) equations of motion involving dissipative terms due to gravitational radi-
ation and breaking the Lagrange form of the equations. But even before these (O(c−5))
equations were derived and studied (by Damour, and Grishchuk and Kopeikin) it was
stated that the system of gravitating masses loses energy by radiating gravitating waves.
The loss of energy determined from the linearized field equations is given by the expression

dW

dt
= − G

5c5
BikBik , Bik =

d3

dt3
Dik(t), (8.38)

Dik(t) being the quadrupole moments of the system or, for the system of point masses,

Dik(t) =
∑

A

MA(xi
Axk

A − 1
3δikxm

A xm
A ). (8.39)

This formula has been applied to calculate the loss of energy in the binary pulsar system
PSR 1913+16. Assuming that the motion is performed in the plane z = 0 one has for the
coordinates of masses M1 and M2

x1 + i y1 = −M2

M
r exp i f , x2 + i y2 =

M1

M
r exp i f , M = M1 + M2 , (8.40)

so that

D11 =
M1M2

M
r2(1

6 + 1
2 cos 2f), D22 =

M1M2

M
r2( 1

6 − 1
2 cos 2f),

D33 = −M1M2

3M
r2 , D12 =

M1M2

2M
r2 sin 2f ,
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f being the true anomaly. Therefore,

dW

dt
= − G

5c5
(B2

11 + B2
22 + B2

33 + 2B2
12) =

= − G

5c5

(
M1M2

M

)2
n6a8

r4(1− e2)
(32 + 52

3 e2 + 64e cos f + 44
3 e2 cos 2f). (8.41)

Using the Hansen coefficients

X−4,0
0 =

1 + 1
2e2

(1− e2)5/2
, X−4,1

0 =
e

(1− e2)5/2
, X−4,2

0 =
e2

4(1− e2)5/2

one gets for the averaged value of the loss of energy in motion on the elliptic orbit the
well–known formula

[
dW

dt

]
= −32G

5c5

(
M1M2

M

)2
n6a4

(1− e2)7/2

(
1 + 73

24e2 + 37
96e4

)
. (8.42)

Since the total energy of the two–body problem is related to the semi–major axis by

W = −GM1M2

2a
, n2a3 = GM (8.43)

one obtains the rate of the decrease of the semi–major axis

ȧ = −64
5

G3M1M2M

c5a3(1− e2)7/2

(
1 + 73

24e2 + 37
96e4

)
. (8.44)

This involves the time–quadratic term in the mean longitude and a secular decrease of the
period of motion confirmed by observations.

This result is based on the linearized field equations involving the quadrupole formula.
No wonder that this approach caused doubt in two aspects, i.e. 1) the validity of the
quadrupole formula for compact objects (with U/c2 being not small), 2) correctness of
the value ȧ. These doubts were completely removed when the analysis of the equations of
motion within radiation approximation (c−5) derived by the authors indicated above had
led to the same results.

The equations of motion of two compact bodies with consideration of gravitational
radiation are originally of the form

ai
1 =F

0

i
1(x1 − x2) + c−2

F
2

i
1(x1 − x2, v1, v2, a1, a2)+

+ c−4
F
4

i
1(x1 − x2, v1, v2, a1, a2, ȧ1, ȧ2)+

+ c−5
F
5

i
1(x1 − x2, v1 − v2, a1 − a2, ȧ1 − ȧ2, ä1 − ä2,

...
a1 − ...

a2) + . . . . (8.45)
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By eliminating in the right–hand members the higher order derivatives be means of New-
tonian and post–Newtonian equations one gets the reduced equations with the right–hand
members dependent only on the coordinates and velocities

ẍi
1 = A

0

i
1(x1 − x2) + c−2

A
2

i
1(x1 − x2, v1, v2) + c−4

A
4

i
1(x1 − x2, v1, v2)+

+ c−5
A
5

i
1(x1 − x2, v1 − v2) + . . . . (8.46)

Using the integral of the center of mass motion one may obtain the equations of relative
motion

ẍi = B
0

i + c−2
B
2

i + c−4
B
4

i + c−5
B
5

i + . . . . (8.47)

With designations

N i = (xi
1 − xi

2)r
−1 , vi = vi

1 − vi
2 , r = [(x1 − x2)2]1/2 , µ =

M1M2

M2

the right–hand members are as follows:
Newtonian terms:

B
0

i = −GM

r3
xi , (8.48)

Post–Newtonian terms:

B
2

i =
GM

r3

{[
(4 + 2µ)

GM

r
+ 3

2µ(Nv)2 − (1 + 3µ)v2
]
xi + (4− 2µ)(xv)vi

}
, (8.49)

Post–post–Newtonian terms:

B
4

i =
GM

r3

{[
µ(−3 + 4µ)(v2)2 + 15

8 µ(−1 + 3µ)(Nv)4 + µ( 9
2 − 6µ)(Nv)2v2+

+ µ( 13
2 − 2µ)

GM

r
v2 + (2 + 25µ + 2µ2)

GM

r
(Nv)2 − (9 + 87

4 µ)
G2M2

r2

]
xi+

+
[
µ( 15

2 + 2µ)v2 − µ( 9
2 + 3µ)(Nv)2 − (2 + 41

2 µ + 4µ2)
GM

r

]
(xv)vi

}
, (8.50)

Gravitational radiation terms:

B
5

i =
8
5

G2M2

r3
µ
[(

3v2 + 17
3

GM

r

)
(Nv)N i −

(
v2 + 3

GM

r

)
vi

]
. (8.51)

Solution of equations (8.47) in all details is rather time–consuming. But the post–post–
Newtonian solution caused by Bi

4 and the quadratic contribution by Bi
2 does not differ

essentially from the known post–Newtonian solution. The gravitational radiation is caused
by Bi

5 terms. By (4.40), (4.41) applied to F i = Bi
5 one finds the radiation perturbations

ċ = −8
5

G2M1M2

c5r3

(
v2 + 3

GM

r

)
c , (8.52)
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ḟ =
8
5

G2M1M2

c5r3

{[(
3v2 +

17
3

GM

r

)
(Nv)2 − 2

(
v2 + 3

GM

r

)
v2

]
r+

+
(
−v2 +

1
3

GM

r

)
(rv)v

}
. (8.53)

Substituting the Keplerian values for the coordinates and velocities and performing av-
eraging with the aid of the Hansen coefficients one obtains the equations for the secular
perturbations

ċ = −4
5

G3MM1M2

c5a4

8 + 7e2

(1− e2)5/2
c , (8.54)

ḟ = − 1
15

G3MM1M2

c5a4

304 + 121e2

(1− e2)5/2
f . (8.55)

The corresponding expressions for the Keplerian elements will be

di

dt
= 0 ,

dΩ
dt

= 0 ,
dp

dt
= −8

5
G3MM1M2

c5a3

8 + 7e2

(1− e2)3/2
,

dω

dt
= 0 , (8.56)

de

dt
= − 1

15
G3MM1M2

c5a4

304 + 121e2

(1− e2)5/2
e . (8.57)

Combination of these values leads again to (8.44) confirming all results of the quadrupole
formula approach.

In no way minimizing the importance of advanced research in GRT problem of motion
one cannot help to note that two practically used GRT solutions, i.e. EIH equations and
binary pulsar motion presentation, result just from the linearized GRT field equations.

Irrespective of practical applications the motion of two compact masses with gravi-
tational radiation taken into account is of great interest revealing new types of motion in
celestial mechanics. On the basis of this problem one may consider, for example, a rel-
ativistic restricted three–body problem in the gravitational radiation approximation (the
motion of a test particle in the binary pulsar field). To simplify the problem the motion
of the massive binary components may be assumed to be quasi–circular. In terms of time
these orbits have linearly changing radii and quadratically changing phase angles. By sub-
stituting this motion into the Newtonian–like equations of motion of a test particle one
gets the quasi–Newtonian restricted quasi–circular three–body problem sufficient to take
into account the main indirect perturbations caused by the binary radiation terms (Brum-
berg, 2003). In contrast to the evolution of motion in the classical restricted three–body
problem the Lagrange libration points undergo secular trends whereas the quasi–circular
orbits lying at large distance from the binary have linearly changing radii and quadratically
changing phase angles.

There are still many open questions in the GRT problem of motion, e.g. the structure
of the equations of motion with respect to the higher–order derivatives, Cauchy problem
(what is the GRT statement for the Laplace determinism, i.e. the ability to predict the
motion of all bodies of the Universe provided that their initial positions and velocities
are known?), evolution of motion under gravitational radiation, celestial mechanics with
gravitational waves, etc.

9

99/177



Lecture 9. Motion and rotation in the geocentric reference system

As indicated above the most adequate RS for the post–Newtonian consideration of the
motion of the Moon, Earth’s satellites and Earth’s rotation is GRS. Needless to say, it is
possible to use BRS for these objects as well but consideration in GRS is more compact
and more straightforward. In so doing one may choose several options, e.g.:

1) starting with the GRT BRS equations and performing [BRS↔GRS] transformation
to get GRT GRS equations of the problem under consideration,

2) to deal from the beginning with GRT GRS metric and GRT GRS equations,
3)starting with Newtonian GRS equations (complemented by relativistic perturbations

from the Earth, if necessary) and performing [BRS↔GRS] transformation to derive indirect
relativistic perturbations (main relativistic perturbations) of the problem at hand.
In this lecture we will consider just the third option.

Earth’s satellite problem in GRSQ
Denoting GRS time and spatial coordinates by u ≡ t̂ , wi ≡ x̂i, ρ2 = wiwi the equations
of motion of the Earth’s satellite problem in a geocentric equatorial RS may be presented
in form (Brumberg, 2004)

d2wi

du2
= ÛE,i(u, w) + Qi + R,i(u, w) + c−2Φi (9.1)

with the right–hand members

Φi =
3∑

k=0

Φi
k . (9.2)

Here R stands for the perturbing function of classical celestial mechanics

R =
∑

A6=E

RA , (9.3)

RA = GMA

(
1

|w−wA| −
1

|wA| −
wwA

|wA|3
)

, (9.4)

(the second term not depending on the satellite coordinates and not affecting the equations
of motion converts the perturbing function into the tidal potential)

RA,i = −GMA

(
wi − wi

A

|w−wA|3 +
wi

A

|wA|3
)

. (9.5)

To avoid the loss of accuracy the Encke transformation is often applied

RA,i = −GMA

|wA|3 [wi + (wi
A − wi)f(αA)], (9.6)

αA =
1

|wA|2 (2wkwk
A − wkwk), (9.7)
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f(α) = 1− (1− α)3/2 =
α(2− α +

√
1− α)

1 +
√

1− α
. (9.8)

Newtonian terms due to the Earth are as follows:

U,i = −GM

ρ3
wi +

3Q

ρ5

[
1
2

(
1− 5

w32

ρ2

)
wi + w3δ3i

]
+

+
3G(A−B)

4ρ5

[(
5
w12 − w22

ρ2
wi − 2w1δ1i + 2w2δ2i

)
cos 2ϕ+

+
(

10
w1w2

ρ2
wi − 2w2δ1i − 2w1δ2i

)
sin 2ϕ

]
, (9.9)

Q = G
(A + B

2
− C

)
,

A, B, C being the Earth’s principal moments of inertia and ϕ standing for the linear
function of time u with the frequency equal to the Earth’s angular velocity. Qi in (9.1) is
the non–geodesic Earth BRS acceleration

Qi = −1
2
M−1

E Ikm
E ŪE,ikm(t, xE)

or

Qi = −1
2
(GME)−1QŪE,i33(t, xE) +

1
2
M−1

E (A−B)
[
ŪE,i12(t, xE) sin 2ϕ+

+
1
2

(
ŪE,i11(t, xE)− ŪE,i22(t, xE)

)
cos 2ϕ

]
. (9.10)

Direct relativistin (one–body) perturbations involve
Geodesic rotation in GRSQ:

δĥ0i = c−3(1− q)εijkḞ j
Qwk

resulting in
Φi

0 = (1− q)εijk(2Ḟ j
Qẇk + F̈ j

Qwk) (9.11)

(as previously parameter q is introduced to distinguish between K (q = 0) and D (q = 1)
versions of GRS).

Schwarzschild perturbations:

Φi
1 =

GM

c2ρ3

[(
4
GM

ρ
− ẇkẇk

)
wi + 4(wkẇk)ẇi

]
. (9.12)

Lense–Thirring perturbations:

Φi
2 =

2Gω

c2ρ3
C

(
εijkẇjsk +

3
ρ2

w3εijkwjẇk
)
+

+
2Gω

c2ρ5
(A−B)

{
[3wi(w1ẇ1 − w2ẇ2) + 3(w2δi2 − w1δi1)wkẇk+

+ 2ρ2ω(w1δi2 + w2δi1)] sin 2ϕ + [−3wi(w2ẇ1 + w1ẇ2)+

+ 3(w1δi2 + w2δi1)wkẇk + 2ρ2ω(w1δi1 − w2δi2)] cos 2ϕ
}
. (9.13)
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Relativistic figure (non–sphericity) perturbations:

Φi
3 =

Q

c2ρ5

{[
4
(
−2 + 9

w32

ρ2

)
GM

ρ
+

3
2

(
1− 5

w32

ρ2

)
ẇkẇk

]
wi+

+ 3
(
−4

GM

ρ
+ ẇkẇk

)
w3δ3i − 6

[(
1− 5

w32

ρ2

)
wkẇk + 2w3ẇ3

]
ẇi

}
. (9.14)

Absent functions Φi
k for k = 4, 5, 6 represent relativistic tidal third–body perturbations in

the GRS representation of the satellite motion. They are divided into coupling Earth –
third–body perturbations (k = 4), gravimagnetic third–body perturbations depending on
the satellite velocity (k = 5) and gravielectric third–body perturbations not depending on
the satellite velocity (k = 6).

Indirect relativistic third–body perturbations result from applying (7.42), i.e.

wi
A(u) = zi

A(u)−zi
E(u)+c−2

[
Λi(t∗, rAE)+vErAE(vi

A−vi
E)

]
, zi

A(u) = xi
A(t∗). (9.15)

Hence, substituting into RA only the ‘Newtonian’ part wi
A(u) = zi

A(u)− zi
E(u) and using

the expression for Φi
k with k = 0, 1, ..., 6 one gets the complete post–Newtonian GRS

equations of satellite motion. Substituting into RA the complete expression (9.15) and
using expression for Φi

k only with k = 0, 1, 2, 3 one gets GRS equations of satellite motion
with taking into account the indirect relativistic third–body perturbations. This might be
quite sufficient for most practical applications related to the Earth’s satellite motion.

Earth’s rotation problem in DGRSC:
SMART97 (Bretagnon et al., 1997, 1998) represents the most accurate semi–analytical
theory of rotation of the rigid Earth constructed so far. SMART97 is a purely Newtonian
theory. Its conversion into relativistic theory was envisaged in (Bretagnon and Brumberg,
2003) and was continued after the death of Pierre Bretagnon in (Brumberg and Simon,
2003, 2007).

One may find in literature the relativistic equations of the Earth’s equations of different
type in dependence on adopted Earth’s model. Instead of dealing with such complicated
equations it is reasonable to start by taking into account in SMART97 the relativistic in-
direct third–body perturbations. In doing so, one neglects by very small direct relativistic
third–body perturbations. It enables one to retain the formally Newtonian differential
equations of the Earth’s rotation and to get the relativistic extension of SMART97 so-
lution by applying in the right–hand members of these equations the four–dimensional
transformation between geocentric and barycentric quantities. It leads to the main rela-
tivistic terms in the Earth’s rotation problem called in Lecture 7 the relativistic indirect
third–body perturbations.

This relativistic extension of SMART97 is based completely on the two–level (wide) RS
hierarchy of Lecture 7. Since SMART97 is supposed to be constructed in DGRSC three
Euler angles, ψ

1

, θ
1
, ϕ

1
, of matrix P̂

1
(t̂) may be regarded as dynamical Earth orientation

parameters (EOP). The analogous Euler angles ψ
0

, θ
0
, ϕ

0
, of matrix P̂

0
(t̂) relating KGRSC
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and ITRS may be regarded as kinematical EOP. One has

P̂
q
(t̂) = D3(ϕ

q

)D1(− θ
q

)D3(−ψ
q

) (q = 0, 1), (9.16)

Di being the elementary rotation matrices. The dynamical and kinematical Euler angles
are related by the formulae

ϕ
1
− ϕ

0
= − c−2

sin θ

(
F 1

C sin ψ + F 2
C cos ψ

)
, (9.17)

θ
1
− θ

0
= c−2

(
F 1

C cosψ − F 2
C sinψ

)
, (9.18)

ψ
1

− ψ
0

= c−2

[
F 3

C −
cos θ

sin θ

(
F 1

C sin ψ + F 2
C cos ψ

)]
(9.19)

(in the post–Newtonian approximation there is no need to distinguish between Newtonian
and relativistic values in the relativistic right–hand members). These relationships have
been actually used in SMART. In taking into account only the geodesic precession and
nutation in narrow sense, one has F 1

C = F 2
C = 0 and, hence, ϕ

1
= ϕ

0
, θ

1
= θ

0
.

Note that to get the designations of the original papers on SMART (Bretagnon et al.,
1997, 1998) one should put ψ = −ψ and θ = −ω.

Repeating for the sake of convenoence the discussion of the RS hierarchy of Lecture 7
let us note that the Earth’s rotation matrix relating GCRS and ITRS is determined in our
notation as T = P̂

0
(t̂)PC . The Earth’s rotation in BRS may be described by the rotation

matrix
P (t∗) = P̂

0
(t̂) (9.20)

where t∗ is the solution of the relativistic time equation

t̂ = t∗ − c−2A(t∗) (9.21)

with the time function determined by

Ȧ(t) = 1
2v

2
E + ŪE(t,xE) , ŪE(t,xE) =

∑

A6=E

GMA

rEA
. (9.22)

However, rotating system BRS+ is not used in practice.
Within the RS hierarchy the VSOP theories are constructed in BRSC with TDB as

a time argument while SMART97 is considered in DGRSC with TT as a time argument.
Therefore, the first thing in treating SMART in the relativistic framework is to adjust the
values of masses taking into account that (GM)TDB coefficients in VSOP and (GM)TT

coefficients in SMART are related by

(GM)TT = (1 + LC)(GM)TDB (9.23)
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with the value of LC obtained with the VSOP solution (Bretagnon and Brumberg, 2003).
But this mass–adjustment may not be made in the actual work. Indeed, the main pertur-
bation factors in the right–hand members of the DGRSC equations of the Earth’s rotation,
are due to the action of the Sun (S) and the Moon (L). Inially, these right–hand members
contain geocentric position vectors wA for A = S, L. These geocentric vectors are to be
expressed by virtue of BRSC↔DGRSC transformation in terms of BRSC quantities as
follows:

wi
A(u) = zi

A(u)− zi
E(u) + c−2

[
Λi(t∗, rAE) + vErAEvi

AE

]
, (9.24)

with xE , vE , xA, vA denoting BRSC coordinates and velocities of the Earth and the
disturbing body, respectively, rAE = xA − xE , vAE = vA − vE and

Λi(t, rAE) = 1
2vErAEvi

E − qεijkF jrk
AE + ŪE(t,xE)ri

AE + aErAEri
AE − 1

2r
2
AEai

E , (9.25)

aE being BRSC acceleration of the Earth. We use here again more simple designations for
GRS quantities u = t̂ and wi = x̂i. The moment t∗ means here

TDB∗ = TT + c−2Ap (9.26)

if time function A(t) is represented in TDB as

A(t) = c2LCt + Ap(t). (9.27)

The function zi
E representing the BRSC position of the Earth in terms of TCG or TT is

given in our case by

(1− LC)zi
E(TT) = xi

E(TDB∗) = xi
E(TT) + c−2Apv

i
E + . . . . (9.28)

The function zi
A is determined by the same formula by replacing E for A.

Bretagnon and Brumberg (2003) have used the VSOP theories to compute the initial
terms of the series for xE , vE , c−2aE , c−2ŪE(t,xE), c−2Ap, c−2ApvE , and c−2F in function
of t =TDB. These series are to be used to evaluate explicitly the coefficients in BRS↔GRS]
transformation. For the sake of completeness the series for c−2Ḟ needed when considering
the equations of motion in GCRS were computed as well. All values have been computed
using the astronomical unit as the unit of length and 1000 Julian years (365250 Julian
days) as the unit of time. The value of LC obtained with the VSOP solution reads

LC = 1.480826855667× 10−8 . (9.29)

In integrating the equations for Ȧ and Ḟ the additive constants were introduced to annul
these quantities for the 1977 Origin and J2000.0, respectively.

All series are presented in the form

xi
A(t) =

∑
α

tα

[∑

k

Xα
ik cos(ψα

k + να
k t)

]
(9.30)
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in Tables 1–20 of Appendix B containing the ordinal number of the term, components
of the trigonometric argument (mean longitudes of eight major planets from Mercury to
Neptune and arguments D, F, l of the lunar theory given to show the physical meaning
of the term, coefficient X, the phase angle ψ of the argument, the frequency ν of the
argument and exposant α of power of t. The negative components are underlined.

Functions xi
E(TT), xi

A(TT) represent just VSOP series of the argument TDB taken
for the moment TT. Therefore, they are expressed in terms of 11 fundamental arguments
representing now linear functions of TT. In such a way, the right–hand members of the
DGRSC equation of the Earth’s rotation become functions of TT and may be solved by
iterations just as in Newtonian case (Bretagnon et al., 1997, 1998). In result one gets the
solution taking into account relativistic indirect third–body perturbations.

Having got the dynamical solution for ψ
1

, θ
1
, ϕ

1
one finds the kinematical solution ψ

0

, θ
0
,

ϕ
0

and then the astrometric Earth’s rotation matrix T = P̂
0
(u)PC including now the main

relativistic corrections.
Computation of the right–hand members of the Earth’s rotation equations in the

SMART theory (Bretagnon et al., 1997, 1998) is based on the VSOP series for x(C)A(TDB)
where (C) indicates the ecliptical system BRSC and A stands for the body A (A = E for
the Earth, A = S for the Sun, A = L for the Moon, etc.). In the original SMART theory
referred to TDB the geocentric coordinates of the Sun and the Moon in DGRSC are
treated just as the differences of the corresponding BRSC coordinates x(C)S − x(C)E and
x(C)L − x(C)E referred to TDB. In the present work the equations of the Earth’s rotation
are referred to TT with using w(C)A(TT) for the geocentric coordinates of the Sun (A = S)
and the Moon (A = L). We give the initial terms of all these series in Appendix B. The
term by term comparison of these series enables one to see the difference between the
Newtonian and relativistic values of the third–body coordinates. As useful intermediate
results we reproduce also the series for the ICRS coordinates of the Earth zE(TT), for
the solar BRSC coordinates x(C)S(TDB) and z(C)S(TT), for the lunar BRSC coordinates
x(C)L(TDB) − x(C)E(TDB) and z(C)L(TT) − z(C)E(TT). All series are presented in the
compact form (9.30) adopted presently in VSOP with one more fundamental argument φ
(the linear part of the expression for the Euler angle ϕ) specific for SMART solution.

Dependent on application of (9.30) the time argument t therewith is in fact either
TDB or TT. The fundamental trigonometric arguments of the semi–analytical SMART
series are given in Appendix A.

The final solution may be compared with the Newtonian SMART solution based on the
Newtonian luni–solar coordinates x(C)A(TDB)−x(C)E(TDB) (A = S, L). The differences
between the dynamical Euler angles ψ

1

, θ
1
, ϕ

1
(relating ITRS and DGRSC) in the Newtonian

(N) and relativistic solutions demonstrate the influence of the indirect relativistic third–
body perturbations (Tables (45)–(47) of Appendix C). The dynamical Euler angles for
both (Newtonian and relativistic) versions are converted by means of (9.17)–(9.19) into
the kinematical Euler angles ψ

0

, θ
0
, ϕ

0
(relating ITRS and KGRSC) also for the Newtonian

(N) and relativistic solutions. The differences between the dynamical and kinematical Euler
angles for the relativistic solution (evidently, within the post–Newtonian approximation the
similar differences for the Newtonian version are practically the same) exposed in Appendix
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C (Tables (48)–(50)) improve the corresponding values given in (Bretagnon et al. 1997).
The differences between the kinematical Euler angles in the Newtonian and relativistic
solutions (Tables (51)–(53) of Appendix C) differ only slightly from the corresponding
differences between the dynamical angles (this discrepancy reveals only in terms of the
third and higher power of time).

Let us note once again that the Newtonian and relativistic SMART solutions are distin-
guished just with respect to the employed luni–solar coordinates as stated above. When
converting from DGRSC to KGRSC both these solutions are transformed practically in
the same manner as prescribed by the geodesic rotation. Newtonian solutions in DGRSC
and KGRSC are differ by relativistic terms caused by the mutual rotation of reference
systems not affecting the Newtonian nature of the solution itself. The final expansions
show that the differences in the Euler angles for the Newtonian and relativistic solutions
are of the order of 35 µas over 20 yrs (cf. the precision of SMART97 of 2 µas) and 150 µas
over 100 yrs (cf. the precision of SMART97 of 12 µas). Therefore, the relativistic indirect
third–body perturbations are within the accuracy of SMART97 theory and may be used
to improve this theory.

Relativistic contributions in the GCRS↔ITRS transformation
Using the formalism of Bretagnon and Brumberg (2003) it is possible to compute the rota-
tion vector A of GCRS→ITRS transformation for the Newtonian and relativistic SMART
solutions and to find explicitly the relativistic contributions in the components of this
vector. Denoting the triplet of the ITRS spatial coordinates by y we may represent the
GCRS→ITRS transformation in form

y = T w
0

(9.31)

T = P̂
0
(u)PC . (9.32)

or
T = D3(ϕ

0
)D1(− θ

0
)D3(−ψ

0

)D1(ε)D3(χ) . (9.33)

Introducing the rotation vector A one may use the rotation formula

T = R(A), R(A)x = x− sin a(Â× x) + (1− cos a)[Â× (Â× x)] (9.34)

where a = |A| is the rotation angle, Â = A/a is the unit vector along the rotation axis, x
is an arbitrary coordinate vector. Vector A is given in Bretagnon and Brumberg (2003) in
three forms corresponding to ‘dynamical’ representation with three Euler angles, ‘classical
kinematical’ representation (precession/nutation, diurnal rotation and polar motion) and
modern ‘kinematical’ representation involving the non–rotating origin. The first represen-
tation in terms of ψ

0

, θ
0
, ϕ

0
is most closely related with the SMART solution. Evaluating

the variation δA between the relativistic and Newtonian values of A one may find the
influence of the relativistic terms on the GCRS→ITRS transformation (see (A.24), (A.25)
in Bretagnon and Brumberg, 2003).
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For simple evaluation of relativistic contributions in the GCRS↔ITRS transformation
one may use just the representation (9.33). Originally SMART97 results in purely Newto-
nian (N) values for dynamical Euler angles. The corresponding kinematical Euler angles
of (9.33) are to be considered also as Newtonian quantities (the differences of these angles
are of relativistic order of smallness due to the geodesic rotation vector FC of mutual
rotation DGRSC and KGRSC). The differences δ ψ

0

, δ θ
0

and δ ϕ
0

between relativistic and

Newtonian values of these angles may be found from Tables 51–53 ( Tables 4–6 of Brum-
berg and Simon, 2003) in form of polynomial–trigonometric series in terms of terrestrial
time TT. In the linear approximation the relativistic contributions in the GCRS↔ITRS
transformation are determined just by variation of (9.33), i.e.

δT = [δD3(ϕ
0
)D1(− θ

0
)D3(−ψ

0

)+D3(ϕ
0
) δD1(− θ

0
)D3(−ψ

0

)+D3(ϕ
0
)D1(− θ

0
) δD3(−ψ

0

)]PC .

(9.35)
Directly from the definitions of Dk(α) (k = 1, 2, 3) one may derive the first–order relations

Dk(δα)Dk(α) = Dk(α)Dk(δα) (9.36)

and
δDk(α) = [Dk(δα)− E]Dk(α) = Dk(α)[Dk(δα)− E], (9.37)

E being a unit matrix. It is easy to see that

Dk(δα)− E = ∇kδα (9.38)

where matrix ∇k consists of the elements

(∇k)ij = εijk (9.39)

with fully antisymmetric Levi–Civita symbols εijk. By using (9.37) and (9.38) one may
present the variation (9.35) in the form

δT = [∇3 D3(ϕ
0
)D1(− θ

0
)D3(−ψ

0

)δ ϕ
0
−D3(ϕ

0
)∇1 D1(− θ

0
)D3(−ψ

0

)δ θ
0
−

−D3(ϕ
0
)D1(− θ

0
)∇3 D3(−ψ

0

)δ ψ
0

]PC . (9.40)

With known functions ψ
0

, θ
0
, ϕ

0
, δ ψ

0

, δ θ
0

and δ ϕ
0

it is easy to compute the relativistic variation

δT for any moment TT and compare it with the Newtonian value T from (9.33).
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Appendix A

Fundamental arguments
As stated above, the expansions of the present paper have 12 trigonometrical arguments
as follows:

λ1(t) = 4.40260867435 + 26087.9031415742 t ,

λ2(t) = 3.17614652884 + 10213.2855462110 t ,

λ3(t) = 1.75347029148 + 6283.0758511455 t ,

λ4(t) = 6.20347594486 + 3340.6124266998 t ,

λ5(t) = 0.59954632934 + 529.6909650946 t ,

λ6(t) = 0.87401658845 + 213.2990954380 t ,

λ7(t) = 5.48129370354 + 74.7815985673 t ,

λ8(t) = 5.31188611871 + 38.1330356378 t ,

D(t) = 5.19846640063 + 77713.7714481804 t ,

F (t) = 1.62790513602 + 84334.6615717837 t ,

l(t) = 2.35555563875 + 83286.9142477147 t ,

φ(u) = 4.89496121282 + 2301216.7536515365 u .

The mean longitudes of eight major planets λi(t) are referred to ICRS (to the reference
system of of DE403 in practice). Therefore, their constant parts are those given in (Bre-
tagnon et al. 1998). Their frequencies are also taken from (Bretagnon et al. 1998) but
without taking into account the precession.

The Delaunay arguments D(t), F (t), l(t) of the lunar theory are taken from (Bretagnon
et al. 1998).

Originally, these arguments are functions of t =TDB but in accordance with (9.36) they
are used here just as the linear functions of u =TT.

The last argument, φ(u), representing the linear part of the Euler angle ϕ of the Earth’s
rotation is taken from (Bretagnon et al. 1998) as well.

All values are given using the astronomical unit as the unit of length and 1000 Julian years
(365250 Julian days) as the unit of time (tjy).
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Appendix B

Right–hand members

This Appendix contains the initial terms of the series needed to compute the right–
hand members of the Earth’s rotation equation of the SMART theory (Bretagnon et al.
1997, 1998). All values are given using the astronomical unit as the unit of length and
1000 Julian years (365250 Julian days) as the unit of time. All series are presented in the
previous form

xi
A(t) =

∑
α

tα

[∑

k

Xα
ik cos(ψα

k + να
k t)

]
.

The data in the 6–column Tables 21–44 read (we numerate the tables from No. 21 taking
into account Tables 1–20 of Bretagnon and Brumberg (2003) underlying the present work):
ordinal number of the term, components of the trigonometric argument (mean longitudes
of eight major planets from Mercury to Neptune, arguments D, F, l of the lunar theory
and the Earth’s rotation angle φ) given to show the physical meaning of the term (for the
series of the right–hand members the last argument is absent), coefficient X, the phase
angle ψ of the argument, the frequency ν of the argument and exposant α of t.

The time argument t is either TDB or TT as indicated explicitly. The negative components
of the trigonometric arguments are underlined.

These tables contain the initial terms of the series for
Earth ICRS coordinates zE(TT) (Tables 21–23),
Sun BRSC coordinates x(C)S(TDB) (Tables 24–26),
Sun BRSC coordinates z(C)S(TT) (Tables 27–29),
Sun BRSC geocentric coordinates x(C)S(TDB)− x(C)E(TDB) (Tables 30–32),
Sun DGRSC geocentric coordinates w(C)S(TT) (Tables 33–35),
Moon BRSC geocentric coordinates x(C)L(TDB)− x(C)E(TDB) (Tables 36–38),
Moon BRSC geocentric coordinates z(C)L(TT)− x(C)E(TT) (Tables 39–41),
Moon DGRSC geocentric coordinates w(C)L(TT) (Tables 42–44).

The resulting series to perform SMART iterations are those of Tables (33)–(35) and
(42)–(44).
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Table 1. x1
E

1 0 0 1 0 0 0 0 0 0 0 0 .999826249 + 00 .175348528 + 01 .628307585 + 04 0
2 0 0 2 0 0 0 0 0 0 0 0 .835254761− 02 .171034482 + 01 .125661517 + 05 0
3 0 0 0 0 0 0 0 0 0 0 0 .590519376− 02 .000000000 + 00 .000000000 + 00 0
4 0 0 0 0 1 0 0 0 0 0 0 .493123608− 02 .374115795 + 01 .529690965 + 03 0
5 0 0 0 0 0 1 0 0 0 0 0 .271697270− 02 .401601399 + 01 .213299095 + 03 0
6 0 0 0 0 0 0 0 1 0 0 0 .154647690− 02 .217052025 + 01 .381330356 + 02 0
7 0 0 0 0 0 0 1 0 0 0 0 .836647696− 03 .233967709 + 01 .747815986 + 02 0
8 0 0 0 0 0 0 0 0 0 0 0 .122106593− 02 .000000000 + 00 .000000000 + 00 1
9 0 0 2 0 0 0 0 0 0 0 0 .514999998− 03 .600266210 + 01 .125661517 + 05 1

Table 2. x2
E

1 0 0 1 0 0 0 0 0 0 0 0 .917380354 + 00 .182658535 + 00 .628307585 + 04 0
2 0 0 0 0 0 0 0 0 0 0 0 .220960391− 01 .314159265 + 01 .000000000 + 00 0
3 0 0 2 0 0 0 0 0 0 0 0 .766363606− 02 .139528008 + 00 .125661517 + 05 0
4 0 0 0 0 1 0 0 0 0 0 0 .453127029− 02 .218025318 + 01 .529690965 + 03 0
5 0 0 0 0 0 1 0 0 0 0 0 .251550284− 02 .246154598 + 01 .213299095 + 03 0
6 0 0 0 0 0 0 0 1 0 0 0 .143167358− 02 .609170505 + 00 .381330356 + 02 0
7 0 0 0 0 0 0 1 0 0 0 0 .766049684− 03 .774439757 + 00 .747815986 + 02 0
8 0 0 1 0 0 0 0 0 0 0 0 .909408579− 03 .269013703 + 00 .628307585 + 04 1
9 0 0 0 0 0 0 0 0 0 0 0 .831610134− 03 .000000000 + 00 .000000000 + 00 1

Table 3. x3
E

1 0 0 1 0 0 0 0 0 0 0 0 .397732873 + 00 .182658320 + 00 .628307585 + 04 0
2 0 0 0 0 0 0 0 0 0 0 0 .959237327− 02 .314159265 + 01 .000000000 + 00 0
3 0 0 2 0 0 0 0 0 0 0 0 .332258679− 02 .139529338 + 00 .125661517 + 05 0
4 0 0 0 0 1 0 0 0 0 0 0 .194477279− 02 .211821614 + 01 .529690965 + 03 0
5 0 0 0 0 0 1 0 0 0 0 0 .104351977− 02 .234916313 + 01 .213299095 + 03 0
6 0 0 0 0 0 0 0 1 0 0 0 .586898449− 03 .543535503 + 00 .381330356 + 02 0
7 0 0 1 0 0 0 0 0 0 0 0 .208884480− 02 .341431350 + 01 .628307585 + 04 1
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Table 4. v1
E

1 0 0 1 0 0 0 0 0 0 0 0 .628198416 + 04 .332428161 + 01 .628307585 + 04 0
2 0 0 2 0 0 0 0 0 0 0 0 .104958910 + 03 .328114315 + 01 .125661517 + 05 0
3 0 0 1 0 0 0 0 0 1 0 0 .261300614 + 01 .223954744 + 01 .839968473 + 05 0
4 0 0 0 0 1 0 0 0 0 0 0 .261203107 + 01 .531195439 + 01 .529690965 + 03 0
5 0 0 3 0 0 0 0 0 0 0 0 .197286075 + 01 .323802471 + 01 .188492276 + 05 0
6 0 0 0 0 0 1 0 0 0 0 0 .579527948 + 00 .558680935 + 01 .213299095 + 03 0
7 0 0 2 0 0 0 0 0 0 0 0 .647152462 + 01 .129027334 + 01 .125661517 + 05 1

Table 5. v2
E

1 0 0 1 0 0 0 0 0 0 0 0 .576397043 + 04 .175345470 + 01 .628307585 + 04 0
2 0 0 2 0 0 0 0 0 0 0 0 .963019826 + 02 .171032626 + 01 .125661517 + 05 0
3 0 0 0 0 1 0 0 0 0 0 0 .240017211 + 01 .375104918 + 01 .529690965 + 03 0
4 0 0 1 0 0 0 0 0 1 0 0 .239738605 + 01 .668751135 + 00 .839968473 + 05 0
5 0 0 3 0 0 0 0 0 0 0 0 .181013049 + 01 .166721271 + 01 .188492276 + 05 0
6 0 0 0 0 0 1 0 0 0 0 0 .536555672 + 00 .403234472 + 01 .213299095 + 03 0
7 0 0 2 0 0 0 0 0 0 0 0 .589242923 + 01 .601669452 + 01 .125661517 + 05 1
8 0 0 1 0 0 0 0 0 0 0 0 .571394167 + 01 .183981344 + 01 .628307585 + 04 1

Table 6. v3
E

1 0 0 1 0 0 0 0 0 0 0 0 .249898562 + 04 .175345548 + 01 .628307585 + 04 0
2 0 0 2 0 0 0 0 0 0 0 0 .417519410 + 02 .171032808 + 01 .125661517 + 05 0
3 0 0 1 0 0 0 0 0 1 0 0 .103939352 + 01 .668751488 + 00 .839968473 + 05 0
4 0 0 0 0 1 0 0 0 0 0 0 .103013061 + 01 .368901547 + 01 .529690965 + 03 0
5 0 0 3 0 0 0 0 0 0 0 0 .784766043 + 00 .166722822 + 01 .188492276 + 05 0
6 0 0 1 0 0 0 0 0 0 0 0 .131245539 + 02 .498511188 + 01 .628307585 + 04 1
7 0 0 2 0 0 0 0 0 0 0 0 .268841949 + 01 .593129433 + 01 .125661517 + 05 1
8 0 0 1 0 0 0 0 0 0 0 0 .582773985 + 00 .418397765 + 00 .628307585 + 04 2
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Table 7. c−2a1
E

1 0 0 1 0 0 0 0 0 0 0 0 .986893894− 08 .489507792 + 01 .628307585 + 04 0
2 0 0 2 0 0 0 0 0 0 0 0 .329776944− 09 .485194202 + 01 .125661517 + 05 0
3 0 0 1 0 0 0 0 0 1 0 0 .551783697− 10 .668751463 + 00 .839968473 + 05 0
4 0 0 3 0 0 0 0 0 0 0 0 .929792837− 11 .480881552 + 01 .188492276 + 05 0
5 0 0 1 0 0 0 0 0 1 0 1 .601681591− 11 .302430741 + 01 .167283762 + 06 0
6 0 0 1 0 0 0 0 0 3 0 1 .115298468− 11 .242694156 + 01 .156137476 + 06 0
7 0 0 1 0 0 0 0 0 3 0 0 .883536302− 12 .478249888 + 01 .239424390 + 06 0
8 0 0 1 0 0 0 0 0 1 0 0 .584587289− 12 .344424694 + 01 .714306956 + 05 0
9 0 0 1 0 0 0 0 0 1 0 2 .552934674− 12 .537986069 + 01 .250570676 + 06 0
10 0 0 2 0 0 0 0 0 0 0 0 .203332122− 10 .286106952 + 01 .125661517 + 05 1
11 0 0 3 0 0 0 0 0 0 0 0 .114660466− 11 .281783826 + 01 .188492276 + 05 1
12 0 0 2 0 0 0 0 0 0 0 0 .858984433− 12 .125839666 + 01 .125661517 + 05 2

Table 8. c−2a2
E

1 0 0 1 0 0 0 0 0 0 0 0 .905514020− 08 .332425118 + 01 .628307585 + 04 0
2 0 0 2 0 0 0 0 0 0 0 0 .302576832− 09 .328112536 + 01 .125661517 + 05 0
3 0 0 3 0 0 0 0 0 0 0 0 .853078687− 11 .323797957 + 01 .188492276 + 05 0
4 0 0 1 0 0 0 0 0 1 0 0 .421138453− 12 .501588270 + 01 .714306956 + 05 0
5 0 0 2 0 0 0 0 0 0 0 0 .185136843− 10 .130430489 + 01 .125661517 + 05 1
6 0 0 1 0 0 0 0 0 0 0 0 .897641470− 11 .341060482 + 01 .628307585 + 04 1
7 0 0 3 0 0 0 0 0 0 0 0 .104798335− 11 .125407561 + 01 .188492276 + 05 1
8 0 0 2 0 0 0 0 0 0 0 0 .795069151− 12 .598199237 + 01 .125661517 + 05 2

Table 9. c−2a3
E

1 0 0 1 0 0 0 0 0 0 0 0 .392588190− 08 .332425096 + 01 .628307585 + 04 0
2 0 0 2 0 0 0 0 0 0 0 0 .131183005− 09 .328112554 + 01 .125661517 + 05 0
3 0 0 3 0 0 0 0 0 0 0 0 .369853480− 11 .323798141 + 01 .188492276 + 05 0
4 0 0 1 0 0 0 0 0 0 0 0 .206182711− 10 .272721140 + 00 .628307585 + 04 1
5 0 0 2 0 0 0 0 0 0 0 0 .844685906− 11 .121890327 + 01 .125661517 + 05 1
6 0 0 3 0 0 0 0 0 0 0 0 .465920918− 12 .121063123 + 01 .188492276 + 05 1
7 0 0 1 0 0 0 0 0 0 0 0 .915520132− 12 .198919397 + 01 .628307585 + 04 2
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Table 10. c−2ŪE(t,xE)

1 0 0 0 0 0 0 0 0 0 0 0 .987296507− 08 .000000000 + 00 .000000000 + 00 0
2 0 0 1 0 0 0 0 0 0 0 0 .164919613− 09 .624005793 + 01 .628307585 + 04 0
3 0 0 2 0 0 0 0 0 0 0 0 .275546329− 11 .619690753 + 01 .125661517 + 05 0
4 0 0 0 0 0 0 0 0 1 0 0 .304463527− 12 .205687375 + 01 .777137714 + 05 0
5 0 0 1 0 1 0 0 0 0 0 0 .191888080− 12 .113799397 + 01 .575338489 + 04 0
6 0 0 1 0 0 0 0 0 0 0 0 .101695147− 10 .424903231 + 01 .628307585 + 04 1
7 0 0 2 0 0 0 0 0 0 0 0 .339821531− 12 .420590851 + 01 .125661517 + 05 1
8 0 0 1 0 0 0 0 0 0 0 0 .430338848− 12 .264288755 + 01 .628307585 + 04 2

Table 11. c−2Ap

1 0 0 1 0 0 0 0 0 0 0 0 .524968495− 13 .466925770 + 01 .628307585 + 04 0
2 0 0 0 0 0 0 0 0 0 0 0 .207544788− 14 .000000000 + 00 .000000000 + 00 0
3 0 0 1 0 1 0 0 0 0 0 0 .710370763− 15 .272618109 + 01 .575338489 + 04 0
4 0 0 2 0 0 0 0 0 0 0 0 .438556542− 15 .462610773 + 01 .125661517 + 05 0
5 0 0 0 0 1 0 0 0 0 0 0 .151155817− 15 .515678954 + 01 .529690965 + 03 0
6 0 0 1 0 0 1 0 0 0 0 0 .148221791− 15 .245039882 + 01 .606977676 + 04 0
7 0 0 0 0 0 1 0 0 0 0 0 .715230974− 16 .397232448 + 01 .213299095 + 03 0
8 0 0 4 8 3 0 0 0 0 0 0 .536956529− 16 .282864247 + 01 .352311373 + 01 0
9 0 0 1 0 0 0 0 0 0 0 0 .323715127− 14 .267823553 + 01 .628307585 + 04 1
10 0 0 2 0 0 0 0 0 0 0 0 .540855083− 16 .263510709 + 01 .125661517 + 05 1
11 0 0 1 0 0 0 0 0 0 0 0 .136987235− 15 .107209724 + 01 .628307585 + 04 2

Table 12. c−2Apv
1
E

1 0 0 2 0 0 0 0 0 0 0 0 .164856072− 09 .171162969 + 01 .125661517 + 05 0
2 0 0 0 0 0 0 0 0 0 0 0 .369256889− 10 .000000000 + 00 .000000000 + 00 0
3 0 0 1 0 0 0 0 0 0 0 0 .125285537− 10 .344550232 + 01 .628307585 + 04 0
4 0 0 3 0 0 0 0 0 0 0 0 .413171537− 11 .166817571 + 01 .188492276 + 05 0
5 0 0 2 0 1 0 0 0 0 0 0 .223146167− 11 .604732071 + 01 .120364607 + 05 0
6 0 0 0 0 1 0 0 0 0 0 0 .223066484− 11 .595994882 + 00 .529690965 + 03 0
7 0 0 2 0 0 0 0 0 0 0 0 .101653838− 10 .600406989 + 01 .125661517 + 05 1
8 0 0 0 0 0 0 0 0 0 0 0 .812044446− 11 .000000000 + 00 .000000000 + 00 1
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Table 13. c−2Apv
2
E

1 0 0 2 0 0 0 0 0 0 0 0 .151233515− 09 .140894440 + 00 .125661517 + 05 0
2 0 0 0 0 0 0 0 0 0 0 0 .147475447− 09 .314159265 + 01 .000000000 + 00 0
3 0 0 1 0 0 0 0 0 0 0 0 .130400536− 10 .203833678 + 01 .628307585 + 04 0
4 0 0 3 0 0 0 0 0 0 0 0 .379053829− 11 .974098084− 01 .188492276 + 05 0
5 0 0 0 0 1 0 0 0 0 0 0 .204827491− 11 .530868153 + 01 .529690965 + 03 0
6 0 0 2 0 1 0 0 0 0 0 0 .204601961− 11 .447677127 + 01 .120364607 + 05 0
7 0 0 2 0 0 0 0 0 0 0 0 .925112075− 11 .444755697 + 01 .125661517 + 05 1
8 0 0 0 0 0 0 0 0 0 0 0 .547547581− 11 .000000000 + 00 .000000000 + 00 1

Table 14. c−2Apv
3
E

1 0 0 2 0 0 0 0 0 0 0 0 .655677175− 10 .140895204 + 00 .125661517 + 05 0
2 0 0 0 0 0 0 0 0 0 0 0 .639383896− 10 .314159265 + 01 .000000000 + 00 0
3 0 0 1 0 0 0 0 0 0 0 0 .565352598− 11 .203833961 + 01 .628307585 + 04 0
4 0 0 3 0 0 0 0 0 0 0 0 .164339709− 11 .974112525− 01 .188492276 + 05 0
5 0 0 0 0 1 0 0 0 0 0 0 .887936804− 12 .530870026 + 01 .529690965 + 03 0
6 0 0 2 01 0 0 0 0 0 0 .887068712− 12 .447675436 + 01 .120364607 + 05 0
7 0 0 2 0 0 0 0 0 0 0 0 .422078332− 11 .436211843 + 01 .125661517 + 05 1
8 0 0 0 0 0 0 0 0 0 0 0 .276330466− 11 .000000000 + 00 .000000000 + 00 1

Table 15. c−2F 1

1 0 0 1 0 0 0 0 0 1 1 0 .631723381− 11 .410074393 + 01 .337814272 + 03 0
2 0 0 0 0 0 0 0 0 0 0 0 .322941894− 11 .000000000 + 00 .000000000 + 00 0
3 0 0 0 0 2 5 0 0 0 0 0 .957304140− 12 .524343393 + 01 .711354700 + 01 0
4 0 8 13 0 0 0 0 0 0 0 0 .162778812− 12 .214693239 + 01 .262983048 + 02 0
5 0 3 5 0 0 0 0 0 0 0 0 .132992985− 12 .418857071 + 01 .775522617 + 03 0
6 0 0 1 0 0 0 0 0 0 1 0 .103535306− 12 .338135431 + 01 .906177374 + 05 0
7 0 0 0 0 0 0 0 0 0 0 0 .368756167− 10 .000000000 + 00 .000000000 + 00 1
8 0 0 1 0 0 0 0 0 0 0 0 .151143366− 12 .466915164 + 01 .628307585 + 04 1
9 0 0 0 0 0 0 0 0 0 0 0 .947534621− 08 .000000000 + 00 .000000000 + 00 2
10 0 0 0 0 0 0 0 0 0 0 0 .291759138− 08 .000000000 + 00 .000000000 + 00 3
11 0 0 0 0 0 0 0 0 0 0 0 .252474520− 10 .314159265 + 01 .000000000 + 00 4
12 0 0 0 0 0 0 0 0 0 0 0 .934626985− 12 .314159265 + 01 .000000000 + 00 5
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Table 16. c−2F 2

1 0 0 1 0 0 0 0 0 0 0 0 .295269994− 09 .152766821 + 01 .628307585 + 04 0
2 0 0 0 0 0 0 0 0 0 0 0 .158211797− 10 .314159265 + 01 .000000000 + 00 0
3 0 0 1 0 0 0 0 0 1 1 0 .579617945− 11 .567155194 + 01 .337814272 + 03 0
4 0 0 2 0 0 0 0 0 0 0 0 .370142256− 11 .148404865 + 01 .125661517 + 05 0
5 0 0 0 0 2 5 0 0 0 0 0 .810981192− 12 .385154152 + 01 .711354700 + 01 0
6 0 0 0 0 0 0 0 0 1 0 0 .716789259− 12 .362768051 + 01 .777137714 + 05 0
7 0 0 1 0 1 0 0 0 0 0 0 .397469768− 12 .275372606 + 01 .575338489 + 04 0
8 0 0 4 8 3 0 0 0 0 0 0 .336491428− 12 .597192282 + 01 .352311373 + 01 0
9 0 2 2 0 0 0 0 0 0 0 0 .245586218− 12 .125316176 + 01 .786041939 + 04 0
10 0 1 1 0 0 0 0 0 0 0 0 .177341329− 12 .307423037 + 01 .393020970 + 04 0
11 0 8 13 0 0 0 0 0 0 0 0 .176379964− 12 .420271554 + 01 .262983048 + 02 0
12 0 0 1 0 0 1 0 0 0 0 0 .148834847− 12 .250125409 + 01 .606977676 + 04 0
13 0 3 5 0 0 0 0 0 0 0 0 .131063179− 12 .225580422 + 01 .775522617 + 03 0
14 0 0 1 2 0 0 0 0 0 0 0 .107692890− 12 .572588758 + 00 .398149002 + 03 0
15 0 2 3 0 0 0 0 0 0 0 0 .100166058− 12 .429087451 + 01 .157734354 + 04 0
16 0 0 0 0 0 0 0 0 0 0 0 .370245011− 04 .314159265 + 01 .000000000 + 00 1
17 0 0 1 0 0 0 0 0 0 0 0 .188921703− 10 .574491837 + 01 .628307585 + 04 1
18 0 0 2 0 0 0 0 0 0 0 0 .464367536− 12 .573880012 + 01 .125661517 + 05 1
19 0 0 0 0 0 0 0 0 0 0 0 .971584742− 07 .000000000 + 00 .000000000 + 00 2
20 0 0 1 0 0 0 0 0 0 0 0 .766331284− 12 .407953626 + 01 .628307585 + 04 2
21 0 0 0 0 0 0 0 0 0 0 0 .670247397− 09 .314159265 + 01 .000000000 + 00 3
22 0 0 0 0 0 0 0 0 0 0 0 .545536461− 10 .314159265 + 01 .000000000 + 00 4
23 0 0 0 0 0 0 0 0 0 0 0 .460220905− 12 .000000000 + 00 .000000000 + 00 5
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Table 17. c−2F 3

1 0 0 1 0 0 0 0 0 0 0 0 .681047929− 09 .466926134 + 01 .628307585 + 04 0
2 0 0 0 0 0 0 0 0 0 0 0 .261172477− 10 .000000000 + 00 .000000000 + 00 0
3 0 0 2 0 0 0 0 0 0 0 0 .853292926− 11 .462618401 + 01 .125661517 + 05 0
4 0 0 1 0 0 0 0 0 1 1 0 .251265812− 11 .567151302 + 01 .337814272 + 03 0
5 0 0 0 0 0 0 0 0 1 0 0 .165339994− 11 .486075462 + 00 .777137714 + 05 0
6 0 0 1 0 1 0 0 0 0 0 0 .926911809− 12 .584308441 + 01 .575338489 + 04 0
7 0 0 4 8 3 0 0 0 0 0 0 .776162979− 12 .283235818 + 01 .352311373 + 01 0
8 0 2 2 0 0 0 0 0 0 0 0 .565789276− 12 .442261203 + 01 .786041939 + 04 0
9 0 1 1 0 0 0 0 0 0 0 0 .405731668− 12 .612004936 + 01 .393020970 + 04 0
10 0 0 1 0 0 1 0 0 0 0 0 .352380753− 12 .558146571 + 01 .606977676 + 04 0
11 0 0 0 0 2 5 0 0 0 0 0 .317523425− 12 .320222812 + 01 .711354700 + 01 0
12 0 0 1 2 0 0 0 0 0 0 0 .234591707− 12 .355646595 + 01 .398149002 + 03 0
13 0 2 3 0 0 0 0 0 0 0 0 .229336954− 12 .107011138 + 01 .157734354 + 04 0
14 0 0 2 2 0 0 0 0 0 0 0 .203286078− 12 .523337253 + 01 .588492685 + 04 0
15 0 8 13 0 0 0 0 0 0 0 0 .188535618− 12 .234742427 + 01 .262983048 + 02 0
16 0 0 2 0 2 0 0 0 0 0 0 .185432080− 12 .739785935 + 00 .115067698 + 05 0
17 0 0 0 0 1 0 0 0 0 0 0 .178233805− 12 .546602530 + 01 .529690965 + 03 0
18 0 0 1 0 2 0 0 0 0 0 0 .159992576− 12 .719100579 + 00 .522369392 + 04 0
19 0 3 4 0 0 0 0 0 0 0 0 .151390853− 12 .252876275 + 01 .550755323 + 04 0
20 0 0 3 0 0 0 0 0 0 0 0 .139900610− 12 .458313575 + 01 .188492276 + 05 0
21 0 0 0 0 0 0 0 0 1 0 1 .115552944− 12 .186947067 + 01 .557314280 + 04 0
22 0 3 5 0 0 0 0 0 0 0 0 .113123168− 12 .379080051 + 01 .775522617 + 03 0
23 0 0 0 0 0 0 0 0 0 0 0 .853979154− 04 .000000000 + 00 .000000000 + 00 1
24 0 0 1 0 0 0 0 0 0 0 0 .417297520− 10 .269273986 + 01 .628307585 + 04 1
25 0 0 2 0 0 0 0 0 0 0 0 .104916266− 11 .264234995 + 01 .125661517 + 05 1
26 0 0 0 0 0 0 0 0 0 0 0 .414106554− 07 .000000000 + 00 .000000000 + 00 2
27 0 0 1 0 0 0 0 0 0 0 0 .178452866− 11 .109726309 + 01 .628307585 + 04 2
28 0 0 0 0 0 0 0 0 0 0 0 .386704263− 09 .314159265 + 01 .000000000 + 00 3
29 0 0 0 0 0 0 0 0 0 0 0 .223195616− 10 .314159265 + 01 .000000000 + 00 4
30 0 0 0 0 0 0 0 0 0 0 0 .226641280− 12 .000000000 + 00 .000000000 + 00 5
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Table 18. c−2Ḟ 1

1 0 0 1 0 0 0 0 0 0 1 0 .938213522− 08 .495215064 + 01 .906177374 + 05 0
2 0 0 1 0 0 0 0 0 0 1 0 .589176757− 08 .144525345 + 01 .780515857 + 05 0
3 0 0 1 0 0 0 0 0 1 1 0 .213405174− 08 .567154021 + 01 .337814272 + 03 0
4 0 0 0 0 0 0 0 0 0 0 0 .189506924− 07 .000000000 + 00 .000000000 + 00 1
5 0 0 0 0 0 0 0 0 0 0 0 .875277413− 08 .000000000 + 00 .000000000 + 00 2

Table 19. c−2Ḟ 2

1 0 0 0 0 0 0 0 0 0 0 0 .370245011− 04 .314159265 + 01 .000000000 + 00 0
2 0 0 1 0 0 0 0 0 0 0 0 .185518715− 05 .309846938 + 01 .628307585 + 04 0
3 0 0 0 0 0 0 0 0 1 0 0 .557043967− 07 .519847690 + 01 .777137714 + 05 0
4 0 0 2 0 0 0 0 0 0 0 0 .465122208− 07 .305484939 + 01 .125661517 + 05 0
5 0 0 1 0 0 0 0 0 0 1 0 .860730719− 08 .338139405 + 01 .906177374 + 05 0
6 0 0 0 0 0 0 0 0 1 0 1 .674496965− 08 .127084601 + 01 .161000686 + 06 0
7 0 0 1 0 0 0 0 0 0 1 0 .540399862− 08 .301599871 + 01 .780515857 + 05 0
8 0 0 1 0 1 0 0 0 0 0 0 .228679604− 08 .432452275 + 01 .575338489 + 04 0
9 0 0 1 0 0 0 0 0 1 1 0 .195803161− 08 .959159994 + 00 .337814272 + 03 0
10 0 2 2 0 0 0 0 0 0 0 0 .193041068− 08 .282395867 + 01 .786041939 + 04 0
11 0 0 0 0 0 0 0 0 0 0 1 .153982399− 08 .549714754 + 01 .832869142 + 05 0
12 0 0 0 0 0 0 0 0 3 0 1 .128254344− 08 .673416743 + 00 .149854400 + 06 0
13 0 0 3 0 0 0 0 0 0 0 0 .114491893− 08 .301073075 + 01 .188492276 + 05 0
14 0 0 0 0 0 0 0 0 3 0 0 .102259236− 08 .302903181 + 01 .233141314 + 06 0
15 0 0 0 0 0 0 0 0 0 0 0 .194316948− 06 .000000000 + 00 .000000000 + 00 1
16 0 0 1 0 0 0 0 0 0 0 0 .118699413− 06 .103253061 + 01 .628307585 + 04 1
17 0 0 2 0 0 0 0 0 0 0 0 .583524834− 08 .102641377 + 01 .125661517 + 05 1
18 0 0 1 0 0 0 0 0 0 0 0 .481484075− 08 .565033303 + 01 .628307585 + 04 2
19 0 0 0 0 0 0 0 0 0 0 0 .201074219− 08 .314159265 + 01 .000000000 + 00 2
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Table 20. c−2Ḟ 3

1 0 0 0 0 0 0 0 0 0 0 0 .853979154− 04 .000000000 + 00 .000000000 + 00 0
2 0 0 1 0 0 0 0 0 0 0 0 .427903745− 05 .624006151 + 01 .628307585 + 04 0
3 0 0 0 0 0 0 0 0 1 0 0 .128491945− 06 .205687178 + 01 .777137714 + 05 0
4 0 0 2 0 0 0 0 0 0 0 0 .107225123− 06 .619698427 + 01 .125661517 + 05 0
5 0 0 0 0 0 0 0 0 1 0 1 .155582988− 07 .441242789 + 01 .161000686 + 06 0
6 0 0 1 0 1 0 0 0 0 0 0 .533288050− 08 .113069545 + 01 .575338489 + 04 0
7 0 2 2 0 0 0 0 0 0 0 0 .444734078− 08 .599340820 + 01 .786041939 + 04 0
8 0 0 1 0 0 0 0 0 0 1 0 .373140172− 08 .338140966 + 01 .906177374 + 05 0
9 0 0 0 0 0 0 0 0 0 0 1 .355204498− 08 .235555555 + 01 .832869142 + 05 0
10 0 0 0 0 0 0 0 0 3 0 1 .295821714− 08 .381500935 + 01 .149854400 + 06 0
11 0 0 3 0 0 0 0 0 0 0 0 .263699480− 08 .615393603 + 01 .188492276 + 05 0
12 0 0 0 0 0 0 0 0 3 0 0 .235863377− 08 .617062443 + 01 .233141314 + 06 0
13 0 0 1 0 0 0 0 0 0 1 0 .234591373− 08 .301604017 + 01 .780515857 + 05 0
14 0 0 1 0 0 1 0 0 0 0 0 .213887252− 08 .869076685 + 00 .606977676 + 04 0
15 0 0 2 0 2 0 0 0 0 0 0 .213372423− 08 .231058229 + 01 .115067698 + 05 0
16 0 0 1 0 0 0 0 0 1 0 0 .194614513− 08 .210000307 + 01 .714306956 + 05 0
17 0 1 1 0 0 0 0 0 0 0 0 .159461069− 08 .140766028 + 01 .393020970 + 04 0
18 0 0 0 0 0 0 0 0 1 0 2 .148218731− 08 .484802610 + 00 .244287600 + 06 0
19 0 0 2 2 0 0 0 0 0 0 0 .119632368− 08 .520983306 + 00 .588492685 + 04 0
20 0 0 1 0 0 0 0 0 0 0 0 .262187629− 06 .426353652 + 01 .628307585 + 04 1
21 0 0 0 0 0 0 0 0 0 0 0 .828213108− 07 .000000000 + 00 .000000000 + 00 1
22 0 0 2 0 0 0 0 0 0 0 0 .131837889− 07 .421314844 + 01 .125661517 + 05 1
23 0 0 1 0 0 0 0 0 0 0 0 .112121512− 07 .266805824 + 01 .628307585 + 04 2
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Table 21. z1
E(TT) (ICRS)

1 001000000000 .999826263 + 00 .175348528 + 01 .628307585 + 04 0
2 002000000000 .835254790− 02 .171034482 + 01 .125661517 + 05 0
3 000000000000 .590519388− 02 .000000000 + 00 .000000000 + 00 0
4 000010000000 .493123615− 02 .374115795 + 01 .529690965 + 03 0
5 000001000000 .271697274− 02 .401601399 + 01 .213299095 + 03 0
6 000000010000 .154647692− 02 .217052025 + 01 .381330356 + 02 0
7 000000100000 .836647708− 03 .233967709 + 01 .747815986 + 02 0
8 000000000000 .122106596− 02 .000000000 + 00 .000000000 + 00 1
9 002000000000 .515000016− 03 .600266210 + 01 .125661517 + 05 1

Table 22. z2
E(TT) (ICRS)

1 001000000000 .917380368 + 00 .182658535 + 00 .628307585 + 04 0
2 000000000000 .220960396− 01 .314159265 + 01 .000000000 + 00 0
3 002000000000 .766363633− 02 .139528008 + 00 .125661517 + 05 0
4 000010000000 .453127036− 02 .218025318 + 01 .529690965 + 03 0
5 000001000000 .251550288− 02 .246154598 + 01 .213299095 + 03 0
6 000000010000 .143167360− 02 .609170505 + 00 .381330356 + 02 0
7 000000100000 .766049695− 03 .774439757 + 00 .747815986 + 02 0
8 001000000000 .909408593− 03 .269013703 + 00 .628307585 + 04 1
9 000000000000 .831610152− 03 .000000000 + 00 .000000000 + 00 1

Table 23. z3
E(TT) (ICRS)

1 001000000000 .397732879 + 00 .182658320 + 00 .628307585 + 04 0
2 000000000000 .959237348− 02 .314159265 + 01 .000000000 + 00 0
3 002000000000 .332258690− 02 .139529338 + 00 .125661517 + 05 0
4 000010000000 .194477282− 02 .211821614 + 01 .529690965 + 03 0
5 000001000000 .104351978− 02 .234916313 + 01 .213299095 + 03 0
6 000000010000 .586898458− 03 .543535503 + 00 .381330356 + 02 0
7 001000000000 .208884483− 02 .341431350 + 01 .628307585 + 04 1

20

119/177



Table 24. x1
(C)S(TDB) (BRSC)

1 000010000000 .495675760− 02 .374107340 + 01 .529690965 + 03 0
2 000001000000 .271848958− 02 .401601132 + 01 .213299095 + 03 0
3 000000010000 .154649144− 02 .217052033 + 01 .381330356 + 02 0
4 000000100000 .836686623− 03 .233967992 + 01 .747815986 + 02 0
5 000000000000 .293757368− 03 .000000000 + 00 .000000000 + 00 0
6 000020000000 .120131527− 03 .409073192 + 01 .105938193 + 04 0
7 000000000000 .129648364− 04 .314159265 + 01 .000000000 + 00 1

Table 25. x2
(C)S(TDB) (BRSC)

1 000010000000 .495539239− 02 .217046696 + 01 .529690965 + 03 0
2 000001000000 .272232470− 02 .244443347 + 01 .213299095 + 03 0
3 000000010000 .154657739− 02 .599269940 + 00 .381330356 + 02 0
4 000000100000 .836315130− 03 .768801711 + 00 .747815986 + 02 0
5 000000000000 .338645302− 03 .000000000 + 00 .000000000 + 00 0
6 000020000000 .120119004− 03 .252003115 + 01 .105938193 + 04 0

Table 26. x3
(C)S(TDB) (BRSC)

1 000001000000 .118126725− 03 .460786726 + 00 .213299095 + 03 0
2 000010000000 .112777688− 03 .416899276 + 00 .529690965 + 03 0
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Table 27. z1
(C)S(TT) (BRSC)

1 000010000000 .495675768− 02 .374107340 + 01 .529690965 + 03 0
2 000001000000 .271848962− 02 .401601132 + 01 .213299095 + 03 0
3 000000010000 .154649147− 02 .217052033 + 01 .381330356 + 02 0
4 000000100000 .836686635− 03 .233967992 + 01 .747815986 + 02 0
5 000000000000 .293757372− 03 .000000000 + 00 .000000000 + 00 0
6 000020000000 .120131529− 03 .409073192 + 01 .105938193 + 04 0
7 000000000000 .129648366− 04 .314159265 + 01 .000000000 + 00 1

Table 28. z2
(C)S(TT) (BRSC)

1 000010000000 .495539247− 02 .217046696 + 01 .529690965 + 03 0
2 000001000000 .272232474− 02 .244443347 + 01 .213299095 + 03 0
3 000000010000 .154657741− 02 .599269940 + 00 .381330356 + 02 0
4 000000100000 .836315143− 03 .768801711 + 00 .747815986 + 02 0
5 000000000000 .338645307− 03 .000000000 + 00 .000000000 + 00 0
6 000020000000 .120119006− 03 .252003115 + 01 .105938193 + 04 0

Table 29. z3
(C)S(TT) (BRSC)

1 000001000000 .118126726− 03 .460786726 + 00 .213299095 + 03 0
2 000010000000 .112777690− 03 .416899276 + 00 .529690965 + 03 0
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Table 30. x1
(C)S(TDB)− x1

(C)E(TDB) (BRSC)

1 001000000000 .999829288 + 00 .489507817 + 01 .628307585 + 04 0
2 002000000000 .835257300− 02 .485193771 + 01 .125661517 + 05 0
3 000000000000 .561144206− 02 .314159265 + 01 .000000000 + 00 0
4 003000000000 .104666280− 03 .480881860 + 01 .188492276 + 05 0
5 001000001000 .311083836− 04 .381034400 + 01 .839968473 + 05 0
6 000010000000 .255249796− 04 .372469456 + 01 .529690965 + 03 0
7 023000000000 .213725626− 04 .423394472 + 01 .157734354 + 04 0
8 005830000000 .170910281− 04 .363699489 + 01 .627955274 + 04 0
9 003830000000 .170788154− 04 .301156249 + 01 .628659896 + 04 0
10 012000000000 .144524153− 04 .331135016 + 00 .235286616 + 04 0
11 000000000000 .123403056− 02 .314159265 + 01 .000000000 + 00 1
12 002000000000 .515001561− 03 .286106968 + 01 .125661517 + 05 1
13 003000000000 .129072646− 04 .281783809 + 01 .188492276 + 05 1
14 001000000000 .106862704− 04 .515713425 + 01 .628307585 + 04 1
15 000000000000 .414321698− 04 .000000000 + 00 .000000000 + 00 2
16 002000000000 .217569548− 04 .125840551 + 01 .125661517 + 05 2

Table 31. x2
(C)S(TDB)− x2

(C)E(TDB) (BRSC)

1 001000000000 .999892110 + 00 .332425139 + 01 .628307585 + 04 0
2 000000000000 .244269904− 01 .000000000 + 00 .000000000 + 00 0
3 002000000000 .835292314− 02 .328112111 + 01 .125661517 + 05 0
4 003000000000 .104669649− 03 .323800906 + 01 .188492276 + 05 0
5 001000001000 .311083782− 04 .223954775 + 01 .839968473 + 05 0
6 000010000000 .257033846− 04 .215944691 + 01 .529690965 + 03 0
7 023000000000 .214747320− 04 .580412821 + 01 .157734354 + 04 0
8 005830000000 .170921895− 04 .206621136 + 01 .627955274 + 04 0
9 003830000000 .170798696− 04 .144073560 + 01 .628659896 + 04 0
10 012000000000 .144026477− 04 .504227413 + 01 .235286616 + 04 0
11 000000000000 .930463241− 03 .314159265 + 01 .000000000 + 00 1
12 002000000000 .515066093− 03 .129021200 + 01 .125661517 + 05 1
13 003000000000 .129079956− 04 .124701233 + 01 .188492276 + 05 1
14 001000000000 .464550057− 05 .268570631 + 01 .628307585 + 04 1
15 000000000000 .508020784− 04 .314159265 + 01 .000000000 + 00 2
16 002000000000 .217801602− 04 .597116776 + 01 .125661517 + 05 2
17 001000000000 .102048661− 04 .149587436 + 01 .628307585 + 04 2

Table 32. x3
(C)S(TDB)− x3

(C)E(TDB) (BRSC)

1 000000000100 .279620336− 05 .571088092− 01 .843346616 + 05 0
2 034000000000 .101625375− 05 .228088862 + 01 .550755323 + 04 0
3 001000000000 .227822442− 02 .272132221 + 00 .628307585 + 04 1
4 000000000000 .542928153− 04 .314159265 + 01 .000000000 + 00 1
5 002000000000 .190318304− 04 .229019720 + 00 .125661517 + 05 1
6 001000000000 .972198866− 04 .201074444 + 01 .628307585 + 04 2
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Table 33. w1
C(S)(TT) (DGRSC)

1 001000000000 .999829318 + 00 .489507817 + 01 .628307585 + 04 0
2 002000000000 .835257312− 02 .485193771 + 01 .125661517 + 05 0
3 000000000000 .561144214− 02 .314159265 + 01 .000000000 + 00 0
4 003000000000 .104666281− 03 .480881860 + 01 .188492276 + 05 0
5 001000001000 .311083840− 04 .381034400 + 01 .839968473 + 05 0
6 000010000000 .255249800− 04 .372469456 + 01 .529690965 + 03 0
7 023000000000 .213725629− 04 .423394472 + 01 .157734354 + 04 0
8 005830000000 .170910283− 04 .363699489 + 01 .627955274 + 04 0
9 003830000000 .170788156− 04 .301156249 + 01 .628659896 + 04 0
10 012000000000 .144524155− 04 .331135016 + 00 .235286616 + 04 0
11 000000000000 .123175694− 02 .314159265 + 01 .000000000 + 00 1
12 002000000000 .515711556− 03 .286168449 + 01 .125661517 + 05 1
13 001000000000 .908876963− 04 .343805847 + 01 .628307585 + 04 1
14 003000000000 .129161600− 04 .281814577 + 01 .188492276 + 05 1
15 000000000000 .413455480− 04 .000000000 + 00 .000000000 + 00 2
16 002000000000 .218048745− 04 .125847520 + 01 .125661517 + 05 2

Table 34. w2
C(S)(TT) (DGRSC)

1 001000000000 .999892140 + 00 .332425139 + 01 .628307585 + 04 0
2 000000000000 .244269907− 01 .000000000 + 00 .000000000 + 00 0
3 002000000000 .835292326− 02 .328112111 + 01 .125661517 + 05 0
4 003000000000 .104669650− 03 .323800906 + 01 .188492276 + 05 0
5 001000001000 .311083787− 04 .223954775 + 01 .839968473 + 05 0
6 000010000000 .257033850− 04 .215944691 + 01 .529690965 + 03 0
7 023000000000 .214747323− 04 .580412821 + 01 .157734354 + 04 0
8 005830000000 .170921898− 04 .206621136 + 01 .627955274 + 04 0
9 003830000000 .170798699− 04 .144073560 + 01 .628659896 + 04 0
10 012000000000 .144026479− 04 .504227413 + 01 .235286616 + 04 0
11 000000000000 .929940950− 03 .314159265 + 01 .000000000 + 00 1
12 002000000000 .515776033− 03 .129082682 + 01 .125661517 + 05 1
13 001000000000 .959041937− 04 .179238919 + 01 .628307585 + 04 1
14 003000000000 .129168905− 04 .124732002 + 01 .188492276 + 05 1
15 000000000000 .506872207− 04 .314159265 + 01 .000000000 + 00 2
16 002000000000 .218280744− 04 .597123669 + 01 .125661517 + 05 2
17 001000000000 .102050976− 04 .149590644 + 01 .628307585 + 04 2

Table 35. w3
C(S)(TT) (DGRSC)

1 000000000100 .279620340− 05 .571088092− 01 .843346616 + 05 0
2 034000000000 .101625379− 05 .228088870 + 01 .550755323 + 04 0
3 001000000000 .227822453− 02 .272132216 + 00 .628307585 + 04 1
4 000000000000 .542928164− 04 .314159265 + 01 .000000000 + 00 1
5 002000000000 .190318311− 04 .229019720 + 00 .125661517 + 05 1
6 001000000000 .971153599− 04 .201092674 + 01 .628307585 + 04 2
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Table 36. x1
(C)L(TDB)− x1

(C)E(TDB) (BRSC)

1 001000001000 .256024110− 02 .381034400 + 01 .839968473 + 05 0
2 001000001010 .210839483− 03 .459633356 + 01 .709933052 + 03 0
3 001000001010 .706718204− 04 .616589962 + 01 .167283762 + 06 0
4 001000001010 .416838748− 04 .519365786 + 01 .118562187 + 05 0
5 001000001000 .214904049− 04 .344606385 + 01 .714306956 + 05 0
6 001000003010 .155419779− 04 .556853615 + 01 .156137476 + 06 0
7 001000001000 .841152656− 05 .223954055 + 01 .839968473 + 05 2
8 001000001010 .391101997− 05 .302550739 + 01 .709933052 + 03 2

Table 37. x2
(C)L(TDB)− x2

(C)E(TDB) (BRSC)

1 001000001000 .256024056− 02 .223954775 + 01 .839968473 + 05 0
2 001000001010 .210798143− 03 .302563223 + 01 .709933052 + 03 0
3 001000001010 .706718003− 04 .459510340 + 01 .167283762 + 06 0
4 001000001010 .416689655− 04 .362303498 + 01 .118562187 + 05 0
5 001000001000 .213957440− 04 .501472051 + 01 .714306956 + 05 0
6 001000003010 .155419757− 04 .399773986 + 01 .156137476 + 06 0
7 001000001000 .841278338− 05 .667969677 + 00 .839968473 + 05 2
8 001000001010 .391072633− 05 .145472425 + 01 .709933052 + 03 2

Table 38. x3
(C)L(TDB)− x3

(C)E(TDB) (BRSC)

1 000000000100 .230129534− 03 .571088093− 01 .843346616 + 05 0
2 000000000110 .187020868− 04 .843145825 + 00 .104774732 + 04 0
3 001000001000 .583690198− 05 .547483962 + 01 .839968473 + 05 1
4 000000000100 .146565996− 05 .476909062 + 01 .843346616 + 05 2
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Table 39. z1
(C)L(TT)− z1

(C)E(TT) (BRSC)

1 001000001000 .256024114− 02 .381034400 + 01 .839968473 + 05 0
2 001000001010 .210839486− 03 .459633356 + 01 .709933052 + 03 0
3 001000001010 .706718214− 04 .616589962 + 01 .167283762 + 06 0
4 001000001010 .416838755− 04 .519365786 + 01 .118562187 + 05 0
5 001000001000 .214904052− 04 .344606385 + 01 .714306956 + 05 0
6 001000003010 .155419781− 04 .556853615 + 01 .156137476 + 06 0
7 001000001000 .841152668− 05 .223954055 + 01 .839968473 + 05 2
8 001000001010 .391102003− 05 .302550739 + 01 .709933052 + 03 2

Table 40. z2
(C)L(TT)− z2

(C)E(TT) (BRSC)

1 001000001000 .256024060− 02 .223954775 + 01 .839968473 + 05 0
2 001000001010 .210798146− 03 .302563223 + 01 .709933052 + 03 0
3 001000001010 .706718014− 04 .459510340 + 01 .167283762 + 06 0
4 001000001010 .416689661− 04 .362303498 + 01 .118562187 + 05 0
5 001000001000 .213957444− 04 .501472051 + 01 .714306956 + 05 0
6 001000003010 .155419760− 04 .399773986 + 01 .156137476 + 06 0
7 001000001000 .841278351− 05 .667969677 + 00 .839968473 + 05 2
8 001000001010 .391072638− 05 .145472425 + 01 .709933052 + 03 2

Table 41. z3
(C)L(TT)− z3

(C)E(TT) (BRSC)

1 000000000100 .230129537− 03 .571088096− 01 .843346616 + 05 0
2 000000000110 .187020871− 04 .843145825 + 00 .104774732 + 04 0
3 001000001000 .583690207− 05 .547483962 + 01 .839968473 + 05 1
4 000000000100 .146565998− 05 .476909062 + 01 .843346616 + 05 2
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Table 42. w1
C(L)(TT) (DGRSC)

1 001000001000 .256024117− 02 .381034400 + 01 .839968473 + 05 0
2 001000001010 .210839488− 03 .459633356 + 01 .709933052 + 03 0
3 001000001010 .706718223− 04 .616589962 + 01 .167283762 + 06 0
4 001000001010 .416838755− 04 .519365786 + 01 .118562187 + 05 0
5 001000001000 .214904118− 04 .344606385 + 01 .714306956 + 05 0
6 001000003010 .155419783− 04 .556853615 + 01 .156137476 + 06 0
7 001000001000 .841152515− 05 .223954055 + 01 .839968473 + 05 2
8 001000001010 .391102014− 05 .302550744 + 01 .709933052 + 03 2

Table 43. w2
C(L)(TT) (DGRSC)

1 001000001000 .256024063− 02 .223954775 + 01 .839968473 + 05 0
2 001000001010 .210798148− 03 .302563223 + 01 .709933052 + 03 0
3 001000001010 .706718023− 04 .459510340 + 01 .167283762 + 06 0
4 001000001010 .416689661− 04 .362303498 + 01 .118562187 + 05 0
5 001000001000 .213957509− 04 .501472051 + 01 .714306956 + 05 0
6 001000003010 .155419762− 04 .399773986 + 01 .156137476 + 06 0
7 001000001000 .841278198− 05 .667969677 + 00 .839968473 + 05 2
8 001000001010 .391072609− 05 .145472420 + 01 .709933052 + 03 2

Table 44. w3
C(L)(TT) (DGRSC)

1 000000000100 .230129539− 03 .571088096− 01 .843346616 + 05 0
2 000000000110 .187020873− 04 .843145825 + 00 .104774732 + 04 0
3 001000001000 .583690226− 05 .547483961 + 01 .839968473 + 05 1
4 000000000100 .146566000− 05 .476909062 + 01 .843346616 + 05 2
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Appendix C

Final Expansions

Newtonian (N) and relativistic SMART solutions in terms of the dynamical and kinematical
Euler angles are given in the tables below in the same form as in Appendix B.

Table 45. Differences ψ
1

N − ψ
1

(TT) (DGRSC)

Table 46. Differences θ
1
N − θ

1
(TT) (DGRSC)

Table 47. Differences ϕ
1
− ϕ

1
N (TT) (DGRSC)

Table 48. Differences ψ
1

− ψ
0

(TT) (GRSC)

Table 49. Differences θ
1
− θ

0
(TT) (GRSC)

Table 50. Differences ϕ
0
− ϕ

1
(TT) (GRSC)

Table 51. Differences ψ
0

N − ψ
0

(TT) (KGRSC)

Table 52. Differences θ
0
N − θ

0
(TT) (KGRSC)

Table 53. Differences ϕ
0
− ϕ

0
N (TT) (KGRSC)
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Table 45. Differences ψ
1

N − ψ
1

(TT) (DGRSC)

1 0 0 1 000001100 .231266586− 10 .252922703 + 01 .337814272 + 03 0
2 0 0101903000000 .759550646− 11 .284970036 + 01 .980309527 + 00 0
3 0 0 2 000002200 .285365891− 12 .348721854 + 01 .675628545 + 03 0
4 0 0 0 000120000 .177282778− 12 .363336072 + 01 .148447271 + 01 0
5 010 3 000000010 .141872493− 12 .607912246 + 01 .328633904 + 01 0
6 0 0 2 000000000 .754544995− 13 .193506521 + 01 .125661517 + 05 0
7 0 0 1 000001100 .780322332− 08 .959162770 + 00 .337814272 + 03 1
8 0 0 2 000000000 .115291472− 08 .365346519 + 00 .125661517 + 05 1
9 0 0 2 000002000 .199920367− 09 .447910095 + 01 .167993695 + 06 1
10 0 0 2 000002200 .188795275− 09 .191827564 + 01 .675628545 + 03 1
11 0 0 1 000001100 .190446025− 08 .568655793 + 01 .337814272 + 03 2
12 0 0 2 000000000 .562966495− 09 .194262028 + 01 .125661517 + 05 2
13 0 0 0 000000000 .117110967− 09 .000000000 + 00 .000000000 + 00 2
14 0 0 0 000000000 .382641250− 09 .314159265 + 01 .000000000 + 00 3
15 0 0 1 000001100 .234166411− 09 .420125496 + 01 .337814272 + 03 3
16 0 0 2 000000000 .137527601− 09 .352339891 + 01 .125661517 + 05 3
17 0 0 0 000000000 .250403613− 08 .000000000 + 00 .000000000 + 00 4

Table 46. Differences θ
1
N − θ

1
(TT) (DGRSC)

1 00 1 000001100 .123517565− 10 .410001583 + 01 .337814272 + 03 0
2 00 2 000002200 .122942182− 12 .505796083 + 01 .675628545 + 03 0
3 00101903000000 .527537894− 13 .715313761 + 00 .980309527 + 00 0
4 00 1 000001100 .416734462− 08 .252995484 + 01 .337814272 + 03 1
5 00 2 000000000 .499381069− 09 .507773508 + 01 .125661517 + 05 1
6 00 1 000001100 .101645481− 08 .965285399 + 00 .337814272 + 03 2
7 00 0 000000000 .323583375− 09 .314159265 + 01 .000000000 + 00 2
8 00 2 000000000 .243819609− 09 .373329495 + 00 .125661517 + 05 2
9 00 0 000000000 .859605900− 08 .314159265 + 01 .000000000 + 00 3
10 00 1 000001100 .124723317− 09 .577800493 + 01 .337814272 + 03 3
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Table 47. Differences ϕ
1
− ϕ

1
N (TT) (DGRSC)

1 0 0 1 000001100 .212112060− 10 .567081957 + 01 .337814272 + 03 0
2 0 0101903000000 .265955171− 11 .625381360 + 00 .980309527 + 00 0
3 0 0 2 000002200 .261989022− 12 .345626689 + 00 .675628545 + 03 0
4 010 3 000000010 .123819694− 12 .329819546 + 01 .328633904 + 01 0
5 0 0 0 000120000 .162652877− 12 .491774874 + 00 .148447271 + 01 0
6 0 0 2 000000000 .692284581− 13 .507665785 + 01 .125661517 + 05 0
7 0 0 1 000001100 .715812097− 08 .410075543 + 01 .337814272 + 03 1
8 0 0 2 000000000 .105778263− 08 .350693917 + 01 .125661517 + 05 1
9 0 0 2 000002000 .183423115− 09 .133750830 + 01 .167993695 + 06 1
10 0 0 2 000002200 .173274092− 09 .505986832 + 01 .675628545 + 03 1
11 0 0 1 000001100 .174700634− 08 .254497057 + 01 .337814272 + 03 2
12 0 0 2 000000000 .516512839− 09 .508421183 + 01 .125661517 + 05 2
13 0 0 0 000000000 .107461963− 09 .314159265 + 01 .000000000 + 00 2
14 0 0 0 000000000 .340588092− 09 .000000000 + 00 .000000000 + 00 3
15 0 0 1 000001100 .214853467− 09 .105830183 + 01 .337814272 + 03 3
16 0 0 2 000000000 .126190964− 09 .381970499 + 00 .125661517 + 05 3
17 0 0 0 000000000 .250626787− 08 .314159265 + 01 .000000000 + 00 4
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Table 48. Differences ψ
1

− ψ
0

(TT) (GRSC)

1 001000000000 .742300349− 09 .466926087 + 01 .628307585 + 04 0
2 000000000000 .397739929− 10 .000000000 + 00 .000000000 + 00 0
3 001000001100 .145708061− 10 .252987892 + 01 .337814272 + 03 0
4 002000000000 .930524508− 11 .462564700 + 01 .125661517 + 05 0
5 000025000000 .203878362− 11 .709948865 + 00 .711354700 + 01 0
6 000000000000 .930785387− 04 .000000000 + 00 .000000000 + 00 1
7 001000000000 .474945452− 10 .260332598 + 01 .628307585 + 04 1
8 001000001100 .355965693− 11 .960586737 + 00 .337814272 + 03 1
9 002000000000 .116661765− 11 .259734787 + 01 .125661517 + 05 1
10 000000000000 .244280065− 06 .314159265 + 01 .000000000 + 00 2
11 001000001100 .299152471− 10 .417657693 + 01 .337814272 + 03 2
12 001000000000 .203316536− 11 .956674751 + 00 .628307585 + 04 2
13 002000000000 .172295028− 11 .340748453 + 01 .125661517 + 05 2
14 000000000000 .365594907− 08 .314159265 + 01 .000000000 + 00 3
15 001000001100 .117386023− 10 .261099272 + 01 .337814272 + 03 3
16 002000000000 .121017860− 11 .500979962 + 01 .125661517 + 05 3
17 000000000000 .579411556− 08 .000000000 + 00 .000000000 + 00 4
18 001000001100 .269183168− 11 .106628445 + 01 .337814272 + 03 4
19 000000000000 .388062532− 10 .314159265 + 01 .000000000 + 00 5
20 000000000000 .247036977− 10 .314159265 + 01 .000000000 + 00 6

Table 49. Differences θ
1
− θ

0
(TT) (GRSC)

1 001000001100 .631723382− 11 .410068897 + 01 .337814272 + 03 0
2 000000000000 .322968763− 11 .000000000 + 00 .000000000 + 00 0
3 000025000000 .957304138− 12 .524343393 + 01 .711354700 + 01 0
4 000000000000 .473867892− 10 .000000000 + 00 .000000000 + 00 1
5 001000001100 .154310985− 11 .252997314 + 01 .337814272 + 03 1
6 000000000000 .947355383− 08 .000000000 + 00 .000000000 + 00 2
7 001000001100 .883496788− 11 .569290077 + 01 .337814272 + 03 2
8 000000000000 .228920555− 07 .314159265 + 01 .000000000 + 00 3
9 001000001100 .216768803− 11 .418750886 + 01 .337814272 + 03 3
10 000000000000 .653596505− 10 .314159265 + 01 .000000000 + 00 4
11 000000000000 .184605964− 09 .000000000 + 00 .000000000 + 00 5
12 000000000000 .179171613− 11 .314159265 + 01 .000000000 + 00 6
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Table 50. Differences ϕ
0
− ϕ

1
(TT) (GRSC)

1 001000001100 .158810048− 10 .567147813 + 01 .337814272 + 03 0
2 000000000000 .103746803− 10 .314159265 + 01 .000000000 + 00 0
3 000025000000 .213211607− 11 .376137398 + 01 .711354700 + 01 0
4 000000000000 .191527491− 10 .000000000 + 00 .000000000 + 00 1
5 001000000000 .423492232− 11 .466929724 + 01 .628307585 + 04 1
6 001000001100 .387872333− 11 .409816916 + 01 .337814272 + 03 1
7 000000000000 .265537808− 06 .000000000 + 00 .000000000 + 00 2
8 001000001100 .274735254− 10 .104917664 + 01 .337814272 + 03 2
9 002000000000 .164479145− 11 .278147098 + 00 .125661517 + 05 2
10 000000000000 .388849875− 08 .000000000 + 00 .000000000 + 00 3
11 001000001100 .115340467− 10 .575444761 + 01 .337814272 + 03 3
12 002000000000 .116412840− 11 .185998408 + 01 .125661517 + 05 3
13 000000000000 .631104235− 08 .314159265 + 01 .000000000 + 00 4
14 001000001100 .265593077− 11 .420628407 + 01 .337814272 + 03 4
15 000000000000 .380544861− 10 .000000000 + 00 .000000000 + 00 5
16 000000000000 .267916561− 10 .000000000 + 00 .000000000 + 00 6
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Table 51. Differences ψ
0

N − ψ
0

(TT) (KGRSC)

1 0 0 1 000001100 .231266586− 10 .252922703 + 01 .337814272 + 03 0
2 0 0101903000000 .759550646− 11 .284970036 + 01 .980309527 + 00 0
3 0 0 2 000002200 .285365890− 12 .348721854 + 01 .675628545 + 03 0
4 0 0 0 000120000 .177282778− 12 .363336072 + 01 .148447271 + 01 0
5 010 3 000000010 .141872493− 12 .607912246 + 01 .328633904 + 01 0
6 0 0 2 000000000 .754544995− 13 .193506521 + 01 .125661517 + 05 0
7 0 0 1 000001100 .780322332− 08 .959162770 + 00 .337814272 + 03 1
8 0 0 2 000000000 .115291472− 08 .365346519 + 00 .125661517 + 05 1
9 0 0 2 000002000 .199920367− 09 .447910095 + 01 .167993695 + 06 1
10 0 0 2 000002200 .188795275− 09 .191827564 + 01 .675628545 + 03 1
11 0 0 1 000001100 .190446025− 08 .568655793 + 01 .337814272 + 03 2
12 0 0 2 000000000 .562966495− 09 .194262028 + 01 .125661517 + 05 2
13 0 0 0 000000000 .117110967− 09 .000000000 + 00 .000000000 + 00 2
14 0 0 0 000000000 .382641250− 09 .314159265 + 01 .000000000 + 00 3
15 0 0 1 000001100 .234166521− 09 .420126686 + 01 .337814272 + 03 3
16 0 0 2 000000000 .137527571− 09 .352339649 + 01 .125661517 + 05 3
17 0 0 0 000000000 .250403635− 08 .000000000 + 00 .000000000 + 00 4

Table 52. Differences θ
0
N − θ

0
(TT) (KGRSC)

1 00 1 000001100 .123517565− 10 .410001583 + 01 .337814272 + 03 0
2 00 2 000002200 .122942182− 12 .505796083 + 01 .675628545 + 03 0
3 00101903000000 .527537894− 13 .715313761 + 00 .980309527 + 00 0
4 00 1 000001100 .416734462− 08 .252995484 + 01 .337814272 + 03 1
5 00 2 000000000 .499381069− 09 .507773508 + 01 .125661517 + 05 1
6 00 1 000001100 .101645481− 08 .965285401 + 00 .337814272 + 03 2
7 00 0 000000000 .323583375− 09 .314159265 + 01 .000000000 + 00 2
8 00 2 000000000 .243819609− 09 .373329495 + 00 .125661517 + 05 2
9 00 0 000000000 .859605900− 08 .314159265 + 01 .000000000 + 00 3
10 00 1 000001100 .124723404− 09 .577801150 + 01 .337814272 + 03 3
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Table 53. Differences ϕ
0
− ϕ

0
N (TT) (KGRSC)

1 0 0 1 000001100 .212112060− 10 .567081957 + 01 .337814272 + 03 0
2 0 0101903000000 .265955171− 11 .625381360 + 00 .980309527 + 00 0
3 0 0 2 000002200 .261989021− 12 .345626689 + 00 .675628545 + 03 0
4 010 3 000000010 .123819694− 12 .329819546 + 01 .328633904 + 01 0
5 0 0 0 000120000 .162652877− 12 .491774874 + 00 .148447271 + 01 0
6 0 0 2 000000000 .692284581− 13 .507665785 + 01 .125661517 + 05 0
7 0 0 1 000001100 .715812097− 08 .410075543 + 01 .337814272 + 03 1
8 0 0 2 000000000 .105778263− 08 .350693917 + 01 .125661517 + 05 1
9 0 0 2 000002000 .183423115− 09 .133750830 + 01 .167993695 + 06 1
10 0 0 2 000002200 .173274092− 09 .505986832 + 01 .675628545 + 03 1
11 0 0 1 000001100 .174700634− 08 .254497058 + 01 .337814272 + 03 2
12 0 0 2 000000000 .516512839− 09 .508421183 + 01 .125661517 + 05 2
13 0 0 0 000000000 .107461963− 09 .314159265 + 01 .000000000 + 00 2
14 0 0 0 000000000 .340588092− 09 .000000000 + 00 .000000000 + 00 3
15 0 0 1 000001100 .214853535− 09 .105831374 + 01 .337814272 + 03 3
16 0 0 2 000000000 .126190931− 09 .381968078 + 00 .125661517 + 05 3
17 0 0 0 000000000 .250626807− 08 .314159265 + 01 .000000000 + 00 4
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Lecture 10. Relativistic reduction of optical observations

The information given by astronomical observations characterizes not only the object of
observation but the observer as well. This information depends on the position of the ob-
server, its velocity and the value of the gravitational potential at the point of observation.
In order to use information obtained by different observers or even by one and the same
observer but at different moments of time it is necessary to perform a reduction of mea-
surements (observations), i.e. to refer them to some conventional point of the space–time
events. This reduction has been performed even in classical astronomy (e.g., aberration,
parallax, etc.) but GRT introduces its own corrections to classical reduction and in addi-
tion makes its specific contribution due to the influence of the gravitational field on the
results of measurement. The second type of reduction specific to GRT is related to the
reduction of coordinates, i.e. the transformation of coordinate–dependent quantities into
measurable quantities).

Just as in Newtonian astrometry there might be various options to treat the problem
of GRT reduction. The exposition below is based on algorithms of (Brumberg, 1991;
Brumberg et al., 1990; Klioner and Kopeikin, 1992; Klioner, 2003; Brumberg, 2000). The
main tool herewith is the three–level (deep) RS hierarchy of Lecture 7 (7.52 to be more
specific).

Measurable vs. coordinate light direction

Any relativistic RS may be described by metric of the type

ds2 = gµνdxµdxν , x0 = ct , (10.1)

greek indices running values from 0 to 3 with summation over repeating indices. Even in
case of Newtonian rotation of the spatial axes coefficients gµν are supposed to differ from
their Minkowski values ηµν (special relativity flat space–time) by small corrections hµν

gµν = ηµν + hµν , (10.2)

η00 = 1 , η0i = 0 , ηij = −δij , (10.3)

h00 , hij ∼ O(c−2), h0i ∼
{

O(c−1) for rotating RS ,
O(c−3) for nonrotating RS ,

latin indices running values from 1 to 3. Four–dimensional quadratic form (3.1) may be
reduced locally to the algebraic sum of squares. At first, one has

ds2 = c2dτ2 − dl2 (10.4)

with
dτ =

1√
g00

g0αdxα (10.5)

and
dl2 = γikdxidxk (10.6)
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where
γik =

1
g00

g0ig0k − gik . (10.7)

By substituting (10.2) into (10.5) and (10.7) one yields

dτ = (1 + h00)1/2cdt + (1 + h00)−1/2h0idxi (10.8)

and
γik = δik − hik + (1 + h00)−1h0ih0k . (10.9)

The three–dimensional quadratic form (10.6) may be easily reduced to the sum of squares

dl2 = δikdx(i)dx(k) (10.10)

by linear transformation
dx(i) = dxi + λijdxj (10.11)

with symmetrical coefficients λij to be determined from the equations

2λik + λmiλmk = −hik + (1 + h00)−1h0ih0k . (10.12)

Metric (10.4) with (10.10) presented locally as Minkowski metric enables one to find the
measurable light direction in the form

p(i) = c−1 dx(i)

dτ
. (10.13)

These components are to be compared with the components ẋi of the coordinate light
velocity in the field (10.1). Using (10.8) and (10.13) one obtains

p(i) =
c−1(ẋi + λij ẋ

j)
(1 + h00)1/2 + c−1(1 + h00)−1/2h0kẋk

(10.14)

and

c−1ẋi =
p(i) − λijp

(j)

(1 + h00)−1/2 − (1 + h00)−1h0kp(k)
. (10.15)

Until now all the above formulas are rigorous. The approximate solution of (10.12) results
in

λik =− 1
2hik + 1

2h0ih0k − 1
8himhkm − 1

2h00h0ih0k+

+ 1
8 (h0ihkm + h0khim)h0m − 1

8h0ih0kh0mh0m + O(c−6). (10.16)

In case of non–rotating RS all terms containing h0i should be omitted. For non–rotating
systems in harmonic coordinates within the post-Newtonian approximation one has

hij = δijh00 (10.17)
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and
λik = − 1

2δikh00 + O(c−4), (10.18)

p(i) = (1− h00)c−1ẋi + O(c−4), (10.19)

c−1ẋi = (1 + h00)p(i) + O(c−4). (10.20)

General Reduction for BRS, GRS, SRS
First of all, to distinguish between BRS, GRS and SRS quantities let us mark GRS and
SRS quantities by hat and tilde, respectively. The starting point in the general reduction
technique developed in (Brumberg, 1991) is the solution of the BRS equations of the light
propagation. This solution may be presented in the form

x(t) = x0 + c(t− t0)σ + ∆x , (10.21)

ẋ(t) = cσ + ∆ẋ , (10.22)

x(t0) = x0 , ẋ(−∞) = cσ , σ2 = 1 , (10.23)

x0 and σ being two arbitrary vectorial constants. Here ∆x and ∆ẋ stand for general
relativity terms. Their expressions may be found in (Brumberg et al., 1990; Klioner and
Kopeikin, 1992) but one may use any other suitable expressions for these quantities as
well. The technique exposed below does not demand their explicit expressions. One may
relate BRS coordinate light velocity ẋi and BRS measurable light direction p(i) to result
in virtue of (10.22) in the BRS (t , xi) reduction formula

vi =
dxi

dt
, p(i) = σi + δp(i) . (10.24)

In the same manner by applying (10.14), (10.15) one finds the relationship between the
GRS coordinate light velocity v̂i and GRS measurable light direction p̂(i). On the other
hand, BRS→GRS transformation involves the relationship between vi and v̂i. In result,
one gets the GRS (t̂ , x̂i , q) reduction formula

v̂i =
dx̂i

dt̂
= vi + δv̂i , p̂(i) = p(i) + δp̂(i) . (10.25)

Repeating this procedure once more one relates the SRS coordinate light velocity ṽi and
SRS measurable light direction p̃(i). On the other hand, GRS→SRS transformation in-
volves the relationship between v̂i and ṽi. In result, one gets the SRS (t̃ , x̃i , q̂ , q̃) reduction
formula

ṽi =
dx̃i

dt̃
= v̂i + δṽi , p̃(i) = p̂(i) + δp̃(i) . (10.26)

Combination of (10.24)–(10.26) leads to the final reduction formula

p̃(i) = σi + δp(i) + δp̂(i) + δp̃(i) (10.27)
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relating the actually observed light direction p̃(i) and the coordinate light direction σi. In
what follows we will give correction terms δp(i), δp̂(i), δp̃(i) as well as auxiliary corrections
δv̂i, δṽi. The rigorous expressions (10.12), (10.14), (10.15) enable one to compute these
quantities within the accuracy of BRS→GRS and GRS→SRS transformations. To have
simple analytical formulas for fast evaluation of the relativistic effects we give below the
post–Newtonian expressions based on (10.18)–(10.20). An equivalent reduction formula
slightly different from (10.27) by its form is presented in (Brumberg et al., 1990; Klioner
and Kopeikin, 1992). Formula (10.27) is directly valid for observations from an Earth’s
artificial satellite. It may be easily modified for other cases as, for instance, observations
from an interplanetary probe. In the latter case it is sufficient to do only one transformation
from BRS to the system related to such probe.

BRS Reduction (gravitational deflection of light, annual parallax, proper motion, plan-
etary aberration)
Rewriting (10.22) in the form

c−1ẋi = σi + c−1∆ẋi (10.28)

one finds the relativistic term of the BRS reduction formula (10.24)

δp(i) = −h00σ
i + c−1∆ẋi . (10.29)

∆ẋi is to be taken as a solution of the BRS equations of light propagation, σi is to be
transformed, if necessary, to take into account parallax and proper motion corrections (see
below).

General reduction formulas (10.28), (10.29) may be specified using more explicit ap-
proximate expressions. First of all, the conversion to spherical coordinates is often needed

p = −(cosα cos δ , sin α cos δ , sin δ)

cos δ∆α = sin α∆p1 − cos α∆p2 + sin δ∆α∆δ

∆δ = sin δ(cos α∆p1 + sin α∆p2)− cos δ∆p3 − 1
2 sin δ cos δ(∆α)2 .

Then, the 1–PNA solution foe the Cauchy problem of light propagation in BRS reads

∆x = 2
∑

A

ma

(
σ × (r0A × σ)
r0A − σr0A

− σ × (rA × σ)
rA − σrA

− σ ln
rA + σrA

r0A + σr0A

)
, (10.30)

∆ẋ = −2c
∑

A

ma

rA

(
σ +

σ × (rA × σ)
rA − σrA

)
, (10.31)

∆p = −2
∑

A

ma

rA

σ × (rA × σ)
rA − σrA

(10.32)

with
rA = x− xA , r0A = x0 − xA , mA = GMA/c2 .
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As usually, summation is performed here over all solar system bodies marked by capital
Latin letters. Relativistic terms due to the non–sphericity of the bodies and their rotation
as well as the second order monopole terms (post–post–Newtonian terms) may be added,
by example, from (Brumberg et al., 1990; Klioner and Kopeikin, 1992) or elsewhere.

The formulas given above involve the expression for the angular distance between two
sources

cosψ =
(PQ)rel

PrelQrel
, (PQ)rel = γikP iQk , Prel = (γikP iP k)1/2,

P = c−1ṙ1(t), Q = c−1ṙ2(t),

cos ψ = p1p2 = σ1σ2 + 2
∑

A

mA

rA

(
rA × σ1

rA − σ1rA
− rA × σ2

rA − σ2rA

)
(σ1 × σ2). (10.33)

Corrections for parallax and proper motion may be taken just as in Newtonian astrometry
(Brumberg et al., 1990; Klioner and Kopeikin, 1992). These corrections are related to the
boundary problem of light propagation. Denoting

x(t0) = x0 , x(t) = x , R(t , t0) = x− x0 (t > t0) (10.34)

one may rewrite (10.21) in the form

c(t− t0)σ = R−∆x , ∆x(t0) = 0 . (10.35)

Hence,

c(t− t0) = R

[
1− 2

R2
R∆x +

1
R2

(∆x)2
]1/2

. (10.36)

Introducing the unit vector directed to the light source

k = −R
R

(10.37)

one gets

c(t− t0) = R

[
1 +

1
R

k∆x +
1

2R2
(∆x× k)2 + . . .

]
(10.38)

and

σ =− k− 1
R

[k× (∆x× k)] +
1

2R2
(∆x× k)2k+

+
1

R2
(k∆x)[k× (∆x× k)] + . . . . (10.39)

For monopole structure masses in 1–PNA it follows

σ =
R
R

+ 2
∑

A

mA

R

rA − r0A + R

|r0A × rA|2 [R× (r0A × rA)] (10.40)
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resulting to the coordinate direction

c−1 dx(t)
dt

=
R
R
− 2

R

∑

A

mA

rA

(
R +

R× (r0A × rA)
r0ArA + r0ArA

)
, (10.41)

the observed direction

p =
R
R
− 2

R

∑

A

mA

rA

R× (r0A × rA)
r0ArA + r0ArA

(10.42)

and the time of flight

c(t− t0) = R + 2
∑

A

mA ln
rA + r0A + R

rA + r0A −R
. (10.43)

Parallactic expansions (x 6= 0) in powers ρ/ρ0 for the source outside the solar system

ρ ≡ |x| ¿ |x0| ≡ ρ0 (10.44)

take the form

σ = −x0

ρ0
+

1
ρ3
0

[x0 × (x× x0)] + . . . +
2
ρ3
0

∑

A

mA

rA

x0 × (rA × x0)
1 + (x0rA/ρ0rA)

, (10.45)

p = −x0

ρ0
+

1
ρ3
0

[x0 × (x× x0)] + . . .− 2
ρ2
0

∑

A

mA

r2
A

x0 × (rA × x0)
1 + (x0rA/ρ0rA)

, (10.46)

c(t− t0) = ρ0

(
1− xx0

ρ2
0

+ . . .

)
+ 2

∑

A

mA ln
2ρ2

0

ρ0rA + x0rA
. (10.47)

Comparing (10.45) and (10.46) it is seen that for ρ0 → ∞ the GRT correction (light
deflection) disappears in σ and remains in p. The unit vector k admits the expansion

k =
x0

ρ
− 1

ρ3
[x0 × (x× x0)]− 1

2ρ5
(x× x0)2x0−

− 1
ρ5

(xx0)[x0 × (x× x0)] + . . . . (10.48)

Proper motion correction is introduced to take into account the time interval between the
initial epoch of emission t∗0 and the moment t0 of the light emission. One has therewith

x0(t0) = x∗0 + ẋ∗0∆t0 + 1
2 ẍ
∗
0(∆t0)2 + . . . (10.49)

with

∆t0 = t0 − t∗0 , x∗0 = x0(t∗0), ẋ∗0 = ẋ0(t∗0), ẍ∗0 = ẍ0(t∗0). (10.50)
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Putting

ρ∗ = |x∗0|, k0 =
x∗0
ρ∗

(10.51)

and using auxiliary expansions

1
ρ

=
1
ρ∗

{
1− 1

ρ∗
k0ẋ∗0∆t0 +

1
2ρ∗

[ 3
ρ∗

(k0ẋ∗0)
2 − 1

ρ∗
(ẋ∗0)

2 − k0ẍ∗0
]
(∆t0)2 + . . .

}
,

and
x0

ρ
=k0 +

1
ρ∗

[k0 × (ẋ∗0 × k0)]∆t0 +
1
ρ∗

{
1
2 [k0 × (ẍ∗0 × k0)]−

− 1
ρ∗

(k0ẋ∗0)[k0 × (ẋ∗0 × k0)]− 1
2ρ∗

(k0 × ẋ∗0)
2k0

}
(∆t0)2 + . . .

one gets

k =k0 − 1
ρ∗

[k0 × (x× k0)]− 1
2ρ∗2

(x× k0)2k0 − 1
ρ∗2

(xk0)[k0 × (x× k0)]+

+
1
ρ∗

{
[k0 × (ẋ∗0 × k0)] +

1
ρ∗

(xk0)[k0 × (ẋ∗0 × k0)]+

+
1
ρ∗

(ẋ∗0k0)[k0 × (x× k0)] +
1
ρ∗

k0

(
x[k0 × (ẋ∗0 × k0)]

)}
∆t0+

+
1
ρ∗

{
1
2 [k0 × (ẍ∗0 × k0)]− 1

ρ∗
(ẋ∗0k0)[k0 × (ẋ∗0 × k0)]−

− 1
2ρ∗

(x× k∗0)
2k0

}
(∆t0)2 + . . . . (10.52)

Introducing now the vector of parallax

π =
1
ρ∗

[k0 × (x× k0)] (10.53)

and vector of proper motion
µ = k0 × (k̇0 × k0) (10.54)

and using the evident relations

k0π = 0 , k0µ = 0

as well as the derivatives
k̇0 =

1
ρ∗

[k0 × (ẋ∗0 × k0)] (10.55)

and

µ̇ =
1
ρ∗

{
[k0 × (ẍ∗0 × k0)]− 1

ρ∗
(k0 × ẋ∗0)

2k0 − 2
ρ∗

(k0ẋ∗0)[k0 × (ẋ∗0 × k0)]
}

(10.56)
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one may present (10.52) in the more compressed form

k =
(
1 + πµ∆t0 − 1

2π2
)
k0 +

(
1 +

1
ρ∗

xk0

)
µ∆t0−

− (
1 +

1
ρ∗

xk0 − 1
ρ∗

ẋ∗0k0∆t0
)
π + 1

2 µ̇(∆t0)2 + . . . . (10.57)

It remains to eliminate the unmeasurable time interval ∆t0 at the point of the light emission
by means of the transformation ∆t0 → ∆t = t−t∗, t∗ being the BRS moment corresponding
to t∗0 at the point of the light reception. The expression for the measurable time interval
∆t at the point of observation may be found from the simple relations of light propagation.
One has

t− t0 = c−1R + . . . , R = x− x0(t0) = x− x∗0 − ẋ∗0∆t0 + . . . (10.58)

and
t∗ − t∗0 = c−1R∗ + . . . , R∗ = x∗ − x∗0 , x∗ = x(t∗) (10.59)

with
R = ρ∗ + k0ẋ∗0∆t0 − xk0 + . . . , R∗ = ρ∗ − x∗k0 + . . . . (10.60)

Taking the difference of (10.58) and (10.59) one gets

∆t−∆t0 = c−1(R−R∗) + . . . = c−1k0(ẋ∗0∆t0 − x + x∗) + . . . (10.61)

and finally
∆t0 = (1 + c−1k0ẋ∗0)

−1(∆t + c−1k0x− c−1k0x∗). (10.62)

Combination of (10.39), (10.57) and (10.62) enables one to include completely the parallax
and proper motion corrections.

GRS reduction (annual aberration, geodesic rotation, relativistic acceleration terms)
Applied to GRS quantities the equation (10.19) involves

p̂(i) = (1− ĥ00)c−1v̂i (10.63)

and then
p̂(i) = (1 + h00 − ĥ00)p(i) + c−1δv̂i . (10.64)

BRS→GRS transformation involves

δv̂i =− vi
E + (c−1vkvk

E)c−1vi + c−1[(c−1vkvk
E)2c−1vi − 1

2c−1viv2
E−

− 1
2vi

E(c−1vkvk
E) + (qF ik + 2Dik + 2Dikmx̂m)c−1vk + ak

E x̂kc−1vi]. (10.65)

By substituting this expression into (10.64) one gets

p̂(i) =(1 + h00 − ĥ00)p(i) + c−1[p× (p× vE)](i) + c−2(pvE)[p× (p× vE)](i)−
− 1

2c−2[vE × (p× vE)](i) + c−2(qF ik + 2Dik + 2Dikmx̂m)p(k)+

+ c−2ak
E x̂kp(i) . (10.66)
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In virtue of the relation
h00 − ĥ00 = −2ŪE(xE)− 2ak

E x̂k (10.67)

one obtains the GRS reduction formula

δp̂(i) =c−1[p× (p× vE)](i) + c−2(pvE)[p× (p× vE)](i)−
− 1

2c−2[vE × (p× vE)](i) + c−2qF ikp(k) + c−2(ak
E x̂i − ai

E x̂k)p(k) . (10.68)

In (10.66) we have used
Dik(t) = δikŪE(xE) (10.69)

and
Dikm(t) = 1

2 (δikam
E + δimak

E − δkmai
E) (10.70)

where ŪE(x) stands for the Newtonian potential of all solar system bodies excepting the
Earth, xi

E , vi
E and ai

E being Earth’s BRS position, velocity and acceleration, respectively,
with

ai
E = ŪE,i(xE)−Qi , (10.70)

Qi being non–geodesic acceleration in the Earth’s BRS motion. Besides,

Ḟ ij = 3
2 (vi

Eaj
E − vj

Eai
E)− 2

[
Ū i

E,j(xE)− Ū j
E,i(xE)

]
+ 2(vi

EQj − vj
EQi), (10.71)

Ū i
E(x) denoting the Newtonian vector–potential of all solar system bodies excepting the

Earth. As usually, comma denotes the partial derivative with respect to the variable
separated by comma.

From the GRS reduction formula it follows that the angular distance between two
sources considered in GRS will be

cos ψ̂ =p̂1p̂2 = cos ψ + c−1(p1p2 − 1)(p1vE + p2vE)+
+ c−2(p1p2 − 1)[(p1vE)2 + (p2vE)2 + (p1vE)(p2vE)− v2

E ]. (10.72)

One should not the disappearance of the geodesic rotation and GRT acceleration terms as
compared with the corresponding expression in BRS.

SRS reduction (diurnal aberration, GRT rotation and acceleration terms)
By applying now (10.19) to SRS one has

p̃(i) = (1− h̃00)c−1ṽi (10.73)

and then
p̃(i) = (1 + ĥ00 − h̃00)p̂(i) + c−1δṽi . (10.74)

GRS→SRS transformation involves

δṽi =− v̂i
S + (c−1v̂kv̂k

S)c−1v̂i + c−1
{
(c−1v̂kv̂k

S)2c−1v̂i − 1
2c−1v̂iv̂2

S−
− 1

2 v̂i
S(c−1v̂kv̂k

S) +
[
q̂Rik + (q̃ − 1)Kik + 2Dik + 2Dikmx̃m

]
c−1v̂k+

+ âk
S x̃kc−1v̂i

}
. (10.75)
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Combining (10.74) and (10.75) one gets

p̃(i) =(1 + ĥ00 − h̃00)p̂(i) + c−1[p̂× (p̂× v̂S)](i) + c−2(p̂v̂S)[p̂× (p̂× v̂S)](i)−
− 1

2c−2
[
v̂S × (p̂× v̂S)](i) + c−2

[
q̂Rik + (q̃ − 1)Kik + 2Dik+

+ 2Dikmx̃m
]
p̂(k) + c−2âk

S x̃kp̂(i). (10.76)

By means of the relation

ĥ00 − h̃00 = −2
[
ÛE(x̂S) + Qkx̂k

S + T (x̂S)
]− 2âk

S x̃k (10.77)

one gets the SRS reduction formula

δp̃(i) =c−1[p̂× (p̂× v̂S)](i) + c−2(p̂v̂S)[p̂× (p̂× v̂S)](i)−
− 1

2c−2[v̂S × (p̂× v̂S)](i) + c−2
[
q̂Rik + (q̃ − 1)Kik

]
p̂(k)+

+ c−2(âk
S x̃i − âi

S x̃k)p̂(k) . (10.78)

In (10.76) one meets the coefficients

Dik(t̂) =
[
ÛE(x̂S) + Qmx̂m

S + T (x̂S)
]

(10.79)

and
Dikm(t̂) = 1

2 (δikâm
S + δimâk

S − δkmâi
S) (10.80)

with the GRS tidal potential

T (x̂) = ŪE(xE + x̂)− ŪE(xE)− ŪE,j(xE)x̂j (10.81)

and geocentric satellite acceleration âi
S . Introducing the quantity

Ei = −âi
S + ÛE,i(x̂S) + Qi + ŪE,i(xE + x̂S)− ŪE,i(xE) (10.82)

one may present the t̂–derivative of the topocentric–type precession in the form

Ṙij = 3
2 (v̂i

S âj
S − v̂j

S âi
S) + (ȧi

E x̂j
S − ȧj

E x̂i
S)− 2[Û i

E,j(x̂S)− Û j
E,i(x̂S)]+

+ 2[vi
EŪE,jk(xE)− vj

EŪE,ik(xE)− Ū i
E,jk(xE) + Ū j

E,ik(xE)]x̂k
S+

+ 2(v̂i
SEj − v̂j

SEi), (10.83)

ÛE(x̂) and Û i
E(x̂) being the GRS geopotential and vector–geopotential. For SRS the

quantity Ei vanishes resulting to the Newtonian GRS satellite equations of motion. If S
denotes a point on the surface of the Earth then Ei does not vanish and the right–hand
of (10.83) relates just to the topocentric precession. The purely kinematical precession
caused by two subsequent BRS→GRS and GRS→SRS transformations (Klioner, 1993) is
given by

Kij = x̂i
Saj

E − x̂j
Sai

E + 1
2 (v̂i

Svj
E − v̂j

Svi
E). (10.84)
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From the SRS reduction formula it follows that the angular distance between two sources
considered in SRS will be

cos ψ̃ =p̃1p̃2 = cos ψ̂ + c−1(p̂1p̂2 − 1)(p̂1v̂S + p̂2v̂S)+
+ c−2(p̂1p̂2 − 1)[(p̂1v̂S)2 + (p̂2v̂S)2 + (p̂1v̂S)(p̂2v̂S)− v̂2

S ]. (10.85)

Again one should note the disappearance of the GRT rotation and acceleration terms.
Rotating reference systems and Rotation Matrices

To conclude this lecture it may be useful to remind a set of well–known formulas to deal
with rotating RSs and rotation matrices. In GRT framework the rotating systems demand
special treatment. Very luckily this treatment is not necessary for practical application. In
relativistic celestial mechanics and relativistic astrometry one may use (at least for present
applications) just classical theory of three–dimensional rotation. It violates the agreement
to use only harmonic coordinates but enables one to avoid difficulties related with rigorous
GRT treatment (Suen, 1986).

Direct transformation from ‘nonrotating’ RS xi to ‘rotating’ RS yi reads

yi = Pikxk . (10.86)

The inverse transformation from yi to xi is given with the transposed matrix P ′

xi = Pkiy
k , P ′ = P−1 . (10.87)

Being orthogonal, the rotation matrix P satisfies the relations

PikPjk = δij , εijkPjmPkn = εlmnPil , εijkPilPjmPkn = εlmn (10.88)

(these relations remain valid when interchanging the indices everywhere in Pik). Denoting
the components of the angular velocity on y-axes by Ωi and on x-axes by ωi one has

Ωi = Pikωk , ωi = PkiΩk . (10.89)

Elements of the rotation matrix are functions of time with the time derivatives

Ṗik = εimjΩjPmk = εkjmωjPim , (10.90)

so that
Ωi = 1

2εijkPkmṖjm , ωi = 1
2εijkPmjṖmk (10.91)

and
ẏi = Pikẋk − εijkΩjyk , ẋi = Pkiẏ

k + εijkωjxk . (10.92)

Kinematical definition of a rigid-body rotation is given by the conditions

ẏi = 0 (10.93)

to be satisfied for all points of the body.
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Let us note that in correlating Ωi or ωi with the actual angular velocity of Earth’s rotation
one should remember that matrix P is usually split into matrices of precession, nutation
and diurnal rotation. The Earth’s angular velocity obtained from observations corresponds
just to the matrix of diurnal rotation but not to the complete matrix P .

If t, xi is a harmonic RS then t, yi will be a nonharmonic RS with metric tensor
components

h+
00 = h00 − c−2

(
εijkΩjyk

)2(1− h00) + 2c−1 εmjkΩjykPmnh0n , (10.94)

h+
0i = −c−1εijkΩjyk(1− h00) + h0kPik (10.95)

h+
ij = h00δij (10.96)

with
εijkΩjyk = Pilεljkωjxk . (10.97)

Returning to the reduction formulas one may add the TRS+ reduction formula for the
topocentric observations

p̃(i)+ = P̃ikp̃(k) + c−1εkrsω̃
rx̃sPinp̃(k)p̃(n) − c−1εkrsω̃

rx̃sPik + . . . (10.97)

resulting in particular to the precession formula

p̃(i)+ =
[
P̃im + c−2P̃ik

(
qF km + q̂Rkm + (q̃ − 1)Kkm

)]
σm . (10.97)

For angular distance between two sources observed in TRS+ one has

cos ψ̃+ = cos ψ̃ + O(c−2) (10.98)

(with no term of O(c−1)).
As an open question to the topic of this lecture one may indicate the problem of reduction
using the more sophisticated solution for the light propagation developed in (Kopeikin and
Schäfer, 1999).
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Lecture 11. Relativistic reduction of radio observations. Time scales

VLBI observations
The relativistic hierarchy of RSs turned out to be the most effective and reliable tool for
GRT treating of VLBI observations. The exposition below presents only a slight modifi-
cation of algorithms exposed in (Klioner, 1991).
Let’s remind that a model VLBI observation consists in recording by two ground stations
(i = 1, 2) with BRS time–space coordinates ti , xi one and the same impulse emitted from
a distant radio source xs(t0). As the actually measurable quantity one may consider the
time interval between two recordings expressed in the proper time of the first station.
Describing the boundary value problem for the light propagation in BRS in general terms

c(ti − t0) = Ri + ∆Ri , i = 1, 2 (11.1)

Ri = |xi(ti)− xs(t0)| (11.2)

one has the BRS time delay

c∆t ≡ c(t2 − t1) = R2 −R1 + c∆tgr , ∆tgr = c−1(∆R2 −∆R1), (11.3)

relativistic contributions ∆Ri being specified below. Using the parallactic expansion:

Ri = xs − kxi(ti) +
1

2xs

[
x2

i (ti)−
(
kxi(ti)

)2
]

+ . . . , xs = |xs|, k =
xs

xs
(11.4)

one gets

c∆t =− k
[
x2(t2)− x1(t1)

]
+

1
2xs

{[
k× (

x2(t2)− x1(t1)
)]2+

+ 2x1(t1)
[
k×

((
x2(t2)− x1(t1)

)× k
)]}

+ c∆tgr + . . . . (11.5)

Representing the BRS motion of the station 2 in terms of the coordinate time of the first
station

x2(t2) = x2(t1) + ẋ2(t1)∆t + 1
2 ẍ2(t1)(∆t)2 + . . . (11.6)

one obtains

x2(t2)−x1(t1) = b+ẋ2(t1)∆t+ 1
2 ẍ2(t1)(∆t)2+. . . , b = b(t1) = x2(t1)−x1(t1) (11.7)

resulting to

c∆t = −k
[
b + ẋ2(t1)∆t + 1

2 ẍ2(t1)(∆t)2
]
+ c∆tgr +

1
xs

{
x1(t1)[k× (b× k)]+

+ x1(t1)
[
k× (

ẋ2(t1)× k
)]

∆t + 1
2 (k× b)2

}
+ . . . . (11.8)
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Hence, the explicit BRS time–delay formula will be

∆t =c−1

{
−kb +

1
xs

x1(t1)[k× (b× k)] +
1

2xs
(k× b)2 − 1

2c−2kẍ2(t1)(kb)2 + c∆tgr

}
×

×
{

1 + c−1kẋ2(t1)− c−1 1
xs

x1(t1)
[
k× (

ẋ2(t1)× k
)]}−1

+ . . . . (11.9)

The idea is to compute ∆t from the measurable proper time interval between recordings of
the impulse at two stations. The left–hand member being known, the right–hand member
enables one to determine the projection kb of the base vector.

Vector k should be corrected for the proper motion (if known)

k = k∗ + µ∆t0 + 1
2 µ̇(∆t0)2 + . . . . (11.10)

Indeed, the BRS motion of the source with the known proper motion reads

xs(t0) = x∗s + ẋ∗s∆t0 + 1
2 ẍ
∗
s(∆t0)2 + . . . , ∆t0 = t0 − t∗0 , (11.11)

µ = k∗ × (k̇
∗ × k∗) = k̇

∗
=

1
x∗s

[k∗ × (ẋ∗s × k∗)], (11.12)

µ̇ =
1
x∗s

{
[k∗ × (ẍ∗s × k∗)]− 2(k∗ẋ∗s)k̇

∗ − 1
x∗s

(k∗ × ẋ∗s)
2k∗

}
, (11.13)

t∗0 the initial epoch of emission. Denoting by t∗1 the TCB moment at the station 1 corre-
sponding to t∗0 the measurable interval t1 − t∗1 at station 1 is related to the unmeasurable
interval ∆t0 at the point of emission by means of

∆t0 =
[
t1 − t∗1 + c−1k∗

(
x1(t1)− x1(t∗1)

)]
(1 + c−1k∗ẋ∗s)

−1 . (11.14)

This formula follows from the relations

t1 − t0 = c−1R1 + . . . , R1 = x1(t1)− xs(t0) = x1(t1)− x∗s − ẋ∗s∆t0 + . . . , (11.15)

t∗1 − t∗0 = c−1R∗1 + . . . , R∗
1 = x1(t∗1)− x∗s , (11.16)

R1 = x∗s + k∗ẋ∗s∆t0 − x1(t1)k∗ + . . . , R∗1 = x∗s − x1(t∗1)k
∗ + . . . , (11.17)

t1 − t∗1 −∆t0 = c−1(R1 −R∗1) + . . . = c−1k∗
(
ẋ∗s∆t0 − x1(t1) + x1(t∗1)

)
+ . . . . (11.18)

Hence, for the sources with known proper motion x∗s, x∗s, and k∗ have the same meaning
as xs, xs, and k but referred to the epoch of emission t∗0. Vector k may be considered
therewith as a function of t1 with the principal term for the derivative

dk
dt1

=
µ

1 + c−1k∗ẋ∗s
. (11.19)
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Until now the GRT corrections are involved only by ∆tgr. Except for this term all formulas
are known in Newtonian astrometry.

Transformation to the GRS quantities
Let the coordinate time (TCG) and spatial coordinates of GRS be denoted by u, w, re-
spectively. Let ui (i=1,2) be the TCG moment of the radio signal reception at station i
and let wi (i=1,2) be the GRS position vector of station i. The treating in GRS means the
transformation from BRS time interval ∆t to GRS time interval ∆u = u2 − u1 and from
BRS base vector b to GRS base vector B = B(u1) = w2(u1)−w1(u1). These substitutions
are based on the BRS→GRS transformation of Lecture 7

u = t−c−2[A(t)+vErE ]+c−4[B(t)+Bk(t)rk
E +Bkm(t)rk

Erm
E − 1

10r
2
E ȧk

Erk
E ]+ . . . , (11.20)

wi = ri
E + c−2[ 12vErEvi

E − qεijkF jrk
E + ŪE(t ,xE)ri

E + aErEri
E − 1

2r
2
Eai

E ] + . . . . (11.21)

The post–post–Newtonian c−4 terms in (11.20) omitted in formulas of Lecture 7 may be
found now in IAU resolutions (IAU, 2001). One may use them also in the slightly different
form given in (Klioner and Voinov, 1993). For the transformation of the base vector it is
sufficient to have in (11.20) only c−2 terms with

Ȧ(t) = 1
2v

2
E + ŪE(t ,xE). (11.22)

For time interval transformation with high accuracy one may need in (11.20) the term with

Bk(t) = − 1
2v

2
Evk

E − 3vk
EŪE(t , xE) + 4Ūk

E(t , xE) (11.23)

but without the last term containing the vector potential. Omitting the quadratic terms
with respect to w one gets from (11.21)

rE = w− c−2[ŪE(t , xE)w + 1
2 (vEw)vE − q(F×w)] + . . . . (11.24)

By substituting (11.23), (11.24) into (11.21) one finds

u = t− c−2[A(t) + vE(t)w]− c−4 [2ŪE(t , xE)w + q(F×w)]vE(t). (11.25)

Relations (11.24), (11.25) replace now the BRS→GRS transformation (11.20), (11.21).
The BRS base vector b(t1) is determined by two events having in BRS the time–space

coordinates t1 , x1(t1) and t1 , x2(t1). These two events correspond to GRS events with
the space–time coordinates u1 , w1(u1) and u′ , w2(u′), respectively, with u′ 6= u1. Taking
the difference of two expressions (11.20) written for u1 and u′ (within c−2 accuracy) one
gets

u′ − u1 = −c−2vE(t1)b . (11.26)

Expanding
wi

2(u
′) = wi

2(u1)− c−2vE(t1)bẇi
2(u1) + . . . (11.27)
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and taking the difference of (11.21) applied to w1(u1) and w2(u′) one obtains the trans-
formation law b → B for the base vector

bi = Bi − c−2
[
(BvE)( 1

2vi
E + ẇi

2)− qεijkF jBk + ŪE

(
t1 ,xE(t1)

)
Bi+

+ (aEw2)wi
2 − (aEw1)wi

1 − 1
2B(w1 + w2)ai

E

]
. (11.28)

It remains to find the transformation ∆t → ∆u. Taking the difference of (11.25) applied
for moments u1 and u2 and using expansions

vE(t2) = vE(t1) + aE(t1)∆t + . . . , (11.29)

w2(u2) = w2(u1) + ẇ2(u1)∆u + 1
2ẅ2(u1)(∆u)2 + . . . , (11.30)

A(t2) = A(t1)+
[
1
2v

2
E(t1) + ŪE

(
t1 , xE(t1)

)]
∆t + . . . (11.31)

one derives

∆u =
{

1− c−2
[

1
2v

2
E(t1) + ŪE

(
t1 ,xE(t1)

)
+ aE(t1)w2(u1)+

+ vE(t1)ẇ2(u1) + 1
2vE(t1)ẅ2(t1)∆t

]}
∆t−

− c−2vE(t1)
{
B + c−2

[
2ŪE

(
t1 ,xE(t1)

)
B + q

(
F(t1)×B

)]}
. (11.32)

Expressions (11.28) and (11.32) represent two basic relations for GRS treatment of VLBI
observations. Sometimes the transformation of the base vector (11.28) is prolonged for the
topocentric (TRS) level. This GRS/TRS dualism may lead to misunderstanding. Working
in the TRS framework one can construct a local set of distances (proper distances in the
vicinity of the TRS origin). Working in the GRS framework one constructs a global set of
coordinate distances for the whole Earth.

BRS gravitational time delay
Before going further let us complete the BRS time–delay formula (11.9) by reproducing
the expression of ∆gr (Klioner, 1991). This GRT contribution to BRS time–delay reads

∆tgr = ∆tpN + ∆tM + ∆tQ + ∆tR + ∆tppN (11.33)

with contributions due to fixed monopoles (pN), their motion (M), the quadrupole struc-
ture of bodies (Q), their rotation (R) and post–post–Newtonian terms (PPN). The main
contributions caused by these factors are as follows

c∆tpN+c∆tM =
∑

A

2GMA

c2

{[
1 + c−1kẋA(t1)

]
ln

rA1 + krA1

rA2 + krA2
+

+
1
xs

(
x2dA2

rA2 + krA2
− x1dA1

rA1 + krA1

)
+ . . .

}
, (11.34)
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c∆tQ =
∑

A

G

c2
(fpq

A2 − fpq
A1)(I

pq
A − 1

3δpqI
kk
A ) , (11.35)

c∆tR =
∑

A

2G

c3
(k× SA)

[
rA2

rA2(rA2 + krA2)
− rA1

rA1(rA1 + krA1)

]
, (11.36)

c∆tppN =
∑

A

G2M2
A

c4

{
− 4

rA2 + krA2
+

15
4|k× rA2| arccos

krA2

rA2
+

krA2

4r2
A2

+

+
4

rA1 + krA1
− 15

4|k× rA1| arccos
krA1

rA1
− krA1

4r2
A1

}
. (11.37)

Here
rAi = xi(ti)− xA(tAi) , (11.38)

tAi being the moment of the closest approach between the light photon and body A

tAi = ti +c−1k[xi(ti)−xA(ti)]−c−2
[
2k

(
kẋA(ti)

)− ẋA(ti)
]
[xi(ti)−xA(ti)]+ . . . , (11.39)

dAi = k× (rAi × k) , (11.40)

fpq
Ai =

1
d2

Ai

[
1− (krAi)3

r3
Ai

]
kpkq +

2
r3
Ai

kpdq
Ai +

1
d4

Ai

[
2− 3

krAi

rAi
+

(krAi)3

r3
Ai

]
dp

Aid
q
Ai . (11.41)

The spin vector in the rigid–body approximation is determined by

Sm = ωmIss − Imsωs (11.42)

with angular velocity ωs and (Fock) inertia moments Ims.
In treating the effect of interference frequency one needs the time derivatives of the

gravitational time delay. The main (monopole) contributions for these derivatives are
determined by

c
∂

∂t1
∆tgr =

∑ 2GMA

c2

rA1 + rA1k
rA1(rA1 + krA1)

[ẋ1(t1)− ẋA(tA1)] (11.43)

and
c

∂

∂t2
∆tgr = −

∑ 2GMA

c2

rA2 + rA2k
rA2(rA2 + krA2)

[ẋ2(t2)− ẋA(tA2)] . (11.44)

More precise expressions may be found by direct differentiation of (11.34)–(11.37).
Transformation to the proper time

The differential relationship between the proper (τ) and coordinate (u) time in GRS reads

dτ =
{

1− c−2
[
1
2ẇ

2 + Φ(u ,w)
]}

du (11.45)

with
Φ(u ,w) = ÛE + Qjw

j + T (w) , (11.46)
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where ÛE stands for the GRS geopotential, Qj is the value of the non-geodesic acceleration
in the BRS motion of the Earth and T is the tidal potential.

Let u∗ be a TCG synchronization moment for the clocks at the ground stations 1 and
2 so that

τ1

(
u∗ ,w1(u∗)

)
= τ2

(
u∗ ,w2(u∗)

)
= τ∗ . (11.47)

Then in virtue of (11.45)

τ1 = u1 − c−2

∫ u1

u∗
( 1
2ẇ

2
1 + Φ1)du (11.48)

and

τ2 = u2 − c−2

∫ u1

u∗
( 1
2ẇ

2
2 + Φ2)du− c−2

∫ u2

u1

( 1
2ẇ

2
2 + Φ2)du (11.49)

with
Φk(u ,w) = Φ(u ,wk), k = 1, 2 . (11.50)

The difference of these relations results in the proper time delay ∆τ = τ2 − τ1 for space
VLBI observations

∆τ = ∆u− c−2

∫ u2

u1

(1
2ẇ

2
2 + Φ2)du− c−2

∫ u1

u∗
( 1
2ẇ

2
2 + Φ2 − 1

2ẇ
2
1 − Φ1)du . (11.51)

For ground VLBI observations the last integral may be neglected for sufficiently close
moments u∗ and u1 whereas the first integral in virtue of the ground relation

1
2ẇ

2 + Φ(u ,w) = c2LG − g(ϕ)h (11.52)

may be transformed to
∆τ =

[
1− LG + c−2g(ϕ2)h2

]
∆u (11.53)

with the value of the Earth force gravity g(ϕ) at latitude ϕ

g(ϕ) =
GME

A2
E

(1 + 3
2J2)− ω2

EAE +
(
2ω2

EAE − 3GME

2A2
E

J2

)
sin2 ϕ . (11.54)

Here h is the height of the terrestrial station over geoid, J2 is the coefficient of the second
zonal harmonic of the geopotential and LG is a definition constant (IAU Resolution B1,
2000).

To resume, the VLBI GRT reduction reduces to the sequence of formulas (11.51) or
(11.53) for ∆τ , (11.32) for ∆u, (11.28) for GRS bases and (11.9) for ∆t.

Interference frequency
The measurable value of the interference frequency in VLBI ground measurements is

∆τ̇ =
d∆τ

dτ1
=

dτ2

dτ1
− 1 . (11.55)
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Its calculated value is

∆τ̇ =
dτ2

du2

(
dt2
du2

)−1
dt2
dt1

dt1
du1

(
dτ1

du1

)−1

− 1 (11.56)

with

dti
dui

= 1 + c−2
[
1
2v

2
E(ti) + ŪE

(
ti ,xE(ti)

)
+ aE(ti)wi(ui) + vE(ti)ẇi(ui)

]
, (11.57)

dτi

dui
= 1− c−2[c2LG − g(ϕi)hi] (11.58)

and

dt2
dt1

=
1 + c−1kẋ1(t1)
1 + c−1kẋ2(t2)

+ c−1 1
xs

{
x1

[
k× (

(ẋ2 − ẋ1)× k
)]

+ (x2 − x1)[k× (ẋ2 × k)]
}
−

− c−1(x2 − x1)
dk
dt1

+
∂

∂t1
∆tgr +

∂

∂t2
∆tgr + . . . . (11.59)

The involved derivatives were given above.

Radio ranging
The basic formula for the radio ranging is again the time of flight relation

c(t− t0) = R + 2
∑

A

mA ln
rA + r0A + R

rA + r0A −R
(11.60)

with

dt

dt0
=

[
1− c−1 Rẋ0

R
− 4c−1

∑

A

mA

(rA + r0A)2 −R2

(rA + r0A

R
Rẋ0 +

R

r0A
r0Aṙ0A

)]
×

×
[
1− c−1 Rẋ

R
− 4c−1

∑

A

mA

(rA + r0A)2 −R2

(rA + r0A

R
Rẋ− R

rA
rAṙA

)]−1

(11.61)

and
rA = x(t)− xA(t) , r0A = x0(t0)− xA(t) , R = x(t)− x0(t0).

In ranging procedure the light signal emitted by the observer at moment t0 with frequency
ν0 is received and reflected by the ranging object A at moment t1 (to be determined by
iterations) with frequency ν1 and is received again by the observer at moment t2 with
frequency ν2. The measurable quantities are the proper time delay by the observer’s clock
∆τ = τ2 − τ0 and the frequency ratio ν0/ν2 to be determined by the repeated application
of the relation:

ν0

ν
=

δτ

δτ0
=

1 + 1
2 (h00)t − 1

2c−2v2 + c−1(h0k)tv
k

1 + 1
2 (h00)t0 − 1

2c−2v2
0 + c−1(h0k)t0v

k
0

dt

dt0
(11.62)
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(for non–rotating systems the underlined terms are of order c−4 and may be neglected).

LLR (lunar laser ranging)
In LLR the starting formula is also (11.60) with significant simplifications in its rela-

tivistic part. If t0 is the moment of the signal emission by a ground observer and t is the
moment of the reception of the signal at a point on the surface of the Moon then

x0 = xE(t0) + ρE(t0), x = xL(t) + ρL(t),

xE and xL are the BRS positions of the centers of mass of the Earth and the Moon,
respectively, ρE is the geocentric position vector of the ground station, and ρL is the
selenocentric position vector of the reflector on the Moon. In the actual case when LLR is
performed for the position of the Moon near the meridian of the ground station one has

R ≈ r − ρE − ρL , r0E ≈ ρE , rE ≈ r − ρL

and

rS ≈ |xL| = |xE |+ xEr
|xE | +

1
2|xE |2

(
r2 − (xEr)2

|xE |2
)

+ . . . (11.63)

r = r(t) being the geocentric BRS position vector of the Moon. It gives the expression for
the one–way BRS transit time

c(t− t0) = R + 2mS
r

|xE |
(

1− xEr
2|xE |2 + . . .

)
+ 2mE ln

r − ρL

ρE
. (11.64)

The quantity R is calculated (by numerical iterations) as the magnitude of the BRS vector

R = x(t)− x(t0) = xE(t) + r(t) + ρL(t)− xE(t0)− ρE(t0). (11.65)

The relativistic contribution to the measurable quantities may be easily evaluated
analytically. Neglecting the sizes of the Earth and the Moon one has

R = r(t) + ẋE(t0)(t− t0) + 1
2 ẍE(t0)(t− t0)2 + . . . (11.66)

and

R = r

[
1 +

rẋE

r2
(t− t0) +

1
2r2

(
ẋ2

E + rẍE − 1
r2

(rẋE)2
)
(t− t0)2 + . . .

]
. (11.67)

It results in the approximated expression for the one–way BRS transit time

c(t− t0) = r

[
1 + c−1 rẋE

r
+ 1

2c−2

(
ẋ2

E +
(rẋE)2

r2

)]
+

+ mS
r

|xE |
(

2− 3(rxE)
2|xE |2

)
+ 2mE ln

r − ρL

ρE
+ . . . . (11.68)
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Multiplied by two this expression gives the BRS time interval of light propagation in LLR
(two–way). The measurable quantity is 2(τ − τ0), τ0 and τ being the moments of the
proper time corresponding to the moments t0 and t of the BRS time. Retaining only the
main terms one has

τ0 = t0 − c−2

∫ t0

0

(
1
2 ẋ

2
E + ŪE(xE)

)
dt ,

τ = t− c−2

(∫ t

0

(
1
2 ẋ

2
E + ŪE(xE)

)
dt + ẋEr

)
,

and

c(τ − τ0) = c(t− t0)
(

1− 1
2c−2ẋ2

E −
ms

|xE |
)
− c−1ẋEr . (11.69)

From this the expression of the measurable proper–time delay (in terms of BRS quantities)
reads

2c(τ − τ0) = 2r

(
1 +

c−2

2r2
(rẋE)2 +

ms

|xE | −
3mS

2|xE |3 (rxE)
)

+ 4mE ln
r − ρL

ρE
+ . . . . (11.70)

The main GRT contribution in BRS solution for the radius–vector of the Moon is

r/a0 = 1− 9
4σ + σm + 1

4σ cos 2D + . . . , σ = N2A2/c2, m =
N

n−N
, (11.71)

where N and n are the mean motions of the Sun and the Moon, respectively, A and a0 are
their semi–major axes, D stands for the difference of the mean longitudes of the Moon and
the Sun, and σ is GRT dimensionless small parameter (≈ 10−8). The main GRT reduction
term in (11.70) due to the Lorentz transformation is

c−2

2r2
(rẋE)2 = 1

4σ(1− cos 2D). (11.72)

Thus, the trigonometric term in (11.71) with amplitude σ/4 disappears in (11.70) and
the amplitude of the relativistic terms in the measurable quantity (11.70) does not exceed
several centimeters.

In constructing the GRS solution for the Moon one comes directly to this conclusion.
Indeed, from BRS→GRS transformation one has for the GRS coordinates of the Moon
(retaining only the purely solar terms)

wi = ri + 1
2c−2vi

Evk
Erk + c−2qF ikrk +

ms

|xE |r
i +

mS

|xE |3 ( 1
2r2xi

E − rirkxk
E). (11.73)

Thus,

ρ = |w| = r

(
1 +

c−2

2r2
(vk

Erk)2 +
ms

|xE | −
ms

2|xE | (r
kxk

E)
)

. (11.74)

In terms of the GRS quantities the right–hand side of (11.70) is

2c(τ − τ0) = 2ρ

(
1− mS

|xE |3 (wxE)
)

+ 4mE ln
ρ− ρL

ρE
+ . . . (11.75)
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(in neglecting by the parallactic term the GRT LLR time–delay is reduced just to the
Schwarzschild delay due to the Earth).

Pulsar timing
The timing of millisecond pulsars is at present one of the most accurate observational
techniques. A relativistic theory of pulsar timing is based again on (11.60). Indeed, if an
impulse n emitted at the moment Tn by a millisecond pulsar in position Xn is recorded by
the ground station at moment tn in the BRS position xn then in accordance with (11.60)

c(tn − Tn) = |xn −Xn|+ 2
∑

A

mA ln
|xn − xA(tn)|+ |Xn − xA(Tn)|+ |xn −XN )|
|xn − xA(tn)|+ |Xn − xA(Tn)| − |xn −XN )| .

(11.76)
Assuming that the pulsar moves with constant velocity V one has

Xn = X0 + V(Tn − T0). (11.77)

Putting

k =
1
ρ0

X0 , ρ0 = |X0| , ∆tn = Tn − T0 (11.78)

and expanding | xn −Xn| in powers of ∆tn and |xn|/ρ0 one gets

c(tn − Tn) =ρ0 + [(kV)∆tn − kxn] +
1

2ρ0
[x2

n − (kxn)2]− 1
ρ0

[xV− (kV)(kxn)]∆tn+

+
1

2ρ0
[V2 − (kV)2](∆tn)2 − 2

∑

A

mA ln
| rA(tn) + krA(tn)|

2ρ0
. (11.79)

Under designation
ct0 = cT0 + ρ0 + 2

∑

A

mA ln(2ρ0) (11.80)

one has finally the pulsar timing formula

c(tn − t0) =c(Tn − T0) + [(kV)∆tn − kxn] +
1

2ρ0
[x2

n − (kxn)2]−

− 1
ρ0

[xV− (kV)(kxn)]∆tn +
1

2ρ0
[V2 − (kV)2](∆tn)2−

− 2
∑

A

mA ln | rA(tn) + krA(tn)|. (11.81)

Each term in this equation admits a simple physical interpretation. Starting with the
second term in the right–hand member these terms describe, respectively, the first–order
Doppler effect, the parallax, the pulsar proper motion, the second–order Doppler effect,
and the Shapiro effect (the relativistic time delay in light propagation). It remains only to
convert in (11.81) from tn to the corresponding moment of proper time τn and to replace
xn by ITRS spatial coordinates.
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In the case of a binary pulsar the timing formula becomes more complicated, due, first of
all, to replacing (11.77) by

Xn = X0 + V(Tn − T0) + X1n (11.82)

where X0 and V represent the BRS position and velocity of the center of mass of the
binary and X1n is the pulsar’s position relative to the binary barycenter.

Time scales
Rigorous relativistic theory of the time scales became possible only with the development
of the relativistic hierarchy of astronomical RSs. Considering that the latter theory was
exposed in Lecture 7 we will just remind the basic formulations. The basic hierarchy
BRS(t,x) → GRS(u,w) → TRS(τ, z) involves

t=TCB (barycentric coordinate time), BRS coordinate time,
u=TCG (geocentric coordinate time), GRS coordinate time,
τ , TRS coordinate time (proper time of an observer in the spatial origin of TRS).

Reproduced from Lecture 7, the TCB→TCG transformation reads

u = t− c−2[A(t) + vErE ] + . . . , rE = x− xE (11.82)

with
Ȧ(t) = 1

2v
2
E + ŪE(t,xE), ŪE(t,xE) =

∑

A6=E

GMA

rEA
(11.83)

and the solution

A(t) = c2LCt + Ap(t) , LCt = LC(J − 2443144.5)86400s (11.84)

resulting to
u = (1− LC)t− c−2[Ap(t) + vErE ] + . . . . (11.85)

With the use of the VSOP planetary theories Ap(t) admits the representation

c−2Ap(t) = P =
∑
α

tα

[∑

k

Aα
k cos(ψα

k + να
k t)

]

with condition P = 0 on Jan. 1, 1977 Oh 0m 0s TAI (J=2443144.5 TAI). Finally, there
results

TCB− TCG = LC(J − 2443144.5)86400s + P + c−2vEw . (11.86)

The time part of the GRS→TRS transformation reads

τ = u− c−2[V (u) + v̂k
T (wk − wk

T )] + . . . (11.87)

with
dV

du
= 1

2 v̂
2
T + ÛE(wT ) + Qjw

j
T + T (wT ) (11.88)
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or in retaining only the main tidal terms

dV

du
= 1

2 v̂
2
T + ÛE(wT ) + Qjw

j
T + 1

2 ŪE,km(xE)wk
T wm

T + . . . . (11.89)

Function wT satisfies the equation

dwT

du
≡ v̂T = ω̂E ×wT + v̂TT , (11.90)

vTT being the relative velocity of the TRS origin due to geophysical factors (deviation of
the ground station rotation from the law of rigid–body rotation).

Introducing GRS+ coordinates yi = P̂ikwk and neglecting by Qj one has

dV

du
= εijkΩ̂j

Eyk
T ẏi

T + 1
2 ẏk

T ẏk
T + WE(yT ) + 1

2 ŪE,km(xE)P̂ikP̂jmyi
T yj

T + . . . , (11.91)

Ω̂j
E being GRS+ components of the Earth angular velocity and ẏi

T = P̂ikv̂k
TT being geo-

physical factors contributions.
The potential of the force of gravity generated by the Earth alone at any point y on

the surface of the Earth is

WE(y) = 1
2 (εijkΩ̂j

Eyk)2 + ÛE(y) . (11.92)

Choosing the direction of the y3 axis to be along the axis of rotation of the Earth and
introducing the geocentric spherical coordinates one gets

y1
T = r cos ψ cos l , y2

T = r cos ψ sin l , y3
T = r sin ψ , Ω̂i = Ωδ3i ,

WE(r, l, ψ) = 1
2Ω2r2 cos2 ψ + ÛE(y). (11.93)

The main constant term of the tidal quadrupole potential Q20 is

Q̄20(r, ψ) = − 1
4r2(3 sin2 ψ − 1)

∑

A6=E

GMA

r̄3
EA

, (11.94)

r̄EA being some mean value of rEA. It is reasonable to add this value to the potential of
the force of gravity due to the Earth and to consider the potential

W (r, l, ψ) = WE(r, l, ψ) + Q̄20(r, ψ) (11.95)

although the term Q̄20 is usually treated as a perturbation and is not included in the
potential for gravitational force.

The surface r = r(l, ψ) providing a constant value for the gravity potential

W = W0 = c2LG (11.96)
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us called the geoid. In terms of the astronomical longitude λ, astronomical latitude ϕ and
the height h of the observer above the geoid the potential of the force of gravity at any
point on the surface of the Earth may be presented in the form

W (h, λ, ϕ) = W0 − g(ϕ, λ)h + O(h2), (11.97)

g(ϕ, λ) being the force of gravity on the geoid at the point with astronomical longitude λ
and latitude ϕ.

Returning to (11.91) and using (11.97) one obtains

dV

du
= εijkΩ̂j

Eyk
T ẏi

T + 1
2 ẏk

T ẏk
T + W0 + Q2 − Q̄20 − g(ϕ, λ)h + . . . (11.98)

where ϕ , λ , h and yi
T are the coordinates of the ground station. The solution of this

equation is presented in the form

V (u) = c2LGu + Vp(u) (11.99)

where Vp(u) includes secular term due to −g(ϕ, λ)h dependent on the ground station coor-
dinates, periodic tidal luni–solar terms from Q2−Q̄20 and geophysical factors contributions
from the terms with ẏi

T . As a result, equation (11.87) gives the following relationship be-
tween u and τ :

τ = (1− LG)u− c−2[Vp(u) + v̂k
T (wk − wk

T )] + . . . . (11.100)

According to the IAU Resolution B1.9 (2000) LG is a defining constant

LG = 6.969290134× 10−10 (11.101)

involving possibly an additive secular term in Vp(u) if the present measured value of W0

will be improved.
Time scales TT and TDB (Teph)

TCB and TCG are ‘theoretical’ time scales. In practice (e.g., in numerical or semi–
analytical ephemerides of the major planets and the Moon) ‘practical’ time scales TT
(terrestrial time) and TDB (barycentric dynamical time) are used

TT = (1− LG)TCG , (11.102)

TDB = (1− LB)TCB , (11.103)

LB to be determined in terms of LC and LG by using (11.85)

(1− LG)−1TT = (1− LC)(1− LB)−1TDB− c−2[Ap(t) + vErE ] + . . . .

LB is determined from this relation in optimal choice, i.e.

1− LB = (1− LC)(1− LG) (LB = LC + LG − LCLG) (11.104)
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resulting to
TT = TDB− c−2[Ap(t) + vErE ] + . . . . (11.105)

Together with (11.101)

LC = 1.48082686741× 10−8 , LB = 1.55051976772× 10−8 . (11.106)

LC (or LB) and LG characterize, in general, the smallness of relativistic effects in BRS
and GRS, respectively. In retaining in Ap(t) only trigonometric terms (by neglecting small
power and mixed terms) TT and TDB taken in the geocenter differ only by periodic terms.
Under present day accuracy such approximation is not sufficient anymore liquidating the
main advantage of using TT and TDB instead of TCG and TCB.

International atomic time TAI
Along the world line of the TRS origin (wk = wk

T ) τ is proper time of the ground station
and may be measured. The functions Vp(u) specific to each TRS are known from theoretical
calculations. International atomic time TAI is formed by averaging the clock readings of
many ground observatories. This may be interpreted as averaging over many TRS so that

TAI = mean[τ + c−2Vp(u)]. (11.107)

It means that TAI is the physical realization of TT. To prevent the discontinuity between
atomic and ephemeris time scales one uses the constant shift

TT = TAI + 32.184s . (11.108)

Therefore, the TRS coordinate time scale relates to TAI by means of

τ = TAI− c−2[Vp(TAI) + v̂k
T (wk − wk

T )]. (11.109)

To resume the theory of the relativistic time scales let’s formulate some points (Brumberg
and Kopejkin, 1990).

1. TCB is not the proper time of the clock at rest in the solar system barycenter since

dτ = [1− c−2U(t,x = 0)]d(TCB) 6= d(TCB).

On the other hand,

dτ = [1− c−2U(t,x = ∞)]d(TCB) = d(TCB)

but BRS does not exist for x = ∞.
2. TCG is not the proper time of the clock at rest in the geocenter since

dτ = [1− c−2ÛE(u,w = 0)]d(TCG) 6= d(TCG).

3. Just similarly one can construct Galactic time, planetocentric time (for any major
planet), solar time (for heliocentric motion), and so on.
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4. As stated above,
TAI = mean[τ + c−2Vp(u)]

may be regarded as a physical realization of TT. Moreover, Vp(u) = 0 on geoid neglecting
tidal potential.

5. Just in a similar manner one may introduce a modified version of TAI,

TAIM = mean[τ + c−2V (u)]

as a physical realization of TCG. In this case one would not deal with the notion of geoid
and constant Lg. But this possibility remained unused.

6. The presently used time scales TCB, TCG, TDB, TT may be physically realized
(directly or indirectly) by means of TAI involving atomic time and atomic constants. On
the other hand, the astronomy–based time scales (dynamical time, ephemeris time) in-
volve gravitational time and gravitational constant G. It is assumed that the scales of
atomic time and gravitational time coincide. This coincidence can be violated if funda-
mental physical constants may vary. In this respect the pulsar time being not equivalent
to gravitational or atomic time in a world with changing constants might be of crucial
importance.

Scale factors related with TDB and TT
To preserve the form of the equations of motion and light propagation in using TDB

and TT one applies coordinates and mass–factors differing from their corresponding coun-
terparts when using TCB and TCG, respectively. It was already mentioned in Lectures 7
and 9 but to avoid any confusion we give below the list of relevant formulas once again.
TCG/TDB and TCB/TT quantities are as follows:

TDB = (1−LB)TCB , (x)TDB = (1−LB)x , (GM)TDB = (1−LB)GM , (11.110)

TT = (1−LG)TCG , (w)TT = (1−LG)w , (GM̂)TT = (1−LG)(GM̂) . (11.111)

Introducing the scalar parameters

µ =
{

1 , t = TCB ,
0 , t = TDB ,

ν =
{

1 , u = TCG ,
0 , u = TT (11.112)

one can combine all possible options.
Direct BCRS↔GCRS transformation takes the form

u = (1− µLB + νLG)t− c−2(Ap + vErE), (11.113)

wi = [1 + (1− µ)LB − (1− ν)LG]ri
E + c−2Λi(t, rE), (11.114)

Λi(t, rE) = 1
2vErEvi

E − qεijkF jrk
E + ŪE(t,xE)ri

E + aErEri
E − 1

2r
2
Eai

E . (11.115)

The inverse transformation reads

t = (1 + µLB − νLG)u + c−2(Ap + vEw), (11.116)
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xi = [1− (1− µ)LB + (1− ν)LG](wi + zi
E) + c−2Γi(u, w), (11.117)

zi
E(u) = [1 + (1− µ)LB − (1− ν)LG]xi

E(t∗) (11.118).

Instead of (11.117) one can use also

xi = [1− (1− µ)LB + (1− ν)LG]wi + xi
E(t∗) + c−2Γi(u, w). (11.119)

One has herewith
t∗ = (1 + µLB − νLG)u + c−2Ap , (11.120)

xi
E(t∗) = xi

E [(1 + µLB − νLG)u] + c−2Apv
i
E , (11.121)

Γi(u, w) = 1
2vEwvi

E + qεijkF jwk − ŪE(t,xE)wi − aEwwi + 1
2w

2ai
E . (11.122)

Geocentric position vectors of the disturbing bodies are expressed as follows:

wi
A(u) = zi

A(u)− zi
E(u) + c−2

[
Λi(t∗, rAE) + vErAEvi

AE

]
, (11.123)

zi
A(u)− zi

E(u) = [1 + (1− µ)LB − (1− ν)LG][xi
A(t∗)− xi

E(t∗)], (11.124)

rAE = xA − xE , vAE = vA − vE , .
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Lecture 12. Motion in the cosmological background

The motion of the solar system bodies is regarded in relativistic celestial mechanics
(and so more in Newtonian celestial mechanics) almost always under assumption of the
isolated existence of the solar system, i.e. by neglecting the cosmological background.
This assumption is quite justified within the present observational results. But each time
when there are some hints of discrepancies in the discussion of observations (e.g., time–
quadratic terms in the planetary longitudes) the influence of the cosmological background
is reminded as one of the possible sources of such discrepancies.

The investigation of this question was started by McVittie (1933) and continued by
Järnefelt (1940, 1942) by considering the one–body problem in the expanding Universe
(the Schwarzschild problem in the cosmological background). The problem was treated as
a mathematical one. The corresponding results were formulated in terms of coordinates
rather than in terms of physically measurable quantities (the techniques of relativistic
reduction of observations were not elaborated by that time). In monograph (Brumberg,
1991) this problem was outlined in relation with the equations in variations for the spheri-
cally symmetrical background metric but the inadequate choice of coordinates involved the
unnecessary mathematical difficulties. The satisfactory treatment of this problem based on
the discussion of observations and the use of an adequate mathematical techniques seemed
to be done for the first time in (Krasinsky and Brumberg, 2004). The conclusion is that
within the present precision level the cosmological background (the expansion of the Uni-
verse) does not affect the motion of the planets and the reason of the possible observational
discrepancies might be anything else. This problem needs to be further investigated. We
give below the key formulas for this investigation.

Equations in variations for the spherically symmetrical metric:

The starting point is the GRT (general relativity theory) field equations (Brumberg, 1991)

Gµν + Λgµν = −κ(T µν + Tµν) , (12.1)

where T µν is the background field mass tensor, Tµν is the perturbation field mass tensor,
Gµν denotes the Einstein tensor, Λ is the cosmological constant, and κ = 8πG/c2, G being
the gravitational constant. The metric form is represented by

ds2 = gµνdxµdxν , gµν = ηµν + hµν (12.2)

with background metric tensor gµν and perturbations hµν . The background isotropic
metric for Λ = 0, Tµν = 0 for the spherically symmetrical field can be represented by

η00 = A , η0m = 0 , ηmn = −Bδmn , (12.3)

η00 =
1
A

, η0m = 0 , ηmn = −δmn

B
, (12.4)

A and B being functions of the radial coordinate distance r and time t to be determined
from the background field equations. The field equations (12.1) can be rewritten with
Ricci tensor Rµν in form

Rµν = −κ(T ∗µν + T ∗µν) + Λgµν (12.5)

1

162/177



with
T ∗µν = Tµν − 1

2
gµνT , T ∗µν = Tµν − 1

2
gµνT , (12.6)

T and T being invariants of the mass tensors T µν and Tµν , respectively. Therefore, the
equations in variations for the field equations (12.5) read (Brumberg, 1991)

δRµν = −κT ∗µν − κδT ∗µν + Λgµν (12.7)

with
δT ∗µν = T ∗µν(gαβ)− T ∗µν(ηαβ). (12.8)

Under the coordinate conditions

h00,0 + hss,0 − 2h0s,s = 0 , h00,m − hss,m + 2hms,s = 0 (12.9)

the equations in variations for the background metric (12.3) are reduced to

h00,ss − h00,00 = 2L00 , (12.10)

h0m,ss = 2L0m , (12.11)

hmn,ss − B

A
hmn,00 = 2Lmn +

(B

A
− 1

)
h00,mn − B

A
(h0m,0n + h0n,0m) (12.12)

with contraction
hrr,ss + h00,ss = 2Lss + 2

B

A
L00 (12.13)

and the right–hand member functions

Lµν = B(κT ∗µν + κδT ∗µν − Λgµν + Qµν) , (12.14)

Qµν being non–linear contributions in Ricci tensor components given by (4.3.24)– (4.3.26)
of (Brumberg, 1991). Equations in variations (12.10)–(12.12) are to be solved by iterations
with respect to hµν . At each step of iteration the right–hand members 2Lµν are known.
Then, equation (12.10) is the wave equation with constant coefficients. The equation
(12.11) is the Poisson equation. Equation (12.12) has the form of the wave equation
with variable coefficient B/A (for example, for the background Schwarzschild metric this
coefficient may be reduced to a function of r alone). But for A = B this equation simplifies
to be also the wave equation with constant coefficients. That’s why it is reasonable to
use the background cosmological solution (12.3) in the conformally Galilean coordinates
ensuring the condition A = B (in contrast to the Robertson–Walker metric in comoving
coordinates with A = 1 and B being a function of r and t).

The background field equations:

The background solution is constructed here for simplicity with the simplest mass tensor

T µν = ρ
dxµ

ds

dxν

ds
, (12.15)
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ρ being the density of the matter (dust matter without pressure). With the aid of (12.3)
and (12.4) it leads to

T ∗00(ηαβ) = ρA

(
1
2

+ B
dxk

ds

dxk

ds

)
, T ∗0m(ηαβ) = −ABρ

dx0

ds

dxm

ds
,

T ∗mn(ηαβ) = ρB

(
1
2
δmn + B

dxm

ds

dxn

ds

)
. (12.16)

These expressions together with the components of the background field Ricci tensor
(3.1.14) of (Brumberg, 1991) enable one to get the background field equations as follows:

A,ss − 1
2A

A,sA,s +
1

2B
A,sB,s − 3B,00 +

3
2A

A,0B,0 +
3

2B
B,0B,0 =

= 2ABκρ

(
1
2

+ B
dxk

ds

dxk

ds

)
, (12.17)

−2B,0i +
1
A

A,iB,0 +
2
B

B,iB,0 = −2AB2κρ
dx0

ds

dxi

ds
, (12.18)

−B,ik − δikB,ss +
1

2A

(
A,iB,k + A,kB,i − δikA,sB,s + δikB,0B,0

)
+

+
1

2B

(
3B,iB,k + δikB,sB,s

)− B

A

(
A,ik − δikB,00 +

1
2A

δikA,0B,0 − 1
2A

A,iA,k

)
=

= B2κρ

(
δik + 2B

dxi

ds

dxk

ds

)
. (12.19)

The cosmological background (the isotropic models) in comoving coordinates (A = 1):

In comoving coordinates one has

A = 1,
dx0

ds
= 1,

dxm

ds
= 0 . (12.20)

Under these conditions the field equations (12.17)–(12.19) admit the solution

B =
a2

(
1 + 1

4kr2
)2 , r2 = xsxs, (12.21)

k being a real constant. Function a dependent only on time is determined by the equations

ä

a
= − 1

6c2κρ , (12.22)

aä + 2ȧ2 + 2kc2 = 1
2a2c2κρ . (12.23)
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From these equations it follows

k
c2

a2
= 1

3c2κρ−H2 , H =
ȧ

a
, (12.24)

H being the Hubble constant. One has also

2aä + ȧ2 + kc2 = 0 , (12.25)

ρ̇ + 3Hρ = 0 . (12.26)

This Robertson–Walker metric reads:

ds2 = dx0dx0 − a2

(
1 + 1

4kr2
)2 dxsdxs . (12.27)

With a new ”time” argument η

dx0 = adη , η̇ =
c

a
, H =

c

a2

da

dη
(12.28)

it describes explicitly three well–known cosmological models (with arbitrary linear constant
q):

Closed model: k = 1

a = 2q(1− cos η), t =
2q

c
(η − sin η), H =

c

2q

sin η

(1− cos η)2
, (12.29)

Flat model: k = 0
a = qη2 , t =

q

3c
η3 , H =

2c

q
η−3, (12.30)

Open model: k = −1

a = 2q(cosh η − 1), t =
2q

c
(sinh η − η), H =

c

2q

sinh η

(cosh η − 1)2
. (12.31)

The cosmological background (the isotropic models) in conformally Galilean coordi-
nates (A = B):

In this case the field equations (12.17)–(12.19) result in

A,ss − 3A,00 +
3
A

A,0A,0 = 2A2κρ

(
1
2

+ A
dxk

ds

dxk

ds

)
(12.32)

−2A,0i +
3
A

A,iA,0 = −2A3κρ
dx0

ds

dxi

ds
(12.33)
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−2A,ik − δikA,ss +
3
A

A,iA,k + δikA,00 = A2κρ

(
δik + 2A

dxi

ds

dxk

ds

)
(12.34)

admitting the general expression for all three values of k

A =
(
1− q

d

)4

+
(

x0

q

)4

δk0 , d =
√

k(xsxs − x0x0) + qδk0 , q = const . (12.35)

The expression of the Hubble constant for this case reads

H =
√
−k

c

d

1 +
q

d(
1− q

d

)3 +
2cq2

x03 δk0 . (12.36)

Indeed, taking the derivatives of A from (12.35) and substituting them into the left–hand
members of (12.32)–(12.34) one gets for k 6= 0

−12
(
1− q

d

)2

k
q

d3

(
1− 2k

r2

d2

)
= A2κρ

(
1 + 2A

dxk

ds

dxk

ds

)
,

−24
(
1− q

d

)2

k2 q

d5
x0xi = −2A3κρ

dx0

ds

dxi

ds
,

−12
(
1− q

d

)2

k
q

d3
δik + 24

(
1− q

d

)2

k2 q

d5
xixk = A2κρ

(
δik + 2A

dxi

ds

dxk

ds

)
.

These equations are satisfied by the solution (12.35) for A together with

κρ = −k
12q

d3
(
1− q

d

)6 ,
dxµ

ds
=
√
−k

xµ

d
(
1− q

d

)2 (12.37)

determining the density and the velocity of the dust matter (for k = −1 this solution
coincides with the Fock (1955) solution).

Applying the same procedure for k = 0 one gets from (12.32)–(12.34)

12 =
x06

q4
κρ

(
1 + 2

x04

q4

dxk

ds

dxk

ds

)
,

0 = κρ
dx0

ds

dxi

ds
,

12δik
x02

q4
=

x08

q8
κρ

(
δik + 2

x04

q4

dxi

ds

dxk

ds

)
.
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One comes again to the solution for A from (12.35) together with

κρ = 12
q4

x06 . (12.38)

This value of ρ corresponds to the critical density

κρ =
3H2

c2
, (12.39)

as seen from (12.24).
In conformally Galilean coordinates the equation (12.26) takes the form

ρ̇ = −3Hρ
ds

dx0
, (12.40)

where (
ds

dx0

)2

=
A

1 + Adxk

ds
dxk

ds

. (12.41)

In dealing with the conformally Galilean metric one may note a useful relation

ḋ = c
ds

dx0

√−k(
1− q

d

)2 . (12.42)

Reduction of the Robertson–Walker metric to the conformally Galilean form:
Two different algorithms of such reduction are given below. The first one similar to the
Fock (1955) representation for the open model involves complex coordinates for the closed
model. The second algorithm involving only real coordinates is based on problem 19.8 of
(Lightman et al,, 1975).

Algorithm 1:
Introducing spherical coordinates by means of

x1 = r cos ϕ sin θ , x2 = r sin ϕ sin θ , x3 = r cos θ

one can represent the Robertson–Walker metric in form

ds2 = a2(η)

[
dη2 − 1(

1 + 1
4kr2

)2 (dr2 + r2dΩ2)

]
(12.43)

with
dΩ2 = dθ2 + sin2 θdϕ2 .

The transformation of the radial coordinate

Σ =
r

1 + 1
4kr2

, dΣ =
1− 1

4kr2

(
1 + 1

4kr2
)2 dr (12.44)
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implying

1− kΣ2 =

(
1− 1

4kr2
)2

(
1 + 1

4kr2
)2 , 1 + 1

4kr2 =
2

1 +
√

1− kΣ2

transforms (12.43) into

ds2 = a2(η)
(

dη2 − dΣ2

1− kΣ2
− Σ2dΩ2

)
. (12.45)

A new variable χ determined by differential relation

dΣ2

1− kΣ2
= dχ2 (12.46)

or in explicit form

Σ =





sin χ , k = +1 (closed model)
χ , k = 0 (flat model)

sinhχ , k = −1 (open model)
(12.47)

enables one to rewrite (12.45) as

ds2 = a2(η)
(
dη2 − dχ2 − Σ2(χ)dΩ2

)
. (12.48)

The final reduction to the conformally Galilean metric

ds2 = A(c2dt2 − dr2 − r2dΩ2) (12.49)

is provided by the transformation

ct =
√
−k d cos(

√
kχ) + η d δk0 , r = dΣ , d = q exp(

√
−kη , (12.50)

implying c2dt2 − dr2 = d2(dη2 − dχ2) and

A =
a2

d2
, a = −kd

(
1− q

d

)2

+ qη2δk0 , (12.51)

q being a real constant. Needless to say, cos i χ = cosh χ. It is easy to see that the form
(12.49) with (12.51) is identical to the previous found solution with (12.35).

Algorithm 2:
Starting from (12.48) it is possible instead of (12.50) to transform η and χ by means of

u =
1
2
(η + χ), v =

1
2
(η − χ), (12.52)

reducing (12.48) to
ds2 = a2(4du dv − Σ2dΩ2). (7.53)
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Now u and v are changed to new variables α and β in a similar manner

α = g(u), β = g(v), u = f(α), v = f(β) (12.54)

so that
du = f ′(α)dα , f ′(α) = [g′(u)]−1 ,

accent denoting the derivative with respect to the corresponding argument. Hence, the
metric (12.53) transforms to

ds2 = a2f ′(α)f ′(β)
[
4dαdβ − Σ2

f ′(α)f ′(β)
dΩ2

]
. (12.55)

The function g is to be chosen to provide the condition for the conformally Galilean metric

Σ2

f ′(α)f ′(β)
= (α− β)2 (12.56)

or more specifically
g′(u)g′(v)Σ2 = [g(u)− g(v)]2 , (12.57)

Σ being considered as dependent only on the difference u− v. For any k = +1, 0, −1 this
equation is satisfied by

g(u) = tan(
√

k u) + u δk0 (12.58)

with evident replacing tan i u = tanh u. The metric (12.55) becomes

ds2 =
a2

(1 + kα2)(1 + kβ2)
[4dαdβ − (α− β)2dΩ2]. (12.59)

Finally, the transformation

α =
1
2q

(ct̃ + r̃), β =
1
2q

(ct̃− r̃) (12.60)

reduces (12.59) to the conformally Galilean metric of the type (12.49)

ds2 = Ã(c2dt̃2 − dr̃2 − r̃2dΩ2) (12.61)

with

Ã =
a2

q2D
, (12.62)

D = (1 + kα2)(1 + kβ2) = 1 +
k

2q2
(c2t̃2 + r̃2) +

k2

16q4
(c2t̃2 − r̃2)2 . (12.63)

By using
σ = g(η) (12.64)
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there results

a = 2q
σ2

√
1 + kσ2(1 +

√
1 + kσ2)

, σ =

ct̃

q

1− k
c2t̃2 − r̃2

4q2

. (12.65)

The equivalence of (12.49) and (12.61) may be easily seen from the expressions of t̃, r̃
from the one part, and t, r from the other part, in terms of η and χ. By comparing these
expressions one gets

r̃ =
√

D
q

d
r (12.66)

and

c2dt̃2 − dr̃2 = q2D(dη2 − dχ2) =
q2D

d2
(c2dt2 − dr2) (12.67)

(this formula corrects a misprint in (12.51) of Brumberg, 2005).
Hence,

A =
q2D

d2
Ã (12.68)

demonstrating the equivalence of (12.59) and (12.61). In what follows the form (12.61)
will be used with no specification for Ã and with omitting tilde over Ã, t̃ and r̃.

Solar gravitational field at the cosmological background

Let the variations of the background gravitational field of the expanding Universe be
caused by a spherical massive body (the Sun) located at the spatial origin r = (xk) = o.
Investigating a quasi–circular motion of a test particle in this field (Schwarzschild problem
at the cosmological background) one may see if the expansion of the Universe affects the
motion of the Solar system bodies (Krasinsky and Brumberg, 2004). For this purpose it is
sufficient to have the simplest, just quasi–Newtonian solution of equations (12.10)–(12.12)
by restricting in (12.14) only by the first term, i.e. Lµν = κBT ∗µν . Then the disturbing
mass tensor Tµν may be taken in the form

Tµν =
ρ̃√−g

dx0

ds

dxµ

dx0

dxν

dx0
(12.69)

with the density
ρ̃ = Mδ(r) , (12.70)

δ(r) being delta–function (Infeld and Plebansky 1960). For the background metric (12.3)
one easily finds

BT ∗00 =
1
2

√
Aρ̃

(
A

B
− v2

c2

)−1/2 (
A

B
+

v2

c2

)
,

BT ∗0i = −
√

Aρ̃

(
A

B
− v2

c2

)−1/2
vi

c
,
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BT ∗ij =
B√
A

ρ̃

(
A

B
− v2

c2

)−1/2 [
1
2

(
A

B
− v2

c2

)
δij +

vi

c

vj

c

]
. (12.71)

In integrating the equations (12.10)–(12.12) for the fixed material point in the conformally
Galilean background with A = B one may put

L00 = 4π
√

Amδ(r) , L0i = 0 , Lij = 4π
√

Amδ(r)δij (12.72)

with
m =

GM

c2
. (12.73)

Hence, by neglecting the retardation terms one may present the approximate solution of
(12.10)–(12.12) in form

h00 = −2m

r

√
A , h0i = 0 , hij = −2m

r

√
Aδij , (12.74)

resulting to

ds2 =
(

A− 2m

r

√
A

)
c2dt2 −

(
A +

2m

r

√
A

)
dxsdxs . (12.75)

Equations of motion of a test particle in the field (12.75) with the coordinate time t as an
argument follow from equations (4.3.38) of (Brumberg, 1991) for the general metric (12.3).
By retaining only the main terms one has

ẍi =
1

2A
(ẋsẋs − c2)(A,i + c−1A,0ẋ

i)− c2

2A
h00,i − c2

2A2
A,shms + . . . (12.76)

or else

ẍi = − GM√
Ar3

xi − Ȧ

2A
ẋi . (12.77)

In reducing (12.76) to (12.77) the last term in the right–hand member of (12.76) is neglected
due to the presence of the derivatives A,s much smaller as compared with A. For the same
reason cA,0 in (12.77) is replaced just by Ȧ. Considering the motion of the test particle
for some limited interval of time t− t0 one may use approximation

A = A0 + Ȧ0(t− t0) , (12.78)

using as a small parameter the ratio (t− t0)/T where

T =
4A0

Ȧ0

. (12.79)

Then, equation (12.77) reads

ẍi = −GM∗

r3

(
1− 2

t− t0
T

)
xi − 2

T
ẋi , M∗ =

M√
A0

. (12.80)
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It is seen that the main effect of these equations may be interpreted as the variability of
the constant of gravitation

Ġ

G
= − 2

T
. (12.81)

On the other hand, in polar coordinates in the plane of motion x3 = 0

x1 = r cos λ , x2 = r sin λ

these equations read

r̈ − rλ̇2 = −GM∗
(

1− 2
t− t0

T

)
1
r2
− 2

T
ṙ ,

1
r

d

dt
(r2λ̇) = − 2

T
r λ̇ , (12.82)

or else

r2λ̇ = na2 exp
(
−2

t− t0
T

)
, λ̇ = n

(a

r

)2
(

1− 2
t− t0

T

)
,

r̈ =
n2a4

r3

(
1− 4

t− t0
T

)
− n2a3

r2

(
1− 2

t− t0
T

)
− 2

T
ṙ , (12.83)

a being an arbitrary constant with n2a3 = GM∗. These equations admit an approximate
solution

r = a

(
1− 2

t− t0
T

)
, λ̇ = n

(
1 + 2

t− t0
T

)
, (12.84)

involving the quadratic term in the mean longitude

δλ =
n

T
(t− t0)2 . (12.85)

This is just a coordinate–form solution. To get the physically meaningful relativistic effects
it is necessary in general to perform the relativistic reduction of observations using the
solution of the equations of the light propagation. These equations follow again from
equations (4.3.38) of (Brumberg, 1991) under the substitution

Bẋsẋs = c2A + c2h00 + 2c h0sẋ
s + hrsẋ

rẋs (12.86)

resulted from the condition ds2 = 0 for the light propagation. By restricting only by the
main terms one has for A = B

ẍm =
GM√
Ar3

(
−2xm +

4
c2

ẋmẋsxs
)
. (12.87)

In our case it is sufficient to express the longitude λ of the moving particle in terms of
the proper time τ of this particle. From (12.75) it is seen that within the first order with
respect to the small parameter of this problem the proper time τ reads

dτ

dt
=

√
A0

(
1 + 2

t− t0
T

)
(12.88)
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demonstrating that the quadratic term (the only one significant term) in the mean lon-
gitude (12.85) does not exist as a measurable effect in dλ/dτ . It follows from this that
within the present–day observational precision there is no observable effect in the motion
of the solar system bodies due to the cosmological background (Krasinsky and Brumberg,
2004).

However, this treatment is only one of the initial steps toward the global problem of the
influence of the cosmological background. In particular, it may be of interest to correlate
this approach with the exact solution for the one–body problem in an expanding universe
by McVittie (1933) and Järnefelt (1940, 1942) or to apply the equations in variations for
the conformally Galilean background field (A = B) for more wide class of perturbations.

This lecture reproduces Section 7 of (Brumberg, 2008).
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Conclusion

In several years GRT will celebrate its first centenary. The same is true for relativistic
celestial mechanics (although very captious people may think that relativistic celestial
mechanics is younger than GRT for one year). After rather slow development in the
first half of its existence relativistic celestial mechanics made a significant advance in the
second half. These lectures are aimed to make students familiar with basic techniques and
problems of relativistic celestial mechanics without using too complicated tools unnecessary
for most problems of applied astronomy in the post–Newtonian approximation. In this
respect these lectures may be used as an introductory treatise into relativistic celestial
mechanics with a collection of practical post–Newtonian formulas. The interested readers
may find different approaches to solve more advanced problems in the references given in
these lectures.
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