V ABRUMBERG

ESSENTIAL
RELATIVISTIC
CELESTIAL
MECHANICS



Essential Relativistic Celestial Mechanics



Taylor & Francis
Taylor & Francis Group

http://taylorandfrancis.com


http://taylorandfrancis.com

Essential Relativistic Celestial
Mechanics

V A Brumberg

Institute of Applied Astronomy of the Academy

of Sciences of the USSR



Published in 1991 by Published in Great Britain by

Taylor & Francis Group Taylor & Francis Group

6000 Broken Sound Parkway NW, Suite 300 2 Park Square

Boca Raton, FL 33487-2742 Milton Park, Abingdon
Oxon OX14 4RN

© 1991 by Taylor & Francis Group, LLC

No claim to original U.S. Government works
Printed in the United States of America on acid-free paper
1098765432

International Standard Book Number-10: 0-7503-0062-0 (Hardcover)
International Standard Book Number-13: 97800-7503-0062-9 (Hardcover)

This book contains information obtained from authentic and highly regarded sources. Reprinted material is
quoted with permission, and sources are indicated. A wide variety of references are listed. Reasonable efforts
have been made to publish reliable data and information, but the author and the publisher cannot assume
responsibility for the validity of all materials or for the consequences of their use.

No part of this book may be reprinted, reproduced, transmitted, or utilized in any form by any electronic,
mechanical, or other means, now known or hereafter invented, including photocopying, microfilming, and
recording, or in any information storage or retrieval system, without written permission from the publishers.

Trademark Notice: Product or corporate names may be trademarks or registered trademarks, and are used only
for identification and explanation without intent to infringe.

Library of Congress Cataloging-in-Publication Data

Catalog record is available from the Library of Congress

°
mforma Visit the Taylor & Francis Web site at

http://www.taylorandfrancis.com
Taylor & Francis Group
is the Academic Division of T&F Informa pic.


http://www.taylorandfrancis.com

Contents

Preface

1

Mathematical Tools

1.1 Elements of Newtonian celestial mechanics

1.2 Elements of Riemannian geometry and tensor analysis
1.3 Elements of the special theory of relativity

GRT Field Equations

2.1 Basic principles of GRT

2.2  Weak gravitational field

2.3 Problem of measurable quantities in GRT

One-body Problem

3.1 Schwarzschild problem

3.2 Light propagation in the Schwarzschild problem
3.3 Field of a rotating spheroid

Approximate Solutions of the Field Equations and

Approximate Equations of Motion

4.1 iV-body problem

4.2 Geocentric reference frame

4.3 Equations in variations for the spherically symmetrical
metric

4.4 Gravitational radiation and motion in a binary system

Equations of Motion of Solar System Bodies

5.1 Equations of motion of Earth’s artificial satellites
5.2 Motion of the major planets

5.3 Motion of the Moon

Relativistic Reduction of Astrometric Measurements
6.1 General principles of reduction

6.2 Relativistic theory of astronomical reference systems
6.3 Relativistic reduction of astrometric observations

6.4 Relativistic reduction of radio observations

37
37
48
58

73
73
96
106

116
116
130

139
149

162
162
175
180

197
197
202
211
217



vi CONTENTS
7 Relativistic Effects in Geodynamics

7.1 Timescales of the Earth

7.2 Clocks and satellites in circumterrestrial space
Postscript

References

Index

226
226
238

250

251

261



Preface

In recent years the general theory of relativity (¢ r t) in its simplest applica-
tions in celestial mechanics and astrometry is no longer seen as a theory still
to be proved, but rather serves as a necessary framework for the construc-
tion of accurate dynamical ephemerides (108 to 10~9 with respect to the
main Newtonian terms) and in the discussion of high-precision observations
(0.001" in angular distance, 1 microsecond in time, 10-14 in frequency). It
is of interest to note that in 1974 at IAU Colloquium no 26, devoted to the
problems of reference systems for astronomy and geodynamics, the word
‘relativity” was used only occasionally (Kolaczek and Weiffenbach 1975).
However, by 1980 at IAU Colloquium no 56 devoted to the same problems
several authors had already presented papers within the framework of g r ¢
(Gaposchkin and Kolaczek 1981), and in 1984 the Japanese Astronomical
Almanac for 1985 appeared, containing a detailed exposition of principles
of g r¢ as applied to ephemeris astronomy (Japanese Ephemeris 1985). In
fact, this was the start of broadly utilizing ¢r¢ in ephemeris astronomy.
grt was coming into use in the exposition of traditional questions of as-
trometry and spherical astronomy (Murray 1983, Green 1985). Finally,
1985 saw IAU Symposium no 114, ‘Relativity in Celestial Mechanics and
Astrometry’, the first [AU meeting devoted exclusively to the problems of
relativistic celestial mechanics and astrometry (RCMA 1986). As great an
interest in the practical application of ¢ r ¢ is expressed by the International
Association of Geodesy.

¢ rt 1s the physical foundation of celestial mechanics. Disregarding this
meaning of ¢ r ¢, and from a purely operational point of view, the distinc-
tion between Newtonian mechanics and gr¢ is displayed, mathematically,
by the structure of the field equations and the equations of motion and,
physically, by the way we compare observational and theoretical data. The
first question is the subject of relativistic celestial mechanics, the second
is the subject of relativistic astrometry. Only a consistent simultaneous
treatment of both questions leads to physically meaningful results. The
specific feature of the second question is that, in contrast to the inertial
coordinates of Newtonian mechanics, the g r ¢ coordinates have no physical
meaning and cannot be considered to be physically measurable quantities.
Therefore, the results of the relativistic dynamical theories expressed in
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terms of the coordinates are not unique; they depend on the type of the
coordinate conditions used and so cannot be directly confirmed or refuted
by observations. Only in terms of measurable quantities do the conclusions
of the dynamical theories become unique and comparison with observation
become possible.

These logically very simple statements of ¢ r ¢ present difficulties in the
practical application of ¢ r ¢ by astronomers (and not only by them!) accus-
tomed to Newtonian conceptions of space and time. In spite ofthe extensive
penetration of ¢ r t into celestial mechanics and astrometry there still exists
the danger of superficially using ¢ r¢ as a theory for only adding small cor-
rections to Newtonian mechanics. This is a completely false idea leading to
improper interpretation of ¢ r ¢ solutions and observational data. For com-
plete utilization of the high-precision data of modern observational tools,
such as space astrometry, vi i, pulsar timing, etc, celestial mechanicians
and astrometrists should accept the grt¢ framework in such fundamental
domains as reference frames, timescales, reduction of observations, etc.

The aim of this book is to describe the essential questions of relativistic
celestial mechanics in relation to relativistic astrometry. This book was
preceded by Relativistic Celestial Mechanics by the same author, published
in Russian (Moscow, 1972). In spite of the close interrelation between
these books the present one is in fact a new monograph rather than a
new edition of the preceding work. The main emphasis here is given to
results obtained in relativistic celestial mechanics in recent years. Similar
questions are partly considered in the recent book by Soffel (1989) but the
present monograph contains different topics and has its own manner of
treatment.

The book consists of seven chapters. The first chapter discusses the
elements of Newtonian celestial mechanics, tensor analysis and the special
theory of relativity. This chapter does not claim to be a comprehensive
treatment of these topics and is aimed at avoiding too much reference to
the appropriate specialized textbooks.

The second chapter is devoted to a description of the fundamentals of
grt. [t deals with the post-Newtonian metric for an isolated system of
bodies such as the Solar System, the post-Newtonian equations of test
particle motion and light propagation, and the problem of measurement of
infinitesimal time intervals and distances within the framework ofthe tetrad
formalism. Not all the results of this chapter are used in later chapters but
it seems reasonable to reflect here on the various mathematical techniques
of current papers on grt¢ and relativistic astronomy.

The third chapter is concerned with one-body ¢r ¢ problems. In deriv-
ing the Schwarzschild metric a more general approach has been used as
compared with the techniques more commonly used. Much attention is
focused on those aspects which are of importance in application to celestial
mechanics and astrometry. The post-Newtonian solution of the equations
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of motion of a test particle is given both in coordinate form and by means
of expressions for the orbital osculating elements. The equations of light
propagation are solved in the post-post-Newtonian approximation. The
contributions to the secular evolution of the orbit of a test particle caused
by the rotation of an attracting body and its quadrupole moment are also
discussed.

Approximate solutions of the field equations and approximate equations
of motion of the N-body problem are examined in Chapter 4. The post-
Newtonian equations of motion of the AT-body problem are formulated in
the barycentric reference system (brs) after which the transformation to
the planetocentric, and in particular the geocentric, reference system (g rs)
is performed. Along with the traditional expansion in powers of v/c (v is the
characteristic velocity of the bodies, c is the velocity of light), a technique
based on expansions in powers of the ratio of the planetary masses to the
mass of the Sun is also developed. The problem oftwo bodies of comparable
masses is treated here, as well as the motion of a binary system, taking into
account gravitational radiation.

The methods discussed in Chapter 4 are applied in Chapter 5 to derive
the equations of motion of Solar System bodies: Earth’s artificial satellites,
the major planets and the Moon. The Earth satellite equations of motion
are derived first in brs and are then transformed to g¢rs equations. The
equations of planetary motion are described in BRS, which is the most con-
venient for this case. Although relativistic perturbations for the ¢ rs lunar
motion are two orders of magnitude less than the »rs perturbations, brs
consideration of the lunar motion presented here does not lose its impor-
tance in providing a uniform treatment of planetary and lunar motion.

The relativistic reduction of astrometric measurements is analyzed in
Chapter 6. The hierarchy of astronomical reference systems relating to the
Solar System barycentre, the geocentre, a ground station on the surface of
the Earth and a satellite station in orbit around the Earth, respectively, are
constructed. This enables one to perform, in an uniform manner, typical
reduction of astrometric measurements including optical, radio technical,
laser and vibi observations.

Geodynamical effects in time measurement on the Earth and in cir-
cumterrestrial space are briefly discussed in Chapter 7. Most attention
is paid here to the timescales for the Earth and to the problem of clock
synchronization via satellite. Relativistic effects in geodynamics form a
comparatively new domain of investigation with a promising future.

This book contains few numerical data. Experience shows that such data
quickly become obsolete. Therefore, emphasis is given here to practically
useful relations and methodological questions which become particularly
important in the extensive application of gr¢ in celestial mechanics and
astrometry. Unsolved or not completely investigated problems are often
indicated in the text. Examples of this type are the possibility of relativis-
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tic resonance in the critical inclination case in the theory of Earth satellite
motion (section 3.3.3), the interaction of Schwarzschild terms and Newto-
nian planetary perturbations in the theory of motion of the major planets
(section 5.2.3), the development of the expansion technique in powers of the
ratio of the planetary masses to the mass of the Sun avoiding expansions in
powers of v/c as well as motion within the cosmological background (sec-
tion 4.3), the general structure and statement of the initial value problem of
the motion taking into account gravitational radiation (section 4.4.6), the
consistent application of the relativistic theory of astronomical reference
systems to the problems of astrometry (section 6.2), etc.

A general remark may be made here. Relativistic celestial mechanics
is meant here as celestial mechanics based on Einstein’s general theory
of relativity. Alternative theories of gravitation are not touched on at
all (except for using sometimes the main parameters characterizing post-
Newtonian metric theories for the sake of mathematical generalization).
This is for two reasons. Firstly, the extensive programme of parametrized
post-Newtonian (ppn ) formalism performed during the last two decades has
resulted in the experimental foundation of ¢ r ¢ as the theory best fitted to
observation (Will 1985, 1986). Nowadays there is no reliable observational
result inconsistent with ¢ r¢ and calling for any other theory. Secondly, it
is not unusual that some authors of current alternative theories accompany
the development of their theories by unjustified criticism with respect to
¢ rt, attributing fictitious shortcomings to it. This evokes nothing but
regret and prevents citation of the corresponding papers.

The author is indebted to Dr A M Nobili and Professor A E Roy for
their encouragement and stimulation of this work. Long and close col-
laboration with Dr S M Kopejkin from Sternberg Astronomical Institute
(Moscow) affected many parts of this book and is gratefully acknowledged.
Particular thanks is given for the invaluable help received in preparing and
checking the computer version of the manuscript to Drs E Z Chotimskaya,
S A Klioner and A V Voinov from the Institute of Applied Astronomy
(Leningrad). The author is also immensely grateful to the staff of Adam
Hilger, and most particularly to Mr Richard Fidczuk, the Desk Editor, for
the high-quality work of improving the author’s English and converting
the computer form of the manuscript from Chiwriter to T*X, resulting in
better reproduction of the book.

V A Brumberg
Leningrad



Mathematical Tools

1.1 ELEMENTS OF NEWTONIAN CELESTIAL
MECHANICS

1.1.1 Two-body problem

Newtonian celestial mechanics is based on Newton’s law of universal gravi-
tation (theory of the Newtonian potential) and the laws of Newtonian me-
chanics (theory of motion). The simplest problem of Newtonian celestial
mechanics is the problem of two bodies (point masses). The differential
equations of motion of this problem in some fixed rectangular reference
system x, y, z have the form

where Mi are the masses, V{ — (Xi,yi,Zi) are the position vectors of the
two bodies, r = [i*2—t*i| is the mutual distance between the bodies and G
is the gravitational constant. Replacing »1 and 7*2 by the position vector
of the Newtonian centre of mass

and the relative position vector of the second body with respect to the first
one
r=712-ri

system (1.1.1) is split into two systems:

*0 = 0 (1.1.2)
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and
r = -GMA/r. (1.1.3)

From (1.1.2) it follows that the centre of mass of the two-body system
is in uniform rectilinear motion (a reference system is called barycentric
provided that the centre of mass is at rest at the origin of this system).
Equations (1.1.3) determine the relative motion of M2 with respect to M.

The trajectories of the two-body problem are conic sections (straight
lines in the degenerate case). In what follows only the case of elliptic mo-
tion is of importance, i.e. the hyperbolic or parabolic motion will not be
considered. The size and the shape of an elliptic orbit are characterized by
the semi-major axis @ and the eccentricity e (0 < e < 1). The orientation
in space of the plane of motion is defined by the inclination i (the angle
between the xy plane and the orbital plane) and the longitude of the as-
cending node A (the angle in the xy plane between the x axis and the line
ofnodes, i.e. the line of intersection of the xy plane and the orbital plane; it
is assumed here that in passing through the ascending node, the coordinate
z of the moving body changes from negative values to positive ones). For
orientation of the orbit in the plane of motion one uses the argument of the
pericentre u (the angular orbital distance between the pericentre and the
ascending node). These five Keplerian elements may be replaced by the
vectorial elements, for example, by the mutually orthogonal area vector c
and Laplace vector /:

c=rxr = fr2— 1r —(bry¥: (1.1.4)

Expressions (1.1.4) are the first integrals of equations (1.1.3). Along
with them there is the energy integral

.2 - 1

<1 15>

The arbitrary constants occurring in (1.1.4) are related by two equations:
cf =0 GMc2+af =(GMfa.

It is convenient to introduce the triad of unit vectors Z m, k directed
along the line of the nodes toward the ascending node of the orbit, trans-
versely to the line of nodes in the orbital plane and transversely to the
orbital plane, respectively:

—cosisin A\ / sinisin A
m= | cosicosA I fc= 1-—sinicosA ). (1.1.6)
sin i I \ cos i
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Let P, O be the unit vectors directed along the line of apsides towards
the pericentre and transversely to the line of apsides in the orbital plane,
respectively:

P =Icos+m sinu Q = —sinu; + m cosuj. (1.1.7)

Then
¢ = (GMp)l/2fc f-GMeP (1.1.8)

with p = a(1—e2) being the parameter of orbit. The coordinates ofthe body
in the orbital plane are the radius vector r and the argument of latitude u
(the angular orbital distance reckoned from the ascending node). In terms
of r and u one has

r =r(lcosu+ m sinu)

r={f-———- ) [Z(sinit + esinu;) + m(cos u + ecoso;)]. (1.1.9)

Instead of u one may use the true anomaly /, i.e. the angular orbital
distance between the pericentre and the moving body. Evidently,

u=/+qj. (1.1.10)

In terms of the true anomaly there results

N, S 1.1.11
r 1+ ecos/ ( )

and

r —{Pcos/ + Qsin/)

(CM\ .
r=y—=-J [Psin/+ Q(cos/-fe)]. (1.1.12)

The dependence on time ¢ is determined by the transcendental Kepler
equation
E-esinE =1L (1.1.13)

The eccentric anomaly E is related to the true anomaly f by means of

itfV /21
tan2 = [133Y lan1p (LL14)

Therefore,
rcos/ = a(cosE —e) (1.1.15)
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rsin/ = a(l —e2)1/2sin£’
a(l —ecos E). (1.1.16)

r
The mean anomaly / represents a linear function of time

1=10+n(t-t0). (1.1.17)

/o, the mean anomaly at the epoch, serves as the sixth, dynamical, element
of the elliptic motion. The mean motion # is related to the semi-major axis
a by Kepler’s third law:

n2a3 = GM. (1.1.18)

The set of these formulae defines completely the general solution of the
elliptic two-body problem in terms of time ¢ and six integration constants,
the Keplerian elements a, e, i, A, a;, and /o. The explicit dependence on
time may be given by the Fourier series in multiples of the mean anomaly:

n 00
(O) exp(im-0= *rm(«)«p0*o (1.1.19)
fce=—o0

with arbitrary integers m and n. The Hansen coefficients X £ 'm depend only
on e and may be easily calculated by means of expansions in powers of e2.
These expansions begin with terms of order \m —k\| with respect to e. The
Hansen coefficients with the zero lower index are of particular importance
yielding the mean value of functions of the left-hand side of (1.1.19). These
coefficients are expressed by the hypergeometric polynomials

AN S A IAZIMN+Im 1102) n>|m|—
(1+/22),m|"n” IF (|m |-n-1,-n-1,1+|m [,/?22) |m |-1>n> -1
0 —>n>—jaf

A(l-e2)n+3/2F (A flir,-A+ 172724+ |m [,e2) -|m|-1>n
(1.1.20)
with

1+ (1 —e2)l/2
and generalized factorials
(a)a=a(a-fl)...(a+s—1) (a)o = L
F(a,(3,j fx) is the hypergeometric series (a polynomial for the integral

negative values of a or /?)

Fla j) x)-Y j-
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Using (1.1.12) and (1.1.19) one may describe the general solution of the
elliptic two-body problem as the trigonometric series

x +iy=a (cos2 “expli(fc/ + w+ A)]
=@
+ sin2 N expli(—kl - u + A)] 1 (1.1.21)
Z = asini X1'1(e) sin(kl -f v>). (1.1.22)
k—e0

The angular elements A, /o enter into these series as trigonometric argu-
ments. The coefficients of the series are functions of the linear elements a,
e, 1 analogous to the action variables. The anomaly / is often used instead
of /0. In the typical case of direct motion (0 < i < 90°) /; and / are often
replaced by the longitude of pericentre & = A + w>and the mean longitude
A= T-f/. In accordance with (1.1.17)

A= n(t —to) + e (1.1.23)

with e = 7#-f lo being the mean longitude at the epoch. With small values
of eccentricity and inclination one often employs

/i = ecos7r k —esin7r p = sinicosA g= sinisinA (1.1.24)

or analogous combinations. From the structure of the series (1.1.21) and
(1.1.22) and the Hansen coefficients it follows that the coordinates x, y, z
are holomorphic functions of these quantities.

1.1.2 Perturbations of osculating elements

Most practical problems of celestial mechanics are to a certain extent close
to the two-body problem, enabling them to be solved by the perturbation
theory techniques. The standard equations of the perturbed motion have
the form

*= _Aprr+F (i.i.25)
p

with the perturbing force F being generally dependent on r, r, ¢ and
possibly ». This force is proportional to some small parameter specified
by a given problem. The general principle of the perturbation theory is to
solve equations (1.1.25) with the aid of series in powers of this parameter (or
by a sequence of iterations with respect to the parameter). With F = 0
equations (1.1.25) reduce to equations (1.1.3) of the two-body problem
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and then r, r are expressed by (1.1.11)—€1.1.17) in terms of time and six
arbitrary constants, for example, the Keplerian elements a, e, i, A, v /o.
Using the method of'the variation of arbitrary constants these formulae may
be retained in the disturbed motion with  ~ 0. The quantities a, e, i, A,
a;, /o are thereby some functions of time to be determined by definite system
of differential equations. Such functions are called osculating elements. The
equations for their determination are as follows:

da

dt  n(1—e2)V/2
de (1 _e2)V2

(Sesin/ +

[5sin/ + T(cos/ + cos E)]
na

dt
di I cosu
dt na2(l —e2)1/2
dA rsinu W
dt na2(l —e2)1/2sini
%:4085‘3 (1]_62)]/2 —Scosf+ T (1H— )sin/
dt t nae
dlo 2r
1.1.2
dt dt ( 0

where the polar coordinates r and u are to be expressed in terms of elements
by the formulae of the two-body problem. The two last equations may be
replaced by the equivalent equations

dr 9.2 1 M¥e) n £-)si
&t 9 sin 2 dt — —Scos/ +T (1-f- )sin/
de dir _IdA _ 2r

+ _ -
dt 1£(0 —exy2dt T A DRSS o

5, T, VF are the components of the perturbing acceleration ' on the vector
r, the transversal and the normal to the orbital plane. Therefore

S=-rF  T=-(kxr)F W =kF. (1.1.27)
r r

In composing equations for /o or c it is assumed that in contrast with
(1.1.17) and (1.1.23) the mean anomaly and the mean longitude for the
disturbed motion are defined by the formulae

/=/0h f ndt A=€+ [ ids. (1.1.28)
Jto j to
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This modification enables one to avoid the occurrence of terms proportional
to t on the right-hand side of the equations for /o and e. Instead of these
equations one may use directly the equations for / and A

dl d/0 dA de
Tt=n + dT dt n+ aT

For the osculating vectorial elements ¢ and f one has
c=rxF f=2(rF)r —(rF)r —(rr)F. (1.1.29)

Equations (1.1.29) are equivalent to the first five equations (1.1.26). Indeed,
in virtue of (1.1.8) one obtains

.= na dA di
+"a2(1“ €2),/’ ) (1" 30)
f= nZa%P + n2a3e
; dA . i . dA .
% h cos i(% Q+ < sinwgi———— cosu sin i ddt k

(1.1.31)

The scalar product of ¢ and f by fe, Z m and P, Q respectively results
again in the first five equations (1.1.26).

Sometimes it may be convenient to take for the independent argument
in the equations of the osculating elements the anomalies / or E. This
substitution is performed by means of the relations

d/ _ na% 2\i/2 da; JdA
- - h —n 1.1.32
dt ~ 1 TR (1.132)
dE _ na r /da/ dA sin/ de

dt roa(l—e2)V2\dt co Ifit 1—e2dt (1.1.33)
where the derivatives of the osculating elements on the right-hand side
should by taken from equations (1.1.26). If in solving equations (1.1.26)
accuracy of first order with respect to perturbations is sufficient then one
may reject these derivatives on the right-hand sides of (1.1.32) and (1.1.33).

Integration of equations (1.1.26) introduces six arbitrary constants. As
these constants one may adopt either the values of the osculating elements
at an initial moment or some constant quantities to be chosen from spe-
cific conditions. Such constant quantities are called mean elements. They
should be distinguished from the osculating elements.
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1.1.3 Perturbations of contact elements

Equations (1.1.26) are valid for any disturbing force. If the equations of
the disturbing motion are represented in Lagrangian form then equations
(1.1.26) may by replaced by more convenient ones. Indeed, if there exists
a disturbing function R = R(r,v,t) such that

then equations (1.1.25) may be put in Lagrangian form with the Lagrangian

L= 2+ — +R 1.1.
\Ir p (1.1.35)
Introducing impulses
8R
P=r+" (1.1.36)

one may rewrite the equations of motion in terms ofr, p in canonical form
with Hamiltonian
H =é—p2- 4 (1.1.37)
r
with

U=RH (t) % 118>

If for R = 0 the canonical variables » and p are expressed by the formu-
lac of the elliptic motion in terms of certain elements a, e, i, A, a), /o, called
the contact elements, then according to the variation of arbitrary constants
method the same formulae remain valid for the disturbed motion provided
that the contact elements as functions of time satisfy the well-known La-
grange equations with disturbing function V. These equations are of the
form

dt  ha dfo

de 1-¢e2dV _(1—e2)V/2dV
dt ha2e 90 hale  du

di coti av csci av
dt  ha2(l —2)V2dy  ha2(1—e2)1/25A
dA csci dv

dt  na2(l —e2)1/2 di

du; cot i dv (1 —e2)1/2dV
dt na2(l —e2)V2 & haZe  de

(1.L39)
at naze oe na oa
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Compared with equations (1.1.26) these equations have the advantage
of involving one function V instead of three functions S, T, W. In the
classical problems of celestial mechanics such as the planetary or satellite
three-body problem R does not depend on ». Hence p —r and the contact
elements coincide with the osculating elements. For the general case when
R depends on r the contact elements differ from the osculating elements
by quantities of the order of perturbations. Transformation from one set
of elements to another set is performed by analytic formulae. In fact, since
the contact elements c, f satisfy the equations analogous to (1.1.4) by
replacing » by p, then

c—c Xr (1.1.40)
N «{-dR) ( 9R\ . , ..dR
dR  (dR |
+» x(wx')e (1X4I)

Having obtained the differences ¢ —c, / —/ it is easy to derive the
differences for the Keplerian elements a —a, ¢ —e, i —i, A —A, a; —a).
As for the difference / —/0 one has from the Kepler equation (1.1.13) with
(1.1.28) and a similar equation for the contact elements,

10—/0= —[ (m—h)dt+ E —FE —(esin E —esinE) (1.1.42)
Jt0

where E is expressed in terms of 7 and p in the same way that E is expressed
in terms of 7 and r, for example

v (2GM r.,y/z"
tv2- GM V r

E =tan 1

Expressions (1.1.40)-(1.1.42) are rigorous. Within the first-order accuracy
obtained from the comparison of (1.1.40) and (1.1.42) with (1.1.29) the
expressions for a—a, e—e, i—i, A—A, u;—# coincide with the corresponding
right-hand sides of equations (1.1.26) to be calculated with the ‘force’ F =
—dR/dr. As seen from (1.1.42) the difference /0—lo within the first-order
accuracy will contain in addition to (1.1.26) one extra term

/0—/0=—(1- e2)"2[(a;- ¢)+ (A —A) cosi]

2 dR 3 [%dR" , ,0X
+ na2r Or na2Jt/dr (*°3)
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1.1.4 Secular perturbations

It is to be noted that in celestial mechanics there are many efficient meth-
ods enabling one to derive in analytical form the approximate solutions of
the equations of the disturbed motion, like (1.1.25). For the purposes of
relativistic celestial mechanics it is generally not necessary to apply rather
complicated methods designed for calculation of the high-order perturba-
tions. Presently, in virtue of the actual smallness of the relativistic pa-
rameter entering into the equations of relativistic celestial mechanics for
Solar System bodies the terms of high order are not needed in practice.
Therefore, in relativistic problems one commonly has to do only with the
first-order perturbations. The most efficient tool for this is the method of
variation of arbitrary constants. Of course, one may apply different meth-
ods such as, for example, methods in rectangular coordinates. But the
method of variation of arbitrary constants seems to be the most universal
one.

In most applications equations (1.1.26) or (1.1.39) cannot be solved rig-
orously. As a consequence approximate solution techniques are needed.
The most simple and widespread technique is to substitute into the right-
hand sides of these equations the constant values for the elements resulting
after integration in the first-order perturbations. In doing so secular terms
proportional to ¢ may occur in e and i. These terms lead to the secu-
lar terms in coordinates and velocity components. This results from the
adopted integration technique and is in no way characteristic of the actual
evolution of motion. The approximate solution derived in such a manner
is valid for a limited interval of time permitting no conclusion to be drawn
about the actual evolution of motion. Such a technique is often used in the
problem of motion of the major planets. As the motions of the perihelia
and nodes of the planetary orbits are extremely small compared with the
planetary mean motions, it is possible initially to substitute into the right-
hand sides of the equations in osculating elements the constant values for
Qand u. In satellite problems, such as the problem of motion of the Moon,
with much faster secular motions of perigee and node, such a ‘planetary’
method of integration turns out to be too rough. In such problems it is
suitable to apply a ‘satellite’ method deriving initially the secular terms
in A ,w, /o and substituting afterwards into the right-hand sides the con-
stant values for a, e, i and the linear functions of time for A , u, Iq. Then
e, i and, consequently, coordinates and velocities will not contain secular
terms. The solution obtained in this manner has a purely trigonometric
form with respect to time and is formally valid for an unlimited interval of
time. But using this formal solution one cannot again draw any conclusion
regarding the evolutionary character.

In many problems the secular terms are of particular interest. For small
eccentricities and inclinations, in particular restricting to the first degree
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terms, it may be possible to derive the rigorous solution of the differen-
tial equations for the secular perturbations. It is customary to determine
secular perturbations in the osculating elements. If R does not depend
on t outside the trigonometric arguments then, as seen from (1.1.40) and
(1.1.41), the secular perturbations for geometric osculating and contact el-
ements are the same. As for the mean anomaly at the epoch one should
take into account the last term in (1.1.43). Finally, the equations for the
first-order secular perturbations in the osculating elements have the form

da 2 d/R]

dt na Oy

de 1-e2d/R] (1- e2)1/2d[R]

dt  naZe dlo naZe dyj

di coti d[R] csc i <97
dt  na2(1—e2)1/2 dy na2(l —e2)1/2 da
dfl csc i d[R]

dt na2(l—e2)l/2 di

dy cot i dfR] (1-e2)12d[R]
dt na2(1—e2)1/2 di naZe de
dip  1- ¢2d[R] 2 8/R] 3 .dR (1.1.44)
dt nale de na da na2 Vdr

with brackets denoting averaging over the fast changing angular variables
(like the mean anomaly /).

1.2 ELEMENTS OF RIEMANNIAN GEOMETRY AND
TENSOR ANALYSIS

1.2.1 Euclidean space

The affine space represents the set of points and vectors governed by the
laws of ordinary vector algebra. This space is homogeneous and isotropic.
The dimension of the space is determined by the maximal possible number
of linearly independent vectors. In the affine n-dimensional space An a
set of n linearly independent vectors ei,..., en emanating from an arbi-
trary point O constitutes an affine reference basis. An arbitrary vector x
emanating from point O may be decomposed on the basis vectors

x = xlei (1*%2.1)

where the coefficients x/ are called affine coordinates of the vector. Here
and everywhere below the Einstein summation rule is used. This means
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the summation from 1 to n is taken over every index occurring twice in any
expression. Under the affine (linear) transformation

a>= A\ ei i,i*—12,...,n (1.2.2)

from one basis e\,..., en to another basise | e n>the affine coordinates
of a vector are changed as follows:

=,;4;V (1.2.3)

i.e. with the aid of the transposed inverse matrix of the starting transfor-
mation (1.2.2)

A't'di, = 5 (1.2.4)

Here  denotes the Kronecker symbol with the values

«*F={; W j- a.2.5)

In expressions like (1.2.2) and (1.2.3) it should be remembered that the
index Vis not related to the index i. In fact an accent does not refer to the
index itself but is characteristic of the new reference basis. As seen from
(1.2.3) the coordinates of a vector are distinct in the different reference
systems. However, all relations described in the vectorial form retain their
form in any reference system. Generalization of the vectorial form may be
carried out with the aid of tensors. Tensors represent sets of quantities
changing by a simple linear law in transforming from one reference system
to another. Tensors enable one to define operations remaining invariant
under the transformation of coordinates. All relations expressed in the
tensorial form retain their form in any reference system.

A tensor covariant of rank £ and contravariant of rank m is defined as
a collection of nk+m quantities given in any reference system and
transforming with (1.2.2) in accordance with

o o

o = . e
nJl «Jm — j\JI AJm At Ak nJ1 -Jm /Il 9
~ A o je

The lower indices obeying the transformation law (1.2.2) are called covari-
ant. The upper indices transforming in accordance with (1.2.3) are called
contravariant. The basic tensor algebra operations are addition, multiplica-
tion, contraction and change of indices. The first two operations generalize
the corresponding operations of vector algebra. Contraction is to choose
all components of a given tensor for which a definite upper index is equal
to a definite lower index. There results a new tensor whose rank is two
units less than the rank of the starting tensor. Changing indices enables



ELEMENTS OF RIEMANNIAN GEOMETRY AND TENSOR ANALYSIS 13

us to derive new tensors by altering the order of arrangement of indices of
a given tensor.

Euclidean n-dimensional space Rn represents the affine space An with
the operation of scalar (inner) products of vectors introduced. This defines
all metric properties of the space, enabling us, in particular, to measure
the lengths of vectors and curve arcs. If the scalar product of the vectors
of some affine reference basis is denoted as

9 —&i&y (1.2.7)
then in virtue of (1.2.1) the scalar product of vectors x and y will be
xy = dijx'y3. (1.2.8)

The scalar square of vector x is expressed by the quadratic form with
respect to its affine coordinates

x 2 —gijXixK (1.2.9)

The scalar product of vectors in Rn has properties of symmetry and inde-
generacy. Therefore

9ij - 9i  9=det| g ||# 0. (1.2.10)

Under transformation (1.2.2) the quantities gij act as the components
of a covariant tensor of rank two. This tensor, called the metric ten-
sor,determines all structure of Rn at hand. For a new reference system

A= 44N (12.11)

Therefore
g = (det || 4\, ||fg (1.2.12)

ie. the determinant g formed from the components gij is the relative
invariant of weight 2. Elements gli of the inverse matrix of | g” || are the
components of the contravariant metric tensor of rank two. With the aid
of g™ and g% one can perform in Rn the operations of index raising and
lowering. For example, the covariant coordinates of the vector x are

Xi = gijxj
having the simple meaning
Xi = xef{. (1.2.13)

In turn, the contravariant coordinates of the vector result from the covari-
ant ones by index raising,
xl = gl3xj.
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Vectors x and y are orthogonal if their scalar product vanishes. The
length of vector is determined as |s¢| = (x2)1"2.

In real Rn admitting no complex numbers the scalar squares of vec-
tors may take only real values. The real Euclidean space can be classified
as proper Euclidean with strictly positive scalar squares for all non-zero
vectors or pseudo-Euclidean where there exist the non-zero vectors with
positive, negative and zero scalar squares. Hence, in the pseudo-Euclidean
spaces the length of a non-zero vector may be positive or purely imaginary
or zero. A non-zero vector with the zero length is called an isotropic vector.

A curve in An may be represented analytically as a one-parametric set
of the coordinates x%- £*(t). The position vector of any point of the curve
may be decomposed along the basis vectors

x(t) = xl(t)ei
with the tangent vector

dt dt €5

The arc length from M\ to M2 is determined in Rn as

with the differential

Depending on the sign of the square of the differential ds2 = da;2 the
curve may have real length (ds2 > 0) or purely imaginary length (ds2 < 0).
For ds2 = 0 the curve of the zero length is called isotropic. If the arc has
real length then s may be taken as the parameter t along the curve and
u = das/ds is the unit tangent vector. If the arc has purely imaginary
length then the real variable a = s/i may be taken as a parameter t and
the vector u = da,/da is the imaginary unit tangent vector.

An arbitrary reference basis in An has n(n+ 1) independent parameters.
In Rn one can construct an orthonormal basis characterized by n(n -f 1)/2
independent parameters. Such a basis for the pseudo-Euclidean space con-
sists of £ unit and n —k imaginary unit vectors (0 < k < n). For given Rn
the number k, called the space index, is the same for any reference basis.
The spaces with the indices & and n—% (0 < k < n) are not different since
all the lengths of these spaces are distinguished by the common factor i.
The simplest example of pseudo-Euclidean space is the pseudo-Euclidean
plane (n = 2, k = 1). In this case (and generally for all pseudo-Euclidean
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spaces of index 1) it is convenient to enumerate coordinates from 0. In the
orthonormal basis eg = 1,e\ = — one has

x1—z° —x1I Xy =x°%° —xlyl (1.2.14)

Transformation from eo,ei to a new basis eo',ei' is given by (1.2.2).
The relations of orthonormality of eo',ei/ imply the explicit form of this
transformation

_e0+ /?ei ?ep + e\ noit
e~ (1 _ £2)1/2 “(1-/P)1/2 (""" )

with — < /2 < 1. In general, the square roots in (1.2.15) may be taken
with arbitrary signs resulting in four types of rotation of reference basis
in the pseudo-Euclidean plane. For application to the theory of relativity
the case of proper rotation is of importance characterized by both positive
signs in (1.2.15). The determinant of such transformation is equal to -|-1.
The properties of the pseudo-Euclidean plane may be extended to the
n-dimensional pseudo-Euclidean space of index 1. For the case n = 4 of
the prime importance for the theory of relativity one has (putting in fact
k=23)
e$ =1 el=¢el=¢e\l=—. (1.2.16)

The scalar square of a vector is then

as2 =;~ xl12 A~ x 32 (1217)

Equation x2 = 0 determines the isotropic hypercone along the #° axis.
The curves of the real length are passing inside the hypercone. The curves
of the imaginary length lie outside it. Transformation of the reference
basis in this space reduces to rotation (1.2.15) of the pseudo-Euclidean
plane and trivial rotation of the three-dimensional basis ei,e2,e3 in the

proper Euclidean space R3. With the appropriate choice of the axes one
has

eo+ f3ei {3e0 + ei
C'“ (1-0212 ev=(>0-7P)I/2 e2'=62 e3'=C3 (L2-18)

The contravariant coordinates of a vector are transformed thereby as

07 fix XA nt o of o

p— l {
A (5317 S R (/17 S M M S e

All preceding formulae involve only affine coordinates. This is quite
natural since in doing so all relations in An and R” take the most simple
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form. But, in principle, one may introduce in An the curvilinear coordi-
nates related with the affine ones by means of a non-singular, non-linear
transformation. Let x/ be such coordinates. At any point M of An one
constructs n coordinate lines. Along any coordinate line x/ the position
vector of a point is a function of this coordinate alone, i.e. x = x(x/). The
derivative a* = dx/dx [ at point M yields the tangent vector to this line at
the given point. The set of vectors xy¢i = 1,2,... ,n) together with point
M form the local reference basis in An. Under the non-singular, non-linear
transformation relating the curvilinear coordinates x/ and x %

x1 =xl@M,...,xn) x%—x\x1,...,xn) (1.2.20)
there results a new local reference basis
dxl

Xi' = ~dx"Xi' (1.2.21)

As an extension of (1.2.6) the components of a tensor with respect to
the local basis are transformed under (1.2.20) as follows:

aly lr(/M)' = 5%;—/(}51\/1} i T™ )EctNi{M}m ECF(M)W{IL Im(M).
(1.2.22)
Algebraic operations are valid in curvilinear coordinates as well. But
the absence of a unified affine reference basis manifests itself, first of all,
in parallel transporting the vectors. Consider at some point M (x/) of the
curve x%— x/(¢) a constant vector £ with coordinates relative to the
local basis at M

* = LH(Q)FRe (1-2-23)
Parallel transport of this vector to the neighbouring point M (x/ -f do?)
results due to the change of the local basis in new coordinates £k + dfk
of this vector. The condition of parallel transport, d£ = 0, enables us to
deduce the law of the change of coordinates under this transport

= rfr'dz. (1.2.24)

Quantities r*« symmetrical in their lower indices and called the connection
coefficients are the coefficients of the expansion

d2x
dxldxi

For affine coordinates Xi = = 0, and = 0. Vanishing of is

necessary and sufficient for curvilinear coordinates x/ in An to be affine.
From (1.2.21) and (1.2.25) there results

ki d2xk dxk'  dx%dxi dxk' k
ijl ~ dxi'dxi' dxk + ij' (1-2.26)
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Therefore, the connection coefficients are not tensors and only under the
linear transformation act as tensors.

In using curvilinear coordinates the metric tensor of Rn is determined
as the scalar product of the local basis vectors,

gij(M) = Xi(M)xj(M) (1.2.27)

being the function of a point. Let x%— xI(t) and x = x(xX,..., xn) be
some curve in Rn and a position vector of any point of the curve. Then
the differential of the position vector is da; = xidx [ and the square of the
differential of arc ds2 = da;2 is expressed by the metric quadratic form

ds2= gijdx'dx*. (1.2.28)

Given metric tensor gij or metric form ds2, all the geometry of Rn may be
determined. In particular, it is easy to find the connection coefficients. In
fact, from (1.2.25) there results

XijXm - Tmij (1.2.29)
with

rmi,-= (1.2.30)
From (1.2.30) it follows that

rfj = / mr mii. (1.2.31)

Hence, the formal operations (1.2.30) and (1.2.31) of raising and lower-

ing indices are valid although the connection coefficients are not tensors.
Differentiation of (1.2.27) yields

|g -= Tijk + Tjik (1.2.32)
or after circularly changing the indices

» 1 f9gm , dgim dgij " 0 00\
"2 {ax* [L2'66)

The connection coefficients 7kij and 7" are also called the Christoffel sym-
bols of the first and second kind respectively.

1.2.2 Riemannian space

An elementary n-dimensional manifold of class CN is meant as a set Mn
with a given one-to-one map onto a domain of n coordinates x/ defined
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up to the AT-differentiable transformation (1.2.20). Any open connected
domain in An furnishes an example of Mn admitting, however, peculiar,
affine, coordinates defined up to the linear transformations. A tensor at
point M of Mn is defined as a set of quantities given in any reference
system x/ and transformed in changing to new coordinates with (1.2.22).
But in contrast to An the starting transformation is here the coordinate
transformation (1.2.20) rather than the transformation of the reference
basis (1.2.21). There is no local reference basis in Mn. However, it may be
introduced in the tangent affine space An. The components of tensors in
Mn in coordinates x %amay be interpreted as the tensor coordinates in An
relative to the local reference basis appropriate to the coordinates x % The
manifold Mn is called a Riemannian space Vu if for each point M there
exists a covariant symmetrical and non-singular metric tensor of rank 2
gij(M) = gij(x1, ... ,xn). With the aid of gij(M) the tangent affine space
An at point M reduces to the Euclidean space Rn with the basic relation
(1.2.8) for the scalar product of any vectors x and y. Vn is the proper
or pseudo-Riemannian space in the same sense as the tangent space Rn
is the proper or pseudo-Euclidean. An infinitesimal displacement along a
curve x/ = x/(¢) in Vn generates an infinitesimal vector dxI(t) in Rn and its
length |da?| is taken as the differential of arc ds retaining the valid original
formula (1.2.28). In the pseudo-Riemannian space there exist curves of
real (ds2 > 0), imaginary (ds2 < 0) and zero (ds2 = 0) length. Euclidean
space Rn may be regarded as the particular case of Vn admitting such
coordinates (affine) for which components gij are constant for the whole
space (by normalization these constants may be put equal to 0,£1).

The determinant g = det||p,*j|| is again the relative invariant of weight
2 transforming under (1.2.20) as

Hence, the n-dimensional integral taken over some domain Q

w = [ y/Mdxl...dxn (1.2.35)
Ja

is invariant under the transformation (1.2.20) determining the volume of
domain Q in curvilinear coordinates in Rn and in Va.

As stated above, it is possible to introduce in Rn such coordinates
(affine) that the connection coefficients T- vanish in the whole domain
at hand. For V& it is possible for to vanish at any given point M. Co-
ordinates satisfying this condition are called geodesic. All operations may
be significantly simplified thereby. Final results expressed in tensorial form
remain valid for arbitrary coordinates. Transformation from the arbitrary
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coordinates x%with T§ (M) ~ 0 to the coordinates x/ geodesic at point

M is easily performed. Equations determining x% in terms of x/ follow
immediately from (1.2.26):

= (1.2.36)
These equations may be satisfied by putting
=«rV - xm)+ lar't"M)(x>- - - M) (1.2.37)

with non-singular constant matrix lla™||, x#4 being the coordinates of point
M.

1.2.3 Parallel transport and absolute differentiation

Parallel transport of vectors in Vr formally coincides with the correspond-
ing operation (1.2.24) in curvilinear coordinates in Rn. In simultaneous
parallel transport of two vectors along some curve their scalar product
does not change, retaining the metric properties (lengths and angles be-
tween vectors) in parallel transport. But in contrast to Rr the parallel
transport in Vn depends generally on the path.

Parallel transport is closely related to absolute differentiation, the most
important operation of tensor analysis. Let x/ —xz() be a curve in V-
Consider a tensor fn(t) at some point of this curve. At an infinites-
imally close point this tensor has value ~ '~ (¢ -f dt). However, these
tensors are related to different local reference bases and cannot be com-
pared directly. The difference in these quantities is approximately equal to
the non-tensorial differential dadi "9 (t). Denoting by a;*‘ $™(t) the tensor
resulting from the parallel transport of + dt) to point ¢ one has
approximately

af:.1m(0 - (0 * (L238)
determining the absolute differential as a tensor of the same structure as
the initial one.

For vectors there results from (1.2.24) and (1.2.38)

Da* = da* + r£aW . (1.2.39)
For a covariant vector aj. parallel transport is characterized by invari-
ability ofits contraction d(ak£k) = 0 with an arbitrary contravariant vector

£k. From this equation it follows that

Ddj = daj —T"a"dx1. (1.2.40)
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Generalizing (1.2.39) and (1.2.40) for a tensor of arbitrary structure one
has

- (L241)

Hence, under parallel transport of a tensor its absolute differential vanishes.
Formula (1.2.41) may be rewritten in the form

D<;;j; = Vr< d*r. (1.2.42)

The quantity Vr-a*l '/fn(t), denoted often as represents the
tensor with an extra lower index and is called the absolute or covariant
derivative. Its explicit expression follows from (1.2.41) and (1.2.42). For
scalars, and contravariant and covariant vectors one has respectively

v'!“=1~ <2 43>
Vra* =" - + Tka® (1.2.44)
Vra* =" - T rkas. (1.2.45)

The usual rules to differentiate sum, product, etc, are extended to abso-
lute differentiation. Tensor contraction is permutable with absolute differ-
entiation. By virtue of the definition of the Christoffel symbols one obtains

Vk9ij=0  Vk6}=0  Vkgij =0

i.e. the absolute differentials Dgij and Dgl/ vanish. Therefore, the opera-
tions of raising and lowering indices are permutable with absolute differen-
tiation.

1.2.4 Geodesics and Fermi-Walker transport

A curve in Vn is called geodesic if any vector tangent to it at some point
remains tangent in parallel transport along it. Differential geodesic equa-
tions result from (1.2.24). Indeed, let £k = £k(t) be a tangent vector parallel
transported along the geodesic x/ —xI(?). By virtue of the collinearity of
tangent vectors one has

IT =

with the scalar factor a(t) dependent on a point of the curve. Introducing a
parameter Asuch that dA = a(t) df one obtains x/ = #*(A) for the geodesic
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and = dxk/d\ for the parallel transported tangent vector. Such a
parameter A defined up to a linear transformation is called canonical. In
virtue of (1.2.24) the parallel transport of vector £ will be determined by

dz* k dx>
dA ~ ij dA

yielding the differential equations of the geodesic line referred to the canon-
ical parameter A

d2xk dx” dx3
A +rAd T =0 (1246)

or simply D(dz2dA) = 0. Since a parallel transported vector retains its
length one has along the geodesic

dxl dx3 , X

C being a constant. One may take as the canonical parameter A either
s (for a geodesic of real length) or a = s/i (for a geodesic of imaginary
length), resulting in (7 = 1 or C = — respectively. For a non-isotropic
geodesic relation (1.2.47) is the first integral of equations (1.2.46). For an
isotropic geodesic C —O0 and the relation (1.2.47) determining the canoni-
cal parameter should be considered in combination with equations (1.2.46).
The isotropic geodesic referred to an arbitrary parameter ¢ = ¢(A) is deter-
mined in accordance with (1.2.46) and (1.2.47) by the equations

d2z* *drdAr o dA/diN 2 dxn

dr2 B U 2 ldxy) it (1.2.48)
di?1dx3
«dnr-°- (i-2'49>

The geodesic equations may be obtained from the variational principle
> ds = 0. (1.2.50)

From (1.2.28) there results
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The Euler-Lagrange equations of (1.2.50)

d dv7 _<V1_Q (1.2.53)
dAO0(d*"'/dA) ar”
take the form
w +r*dA =2Trdr- f12-64)

If Ais a canonical parameter then by (1.2.47) / = constant and equations
(1.2.54) with vanishing right-hand sides become identical to the canonical
equations of the geodesic (1.2.46). Equations (1.2.54) generalize equations
(1.2.46) for an arbitrary parameter A In deriving these equations from
(1.2.53) it is assumed that / ~ 0. Hence, the variational principle (1.2.50) is
not valid for an isotropic geodesic. This principle is particularly convenient
in choosing A among coordinates x1. Then it is suitable from the very
beginning to use in the Lagrangian y/J this new independent variable. A
non-isotropic geodesic will be determined thereby by n —I1 equations of the
second order involving 2n —2 parameters.

Principle (1.2.50) gives the Lagrangian y/J in irrational form. But there
exists the variational principle in rational form

) dA=0 (1.2.55)
/ s
containing the parameter A explicitly. The variational principle in the
form (1.2.55) is valid for the isotropic geodesic as well. The quantity /
serves as the Lagrangian of principle (1.2.55) and appropriate equations
coincide with (1.2.46). Therefore, A should be a canonical parameter. /
being explicitly independent of A there exists the integral / = constant,
ie. (1.2.47). System (1.2.46) consists of n equations of the second order.
Among 2n arbitrary constants there are two superfluous constants related
with introducing A For an isotropic geodesic the relation / = 0 should be
joined as an independent equation to equations (1.2.46) or to the variational
principle.
A vector tangent to the geodesic remains tangent in parallel transport.
If a curve is not geodesic then a vector tangent to it at some point does
not remain tangent in parallel transport along this curve. Transport which
enables a vector to remain tangent for any real curve is called Fermi-Walker
transport. For a vector £k and curve x/ = zz(s) the Fermi-Walker transport
is determined by the equations

A= Wih (1.2.56)
with _
Wg=A'u3-A 3ul u' = "N~ Al= W~. (1.2.57)
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Since UiUI = 1 vector ul is the unit tangent vector. The same relation
implies that 4 /and u/ are orthogonal vectors, i.e. UfAl —0. It is easy to
verify that the vector u%satisfies the Fermi-Walker transport (1.2.56). If
£* rf are two vectors satisfying the Fermi-Walker transport then

=0

demonstrating that similar to the parallel transport the Fermi-Walker
transport preserves the scalar products of vectors and hence the angles
between vectors and their lengths.

1.2.5 Curvature tensor

All operations with absolute differentials and derivatives of the first order
are performed in the same manner as with ordinary differentials and deriva-
tives. But even for the absolute differentials and derivatives of the second
order this is not true because the commutative law is not valid anymore. If
D, d are operators of absolute and ordinary differentiation in displacement
from a given point x/ along some definite direction and derivatives D, d
are analogous operators in displacement along some other direction, then
from (1.2.39) and (1.2.40) there results

DDaj - DDal = -R "a *d x kdxm (1.2.58)
DDcij - DDa; = Rk i afdxkdxm (1.2.59)
where
8Tj
Rtii. = e £ +trinvr« TinT «<- (L26°)

The tensor (1.2.60) is called the curvature tensor or Riemann-Christoffel
tensor. In terms of absolute derivatives (1.2.58) and (1.2.59) may be rewrit-
ten

(V*vm- VmVfceK = -Rkii O (1-2.61)
(Vv m- VmVfoa- = Rkmi aj- (1.2.62)

For a tensor of arbitrary structure the laws (1.2.58), (1.2.59), (1.2.61)
and (1.2.62) are applied to each contravariant or covariant index separately.
From (1.2.60) it is seen that the curvature tensor is antisymmetric in two
first lower indices

RvXi. = ~RkL (1-2-63)

and satisfies the Ricci identities

R 'lmi. + R 'mk + Rikm ~ 0 (1.2.64)
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and the Bianchi identities
VkKii. + VmRnL + VnRki. = 0- (1-2.65)
By lowering an upper index one obtains the covariant curvature tensor
Rkmij - OjnRkmi. (1.2.66)

or after some transformation based on (1.2.31), (1.2.33) and (1.2.60)

> 1/ &Y% , d Qi d 9mj & 9ki
kmij 2 ydxmdxl dxkdxi  dxkdxl dxmdxi
+ 9pq(rRiTm i-rmj Tli)- (1-2-67)

The covariant curvature tensor satisfies the relations

Rijkm — Rkmijj Rmkij — Rkmij> Rkmji — Rkmij (1.2.68)

and Ricci identities take the form
Rkmij ‘Y Rmikj ¥ Rikmj —O0 (1.2.69)

admitting cyclic permutation of any three indices. Due to all these identi-
ties the number of the significantly different components of the curvature
tensor in Vn reduces from n4 to n2(n2 —1)/12. Along with tensor (1.2.66)
one obtains on the basis of the curvature tensor the symmetrical Ricci
tensor

Rij = Rkil (1.2.70)
or
Rij = gkmRkijm (1.2.71)
and the scalar curvature
R = gijRij. (1.2.72)

In particular, the curvature tensor determines the behaviour of close
geodesics in Vn. Let xI = xI(t,p) be a one-parametric set of curves with
parameter p. From (1.2.39) one has

Dt w >
17 = -jr (L2'73)

where ul — dxlI/dt is a vector tangent to the reference curve of the set
and g/ = dxI/dp represents a vector characterizing the deviation from
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the reference curve in the changing parameter p. Deviation of curves is
determined by the infinitesimal vector

Differentiating (1.2.73) and using (1.2.58) yields

* D D71
- + £1-2-75)

For the set of the geodesic lines with canonical parameter ¢+ = Athe first
term on the right-hand side of (1.2.75) vanishes and the final equations of
the deviation of the geodesics take the form

A
= (1-2-76)

Completing here the exposition of the elements of Riemannian geometry
and tensor analysis it is to be noted that regretfully there is no standard
definition of the curvature tensor (no standard in writing indices) involving
some non-uniqueness in further definitions. Definitions and generally all ex-
position techniques employed here are based on the textbook by Rashevsky
(1953).

Let us note further that operations of tensor analysis are rather cum-
bersome. At present, performing these operations may be significantly
facilitated by using specialized tensor systems of computer algebra. An
example of such a systems is the Fortran based system GRATOS (Tara-
sevich et al 1987) offering the advantages of combination of operations of
tensor analysis and Taylor expansion in small perturbations of the metric
tensor gij.

1.3 ELEMENTS OF THE SPECIAL THEORY OF
RELATIVITY

1.3.1 Lorentz transformations

Numerous experimental data obtained by the beginning of the 20th century
resulted in four statements:

(1) all points of space and all moments of time are alike (homogeneity of
space and time);

(2) all directions in space are alike (isotropy of space);

(3) all laws of nature are the same in all inertial reference frames (special
principle of relativity);
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(4) the velocity of light in vacuum c is the same constant in all inertial
reference frames (postulate of the constancy of the velocity of light).

The first two statements are common both for Newtonian mechanics and
the special theory of relativity. The latter two statements are specific for
the special theory ofrelativity. The first basic law of Newtonian mechanics
is the law of inertia. A reference frame providing the validity of this law
is called an inertial frame. Strictly speaking, there exists no inertial sys-
tem in nature and it may be realized by material bodies only to a greater
or lesser degree of accuracy. Each reference frame moving uniformly and
rectilinearly relative to a given inertial system is inertial as well. From the
very beginning of Newtonian mechanics its laws were known to be valid
in any inertial system in accordance with Galileo’s principle of relativity.
Mathematically this principle manifests itself as the invariability of equa-
tions of Newtonian mechanics under the Galilean transformations relating
two inertial systems.

Let S(f,x, yyz) and S"(t', X', y', z') be two inertial systems. S’ is assumed
to move relative to S with constant velocity v. If the position vector of
some point is 7 for S and v9for S’ then r = r —vt.

In Newtonian mechanics the time is absolute. In particular the time
interval between two events is the same independent of the reference frame
of its measurement. Then ¢’ =¢. These formulae characterize the Galilean
transformations. Invariability of the equations of Newtonian mechanics
under the Galilean transformations is achieved because neither the vector
of acceleration of the left-hand side of these equations nor the vector of
force of their right-hand member depend on the uniform rectilinear motion
of the system. The Galilean transformations imply also that the space
intervals between the points measured in different inertial systems are the
same. This is due to the fact that the space of Newtonian mechanics is
represented by the three-dimensional proper Euclidean space.

Adoption of the special principle of relativity and the postulate of
the constancy of the velocity of light has radically changed Newtonian
conceptions on space and time. The set of four statements indicated
above results in the invariability for any two events Mi(cti, #i, yi,2i) and
M2(c/2,#2,22,”) the square of length of the 4-vector MiMa2 (the square
of the space-time interval between the events)

(MiM2)2= Q- t)2~ (X2~ Xi)7- (G2- yi)2- (*2- ZIf- (1.3.1)
For infinitesimal events this means the invariability of
ds2 = c2dt2 —dx2 —dy2 —dz2. (1.3.2)

From this it follows that the space-time of the special theory of rela-
tivity is described by geometry of the four- dimensional pseudo-Euclidean
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space of index 1. Transformation between different inertial systems thus
reduces to the transformation of the orthonormal reference bases. In the
general case this transformation depends on n(n + 1)/2 = 10 parameters.
Four of them are due to the possibility of arbitrary choice of the initial
point (homogeneity of space and time). Three parameters enable one to
perform arbitrary rotation of the space axes (isotropy of space). The re-
maining three parameters are the components of the translatory velocity of
one inertial system with respect to another one. Within the trivial trans-
formation of translation and rotation this change from one inertial system
S to another system S’ is described by (1.2.19) putting

° =ct xI=x x2=y x3—z. (1.3.3)

From these formulae it follows that S’ is moving relative to S along
the a;-axis with constant velocity v —fic {—c < v < ¢). Finally, for the
particular case of coinciding axes of S and S’ and motion along the x-axis
this change reduces to the famous Lorentz transformations

t —c~2vx . —t +x . ) /, 0
~ (1 =v2/e2)y2 * - (1_t;2/c2)l/2 Y=Y Z~-2Z- (L34)

A more general Lorentz transformation valid for arbitrary direction of
the translatory velocity v and including the rotation of the space axes has
the form

, _ t-c~2(vr)
1_ ,2/c2)1/2 (L3-5)
vr

Tr' —r +

1 —"2/e2)v2 ) v2 (1 —2/c2)l/2 (1.3.6)

These formulae contain 6 parameters, i.e. three components of v and
three angles of the spatial rotation specified by the orthogonal 3x3 matrix
T. The lacking four parameters may be added with the trivial translation of
the origin of the reference system. In the absence of rotation, 7 is replaced
by the unit matrix £ and may be simply omitted in (1.3.6). In the limit
¢ —¥00 the Lorentz transformations reduce to the Galilean transformations.
The inverse transformation from S’ to S is determined by the same formulae
(1.3.5) and (1.3.6) replacing 7 by T~/ and interchanging the role of primed
and unprimed quantities. Instead of v this inverse transformation involves
velocity v’ of § relative to S’

Tv' = -v (1.3.7)

and by absolute magnitude v' = W'l = v = Wl
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1.3.2 Kinematical consequences of the Lorentz transformations

We now consider briefly the principal kinematical consequences of Lorentz
transformations starting with the classical examples of moving material
rods and clocks.

1. Contraction of the linear sizes of the moving bodies. If a material rod
is at rest along the z'-axis of system S’ then its proper length is equal to
the differences of the abscissae of its end points d = x2—x/. With respect
to system S this rod is moving along the x-axis with velocity v. Its length
d = X2 —x\| in system S is the distance between the abscissae of its end
points taken at the same moment ¢. Therefore, from (1.3.4) there results

d=d(1- v2c2)l1/2. (1.3.8)

2. Relativity of simultaneity. For two events Mi and M2 in accordance
with (1.3.4) one has

, o, _t2-tl-c-2v(x2-x1)
h ~ (i-v2c2y/2 .

Ift2= 6 and Xz ~ x|, i.e. if Mi and M2 are two simultaneous events
in system S occurring in its different spatial points, then ¢£ ~ ¢/ demon-
strating that these events are not simultaneous in system S'.

If the time interval between the events Mi and M: is greater than the
time needed for light to pass the distance between them then such events
are called consecutive. The quantity (1.3.1) is positive for such events. If
t\ < t2 then in any other system Mi precedes Mz, i.e. ¢/ < t2. The four-
dimensional interval between such events is called timelike. It is possible
thereby to introduce such a reference frame where events Mi and M2 occur
in the same space point. If Mi and M2 are such that the time interval
between them is less than the time needed for light to pass the distance
between them then the quantity (1.3.1) is negative. Such events are called
quasi-simultaneous. Their succession in different systems may be different
(i.e. it is possible to have t2 > ¢\ and ¢2 < ¢/). There is no causality
relation between them because no interaction can propagate faster than
light. The four-dimensional interval between such events is called spacelike.
It is always possible to introduce a reference system where these events
occur at the same moment of time.

3. Retardation of a moving clock. Consider a clock at rest in system S’
(situated, for example, at point xf = constant, y* = z°= 0) reading time
V. Denoting by r —¢2—t/[ the interval of proper time of the system (i.e.
time reading of the clock at rest in the given system) with the aid of the
inverse Lorentz transformation one has

T= (R —<I)(1 —V2/C2)1/2. (1.3.10)
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The corresponding time interval 2 ~¢i of the moving clock is greater than
r implying its retardation.

4. Addition of velocities. Consider a point moving in system S’ with
velocity u' = drf/dt'. lts velocity relative to system S is u = dr/dt.
Let systems S and S’ be related by the Lorentz transformation (1.3.5)
and (1.3.6) without rotation, i.e. 7 = E. Describing the inverse Lorentz
transformation in terms of differentials of ¢.J¢,r )r/ one obtains

(1 —v2/e)V2f .
u= 1+ c-2(im") r (1 —i2/c2)1/2 /[ v2

+ (i—v2/c*yi2mw|' (1.3.11)

One may regard a point at hand as being at rest in some inertial system
S" defined by coordinates r". Conversion from S’ to S” is given by the
Lorentz transformation without rotation induced by velocity u* Then u is
the velocity of S” relative to S. To derive the velocity uif of S relative to Sn
it should be taken into account that S’ moves relative to S" with velocity
—u' and S moves relative to S’ with velocity —v. Hence, the velocity un
is expressed by (1.3.11) replacing v and u' by —«' and —v respectively.
Equation (1.3.7) rewritten for this case as Tu" = —u relates u and u" by
means of a matrix T of spatial rotation § relative to S” . In the general case
one has ' * E,i.e. combination of two Lorentz transformations without
rotation (from S to S’ and from S’ to 5") leads to extra rotation in the
resulting transformation (from S to SN. In the particular case of collinear
velocities v and u ' the velocities # and u n differ only by sign, hence T’ = E.

The velocities v and u [ enter into (1.3.11) non-symmetrically (unless
they are parallelly directed). This is due to the non-commutability of the
Lorentz transformations. But the direction of the velocity alone depends
on the order of the addition of velocities. The absolute magnitude of u is
commutative since as seen from (1.3.11)

(1-fc lvu’Y

Formula (1.3.11) enables one to solve a set of problems of motion in the
special theory of relativity. For example, let us find the relative velocity of
two particles having in some system 5' velocities v| and respectively.
Evidently, the velocity of the second particle relative to the first one rep-
resents the velocity of the second particle in a reference system S in which
the first particle is at rest. Hence, S moves relative to S/ with velocity v\.
Putting in (1.3.11) v = —\,w' = v2 one finds the needed velocity u. Ifu'
is infinitesimal then within the terms of the first order in lu'l

u=v+dv
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dv =(1- v2/c2I'2L"+ ((1 - vi/C2)I'2- 1) vl (1.3.13)
u" = —fN+u" —c~2(vu')v]. (1.3.14)

Writing the Lorentz transformation from § to S’ explicitly (no rotation,
translatory velocity v), from S’ to S” (no rotation, infinitesimal transla-
tory velocity ') and from S to S” (rotation T, translatory velocity u), it
may be seen that rotation 7 of the resulting transformation represents the
infinitesimal rotation around vector £ by angle |fi]

Tr=r-f(ixr) (1.3.15)
0 = —1/d2)[(1 - d2/c2)-1/2- 1](» x dv). (1.3.16)
The velocities u and u" thereby satisfy relation (1.3.7) or Tu"” = —u.

Let a particle moving in system S be a gyroscope. If the velocity of
the particle at moment ¢ is v then for moment ¢ + dif this velocity will be
u =v +dv with dv = vdt. §' and S” are in this case the inertial rest
systems of the particle at moments ¢ and ¢+ d" respectively. The direction
of rotation of the gyroscope at moment ¢ in system S’ coincides with its
direction at moment ¢ + df in system S” provided that there is no external
angular momentum. According to (1.3.15) the axis of gyroscope in system
S undergoes precession with angular velocity

w= -(I/t>2)[(1 - v2/c2)-12- D)W x v). (1.3.17)

This effect is called the Thomas precession.

5. Aberration of light. Directions towards one and the same star as mea-
sured in two different reference frames differ from one another by aberra-
tion. Returning to (1.3.11) let us assume again that the velocity v of S’
relative to S is directed along the ar-axis, i.e. vx —v, vy = vz =0. If vector
u' lies in the x'y’ plane at angle 0’ with the z'-axis

ux = u'cos8 uy=u'sin0 uz=20
then vector u lies in the xy plane at angle 0 with the x axis

ux —ucos0 uy=usin0 wuz—0

and in virtue of (1.3.11) there results

(I —v2jc2)l12u'sm0’

tan 0 = (1.3.18)
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For the light propagation u = u* = ¢ and the relativistic formula of

aberration is
(I —v2/c2)1/2sin 0’

tan# = 1.3.19
an “Tot i (13.19)
Inverting this formula one obtains

tan»’—(l- g/#_)vl/l nd (1.3.20)

or after expanding in powers of v/c

# —#=c_li>sin# 4 \c~2v2sin#cos# 4 (1.3.21)

6. Doppler effect Consider in system S’ some periodic process related
with the emission of light signals. These signals are registered in system S
at moment ¢* Taking into account the signal delay due to the finite value
of the light velocity the time of emission is ¢ with

% =14 @
C

r(t) being the distance between the emitter and the receiver. This process
is perceived in S as periodic with the frequency

At* - (1 + 7~ At

= dr/dt being the radial velocity of the emitter. It may be assumed
that the emitter is located at the origin of S', i.e. »* —0. Then from the
inverse Lorentz transformation there results

t

T (i-v 2ey/2

Therefore, the frequency A¢* in S is related to the proper frequency A¢' in
system S’ by the equation

174" A

Here
vr = —v cos# (1.3.23)

# being the angle between the relative velocity of 5' and the light direction.
These are basic kinematical effects associated with the Lorentz trans-
formations. Their more detailed physical meaning is exposed in numerous
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textbooks on special relativity theory, in particular, in the monograph by
MoOller (1972). Our exposition is based on this monograph but here we
confine ourselves to the most simple relations of special relativity theory
needed for relativistic celestial mechanics.

1.3.3 Dynamics of a particle

A curve representing the process of motion of a particle in four-dimensional
space-time is called the world line. Since the velocity of a material point
cannot exceed the light velocity then for the world line of any material
point

ds2 —dx° —dx1 —dx2 —dz3 >0. (1.3.24)

The world line of light is the isotropic straight line, i.e.
ds2 = 0. (1.3.25)

Taking s as the parameter of the world line of a material particle one
may present its equations in a form

xa =xaf(s). (1.3.26)

Here and everywhere below the greek indices run from 0 to 3 and the
latin indices run from 1 to 3. The unit tangent vector

drra
A ~
ds

ua =

(1.3.27)

defines the 4-velocity of the particle. From (1.3.24) it follows that
ds = cdr = co(1—v2/c2) I"2dt (1.3.28)

r the being proper time of the moving particle and v being an ordinary
3-vector of velocity with components v/ = dx/dt. Therefore,

U= (1-vVec2)1/2 = ql —V2C)12! (L3-29)
A 4-vector 4 with components
dua 1
N=1T7 =1 - »Fm/FIT f13-30)

represents the 4-acceleration of the moving particle. Because u 2= 1 vectors
u and 4 are orthogonal

ud = 0. (1.3.31)
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By the second law of mechanics the equations of motion of the material
particle in some inertial system may be written in the form

mOua) = c~2x(v)FQ. (1.3.32)

mo is the constant quantity characterizing the inertial mass ofthe point and
is called the rest mass. X(V) Is the factor determined below and is dependent
only on the absolute magnitude of the 3-velocity v. Fa are components
of the external force. The 3-vector F with components F/ represents an
ordinary vector of force. The condition mo = constant implies

° =c~IFv.
The factor X(V) Is expressed as
Xv) = (1-v2/c2)~I2.

Finally, equations (1.3.32) take the form
= | =F (1.3.33)

with kinetic energy £ —me2, impulse p = mv and mass m of the moving
point satisfying the relation

- » = d-3-34>

The dynamical characteristic of the moving point is the energy-
momentum vector Equ with E0 = m0c2 being the rest energy. The
time component of this vector coincides with the energy of the point
Eou® = me2. The space components are components of the impulse multi-
plied by c, i.e. Equl= mvlic

1.3.4 Energy—momentum tensor

Consider in some system S a stream of dust-like non-interacting particles.
Denote by di> an elementary volume occupied by an elementary mass dm.
Let 50 be a system co-moving with this elementary volume and having
velocity "(i;1,v2, v3) relative to S. The elementary volume and mass at
hand take in So the values duo and dmo characterizing elementary rest
volume and rest mass respectively. From the preceding relations

du, = (1- t2c2)1/2du0 dm= (1_ * ° 2)1/2- (1.3.35)
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Mass density may be characterized by any one of the quantities

,, dmoO dmO . dm

It is evident that p* represents the rest mass density in a co-moving system
So (invariant density), p is the rest mass density in the system S and p is
the mass density in the system S (this is the total density including the
mass corresponding to the kinetic energy of particles). The tensor of mass
of a stream of particles is determined by

Tap = p*uaup (1.3.37)

with ua being the 4-vector of velocity. Tensor c2TaP is called the energy-
momentum tensor of a stream of particles. Its components take the values

c2T 0 = c2p c2T Oi = cpvi c2Tij = pvV. (1.3.38)

A stream of dust particles represents the most simple case of moving
material substance. In the general case the energy-momentum tensor is a
symmetric covariant tensor of rank 2, the components of which have phys-
ical meaning as results from (1.3.38). The most important property of the
total energy-momentum tensor taking into account all types of matter sub-
stantial for a specific physical problem is the conservation law. Analytically
this law may be formulated in the form

VOoTd3 = 0. (1.3.39)
Introducing of the covariant derivatives makes this relation valid in any

curvilinear coordinates. For the tensor (1.3.37) this may be easily verified.
In fact, one has

The first term vanishes in virtue of the equation of continuity implying the
conservation of the rest mass

Besides,

,dua 1 fdua |vidua\ _ 1 dua _ Aa
dx?  c(l- bVe2)/* Vdt + " dx*] c(l-v2/c2y/2 dt
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4-acceleration 4 a being zero due to the absence of external forces.

Inside macroscopic bodies one may assume the validity of the equation
of the continuity (1.3.40) and the equations of motion of a continuous
mechanical medium

'"Tr-~ +fS- (L341)
FI being the external force acting on the elementary volume and being
the stress tensor: For an ideal fluid

pij = -pSiJ. (1.3.42)

as well as sij and 6\ are determined by (1.2.5). An expression for the
energy-momentum tensor of macroscopic bodies is obtained by generalizing
(1.3.37) taking into account pressure p:

c2T*P _ ~21. + _pYa0 (1.3.43)
with
70 =1 if'=0 7= -61ij. (1.3.44)

Density p* and pressure p are to be functionally related. For a perfect, non-
viscous fluid the rest mass contains the mass proportional to the potential
compressional energy II. p* is the density of this total rest mass, to be
distinguished from the density p* of the invariable rest mass. Equations
(1.3.39) applied to the tensor (1.3.43) yield

uCA  C(eV+p)ull+(cV +p)A° ~ =0 (L345)

reducing in absence of the external forces to the equations of motion of
continuous matter. Multiplication by ua results in

2/*+p)r +cV & =0- (L340)
Defining p* by the equation

dp* . dp*

1.3.4
p* /i* -f c-2p (1.3.47)

with condition p* = p* for p = 0, equation (1.3.46) is reduced to the
equation of continuity

= d(P*y3) _n
dxP dp* dx& dx&
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Putting
= p*(1 + <r2n) (1.3.48)

and substituting this expression into (1.3.47) one obtains the equation for
the potential compressional energy II

dH = (cVp*a)(p*dji* - fdp*) = (p/p*2dp* (1.3.49)

From this it follows that

n=-JL+ F*t. (23.50)
Pt JO P

Considering that

odp _ 1 dpP
Udx? c(l- wVed)l2dt

and combining (1.3.45) and (1.3.46) one transforms the equations of motion
to the form

(cy +p.n+P)A-=" A ~ | . (1.3.51)

The energy-momentum tensor (1.3.43) takes the final form
Cr*P=(cy +p*n-+p"u B- prfP. (1.3.52)

The representation of the energy-momentum tensor of macroscopic bod-
ies used here was first founded by Fock (1955).
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GRT Field Equations

2.1 BASIC PRINCIPLES OF GRT

2.1.1 Basic ideas

Currently, it might be possible to develop the main idea of the ¢rt from
experimental results. Yet Einstein derived the basic statements of grt by
logical considerations proceeding from the special theory of relativity and
the fundamental law of equality of gravitational and inertial mass. Even
though the derivation by Einstein is regarded now by some physicists as
not entirely devoid of deficiencies it should be remembered that just this
approach has led to the greatest triumph of scientific logic.

Having completed the special theory of relativity Einstein successively
put forward the principle of equivalence and the principle of general co-
variance. According to the principle of equivalence all physical processes
follow the same pattern both in an inertial system under the action of the
homogeneous gravitational field and in a non-inertial uniformly accelerated
system in the absence of gravitation. The principle of equivalence is strictly
local in contrast to the law of identity of gravitational and inertial mass
underlying it. The principle of general covariance being of purely mathe-
matical character implies that equations of physics should have the same
form in all reference frames. Combination of these two principles enabled
Einstein to formulate the principle of general relativity.

Proceeding from this, Einstein came to conclusion that the space-time
of grt is the pseudo-Riemannian space with the metric

ds2= gapdxadxP (2.1.1)
(let us remember again that greek indices can have values 0, 1, 2, 3, while
latin indices take the values 1, 2, 3). In the special theory of relativity it
is possible, if one wishes, to put all equations in the covariant form and

to use any curvilinear coordinates. But the space of events in the special

37
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theory of relativity is flat (affine), i.e. its tensor of curvature is zero. In
this space there are preferable coordinate systems (affine) defined up to
affine transformations (Lorentz transformations). In such affine systems the
space-time metric of special relativity takes the form (2.1.1) with gap = Tip
and

floo = 1 =0 (2-1-2)

It should be noted that no less often the signature -f is used.
It is a pity that there is no agreement on the use of any one of these
signatures. Conversion from one signature to another involves no difficulties
but nevertheless this fact should be kept in mind.

The coordinates providing values (2.1.2) for the metric tensor are called
Galilean. In ¢r¢ one cannot introduce the global Galilean coordinates
(valid for the whole space-time). Instead, one may use quasi-Galilean co-
ordinates such that

9 ex(3 CD(,{.?'T‘hup (213)

hap being functions of #°, x /, x2,x3 with \hap\ <C 1. Representation (2.1.3)
makes it evident that the ¢r ¢ pseudo-Riemannian metric differs little from
the pseudo-Galilean metric of special relativity. Quasi-Galilean coordinates
xa admit not only linear transformation but any non-linear transformation
of the type

xa =xa+Za(xB a*” 1 (2.1.4)

dxP

since metric (2.1.1) expressed in new coordinates xa is again little distinct
from the Galilean metric. But it should be underlined that this distinction
looks different for each reference system.

At every point M of the ¢r¢ space-time one may introduce in accor-
dance with (1.2.37) the locally geodesic coordinates ensuring gap = rap
and gaptn = 0 at M (here and everywhere below the partial derivative
with respect to some coordinate is denoted by a comma accompanied by
the appropriate index). Moreover, the locally geodesic coordinates may be
introduced in some vicinity of a given world line. Thus, in these coordi-
nates in displacing from point M to an infinitesimally close point functions
hap are at least of second order with respect to differences xM—x"(M).
Neglecting these infinitesimal terms of the second order one has in the
infinitesimal vicinity of point M the space-time of special relativity. All
relevant relations are valid in this infinitesimal vicinity. In particular, co-
ordinates x°,x/,x2,x3 may be again interpreted as ci,x,y,z. Hence, the
locally geodesic coordinates determine an inertial reference system where
there is no gravitational field. Such a possibility of introducing the locally
geodesic coordinates is due to the principle of equivalence valid only locally.

In a locally inertial system the tensor of mass 7 (P has the same mean-
ing as for special relativity. In the quasi-Galilean coordinates of grt 74P
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has approximately the same meaning. This tensor describes the total dis-
tribution and change of energy and momentum excluding the energy and
momentum of non-gravitational origin. In special relativity the equations
of conservation of energy and momentum have the form

gT af3

=0 (2.1.5)
for affine (Galilean) coordinates and

0 (2.1.6)

for arbitrary coordinates. In ¢+ T aP also satisfies equations (2.1.6). How-
ever, as we cannot rewrite this as (2.1.5) in any coordinates, this equation
does not result in the law of conservation. This is natural since the tensor
TaP does not include the energy and momentum of gravitational origin.
To derive the law of conservation it is necessary to add to T'a@some non-
tensorial quantity. This quantity is testimony to the energy and momentum
of the gravitational field but its value depends on the choice of reference
system.

2.1.2 Field equations

According to the basic idea of gr¢ the properties of space and time, i.e.
the space-time metric, are determined by motion and distribution of masses
and, conversely, motion and distribution of masses are governed by the field
metric. This interrelation is revealed in the field equations for determin-
ing the tensor gap. According to the number of the significantly different
components of this tensor there should be ten field equations. Einstein set
up their form using the following considerations.

(a) According to the Galileo law the gravitational mass is equal to the
inertial mass which, in turn, is proportional to energy considered as
one of the components of the tensor of mass. It may be suggested
that the right-hand members of the field equations contain only the
tensor of mass.

(b) Equations of the field should be formulated in the covariant form.
(¢) In analogy with the Poisson equation for the Newtonian gravitational
potential the field equations are expected to be of second order.

(d) If any solution of the covariant field equations is known then con-
verting to any other coordinates one can construct infinitely many
physically equivalent solutions. Therefore, the general solution of the
field equations should admit four arbitrary functions and hence sat-
isfy four identities. As the right-hand members of the field equations
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have to comply with the identities (2.1.6) the same should be true for
their left-hand members.

These considerations lead to the following form of the field equations:

q *P+ Agap __kT°P. 2.1.7)
The right-hand side of (2.1.7) contains the Einstein tensor
G<*i  RaO _ iRga? A 8)

expressed in terms of the Ricci tensor Ra@ scalar curvature R and metric
tensor gai). From the Bianchi identities (1.2.65) there results

VbR = 2gpJ7vR, tv. (2.1.9)
Therefore, the Einstein tensor satisfies the Bianchi identities
VpGap = 0. (2.1.10)

Hence, the whole left-hand side satisfies these identities and relations (2.1.6)
are fulfilled for the right-hand side of equations (2.1.7).

Equations (2.1.7) contain a constant £ determined below in passing to
the limiting case of the Newtonian field and the cosmological constant A
which is of importance only in considering problems of cosmology. In all
other applications of gr¢ it is sufficient to consider the field equations
without a cosmological term

Gap = -KTap. (2.1.11)
Contracting with gap there results
R=kT (2.1.12)

with
T = gapTaP. (2.1.13)

Therefore, equations (2.1.11) may be rewritten in the form
Fr?? = —K(TaP- \Tgadl3). (2.1.14)

In the domain outside the gravitating masses the tensor 7'a& vanishes and
the field equations in vacuum may be reduced simply to the vanishing Ricci
tensor

Rap = 0. (2.1.15)
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The field equations represent ten non-linear second-order partial equa-
tions of the hyperbolic type. They determine ten unknown functions: six
components of the metric tensor gap (four components remain arbitrary
due to general covariance of the field equations), three components of ve-
locity v/ of the matter, and mass density p (an equation of state relating
the density and the pressure should be given separately).

2.1.3 Coordinate conditions

To derive the solution in some definite coordinate system it is necessary
to add four non-tensorial equations called coordinate conditions. They are
responsible for the choice of specific coordinates. For any problem at hand
there may exist coordinate conditions which are preferable mathematically
for solving this problem (providing, for example, a simple form of solution).
In problems of relativistic celestial mechanics one often uses harmonic con-
ditions determined by the equations

or? = 0. (2.1.16)

As seen below the field equations may be simplified under these conditions.
But the explicit formulation of coordinate conditions is rather an exclu-
sion and it is not always possible to establish coordinate conditions for a
particular solution of the field equations.

The problem of coordinate conditions, particularly in relation with the
role of harmonic conditions, has for a long while been the subject of rather
emotional discussions. Relapses of these discussions occur even at present.
According to Fock (1955), for the problem of motion of an isolated system
of bodies the harmonic coordinates are preferable generalizing the inertial
coordinates of special relativity and enabling them to be directly used in
astronomical practice. For other authors, first of all for Infeld (Infeld and
Plebanski 1960) the harmonic coordinates are mathematically convenient
but the prescription to consider the field equations together with the har-
monic conditions is contradictory to the essence of ¢ r t . At the same time
Infeld tried to find as opposite to the harmonic coordinates some other
coordinates more ‘objective’ in the sense of their approximation to the
Galilean coordinates of special relativity. At present all the discussion of
Fock and Infeld seems meaningless. Each specific celestial mechanics prob-
lem may be solved in any coordinates (taking into account the possibility
of mathematical simplification under some definite coordinate conditions)
but in the final comparison with observations one should obtain coordinate-
independent results. The problem of comparison between calculated and
measurable quantities in astronomy will be considered below.
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2.1.4 Equations of motion

For application in celestial mechanics the most important problem of ¢ r ¢

is the problem of motion of material bodies. Initially it was acceptable
to postulate equations of the motion separately from the field equations
as takes place in Newtonian gravitation. In fact, the Newtonian theory of
gravitation includes separately the field theory (linear equations of Poisson
and Laplace for Newtonian potential) and the equations of the motion (the
laws of Newtonian mechanics). But Newtonian theory of the gravitational
field is linear. In the linear theory the motion of the field sources (gravi-
tating masses) does not depend o11 the field equations. In 1927 it was first
demonstrated that the equations of the motion of material bodies in GRT
are closely related to the field equations (Einstein and Grommer 1927).
Starting in 1938, the group of Einstein and Infeld from one side and the
group of Fock from another side succeeded in elaborating practical methods
to derive the ¢ r ¢ equations of motion of material bodies.

2.1.5 Geodesic principle

For a test particle, i.e. for a particle with infinitesimal rest mass producing
no influence on the surrounding field, the equations of motion are deter-
mined by the geodesic principle implying that the motion of such a particle
is performed on the geodesic line in a given field. This law results from the
field equations. In fact, for a stream of dust-like non-interacting particles
the mass tensor is defined by (1.3.37),

Tap = p*uQuP
ua = dxa/ds being the 4-velocity of a particle and
gapuaup = 1. (2.1.17)
The law of the conservation of rest mass expressed in covariant form is
VptfvP) = 0. (2.1.18)

Therefore, from (2.1.6) it follows that

or
Dua d™xa ., A dxv , X

-dT3 ~ +r-1717 =°-
Hence, the trajectory xa = xa(s) of a test material particle is a non-
isotropic geodesic. This result may be derived without the aid of the
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mass tensor and relation (2.1.6). As shown in Infeld and Schild (1949) the
geodesic motion results from the vacuum field equations (2.1.15) regarding
the particle as a field singularity. Due to the principle of equivalence the
propagation of light is performed on isotropic geodesics.

Thus, there is no gravitational force in the Newtonian sense in g r ¢ . The
motion of test particles in the gravitational field is presented as the free in-
ertial motion along the geodesic lines of the pseudo-Riemannian space with
metric determined by the gravitating masses. Components of the metric
tensor act as gravitation potentials, similar to the Newtonian potential
for Newtonian gravitation. In this respect the field equations (2.1.11) and
(2.1.15) may be regarded as generalizing Poisson and Laplace equations for
the Newtonian potential. Irrespective of the smallness of the relativity ef-
fects in specific celestial mechanics problems the explanation of gravitation
first achieved only by gr¢ is of paramount scientific importance. Celes-
tial mechanics is primarily devoted to the motion of celestial bodies under
gravitation and so it is inevitably relativistic, i.e. based on g r .

2.1.6 Variational principle for the field equations

The remarkable property of equations (2.1.11) is that they may be derived
from the condition of stationarity of some scalar invariant. This variational
principle is of importance both from the theoretical point of view and for
applications. Moreover, the operations needed for its derivation are of
interest by themselves.

Consider the four-dimensional invariant integral

Sg=J sfrgR&tl 2.1.20
4 8

taken over some 4-domain. Let us find the variation of this integral with
changing g provided that the variations of g” and their first derivatives
vanish on the boundary ofthe domain at hand. From the definition (1.2.70)
for the Ricci tensor

f)Va 8Ta

a?" 9 r+rrfit.-iv t (2.1.21)
it follows that

SR tu = - Va«re,, (2.1.22)

Considering that gaP are elements of the inverse matrix of gap one has
for the differential of the determinant g

dp = 99°Bdgaj}. (2.1.23)
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From the definition (1.2.31) for the Christoffel symbols one has

pa _ " ao®afi 1 _ CIny/—Q -~V
“ 2 dx*® “ 2gdxy ~ dx* ' ’

Therefore for any tensor a*
(2.1.25)

Applying (2.1.25) to (2.1.22) one obtains
gNSRN = -j=x-y=gw>dnv-9avf>n»)i

Therefore in the variation of the integral (2.1.20)

6Sg=] y/AgASR A dn +]R Ayfrjg ™) daQ.

The first term makes no contribution since 6 g together with their first
derivatives vanish on the domain boundary. From

one has
gilAdglOv = -gOvdg”™. (2.1.26)

Hence, alongside with (2.1.23) the differential of g may be presented in the
form

dg = -ggapdgop. (2.1.27)
Contracting (2.1.26) with ga3 one finds

dg"™-ghghdg”. (2.1.28)
For any tensor aap one then obtains
a™dg” = -aapdgaP. (2.1.29)
From (2.1.24)
= V=9"9[i"- \g>ga* g aP) (2.230)

so that
R "HV-99LU = V~9(R"™ - \R9nv)&glil-
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Therefore, taking into account (2.1.29) it is possible to present the variation
of (2.1.20) in the form

65¢ =- ] (R~ - \Rg~v)'J—gé6gnv dQ. (2.1.31)

Thus, the condition of stationarity of integral (2.1.20) yields the left-
hand side of (2.1.11), enabling us to consider this integral as the action for
the gravitational field. The right-hand side of (2.1.11), i.e. the mass tensor,
also may be obtained as a variation of the appropriate action integral

sm=J(cp*+p*U)*dn (2.1.32)

with p* being an invariant density satisfying the equation of the continuity
(2.1.18) and II being the potential compressional energy (1.3.50). Using
(2.1.25) the equation of continuity may be rewritten as

J-(y/=gp*ua) = 0. (2.1.33)

Defining the function p = p(xa) by means of the relation

y/=9P*=P-fo (2.1.34)

equation (2.1.33) reduces to the equation of continuity in the standard form
(1.3.40). Hence, p is again the rest mass density and equation (2.1.34)
generalizes the relation between p and p* given by (1.3.35) and (1.3.36).
Taking the variation of (2.1.34) with respect to g”v yields

op* = \p'{«av P -gaP)6gaP. (2.1.35)

From (1.3.49) one has
SS, c2+n + |r) p*+ "-(clp* + p*H)6g \/—gdfi
n_T L*}P 2g(CP p*H)6g \/—¢g
or using (2.1.23) and (2.1.35)
6Sm = \02] Try/ gSgh dfi (2.1.36)

with
c2Tyu = (c2p* +p*n + mpwuv - pg (2.1.37)
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In the absence of the gravitational field this expression coincides with
(1.3.52). Combination of (2.1.31) and (2.1.36) enables one to conclude that
the field equations (2.1.11) follow from the variational principle

6(2¢~2KSm - St) = 0 (2.1.38)

where g*v are to be considered as arbitrary functions of the coordinates.

2.1.7 Gravitational energy and conservation laws

The gravitational radiation of celestial bodies plays a minor role and in
most problems of relativistic celestial mechanics it may be ignored. Nev-
ertheless, the phenomenon of gravitational radiation by itself is one of the
principal features of relativistic celestial mechanics. According to the basic
statements of ¢ r ¢ the gravitational energy does not enter into the energy-
momentum tensor and is taken indirectly by means of the gravitational
potentials. One may add the gravitational energy as the extra terms to
the energy-momentum tensor only in an artificial manner by specifying a
coordinate system. These extra terms are not tensorial quantities. At one
and the same point, depending on the choice of coordinates, they may take
any value. For an isolated system of bodies like the Solar System with large
distances between the masses the effect of the gravitational field becomes
negligible and in the limit there appears the homogeneous and isotropic
Galilean space. Disregarding the gravitational radiation one has in this
case 10 classic integrals of motion. If the condition of the Euclidean back-
ground at infinity is not fulfilled the system of bodies cannot be regarded
as isolated and the integrals, at least some of them, do not exist. Just
this case is realized, for example, in considering the Solar System at the
cosmological background. But such a problem in spite of its theoretical
interest has not so far been studied in detail.

Evidently, to speak rigorously, any actual physical system cannot be
isolated due to the loss of energy in form of electromagnetic or gravitational
radiation. But for the Solar System the loss of the electromagnetic energy
is only a small amount of the total energy of the system and the loss
of gravitational energy accounts for 10“23-10"24 of the electromagnetic
radiation

The ¢ r¢ energy-momentum tensor satisfies relations (2.1.6) or

(V=2T'u)>m+ = 0. (2.1.39)

These relations do not lead to the conservation laws since their left-hand
sides cannot be presented as divergencies of some symmetrical quantities.
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But if one separates in the Einstein tensor the terms with the second deriva-
tives then after some transformations this tensor may be represented in the
form (Fock 1955)

-gGN = 9 - 97rv)ap+ L*" (2.1.40)
with
9a? = V=99aP.

The quantities L%U are non-linear in the first derivatives and may be
calculated by the formulae

= \{9a¢ C - -97fj)
-g ( - 1jV 'rijr;, + §<rtf) (2.1.41)
with
n*a/l = L(g°»~grt + gfi'ft* g"g-f)
2
K? =9~ o~ A
and

H=g"NTpuV"-T%T%). (2.1.42)
Substituting (2.1.11) into (2.1.40) and denoting

= c-AogTHN + -A_LA 2.1.43
c-"g G ( )
one obtains
(rV" -sfV'W = 160GU". (2.1.44)
It is evident that
Up =0. (2.1.45)

This relation, actually equivalent to (2.1.39), is presented as the diver-
gence of a symmetrical, non-tensorial quantity. It is easily verified that
L7y are expressed in terms of the Christoffel symbols. Therefore, under
linear transformations these quantities and hence U act as tensors. In
a specific coordinate system the first term in UfiU may be interpreted as
the tensor due to the energy of the matter and all fields except for the
gravitational field whereas the second term represents the pseudo-tensor
of the gravitational field (the Landau-Lifshitz pseudo-tensor). Describing
(2.1.45) separately for v —0 and v —i one obtains after integration over
the domain occupied by the masses

df wood3x __ ej nkUokdS (2.1.46)

Uoidax = - ¢ ] nkUikdS (2.1.47)
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with d5 being the element of the space surface and nk being components
of the unit normal vector to the surface. Besides, from (2.1.45)

(xfUd" '-x uUa"3ta = 0. (2.1.48)

Putting here x—i and integrating one finds for v —0 and v —j

(x'U —ctU )d' = -c¢J nk(k‘Ubk-ctU,k)dS (2.1.49)

rij J - xjUoh d3x = -C]J - xjUik)ds.  (2.1.50)
Relations (2.1.46), (2.1.47), (2.1.49) and (2.1.50) generalize the conserva-
tion laws of classical mechanics and demonstrate that the change of the
total amount of the quantity at hand inside some volume is due only to
the flow of this quantity through the boundary surface. If this flow may
be ignored there result the common sense conservation laws implying the
constancy of the quantities at hand.

In accordance with the left-hand sides of relations (2.1.46), (2.1.47),
(2.1.49) and (2.1.50) the mass M of the material system, its momentum
Pz, the coordinates of its centre of mass X land its angular momentum M ¢/
can be determined by means of

M = c2] U00d3x (2.1.51)

Px = ] Uoidix (2.1.52)
MX1= < I xiU00d3x (2.1.53)
Mij = 2] (x![/§ - xj Uoi) d3x. (2.1.54)

The tilde in these designations indicates that the relevant quantities
include contributions due to the gravitational field.

2.2 WEAK GRAVITATIONAL FIELD

2.2.1 Linearized theory

The simplest approximate solution of the field equations is obtained in the
linearized theory. This theory physically corresponds to the case when
corrections hap to the Galilean values pap are so small that their squares
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and products may be neglected. Separating linear and non-linear parts in
the Ricci tensor one has from (1.2.67) and (1.2.71)

Rfiiz = 27 “{.ha/3'f" Nwyari) ' Lpy  (2.2.1)
SJiu ~ 27N N3N A hua3  han™v  M7j/a0)
+ odafigxs(r Xlhr Sap - r A" r 43)). (2.2.2)

Based on (2.1.14) the field equations may be rewritten in the form

Rap = ~KT*p (2.2.3)

with
Kp = TaP-\T g aP. 2.2.4)

Substituting the Galilean values of the metric tensor into the energy-
momentum tensor (2.1.37) , ignoring the terms dependent on the internal

structure (p = Il = 0) and retaining only the first-order terms in vljc one
has

TO=p Toi = c~Ipvi Tij =0 T —p
Too = p Toi = —e~Ipvl =0
so that right-hand members of (2.2.3) become
Too = \p ni=-c-Ipvi t;3=\p8I3 (2.2.5)
Introducing the functions
L™y = 4 k T*u (2.2.6)

equations (2.2.3) may be rewritten as follows:

~00S5  2/i05,08 15500 ~ 2Z<o (2.2.7)
hom,ss  "Os;qx “I' hss,0m  "ms,0s —27/0m (2.2.8)
h'mnss  hnoi)00 4 hss mn hms ns  hns ms  /i00,mn

40m,0n ‘1" hon,Om —2Lmn. (2.2.9)

As earlier, each index occurring twice implies summation, for exam-
ple, /Popss stands for the Laplacian of 20@Q In the linearized theory V v
are ignored and the right-hand members of (2.2.7)-(2.2.9) become the
known functions determined by (2.2.5) and (2.2.6). Equations (2.2.7)-
(2.2.9) themselves represent in this case second-order linear partial differen-
tial equations. These equations are significantly simplified under harmonic
conditions (2.1.16). Defining h”u by

g*y=" + h?v (2.2.10)
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and using the relation between contravariant and covariant components of
the metric tensor one finds

/i00 = —/ioo + (/*00)2 + <« *
hOm = hom —hoohom + hoshms 4 ¢+ (2.2.11)
“mn __ hnin _ hmshns 4 -—-

It will be clear below that in arbitrary non-rotating quasi-Galilean co-
ordinates the components /i0o and hmn are of second order in v/c and hQn
are of third order (v being the characteristic velocity of bodies). Formulae
(2.2.11) yield the relation between and h”u up to the terms of fifth
order inclusively. With the same accuracy the determinant g is

—g = 1+ hoo —h$% —hoohss 4- "(hss)2 —"hrshrs + ... (2.2.12)

and hence

V 9 —1f"N"0 hs$ g("oo) ~“hoohS3

+ Uhss)2- k hrshrs + "-- (2.2.13)
Therefore,
N—#00 = 1 —|(/ioo + hss) 4 §(/*00)2+ \hoohss
4 |(hss)2 ~\hrshrs 4-... ¢ (2.2.14)
V~~99°m = hom —|(/ioo + h$s)hom 4 hQShms 4 . ... (2.2.15)
y 99 ~ fiom hmn  2("00 hSs)bmn
[g("00) 4° 4hoQhss  g("ss) 4“4hrshrs\"rnn
2("00  hss)hmn  hmshns - .... (2.2.16)

Differentiation of these expressions enables us to deduce explicitly the
harmonic conditions up to the terms of fifth order inclusively. For the
linearized theory the harmonic conditions are

00,0 + hss,0 —2/i0s,s = 0 2.2.17)

hoOm  hSjm 472 2/im0 0. (2.2.18)
Under these conditions equations (2.2.7)-(2.2.9) take the form

hUS  Miiljoo ~ 214 (2.2.19)
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Thus, the field equations for the linearized theory in the harmonic coor-
dinates become the wave equations. As is known the solution of the wave
equation

3w - V0o = -47T<r(t,r) (2.2.20)

is expressed by the volume integral

2221

J \r—\

with d3x; being an elementary 3-volume and the density being evaluated
at the current point r' at the retarded moment

t'=t-c-Ir-r'l. (2.2.22)

If the distance [*—*| between the external point » and the current point

r' is small as compared with distance ¢z then the exact solution (2.2.21)
may be expanded in series

A=/ Az A dBa" ¢”1h [/ <ARr")dV
+5C2°2 0 <qtr ) - N d3x ... (2.2.23)

In the linearized theory it is sufficient to take only the first term. Then the
solution of (2.2.19) takes the form

with primes indicating that the appropriate value is to be taken for the
moment ¢ at the current point r 1. In the next section the comparison with
the Newtonian equations of motion of a test particle results in a determining
constant

k= rGe-2. (2.2.25)

With the aid of (2.2.5) the solution (2.2.24) of the linearized field equations
in harmonic coordinates is presented in the form

0= —e~22U  hoi = c~34Ui  hij = -¢’ "Ubij (2.2.26)

with Newtonian potential U and vector potential U%
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It may be directly verified that, within the adopted accuracy, relation
(2.2.18) is fulfilled identically and relation (2.2.17) is satisfied in virtue of
the equation of continuity (1.3.40).

In all celestial mechanics applications of ¢ r ¢ the velocities of bodies are
much smaller than the light velocity. Also, the square of the characteristic
velocity v2 and Newtonian potential U are of the same order. Therefore, the
small parameters in problems of relativistic celestial mechanics are v2/c2
and U/ ¢2. From (2.2.26) it follows that /loo and hij are of second order and
hoi are of third order of smallness. This is true in harmonic coordinates
and in all practically employed quasi-Galilean coordinates. In fact, return-
ing to the linearized equations (2.2.7)-(2.2.9) in arbitrary quasi-Galilean
coordinates and denoting by solution (2.2.26) for the har-
monic coordinates one obtains the solution of (2.2.7)-(2.2.9) in arbitrary
coordinates in the form

hoo = /*oo hoi —hoi 4" a0i + ai,0

hG = I + a5 + cijj (2.2.28)

being four arbitrary functions of x°,x1,x2,x3. In dealing with (2.2.28)
do is to be regarded as a third-order function and a- as second-order func-
tions. Substitution of (2.2.28) into (2.2.7)—2.2.9), taking into account that

satisfy equations (2.2.19) and relations (2.2.17) and (2.2.18), demon-
strates the validity of (2.2.28). In doing this it is to be considered that
differentiating with respect to x° increases the order of smallness of the
corresponding quantity. Therefore, all terms on the left-hand sides (2.2.7)-
(2.2.9) with first- and second-order derivatives with respect to x° should
be rejected as having higher orders than required.

Expansions (2.2.28) may be obtained from the coordinate transformation
from harmonic coordinates x** to arbitrary quasi-Galilean coordinates x*.
This transformation is of the form

x* = x° -f a0 (2.2.29)

x*i=xi-ali. (2.2.30)

In fact, the usual tensor formula

A =h " ~d* 9 ix*6) (2231)

yields (2.2.28) within the adopted accuracy. Finally, the linearized metric
of the weak gravitational field in quasi-Galilean coordinates is given by

ds2=(1 —c¢ 22U)c2dt2+ 2(c 34Ul + ao* + ai)f)cdtdxl
+ [-(1 + ¢~22U0)6ij + aitj + aifi] dx*dx*. (2.2.32)
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Remember once again that arbitrary functions a*,ao due to specific co-
ordinate conditions are small functions of the second and third order re-
spectively. With A%, = 0 the corresponding metric becomes Galilean (or
Minkowski) determining the space-time of special relativity. The Galilean
metric yields the Newtonian equations of light propagation (motion in a
straight line) but cannot give the equations of motion of material bodies.
Retaining in (2.2.32) only the term /ioo = —e~22U and rejecting all /ioi, hij
the metric then obtained gives the Newtonian equations of motion of bodies
and an incorrect approximation for the light propagation equations. The
correct post-Newtonian equations of light propagation are obtained with
the full metric (2.2.32). However, this metric is insufficient to derive the
post-Newtonian equations of motion of material bodies. To do this it is
necessary to take into account in /ioo the fourth-order term.

2.2.2 Post-Newtonian metric

As shown, for example, by Fock (1955) the fourth-order correction term in

the expansion /ioo = ¢ 2%00" + ¢~4hQ + ... in harmonic coordinates takes
the form

WS =2(u2-~--& y (2.2.33)

The auxiliary functions x an(i U satisfy the Poisson equations
= u (2.2.34)

U, = -4;1G{\pv2- PU+ pU + 3p). (2.2.35)

In converting by means of (2.2.29) and (2.2.30) from harmonic coordi-
nates to arbitrary quasi-Galilean coordinates it is necessary also to trans-

form in (2.2.31) 9ap(x*6) to gap(xS)- For the general case of the gravita-
tional field created by N bodies with coordinates xsf and velocity compo-
nents vl f[A = 1,2,..., N) this transformation implies

Gap {xx\x*1, vk]) = gap(xs, xA§ A) + gaPi6(xks — Xs)

+E (!B\(*“_ +t f «'-<)) + 00 <236)

Considering that the Newtonian potential U depends both on the coor-
dinates xa of the current point of the field and on the coordinates xsi of the

gravitating bodies and denoting (2.2.33) by 40~ one finds the correction
term AQ@) in arbitrary coordinates:
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(as)A denotes the regular part of the function as in substituting xs =
xsl. This is equivalent to using the generalized 6-function of Infeld and
Plebanski (1960). Adding (2.2.37) to the component goeo of the linearized
metric (2.2.32) one obtains the post-Newtonian metric determining the
motion of the bodies for arbitrary quasi-Galilean coordinates of ¢ r ¢ in the
post-Newtonian approximation.

It is of interest to compare the solution (2.2.32) and (2.2.37) with the
post-Newtonian solution of Will (1985). Following Will let $i,$2, $3,%4
be functions determined by the equations

$155 = -47rGpv2 $25% = —irGpU

$335 = -47rG/>11 $4|, = —irGp.
Then the post Newtonian metric (2.2.32) and (2.2.37) will be

200 =1 - C~22U+ C'4(-38! + 292 - 283 - 6$4- 2 0 + 21/2)

S1ij

+ 2200+ c¢"22t/,48y + c"22V] A (5 )" (2.2.38)
A °XA
90i —c + doy+ difi (2.2.39)
g% = 1+ c 220)6jj + a§ + aji (2.2.40)
with
a0=c"3" a,=0 (2.2.41)
at

for the metric by Will. In addition, the definitions given by Will involve
the density which is denoted here by p*. Using (2.1.34) with (2.2.41) one
has

p=p¥l+ c~2{\v2+ ZU) + ...]. (2.2.42)

From this it follows that
[/=]T +c-2(|$1 +3%$2)+ .... (2.2.43)

Here U and U* stand for the Newtonian potential defined with p and p*
respectively. Substitution of (2.2.43) into (2.2.38) results in the expressions
of Will (taking into account the change in signature of the metric).

2.2.3 Post-Newtonian equations of motion of a test particle

The motion of a test particle in the given gravitational field (2.1.1)—2.1.3)
is described by the geodesic motion (2.1.19). The Christoffel symbols are
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determined by the expressions

00 =1°0Q0+ *e° Fgk = |/1cofc+ e

r km —\ ("Ofc;m Hh 0) 4" oo

r 00 =1°00,* + |hijhooj —Aofo + .+

Nk =27 NN hikyo) + oo

em —\{hkm,i ~ MmAL) 4" eeee (2.2.44)

These functions are given here in the linear approximation except for Tqo
retaining one non-linear term of the same order (four) as the following linear
term. The quantity Tqo enters into the equations of motion with the factor
¢2 requiring more accurate determination than the other components.

Let us start with equations (2.1.19) with s as the independent argu-
ment. These equations are related by (2.1.17) which may be rewritten as
a quadratic equation relative to dx°/ds

A1 \N/dx°\2 dxk dx° dxk dxm s ,
(1+/10°) (ir j 0'd7°d7+( m m)"dT~ds ” ( }

The positive root of this equation in the post-Newtonian approximation
is

dx°® 1 1dx* dxk 3 2 1 d**dar*
s —1 _QAw ty 715‘“,}5‘“ h ng _ﬁ N s_"z}s_
1. dxk dxm 1 /dxkdxk\ 2 dxk

Considering now the geodesic equations for the space components and
excluding d#°/ds with the aid of (2.2.46) one obtains

d2xl 1 1
~ds2'"N2 R~ 2 ol 2 — oi® “ ,0'~d7"
1 dxkdxk (1 \ dxkdxm , .
+ 2hoo*~dT~dr + y2~kmi ~ hik'm) ~dT~dT = °- (2.2.47)

Let us derive the equations of motion of a test particle referred to coor-
dinate time ¢ Using the following relations:

dc*  dx2 ds d2xl _ d2xl / ds \ 2 dxl d2s
dx° ds d#o dx°2  ds2 \d#0/ ds dx°2

ds /dx°\ 1 d2s d2x° /dzox~3
& Vds ] dtf 2 ds2 V ds
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the geodesic equations referred to x° take the form

dv , dxa dxB n dx" dxBdx*
dnr o« +ra/5d~d~r°d ! (2-2.48)

Using (2.2.44) one obtains

X = —\c2hooti — \c2hikiKik + c2h0io+ \choofii’
+ chikfii* + c(hoiik - hok,i)xk + fcoo,fcX*x!
+ (hikym - % h km,i)xkxm. (2.2.49)

Here a dot denotes differentiation with respect to #. Remember again that
the zero index after a comma means partial differentiation with respect to
x° = ct. The terms linear in A”u and caused by the term ¢~/ Y\mx %kxm are
omitted because they are beyond the order of the post-Newtonian approx-
imation. Equations (2.2.49) may also be derived from (2.2.41) by trans-
forming to argument ¢

The leading term on the right-hand side of (2.2.49) is the first one. This
term is to be compared with the Newtonian equations

x* = Uti. (2.2.50)

Equations (2.2.49) reduce to equations (2.2.50) in the Newtonian ap-
proximation provided that the constant & is determined by (2.2.25). /ioo in
the first term of the right-hand side of (2.2.49) should be given up to the
fourth-order terms inclusive. For all other terms of (2.2.49) one may use
the values from (2.2.32). With the aid of the geodesic variational principle
in the form (1.2.50) equations (2.2.49) may be put into the Lagrange form

tdx1 dxl” " (2.2.51)
Considering that
i\2
J =1+ 00+ c~12h0kxk - c~2xkxk+ c~2hkmxkxm + ... (2.2.52)

and raising this expression to power 1/2, omitting the constant term and
multiplying by ¢~2 one obtains

L = \xkxk- 7Choo+ \c~2(xkxk)2- \hO00xkxk
+ |c2(/i00)2- \hkmxkxm - chokxk~+ -—-- (2.2.53)

This Lagrangian is correct up to second-order terms inclusive and is com-
pletely equivalent to (2.2.49). Evidently, fi00 in the second term of (2.2.53)
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should be calculated within fourth-order terms inclusive. In deriving equa-
tions (2.2.49) from (2.2.53) it should be kept in mind that in the second-
order terms the second derivatives x%are to be excluded with the aid of
the Newtonian equations of motion. This results in equations (2.2.49) with
explicit form relative to £*. Let us add that relation (2.2.46) expressed in
terms of coordinate time ¢ takes the form

= 1- i/loo + \le~2xkxk+ § (M 2- \c-2h0Qckxk
- Fc~2hkmxkxm + “c~4(xkxk)2- c~lhakxk+ .... (2.2.54)

Combination of the second and the last terms in the Lagrangian (2.2.53)
enables one to conclude that an arbitrary function ao enters into the La-
grangian only as the total derivative in time. Therefore, ao has no influence
on the post-Newtonian equations of motion of a test particle.

The simplicity of equations (2.2.49) makes them very useful in solving
practical problems. Solution of (2.2.49) determines the motion of a test
particle in some specific coordinate system given by components gap. In
the general case, for comparison with observations it is necessary then to
describe the technique of observations in the same coordinate system. This
aim is achieved with the use ofthe equations of light propagation considered
below. Only afterwards is it possible to exclude the physically meaningless
coordinates x/ and to deal with the directly measurable quantities in the
proper time of an observer.

2.2.4 Post-Newtonian equations of light propagation

Let us derive now the equations of light propagation in the post-Newtonian
approximation. The propagation of light referred to the coordinate time #
is described by the equations of isotropic geodesics (1.2.47) and (1.2.48),
ie.

+ (£)"% < (2.2.55)

9apxaxP = 0 (2.2.56)

with A being the canonical parameter. In more detail, relation (2.2.56)
yields

Q(1+ /loo) + 2chokxk + (-6 km + hkm)xkxm = 0. (2.2.57)

Differentiating with respect to time and considering that x/ = 0(c), xI =
0(1) one obtains

c3hlo,0 + c2hookxk + c(2hok<sin+ hkmfi)xkxm + hik:mx%kxm = 2xkxk
(2.2.58)
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retaining only terms of order O(c) and 0(1). Substituting into (2.2.55) the
Christoffel symbols one finds within the same accuracy

X 2" holli-\-c(h(ii oFE 4" iMidarif %

22'59)
As seen from (2.2.55) and (2.2.57), xkxk = ¢2 and d2t/dA2 = 0 in the

Newtonian approximation. Multiplying equations (2.2.59) by x| adding
them up and excluding xIx %with the aid of (2.2.58) one has

(S) =7V °+ h°®hik + c~I(hok'm ~ (2.2.60)

Substituting this expression into (2.2.59) one obtains the post-Newtonian
equations of light propagation

X = 27 200,i H' hoo)kX X -j-

A c(/loi)d  hok)i - hjkjo)x 4 C (~0&m 22 m)®)*r ® *
(2.2.61)

In spite of apparent differences the equations of light propagation (2.2.61)
and the equations of motion of a test particle (2.2.49) turn out to be iden-
tical. The difference appears only in the order of smallness of the separate
terms on the right-hand sides of these equations. This is due to the fact
that velocities x/ in equations (2.2.49) are small compared with the light
velocity ¢ but they have order O(c) in equations (2.2.61). Hence,there are
terms negligible in equations (2.2.49) and non-negligible in (2.2.61) and
vice versa. Besides, all occurring in (2.2.61), including /loo, may be
taken from (2.2.32). The first four terms on the right-hand side of (2.2.61)
are of order 0(1) whereas the other six terms are of order O(c_1).

In the case of the constant field with independent of x° equations
(2.2.61) may be put into the Lagrange form (2.2.51) with Lagrangian

L= \xkik- \hmikik- \hkmikxm- \chokik- \c~1hOkxkxmxm.
(2.2.62)
Performing differentiation of L it should be remembered that the terms
with xk on the right-hand side are at least of second order of smallness
and have to be rejected whereas the quantity xkxk may be replaced by the
Newtonian value c2. The equations obtained in this manner coincide with
equations (2.2.61) (under the condition A"U0= 0).

2.3 PROBLEM OF MEASURABLE QUANTITIES IN GRT
2.3.1 Measurement of infinitesimal time intervals and distances

As stated above the curvilinearity of the metric of the gr¢ space-time
manifests itself differently in different coordinate systems. The problem
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is how to determine coordinate-independent distances and time intervals
from the coordinates aX),a?l,a2,x3 of some given system. For infinitesimal
time intervals and distances the problem is comparatively simple. A set of
relations useful in practice is considered below.

(1) The interval ds2 for two infinitely close events at the same space
point is c2dr2, dr being a proper time interval of a system. Putting dx1=
dx2= dx3 = 0 in the expression of ds2 one finds

dr = c~Iy/g" dx°. (2.3.1)

This formula determines the proper time of the rest particle (a particle at
rest with respect to a given system).

(2) Similarly, the time of a clock moving in a given system is deter-
mined by

f Hr+ H*H \ 2
dr = c-1(*0o+ 2g0i— + 9<k~i-0)  dx°. (2.3.2)

This formula yields the proper time of the moving particle and represents
a generalization of (1.3.10).

(3) In special relativity the distance between points is determined as
the interval between events occurring at the same moment x°. In gr¢ one
cannot put dx° = 0 in the expression of interval since in accordance with
(2.3.1) the proper time at different points depends differently on x°. The
distance between two infinitely close points A(x1+ dx1) and B(xI) may be
determined, for example, by the following procedure (Landau and Lifshitz
1962). Let a light signal be emitted from point 4 at moment x° 4 da?” of
the coordinate time. This signal reaches point B at moment x° and after
reflection from B returns to 4 at moment x°+ dx®2y The distance between
points 4 and B is defined as the interval of the proper time of a system
elapsed between emission and back reception of the signal in 4 multiplied
by c/2. Considering the condition ds2 = 0 of the light propagation as an
equation with respect to da?0 one obtains two roots

da:&i/ 2) = <mdx‘ T @0 [(soifl'oife - fl'oofl'i*)dx’dx *]1/2 .
The interval of the coordinate time between emission and return of the
signal to 4 is da” —dx®y Multiplying this difference first by ¢ lypoo to

transform to the proper time of the system and then by c/2 one finds the
expression for the square of the infinitesimal space distance in gr ¢ :

a2 = iikdxldxk (2.3.3)
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with A
Tik = A0k ~ 9ik- 234
! 000 0.0/ l ( )

The quadratic form (2.3.3) generally changes in time. Therefore, the
integral of d* depends on the world line between given space points. Only
in a constant field with gap independent of x° does the integral of df have
quite definite sense and determines the space distance between points. By
its meaning the proper time dr defined by (2.3.1) should be real and the
quadratic form di2 should be positively definite. From this it follows that

000 001 002
010 o1 o012 >0 0<0. (23.5)

020 021 022

000 001 <0
010 011

0oc0> 0

These conditions are necessary in order that the appropriate reference sys-
tem might be physically realized.

The quantities 7 may be considered as components of the three-
dimensional metric tensor determining the metric (2.3.3). Along with this
they may be used to facilitate operations in transforming from covariant
components gap to contravariant components ga@ (the inversion of the
4 x4 matrix is replaced thereby by inversion of the 3 x3 matrix). Indeed,
if contravariant components j Ik are known then

g = — golyik  oF = 74 5449 (2.3.6)
000
with 7 = det ||7,-¥.

4 In the special theory of relativity time is different for moving
clocks. In gr ¢ it is different even for clocks at rest in different space points
of one and the same reference system. A comparison of clock readings at
infinitely close points A{x/ -f dx2) and B(xl), i.e. their synchronization,
may be again performed by the previously considered light signals (Ein-
stein synchronization). Let the moment x°+ Ax° at point A be the middle
reading of clock 4 between emission and return of the light signal. It is
this moment which is adopted as being simultancous with moment x° of
clock B. Therefore,

Alp=1(d4)+d4)=-S " 1. (2.3.7)
v' v' 000

For a closed infinitesimal loop this synchronization is generally impossible
since after completing transfer of A over the whole loop Ax° takes a value
different from the initial one. In a reference system with goi ~ 0 Einstein
synchronization in the finite domain is impossible. Only under goi = 0 is
Einstein synchronization possible in the whole space.
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(5) The relation (2.3.1) defines the proper time for events occurring
at the same point of space. Consider now the events occurring at different
space points. Let x° and x° + dx° be the moments of departure and ar-
rival of the same particle from B to A respectively (4 and B being again
infinitely close points). To obtain a coordinate time interval between these
events one should take the difference between the actual reading x0-|-dx0 at
A and the moment x° + Ax° of 4 which is simultaneous with the moment
x° of B. Thus,

x° + dx° —@0+ Ax°) = — goadxa.
g

Multiplying this expression by c~Iygoo one obtains the interval of the
proper time of A between the events occurring at different space points:

dr = ¢_1(yoo) 1/2ffOadi;*. (2.3.8)

2.3.2 Chronometric invariants

The equations of motion of a test particle in the a gravitational field are
determined by equations (2.2.49) resulting from the geodesic principle. But
these equations are different in different reference systems and their sepa-
rate terms do not admit an invariant interpretation. Physical interpreta-
tion may be achieved in using quantities having a definite meaning not only
for one specific reference system xa but within a set of reference systems
related by the transformation

x° = x°(x° x1,x2,x3) (2.3.9)

FHr*
xl = xl(x\ x2,x3) (2.3.10)

This means that the systems are fixed relative to each other (using phys-
ical terminology such reference systems are said to belong to one and the
same reference frame). Quantities invariant under these transformations
are called chronometric invariants and their theory, elements of which are
expounded here, has been elaborated by ZeI'manov (1956). The theory of
chronometric invariants has a direct bearing on the problem of measure-
ment of time and distances. It is easy to verify that the proper time element
dr (2.3.8) for the infinitely close events at the infinitely close points and
the elementary distance dt (2.3.3) are chronometric invariants. The field
metric is described with the aid of these quantities in the form

ds2= c2dr2- di2. (2.3.11)
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This representation of the metric is called 3 + 1 splitting on the proper
space and proper time. All operations with three-dimensional vectors and
tensors are performed in the space with metric (2.3.3). Introducing the
synchronized 3-velocity

qi = dx*/dr (2.3.12)
its scalar square will be
q2= Tilt??* = d(2/dT2 (2.3.13)
and, hence,
dS2=c2dr2(1-g 2/c2). (2.3.14)

Therefore, the 4-velocity ua = dxa/ds of a moving particle is expressed in
the form

or, excluding dx°/dr from (2.3.8),

=G40 T e - sw) (23-16)

( @\ T /2 .
«' (2.3.17)

The geodesic equations (2.1.19) imply for the space components

d N /o 2\-i/2
dr (1- ffve2)y2= 17 h) 20%+ Ai)%k ™ " mQ kqm ]
(2.3.18)
with
-2 w0 (2.3.19)
900
Di+ At = (rik- " 1 ’0) (2.3.20)
/900 | 900 J
Aim=rL - M ramt - A 0"<amr 00. (2.3.21)
000 000 000

Multiplying equations (2.3.18) by the rest mass mo and defining the mass
of a particle as
m = (I —g2/c2)*“ 1"2mo

one obtains the generalizations of the equations of special relativity. The
vector (2.3.19) represents acceleration of a point at rest at a given moment.
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The condition FI = 0 turns out to be necessary and sufficient for converting
by transformation of *° alone to the coordinates providing

goo = 1 dgoi/dx0= 0.
The relation (2.3.20) determines simultaneously the symmetric tensor
DIk and the antisymmetric tensor Alk. Indeed, from

Dki+ Ak = +M ) = *F «*rla
y/900

one has

D« =-2 & <sri%+ =5~ t? (213122)

A ~& ) [
(2.3.23)
The tensor Dtk is called the tensor of deformation of the reference system.
The invariant
D = 7ikDik = (2.3.24)
ydoo  3x°
characterizes the speed of volume expansion of the space element. The
tensor Atk represents the tensor of angular velocity of rotation of the sys-
tem. The equation 4% = 0 gives a necessary and sufficient condition for
eliminating all components “O«by a suitable transformation of x°. Finally,
the term (2.3.21) admits an elegant formula

T*"V"Alij = gamgPnTip.

In spite of theoretical interest equations (2.3.18) are seldom used in prac-
tical problems due to purely technical difficulties.

Let us note in addition that the condition of the light propagation dr =
c_1d” resulting from (2.3.11) leads, using (2.3.8), to the relation

cdi= -L= + df (2.3.25)
V»~oo \ 0oo dr J

involving the coordinate time interval dt, coordinate velocity of light dxi/d¢
and invariant (proper) distance dl.

Let us note once again that DIk do not depend on the choice of
time coordinate, i.e. they are not changed under transformation (2.3.9).
Under transformations (2.3.10) of the space coordinates they act as three-
dimensional vectors and tensors.
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It is useful to indicate particular types of gravitational fields. If a given
field enables one to choose such a coordinate system that all gap do not
depend on x° then such a field, as mentioned above, is called constant and
x° is called the world time. A constant field may be caused only by one
body. Ifthere are at least two bodies they should be in relative motion and
hence their field cannot be constant. If the field is caused by one body and
this body is at rest then both directions of time are equivalent and one can
choose such coordinates that all goi = 0. Such a field is called static and
for this field Einstein clock synchronization is possible for the whole space.
If the field is constant but at least one of the components g6 ~ 0 then the
field is called stationary. An example of the stationary field is the field due
to an axial symmetrical body in rotation around the axis of symmetry.

The theory of chronometric invariants is one of the new branches of g r ¢
designed to elaborate the mathematical formalism for solving the problem
of measurement in g r ¢ . This problem is discussed in many references. In
particular, in the textbooks by Synge (1960), MOller (1972) and Vladimirov
(1982) gr¢ is consistently treated under this point of view. Only the el-
ements of tetrad formalism closely related to this branch are considered
below.

2.3.3 Tetrads

At every point of the ¢rt space-time one may introduce locally, i.e. in
the infinitesimal vicinity of the point, a pseudo-Cartesian reference system.
This system may be presented by means of a tetrad composed of four
orthonormal vectors Aj”*. The lower index taken in parentheses means the
number of the vector (/ = 0,1, 2,3). The upper index means, as usual, the
contravariant component. The vector A" is timelike whereas A" form a
space triad, consisting of three orthonormal spacelike vectors. All relations
of special relativity are locally valid in such a reference system and all tensor
operations with local tetrad indices (indices in parentheses) are performed
with the aid of the Minkowski tensor pifly Orthonormality of the tetrad
vectors implies

9uNa)N(P) = (2.3.26)
Raising local lower indices and lowering global upper indices gives
/4 (2-3.27)
From this it follows that
= X0)A [ (2.3.28)

and
ds2= 7]"dx"dx" (2.3.29)
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with
dxM = \(j)dxu  dx" = ANd*W. (2.3.30)

The main merit of the tetrad formalism is the local Galilean form (2.3.29)
for the field metric. All quantities being projected onto the tetrad have
physical meaning. In particular, dx*0) and dx(*) are local measurable in-
tervals of time and distance respectively. For a point moving in a given
gravitational field the simplest example is the co-moving tetrad. Its time-
like vector coincides with the 4-velocity of the point

A0) = <a = dxa/ds (2.3.31)

and the triad vectors correspond to coordinate directions and satisfy the
orthonormality conditions (2.3.26). If v* = dx%dt are components of the
coordinate 3-velocity of a moving point then

.0 , 1L Iv2 3/1 X 3v4
oO— 2 +2c2+ 8 N+ 8"
vk 3, v2 1, vwlvk
—hok-------jhoo — —- h'ik b...
v ( 1 112

10 Va L 162\ 1 W
D7V 0+22) 2ik~ ~ oit+uim
1 1 1 - 3
AffS =Sik + 2hik + 2~ v'vk ~ 2 £ hwv%vk + ghimhkm

+ »W - g himvkvm - £ h kmvivm + .... (2.3.32)
Using (2.3.27) one obtains

,(0) 1, Iv2 1. ,2 3v4
0 -1+2hoo+2 *~ 8 (00) + 8"
1 v2 1 vU%k
~ 4 hooJ ~ 2 hik~ +

0) 1 112 A vk
| - - = [I- 2 00+ 2°2 + eo] + Aife— + *oi + eee

) Vi  1v2l 1 vk
X = - A fI+-7) + 2h1T +-
= ‘it -
- ne17 + ms?" P + ommm

(2.3.33)
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Evidently, the tetrad components of the 4-velocity in a co-moving system
are

u(®) =af)u“ = = gapuaul = 1
«>=Ag>u” = = -SfajsAjjAg,) = 0. (2.3.34)

2.3.4 Measurable quantities in the tetrad formalism

3+ 1 splitting (2.3.11) for the weak field has the form
cdr = (1 + |"00 - §Aoo)cdt + (fio* ~ |ftooAoi)d«* (2.3.35)

%k  Sik  hik H hoihpk * (2.3.36)

hoo and hik are of the second order of smallness. As for /ioi, they are of the
third order in a quasi-inertial coordinate system. In accelerated moving (for
example, rotating) systems they are of first order. Therefore, in (2.3.35)
and (2.3.36) and in the formulae given below the underlined terms are to be
rejected if h(Q- are of third order. The tetrad associated with the splitting
(2.3.11) is

A0 =1 A0 =0 Ar =0 Ajf) = 6ik-\hik+ \h Gihgk. (2.3.37)
Using it one may compose the space triad
d*W = AW = d*+ \{-hik+ hoihok)dxk (2.3.38)
enabling us to present the element of space distance in the form
di2 = %dx( (2.3.39)

dr and da;W may be regarded as physically measurable infinitesimal inter-
vals of time and distance respectively.

It is of interest to see that the coordinate-dependent Galilean transfor-
mations with no physical meaning induce physically meaningful transfor-
mations of infinitesimal intervals of time and distance.

Let #,xI be the coordinates of the reference system (6) related to the
Solar System barycentre. Elements of time dr& and distance d4 for this
system are calculated using (2.3.35), (2.3.38) and (2.3.39), rejecting hoOi
which are of third order for this case. Consider now a formally Newtonian
transformation

xi= R") +C  dx*= tfdt + dC (2.3.40)
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RI(¥) being a function describing the motion of an observer in system (6).
If RI(1) represents the motion of the geocentre then are the coordinates
of the formally geocentric reference system (g) with the metric

ds2= (1 + /i00~ ¢~2R 2+ 2c~1hokRk+ c~2hkmRKkRm)c2dt2
+2(-c"1? + hot + c~IhikRk)cdtd£i+ (S ik + hik)d€*dE*.
(2.3.41)

3 + 1 splitting for this metric determines the elementary intervals of time
drg and length dfg. With the aid of (2.3.35) and (2.3.36) applied to (2.3.41)
one obtains

cdrg= (1+|/i00- |c-2il12+ c-'"hokRF+ ~c~2hkmRkRm
~ 1"00 + l¢~2hooR2 - ~c~AR 4)cdt

+(-c” 1+ hoi + 1<S%<># + e~lhikk k- Tc-3##) % ?
(2.3.42)

d*2 = (Sik - hik+ ¢ "IV R "dCd£*. (2.3.43)

In (2.3.41)-(2.3.43) the quantities A”u have values corresponding to sys-
tem (6). dr™ may be expressed in terms of di& and dx*. To do this it is
sufficient to substitute into (2.3.42) the expression of d£* from (2.3.40) and
then the expression of ¢dt from (2.3.35). One obtains

dTz=(1 + y~2R2+ |c-4i]J4- *c~2hooR2- \c~2hkmRkRm)dn
+ - \¢-2R 2iV + %hoo& + hikRk)dx| (2.3.44)

Now let the observer be in motion in system (g) according to some func-
tional law p%= pl(i). One may perform the formally Newtonian transfor-
mation to a reference system (5) moving with the observer

C=p\t) +rf dC = pldt + drf. (2.3.45)

System (5) with coordinates rf means transformation to a ground ob-
server (topocentric system) or an observer on a satellite (satellite system).
In terms of ¢t,rf the field metric becomes

ds2=1[1+ /ico ¢ 2=+ p)2+ 2c l/iofc(-RE+ pk)
+ c~2hkm(Rk + pk)(Rm + pm)]c2dt2
+ 2[— 1(2*¥ + p* + hoi + ¢ 1hik(Rk+ pk)]cdtdrf
+ (<“&F + hik)drfdrjk. (2.3.46)
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3 -f 1 splitting for this metric determines the elementary intervals of time
drs and length df£s. With the aid of (2.3.35) and (2.3.36) applied to (2.3.46)

one obtains

cdrs =[1 + \hw - \c¢~2(R + p)2+ c~lhok(Rk + pk)

4 \c~2hkm(Rk 4 pk)(Rm -f pm) — 4 2hoo(R+ p)2

—  4(R+ p)dcd/ + [~ I(Ri+ p*) + hoi + ¢ Ihik(Rk+ pk)

+ +pH)- K 3(®+ (2347)
d"2= [Sik - hik+ c-\B? + + /W 'dr;*. (2.3.48)

As above, (2.3.47) may be reduced to the form

dr, = [1+ \e~2p2- \c~2hmp2- \c~2hkmpkpm + fc-4# 2p2
+ le~AR'p)2+ c~Ap2{R'p) + §c-4p4]drs
+ ¢ 2[pi+ + hikpk —c 2(Rp)Ri
—\e~2H pl —c“2(iRp)p% |c “2pV ]d £\ (2.3.49)

As dT?, dTg, dr5 are infinitesimal physically measurable time intervals they
should be related by the Lorentz transformations. Indeed, relations (2.3.44)
and (2.3.49) may be presented as the Lorentz transformations if the coordi-
nate distances entered into them are expressed in terms of the chronometric
invariant quantities. If R %is the coordinate velocity of system (g) with re-
spect to system (6) then the corresponding chronometric invariant velocity
is dR~/drb with dR * to be calculated by (2.3.38) and dr& to be evaluated
at the point = 0. Hence,

= dR{- +hikdRk  (dn)(i=o= (1+ 5%00 + ...) &  (2.3.50)

-= & - "hoolV - \hikRk. (2.3.51)

Then expression (2.3.44) may be put in the form

2d#*>dfI<*x\_1/S ( 2drm , (k)

dF=l1e -ar-ar) rE~c J 33

which is the Lorentz transformation.

Consider now the transformation (2.3.49). The coordinate velocity of
system (s) with respect to (g) is given by the function p% The tetrad in
(g) analogous to (2.3.37) is formed by

/A0 =1  /4°]=°  j4¥]=°
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A = Sik- lhik+ \c~2k R h. (2.3.53)

Elementary physical distances in (#) are then represented by the expres-
sions

def] = — df - xhikdth+ §c-2#d**)#. (2.3.54)

The chronometric invariant velocity of (s) relative to (g) is given by the
derivative dp~/drg with dpM calculated from (2.3.54) and drg evaluated
at the point rf = 0. Therefore,

d>M = dp* - \hikdpk+ |c-2(Rfd /) Ri (2.3.55)

(drf)?,=0 = (1 + Iftoo - | c~2R2- c~2Rp + ...) dt (2.3.56)

4> -R'~ bhoop' ~ hhikPk+ pe~2(Rp)R %
+iC2V +c2(iip)j. (2.3.57)

On the basis of (2.3.54) and (2.3.57) expression (2.3.49) takes the form of
the Lorentz transformation

ar- =(* - (“w>- - <23 58)
In changing from (6) to (g) transformation (2.3.40) of the coordinate

space intervals dx%and df* may be presented in terms of measurable quan-
tities by the Lorentz transformation without rotation (boost)

Introducing in system (s) the tetrad
JQ0p =1 =0 =0
vji} = 6ik - \hik+ ic-2307 + pl)(" &+ k) (2-3.60)

elementary physical distances in (s) are expressed by

di/M = 4 i} k= dif - Vhikdrf + | e~2[{R + p)d»T(i2<+ f1). (2.3.61)
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The coordinate conversion (2.3.45) from df* to di;* is written in terms
of d£” and d**} as the Lorentz transformation with rotation

-0 + dAr) a TIT + X lk + wWi«1-
(2.3.62)

It is to be noted that direct transformation from (6) to (s) is expressed by
the Lorentz boost

drn —dmr g 2 (0%1 + diml (*#1 +
A V drj + dn ) J V dr* + dré6
, 1 _2fdRwW  dp(® dRW  dp(0 dr6
2° ) (dr6 dn '
(2.3.63)

Thus, the purely Newtonian transformations (2.3.40) and (2.3.45) induce in
terms of measurable quantities Lorentz transformations (2.3.52), (2.3.58),
(2.3.59), (2.3.62) and (2.3.63). These transformations are adequate in solv-
ing astronomical problems related to infinitesimal intervals of time and
distance.

2.3.5 Rotation in a weak field

To illustrate the use of tetrad quantities let us consider the problem of ro-
tation in a weak field (Lightman et al 1975). A test particle characterized
only by its mass moves in a given gravitational field on the geodesic. If
the test particle represents a gyroscope then its axes are subjected to the
Fermi-Walker transport described by equations (1.2.56). Mathematically,
a gyroscope represents a particle with spin. The spin vector Sa is space-
like and orthogonal to the 4-velocity vector of a particle. Therefore, the
transport of Sa is described by the equations

D5“/ds = -A pSpua. (2.3.64)

The 4-acceleration of a particle 4B = Du”/ds is zero for the geodesic
motion when there are no forces of non-gravitational origin. Describing
equations (2.3.64) in a co-moving locally Lorentzian system determined by
the tetrad (2.3.32) one has

dS(a)/d* = - ANSNu . (2.3.65)
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Since in the co-moving tetrad =1, =0, j4(o) = = 0 then

dS<eVd* = -1j“j(0)5 (/) - ARS u”\

In a co-moving system £(0) = = 0 so that finally the equations of
spin transport take the form

ds~/zdt = -r g (§)5G). (2.3.66)

Christoffel symbols in coordinates xa are expressed by (2.2.44). In the
co-moving system taking into account (1.2.26) one obtains

r(« _ d2*¥"  0%*(o) " dxv dx*
r(B)7)“ dxWdxW dx» + dxW dxM dx° *
=X % m +W ,A4 a)T%- (2.3.67)

Substitution of (2.2.44) for the Christoffel symbols and (2.3.32), (2.3.33)
for the tetrad components results in

r00)=KVXco) - »«%)) + - v'hooj)
+ ~ hOiij) + \c~Ivk(hjk,i - hikj) (2.3.68)

within third-order accuracy with respect to v/c. Here
vl(o) = W@+ c~lvkvk =
In virtue of the Newtonian equations of motion
vi0 = -xch00ii + c-1A4i (2.3.69)
A Ibeing a 3-acceleration caused by the non-gravitational forces. Therefore,
r()=K W < -'hooj) + \c~vk(hjk,i = hikj)
+ \(hoj,i - hoij) TIK W = viqi)

Substitution of the values (2.2.32) for a weak field gives finally

rféé)ﬁ) =5C'V A - v%di)- fc" V A ~ vIUj)

+ fcTV (-« - aijt) + 2¢-3(t/{. - U))
+ “(aj,io ~ aijo)- (2.3.70)
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In three-dimensional vector notation § = (S"I), S*) and

« =(rg(3)-rgl).rg©@). (2371)

Equation (2.3.66) may be put into the form

Vie flx S . (2.3.72)

Substituting (2.3.70) into (2.3.71) one finds

fi= - le~3fv x A) + §c"3(t>x VU) + 2¢-3(V x U)

+ |c-1vV(Vxa)+ X a). (2.3.73)

Here A = (Al is the non-gravitational acceleration, U is the Newtonian
potential, U = (U% is the vector potential, V = (d/dx% is the vector
gradient, and a —(ai, 02, a3) is a triplet of arbitrary coordinate functions.
Equation (2.3.72) describes the precession of spin relative to the co-moving
system whose axes are assumed to be directed towards fixed distant celestial
objects. If the reference system associated with the gyroscope is considered
as an analogue of the inertial dynamical reference system and the co-moving
system is treated as an analogue of the inertial kinematic system then the
space rotation of one system with respect to the other is determined by
the angular velocity (2.3.73). The first term in (2.3.73) corresponds to the
Thomas precession (1.3.17) of special relativity. The second term in (2.3.73)
due to the velocity of the particle at hand is called geodesic precession or
de Sitter-Fokker precession. If the vector potential U is caused by rotation
ofthe central body determining the motion of a particle then the third term
in (2.3.73) is called Lense-Thirring precession. The fourth and the fifth
terms in (2.3.73) give a contribution from arbitrary coordinate functions
entering into the weak field metric (2.2.32).

Relativistic effects in rotational motion of celestial bodies are far less
than the effects in translatory motion. Only translatory motion will be
treated further but it may be noted that the relativistic effects in the
Earth’s rotation have been investigated by Voinov (1988).
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One-body Problem

3.1 SCHWARZSCHILD PROBLEM

3.1.1 Schwarzschild metric

Among many exact solutions of the Einstein field equations known at
present only a few solutions are used in astronomy, mainly in relativistic
cosmology and relativistic astrophysics. In relativistic celestial mechanics
it is possible to use only three rigorous solutions related to the case of one
gravitating body. These are the Schwarzschild solution for a fixed spherical
body, the Kerr solution for a rotating spherical body and the Weyl-Levi-
Civita solution for a fixed spheroid. By its application the Schwarzschild
solution is the most important one.

A fixed body of spherical structure produces a spherically symmetric
gravitational field with a metric of the form

ds2= p(r)c2dt2+ 2b(r)cdtdr —q(r)dr2 —a2(r)(d02 -f sin20d(p2). (3.1.1)

t is the coordinate time, r,<py0 are spherical coordinates, p, <?,a,6 are func-
tions of r to be determined from the field equations. As ‘time’# and ‘radial
distance’ r may be chosen arbitrarily not violating the field spherical sym-
metry, two of these functions, @ and b for example, may remain arbitrary.
Then functions p and ¢ are expressed by the field equations in terms of a
and 6. One may consider a more general case with p, ¢, a, and b dependent
on ¢t as well (Brumberg 1972) but this case does not occur in applications
to celestial mechanics. In terms of rectangular coordinates

xI = rsin 0cos ip x2= rsin#sin 9 x3=rcos0

the metric (3.1.1) takes the form

ds2=p(r)c2dt2+ 2b(r)—cdtdx1
r

¥)

a2(r)Sik + (q(r) - )x'xk dxMx*. (3.1.2)

73
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To simplify (3.1.1) or (3.1.2) two transformations are suitable. The first
one is aimed at excluding the mixed terms, while the second one reduces the

spatial part of the metric to the isotropic form. The first transformation is
performed by

dt* = dt + ~~f\dr. (3.1.3)
CP{r)

Then metric (3.1.1) becomes

ds2 = p(r)c2dt*2 — ("qfr) + Ar2 f12(r) (N 2+ s 2#dp2). (3.1.4)
The second transformation involves only the radial coordinate

= f(r) (3.1.5)

and reduces (3.1.4) to the form

ds2= A(r*)c2dt*2—B(r*)(dr*2-f r* dO24 r* sin2 9d<p2) (3.1.6)

with
A(r*) = p(r) (3.1.7)
and

=/\ = + ,7’8’

A prime denotes differentiation with respect to r. The solution of (3.1.8)
relative to f(r) is

/(ty=exp/-L (,(r) +iM ) dr. (3.1.9)

In rectangular coordinates the metric (3.1.6) implies
0o 4 goi —0 gik — (3.1.10)

For the moment A and B are regarded as functions of all four coordi-
nates. For such a metric calculation of quantities characterizing gravita-

tional fields presents no difficulties. Using tensor algebra formalism one
finds the following.

Contravariant metric tensor:

=1 @0 F=-1". (3.1.11)
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ChristofFel symbols of the first kind:

Tooo —*,0 Too* — Qb = QD — 2%
Tkoi = - \bikB,0 rWy=1(SijBj-SaBj-SjuB’'i) (3.1.12)

Christoffel symbols of the second kind:

re —JI—A« v — N 4. r’°e — a
00~2A " 2fl * ioi~ 24"
rbi ="B,oSik r°* = + B 06k
rfi=22ikSj + 6GkB,i - 6ijBik) (3.1.13)
Ricci tensor:
#00=- 24 XA , 3B oo
q “  2AM,aA*+ 2BASB'I
+jx a'"b”+
Roi = + —Afi5/0+ —BjBo

—Bjk —6ikB)SS4 — (A *4 AKBj
—f5ikAiSB S 4 f>ikB,oBjo) 4 -~ (SB"B" 4 6ikB}SB]S)
—  (A*fc ~ <Sifc#00 4 — 0 — .(3.1.14)

Returning to the Schwarzschild problem one has 4§ = jBo= 0. The
field equations (2.1.15) for the empty space, i.e. for the external relative
to the gravitating body space, yield
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Equations (3.1.15) and (3.1.16) may be satisfied by putting

A~ bl=<a+ !« (3.1.17)
where the function yp of the spatial coordinates is to satisfy the relation

-3+ Gilk>sibs = 0 (3.1.18)

including, following from (3.1.18) for contraction i = & the Laplace equa-
tion
= 0. (3.1.19)

For the function ip one may take the Newtonian potential
= m/r* m= GM/c2. (3.1.20)

G is the gravitational constant, M is the mass of the gravitating body, the
constant m is chosen to provide the coincidence with the Newtonian limit
for /ioo- From (3.1.5), (3-1.7)—3.1.9) there results

ar) =r* (I + ") r¥ = |[(a2- 2ma)"2+ a- m] (3.1.21)

PM = 1o fir, 40 = (3.1.22)

rir)
Thus the static Schwarzschild metric is determined by expressions (3.1.1)
or (3.1.2) with two arbitrary functions a(r),6(r). Two other functions p(r)
and q(r) are determined by (3.1.22). Depending on the choice of a(r) and
6(r) one may obtain different coordinate forms of this metric. The forms
most generally employed are those associated with the following six sets of
values for a(r) and b(r):

@ dn (1) av) V) (VD
a(r) — r r-fm r(l+ m/2r)2 a3=r2(a- 2m) r r
ftr) = 0 0 0 0 2m/r (2m/r)1”"2
(3.1.23)

The values (I) correspond to the so-called standard coordinates of the
Schwarzschild problem. This form is of great use in investigating the
Schwarzschild problem. The values (II) correspond to the harmonic co-
ordinates defined by (2.1.16). If harmonic coordinates are denoted by a
tilde then the transformation from harmonic to arbitrary coordinates is
represented by the relations

df=d* +c-1"-dr (3.1.24)
p(r)



SCHWARZSCHILD PROBLEM 77

f=a(r)—m 0=0 V=W (3.1.25)

or in rectangular coordinates

(3.1.26)
r

The values (IIT) in (3.1.23) are associated with the isotropic coordinates
marked here by an asterisk. In these coordinates the space part of the inter-
val is distinguished from the Euclidean metric only by a factor dependent
on a point of the field.

Form (IV) is obtained by taking a(r) to be a root of the indicated cubic
equation. In these coordinates introduced by Painleve the gravitational
field is equivalent by its action to a central force since the coefficients of
metric (3.1.1) in ¢2dt2 and r2(d02+ sin2 9d(p2) are equal in magnitude and
differ only by sign. This form has been investigated by Ganea (1973).

Forms (V) and (VI) introduced respectively by Eddington and Painleve
are examples of stationary metrics for the Schwarzschild problem. In practi-
cal problems the relevant reference systems are not used since the presence
of the mixed terms makes the solution more complicated. These mixed
terms are of artificial, mathematical origin and are not due to physical
reasons.

In what follows only the static case b(r) = 0 ofthe Schwarzschild problem
is considered. Then there remains in (3.1.1) or (3.1.2) only one arbitrary
function a(r) satisfying the condition of the Galilean metric at infinity:
a(r)/r =1, a'(r) —» with r —m0o.

Historical remarks concerning all systems (3.1.23) may be found, for
example, in the treatise by Chazy (1928, 1930).

Solution (3.1.1) or (3.1.2) with (3.1.22) relates to the external
Schwarzschild problem, i.e. the determination of the gravitational field
outside a fixed spherical body. For cosmology and relativistic astrophysics
the internal Schwarzschild problem, i.e. the determination of the gravi-
tational field inside a body, is of no less importance. But for practical
purposes of relativistic celestial mechanics this solution is of no interest
and is not considered here.

The external Schwarzschild solution is valid as long as the component
goo is positive. The value of r which vanishes goo is called the gravitational
radius (radius of the the Schwarzschild sphere inside which the external
solution is not valid). This value is determined by the equation p(r) = 0.
Therefore, the gravitational radius is equal to 2m in standard coordinates,
m in harmonic coordinates and m/2 in isotropic coordinates.

3.1.2 Motion of a test particle and measurable quantities

The Schwarzschild solution is the exact solution of the field equations.
Therefore it is possible with the aid of the variational geodesic principle to
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derive the exact equations of motion ofa test particle and light propagation.
These equations may be rigorously solved in elliptic functions. Indeed,
taking the plane 0 = /2 as plane of motion and applying the principle
(1.2.55) to the metric (3.1.1) one may deduce the Lagrange function in the
form

t = -pWeci (£) +«m (*) +«V)(fj) - (3-1.27)
L being explicitly independent of ¢t,<p and s there exist three first integrals

p(r)c™ = E a2(r)” = IT L=1 (3.1.28)

with I —1 for the material particle and I = 0 for the light particle. Thus,
the motion is described by the system with one degree of freedom with the
Lagrangian

I =g(r)(Q + K2W(r) (3.1.29)
where
_*:<*/*>’.

Consider, first of all, the circular solutions of the Schwarzschild problem.
The circular solution r = constant is evidently determined by the condition

W'tr) = 0. (3.1.31)

For the stability of the circular solution one should have

w"fr) > 0. (3.1.32)
Relation (3.1.31) results in
2
P _ 4. (3.1.33)
a(r)

In addition, the condition L = I involves the restriction on a radius of the
circular motion as follows:

Finally, relation (3.1.32) leads to the inequality

=g = (3.1.35)
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From (3.1.34) and (3.1.35) it follows that the radius of the nearest circu-
lar orbit to the gravitating body is determined by the equation a(r) = 3m
(with the motion with the light velocity for this orbit) and the radius of
the nearest stable circular orbit is determined by the equation a(r) = 6m.
These results are usually formulated in the standard coordinates. Intro-
ducing the function a(r) one can rewrite them in terms of arbitrary quasi-
Galilean coordinates.

For the circular motion

(p = nt + constant (3.1.36)

with n —dip/dt being the mean motion of the particle. Relation (3.1.33)
represents the generalized Kepler third law

n2a3(r) = GM. (3.1.37)

In accordance with (3.1.1) the proper time of a particle moving in a circular
orbit is determined by

(dr/d<)2 = p(r) —c 2n2a2(r)

or

(3.1.38)

The mean motion n' = dip/dr referred to the proper time is evidently
the measurable quantity since the sidereal period of revolution, expressed
in the proper time, T' = 27r/n/, is directly obtained from astronomical
observations. Define now two auxiliary quantities ¥V and r/v by means of
the Newtonian formulae

n'2r# = GM n2r% = GM. (3.1.39)

From (3.1.39) /N represents an indirectly measurable quantity, 1jv is also
an indirectly measurable quantity because from (3.1.37)—3.1.39) it follows
that

(3.1.40)

The physical constants GM and m do not depend on the coordinate
system and are to be considered as the measurable quantities. Therefore,
the mean motion n expressed in terms of GM and 1jv is the indirectly
measurable quantity. The angular coordinate (p in the Schwarzschild prob-
lem may be regarded as a measurable quantity. Therefore, in virtue of the
relation n = dip/dt the coordinate time ¢ on the circular motion may also
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be treated as an indirectly measurable quantity. Only the radius r of the
circular orbit determined by the equation

a(r) = r/v (3.1.41)

is a coordinate-dependent, unmeasurable quantity. Solving equation
(3.1.41) with respect to r one obtains an explicit expression of r depending
on the indirectly measurable quantity rw and on the coordinate conditions
employed.

Here, we use the notions of 'measurable quantity’, ‘indirectly measurable
quantity’, ‘coordinate-dependent (unmeasurable) quantity’. With each
term being conventional let us explain the meaning attributed here to these
notions. Measurable quantity is to be meant as a quantity directly obtain-
able from observation without involving any theoretical data (such as, for
example, the theories of motion of celestial bodies or the laws of light prop-
agation). Indirectly measurable quantity means a quantity resulting from
calculations involving only measurable quantities. Finally, a coordinate-
dependent (unmeasurable) quantity is referred to as a quantity resulting
from calculations involving quantities due to application of the reference
system formalism. In particular, such a quantity may depend on explicitly
introduced arbitrary functions or parameters characterizing the choice of
coordinate system (coordinate conditions).

Returning to the general case and drawing on (3.1.28) and (3.1.29) it is
easy to obtain the differential equation of the trajectory in the form

| dap J a(r) cr(r) cr(r)

with 4 and B determined again by (3.1.30) and (3.1.34) in terms of the ini-
tial constants E and I\. The right-hand side of (3.1.42) is a polynomial of
the third degree with respect to 1/a(r). Thus, this equation may be rigor-
ously solved in elliptic functions. The detailed celestial mechanics analysis
of such solution has been performed by Cherny (1949). Among numerous
papers dealing with the equation specifically in ¢ r ¢ let us note, for exam-
ple, the investigations by Bogorodsky (1962) and Bogdan and Plebanski
(1962), as well as a more recent paper by Ashby (1986). Exact solution
of (3.1.42) involves many highly interesting questions having no analogy
in the Newtonian two-body problem, i.e. the capture of the particle, tem-
porary capture (close encounter comprising several revolutions around a
gravitating body) and so on. But all these phenomena occur at the dis-
tance not exceeding several gravitational radii from the primary and are
applied in problems of relativistic astrophysics considered, for example, in
the treatise by Zel’dovich and Novikov (1967).

For the real bodies of the Solar System the gravitational radii are ex-
tremely small as compared with their linear sizes and all these interesting
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cases cannot be realized in practice. For relativistic celestial mechanics it
is sufficient to deal with an approximate solution. However, its distinction
from the Newtonian solution should be investigated in detail. In particular,
the study of influence of the coordinate conditions on a given relativistic
relation is here of great importance. Therefore, instead of the exact equa-
tion (3.1.42) an approximate equation of the trajectory of the particle is
studied below and this analysis extends to all reference systems (I)-(IV) of
(3.1.23).

3.1.3 Post-Newtonian approximation

For most practically employed quasi-Galilean reference systems one may
represent the function a(r) by the expansion

a(r) =1t M+ (1- ay™ + (3.1.43)

a,e,... being the coordinate parameters defining specific coordinate con-
ditions. The values a = l,e = 0 correspond to standard coordinates (I) of
(3.1.23). Harmonic coordinates (II) are obtained with @ = e¢= 0. Isotropic
coordinates (III) are associated with « = 0,e = 1/4. Painleve coordinates
(IV) result from a = 2,e = —3/2. Confining ourselves to post-Newtonian
accuracy, i.e. retaining in goo terms of second order and in gik terms of first
order with respect to m/r, one may reject in (3.1.43) all terms of second
and higher order in m/r. In the post-Newtonian approximation isotropic
coordinates coincide with harmonic ones. In this approximation it is suit-
able to consider the metric (3.1.2) with (3.1.43) taking into account the
main parameters /? and 7 of the ppn formalism (Will 1985). Then the gen-
eralized Schwarzschild metric in the post-Newtonian approximation takes
the form

2
ds2 = m
r

2 Ix3
fi+ T (T- @i tat T+ didxj. (3.1.44)

For ¢ r¢ one has /7= 7 = 1. At present, astronomical observation data (ra-
dio ranging of the internal planets, lunar laser ranging, trajectory measure-
ments of space probes) confirm these theoretical values within a precision
of 0.1 to 1.5% (Will 1986). Nevertheless, considering /? and 7 in the literal
form enables one to obtain a better understanding of the contribution of
separate terms of the metric to the relativistic perturbations. Under @ = 0
the form (3.1.44) reduces to the well-known Eddington-Robertson metric.
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Allowing the coordinate time # to be an independent argument and ap-
plying (2.2.53) to (3.1.44) one may present the Lagrangian of the equations
of the moving test particle in the form
1‘ 2 .
2. GM 102 2

m GM (rr)l

(3.1.45)

r denotes the triplet of the space coordinates a?l,x2,x3 of the moving par-
ticle. It is possible to apply the usual vector operations to r but it is
self-evident that this quantity is not a physically meaningful vector. The

word ‘vector’ here and below means just the triplet of the corresponding
components. Lagrangian (3.1.45) results in the equations of motion (2.2.49)

GM m
r+ N2+ T - “(@T+<)r2+ 3a r

+2(7+ 1—a)(rr)r (3.1.46)

These equations in rectangular coordinates are convenient for numerical
integration. To solve them analytically introduce polar coordinates r and
u in the plane of motion. This is achieved by the transformation

r=Xl+Ym r=Xl+Ym (3.1.47)

I and m being unit vectors determining the orientation of the plane of
motion by (1.1.6). Putting then

X = rcosu Y = rsinu (3.1.48)
one derives the equations of motion in the orbital plane

2 GM / X v.0 A2\
Pt =m (2047 a)-A- - T Q&+ T

—(r2u) =2m(y + 1 —a)ru. (3.1.49)
These equations admit, first of all, a particular circular solution

r=a u = nt -j-constant (3.1.50)
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where the mean motion n is related to the radius a of a circular orbit by
the formula

1/2

:G) (3.1.51)

Equations (3.1.49) possess two integrals, the area integral and the vis viva
(energy) integral. It is very simple to derive them from the Lagrangian
(3.1.45) by introducing spherical coordinates r, 6 and <p taking combi-
nations dL/dip and r(dL/dr) + <p(dL/d<p) —L for 6 = %/2 and putting
afterwards = w. The integral of area has the form

r2u ™l + ~c 2(r2+ r2u2)+ 27+ 1—2a)~" = P. (3.1.52)

The vis viva integral is

-9 K + |c-2(f2+,222+ M
2 r 8 r

(3.1.53)

Substituting into the relativistic terms the Newtonian expressions one
gets

r2Zu=P (1 27+1—a)—— (3.1.54)

h ) CIK4 P21
J— + — -+ ?7—2+ ~ U [
2 GM 2(7+ 2) (—=27—""—2+a)~2 1T
(3.1.55)
From this there results the differential equation of the trajectory in the
form

(d(1/r)\ 2 20 | 26M1 1, ( k2

+
V dw p2 1 P2 p  pg m\GMPZ
+ 26527 +2./9.3a) syl (3.1.56)

+ ﬁ/ 2741 -2 0

It is evident that this equation coincides with equation (3.1.42), deduced
above, with /7= 17 = 1, 9= u, using (3.1.43) and relating the constants of
integration by putting
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Instead of P and & one introduces into (3.1.56) new constants a and e
such that a(l —e) and a(l + e) are the boundary limits for changing r in
the motion of the particle. Thus, a and e act as the semi-major axis and
the eccentricity of the orbit. Then,

/d(1/r)V _ /1 1_ 1
|\ du J \r vArl —e) r
57)
with
— 4 2 —
P2= GMaf1- &2 1+ 1-9 1+a+22 T2 —alm 5
1—<c2
(3.1.59)

Equation (3.1.57) may be solved in the same form as for Newtonian theory,
ie.
a(l —e2)

= 3.1.60
d 1-fecos/’ ( )

Substitution of this expression into (3.1.57) yields

2
m
-2 3.1.61
dl) 1 2°T P+2 aral—ez) 0 (3.1.61)
or within the adopted accuracy
ecos/ (3.1.62)
d*-'"11 aa(l-e2)
with
d= 1~(27-12 +2- " (3.1.63)
) a(l —e2)* o
The approximate solution of (3.1.62) is described in the form
f=wp-a " ini 3.1.64
8] a1 __gpesinip (3.1.64)
and
0= v(u —u) (3.1.65)

Ij being an arbitrary constant. Thus, the equation of the trajectory of a
test particle in the field with the metric (3.1.44) in the post-Newtonian
approximation is given by (3.1.60) and (3.1.63)—3.1.65).
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For relativistic celestial mechanics only the case of the elliptic type mo-
tion is of practical interest. In this case between two consecutive passages
through the pericentre, / = 0 and / = 27, the argument of latitude u
changes from u —.; to u —lo-\- In/v = ., + 27r+ Ay with

Aw = (2j +2-/3) irm.; (3.1.66)
a(l —ez
reducing for /2 = 7 = 1 to the famous formula of the Schwarzschild ad-
vancement of the pericentre for one revolution.

Having obtained the trajectory of the particle it is not difficult to find
the dependence of the true anomaly / on time. Using (3.1.54), (3.1.64)
and (3.1.65) one gets

ndt = a27Tre2)i/2 [1+7 (-0 + «+ 27+2- *)£)] d/  (3.1.67)

with the mean motion n determined by (3.1.51). Introducing the eccentric
anomaly E related to the true anomaly / by the usual formula (1.1.14)
and integrating (3.1.67) one obtains the relativistic analogue of the Kepler
equation

E- 1+ (-27-2 +a)") esinE=1 (3.1.68)

the mean anomaly / being the linear function of time ¢ with the frequency
ft=n(1—Q7T+2—/7)"). (3.1.69)

With the aid of (3.1.68) it is easy to find the expression for the period of
revolution of the particle around the central body. In doing this one should
clearly define what period is kept in mind. For the anomalistic period 71
defined as the time interval of the increase of / or E by 2« one has

T1=" (1 + 27+ 2—/?)’\). (3.1.70)
n |\ a

The sidereal period 72 is defined as the time interval of the increase of u
by 27. ip and / increase thereby by 27%v and the increase of E is

2wl + (v- i)(1_e2>1/2
1+ ecos/0,

with /o being the initial value of the true anomaly. Therefore,

27T
= 1@ 2-fEL (1 R0F 8NT2) (3.1.71)
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To the end of this period the position vector of the particle in the chosen
reference system coincides by its direction with the initial position. 7\
depends on the initial position of the particle. Using

fL _ Jf 1
(1+ ecos /)2 ] a - e2)3/2 (1- e2)3/2

the mean value of the sidereal period in changing the initial position /o
from 0 to 27Tis determined by

* .92 (1-(»r +%-%="Tr ) . (M-TD

Let us remember that in (3.1.69)—3.1.71) the mean motion »n is given by
(3.1.51). In deriving (3.1.68) and subsequently from it formulae (3.1.70)—
(3.1.72) the coordinate time ¢ is used as the independent argument. For
some problems it may be more suitable to use the proper time r defined
by (2.3.2). In application to (3.1.44) in the post-Newtonian approximation
there results

drYy . 2m
4i) ~T ro4re

or with the use of the energy integral

fr-1- < 3173>
Therefore, equation (3.1.67) referred to the proper time r reduces to
"0'- = ai(,-r™)1» [1+7 Q-/»+«+<2r-«);)] <V (3.1.74)
with the mean motion n/ for the proper time of the particle, i.e.

r, m( 1 .03 3\

) (3.1.75)
A+7 (-1 - #+2+ 5%

By integrating one obtains the relativistic analogue of the Kepler equation
referred to the proper time of the moving particle

E-(l +(-2j+a)*jesmE-1' (3.1.76)

and Vis the linear function of r with the frequency

A= nt(1 —Q2T+ 2-/3)7). (3.1.77)
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Therefore, the anomalistic and sidereal periods similar to (3.1.70)-(3.1.72)
but referred to the proper time are respectively

(3.1.78)

(3.1.80)

Thus, Ti, T2, 72 are expressed by the same formulae as 7\, T2, T2
replacing n by n'.

3.1.4 Solution for small eccentricities

If the eccentricity is small it is convenient to use expansions in powers of
the eccentricity enabling us to represent the coordinates of the particle as
explicit functions of time ¢« Such expressions are deduced here up to the
terms of the second degree inclusively. The relation between r and E gives,
from (3.1.68)

(3.1.81)

Using the expression (3.1.60) one may integrate (3.1.67) as follows:

(3.1.82)

Inversion of this relation yields

(3.1.83)

From this, using (3.1.64), one has

(3.1.84)
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Finally, with the aid of (3.1.65), one obtains

/
u H—-—-b2 g] 7+ 13+ a)—) esin /
v a

*
i+/(1_27_21_54/?+ —] e2sin2/+ _ (3.1.85)
Thus, the rectangular coordinates (3.1.48) of the moving particle contain
two angular variables / and |jv associated with the periods 7\ and T2,
respectively. Instead, one may introduce the mean longitude A and the
longitude of pericentre w which are linear functions of time ¢ with frequen-
cies

A=n*= (1+ 27+2-/7)"e2]n (3.1.86)

f=0@T+2 _/?)_I La-)m'e p-1-87*
Then, in (3.1.81) and (3.1.85) one may replace / as the argument of trigono-
metric functions by A—%. The combination # + I/v in (3.1.85) may be
replaced by A—A with the constant A representing the longitude of the
ascending node of the orbit.

Instead of @ and e one may introduce any other similar quantities a*
and e*. For example, according to the traditional choice of mean elements
e* might be chosen as being one half the coefficient of sin(A —7%) in the
expansion for # and a* might be chosen as being related to n* by the same

functional dependence (3.1.51) between n and a. With such a choice one
has

A

~ g
*=all+ EI(—27 2 +/2)-e” (3.1.88)
a

= M+ (T+H1-N+a)d e (3.1.89)

Expansions (3.1.81) and (3.1.85) become
m
a*

—M+ (—F —1-f/2—00°t) e*cos(A —7)
—7F ﬁl b (—47 —4-b27? —a)—) e*2cos(2A —1) + ...
2 a*
(3.1.90)

5 / 5

u = A—A+2¢e* sin(A—%)-b
4~V — 4

J”l e sin(2A—u)+
a
(3.1.91)
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Let us remember once again the expression of angular variables in terms
of the old and new constants:

/= (1 —(27 + 2 - n(t —*0) + /o = Arc*(t - t0) + lo (3.1.92)

A= A 4% (27 + 2 —/?)— e2* n(t —to) - Ao = n*(t —to) 4- Ao (3.1.93)

™
Tt= (27 + 2-/2)— —— A + i/(« + n) (3.1.94)
a(l —e™j

where /0 is the mean anomaly at the epoch and Ao = wW4*A 4-h/v is
the mean longitude at the epoch. From (3.1.92)-(3.1.94) we obtain the
relations

I—X—F A=w+n + //iz (3.1.95)

used above.

3.1.5 Orbital elements and measurable quantities
To illustrate the problem of measurable quantities let us examine the ex-
pression for spherical coordinates. The radius vector r is given by (3.1.81)
or (3.1.90). On the basis of the expressions (3.1.85) or (3.1.91) for u, it is
easy to derive the corresponding expressions for 9 and (@ In fact,

cos 9 = sinisinu
and for small inclinations

ipzt u-4A—| sin2isin2u +

Substitution of (3.1.85) yields

cos 9= sini sin(A —A)

+ M+ (74-1—P+ a)—) e[sinQA—w —A) —sin(T —A)]
“(1+2(74-1-1742a)~) e2sin(A- A)

+ % (} + (-I07-10 + 3p + Za);% e2sin(A - 2x + A)
kg9 (“y+ 6—13/?4 18*)—" e2sin(3A —2ir —A) -|-...

(3.1.96)
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P=A+2(+ T+ 1- 72+ a)”j esin(A—7)

5 /1 1 5% 5\ m

2sin2(A —
44 (~2T% 2~4/7+424)7 C2SIN2A—W

—i sm2{ sin 2(A—A)

—2 M+ (7+1—+a) esin(A + T —2A)
42M 4 (741 —4 esin(3A —F —2A)

-4 +207+ 1- 2+ a)r) e2sin2A- A)

F "3 (I87 " 18 —I11/A"k 6a)—) 62sin2(T —A)
+ (13 + (147 + 14 - 2/?+ 26a)™)

(3.1.97)

Introducing now ¢* instead of ¢, one obtains

cos 9= sini sin(A —A) 4 &* [(sinQA —F —A) —sin(7r —A)

- e*2sin(A - A) + A (1 + (127 - 12+ 5/2)~-)

x e*2sin(A —2ir-f A) + » "9+ (27 —12 +

x e*2sin(3A —27r —A) 4 ... (3.1.98)

= A4-2¢e* sin(A —w) 4 e sin2(A-ot)

ili stn?3 sin 2(A —A) —2e* sin(A 4« —2A) 4- 2¢* sin(3A—7T-2A)

- 4e*2sin2(A- A)+ A 3+ (127 + 12- 5/2)") e*2sin2(x +A )

+J (13 + (-127 - 12+ 5/7)"-) e*2sin(4A - 21 - 2A)+ ... + ...

(3.1.99)
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Thus, the coordinates of the moving particle are represented by the trigono-
metric series in A7r and A with coefficients dependent on a, e, sinz or a¥,
e*, sini. A and Tare linear functions of time. The periods 71 and 72 are
directly measurable quantities (at least, at the level of the mental exper-
iments). Therefore, the periods T1? T2 and the frequencies of longitudes
A and 7 are indirectly measurable quantities. All angular arguments A,
T, A as well as sini are also indirectly measurable quantities. Since n
and n* are indirectly measurable quantities, a and a* are unmeasurable
coordinate-dependent quantities, as follows from (3.1.51). As for the ec-
centricity, the comparison of (3.1.97) and (3.1.99) demonstrates that e is
an unmeasurable, coordinate-dependent quantity whereas ¢* is a directly
measurable coordinate-independent quantity. This reflects the fact that ex-
pansions (3.1.96) and (3.1.97) in powers of e depend on a and expansions
(3.1.98) and (3.1.99) in powers of €* do not depend on a. Hence, depend-
ing on the definition of the eccentricity as characterizing the form of orbit
by (3.1.60) or as one half the coefficient of the leading term in the longi-
tude of the particle by (3.1.99) there are different conclusions concerning
its measurability.

These conclusions are derived here in the post-Newtonian approxima-
tion (therefore all quantities in the post-Newtonian terms have Newtonian
meaning and may be regarded as measurable). But it is clear that they are
valid for any approximation. The basic frequencies un* and n* by (3.1.92)
and (3.1.93) may be determined from the results of measurements of the
periods 71 and 72 and, hence, T\ and T2.

3.1.6 Solution in osculating elements

Taking into account the importance of the problem of the motion of a test
particle in the Schwarzschild field it is suitable to give also its solution in
osculating elements. To extend the domain of application of the relevant
results to other problems (two-body problem of finite masses in g r ¢ , motion
of'a test particle in the spherically symmetric gravitational fields of different
post-Newtonian gravitation theories, etc) it is advantageous, following the
work of Chazy (1928, 1930), to consider equations (1.1.25) with disturbing
force

GM . 0 2
Fem 2a V.. geip+’ 1) (3.1.100)

a, 9, e and // being constant parameters. It should be noted that until
the advent of ¢r ¢ many authors suggested different modifications of the
Newton law of gravitation described by the disturbing force (3.1.100) with
specific values of the constants a, 9, ¢ and fi. The ¢r¢ equations (3.1.46)
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of the generalized Schwarzschild problem result from this by fixing one of
these constants by means of the relations

I=T7+/7—a 2e=17-fa i=7+1—a (3.1.101)
with the constant a characterizing again the choice of the coordinate con-
ditions. Solution of (1.1.25) with the disturbing force (3.1.100) might be
of course obtained by using the mean elements as performed above. But
to illustrate the method of variation of arbitrary constants let us apply the

osculating elements. By (1.1.27) the components of the disturbing acceler-
ation are

s (’]zcr_G_j}{___ ser (3a+ 2 ("2
rJ r
n2a2 ) .
= m- (3a F2/i)—(1 —e2) - 2(3a —2¢ + 2/i +
3a+ 2c- 2/

T =m2c—""-y/a(l —e2)l!2{rr) = m2e”~-¢ sin/
VFrrO.
Therefore, equations (1.1.26) for the osculating elements immediately imply
i = constant A = constant
whereas the differential equations for other elements take the form
da 2nale
dF=mr2(1_e2)l/2Sm-f
X (Ba—2(01— +2Ba—2c¥2%£¢)—3a+2c—2%)

de na(1—e2W 2 .

X 3at-(1—e2)+2(3a—2e+ 2/i+ <r)* —3a+ 2e—4"

dr na(l —e2W 2/ a3. 2/ 2\
dF=m e ) +(-9a +4e-4p -2 (l-¢ )

+ (3a - Ze)r-(l - e2)+ 2(3a - 2e+Av,+a*)r-- 3a+ 2¢- 4/z)I
§=1[!'-(!- eI2]"] + ((3a+ 2/1);(1~ ¢€2)

2(-3a+ 2c—2/i —<)£(3a—2c £2//)—j .
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Substituting into the right-hand sides of these equations the values of
the osculating elements for the initial moment of time and integrating, one
obtains the first-order perturbations

me

84 = (1 ¢2)2U4(C- A- %)+ er(-§<* + de- 4M)] cos/

+ (2e —2/i —crjecos2/ + |ae2cos 3/} | 3.1.102)

m .
be— 1 o) {2~ D+ 2-Fa + 2e- 4] cos/

-f (e —li —\(r)e cos2/ + ~ae2cos 3/}| (3.1.103)
m 6—0 ( 3 o, .
" a1—e2) Qe+ 2//—0)/+ S ( da+ 2ete sin /

+ (e- n- "crJsin2/ + iaesin3/ (3.1.104)

to
b= 11— —en i+ ™ [(3a—2e + 2/x)(1 —e2) 1271
e = —_— —e r —_—
a(l —e2)12 ¢
+ (~3a + 4e - 2// - 2<r)/ + (3a + 2/z)esin/]|Jo. (3.1.105)

Rewriting <& as

2m
1 —e2)2
~h(3a —2f - 2//)(1 —e2)2——-a + tr £ (3ct —3c + 3/i -£ "<r)e2
0
(3.1.106)
one gets
f Sndt —3—\ (3a £2c2/)) T 2a —260F2/i4 <)
*/to a I 1 —e2)V2
e S e (—) (30t 202
a %2)1/'2 a(l —e a e 1- a)

Xx (—] 9-(Ba—2c-b2/i)— 3.1.107
g/o/] +( )rOJ ( )
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initial values being marked by a zero index. The variation of the mean
longitude is determined by

AA = n(t —to) + SX  SX— f Sndt+ 6c
jto

and for one revolution

[«<A]l*+a' = M * +a' + 2x ? —3a 4-2c—2/i+f3B3a—2c-f 2/i)g

+3(3a+ 2—2[i—a) +3a(l —e2) G~ j
(3.1.108)

From the Kepler equation it follows that the anomalistic period resulting
in increasing the starting values of / and E by 27 is determined by the

expression
/0+2T

/o
or

3a—2f 2/ + 3(—3a 4 2f —2/A)—
70

+3(3a- 2e+ 2i+ D) (<) - 3HK1- e2) (~)

(3.1.109)

The sidereal period resulting in increasing the starting value of the mean

longitude by 27r is

or

3a —de+ + (—3a+ 2e—2//)e2
TN=21 1+« -8 (Ba+ 222002 L5 304020200
n a 1—=e2 r'o

2
+33a- 2+ 2/i+a) - 3a(l - €2) (3.1.110)

Expressions (3.1.109) and (3.1.110) with relativistic values (3.1.101) dif-
fer formally from (3.1.70) and (3.1.72). This is due to the fact that ex-
pressions (3.1.109) and (3.1.110) contain the values a = a0, e = e0 of the
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osculating elements at the initial moment of time whereas the quantities
a = al,e= ¢ occurring in (3.1.70) and (3.1.72) are constants characterizing
the size and the form of the orbit. It is not difficult to verify the identity of
these expressions. If ai, el and a2, €2 are values of the osculating elements
in pericentre and apocentre respectively then

2a' = a2(1+ e2) 4 ai(l - ei) 2a'e' = a2(l + e2) - ai(l - ei).
Using (3.1.102) and (3.1.103) one may derive

fli —(1q'"SG  Sao 6 —Gq4*  “*Seq (z—1,2)

with

bai= T [46- /- D+ (2e- 2l +4(-a+e- fje2

= ey O- - D Qe 2l et d(-ate- [ied]

Sa2 = me [4(e —/i —an) -f 2e —2/i —cr)e —4(—a -f e—/i)e2]
1 —e2)2

si= " [6—a)Fe—fi —Iv)e & (—2a 4 2e —4/i)e2]

2= " [2(6- o)+ (e- Vi- \<pe- (-2a 4 26- 4//)e2]
a(l —e2)

6a0 is expressed as the right-hand side of (3.1.106) with r = ro. Then,
o/ —ap —$%0 4 2("ai 4 "a2) 4 “cto("e2~ "ei) 4 "o (a2 —"ai)

and therefore

a/=flo4m —2a(l —¢2) 4 2(3a —2e42/i4a)
4 2(—3a £2c¢ —2/i)— F2(a —6)
ro

The mean motion n is expressed in (3.1.109), (3.1.110) in terms of ao
by means of the unperturbed Kepler third law whereas in (3.1.70), (3.1.72)
it is expressed in terms of @ = a' by means of (3.1.51). Substituting into
(3.1.70) and (3.1.72)

a'W =al'2 +
Vv 2 a0 J

and taking into account relations (3.1.101) one comes to (3.1.109) and
(3.1.110).



96 ONE-BODY PROBLEM

As seen from (3.1.104) the advancement of the longitude of pericentre
per one revolution is equal to

2ttm
2e + 2/i . 3.1.111
a(1—e) e H—w) ( )
For values (3.1.101) this expression results in the previous formula of
the Schwarzschild advance of pericentre (3.1.66).
The equations of motion with disturbing force (3.1.100) may be put in
the Lagrange form with Lagrangian

l.o GM 2a—2e-f/i/.ox0o m GM
o L R 8627 u(»u ) + (£+ N < T
1
+ [-a+e+-n)r2+a ™ - (3.1.112)

Relations (3.1.102)—3.1.107) yield the perturbations of the osculating el-
ements. The same relations might be obtained on the basis of the Lagrange
equations for the contact elements (1.1.39). The Lagrangian (3.1.112) con-
tains four arbitrary constant parameters. If three of them are related by
the condition

2a-2¢ +/i=1 (3.1.113)

which is satisfied particularly with the values (3.1.101), then the result-
ing Lagrangian corresponds to the metric form with the three arbitrary
parameters a, ¢ and « equivalent to (3.1.44).

3.2 LIGHT PROPAGATION IN THE SCHWARZSCHILD
PROBLEM

3.2.1 Variational principle

The geodesic variational principle for the constant gravitational field leads
to the problem of constructing geodesics in the three-dimensional space.
Indeed, principle (1.2.50) has the form

i/V7d«o=10 3.2.1)

with
dx* dx* dxk
f - 900+ 290id ~ + 9ikd ~d " -
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/ being explicitly independent of x°, there exists the integral

% dx* f .
d(dx gj —-constant

or

+ = ‘322>

/ may be represented in the form

/=i(*(ll|ﬁ)‘SO ~(A) (323)

dr being the element of the space distance (2.3.3). Therefore, combining
(3.2.2) and (3.2.3) one obtains

<324)
Again using (3.2.3), one has

For a fixed value of & the variational principle (3.2.1) may be rewritten
in the form

(M -'/7) dilo (3:2'6)
with arbitrary variations of x° at the endpoints of the interval of integra-

tion. Transformation from (3.2.1) to (3.2.6) may be easily verified taking
into account the basic formula of calculus of variations:

r /(W )d«=

X
df c

n+» ‘y

+1

For this case the third term is zero due to vanishing variations of the space
coordinates at the endpoints, the second term is annulled by the existence
of the first integral and the first term results in the same Lagrangian as
defined from the original variational principle (3.2.1). Excluding dx° from
(3.2.6) with the aid of (3.2.4) and (3.2.5) the geodesic variational principle
for the constant field finally takes the form

6:{ QA NV9oo 900 d*% -0 G-27)
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Having determined the trajectory, the dependence on time is obtained
by quadrature (3.2.4). This principle 's particularly adequate to study
light propagation. For this case one has #= 0 (as a consequence of / = 0)
and comparison of (3.2.7) and (3.2.4) leads to the conclusion that light is
propagated in accordance with the Fermi principle (the principle of least
time)

6 [ dx° = 0. (3.2.8)

3.2.2 Post-Newtonian equations and their solution

For the static spherically symmetric field with metric (3.1.44) (with b(r) =
0) principle (3.2.8) takes the form

=0 (3.2.9)

with
xlxk

df = Stk Hemeen (£ — + & da?*darfc.

v

It is sufficient to retain in p(r) only the term of order m/r

Similar to the transformation from (1.2.50) to (1.2.55) principle (3.2.9)
may be rewritten in the rational form by putting ¢ as the canonical param-
eter

de
i p \dt

Il
b

(3.2.10)

For the static field time # is the canonical parameter since for this case
the equations associated with the variational principle (1.2.55) admit the
first integral

d#°
9001&4&' —constant.

From this it follows that x° and A are linearly related and hence are equiv-
alent. The Lagrangian for the variational principle (3.2.10) is

r 1*2 m 1 x2  (rr)2l

3.2.11
W+ T v Y 401~ ~) ( )
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The corresponding equations of light propagation in rectangular coordi-
nates are of the form

r=nr (H(7+ 1+ a)r 2+ 3 £ 27T+ 1—a)(rD)f) . 3.2.12)
The general solution of this equation is given by the formulae

£ X (ro x <) £x (r x <
) - 10+ c(t —to)®-+ m (7+1)

ro —<rr( r —err

- <rln—————  + (3.2.13)
r0-I-trro I \r roJ

l./x _ ™ ( (crr®)
-cr(t)s =a ----;—( (’r + 1) ————— ’: --_—---; ----- h (7 +1 70[3(4 -fa —rl—l’

(3.2.14)
The arbitrary constants of integration are chosen to be space coordinates
r(to) = r'oofthe light particle at the initial moment of time zo, the direction
of the light velocity at the infinitely far distance from the primary for the
infinite remote past o= r(—o00)/c, 02 = 1 and the light velocity c. In the
right-hand sides of (3.2.13) and (3.2.14) r is to be replaced by its Newtonian
expression
rN@®) = r0+ c(t - to)<. (3.2.15)

From (3.2.14) for t —* o0 there results

_ — _ _ _ *
f(00) = v —a —2m(T4 )T D (3.2.16)

The absolute value of the vector product

B2'17>

determines the sine of the angle of the total deflection of light in passing
in the Schwarzschild field. Within the post-Newtonian approximation one
may adopt here as ro any point of the light trajectory. In virtue of (3.2.15)

[tjv(0 x ("l —|r0x al = d

d being the impact parameter for the light trajectory. But it may be
preferable to apply (3.2.17) without using the notion of impact parameter.
For the radial light ray expressions (3.2.13) and (3.2.14) become
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(3.2.19)

According to (3.2.14) the magnitude of the coordinate light velocity at
any point r is

differing from ¢ But the physically measurable, chronometric invariant
light velocity is, of course, always the same and is equal to c as followed
from the 3+ 1 metric splitting (2.3.11) and condition ds2= 0 for the light
propagation.

3.2.3 Boundary value problem and Doppler displacement

Formulae (3.2.13) and (3.2.14) give the solution of the Cauchy problem for
light propagation. In fact, it is easy to express ¢ from (3.2.14) in terms of
the coordinate direction of the light ray at moment zo. Then, the relation
(3.2.13) determines the law of motion in terms of position and velocity of
the light particle at the initial moment #o. Consider now the boundary
value problem with two given positions of the light particle r(to) = t*o and
r(t) = r (to < t). Denoting

I> = r(t)-ro(*0) D=\D| (3.2.21)
one easily finds from (3.2.13) and (3.2.14) the light direction at # —»—e0

0 ’) [D x (r0x1)]

(3.2.22)
and the time of the light propagation

(3.2.23)
The light signal emitted at moment to from the point tfo reaches the
point r at moment # having the coordinate velocity

(3.2.24)
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which results from substituting (3.2.22) into (3.2.14). If the light emitter
is a distant star so that r < ro then expanding in powers of r/r0 and
retaining only the main terms, relations (3.2.22) and (3.2.23) take the form

ro rox (r xr0) 7+ 1
a ~ r -3 1+ = -a
ro r 1+ ror/(ror)
rOr 2rQ ror

m2

m
H-- (7+ 1)In + a
C rro -\-rro \ror

3.2.26)

Consider now the Doppler displacement of the light frequency. Let again

the light signal be emitted at moment to and received at moment t. By

the previous formulae one may find the functional dependence t = t(to) for

the specific motions of the emitter and the receiver. Let the light signal be

emitted with period Stq. The corresponding interval of the proper time of
the light emitter is

6to = c-1 { 6to.
VdV r Q)
The receiver accepts this signal with period St in the coordinate time or
with period

6r=c-1f A~ St
\d</ r(i)

expressed in the proper time of the light receiver. Besides this one has

St =
ato
The light frequency is inversely proportional to the period in the proper
time. Therefore, the ratio of the frequency Vo of the light emitter at point
ro(tQ to the frequency v of the light receiver at point r(t) is

St (ds/dt)r(t) dt

(8.2.27)
v Stq (ds/dt)ro(to} dto
For the Schwarzschild field this general formula of the frequency ratio
yields in the post-Newtonian approximation

vo 1—m/r —r2/2c2 dt

(3.2.28)
v 1—m/r0— /2c2dtfo

with ro = dro/dto and r = dr/dt . The derivative dt/dto may be calcu-
lated by using (3.2.23) and taking into account that
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Then

dt _ 1- (Dr0@eD)[l + m5(rp,r, D)] + m(ro/c)T(r,10,D)

(3.2.29)
dto 1—(Dr/eD)[1+ mS(ro,r,D)] —m(r/c)T(r, ro, 5
with
S(r0,r,D) = 2(T + 1 ) - i«(ro + r)~ ~r~\j~~ (3-2-30)
T(pO,r,D) = -2(7 + 1)(po+ n +“5
(3.2.31)

In contrast to the 5 function T is not symmetric with respect to ro and r
and enters into numerator and denominator of (3.2.29) with different order
of its arguments. Relations (3.2.28) and (3.2.29) with (3.2.30) and (3.2.31)
are sufficient for solving all problems concerning Doppler observations in
the Schwarzschild field. The Doppler displacement (3.2.28) includes the
gravitational shift of frequency due to the difference of the gravitational
potentials at points ro and r. The Doppler effect is treated in detail, for
example, in Tausner (1966) and Kislik (1985). The different cases of the
mutual position of observer, light emitter and the primary are considered
in the latter paper.

3.2.4 Post-post-Newtonian equations and their solution

At present the discussion of high precision measurements of the light deflec-
tion and time radio ranging has confirmed the grt post-Newtonian effects
at the level of 0.1 to 1.5% (Will 1986). In this regard some specific pro-
grammes for investigating the post-post-Newtonian effects are coming into
use. In particular, much attention is paid to the project of an astromet-
ric optical interferometer to be put in orbit around the Earth (Reasenberg
and Shapiro 1986). From preliminary estimates one may hope to gain
a precision of 1 x 10“ §// for measurement of the light deflection whereas
the post-post-Newtonian effect of the light deflection in the vicinity of the
Sun is 11 x 10~6//. Therefore, investigation of the post-post-Newtonian
approximation of the light propagation is of interest for future practical
applications. This problem is treated here within the framework of grt
taking into account coordinate parameters (Brumberg 1987a). Within the
framework of the ppn formalism with a fixed choice of coordinate condi-
tions the post-post-Newtonian effects in the light deflection and the time
of flight of radio signal in the Schwarzschild field have been investigated by
Richter and Matzner (1982, 1983).
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Let us start from the general expression of the static Schwarzschild met-
ric (3.1.2) with (3.1.22) and b(r) = 0. The equations of light propagation
admit the Lagrangian obtained from (3.2.10)

1 ok ; a'\r a2(r
re2g*)2 i \r) () (rrY

2[1 —2m/a(r)\ r2\1—2m/a(r)
(3.2.32)
With a(r) given by expansion (3.1.43) the Lagrangian in the post-post-

Newtonian approximation is

L=i1"+ 2- ajr*+a ("

+ (N+4a - ia2- 2e

The post-post-Newtonian equations of light propagation generated by
this Lagrangian take the form

(4 —2a)(rr)r —(2 + a)r2r + 3a

+ m (—2+ 8a —2a + 4c)t*7*)7* + 2er r

2
+(2- 4a+2a2- 89 I (3.2.34)

Choosing again six arbitrary constants of the general solution of equa-
tions (3.2.34) the triplet of the spatial coordinates of the light particle
7o = t*("o) at moment to, the unit vector <= r(—oo0)/c of the light di-
rection in the remote past and light velocity e at infinity and denoting
post-Newtonian and post-post-Newtonian values of the desired quantities
by indices pN and ppN respectively one gets

c~IrpN(t) = er-f m Ai(rjy) (3.2.35)
rpN(t) = rN(t) + m[Bi(rN) - B i(r0)] (3.2.36)
c"IrPPN(t) = or+ mAi(rpN) + ra2A 2(rjv) (3.2.37)

TppN(t) = rN(t)+ m[Bi(rpN)-B I1(ro)]+ m2[B2(rN)- B 2(ro)]. (3.2.38)

rjy(t) stands here for the Newtonian value (3.2.15) and

. err cr & x {r X a)
Ai(r) = —a— r+ (a- 2)—2- (3.2.39)
rd r r(r — <rr)
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4r
A2(r)—-’\r+B + 4a —a + 2e -r —
r2(r —<rr)
I . 2 crxfrxo- Acr x (r x cr
+ (77 4a+a—’\\1~+(12—4 )——f )+4 ( )
rJ(r —<rr) r\r —crry
15 <rx (r x <r 150°x (r x <1) err I3
- (N FEEay RGO\ x (A2,
(3.2.40)
ol x (r x a) A s
B\(r) = —t —2-————— 2crin(r + err) (3.2.41)
r r—o'r
y Z . /1 \ r n (T 4cr Acr x (r x cr)
Brr)= 37 ¢/ 3% 23" P dmt  (rozrp
15 cr i <rr
tan
4 \r x A4\ Irx € |
15 crx (r x cr) { i err i\ A
- — (err)—jo- :l)_ tan - + - 1 (3.2.42)
4 [rx e\ 2J

[ x A\ is to be meant as the arithmetic value of the vector product. Im-
mediate differentiation of expressions (3.2.39)-(3.2.42) demonstrates that
functions (3.2.37) and (3.2.38) represent the post-post-Newtonian solution
of (3.2.34). It should be mentioned that on the right-hand sides of (3.2.34) r
and r have their post-Newtonian values in the terms 0(m) and Newtonian
values in the terms O (m 2).

Taking in (3.2.37) the limit ¢ — oo and substituting, in particular, ex-
pression (3.2.36) into (3.2.39) one finds the post-post-Newtonian general-
ization of relation (3.2.16)

-i- X <rx(r0x<r)
¢ rppNfoo) =v= <r-4m —-———-
PO x erp
9/ 15 erx (rOx er) 8cr
-fm & -
\r0 x cr3 [r0 x A2
, Of Xo -x (r0 x<r) a- x(rOxcr)\
+ 8(r0+ oto)—j-—----- vrl- 4a— p ——-
JI_rOx <rp roﬁ’rOx or|2 A
(3.2.43)
From this
i i . 4m m?2 15 r0-f 4a. A .
\<ra\ = - S T Bt T TOX ) (3:2.44)
T0Ox <\ r0x 0O-2 4 \r0 x<r\ r0 y
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This relation defines the sine of the angle of the total deflection of light in
the post-post-Newtonian approximation of the Schwarzschild problem.

3.2.5 Boundary value problem in the post-post-Newtonian
approximation

Retaining designations (3.2.21) for the boundary value problem r(to) = ro,
r(t) = r (to < t) one has
c(t-t0) = D (3.2.45)

<= D/D (3.2.46)

in the Newtonian approximation,

cft-t0) =D - ng[B!(r) - Bi(rO)] (3.2.47)

x [D x (Bx(r) - *i(r 0)]} (3.2.48)
in the post-Newtonian approximation and finally

Ti g
c¢ft-t0 =D - pDIB~r)- Bx(r0)] - — D[B2(r)- B2(r0)j

+ A £»x (B 1r)-B 1(r0)|2 (3.2.49)

*= § + -&{D x [D x (Bi(r) -

+ D x [D x (B2r) - B2(r0)]}

TYl2
+ A3 {(bi00 - Bi(ro)) X [D X (J5i(r) - Bi(r0)]}
Q7R
- ~B | 1> X (B1r)- BArQ)|2 (3.2.50)

in the post-post-Newtonian approximation. In the right-hand sides of
(3.2.47) and (3.2.48) and in the terms 0(m?2) of (3.2.49) and (3.2.50) one
may use for < the Newtonian expression (3.2.46). In the terms O(m) of
(3.2.49) and (3.2.50) one should use the post-Newtonian value (3.2.48).
Substitution of (3.2.41) and (3.2.42) into (3.2.49) and (3.2.50) gives

c(t-t0 =£> + m£21nr° +hr ~t~1’;
ro-hr —
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_a_(r|—r2—D2 r2—rk—D2
+ +

2D V o
15 D i
+m . ftan"! _ tan-i r A l-DD%‘\
4 POxrlIvV 2|0 x r| 2Ir0x r| J
2D
(r - rO+ £>)(r —r0- D)
[r0x rI2
1—4e /| —r2—&)2 r2—rl —D2
+ +
8D
(3.2.51)
D
r=- +m &> x (r0x 7)]

D\vg x v[2 £)3 \ro r

2D2

P (—— + r(r - rO+ &)
ro r, X

15 7D 1 15 r2:£‘1_1__4:__£_)2 tan—i r2—m+ D2
8 POxr B 8 D\rox 7|3 27%q X 7

15r2—r0—D2t -1r1r2—r2—D2

8 -DI|t'0Ox 7|3 an 2|ro x r|
o(r+rQ(r - rO-D

o QuEtrOE- r0D),
D\rOer‘

(I 1 2 \ 1 /1 1
+ {4 + 2a ~¢D " \yo~ A
(r+ rO)(r - O+ D)2_ 2(r + rO)(r - r0)3

[D x (rOx 1)]|
D 2rro\ro xr R ° 2D5r r2

(8.2.52)

with
4rox rR= [D2- (r - r0)2)[(r + r0)2- D 3. (8.2.53)
Thus, t—to and <r are expressed in terms of the boundary values. Actually,

it is not necessary to have an analytical expression for each effect related

to the light propagation and one may merely use (3.2.51) and (3.2.52) for
numerical calculation.

3.3 FIELD OF A ROTATING SPHEROID
3.3.1 Kerr metric

Next to the Schwarzschild solution, among other exact solutions of the
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Einstein field equations the most important solution is the Kerr solution
for the gravitational field of a rotating spherical body. This solution belongs
to the class of axially symmetric fields described by the metric

ds2 = p(r, 0)c2dt2+ 26(r, O)cdtdr + 2d(r, 0) sin2 Ocdtd<p — q(r,0) dr2
—a2(r, 0) doO2— /2(r, 0) sin2 0dip2—2g(r, 0) sin2 Odrd(p. (3.3.1)
All the functions a, 6, ¢/, /, g, p, q are even functions of 0. A characteristic
of the Kerr metric is the fact that b and g may be annulled by a suitable

coordinate transformation but that d is always different from zero. The
Kerr metric is most commonly used in one of the following three forms:

1 II 111

&M) & o A

«M ) 1+ 2w V*=£r+A* ( A
g(r,0) A(l+1%f) 0

The remaining coefficients are the same for all three forms:

s 2mr w A 2mrA
p(r,0) = 1--jp - d(r,6) — a (r,6) = R
f2(r,6) = r2+ A2+ ~ - A 2sin26 (3.3.3)

with
R2= r2-f A2cos20

m and A are two arbitrary constants of the Kerr solution . m has the same
meaning as in the Schwarzschild solution. Systems I and III reduce under
A — 0O to system V (3.1.23) of the Schwarzschild problem whereas system
IT reduces to system I (3.1.23). By comparison with the case of the weak
field one obtains

A = 2Iu)/cM (3.3.4)

where 4 is the angular velocity of rotation of the body, I is the moment of
inertia (for the homogeneous sphere I = ML 2/5, L being the radius of the
sphere). Systems I and II have been derived in Boyer and Lindquist (1967)
and system III is studied in Carter (1966).

3.3.2 Weyl-Levi-Civita metric

Another physically important axially symmetric solution of type (3.3.1) is
the Weyl-Levi-Civita solution describing the gravitational field of a fixed
spheroid. The form of this solution most often employed is given in Young
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and Coulter (1969). The coefficients of the metric (3.3.1) for this solution

have the values

Jr, 6) = €27 2/ (r2—2mr + m2sin26) f2(i%0) = e 2" (r2—2mr)

6(r,0) - d(r,0) = #(r,0) = 0
with
A=1In(i_ ") + I9L -(3cos20-1)
Y3 3m Im 2\ / 2m \ 3 m 3m2’
4 2r 2r2j \ rj""2r 2r2f
1{ r2—2mr r2—2mr
7=-T1In + g<In
2 r2—2mr + m2sin2 9 r2—2mr -f m2sin2 9
.31‘ )
—3— sin
K -f
r2—2mr
+ g2<-In
2 r2—2mr + m2sin2lI
) 9 9m 45 m?2 9m3
+ msin2 9 In-
8 2r 8 r2 413 0 - x)

9m 27m2 21 m3 3 m4
+ 127 +y r5¢ + 27

o

2m 9m2 m
x in (1 -———-- 1-~T 2 197r ¢

81 81 m 9 m?2 9m3
m* 64 16 r 16 r2 4 r3

/81m _ 243 m” 45 m”~ _ 9mA
\'16 r 16 r2 4 r3 8 r4

s 2m\ 81m?2 81lm3 45 m4
xInll“ T )+ “ T8"eB * 16 r4

2m
In2 1-

(3.3.5)

(3.3.6)

(3.3.7)
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m and gq are two physical parameters of this metric, m has the same
meaning as before. For g = O this metric reduces to the Schwarzschild
metric I (3.1.23). Expansion in powers of m/r yields

2 m3 2 m4
(3.3.8)
m
tq
+ <r — sm 1H— - sin49 -—sin6lI (3.3.9)
25 25 6
Therefore, the expansion of p(r,9) starts with the terms

(3.3.10)

*M ) =i- v + A (1- 3cos2?) + - -

On the other hand, the Newtonian potential of spheroid is expressed as

*3 cos29) (3.3.11)

with the quadrupole moment
Q=G(A-C) (3.3.12)

A and C being equatorial and polar moments of inertia of the spheroid.
Comparison with the weak field metric gives

(3313>

Detailed expansions for all coefficients of the metric of a spheroid have
been derived in the paper cited above.

Celestial mechanics analysis of the motion in an axially symmetrical field
(3.3.1) for the cases of rotating spheres and fixed spheroids has not been
performed as thoroughly as for the Schwarzschild field. In fact, only the
cases of radial motion and motion in the equatorial plane have been inves-
tigated adequately. However, for practical purposes it is not necessary to
use the rigorous solution (3.3.1) with coefficients (3.3.2), (3.3.3) or (3.3.5).
Instead, it is sufficient to have metric of a slowly rotating spheroid.

3.3.3 Metric of slowly rotating spheroid

The gravitational field of the slowly rotating spheroid is characterized by
the Newtonian potential (3.3.11) and the vector potential Ul determined

by (2.2.27) with velocity components

v%= eijkL] xk (3.3.14)
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of the points of the spheroid (cijk is the completely antisymmetric Levi-

Civita tensor, 6123 = 4-1) and moments of inertia

I'kem = ] pxkxm d3x. (3.3.15)

Choosing the plane x3= z = 0 as the equatorial plane one has
A= A =0 u3=u In =I™M= C I3=A-\C
and the components of the vector potential become
U* = GeijkJ | 'mxm/r 3
or

Ul = -1-GCu)" U2-= U3= 0. 3.3.16
2 ) ra ﬁ 7)'6

As far as the additive term in /ioo is concerned, by neglecting the terms
0(uj2) and using (2.2.33)-(2.2.35), this term reduces to the correction
2U2/c4 alone. Indeed, the function x m this case does not depend ex-
plicitly on ¢t and the contribution from U is

Z—J(~pU + pH+ 3p)d3x. (3.3.17)

As was shown by Fock (1955), one may assume the validity of the con-
dition

pn-pU + p= pQ (3.3.18)

inside the body. The integral of pressure may be evaluated as
Jpd3x =y -1l T (3.3.19)

is the potential of centrifugal force
Q= |cj2(x24-y2) (3.3.20)

T is the kinetic energy of rotation of the body
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Therefore,

e=le-ir.

The term with T vanishes in the linear approximation. Then the additive
term (3.3.17) may be included into the Newtonian potential by re-defining
the mass of the spheroid. Finally, from (2.2.32) and (2.2.37) the metric of
the slowly rotating spheroid is determined by

2m Q 3z2\ 2m2 2mQ
fO — — — + -2 3 r2J r2 c2r4  1-—- 2~) 2a00
2m Q ( Zx* 7\2 s z
+ —Ex + 2 B - LS{FXS+ Gy 63s
, 2GCil y
AQl — —mmemm Q-0+ M0,1 + 0
3 r*
. 2GCe¢j x
ho2 = ——q¢——q + a0,2+ 02n

ho3 = ao,3 + <30

2m Q f 3z 2\
hik = -——- *fo+ -N3 1- — U * + a<fc+ ak (3.3.23)
r clr* \ v J

These expressions are valid in the linear approximation with respect to
angular velocity v and quadrupole moment Q. Let arbitrary functions aoO,
as be chosen in the same manner as for the Schwarzschild problem, i.e.

aQ= 0 (3.3.24)

where a is again the coordinate parameter . With values (3.3.24) the
potentials of gravitation of the slowly rotating spheroid take the form

2m Q 3z2
hoo — ———-— h 1-

2GCu y 2GCu x
hoi = — ho2 = ho3 — 0 (3.3.25)

i ,m m k
hik — 2(1 a) 6ik 2a ~x{x +5- «QOfl

By using (2.2.49) and (2.2.53) the motion of a test particle in the field
(3.3.25) can be described by the Lagrangian
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r3—- ~2GXa (xy—-yx)
o 1 / 322\ , nGM 3.2
4= 221 "t5') ((1- 3a)— ~2r

The corresponding equations of motion take the form (1.1.25) with disturb-
ing force

F =Fi+F2+F3+ F4 (3.3.27)

\ (1_57~ )r+ z*

m
F2=-_ (4—2a) —(1+ a)f2+3 a )r+ (4—2a)(rr)r
2GCu (Zz
F 3= —r(r xr) + (rx«)
GM
x4 = —8 +6a +3(12 —11ct) —2

+ 3 ((—4+ 5a) +r2)zs—6 1—5-x) (rr)+ 2zi

Here s denotes the unit vector (0,0,1) directed along the z axis. The per-
turbing functions R kand perturbing forces F k(k =1,2,3,4) have the follow-
ing meanings: k= 1— Newtonian perturbations due to the quadrupole mo-
ment; k = 2—relativistic Schwarzschild perturbations; k = 3—relativistic
perturbations caused by rotation of the primary; k = 4—direct relativis-
tic perturbations due to the quadrupole moment. In solving the problem
(1.1.25), (3.3.27) the latter class of perturbations should be extended by
adding within the same level of accuracy the indirect second-order per-
turbations from the interaction of the perturbations of k= 1 and k — 2.
In spite of the large number of papers devoted to relativistic quadrupole
perturbations (see, for example, Krause 1963, Barker and O’Connell 1976,
Soffel ei al 1988), this problem still needs detailed investigation. For ex-
ample, the second-order perturbations just mentioned have been obtained
only quite recently (Heimberger et al 1990). Only the main secular pertur-
bations of problem (3.3.27) are indicated here. Using expressions (1.1.29)
and averaging over the mean anomaly one obtains the equations for the



FIELD OF A ROTATING SPHEROID 113

secular variations of the area vector and the Laplace vector:
3 A sin 2i y 2GCu> nsini , 3/ sin i
€= 7 a3(1 —&ofzlhlt ™3 (1 &) * EQ™ a4(1 —e2)5/2
x {/[—6+ 10a + Sae2-f (1 — |a)e2cos 2m/] cos i
+ (sx Z)(1— |a)e2sin2”} (3.3.28)

N Y -ANP sin2isin 2m
/=25 an(10€eg)2

11 1.
+ Q (—14— sin2i—— sir21 icos 2m

n3aZe
————Sfb sm 2i cos m -is sin icos m  -f 3m-—min- Q

2GCm n2e r A

+ Q2 (1_ e2)3/2[-3Q COS?+ (a* P)1

+ — {|P(8 —13a — |e2+ 2ae2)sin2isin2m

+ Q[l - 3a-f(—~ + y-a)sin2i+ (-§ - |a)e2

+ (if + M"a)e2sin2«+ (§ —"Na - j|lae2)sin2icos2m]

+ (s X k)[4 + y-a+ + N a)e2] sinisin m

+ s[f“ |a—(4 + t<*)e2] sin icos m}. (3.3.29)

Keplerian elements and unit vectors P, Q, Z ra, fc are denoted here as
earlier in accordance with (1.1.6) and (1.1.7) (we use here the symbol m for
the argument of pericentre to distinguish from Ij for the angular velocity of
rotation). For a spherical body with @ — 0 equations (3.3.28) and (3.3.29),
using s x k —Isini, sk = cosi, may be transformed to

c=ftxc f=ftx/ (3.3.30)
demonstrating the precession law of changing vectors ¢ and f with the rate

N 3mn _ 2GClo 1 r n ,x
—a(l —e2) c2 a3(l _ e2)3/2] ( (3-3.31)

The terms of ft proportional to k evidently give no contribution to the
expression for c. The first term of (3.3.31) is the Schwarzschild advance.
The second term, proportional to the angular velocity w, describes the
Lense-Thirring precession due to rotation of the primary. Taking scalar
products of (3.3.28) and (3.3.29) with Z m, fc, P and Q one obtains the
equations for the secular variations of the Keplerian elements:

= - Qm — — - rrr(—14 fa) sin isin 2m (3.3.32)
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de 21

(—1-fa —7e -hae )sin isin2?i7 (3.3.33)
di = ~8Q0mna6(l -e 2)3

dz 3 e2 (3.3.34)
A= -Om fi/]----— + |«)sin2isin2 o
A SQ na6{l o) 3| )sin 1231n zu

dn _ 3 2GCu>

_ A +
at —F" nas(l —e2)2 2 a3(l —e2)3/2

cosz
+ N [6+ 10a + S5ae2+ (1 — |a)e2cos 2m]
i6(1 —e2)3
(3.3.35)
dm .dA 3 o) (% ,2 - ~ | 3mn
dT + ¢ 1dT = 2na5(1 - e2)2 1,2Sm * ) + a(l- e2)
4G'Cw Cos? Qm
+
c2 a3(1—e2)3/2 4nab(l —e2)3
X [(4- 12a- |(1 + 2a)e2)(l - | sin2i)
+ i(~1 + a — |ae2) sin2icos2ze7]. (3.3.36)

Equations (3.3.32) and (3.3.36) may be replaced by two equivalent ones

da 3Qm i
° 9 o f 3 112 G isinoter (3.3.37)
dt nab (1 —e2)®» -4 +3 a+ (-8 + 2a)e

dm _ 3 1—5cos2i 3mn 6GCu> CoS 1
dt 4 na5(l —e2)2 a(l —e2) c2 a3(l - e2)3/2
3Qm
(10 —22a + (—12 + 28a) sin2i — (| + 8a)e2

4na6b(l —e2)3

+ (f + T a)e2sin22+ {C""1+ Ta)e2
H[—|+ |a+ (1 —"a)e 2 sin2i} cos 2m). (3.3.38)

An equation for the variation of the sixth element, the mean anomaly

at the epoch, is not given here. The possible contribution into terms of

the order @m due to combination of the first-order terms in Q and m
separately is not included. These equations demonstrate that in the first
approximation elements A and u contain secular terms whereas all other
elements contain long period terms of order Qm.

Indeed, integration of
these equations in the first approximation yields
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21, esin2z
Ae = JgQ™—  6(fT A j31" a+ (2 - a)e2lcos2ro (3-340)
3 A e2sin2i X
Al = i6Qmuwln a «(l-ea)3(1" 5a) cos 2ro (3'3'41)
¥ I7 A f i 3.3.42
Afi=Qit+-Qm -p./N 1 - fa)SIn2za .3.4
fizQitr-QOm inab(l —doalt ) ( )
3/ 1
= i ™ __ . —
Act =wit+ gQ a;lnag{?—é&)3l+ la)e2
+ [_baiia T H :/I\a)eQ]sinQi}sinZ’\. (3.3.43)

The frequencies fii and w\ have values

ZQcosi 2GCij 3Qm cos i 2\
1“ 2na5(l —e2)2 + c2a3(l - e2)3/2 + 4nab6(l-e 2)3" + + 6 N
(3.3.44)

371 —5cos2i 3mn 6GCu cosi 3Qm

“1=H0Q nas(1 —e2)3* a(l —e2) c2a3(1 —e2)3/2 ' 4na6(l —e2)3
x [10 —22a 4- (—12 4- 28a) sin2i —(§ 4 8a)e24 (§ 4 Br<*)e2sin2i].
(3.3.45)

On the right-hand sides of (3.3.39)—3.3.43) w is to be meant as a linear
function of time with the frequency w\

In application to the theory of motion of Earth satellites of particular
interest is the case of the critical inclination when cos2i = 1/5 and w\
is of the relativistic order of smallness (for the model problem considered
here). This means that amplitudes of relativistic perturbations in (3.3.39)-
(3.3.43) are of Newtonian order of smallness 0(Q). Thus, the case of the
critical inclination corresponds to relativistic resonance leading to relativis-
tic solutions to be expanded in fractional powers of the relativistic small
parameter. This case deserves further investigation.

Concluding this chapter devoted to the one-body problems let us note
that one may find in the literature descriptions of numerous effects in the
motion of particles and light propagation due to rotation of the primary
and its non-spherical form. All these effects are not observable as yet and,
excluding the Lense-Thirring precession, can hardly have a great chance of
being detected in the near future. A detailed bibliography on these effects
may be found in the monograph by Ivanitskaya (1979).



4

Approximate Solutions ofthe Field
Equations and Approximate
Equations of Motion

4.1 2V-BODY PROBLEM

4.1.1 History of the question

Exact solutions of the field equations and the form of the rigorous equations
of motion of the N-body problem are not known in grt even for N = 2. To
solve this problem one has to apply the approximate methods and construct
a solution in the form of series in powers of small parameters. The JV-body
problem applied to Solar System bodies is characterized by three main
simplifying factors:

(1) the slowness of motion: v <C ¢, v being the characteristic velocity of
the bodies;

(2) the weak gravitational field (everywhere including the interiors of the
bodies): U < c 2, U being the Newtonian potential;

(3) quasi-point structure of the bodies: L <C R, L is the characteristic
linear size of the bodies, R is the characteristic distance between the
bodies.

This enables us to look for the solution of the field equations (2.1.11) in
the form (2.1.3) taking Galilean values (2.1.2) as the initial approximation
and expanding the components of the metric tensor in the series in powers
v/c and U/c2

hoo = + c~4h $ + ¢c~5h$ + c~6h $ + ...
hOi = c~3hgP + c-5h A + C-64®} + seo (4-1-1)
hik = c~2hAf + c~4h A + + c~6R\f + ....

116
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Coefficients of these series are expanded in series with respect to param-
eters of the order L/R. First of all, it is to be noted that the quantities Hgq ,

h$ and are due to gravitational radiation from the bodies. Not so long
ago some authors considered it possible to construct the expansions (4.1.1)
without terms of odd degree in /ioo, hik and without terms of even degree
in hoi. This would allow the possibility of annulling the gravitational radi-
ation by a suitable choice of coordinate system. More recent investigations
showed that this point of view was erroneous. A culminating contribu-
tion to the problem of gravitational radiation was made by Damour (1983,
1987a) and in a series of papers by Grishchuk and Kopejkin (Grishchuk
and Kopejkin 1983, 1986, Kopejkin 1985). In the practical application of
grt to the motion of Solar System bodies one may not take into account
the gravitational radiation and in most cases the radiation terms in (4.1.1)
are omitted below.

Historically, the equations of the motion of the problem of N bodies
considered as point masses were first obtained by generalizing the geodesic
principle. If the metric tensor g*u is known then the equations of motion
of a test particle result from the geodesic variational principle. Taking into
account in a suitable manner the influence of the body on the surrounding
field this principle may be generalized and made applicable to the motion of
finite masses. It was by this method that de Sitter (1916) first derived the
relativistic equations of motion of the iV-body problem. Some arithmetic
errors occurred in these equations and are reproduced in the the ency-
clopaedic paper of Kottler (1922) and the treatise by Chazy (1928,1930),
but were corrected by Eddington and Clark (1938). Not claiming to give an
extensive bibliography, let us add that the correct equations of motion of
the iV-body problem were also derived by means of the geodesic principle
by Bertotti (1954).

A more refined method enables us to derive the equations of motion
directly from the field equations avoiding the use of the geodesic principle.
In contrast to the Newtonian theory of gravitation, the grt equations of
motion of the gravitating masses as the sources of the field are intimately
related to the field equations as was demonstrated by Einstein and Grom-
mer (1927). This is due to the non-linear form of the field equations and
the existence of the four Bianchi identities. In the linear Newtonian field
theory determined by the linear Poisson equations the equations of motion
are not related to the field equations. The field equations admit solutions
under arbitrary given motion of masses and the equations of motion are to
be postulated separately. In grt, for the solvability of the field equations
or the fulfillment of the coordinate conditions one should impose some def-
inite relations on the coordinates of masses. These relations turn out to be
the differential equations of motion.

The equations of motion of the TV-body problem were derived for the
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first time from the field equations by Einstein et al (1938). Their method,
called the ein technique, was finally completed in the paper by Einstein
and Infeld (1949). The specific feature of this technique is the use of the
vacuum field equations outside the masses and the treatment of masses as
the field singularities. The ein technique is sometimes regarded as rather
arduous. In deriving the post-Newtonian equations of motion by this tech-
nique one needs to determine hA\ hA"\ , f* and Jiff whereas

in most other methods and are not needed. However the mathe-
matical elegance of the ein technique implying in particular the use of the
vacuum field equations alone compensates to a large measure its practi-
cal complexity. In distinction from the original papers of the EIH technique
the book by Brumberg (1972) contains the determination of the gravitation
potentials and the derivation of the equations of motion by this technique
under harmonic coordinate conditions resulting in some simplification of
the necessary manipulation. Independently and a little later than the ap-
pearance of the ein technique the equations of motion were derived by Fock
using the mass tensor of the extended bodies. This method is exposed in
its final form in Fock (1955). A set of other methods of somewhat interme-
diate nature have been developed since including, for example, the Infeld
technique (Infeld 1954, 1957, Infeld and Plebanski 1960) involving the use
of the mass tensors with 6-functions and the derivation of the equations of
motion from the variational principle (2.1.38).

Beginning in the middle of the 1970s interest in the problem of mo-
tion in g:t greatly increased. The new approaches have led to more ef-
ficient mathematical techniques and more physically meaningful solutions
although the technical side of the methods has changed little (Thorne and
Hartle 1985). The mathematical structure of expansions (4.1.1) and the
chances of finding, even in principle, the terms of arbitrary high order have
become clearer. The technique of taking into account the internal structure
and shape of the bodies, their rotation, density distribution, etc, has been
rigorously improved. Of particular importance is the description of the
physical characteristics of the body (sphericity, rigid body rotation, etc) in
its proper reference system co-moving the body (Kopejkin 1987). Ignoring
this condition might lead in expansions (4.1.1) to non-physical terms of the
order L2/R 2 (Brumberg 1972). A detailed review and discussion of the
new approaches to the grt problem of motion may be found in Damour
(1987b). This paper is an excellent introduction to the present state of the
problem of motion in gr¢.

4.1.2 Gravitational field of the iV-body problem

For the practical purposes of relativistic celestial mechanics it is sufficient
to use the results obtained using the Fock method. In accordance with
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the designations employed in (2.2.38)-(2.2.40) the metric of the field of ¥
bodies is determined by

goo = 1- c~22U+ c~42(U2- W)

+ 2 2a0o0+ c~2UMkak + c2/ + oo (4-1-2)

90i —c 347" weqQi+ aio-f ... (4.1.3)

ik = “ &ik—c 22U8ik + di k+ aki+ *°° 4-1-4)
d2v

W= |$1-$2 + $3 + 3$4+-~f- (4.1.5)

The functions U, U%and W dependent on x = (x1,22,*3) and t are the
Newtonian potential, vector potential and additive potential, respectively.
The bodies are enumerated by capital latin letters A, B, — azand a0 are
arbitrary functions of the second and the third order of smallness respec-
tively. The coordinates of the bodies xa = *a (0 are functions of time to
be determined from the differential equations of motion. The bodies have
masses Ma- In addition, they possess dipole and quadrupole moments IA
and ["m, respectively. They are assumed to be in approximately rigid body
rotation with angular velocities wA so that the velocity distribution inside
body A is

v'= v\ + eijkuldrk (4.1.6)

va = being the translatory velocity of body A. is the three-
dimensional antisymmetric Levi-Civita symbol (123 = +1). rA stands for
rkR = xk— xRk and the designation rRB — xR — xB is used below. The
assumption (4.1.6) is valid only for the Newtonian approximation and may
be used in the relativistic terms. Only linear terms with respect to IA, 7"m
and tua are further retained. The mass of the body and its moments are
defined by the expressions

Ma = I pfdV (4.1.7)
J{A)
IA = [ p\x;k-a£)dV IRm = [ p\x,k-x R)(x,m-«J)dV
J(A) J(A)
. . . . L (4’L8(1
where p' is the mass density at the point x' and the integration is performe

over the hypersurface ¢t = constant corresponding to the volume of the body
A. The moments of the body are functions of time and their derivatives
satisfy the relations

= e*in4 II (4.1.9)
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The state of matter inside the body is determined by the mass tensor
(2-1.37). Using (2.2.27), (2.2.34), (2.2.35) and the expansion

o ST = | SRR a7 | R

(4.1.10)
valid for the point * outside the body one finds (Fock 1955, Brumberg
1972)

M
U a km
rA rA 2rl
4.1.11)
U G -A-v* 4 -A— Thm
rA Va + 2t\ Ia
i rkm7A (4.1.12)

=EG/O 2- A +/>n+3p)/ v

- %'y
v A*) i+ dt2

=E G[A+4 10 +A (“AmA P AT+

A Akm c ° pk ,m \ 2
U Gem ¢ 2 757R ) VA

Vel M a
+ 3ekjnudvRI%n” - ZltuA(xA)
rA rA
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The accent in the integrand for W reminds us that the appropriate
function is to be evaluated at the point x'. The potential U as well as the
potentials {/*, W and x may be divided into an ‘internal’ part Ua due to
body A and an ‘external’ part Ua due to other bodies and obtained by
summation in (4.1.11) over all bodies excluding body A. If the value of U
is taken inside body A as in the integrand for W then Ua is replaced by ua,
the ‘internal’ part of the potential inside the body. In evaluating (4.1.13)
one uses the following integrals dependent only on the internal structure of
the relevant body:

u= I (-puA+ pn+ 3pyd3x’ (4.1.15)
JA)
(A= i (-puA+ pn + Zp)'(x'k- xR)dV (4.1.16)
JA)
£*m= | (-puld+pH + 3py(x,;k-x R)(x,m-x m)d 3x'. (4.1.17)

J(A)

These quantities enter into function W in the same manner as the quan-
tities (4.1.7) and (4.1.8) enter into U. This means that in re-defining the
mass density of body A by means of

p=p+ c~2(-pud +/>n+ 3p) (4.1.18)
the mass and the moments of the body occurring in U become
Ma= Ma+c~2U P = IR+c~2iR IRm = IRm+c~2ZRm. (4.1.19)

Then the terms of W dependent on internal structure may be omitted. This
process is called by Damour (1987b) as ‘the effacing of internal structure
in the external problem’.

The reference system ¢t,x1 with metric tensor (4.1.2)-(4.1.4) and
(4.1.11)—+4.1.13) is valid for the space domain for which the system of
bodies at hand may be regarded as isolated and its gravitational radiation
may be neglected. In this sense this reference system is global. In a global
system the coordinates of the centre of mass of body A are defined by the
relation

Max\= [ p'xHdV. (4.1.20)
J(A)

Then the dipole moments I\ vanish. If one demands the validity of (4.1.20)
only in the Newtonian approximation then the moments I\ are of post-
Newtonian order. Therefore, they are retained in U in the Newtonian term

of (4.1.2) and are omitted in Ul and W entering only into and hgg .
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In what follows the harmonic coordinates are used omitting in (4.1.2)-
(4.1.4) arbitrary functions ao and a*. As mentioned in Chapter 2, the
choice (2.2.41) for ao corresponds to the coordinate system of the ppn
formalism. But ao does not affect the form of the equations of the motion.
In most papers the equations of motion in harmonic coordinates are used
and the coordinate transformation (2.2.30) enables one to change to any
other coordinates.

4.1.3 Equations of motion of a test particle in the iV-body field

Let us start with the equations of motion of the restricted problem of N 4*1
bodies, i.e. with the equations of motion of a test particle in the iV-body
gravitational field determined by the harmonic metric (4.2.2)-(4.2.4). The
equations of motion have the form (2.2.49), using (4.1.2)-(4.2.4)

x*= Uti+ c~2G1 (4.1.21)

Gl= —4UUti- U ~ x 1+ Utixkxk- SUx* + 4IP - 4U$xk+ Wti.

The total derivative with respect to time is denoted here by a dot; for
example

u - ctfi + WK

This equation may be rewritten in the Lagrange form (2.2.51) with La-
grangian (2.2.53) or

L = \xkxk+ U+ c~2[| (i*i*)2+ \Uxkxk- AUkxk- *U2+ W}. (4.1.22)

4.1.4 Geodesic principle in the iV-body problem

To apply the geodesic principle to the motion of a given body (more specif-
ically, for the Earth E) in the iV-body problem let us separate again in the
potentials J7, U\ W, and \ their internal and external parts (with respect
to the substitution x = xe)

U = Ue + Ue = + W = WE + WE X = Xe + Xe -
(4.1.23)

The internal parts Ue, Ufa, We , and \E result from (4.1.11)-(4.1.14)
retaining in the summation over A only one term for A — E. The external
parts Ue , Ue , We , and xe are given by (4.1.11)—4.1.14) excluding in the
summation over A the value A — E. Unlike Ue , UE and xe the function
We depends on the characteristics of the body E but all four functions
are regular with respect to the substitution x = xe- Substituting into
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the equations of geodesic motion (4.1.21) the coordinates of the body E,
x = xE, and removing the singular parts one obtains the equations of the
motion of the body E:

4 = UeAxe)+ HfE + c~2&%e (4.1.24)
GE“ ” 4Ue{xe)Ue A xe) ~ UE,k(xE)vEvE + UE,i(XE)vE
— 3f7e (&e Jve + 4Ue (xe) —4UJE}i(xE)vE + *(*£P)e
(4.1.25)

VE ~ %E ancaE = "% are components of velocity and acceleration of the
body E. Ue{xe)i Ué(xe) and We(xe) result from substituting x = xe
into the regular parts Ue, UE, and We- This substitution is to be per-
formed after partial differentiation with respect to x and t. HE are cor-
rections for the deviation of motion of the body from the geodesic motion.
They are due to rotation of the body E and its quadrupole moments. For
all bodies of the Solar System these corrections are extremely small en-
abling us to take into account only their Newtonian values. Evidently,
these corrections cannot be obtained on the basis of the geodesic principle.

Equations (4.1.24) may be written in the Lagrange form with Lagrangian

Le = \ve + Ue{xe)+ He + c_2[|(V];)2+ \Ue{be)ve
- 4U%(xb )v% - \U%{xE)+ WE(xE)]. (4.1.26)

The correction He corresponds to the term HE in equations (4.1.24).
Corrections HE and HE are derived in the following section. Here, we will
just indicate their Newtonian values:

WE = AMAIAmUE,ikm(xE) + se+ (4.1.27)

He = "M "I"UeM xe)+ mmmm (4.1.28)

4.1.5 Equations of motion of the iV-body problem

Equations (4.1.24) with the correction (4.1.27) from Newtonian theory are
quite adequate for all present practical requirements. Let us derive them
now by the Fock method. By this method (Fock 1955) the equations of the
translatory motion of the N-body problem are described in integral form
as

/ gVaTaid3x = 0 (4.1.29)
J(A)
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V a being the covariant derivative. On the basis of (2.1.37) and components
(4.1.2)-(4.1.4) of the metric tensor the components of the mass tensor admit

expansions
TM-= pfl+ c~2\v2+ n - Wl+...

cT° = polfl+ c"2(]i>2+ n - U)J + + eee (4.1.30)
c2T ik = pv'vk+ P6ik + ....

Inside the body one may assume the validity of the equation of continuity
cp,0+ (pvk)ik= 0 (4.1.31)

and the equations of motion of continuous matter
pv{ = pU)i-p }i. (4.1.32)

Due to (4.1.31) the integrals taken over the volume of the body satisfy
the relation

=L { ~ ipuk)iif+p" )

(4.1.33)
often used below. Using equations (4.1.31) and (4.1.32) and neglecting the

square of the angular velocity of rotation of the body one may derive the
following approximation relation already met with in (3.3.19):

f pd3x=jzeE ce = \ [ puE d3x. (4.1.34)
J(E) J(E)

ce represents the contraction of the more general integral

BEn = \GJjN - x'k)(xm - x'm) : be m
For quasi-spherical bodies one has approximately

BEm = \SkmeE. (4.1.35)
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Substitution of (4.1.2)-(4.1.4) and (4.1.30) enables one to transform the
equations of motion to the form

(4.1.36)
with
Pb = + hv2 + + II) + 1
j{E){[p ¢ Zp(hvz+ 38/ ) + ¢ 2pjv
- 4¢~2pUl- c_Vx,0} d3x (4.1.37)
rE= [ ((fUi+c-2pWti-4 c-2pvkUk-c -Ilpxoi)d3x (4.1.38)
J(E)
and
a=p+c-2[p(rv2-U + U) + Zp\ (4.1.39)

These expressions are given in Fock (1955) and Brumberg (1972) but
using slightly different notations. Description in the form of (4.1.37) and
(4.1.38) has the advantage of making clear, with the aid of (4.1.33), that the
function x does not affect the equations of motion and may be omitted in
(4.1.37) and (4.1.38). Evaluation of integrals (4.1.37) and (4.1.38) presents
no difficulties. As before, the functions U, Ul and W are represented by
(4.1.23) as the sum of internal and external parts. The integrals of the
internal parts reduce to typical integrals (4.1.15)—4.1.17), (4.1.34), and
(4.1.35). The integrals of the external parts are evaluated by expanding
integrals in the vicinity of the body E. The internal parts UE} Ue , and
We are determined by the relevant integral expressions (4.1.11)-(4.1.14)
for the value A = E of the summation index. In particular,

UE = SUe - 2eijk<EXB,k (4-L40)
w* = G%E) x4V + e2s.00 (4-1-41)
with
Xe = \g ! P\*~*|dV. (4.1.42)
J(E)

Substituting (4.1.40) into (4.1.37) and using (4.1.33) one finds the sep-
arate contributions in (4.1.37) (retaining again in equations (4.1.36) only
linear terms in angular velocities and rejecting terms dependent only on

the internal structure and having no effect on the equations of motion)

[ pv%d3x ="- [ pxld3x = Mevlet ... (4.1.43)
J(E) dt J(E)
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c"2 /) {\pv —pUE+p~r+v)vda=c [%MEVEVE+ (tE-ItE)vB+ ...)
J(E)
(4.1.44)

f PXEkd3x= |G // pp'p A rr d3*dV =0 (4.1.45)
J(B) VANEY) |x—as |

c-2 f 3pUEV,d3X= C 2[3Mev’eUe (be) + 3£ijmuElEnUE,k(xE)
J(E)

+ (**)+oos] (4.1.46)

-c-2 / 4p[/jjd3* = c-2[-4M BC/Ma:B) - 21%nUBtkm(xB) + ...].

oA_®)
(4.1.47)

Thus, integral (4.1.37) has the value (without taking into account the
last term of the integrand)

Pe = {Me + c~2[—8€L£ + \Mev%+ 3MEt/£(*is)]K

+ ¢~2[—4MEUE(xE) - 2IEmUEtkm(xE)+ H 4 mt7£,ibn(*B)

+ 3eijmJEI kmUE,,k(x E)]. (4.1.48)
Turning to the evaluation of (4.1.38) let us start with the internal parts

of the integrand terms. The third term makes no contribution due to the
antisymmetric structure of the integrand

[ pvkUE id3z = -G [f pp'vkv,kf -~ d3zdV = 0. (4.1.49)
J(E) ’ JJ(E) I* - *T

The contribution from the first two terms as seen from (4.1.41) reduces

only to the effect due to x e - Indeed,

[ (<rUEi + ¢ 2<tWe i)d3x = —G ff (tit1j--—— —rxd3¢d 3x/
J(E) JJ(E) I*-%'13

+ |/ PXE ooi d3#
J(E)

and the first integral vanishes as in (4.1.45). Using (4.1.31), (4.1.35) and
(4.1.45) the second integral in its main part may be reduced to

/ PXE,o0i d3x = |/ (pXEfii),od3x = — / (p,0XE,i),o d3x
J(E) J(E) J(E)

= ¢~2IT | (puk),kXE,id3x = -C~2J7 [  pvkXE,ikd3x
ai

= — C 2-"(vE€E — VeBe )= —-C 2— (ceVe). (4.1.50)
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In evaluating the contributions from the external parts Ue, UE) and We
in (4.1.38) it is assumed that U has been already subjected to re-definition
(4.1.15)-(4.1.19) resulting in the absence of the internal structure terms in
the expression (4.1.13) for W. Then

/ pUe.id3* = M EUEti(xE)+ i EUE>ik{xE) + \|lEmUE>ikm{xE) (4.1.51)
JE)

f (7 —p)UE}id3# = ¢ 2["MEVEUEti(xE) + %VEIEmUEiikm(xE)
J(B)

+ 3eknjVEWE IEmMUE>im(xE) - MeUe{xe)Ue,i{xe)
- \IEm(UUXE)),ikm) (4.1.52)

C"2 [ pWE,id3x
J(E)

c~2[MEWE<i(xE) + \lEmMWEA m{xE)) (4.1.53)

—4c-2 /| pvkUEid3x = c-2[-AMEvEURIii(xE)- 2 ir vEUE,imn(xE)
J(E)

- AekjmJEU Eiin(x E)I mnj. (4.1.54)

Combining all contributions (4.1.49)-(4.1.54) one obtains

Fe = MEUE}i(xE) + PoUeM xe) + \iEmUE,ikm(xE)

2d
+ c~2(/—— — {eEvE) + \MEvBUEti(xE) —M E UE (xE)UEii(xE)

+

M EWE,i(xE) - 4 MEvEUE i(xE) + \vBIEmUE>ikm{xE)

]

\IEm{UEM),ikm+ \lEmWE>ikm{xE) - 2IEnVEUE ikm(xE)

+

ZeknjVEuBIEmUE,im(xE) — 4eknjUiBIEmUEtim(x E)%j.  (4.1.55)

Substitution of (4.1.48) and (4.1.55) into (4.1.36) gives the equations of
translatory motion of the iV-body problem. Comparison of (4.1.48) and
(4.1.55) immediately demonstrates that the terms with ce cancel out and
the internal structure of bodies manifests itself only in the re-definition
(4.1.18) and (4.1.19). It is assumed further that such re-definition has
been made both in the field metric and the equations of motion and the
tilde in designations of mass and multipole moments will be omitted.

Expressed explicitly, equations (4.1.36), (4.1.48), and (4.1.55) yield again
equations (4.1.24). This time it is possible to refine the correction (4.1.27)
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adding the relativistic terms

He = kM"lg'UEtkmixE) + M EIIEUE)ik{xE)
fc Mg IE {"E[~"mnjrE E £«(*&) ANijmUE, k(xE)
4* 4emnj UE kn(xE) + "mnjvE E}ik{xE) “ 4emnj Ue life(*£?)]

+ ~ |vVEVEA,* m n(*J5) ” §VE * E,km (&e )
— 2vEUE ikm(xE) —"Ue (*Ee )UE,ikm{&e ) ~ E e JUE,km(ne )

— UEAMNAEMEAmMiAE) + 2UE,km(xE) + (4.1.56)

The first term gives the Newtonian correction for the non-geodesic mo-
tion of the body caused by its quadrupole moment. The second term is due
to the possible non-zero dipole moment of the relativistic order of smallness.
Other corrections are of relativistic origin caused by rotation of the body
and its quadrupole moments. As already stated, only the first Newtonian
term is of practical importance.

4.1.6 Lagrangian of the equations of motion

The Lagrangian for the equations of motion of body E has already been
determined (equation (4.1.26)). Now it is possible to refine the value He

He = h M A IRmUEtkm{xE) + Mz LIRUB,k{xE) + c~2M ~ I Em
X {(mnj<AEAVEAE,k{xE) ~ "E ,k(xE)\ + AvEAE,km(xE)

~ A% U%>km{xB) ~ \(UUxB)),km + $WB,tm(xB)}. (4.1.57)

Corrections HE and He demonstrate to what extent the motion of a
body possessing dipole and quadrupole moments differs from the geodesic
motion. Equations (4.1.24) with (4.1.25), (4.1.56) or equations (2.2.51)
with Lagrangian (4.1.26), (4.1.57) enable one to solve all questions of the
motion of the body E taking into account the first degree terms with respect
to the mass moments of all bodies. The equations take into account the
first degree terms relative to the angular velocities as well as the mixed
terms containing the products of the angular velocities of the body E and
any body A. However, all these terms are of importance only in theoretical
investigations. For example, the series of papers by Barker and O ’Connell
(the last being Barker et al 1986) deal with the relativistic problem of two
bodies with spins and quadrupole moments.

For pure theoretical investigations it may be convenient to have the
Lagrangian valid for all bodies. But one loses thereby the representation
of the Lagrangian in terms of the coefficients of expansions (4.1.2)-(4.1.4)
and one has to use the explicit expressions of the potentials. Such a global



JV-BODY PROBLEM 129

Lagrangian is derived for example in Fock (1955) and Brumberg (1972).
The Lagrange form of the equations of motion enables one to find easily
all ten first integrals. Only the integrals of the linear momentum and
the motion of the centre of mass are reproduced here. By applying the
transformation (4.1.50) to the external potential \ e arid expanding in the
vicinity of the body E one has

€-2 ] PVKXE,ik d3X= ¢ 2[MEVEXE,ik(XE)+ \vEIBmXE,ikmn(xE)
J(E)

+ enfkJEIBMXEMn {*E) + eee]. (4.1.58)

Combining this result with (4.1.48) one finds the integral of momentum

IP[M A (L + \e~2v\ + 3c~2UA(xA))vA
A

+ c~2Ma (-4 UA(xA) + vaXaM xa))
+ C~2IAm(-2UAkm(xA) + \VAUA,km{xA) + %XA,ikmn(XA)vA)

+ C~2UAI\m(3eijmUA,k(xA) + €njkXA,imn(*A))] = K*. (4.1.59)

For point non-rotating bodies this integral takes the simple form

Y,MA VA+ kC |C 2 4 —raBrABVR ~ K .
A L B*A rAB V rAB /

(4.1.60)
Integration of this relation yields the integral of the motion of the centre
of mass
Max\ = KH + N* (4.1.61)
A

where M a is the Tolman mass of body 4,

Ma = Ma(l+ ic-M - Ic-28& ] (4.1.62)
\% B*A rAB '
The Tolman mass of the whole system of bodies for which M — O is
determined as
M =Y~ Ma (4.1.63)
A

and the coordinates \ %of the centre of mass of the system of bodies are

Mx* = Y,MAxA. (4.1.64)
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For the barycentric reference system defined by K1 = N1 = 0 the centre
of mass of the system of bodies is at rest at the origin X %= O.

These relations can also be obtained from the integral relations (2.1.51)-
(2.1.53).

42 GEOCENTRIC REFERENCE FRAME

4.2.1 Local and global coordinates

The solution of the preceding subsection is valid for an isolated and gravi-
tationally non-radiating system of bodies. Both these assumptions do not
comply with reality but in the case of the Solar System they are satisfied
with an accuracy adequate for all practical problems. Therefore, the solu-
tion obtained above is correct in the sufficiently large space domain where
all linear sizes are small as compared with the length of gravitational waves
and the gravitational influence of stars is not yet noticeable. In this sense
the coordinates used above may be considered as global ones. The reference
system defined by (4.1.2)-(4.1.4) is not rotating since expansion (4.1.3) for
goi starts with the third-order terms and does not contain the first-order
term c~ Icijjeu)ixk characteristic of rotating systems. The specific choice of
coordinates resulting in vanishing expressions (4.1.60) and (4.1.61) leads to
the barycentric reference system (vrs). It is assumed thereby that coordi-
nates ¢, and xl of br s are harmonic.

Global brs is adequate to study the motion of major and minor planets
and comets as well as for the reduction of observations. For investigating
the motion of satellites of the planets the planetocentric reference system is
preferred. One would think that it is sufficient to introduce the relative co-
ordinates rB = xk—xE, xk being the vrs coordinates of a satellite and xE
being the »rs coordinates of a planet (the Earth to be more specific). Then
the difference between (4.1.21) and (4.1.24) would result in the geocentric
equations of satellite motion. But, in fact, one remains thereby within
the vrs framework retaining the »rs coordinate time t as the independent
argument and regarding the space geocentric coordinates only as the dif-
ferences of the »rs coordinates of the satellite and the Earth. Similarly,
introducing the relative heliocentric Earth coordinates rES = xE —xk and
using (4.1.24) for the Earth E and the Sun S one obtains the heliocentric
equations of the motion of the Earth in »rs but not in the dynamically
adequate heliocentric reference system. Of course, considering that it is
impossible to introduce in grt physically meaningful inertial coordinates,
one may use any coordinates in solving the relativity problems. In practical
astronomical problems solving the differential equations of motion repre-
sents the first dynamical step. To compare with observations one should
introduce the observable quantities. This second kinematic step of solving
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the astronomical problem requires the analysis of the light propagation and
the description of the observational procedure in the same coordinates that
have been used for solving the dynamical problem. If a reference system
is not dynamically adequate for a given problem (the description of mo-
tion of an Earth satellite or the Earth in relative coordinates rE or rES,
for example) then both steps will contain extra large terms due only to
the inadequate choice of reference system. These terms cancel out in the
expressions of the actually measurable quantities and the real relativistic
effects turn out to be much smaller than the relativistic perturbations ob-
tained at the first step. In the examples at hand these terms are caused
by ignoring Lorentz and gravitation space-time terms in transforming from
one coordinate system to another. On the other hand, if the reference
system is dynamically adequate for a given problem then the solution of
the dynamical problem does not contain large terms of kinematic origin
and the transformation to observable quantities demands only insignificant
corrections. Different methods have been suggested to construct physically
adequate planetocentric systems. Some information about these methods
will be given in Chapter 6. Here the geocentric reference system (grs)
constructed in Brumberg and Kopejkin (1989a) is used. Changing the
reference body one can derive heliocentric or any planetocentric reference
system. Similar to brs, grs is built in harmonic coordinates. The use of
one and the same type of the coordinate conditions simplifies mathematical
interrelations between different systems and facilitates the comparison of
results obtained in different systems.

The Earth, like any other body in the Solar System, has its own grav-
itational field characterized by the multipole moments. The gravitational
field generated by all other bodies of the Solar System may be regarded as
external with respect to the Earth field. The external gravitational field
has three characteristic sizes: an inhomogeneity scale Ce (the characteristic
distance between bodies), a radius of curvature {Ze and a time scale Te (the
average time for a significant change of curvature). Each body of the Solar
System is isolated in the sense that its characteristic size L satisfies the
inequalities

L <C cTe. (4.2.1)

These conditions are satisfied for each body in the Solar System.

One of the basic principles of modern approaches to the problem of mo-
tion in gr ¢ is to split up the space-time in the vicinity of the isolated body
into three regions (Thorne and Hartle 1985): an internal region L < p < rj,
a buffer region rj < p < ro Ce)lZe,cTe and an external region ro < /3
p being the characteristic distance from the body. In the body’s inter-
nal region its own gravitational field dominates, in the external region the
gravitational field of other bodies dominates and in the buffer region both
fields have a comparable effect. The internal region solution corresponds
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to the one-body problem considered in Chapter 3. The external region
solution describes the tidal gravitational influence of the external bodies
on the body at hand and may be represented by series in powers of />/78e>
p/Ce and p/(c%). The buffer region solution reflects the gravitational in-
teraction of the considered body and the external bodies and is described
by combination of the series for internal and external regions.

grs as any other planetocentric reference system furnishes an example
of a reference system valid for the vicinity of the reference body. The
solution in local coordinates is dynamically more compact than the brs
solution. Besides this, it is very important that the physical characteristics
of the body (its angular velocity of rotation, the multipole moments, etc)
should be defined in local coordinates. As noted for the first time by Kopej-
kin (1987), such important characteristics of celestial bodies as rigid body
rotation, sphericity, etc, should be formulated just in local coordinates.
Matching of the global »rs solution with the local grs solution enables
one afterwards to re-formulate these characteristics and to express the bvrs
quantities in terms of the physically more reliable internal characteristics
of the body.

4.2.2 Geocentric metric

The grs time coordinate is denoted by w° = cu. The space coordinates
are denoted by w = (w1, w2, w3) with the special designation p = \w\ for
the absolute magnitude of the gr s position vector. The grs components of
the metric tensor are designated by ga)p(u, w). grs is used below directly
only for solving kinematic questions related with the light propagation.
Hence, the terms O(c"~4) in goo are not needed. Such terms are necessary in
solving dynamical problems dealing with the motion of the Moon or Earth
satellites. These problems are examined here in gr s but based on the initial
brs equations. The terms 0 (c“4) in goo may be found in Kopejkin (1988)
and Brumberg and Kopejkin (1989b). In ignoring these terms the grs
metric represents the linear superposition of the proper Earth terms and
the terms due to the tidal action of the external masses, namely (Thorne
and Hartle 1985)

go00(u,w) = 1-C~2(2UE+ 2QkWk+3QkmWkWm+ 5QkmnWkWmWn+ ...)+...
(4.2.2)
gli(u,w) = 4c~3(UB + CijkCjmwkwm- * Q kwhkw, + -*Qiwkwk+
(4.2.3)

gij(u,w) = - 8ij - ¢ 2(2Ue + 2Qkwk + 3Qkmwkwm
+ bQkmnwkwmwn + ...)6ij + — (4.2.4)
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All coefficients of these expansions are determined from matching with the
global »r s metric but the proper terrestrial terms may be written immedi-
ately on the basis of the solution of the one-body problem

UE= 9 *A.+ _L GiBm 1 wkwm) +... (4.2.5)

wm
UE = GeijkyBIlk -r + .... (4.2.6)

Me, wEf and IEm are the mass, angular velocity of rotation and
quadrupole moments, respectively, of the Earth in g« s. It is easy to verify
that components (4.2.2)-(4.2.4) satisfy the harmonic conditions (2.2.17)
and (2.2.18) (in doing this one should take into account the symmetry of
Ckm)+ Only the initial terms of expansions in powers of wk are given in
(4.2.2)-(4.2.4). The general form of these expansions is indicated in Ko-
pejkin (1988). The grs metric tensor may also be given in closed form
without expanding in powers of wk (see the Postscript). For our purposes
the approximate expressions (4.2.2)-(4.2.4) are quite adequate.

The terms with acceleration Q kin (4.2.2) and (4.2.4) deserve particular
attention. By definition the centre of mass of the Earth is at rest at the
grs origin and acceleration Q* is due only by the deviation of the Earth
motion from the geodesic motion. This deviation, even its Newtonian part
(4.1.27), may be often neglected.

4.2.3 Matching of BRS and GRS

Transformation from »:rs to grs generalizes the Lorentz transformation of
special relativity and has the form (Kopejkin 1987, 1988, Brumberg and
Kopejkin 1989a)

u=t - c~2(S(t) + vErE) + cTA\v%t - \vEvExk4 B

+ BkrE+ BkmrErE + BkmnrEr r& + ...) + ... (4.2.7)

v?=rE+ c"2[(tt44 + Fik+ DikjrE + DikmrEr%} + ... (4.2.8)

where S, Fik(= —F ki), Dik(= D ki), Dikm(= Dimk), B, Bk, Bkm(= B mk)
and B kmn{= B mnk = B nkm) are functions of the barycentric time ¢. These
functions as well as the metric coefficients (4.2.2)-(4.2.4) are determined
by matching »rs and grs metrics with the aid of the fundamental tensor
relation

> xf = outfu,. FEAwY (4.2.9)

The bvrs potentials are again represented in form (4.1.23) and their ex-
ternal parts are expanded in powers of rE = xk —xE. Along with the
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coefficients of the transformation (4.2.7), (4.2.8) and metric (4.2.2)-(4.2.4)
this matching determines the »rs acceleration aE of the Earth which gives
another technique for deriving the equations of motion. The grs metric is
determined here only in the approximation (4.2.2)-(4.2.4) without consid-
ering the terms O (c~4) in <oo- In this approximation one cannot determine
coefficient B in (4.2.7) and the post-Newtonian terms in aE. All these terms
may be found in Kopejkin (1988). It is of importance that transformation
(4.2.8) within the post-Newtonian accuracy is rigorous in w%

The presentation of goo(t)X) in terms of grviurw) enables one to de-
termine functions S(t), aE and coefficients of (4.2.2). In fact, the identity
(4.2.9) for a = 2= 0 and for order O (c“2) results in

WE+ 2UE= 2Up + 2S-v% + 2(a*>+ Qklwk

+ SQkm 'W kWm + 5QkmnU>kWm Wn + —

Comparing terms with equal powers of wk one has

UB = UB (4.2.10)

S=%v%+ Ub(xe) (4.2.11)

o'e — UE,i{&E) — Qi (4.2.12)

Qkm = \UE,km(xE) — “5 (rEArEA ~ hrEA“km) (4.2.13)
APE EA

Qkmn — e kmn{.xe) — "~ 5 ("mnrEA't

ANE

+ \hm'>’EA ~ ~2 rEArEArEA) ¢ (4.2.14)

rEA /

Comparison of (4.2.12) and (4.1.24) yields

Qi=-H¢ (4.2.15)

with the Newtonian value (4.1.27). Applying (4.2.9) for the spatial com-
ponents of the left-hand side one has for the order O(c~2)

(2UE + W E)Sij = (217* + 2Q kwk+ 3Q kmwkwm
+ 5Qkmnwkwmwn + ...)fy + A + 2(D{ik+ Djik)rk
(4.2.16)
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resulting again in (4.2.10), (4.2.13), (4.2.14) and the relations

Dij = SijUB(xE) = Sij V) (4.2.17)
Z?e VEA
jjijk _ i(MJa|;+ &ikaB —SjkaE) = | £ »3 A (6JkrEA —SijrEA —6ikr'BA).
APE EA
(4.2.18)

Finally, matching (4.2.9) for the mixed components of the »rs metric gives
for the order O(c~3)

4(UE + UA) =4Ue + 20E(2UE + 2Q kwk+ 3Qkmwkwm + ...)
+4 (5-M +Kr]|)
+ 4 (2 Dik- 8§ajjr| + 2Dikmr'g -(- 2D kimr%)
+ B*+ (2Bik- Fik- DikjrE + (3Bilkm - Dikm)rEr%
+ 4eijkCjimwkwm - \ Qkwiwk+ | Qiwkwk. (4.2.19)

Using the values obtained previously and equating coefficients with the
same powers of wk one finds

We = Ug - v%UE (4.2.20)
= QUB(xE)- 3v%Ue{xe)= & ~-(4td - 3<4) (4.2.21)

Z?e rEA
2Bik _ pik = 4UEtk(xE) - 4vBQk+ Dik- | + \a%v| (4.2.22)

3Bikm + 2€ijkCjm + 2eijmCjk = 2UEikm(xB) - 6vAQkm + D ikm

“" sSimQk S5SikQm
(4.2.23)

To solve (4.2.22) and (4.2.23) one has to take into account the conditions
of symmetry and antisymmetry of the functions occurring in the left-hand
sides. Therefore,

Blk —ADlk+ UE Axe)+ Ue”™ xe) —(vEQk + v Qi) — + vEaE)
= E - va>ea t+ (H - - o '‘Ba |
a?’e Vea

(4.2.24)
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F,k= —2[Uec "Xe) —Ue”™ e)]+ 2(vBQk —Ve Qi)+ \{vEaE ~ vEaE)
= A2 ~3—[MNvErEA ~ vErEA) + ~(vArEA ~ vArEA)] (4.2.25)
AME Wa

Bikm=WkkmM + Uim i M + US,ik(*B)]

~ 1(4<?tm + VEQmi + V%QiU) + §/Dikm + D kmi + D mik)

+ AfiikQm + fiimQk + f>kmQi) (4.2.26)
CijkCjm — 3["E,kmixE) /"E.imC3 )] — —vf;Qim)
+ I(Dikm- Dkim) + #(6imQk- 6kmQi). (4.2.27)

By using the identity

Akijrlemn — AMimAjn (4.2.28)

the last relation may be rewritten in the form
Cij = &fem[-|C/|,jm(x&) + vEQjm - \bkm+ *6mQK
— \?*ikm\PE"E,jm(xE) "E,jm(xE)] ~ Qjk"E ~ Q"ijjkQknm
(4.2.29)
The antisymmetric part of Cij is equal to
\(Cij “ Cji) = A {~€ijifo>E 4 Qk) ‘I ANikm[vEAEJm(xE) ~
- Zjkm{vEUE,im{xE) ~

Omitting as in all explicit expressions (4.2.13), (4.2.14), (4.2.17),
(4.2.18), (4.2.24), (4.2.25) the terms with quadrupole moments one obtains

GMa

\feS-w =1E g L[£ v "o

1
+ -A-r'%Al-eijkrEA{vg - v%)
EA

+ (eikm~EA ~ tjkmrEA)(vE ~ " )]) «

It may be easily verified that this expression vanishes identically. Hence,
Cij reduces to the symmetric part alone

\{Cij + Cji) — Nikm[vENEjm{xE) ~ (“e)]

Qgkm[vEAE,im{ E) ~ "EANMC®-®)]

=1E AT*-(VE ~ VAN ikm~*EA + kmr%A)rEA-
AjtE EA

(4.2.30)
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Thus all coefficients occurring in metric (4.2.2)-(4.2.4) and transforma-
tion (4.2.7) and (4.2.8) become known. As already mentioned, with the
greater accuracy involving particularly (4.2.2), B in (4.2.7) and rel-
ativistic terms in (4.2.12), the matching of the »rs and grs metrics has
been performed in Kopejkin (1988).

4.2.4 Physical characteristics of a body

With the aid of transformations (4.2.7), (4.2.8) extending the Lorentz trans-
formation for the presence of the gravitational field one may obtain the
interrelation between the »rs and grs expressions of physical quantities.
First of all, assuming x1I to be the coordinates of a moving point and putting
vl = xl one has from (4.2.7)

“jf = 1- c~2vkVE - \v\ + Ue(xe) + 4 1js)- (4.2.31)

Let x%be a point of the body at hand (the Earth for the given case). Its
grs coordinates are w* and its grs velocity is

— =vl- v'et c~2{[ukVE - \v2et Ue(xe)](v% v'e)

+(K 4 +Hk+DKk(k-4 )+ -4)4

+ 2Dikm{vm - VE) + i<44 + §4 4

+ Fik + DikjrE + DikmrEr%). (4.2.32)

If the body is rigid and non-rotating then, evidently, dw*/du = O but the
brs velocities vl of the points of the body differ from its centre of mass
velocity vE. Such a body cannot be regarded in »rs as moving translatory
and the presence of the term F tkrE is characteristic of its rotation (Ko-
pejkin 1987). For a rigid rotating body its rigid body velocity distribution
should be given just in grs

= eijk&Ewk (4.2.33)

and the b:s description of the same rotation is, as seen from (4.2.32), much
more complicated.

Consider now the relationship between dipole and quadrupole moments
in grs and brs. The grs ‘proper’ dipole and quadrupole moments are
generally functions of time u and may be defined by the integrals

Ie = I pVvV*dV /lm= [ p'wkwmdV (4.2.34)
J(E) J(E)
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taken over the hypersurface u = constant. pfis the proper mass density at
the point w',u. The grs origin being coincident with the Earth centre of
mass, one has IE = 0. Evidently,

p*d3x' = pfd3w’' (4.2.35)

and hence Me = M e+ To set the relationship of ¢rs moments (4.2.34)
and »r s moments (4.1.8) one has to perform a Lie transfer between the hy-
persurfaces u = constant and t = constant. These hypersurfaces intersect
in the matching point of brs and grs where relations (4.2.7), (4.2.8) are
valid. Consider an arbitrary point xf. Its g s coordinates are w', w'. If
this point and the matching point belong to the hypersurface u = constant
then from (4.2.7) and the condition v! — u there results

At=t'-t = c-2v%(x,n-x n).

If any quantity A is defined on the hypersurface ¢ = constant then its
value A on the hypersurface u = constant is determined by the Lie transfer

A = A+ vnAtiAt
vn being the velocity of the point of the hypersurface. In evaluating the

integrals (4.1.8) and (4.2.34) the Earth is considered as a rotating rigid
body. Hence, the velocity of each point in it is approximately

wl* __ - .k tm
v — €kmUWETrE *
From this, it follows that
A = A+ c_2e,imw|;t)&r€l (x/n- xn)A ti. (4.2.36)

By applying this formula to (4.2.8) it is easy to find that the required
functions occurring in (4.2.34) are determined by the relations

Wa=4 + c-2[(| 44 + Fik+ DikJr% + Dikmr " rf)
+ c-2eikmwEv * (r'S - rhk) (4.2.37)
differing from (4.2.8) by an extra term dependent on the matching point
and caused by the Lie transfer. Using (4.2.35) and (4.2.37) one finds the

relationship of moments (4.1.8) and (4.2.34) as in Brumberg and Kopejkin
(1989Db)

T — o eilmBifiBfEn — -2 kY 5, g T (4.2.38)
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if = Pi - + Fim+ Dim)i%m - c~2{\vEv” + Fkm

+ Dkm)FEl+ c-2JEv%wn(eijmi$r + ekjJt)- (4-2.39)

Expression (4.2.39) relating the »rs and grs quadrupole moments in-
volves coordinates wn of the matching point. At first sight it might seem
strange. Considering that the »rs quadrupole moments are functions of
t and grs moments depend on u and taking into account that the rela-
tionship (4.2.7) of t and u includes the spatial coordinates of the matching
point at hand this fact becomes clear.

The spherical body may be defined as a body with the diagonal matrix
of the quadrupole moments, i.e.

iEm= h J E. (4.2.40)
For such a body its »r s moments by (4.2.38) and (4.2.39) are

VE - ¢ 2iE(—€ikmU%VE + (4.2.41)

I%m = [1 - 2c-2UE(xE)]IE6km - c~2vEv%iE (4.2.42)

demonstrating that the »rs matrix of the quadrupole moments is not re-
duced to the diagonal unit matrix (Kopejkin 1987).

Transformations (4.2.7), (4.2.8) and (4.2.38), (4.2.39) enable one to de-
rive the gr s equations of motion of celestial bodies starting from the known
brs equations. Equations of motion of the major planets, the Moon and
Earth satellites based on these techniques are given in the next chapter.

43 EQUATIONS IN VARIATIONS FOR THE
SPHERICALLY SYMMETRICAL METRIC

4.3.1 Generating metric

In all methods of solving the problem of motion in grt+ based on the ex-
pansions in powers of v/e and U/c2the masses of the bodies involved are
treated as being of one and the same order. In the Solar System the ratio of
the total mass of all planets to the mass of the Sun is of order 10“ 3. Hence,
it may be reasonable to take the Schwarzschild solution for the Sun’s field
as the intermediary and to look for the solution as series in powers of the
ratio of the total planetary mass to that of Sun. Such an approach is
of interest enabling one in principle to avoid expansions in powers of v/c
which is of importance for the rigorous treatment of the problem of grav-
itational radiation (although the practical realization of such an approach
still remains vague). A similar problem arises in studying the motion of the
macroscopic bodies in cosmology. As the intermediary one may again take
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the spherically symmetric metric, for example, the Friedman metric. The
problem of perturbations both for Schwarzschild and Friedman metrics has
been repeatedly examined in the literature (see, for example, Peters 1966,
Irvine 1965), but not for the case of perturbations due to the gravitating
masses. The results derived below are based on Brumberg and Tarasevich
1983).

The gr ¢ field equations (2.1.7) rewritten in the form
Grv+ A = -/c(TA + TH) (4.3.1)

are considered under the assumption that in vanishing perturbations =
0 they admit the spherically symmetric isotropic solution

7/0— A 7Qn = 0O mn — Bémn (4.3.2)
A, B being some function of radial coordinate r and, possibly, time ¢. With
TAu O the solution of (4.3.1) is presented in the form

9nv — Mlw  hMi, (4.3.3)

hpy being small corrections to the metric tensor caused by the perturbing
mass tensor T/Av of the macroscopic bodies. Along with equations (4.3.1)
one may use the equivalent equations involving the Ricci tensor

RN = — ( + T*u) + Ag™v (4.3.4)

with
— AgAuT — Tpv — \g"vT, (4.3.5)

For the Schwarzschild field in the whole external space outside the central
mass M one gets

=0 A=0 Ao = Bb=0 (4.3.6)

and the solution is given by (3.1.10)—3.1.20). In the cosmological solution
for the homogeneous isotropic model describing uniformly and continuously
distributed matter with density p and pressure p one has

., drr*1
T = (: +, ) - (4‘3"1]
with
dzm dx’
— =0 — =1 A=1 (4.3.8)
ds ds

in co-moving coordinates (with the choice e= 1). From (4.3.4) and (3.1.14)
we obtain

3 fa 1 I, = N K



EQUATIONS FOR SPHERICALLY SYMMETRIC METRIC 141

B,Om- A B t0B,m = 0 (4.3.10)

22 ( B,mn fimnBSs £ ASmnB (QB#Q-|- A A{S B )jnB >n-|- 6mnB iSB)S)

+ 6mnBB,oo) = B (|(p - p) + A) Smn. (4.3.11)

These equations may be satisfied by putting

B=( I T 43D

with k = constant and functions R = R(t), p, p being determined from the
equations

3f = A-|(p + 3p) (4.3.13)

RR+2R2+ 2k= R2(a+ |(/>~p)) * (4.3.14)

These equations should be complemented by the equation of state relating
the density p and the pressure p. Different particular solutions for R(t)
are well known. In addition, it is to be noted that in virtue of the Bianchi
identities one should have

= 0. (4.3.15)

For the space components these relations are satisfied identically. For
the time component they lead to the relation

P+ 3(p+ p)—= 0. (4.3.16)

Thus, for the Schwarzschild problem A and B are functions of r alone
determined by (3.1.17). For the cosmological model A = 1 and B is a
function (4.3.12) of r and t. For the particular case k = O (the open flat
model) B becomes a function of ¢t alone.

4.3.2 Equations in variations

Taking the difference of equations (4.3.4) and the background field equa-
tions one has

SRp,, = - kt;v- k6t;u+ A Vv (4.3.17)

with
= T;u{gaP) - (4.3.18)
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bR”ubeing the correction terms of the Ricci tensor due to the perturbations

hrv. Christoffel symbols of the first and the second kind and the Ricci

tensor for metric (4.3.2) are given in (3.1.12)—3.1.14). For the disturbed

metric (4.3.3) the linear corrections to these quantities are listed below.
Variations of the Christoffel symbols of the first kind:

<frocO — 2/00)0 ~Toom — \"(I),m ATomn — 2("0Om,n ‘I'\Onm ~mmn,o)

STs@= /1,0 2700,s 6ra0m =: AOm,i)
AMfjmn — 2Amsin  hns,m  hmn,s)* (4.3.19)

Variations of the Christoffel symbols of the second kind:

SKmn 2B
(4.3.20)
Variations of the Ricci tensor:
SRoo — —y-gihoo*ss — 2/ios,05 + hSSioo) + Qaqq (4.3.21)
bRom — 2J5 "m$5 hf)s,ms H-"s$,0m hmsfls)] Qom (4.3.22)
mn

~ Amn,00 + /iQmOn + AOn,0m) + Qlmn (4.3.23)
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with
Q0= ~h % {n B's~ ZAS hoo's ~ BB ~ho*”* + j A »ho>”
— 2j3M,aMrr’5 ~QA,rArs,s
+ 2A2 TARCAL)Y A0+ 2AB A ACS~N S5IR.0N (a
+ (-J®1* + 2Xfl'4.«B.«+ 5jb o®h+ dp-4“B"”) h"
+ (i-4" - -5 a''b") fr] “4-324>
Qom " “' A-A0MNOO,m "h -A,m"05,s
+ (257 ~ 24A,9 /I0)m" iw 8'3+ 24AA *) h°m#

+ ("4 A-5" 25s'y ftm,~ (25S'm+ 21A'm /1,5°
1 1 1
~B nhggmH —Bohmss —-prA mB 000
B B A*
+ (-7,00 + 2MNA05,0- 2is S,050+ ~ 4 ,SB 3)/I0m

1

+ lA—A,m, 2AB

+ + 20 5A,5.0+ J§2B.™B,o) k»

+ (iBo- - ~w*B-B°) 'm-1I (4-3 25)
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+ {j2AA'$~ 2B B’s) kmn’a~ B B’nkss'm
~QBimhssn + 2 g B iShrriSémn

(W § v~ 24 4 's) hom noo fow B~ 24 A4 ) b

1 1 1
~jAB,nh'ms)s "' -g BimhnSts — ~ABirhrssémn

B/ 1
H ~A2 -®,00~mn "F

1 1
~y B qB Q8mn

4" ®0n + 2]47°~An 25 ~0m

AN AOm - 2IBA A mJ nfn

o ’27/0a“ 2AM,00'S~ 2AN'SNC ~ ho$bmn
+ -Q(B,ns+ 2AA."B,n- 2BB,nB,9hms

+ "g AB,ms + 2~"A}>B)m — '2QB 'mB'"j hns

1/ i 3
“t ( ®a — A)rJSs+- 2B~ ,rB,s) hrsbmn
+ Amn + Tj*~O0NO mn

—"B,sB)Sémn + -gB~ "B/ hrr

(4.3.26)
Denoting now
V = £(/cT;, + kM-;, - Aft*, 4 ©,,) (4.3.27)
one obtains from (4.3.17) the equations to determine h~:
hoo,ss — 2/i0s,05 + hSYoo = 2loo (4.3.28)

hom,ss AOj.mj EF — 2Lqm (4.3.29)
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“l hsstmn  hms,ns hns,ms

4" ( "00,mn hAmn,0 4" "Om,On ‘T’ *On,0m) — 22vmn.

(4.3.30)

By contracting (4.3.30) and using (4.3.28), we obtain

hrr,83 hrSrs = Lss-b —Lgqgq. (4.3.31)

Equations (4.3.28)-(4.3.30) may be solved by iterations with respect to
hpV. At each step ofiteration the right-hand members 2LfiU are known, and
equations (4.3.28)-(4.3.30) represent linear partial differential equations.
To facilitate their examination one may introduce the coordinate conditions

700,0 4 7530 — 2/igs,s — O (4.3.32)

Noo,m  hss,m 4" 2hm§S — O. (4.3.33)

Under these conditions equaitons (4.3.28)-(4.3.30) take the form

Noo,ss ~ 00,00 — 2Z0o0 (4.3.34)
h()mss = 2Lom (4.3.35)

hmn,ss jAhmn,00 — 2L mn 4~ A hoo,mn Aj"(*"Om,0n 4% AOn,0m)
(4.3.36)

with the equation for the contraction hrr resulting from (4.3.36)

hrr,ss —2Lss + 2—Lqo — hooiSS (4.3.37)

First, one has to solve (4.3.34) for the time component #QQ This is
the wave equation with constant coefficients. Then one solves the Poisson
equation (4.3.35) for the mixed components hom. Equation (4.3.36) for
each space component hmn has the form of the wave equation with vari-
able coefficient B/A in the second derivative with respect to time. For
the Schwarzschild field this coefficient is determined by (3.1.17), (3.1.20)
and depends only on r. In the case of the cosmological background this
coefficient is determined by (4.3.12) and depends on ¢t and r (only on t
for the open flat model). Solution of the wave equation (4.3.36) may be
constructed, for example, by the Sobolev (1950) method but this remains
to be actually done. Equation (4.3.37) for the space contraction represents
the Poisson equation.
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4.3.3 Equations of motion

The equations of motion of bodies in the field (4.3.2), (4.3.3) may be derived
either from the modified geodesic principle or from the Bianchi identities
(Infeld and Plebanski 1960). In the first case it is sufficient to substitute
(3.1.13) and (4.3.20) into equations (2.2.48). In so doing the components
h7, entering into the Christoffel symbols are evaluated along the body’s
trajectory with a suitable re-normalization. There results

= - h A~+{k A”- > * » ) + (j ak- 5s")4<i”

+ 2BB'mX>X’ + 2AB'°X’X‘Xm + 2Axmhoo'° ~ 2 Bkoo’'m

*4 & /00,5 + 'g‘"Om,0 hos,m 4" ~"X [IOm,s ‘4" £ £ AOr,s
~BA hms,0 2 A A Ar5,0 25*N A hrs,m
+ —xrxshmr,s- — (lA o+ A)Sxs+ \BfiXsxs)xmhm

“ Td(2A0 + A*** + ABiGxsxs)hOm

+ 4} (“ 2A* “ Bloxs+ \B)Sxrxr- B)rxrxs)xmhGs

+

("2 A* “ B,oi* - B>xrxs4 \BfScrxr)hms.
(4.3.38)
The second way is more complicated but enables one to gain a more pen-
etrating insight into the relationship of the field equations and the equations

of motion. Direct calculation gives the left-hand members of the Bianchi
identities in the form

VAGON = N (Vo + hrr,0—2Aor,r),ic + S° (4.3.39)

AT/iG A— 453 ((Vm  hrrm + 2/lmrr) 5
'Am(*00,m  hrrm "h 2Amr>1) j00
B \
—j(h00,0 + ftrr,0“ 2/100r)j0mJ + Sm (4.3.40)

Su being the non-linear terms with respect to h” in the expressions of
VAGA. In ignoring these terms expressions (4.3.39), (4.3.40) vanish due
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to the coordinate conditions. Hence, the right-hand members of the Bianchi
identities are also to be annulled along the world lines of the bodies

+ TA). (4.3.41)

Relation = 0 is satisfied identically (for the cosmological problem
it reduces to (4.3.16)). As for the disturbing mass tensor, by putting

P dx° dx* dx"
ds dx° da0

one has

J,00 P dx J,0m _ vmrp00 junn

— j >00 g42)
ds

and, consequently,

v At ‘m= Too+ T o5+ (2roo4.rjs)T 00-t-(3r“J+ r;J)r O+ r° ST ,'s (4.3.43)

v#jTm" TmO+ T m>+ pmyOO + (r0Q+ m+ 2r™T°S

+ rA"Trs+ (rg, + N jr"5. (4.3.44)
Direct differentiation of (4.3.42) using the equation of continuity yields
Too+ yo, _ _ IToo"AB3+ BahoQ_ AB2h, )-1[Al0&i+ 3AB2Bfi

+ AtSB3vs+ 3AB2Btvsmm352(Sq + Bijvs)hoo + B 3hooto
+ B3vshOXS—B2{A q+ A})vs)hrr

- 2,45(5 0+ B>sus)hrr - AB2hTrfi- AB 2v’ hrr<g

+ {A —Bv2+ h0+ 2hQuvs+ hrsvrv“)~1

x (yi® + Atv* —Bfiv2— Btvsv2—2Buvsxs

+ 7o0o,0 + hOOiSv3+ 2hostov‘ + 2hor svrv>-t- 2hosx’

+ Ks,ovrvs+ hkr,svkvrv>+ 2hrsvrx’)} (4.3.45)
TOm+ rmpms _ _ 1TOO0A_2&m + N_g3 + _ ABZ2hss)~ 1
x [AfiB3+ 3AB2B®Q+ A,tB 3v“

+ 3AB2B>sv‘+ 38£2(£,0+ B<sws)h00
+ B 3hoo,0 "l' B 3v‘hooiS— B 2(A q wmA iSus)hrr
2AB(Bj)0+ B:3hrr- AB2h, t, - AB 2vshriiJom

+ (A —Bv2-f [ico 4 2ha3v5 -+ hrsvrvs)
X (j4,0 + Atv* —BfiV2— B twsv2—2Bvsxs+ ftoo.o + hoo,3vs
2h0)io Vs + 2hOri3vrv>+ 2/i0sxs + hrs>Ovrvi

+

+

hkr>svkvrvs + 2hr3vri ’)vm). (4.3.46)
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Using the values of the Christoffel symbols one gets finally

VATO" = TOOA - Bv2+ h00+ 2h0Ovs + hrsvruvs)~ 1

X - hGOs- vrhrs)xs+ + (B,o~ v2

+ (\B’S~ JA”) VV*" 1A Bfivd ~ U v2k00”

+ ~ Bv2)v°hoo,a- v‘hOifi - " v 2vrv’ horlt

X-(A - \Bv2)vrv‘hrsfi - ~hkriSvkvrvs

+ -22(2A A }SVS-f 2-7,0" hoo+ -t A
(2A0 } Jv hoo L8 s

(iA'~iB)’v+ _ hBy

¥

+ - B rvrvsv2 hoS+ -r(|-A,0 + A)tv' + \B<W2)vrvshT

(4.3.47)
ViiTm>= TO)YA - Bv2+ h00+ 2A0.v* + hrsvruvs)
(A —Bv2+ [ioco em2vshos+ vruvshrs)
X {*m+ JBA’'m+ + ABB *v>vm - 2B B ‘mV2)
- \{Afi+ Aty)vm+ \(Bfi+ B, ®> 2wm
+ (Bv* - hOs - vrhrs)vmxs- \vm(hoafi + v'hoo,,)
- Vmus(ho,t0 + vrhOar) - ~vmvrvs(hrSto-+ vkhrStk)
A ("4 )[27"00,m  "Om,0 4" A hostm ~ "Om,j " ~mj,0
-(- A hrSiTn  V V hmlAS-|- "T A2 0 4" *A,57 4" )0m
(4.3.48)

By equating expressions (4.3.47) and (4.3.48) to zero and combining them
one obtains again equations (4.3.38).
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The method used here needs to be further developed. First of all, this
is concerned with solving the wave equation (4.3.36). Let us add that all
these results may serve as an illustration of the facilities of the system
gratos of tensor operations by computer (Tarasevich ei al 1987).

44 GRAVITATIONAL RADIATION AND MOTION IN A
BINARY SYSTEM

4.4.1 Quadrupole formula of the gravitational radiation

For a long time the study of the motion of compact objects and gravi-
tational radiation has presented a severe problem in relativistic celestial
mechanics. Until recently there existed only one solution, which was sub-
ject to criticism. According to this solution, based on the linearized field
equations, the system of gravitating bodies loses energy by radiating grav-
itational waves. The loss of energy is determined by the expression

dw G

with
Bik = A D ik(t) (4.4.2)

Dik being the quadrupole moments of the system. To be more specific,
functions Dik are the coefficients of the expansion of the gravitational po-

tential U of the system of mass M at a large distance from the system

u=— + AGDik(t)f-) +.... (4.4.3)
T 2 W .idt

For the system of point masses

= <y-<>

and then

Dik(t) = £ MA{jAx\ - (4.4.5)

A

The derivation of the quadrupole formula of gravitational radiation can be
found in many textbooks (see, for instance, Fock 1955). This formula has
been applied to calculate the loss of energy in the binary pulsar system
PSR 1913-1-16. Assuming that the motion is performed in the plane x3= 0
one has for the coordinates of masses Mi and M 2
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Mi

1= ——rsi.n 2 =-rrrsmf. 4.4.6
= ——rsinf oy =tremys (4.4.6)

M = Mi+ M2, rand / are the radius vector and the true anomaly of the
relative motion. In accordance with (4.4.5)

Du = « * V. (| + | cos2/) D2 = | cos2/)
IM IM2 9 N 1MiM2 , -« jn
2,83=-3 -irr DlJ = 2— r“,2/- (447)

Differentiating these expressions one finds

MA r2(1i #2ji/-2(T esin/ + 4sin2/ + §e sin 3/)

32= - MM 2r2(in ®2)1/2("esin/ + 4sin2/+ |esin3/)
Mi n3a4 2
33 M A (l-e2)1/ " 68111n
5i2 = - MIN 2r2(1W 2)i/2(lecos/ + 4cos2/+ |ecos3/)(4.4.8)

a, e, n being the semi-major axis of the relative orbit, its eccentricity and
mean motion, respectively, and n2a3 = GM. Therefore,

"= + B'i, + Bl, + 2Br,|

=_~ (") =<("-V)&R+" +Med®+ )

(4.4.9)

Using (1.1.20), the Hansen coefficients

X04° = (1+ ie2)(l - e2)-5/2 Xq#1= e(l- e2)_5/2
AN 4,2=K (i-e 2r 5/2

one obtains for the averaged value of the loss of energy in motion on the
elliptic orbit the well-known formula

dw 326 (MMy_nw_( 73, 37 \
dt 5 SV M J (1-e27/2V 24 9% 7'

The total energy of the two-body problem being related with the semi-
major axis by
w = _GM+tM2
2a
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the gravitational radiation as follows from (4.4.10) leads to a decrease of
the semi-major axis with the rate

64 G3MxM2M | 73 2 37 4\ , , 10.
« 96*)' (

The quadrupole formula causes doubt in at least two aspects:

(1) its validity in application to compact objects for which the ratio U/¢c2
is not small, and

(2) the correctness of the conclusion (4.4.12) as derived from the
quadrupole formula.

4.4.2 Equations of motion of compact bodies with
consideration of gravitational radiation

To elucidate these questions it is necessary to derive the equations of mo-
tion of compact bodies taking into account the radiation terms and by
solving them to examine the orbital evolution in the two-body problem
by the methods of celestial mechanics. Many authors have advanced the
solution of this problem. As already mentioned, culminating contributions
to this advance were made by Damour (1983, 1984, 1987a,b), Grishchuk
and Kopejkin (1983, 1986) and Kopejkin (1985). These papers involve dif-
ferent techniques and even different initial statements. In the papers by
Damour compact objects were examined from the start. By contrast, as
stated by Grishchuk and Kopejkin, the compactness parameter disappears
from the equations of motion of the ‘ordinary’ macroscopic bodies making
them applicable for the description of the motion of compact bodies, such
as black holes. The derivation of the equations of motion taking account of
the radiation terms demands too much space to be reproduced here. Con-
sidering that all the details may be found in the papers cited above this
exposition is restricted to giving without derivation the equations of mo-
tion of the two-body problem in harmonic coordinates taking into account
the radiation corrections. These equations are of the form

ad\ =Fgq(xi - * 2+ c 2FMali - x2vi,v2ai,ad
+ c~4Fl(x! - x2,vLv2ai,a2,a2,a2)
+ ¢ SFl(xx —x2,vi —v2,0i —a2,dj —a2di —a2,di —a2) + eeee
(4.4.13)

a,-, and a* are vectors of position, velocity and acceleration, respec-
tively, for the body i (i = 1,2). The components a\ of the acceleration of
the second body satisfy analogous equations. The post-Newtonian equa-
tions considered in section 4.1 correspond to retaining in (4.4.13) only Fq
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and and replacing in the accelerations ai, 02 by their Newtonian
expressions. Including the post-post-Newtonian terms F\ does not change
the conservative form of the equations and does not prevent their presen-
tation in the Lagrange form. Just the terms FI of dissipative character
are responsible for the loss of energy of the system due to the gravitational
radiation. Eliminating in the right-hand members of (4.4.13) the accelera-
tions and their derivatives on the basis of Newtonian and post-Newtonian
equations one obtains the reduced equations with the right-hand members
dependent only on coordinates and velocities. These reduced equations
have the form

*1 = A 0(xi- x2)+ c~28'2(xi — X2.VU V2) + C~4AW(X! — X2.Vi.V2)
-I-e~5A\(xi - x 2,vi-v 2) + ... (4.4.14)

and similarly for the second body. Denoting
r= [(*1 —X2)2]1/2 Nl= r~1x\ —x2) vt = v[ —v2 (4.4.15)
one has for the functions occurring in the right-hand member (4.4.14)

Ai= -GM 2r~2N"' (4.4.16)
A2=GM2r~2({N'[-v\ - 2v2+ 4(viv2) + f(-Nv2)2
+ (5GMi+ 4GM2r~1] + wi(4JVt>1- 3N v 2)} (4.4.17)
A\ = GM2r'? N 1.20\ + 4vl(vivd - 2(t>iw2) + (7Vv2)
+ |v\(Nv22- §(viv)(Nv2)2- ~(Nv2J4

1 GM\ . 15 2 . 5.2 5
H—~\~TVli+ 4 2- 2viv2

+ f (NVI)2- Z9(NvI)(Nv2)+ % (Nv23J

4 [4f2—8vin2+ 2(iVwi)2—4 (Nvi)(N v 2) —6(iVi>2) 2]
+$ (-7 m ~9M2- f

+ v W2(iVt>2) I 4v 2(N v i) —5v2(iV »2) —4(ulw2)(iV w i)
+ 4vilV2)(Nv2) - 6(Nvi)(NvY2+ |{Nva
+ fNv2+ O9MI(-2Nvt - 2N v 2

(4.4.18)
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NYNv) (3»'-6 ~ +j A )

(4.4.19)

Thus, it remains to deal with the purely celestial mechanics problem of
studying the motion of bodies in accordance with equations (4.4.14).

4.4.3 Relative motion in a binary system

As shown in the papers cited above and as may be verified by direct cal-
culation, equations (4.4.14) of the two-body problem admit in the approx-
imation under discussion the integral of the centre of mass motion of the

form
& = Mix\ + M2xi - lc~4GMIM2(Nvi+ Nv 2y
4GMiM2, YfN(_ 2 2GM\ A
M200i - i he3- A (4.4.20)
c5M
with
piv 4. GM\M2
Mi =M\ + c-2 (f Mo\ - v coq Pwi \
b4 - H - ?2»i»2 - R(Nvi)2+ h(Nvi)2
* » i
MR o 5802 - iG’_"‘ + Z_GMZ (4.4.21)
r r

and similarly for M 2¢ C %are the linear functions of time with coefficients
representing the constants of the integrals of momentum and the centre
of mass. Choosing the barycentric system implying € %— 0 and defining
x1— x\ — x2one has

«l = A % ¢4 (f -~ ) *' 4+ eee (4—4—22)

*2=~%X+CQ(M"MW A TP e

i 2 » _2 ., o 2f/ 2 GMN GM...
vi= 240"+ ¢ /lﬁi-MZ)—\bJ{- / Jv {Nv)N + eoe

(4.4.24)
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* M1l » -2n>* nr \M\ M:2
Vi = ~MV + C
2 GM\ GM,, .Al
vl | (Nv)N* (4.4.25)
T

Taking the difference of equations (4.4.14) and substituting (4.4.24),
(4.4.25) into the right-hand members one obtains the equations of rela-
tive motion

£ = Sq+ ¢~2B[ + ¢~4B\ + ¢~5Bi + ... (4.4.26)
with
GM
B'n= — (4.4.27)
2- 13
3 m Im 7\ 4 2 A A \% 4.4.28
_ + + - k 4.
h( M2 vl ( ) (= | ( )
MiM:2 M LN 4, 15M\M:
S4= rs mz 0T 8 M2
A4, . MIM2(9 «MIMA v2(Nv)2
M2 V2
MiM:2 3 OMIM2\ GM ,
+ M2
L]
H(r+ 2N +A ) 2i W
87 MiM2\ G2M 2
KA ) we
. () MiM2 fib , OMiM2\ 2
,0,41Mi1M2 , M2M|\ GM
(4.4.29)
1 + 2 M2 + M4 J r
D, 8G2MiM2 1 /, 2 17 GM \ GM\ ,
&= T-—- Sl 3t>2+ _3"__1'"'J(«V)«’—(*7+3Ajtf .

(4.4.30)
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The terms Bgq represent the Newtonian part of the equations of the two-
body problem. B\ are the post-Newtonian terms. Solution of (4.4.26) in
the post-Newtonian approximation, i.e. taking into account only B @&and
i?2, is obtained as the solution of equation (1.1.25) with the right-hand
member (3.1.100) for the values

1MiM2 MiM2 MiM2 0 MiM2

a= 7 a= 2i—-7T- 2c= 1+ 3—77"— 11- 2--——- 775—
2 M2 M 2 M 2 M2

(4.4.31)

This solution is given by (3.1.102)—3-1.111). Similar solutions have been
produced by many authors (for example, Damour and Deruelle 1985, Sof-
fel et al 1987a). B\ are the post-post-Newtonian terms. The post-post-
Newtonian solution caused by these terms and not differing essentially from
the post-Newtonian solution has been examined in detail in Damour and
Schafer (1988). Post-post-Newtonian equations of motion of the two-body
problem may still be presented in the Lagrange form. The appropriate
Lagrangian depends not only on the coordinates and velocities but on the
accelerations as well (Damour et al 1989). B$ are the radiation terms due
to the gravitational radiation of the two-body problem.

4.4.4 Spin-orbital terms

Before examining the radiation terms B\ it is suitable to investigate the
orbital evolution in the two-body problem accounting for the proper ro-
tations of the bodies. Retaining in the post-Newtonian equations (4.1.24)
the spin terms they give the following contributions to B\\

Ab< = 2 A f,Ié(s _3(NS)N) xd*- -(NS2S{- (NS Si
ro \ r r
- N[SiS2- ANSANSAx"Nj. (4.4.32)

S1and S2 are the proper angular momenta of the bodies divided by the
appropriate masses (the spin vectors)

5 =(3+A )5‘+(3+t ) 5 <44'33)

wk are the angular velocities of the bodies, Ik are their moments of inertia
(in the sense of the definition (4.2.40)). The terms due to the spin inter-
action are retained here but the terms quadratic in each spin are omitted.
The solution of the post-Newtonian two-body problem considering B\ and
A i?2is given here within the framework of the secular perturbation theory.
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In the post-Newtonian approximation the right-hand member of the equa-
tions of the perturbed two-body problem admits the disturbing function
(1.1.34)

GM 1(o, MiM2\ 2 , 1M1M2/kt x2 GM
+
2{3+-M ~)V +2~ - (N,) " 2°

+ - 3(1VS,)(iVS2]lj. (4.4.34)

The first-order secular perturbations of the osculating elements are de-
termined by equaitons (1.1.44). Substituting into (4.4.34) the solution
(1.1.9) of the two-body problem one obtains

M\M2GM IM xM2\ GM
R —GM \ p+ 3+ \

M2 23 2 M2 )

,( 0, IMiM2\ GM , A oMIM2n GM

v 2 M2 ) ra \ 6 M2 J 8a2

, sk 1
(6 M p - A[sts2- 3(5ifc)(52f)
2

¢ 1510)(520 )- (5 1P)(52p)) %/
(5 1P)(520) + (510)(52p) SP%/ (4.4.35)

With Hansen coefficients
X01° =1 X02°=(1-e2)"1/2 Xq3%= (1—e2)-32 32 -9

there results

3GM MiM2\ GM VGMSk
#]l=GM + - +
a2(l —e2)1/2 M2 y 8a2 2a5/2(1 —e2)
[5i52- 3(5ife)(S2fc)] (4.4.36)

2a3(l —e2)3/2

In addition, from (4.4.34) it follows that

ndR M\ M2
r-7-r =G M 1-3-
or M 2

2
(4.4.37)
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""OR M iM 2\ GM
=GM
rdr M2 J a2(l1-e 2)1/2
MiM M M
+ 9+ sMIM2\ @ y/GMSk (4.4.38)
K - M2 a2 2a5/2(1 —e2)

As seen from (4.4.36), [R] depends only on the elements a, e, i and A.
Therefore, equations (1.1.44) imply first of all

da de

(4.4.39)
dt~ dt

The equations for the inclination and the longitude of node are reduced
to the autonomous canonical system with one degree of freedom:

d cos i 1 d[R]
dt na2(l —e2)1/2 6A
da _ ! alr] (4.4.40)
dt na2(1—e2)1/2dcosi
or in more detail
B/ 3(5 ic)(Sap + (52fc)(giQ
2a3(l —e2)3/2 2 \/GMa7/2(1 - e2)2
e odn_r ,ff 3 (5 ife)(52m) + (5 2fc)(51m)’
Smzd* ~ \2a3(1 —e2)3/2 2 v/GMa7/2(1 - e2)2
(4.4.41)
This system has the integral
[R] = constant (4.4.42)

and may be solved by quadratures. From (4.4.42) it can be seen that cos iis
a periodic function of A. In accordance with the general theory of solution
of systems like (4.4.40) the longitude of node in its turn is represented by
a trigonometric series in multiples of some angular variable linearly related
to time. Depending on the coefficients of the function (4.4.36) this series
may contain a term proportional to time. The cases of presence or absence
of such a term correspond to the rotation or the libration of the line of
node respectively.

Actual integration of the system (4.4.40) presents no difficulties. Choos-
ing the equatorial plane of the body of mass M2 as the reference plane one
has A = 8i = 0, 5f = 22 (the lower index numerates the bodies, the
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upper index identifies the vector components). Considering that a and e
are constant, from (4.4.42) it follows that

sin i (3-|-/\ ) (GMp)1/2 -3 S 29052 (—S*sinA + S2cosA)
= C+ (GMp)1/2S3cosi- 3SfS2cos2i (4.4.43)
C being an arbitrary constant. The relation
S* cosA + SfsinA = [(Si)2+ (S2)2—(S2cosA —S* sinA)2]1/2

enables one to exclude A from the first of equations (4.4.40). The result is

dcosi Vgm .
= % (ao cos4 i+ 4ai cos3i
dt 2c2a7/2(1 - e2)2
+ 6a2cos2i+ 4a3cosi+ a4)l/2 (4.4.44)

with
a0= -9(S2)2(Sx)2

4aj - 6(GMp)y2s2 5IBP+(3+ A -)[(592+ (532
6a2= 9(822-(3 +~ ) cmp [(BIY+ (Sin - GMp(Sy+6csts2
4a3= -2(GMp)1/2 CS3+ 3(3 + A -)s 2[(SN2+ (S22

4= (3+ GMp[(S{)2+ (S22 - C2.

Thus, cosi in the general case is expressed in the known manner in
terms of the elliptic functions of Weierstrass. Then A is determined from
the trigonometric equations (4.4.43). Integration of the two last equations
of (1.1.44) is performed by simple quadratures:

dw .dA _ |/ 3vGm Sk
dt @S !'de + [ a5/2(1 - e2) a3(l - e2)3/2
[51Sa-3 (5 1fc)(S 2fc)] (4.4.45)

2VGMa7/2(1 - e2)2
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@o _ . ( K,naMIM2\  VGM , (a y/GM
dt \ M2 ) a5/2(1 —e2) Y2 \ M2 ) a52
(4.4.46)

2y/GMa72(1 —e2)3/2

In the particular case when a body of mass Mi is a satellite with a negligibly
small spin one obtains again the results of section 3.3.3.

Using equations (1.1.26), (1.1.27) and expressions (4.4.28), (4.4.32) for
F it may be possible to derive equations (4.4.39), (4.4.40), (4.4.45) and
(4.4.46) without using the disturbing function. For example, the use of
(1.1.29) enables one to write the equations determining the secular vari-
ations of the area vector and the Laplace vector (Barker and O’Connell
1976)

c=f2xc f= fix f (4.4.47)

with

"=GM{w h? + - 3(5,)11
- 2wa5(i3_ e2)2[(S2fc)Si + (S 1fc)S2+ (SiSs - 5(S Ifc)(52fc))fe]” .
(4.4.48)

This is equivalent to equations (4.4.39), (4.4.40) and (4.4.45). But the tech-
nique applied above gives immediately the canonical equations facilitating
the solution of the problem.

4.4.5 Radiation terms

Solution of equation (4.4.26) in all details is rather time-consuming due
to the necessity to treat not only terms linear in B\ but also terms that
are quadratic in B\. It might be suitable to take here as the intermediary
the post-Newtonian solution with Bb and BE and then by variation of
arbitrary constants to take linearly into account B\ and B\ as suggested
in Ashby (1986). But the post-post-Newtonian solution caused by B\ and
the quadratic contribution by B2 does not differ essentially from the post-
Newtonian solution (4.4.39), (4.4.40), (4.4.45) and (4.4.46). The influence
of the terms B\ is of more interest. By (1.1.29) applied to Fx= B\ one
finds
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v 8Gamim2 n2 17GM\ (rv)2
5 c5r3 A + T —

, 2 1G6M\. ,
+ I-W + z~r~)

(4.4.50)

Substitution of the Keplerian values for the coordinates and velocities re-

sults in
SG3MMiM2 /a\* ( a

c= -
cSN

8 G4M 2MiM2 /a\3

t = 5 c5a4(l —e2) Vr/

+ 14-2"e2-20"+(—2+8e2 - cos/
12 r \Y A Ja

(1r__ 5\

+ e cos2/ + 62 /3r 3 cos 3/N
\2a 6J J \4 a 12

+Q 14- &f 2- 20r-+ {]—2 + 262)7511 sin /

+e (N -s)sin2/+e! (H -1i) "n3/}j- (4452

Performing averaging with the aid of the Hansen coefficients (1.1.20) one
obtains the equations for the secular perturbations

4GIMM1M2 8+ Te2

CcC-_5 c5a4 (1 —e2)5/2°" (+.4.53)
1 G4M 2MiM2 (304 + 121e2)e
(4.4.54)
c_ 15 c5a4 (1 —e2)5/2
Scalar products of (4.4.53) and Z m, fe yield respectively
da =0 4.4.55
ét = ° dt (4.4.55)
dp _ 8 G3MM\M2 8+ 7e2
P 3 (4.4.56)
dt 5 c5a3 (1 —e2)3/2

Similarly, multiplying (4.4.54) by Q@ and P gives
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de 1 G3M M1M2 304+ 121e2 ,, . coN
¥ =~15 (1 (4'4'58)

Combination of (4.4.56) and (4.4.58) leads again to (4.4.12). Thus, due
to the gravitational radiation the expressions for semi-major axis and ec-
centricity contain secular terms governing the evolution of motion in the
two-body problem. The expression for the mean longitude contains a term
quadratic with respect to time and involving a secular decrease of the pe-
riod of motion.

4.4.6 Motion and radiation

Consideration of the gravitational radiation affects significantly the evo-
lution of motion. Along with this, celestial mechanics treatment of the
gravitational radiation is of importance to elucidate the general structure
of the ¢+ equations of motion. The unreduced equations (4.4.13) con-
taining in their right-hand members the derivatives of order from 2 to 5
inclusively clearly demonstrate that their general structure remains to be
clarified. Do the iteration methods of constructing the right-hand members
of (4.4.13) converge? For any fixed order ifi > 4) equations (4.4.13) are
the differential equations with smallest parameter at the highest derivative.
How rich is the variety of their solutions in comparison with the solutions
of the reduced equations (4.4.14) obtained by removing the higher order
derivatives with the aid of the lower order approximations? The founders
of celestial mechanics believed that it would be possible to calculate the
motion of all bodies in the Universe provided that their positions and ve-
locities were given for the initial moment of time. This is not true for the
unreduced equations (4.4.13). What is the correct statement of the Cauchy
problem for these equations? Some of these questions are discussed in the
papers by Damour but it is clear that in relativistic celestial mechanics
there remain many interesting unsolved problems.
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Equations of Motion of Solar System
Bodies

5.1 EQUATIONS OF MOTION OF EARTH’S ARTIFICIAL
SATELLITES

5.1.1 Barycentric equations

We now proceed to the formulation of specific equations of motion of the
Solar System bodies. Let us start with the equations of motion of Earth’s
artificial satellites. The corresponding results are valid for any satellites of
the planets. It is to be noted that the Newtonian parts of the equations
may be given here only within the accuracy necessary for the derivation of
the relativistic parts. The extension of the Newtonian parts to the level of
modern accuracy is performed without difficulty, brs satellite equations are
given by (4.1.21). The brs equations of motion of the Earth are given by
(4.1.24). The difference of these equations yields the brs satellite equations
in relative coordinates. Expanding the regular parts of the potentials Ue,
Ue> We as functions of x in series in powers of ve = x —xe, one has

r)ls= UBji-H ¢ + UeM AbVe + LUE,ikm(xE)JrEr% + ... + c"2" - &)
(5.1.1)
with

G- & = - 4UBUE,i~ 3fW - Ue”™ «x*+ UE<ii kxk
+ 4irB - W Etii k+ WE,i - 4UEUEIii(xE) - 4UE>UE(xE)
— 3cUE<o(xE)r'E - 4.UEik(xE)(xkx' - vEvE)
+ UEti(xE)(xkxk- v%) + 4UE k(xE)rE - 4UBti(xE)rk
+ [—AUE UEiik(xE) —AUEHGUEtc{xE) —4UE(xE)UE<ik{xE)
—4UEii(xE)UEik(xE) + WEiik(xE)
— 3cUEfik{xE)i' —AUB'kmixE) "™\

162
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+ UE,ik(xB)imim+ 4cUb fifxB) + 4UEikm(xE)xm
~ 4UNiKk(xE)im|rE - 2UE,iUE,km(xE)rBr™ + .... (5.1.2)

The potentials Ue ,Ub ,We are determined by (4.1.11)-(4.1.14) with the
single value of the summation index A = E. Perturbing bodies A, B, ...
(the Sun, the Moon, etc) are regarded as the material points. Therefore,
the regular parts of the potentials have the form

GMa

tre 3 GMa 2 G2MaMp» , 1 A rA

ANE ANEB"A AjtE

5-L5
The most cumbersome operation in calculating (5.1.2) is to differe(ntllét%
the functions We and We - The appropriate derivatives are

1GMe ( i . 1 k k
Wey- 2 ~te~ (1'£ 4 rErEVE)

GMb
UE(xE) - 2ve + " 2-(rEvB) 1rE ~ vBrBvB

i . njim,m A rrantn O
- rE + rE ~ ~t!e rErErE
\ rE
! "G j k(jmm k , ojkm m jmn m n k
+ O~AvEvE\IE rE + Z1E rE ~ ~21E rErErE
z rE \ rE
4_ - Tm ( jkm i jik m _ N jkn m n i
4 7;~5VEVE (15 rE ¥ YErE = zZT E rErErE
z rE \ rE

N G/ ok \2( jm m . Njim*m A rmn, m A
Me rE+ UE rE - ~"2~*E rErErE)
E \ E /

+ -~ 4 (4ctiye|4n+ <oW - 4-evin » B(®£rBrB
rE \ rE

+ vErErE + "vErErE) ~ \ ekjnI'ErErE vE
rE

Q IK \
- — eijnIBnrEr%v% + -£ekjnTE*i*Bi%r*BrBvB (5.1.6)
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aMa CMB ol & ¥BanE

APE 'EA r

+ 2rBA \VEAva ) J&ik + 2(rEAaA + rEAaA) ~ VAVA

+ -(rBAvA + r%AvR)(r M )
GM, .
+ 12 rEArEA (%VA ~ B _ Iy fp
rAB

(5.1.7)

Substitution of all these values into (5.1.2) results in the following ex-
pressions of the relativistic right-hand members of equations (5.1.1):

G'-Gi=X>Uflg) (5-1-8)
n=1
with
. GMe ( .GMe t k k . k k .
A= —3-f4- A A ~AeV'e+ "EAE (5.1.9)
rE \ rE
i GMe
9= A 3 2rEvE + vE + N 3_(r|;u£;)2) rE + rEvEME (5.1.10)
'E
2 =4 B3 L/EMB" rjn[ram A2 m Akjn [ Nim A2 rErE FE
Ahin"ENMNEAME
rE
(5.1.11)
5 G j , {'mn _ rmn
92 = e%nVE lE = ---- Y CkinVE *E rErE

+ JTrEvE ' -elgn g — €ijnlE rE H—Y €kjn E rErE rl

rE \

(5.1.12)

G oM *

AN =4 Kp f2IEkrE- 3IEVE + A I EBnrEr~ E
L AGungn { BhJ . 07aes A rmek
21'*E E E\I1E rE + 21ErE - -JTIE rErE
r.
+6A-W  (-J*rg - 2/*'r| + (5.1.13)

JE \ rE /
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(5.1.14)
EA rErEA
(5.1.195)
~ab+ '"TrErEaE (5.1.16)
E
B\ = [~WE,km(xE)(r% + vE)rE — UE,km(xB)(rE + VE)vE
—SaE(rE + vE) + UE,ik(xE)(rE + vd )(**& + Etk(xE)
—4UE ik(xE)(rE + VE) + AUE )m(xE"*e + Wj5,i*(*.E)
—AUB(xe )Ue ik(xe ) - 4aEaBJfE+ ... (5.1.17)
05 —AUe "&e )" —AE,i(xE)rE + aE("E"E + N e ve)
—aE(4rErE + 4rEvE + rEvE) — U (Me )ne - (5.1.18)

The relativistic terms (5.1.8) consist of ten groups. The first group
of terms (p\, dependent only on the Earth’s mass ME, represent the
Schwarzschild terms (5.1.9). The orbital motion of the Earth in brs in-
volves the second group of the terms g\ (5.1.10) dependent on Me and vE.
For close satellites of the Earth these terms are of the most importance but
because of their kinematical origin they should disappear in converting to
grs.The terms ¢ (5.1.11) involving components uE represent the Lense-
Thirring terms generated by the Earth’s rotation. The orbital motion of
the Earth leads to the spin-orbital terms g\ (5.1.12) dependent on wE and
vE. These terms should also disappear in converting to grs. The second-
order moments of inertia of the Earth are responsible for the quadrupole
group of terms 9 dependent on IEn (5.1.13). Along with this the or-
bital motion of the Earth results in the large group of terms #3 (5.1.14)
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dependent on IEn and vE. These terms should vanish in transforming to
grs. Thus, all terms ¢n, n =1, 2, 3, represent the terms describing the
one-body problem considered in Chapter 3. The terms ght n =1, 2, 3, are
also related with the problem of one body moving in the reference system
at hand (vrs). All further terms (n =4, 5) are due to the external masses.
The terms <£4(5.1.15), dependent on masses Me and Ma, describe the
non-linear coupling of the gravitational fields of the Earth and the external
masses. In »rs this coupling gives also the terms g\ (5.1.16) dependent on
the superposition of Me and the potential Ue (&e) ot its first derivatives.
Converting to grs should annul these terms. The terms (5.1.17), pro-
portional to the satellite coordinates r”, describe the tidal perturbations
due to the external masses. In converting to grs these perturbations may
change a little but their form should be retained. Of particular interest
are the terms g# (5.1.18), due again to the external masses but dependent
only on the satellite relative velocity components rE and not on its relative
coordinates rE. These terms should disappear in converting to grs but
they are specific for »r s . They may be rewritten explicitly as

95 — A2 ~Zs~\N(VE ~ vA)rEAME ~ 2rEA(vE ~ va )"E + "rEA(vVE - vaVYe
aPe 'EA

+ 2"BAvArB + rEAWr>E - r%ArBrB + 4rBArBr*]. (5.1.19)

When applied to the perturbations from the Sun, the third term in the
square brackets is small, of the order of the eccentricity of the heliocentric
orbit of the Earth, the fourth and the fifth terms are small being of the
order of the barycentric velocity of the Sun and two last terms are quadratic
relative to the satellite velocity and are small for this reason. The first two
terms may be rewritten in vector form as

95= A2 ~3~A{AE X(*EA XrEA)]*+ {TEATE)r%A + (PEATE)rEA + * %
A*E rEA

(5.1.20)
The second and the third terms here determine the perturbations which
depend on the orbital elements of the satellite. The first term in the form
of the double vector product gives the Coriolis terms describing the effect
of geodesic precession. Due to this precession the perigee and the node
of any satellite of the Earth including the Moon move at a rate of 1.91”
per century. The principal terms in (5.1.18) responsible for the geodesic
precession are

05 = A"aEvE"E “ “vEaE"E + ----
The presence of these terms is characteristic of the »r s investigation of the

motion of the Solar System bodies with respect to any body of this system
(with respect to the Earth in the case under discussion).
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Thus, in the expression (5.1.8) consisting of ten groups, the terms g=
(n =1, 2, 3, 4, 5) are of kinematic origin and should disappear in converting
to GRs.

5.1.2 Transformation to the GRS equations of motion

Transformation from srs to grs is performed by (4.2.7) and (4.2.8) with
(4.2.11), (4.2.17), (4.2.18) and (4.2.25). The functions F lk responsible for
the geodesic precession result, as stated below, in vanishing the Coriolis
terms (5.1.20) in the g:s satellite equations. The derivation of the g:s
satellite equations from the corresponding »rs equations involves three
steps:

(1) converting the acceleration rE to the acceleration d2wl/du2,
(2) performing transformation (4.2.8) in the Newtonian right-hand sides
of the »r s equations, and

(3) re-defining dipole and quadrupole moments of the geopotential in g« s
in accordance with (4.2.38) and (4.2.39).

The first step presents no difficulties. Differentiating twice expressions
(4.2.7) and (4.2.8) with respect to t and substituting the results into the
relation

daw%_ 1d [Jwl\ _ wl wil ..

du2 udt\ul u2 usU

one obtains

= fjj + ¢"2[2(5 + vEwk+ aEwk)w' + (+4 ,4 + Fik+ Dik

+ vEBw{ + 2D ikmwm)wk+ (S + 2aBwk+ aBwklwi
+ (44 +4 4 + 2Fik+ 2Dik+ 2D ikmwm)wk+ (|4a'B+ 4 4
+ + Fik+ Dik + 4D ikmwm)wk + D ikmwkwmj. (5.1.21)

Now the transformation (4.2.8) is to be substituted into the Newtonian
right-hand side of (5.1.1). Putting

UE{w) = » +GIe » +/* ("fcm + Ni»‘tam) GIEm+ ... (5.1.22)
with the previous designation p — (wkwk)1!2 one has

UE = UE(w) - c"2[(| 4~ + Fkm+ Dkmwm+ D kmnwmwn]dl0» ™ \
(5.1.23)
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Differentiating

dUE dwk dUE(w)

Uea = qwk dx dw%

~c"2[(i4 N~ + Fkm+ Dkmjwm+ Dkmnwmwn} » ~ M -

(5.1.24)
and substituting into (5.1.1) one gets
8Ue (w) _ jjt + UE ik{xE)wk+ \UEtikm{xE)wkWm + ...
uwl
+ c-2(G°-& )- + Flom+ D kmjwm+ D kmnwmwn]
~ 'I 9(12319&%1) + UeA *e) + Ue.ijkto1 + ...)* (5.1.25)

The last step to derive the g:s satellite equations of motion is to trans-
form the dipole and quadrupole moments occurring in (5.1.22). In the
relativistic parts the products of the quadrupole moments with the exter-
nal mass terms are here everywhere neglected. Therefore, the right-hand
member of (4.2.38) is reduced to the first term alone. From this

UE(w)=UB+ C-2°rI%n
PA 21 ~ P2

+ tkjnUBwk ( ~VE + A2vEw,Wm (5.1.26)

Ue being the grs geopotential (4.2.5). One has further

&Ue (w ) _ D 2G rmn 3 f ,,my.i k,,.h
—Q-r- - UEi+C AIE %2 7. VEWm- 77
+ Ay Ewkwmwl)v B + ekjnuwR N wwk) v%
+ A kin"EVvEwS (NikWm + 6imWk - w'wkwm)

(5.1.27)

The partial derivative of Ue with respect to w%(under fixed t/) is again
denoted here by a comma followed by the appropriate index. In differen-
tiating Ue there appears the term with the time u derivative of the form
—c~1vE UEio due to (4.2.7). But this term cancels out with one of the terms
resulting from the differentiation of the relativistic part of (5.1.26).
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Combining the results (5.1.21), (5.1.25) and (5.1.27) one obtains the g« s
satellite equations of motion in the form

d2 ¥ . . .
-A2" = UEji ~ He + UE,ik(xE)wh+ \UE,ikm{VEjwkWm + ...+ G2$’
U (5.1.28)
where the relativistic right-hand member is determined by

¥ =G’- & + 2(5 + vEwk+ aBwK)(UE,i + UE,im(xE)vm

+ \UE,imn{xE)wmWn + ...)

+ (\veve + F'k+ Dik+ VE™ + 2D'ikvj)

X \UE,k+ UEikm(xE)wm+ ...| + (S + 2dEWk+ aEBwk)wl
(®]|<4 + v%ak + 2F ik+ 2Dik+ 2Dikmwm)wk

+

+ (\vEaE + a%aE 2VE®E + F'k
+ Dik+ ADikmwm)wk+ Dikmwkwm - [(|t4t$ + pkm + D kmjwm
+ D kmnwmwn)[UE,ik+ Ue M *b) + me9

+ ~IT [vgw*- viwm- vEwkbim+ j v Ewkwmw?j vE

+

Z At nUYEvEwW>I™ (AikWm+ 6itnWi - w'w kwm)

+

Akjn“EvELEn (-«<* + A w *) o (5.1.29)

This expression enables one to see the contribution of each term of the
transformations (4.2.7),(4.2.8) in forming the right-hand sides of the g: s
equations. It is of importance that expressions (5.1.21) and (5.1.24) are
quite rigorous with respect to w\ which is the consequence of the closed
form of (4.2.8) relative to w*. The dots in (5.1.29) mean that the higher

degrees in wl are neglected in expanding the Newtonian right-hand member
(5.1.1).

5.1.3 GRS equations of motion of a satellite
Substituting now (4.2.11), (4.2.17), (4.2.18) and (4.2.25) one finds

5
V =Gi-Gi-'€£ga+Ati (5.1.30)

n—I1

with

A = [255w 67 ‘T U(xE)Sik+ 2vegh £ — Ved*e 30/N*
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—2aBwk—2Ue jc(xe ) + 217E)i(xE)
— AVEVE UEiim(x E)-\- \vBuE UE "km(x E)
+ VeUeM Xe) + 2VE WmUEM XE) + ve WOUE} kan(*£?)
.. FkmUEtim(xE) 4 i’ m{7EJfem(®E) + 27 (REJE EA: (*e )]w* +
(5.1.31)
Comparing with (5.1.8) it is seen that all the terms gh (n = 1, 2, 3, 4, 5)

cancel out. As a result the right-hand side of the ¢:s satellite equations
takes the simple form

= YA'Pn + NA - (5.1.32)
n—

tfin (n=1, 2, 3, 4) are given by (5.1.9), (5.1.11), (5.1.13), (5.1.15) and

P65+ A<P*'5= [AwmVE UE,ik(xE) - 4WmUB ik(xE) ~ AlimVEUE,km(xe )
+ AwmUEkm(xE) + 2aE wméik - 2aEwk- 4wmwlUE,km(xE)
+ UE,ik(,x E) WmWm + F mUE, ,lkm(,xe )

+

F kmUE,im{xE) + UE{xE)&ik ~ 3aEaE ~ 2UE(xE)UE,ik(xE)
+ We, ik(xE) + 2UE,k(xE) + 2UEi(xE)
—v"aE —VEaE —AvE U " k{xE) — "VEVE UEikm{x B)

— ZAEvE UBiim(xE) + 20E UE,ikixE)}'w> + - (5.1.33)

Finally, the ¢rs satellite equations of motion are of the form

dom JL
= FI+ F{+ F2+ F3+ ...+ c-2 (5.1.34)
du2 _
n=1
with
GM
Fl= - w (5.1.35)
3G .. . . .
f[= 5 5flfwz+ 2r€wk- 4 iBndumau (5.1.36)
p
F% = UElic(xE)w -1 \UEyikm{nE)™ wm + ... (5.1.37)
F3= -He = -\ M EliEmUE,ikm{xE) (5.1.38)
GME

E (33 o

¥ =A = 5 18%-E w'w U w 4 Aw 'w w (5.1.39)



EQUATIONS OF MOTION OF EARTH’S ARTIFICIAL SATELLITES 171
3
Ujn ( 6km ~ -AW kWm
P2

9G _ ; e
mfc - -€kjn{ iptlfe ity

$*, =N = (~2J¢ w<- ZIE wk+ * I Emwkwmwi
+ ANTA (/W + 2Jgtijc- A T Emwkwmw?j

+ 6 rvPwn (~ IEkwn - 2IElwk+ XIEmwkwmwn

pS A% p2
(5.1.41)
x L« _ + % (ArA)V)(5.1.42)
% r£A P rEA /

*5 = E A wk (~~>mAME - v%)bik + ~j—wmrEArEA(vE - vA)Sik

ANE EA ' EA
+ 6us*(«4 - «*) - -£-w krEAr%A(v2 - ttf)
EA
+ - Aw m- - v\)lwm - wmwmbik
B EA
J-Z A 3 .
+ - -1r“r EArgAwmwi+ -%-r>EArEAwmwm
(5.1.43)
a Pe ea »
3 s.omon i 9 6
+ -J-(r%AV%)2- ~2 (rEAvE)(rEAvA)+ ~ H ~ M )2
1EA rEA EA
AN
H(Me »3Mr)le En gug (- 1A
tea \Fap rEBJ.

BjtA,E



172 EQUATIONS OF MOTION OF SOLAR SYSTEM BODIES

+ 4 ~ A A{rEAF im+ + 3 (4 - vA}V% - «*)
EA
9 9

+ 3 rEArEA\~7ivEvE + "E"A + *VE VA ~ VAVA)
+ ~2 rEArEA(vE —va )J(VE ~ VA)

EA

9

+ ~2 rEArEA\~2VEvE + + *VE VA ~ VAVA)
EA

al$ EA EA\EAW) - fr*a” - frhAak

LTEA
A~2 rEArEArEAaA ~ ~3 G(Me + SMA)rrEArEA
1EA s A
rk
.37"a & GMB(-A - +A - +p)\. (5.1.44)
B*A,E \rEArAB rEArEB rEB) J

Let us note once again the physical meaning of the acceleration terms.
Fgq are the Keplerian terms. F[ are the Newtonian terms due to the Earth’s
non-sphericity. F% are the Newtonian perturbing accelerations due to the
external masses. F3 are the Newtonian terms caused by the non-geodesic
motion of the Earth (coupling of the external mass action and the Earth
quadrupole moment effects). Next, one has the relativistic perturbing ac-
celerations. are the Schwarzschild terms. $2 are the Lense-Thirring
terms due to the Earth rotation. $3 are the relativistic quadrupole terms.
For the Earth approximated by an oblate spheroid in rotation with con-
stant angular velocity u around the polar axis one has, by choosing the
equatorial reference system,

7« =1f =\C if=4a-\cC Q=G(A- C)

UE —UE —O0 U% - W

with the principal moments of inertia A, C and the quadrupole moment
Q. Using s = (0,0,1) as the unit vector along the polar axis one has in
vector form

F _ 3< . Z

1L
T 2 {1nEp W TS (5.1.45)

F3= -\{GMe)~1Qgrad”,33(*b) (5.1.46)
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(5.1.48)

coinciding with (3.3.27). Proceeding further, $4 are the relativistic terms
due to the interaction of the Earth and the external masses. $5 and $ #give
in sum (5.1.33). The terms < may be interpreted as the relativistic tidal
perturbations from the external masses. The terms representing the rel-
ativistic corrections to the Newtonian force contain contributions due
to the geodesic precession Fkm. This is due to the fact that the Newtonian
external mass perturbations F% are expressed in terms of the »rs space
coordinates of the external masses and the »:s time coordinate t. Con-
sidering that the motion of the Solar System bodies is given in ephemeris
astronomy just as in »r s it is not suitable to perform the transformations
(4.2.7) and (4.2.8) in F2~

5.1.4 Estimation of the relativistic terms

Let us examine now the magnitude of the relativistic perturbing accelera-
tions from the external masses considering two perturbing bodies, the Sun
S and the Moon L, and retaining in (5.1.42)-(5.1.44) only the terms with
the summation indices A = S and A = L. All three terms in <§ have order
G2MeMa/t%a. In $5 the first six terms are of order GMaP*eaI"ea
whereas the last four terms are of order GMaPw2/rEA, vea being the
characteristic heliocentric velocity of the Earth (A = S) or the geocentric
velocity of the Moon (A = L) and w being the characteristic geocentric
velocity of the satellite. For not too eccentric satellite orbits these latter
terms are of the same order as the terms $4 and the first six terms differ
from them by the ratio vea/w- Finally, most of the terms in <3g are of
order (GMA)2p/r%A. In addition, the Schwarzschild terms are of order
(GM #)2//3, the Lense-Thirring terms $2 are of order GMeAeluew/p3
(Ae being the Earth’s radius) and the quadrupole terms $3 have order
(G Me)2cxere/p” (Where ole is the oblateness of the Earth).

It is of interest to give the estimations of the relativistic perturbations
characteristic for brs. g\ and g\ may be estimated as G2ZMEMA (p2fiEA)
and GMe Ae yie ve a/p3> respectively. The terms gb may be of order
G2MeMao’e”e/(p4vea) or GMeoleA2ewveaw/PA- The order of g\ is
G2M e Ma/(Pv2a). Finally, the terms g$ are of order GMa Veaw I*ea
or G2ZWEMA/(prEA).
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For comparison, the Newtonian perturbations may be estimated as

F* - GMe /p?2 F[ ~ GMe A\olelpA
F\ ~ GMAp/r%A F* - GMAA%aE/r%A.

Replacing in all these estimations ves ~ (GMs/rN)1"2, vel ~

w ~ (GMe/p)1/2 and using numerical values GMe =

3.99x 105km3s“2,GMS = 1.33x 1011 km3s"2, GML = 4.91x 103 km3s“ 2,

c=3x105kms"1l, mE= 044 cm, ms = 1.5km, Ae = 6.4x 103km, a# =

34x 10“3,ue = 7.3x 10"5s-1,rEs = 1.5x 10s km, rEi = 3.84 x 105 km,

ves = 298 km s_1, vel = 1-02 km s_1 one gets numerical estimates of

the accelerations for different types of Earth satellites (table 5.1). This

table demonstrates the ‘compression’ of the g s treatment of the satellite
motion as compared with the »rs treatment.

5.1.5 Historical remarks

Until recently in the relativistic treatment of Earth satellite motion one
took into account only the Schwarzschild and Lense-Thirring perturba-
tions. These perturbations are presented for a variety of satellite orbits
in, for example, Cugusi and Proverbio (1978). At present, consideration
is more often given to the refined relativistic effects due to the Earth’s
oblateness (Soffel et al 1988, Soffel 1989, Heimberger et al 1990) and to
the influence of the Sun and the Moon. The solar-lunar perturbations
were examined initially in»rs (Martin et al 1985, Bordovitsyna et al 1985,
Vincent 1986). Ashby and Bertotti (1984) were the first to suggest the
investigation of Earth satellite motion in a geocentric reference system.
The fact that dynamical perturbations in the geocentric system give im-
mediately the correct order of the magnitude of the measurable relativistic
effects has been explicitly demonstrated for the Moon (Soffel et al 1986)
and for Earth satellites (Zhu et al 1988). In a subsequent paper Ashby and
Bertotti (1986) succeeded in constructing explicitly a geocentric system by
means of the technique of the generalized Fermi normal coordinates, thus
enabling them to derive the Earth satellite equations of motion by direct
application of the geodesic principle. The method developed here is given
in Brumberg and Kopejkin (1989b). The same equations of motion were
also obtained in this paper by applying the geodesic principle to the grs
metric. In an analogous way the equations of satellite motion have been
derived by Voinov (1990). Investigations of the Earth satellite motion in
the barycentric and geocentric reference systems have also been performed
by Krivov (1988), Nordtvedt (1988), Ries et al (1988) and Yao et al (1988).
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Table 5.1 Perturbing accelerations in Earth satellite motion (expressed in
cm s”2).

GEOS-1 LAGEOS NAVSTAR Geosynchr. Moon

p (km) 8000 12000 26 000 42 000 384 000

Fo 6.2 X 102 gX 102 59X 101 23X 101 27X 10"

Fi 1.4 x 10° 27X 107 12x10¢? 18X 10<° 2.6 X 10"

F2(L) 69x 10-° 10x 107" 23x10¢" 36X 104t —

F2(S) 32X 107 47X 10° 10X 10 17X 10" 15X 10<°

F3(L) 31x107°% 31x10° 31x10? 31x104° —

MS) 37X 107 37x10¢% 37x10-7% 37x 104 37X 1042

c-29i(L)  88x 10" 33x 107" 83x 10" 32X 107 __
c~29i (S) 61X 107 27x10° 58X 107 22x 107 2.7 X 10¢°

~292(L) 26X 102 78x 1010 76x 10" 18X 107" —
~292(S) 77X 10® 23X 10% 22x10° 53X 10'° 7.0 X 10413
c~293(L) 11x 100 18x 10 54x 10 62x 10°1* —
c~29s (S) 1.3x 104 26x 10-° 12x 10 18x 10 25x 10°'°
c~29%(L) 1.8x 102 12x 102 s56x 108 35x 1018 —

c~28*(S) 33x 107° 22x 107° 10x 104'° 62x 104" 68 x 102
~29 (L)  27x 10® 22x 10 15x 108 12x 108 —

c~729s (S) 14x 107 11x10° 7.7x 107° 60x 107'° 20x 107'°
RS 35x 107 10X 107 10X 10® 24X 107 3.1 x 10712
c~ 1.8 x 1078 44x 10° 30x 107° s55x 107! 24 x 107%*
c~2$3 75x% 10°1° 99 x 10! 21X 1072 19x 107° 30x 1078
c~ 3.8 X 107** 38 X 10'* 38X 107** 38X 107 —

~2M S ) 1.7 x 104 17x 104 17x 100 17x 107* 1.7x 107'*
o~ 38 x 10¢* 38 x 104* 38x 107* 38x 107" —

x5 (S)  74x 107 90x 10 13x 108 17x 1078 51 x 10713
~2M L) 99x 107® 15x 10'7 32x 107" s52x 1077 —
c~ore(5)  31x 108 47x 108 10x 104 16x 1002 15x 107!

52 MOTION OF THE MAJOR PLANETS

5.2.1 Barycentric metric and barycentric equations

The »rs metric and the »rs equations of motion are given in section 4.1
taking into account quadrupole and spin terms. Keeping in mind practical
applications, these results are simplified here, on the one hand, by consider-
ing only non-rotating point masses. On the other hand, they are generalized
by introducing the coordinate parameters a, v (Brumberg 1972) and the
main parameters /7, 7 of the ppn formalism (Will and Nordtvedt 1972).
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Then the field metric of N non-rotating point masses is described in the
form

* \'k / * 31%
+ 2B § 5, m(L, r) () - 0227 +BS t,

te~2u- 1) Y AT (*.?- »Fe - A (r»i*)2) c2d*2

+ 201 A — A27+2- a- |i')ij + (a + 5if)-M(r,*,)re,-N dxcdt
i \Y% -5
- AL+ 2(7-<*)]& A7j (dx)2- 22 T fM *)2 G-2-1)

with r{f —x —Xi, V{j —xi —Xj, mii = GM»/c2, Mi being the masses of the
bodies. Denoting the harmonic coordinates corresponding to a = z/= 0 by
a tilde one has

(5.2.2)
t=1i~ 2~ X > N TiXi) x=x~0lZr>"7r
and .
E = fij (5.2.3)
m
3*i 3
rij = rij - a(m,- + raj)+ a— ~ mef — (5.2.4)
i w rik

The last formula determines the mutual distance between bodies in dif-
ferent quasi-Galilean coordinate systems.

The equations of motion of the TV-point mass problem associated with
(5.2.1) may be presented in the form

Xi— NN M A+ N ANTUGEAjjT)j + BijTij) (5.2.5)
rJ
with
Aj = pr - (L+ 1+ a)~"-+ 22 (rv*.?)2+ or(r0*'i)2
ij 1ij ij 1ij

+ G[(2T + 2/3+ 1 - 2a)Mi + (2j + 2/3- 2a)Mj}\ -
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+ |T GMk (27+ 2/°- a)-Jd— + (2/?- 1- 2a)-jpl +
r-jTik

k’\ij J rijrjk rijr-k
2(7+1) 1 a
+ r..r3 7+ ( 27 2+ a)r..,3
ikrjk
I a a+ 1/2 3a 3a
+
\ rfk rik rrjk 1 r
(5.2.6)
Bij = = (27 + 2- 2a)(rijf,j) + (5.2.7)

These equations have the standard form of the equations of the per-
turbed motion in celestial mechanics and are convenient for numerical in-
tegration. They differ from the equations of the ppn formalism (Estabrook
1969, Anderson 1974) employed in particular at JPL for the actual calcu-
lation of the ephemerides of the major planets (Standish et al 1976) by the
fact that the right-hand members of (5.2.5) are resolved only into vectors
rij, rij and do not contain second derivatives.

If metric (5.2.1) and equations (5.2.5) are referred to the barycentric
system then

+ 0. (5.2.8)

For analytical or qualitative examination it is suitable to put equations
(5.2.5) in the Lagrange form with Lagrangian

i jjti

+X)  GANM((7+\ - <+ (-7- £+ 90wy
i i*; \
— (5 + a)~2~(rijxi)(rijXj) + ~2~(rijxi)2I
ij ij /
Kjti n -
+ ‘M j
PIEAYn Yo GIWMIMEL, Lk (5.2.9)
i~ kg

5.2.2 Heliocentric equations

The barycentric equations (5.2.5) may be easily converted to heliocentric
equations. Referring the zero index to the Sun and introducing instead of X{
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(i= 0,1,2,...) the heliocentric position vectors of the planets Ri = x{ —xo
and the vector

(5.2.10)

of the Newtonian centre of mass, one obtains

+ (ra0,4i0 + miAG)Ri + (m05i0 + rriiBoi)Ri
4 A rrijlAij(Ri —Rj) + AGRj + Bij(Ri —Rj) + BojRj],

(5.2.11)

The summation is performed over j = 1,2,... (j / i). The vector R may
be determined from (5.2.8). Equations (5.2.11), of course, have nothing to
do with the heliocentric reference system in a dynamical sense. One may
construct the heliocentric reference system and the relevant equations of
motion by the same technique as was used for ¢rs and the ¢:s satellite
equations. The independent argument should therefore be the heliocentric
time, i.e. the coordinate time of the heliocentric reference system. In
distinction from the g:s satellite equations of motion one cannot expand
here the right-hand members in powers of the heliocentric coordinates of
the planets. However, for the representation of planetary motion such a
procedure is not necessary at present, considering that the direct relativistic
mutual perturbations of the planets are quite negligible. In fact, one often
ignores in the right-hand members (5.2.11) all relativistic terms containing
planetary masses Mi (i = 1,2,...) as factors. Then the coefficients of the
solar relativistic terms contain only the Schwarzschild terms

(5.2.12)

(5.2.13)

At present, in calculating the relativistic effects in the motion of the
major planets it is sufficient to consider the Schwarzschild problem only.
Therefore, in integrating numerically one may omit in (5.2.5) or (5.2.11)
all relativistic coefficients except for (5.2.12) and (5.2.13). In analytical
consideration of the relativistic perturbations one may in virtue of the
smallness of eccentricities and inclinations use expressions (3.1.81), (3.1.96),
(3.1.97) or (3.1.90), (3.1.98), (3.1.99) for the spherical coordinates of the
planets.
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5.2.3 Numerical results

Numerical results for the major planets of the Solar System have been
obtained on the basis of the equations involving coefficients (5.2.12) and
(5.2.13) by Lestrade and Bretagnon (1982) as a supplement to the analyt-
ical theory of motion of the major planets VSOP-82 produced in Bureau
des Longitudes (Bretagnon 1982). In using these results one should keep
in mind two facts. First of all, the solution of the Schwarzschild problem
is presented in this paper by expanding the perturbations of the osculat-
ing elements into trigonometric series with respect to one trigonometric
variable, i.e. the mean longitude of the planet. This solution may be ob-
tained from the closed form solution (3.1.102)—3.1.105) with the aid of the
trigonometric expansions in mean longitude A. Secondly, this paper gives
not only the Schwarzschild terms proportional to mo but also the terms
proportional to rrioMj caused by interaction of the Newtonian planetary
perturbations and the Schwarzschild perturbations (these terms may be
called the indirect planetary relativistic perturbations). The Newtonian
theory of motion of the major planets VSOP-82 contains both secular and
mixed terms, retaining only the mean longitudes as the trigonometric ar-
guments. Therefore, the relativistic terms under discussion are of the same
structure. As for the order of smallness of these terms, it is to be noted that
this order is the same as the order of the terms in the right-hand members
(5.2.11) omitted in the paper considered (the direct planetary relativis-
tic perturbations). Hence, the terms proportional to rrioMj obtained by
Lestrade and Bretagnon include only a portion of the terms of this order,
which are inadequate to estimate the real magnitude of such terms. The
Schwarzschild terms calculated by Lestrade and Bretagnon are reproduced
briefly in the book by Soffel (1989). Only the Schwarzschild advances of
the perihelia of the orbits of the inner planets are given here. In accordance
with (3.1.66) the advance for one century is determined by

The relativistic gravitational parameter of the Sun m0 and the semi-major
axis a of the orbit of the planet should be expressed in the same units of
length, n is the mean motion of the planet for one century. With the
currently adopted values GMq = 132712 x 1015 m3 s-2, ¢ = 299792.5 x
103ms_1,1lau= 149598x106m, mo = 1476.6 m, one obtains the following
results:
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Mercury Venus Earth Mars
a(au) 0.38710 0.72333 1.00000 1.52369
e 0.20560 0.00684 0.01677 0.09327
n ("/year) 5381016 2106 641 1295 977 689 050
Ax ("/century) 42.98 8.62 3.84 1.35
eAir ("/century) 8.837 0.059 0.064 0.126

Some details concerning the calculation of the Schwarzschild advance of
the perihelion of Mercury are given in Nobili and Will (1986).

53 MOTION OF THE MOON

5.3.1 BRS and GRS treatment

The problem of the motion of the Moon has always been of particular in-
terest in celestial mechanics. Almost all the famous specialists in celestial
mechanics have to a greater or lesser extent contributed to this domain.
To the end of the nineteenth and the beginning of the twentieth centuries
numerous efforts resulted in a variety of very efficient theories, the most
accurate of them being the Hill-Brown theory. The second half of the twen-
tieth century saw the elaboration of new, even more refined theories. This
became necessary in relation to the investigation of motion of the Moon
by astrodynamic tools and the development of new observation techniques,
primarily lunar laser ranging (11r:). At present, the most accurate the-
ories are numerical theory LE200 produced at JPL and analytical theory
ELP-2000 from the Bureau des Longitudes (Chapront and Chapront-Touze
1981, Chapront-Touze and Chapront 1983). Relativistic effects are taken
into account in LE200 by simultaneously integrating the post-Newtonian
equations (5.2.5) of the major planets and the Moon. In ELP-2000 the rel-
ativistic perturbations are added separately (Lestrade and Chapront-Touze
1982). In both cases one deals with the »r s relativistic theories of the mo-
tion of the Moon. In the case of the Moon the advantages of constructing
the ¢r s theories are not as evident as in the case of Earth artificial satel-
lites. Certainly, as explicitly stated in Soffel ei al (1986) and reflected in
table 5.1 the magnitude of the relativistic perturbations in the motion of
the Moon is much less in ¢rs than in »rs. But the Moon is more often
considered together with the major planets and to use different reference
systems (including timescales) for the major planets and the Moon may be
not convenient. Perhaps both »rs and grs theories of the motion of the
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Moon are needed. So far, an extensive grs theory of the motion of the
Moon has not been constructed although the main perturbations in the
motion of the Moon in Fermi coordinates have been derived (Soffel 1989).
The main »:s perturbations in the motion of the Moon are given below as
determined by Brumberg and Ivanova (1985).

5.3.2 Physical considerations

Before applying (5.2.5) to the problem at hand some remarks concerning
the physical foundation of the point mass model are needed. In many pa-
pers on the ppa formalism the equations of motion of celestial bodies are
used in a perfect fluid model (Will 1974). These equations are based on
a greater number of physical assumptions than the equations of motion of
point masses. In particular, the equations for massive fluid bodies include
the Nordtvedt effect, i.e. the violation of the principle of equivalence for
the massive bodies. In considering only the main ppn formalism parame-
ters the expression describing this violation contains the factor 4/?—7 —3
(Will 1971). Thus, in the equations for point masses the parameters f8and
7 act as characteristics of the external gravitational field (5.2.1). In addi-
tion, in the equations for massive bodies they enter as characteristics of the
internal structure model as well. In the equations of motion of the Moon
derived within the framework of the ppn formalism for massive bodies the
Nordtvedt effect turns out to be the most significant post-Newtonian ef-
fect. But discussion of 11 observations demonstrates the absence of such
an effect (Williams et al 1976, Shapiro et al 1976), resulting in the conclu-
sion that 4/7—7 —3 = 0. But such a conclusion uses implicitly physical
assumptions of the adopted massive body model. Also, one may note the
paper (Kreinovich 1975) questioning the correctness of common considera-
tions of the Nordtvedt effect and concluding that it has a negligibly small
effect on the motion of the Moon (independent of values for (3 and 7). It
seems that the point mass model has not lost its role in the ppn formalism
and consideration of the motion of the Moon on the basis of this model is
meaningful.

5.3.3 Equations of relative motion

Returning to (5.2.5) let the indices 1, 2 and 3 refer to the Earth, the
Sun and the Moon, respectively. Introduce instead of ®i, x2 and *3 the
vector 70 of the Newtonian centre of mass of three bodies, the geocentric
position vector r of the Moon and the heliocentric position vector R of the
Newtonian centre of mass of the Earth-Moon system. Then

M2 M3 Mc Mo _ Mi
* = + _ = J— = N\ — + —
1 ro MR Tn]‘cr X2=ro &Ir# x3 = rQ-\ 7 R T

(5.3.1)
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with Mc= Mi+ M3, M = M2+ Mc. From (5.3.1) there results

. M3 Mi
72 =1t- — r 7= R+ 731 = r. (5.3.2)
Mc

The equation determining 1’0 follows immediately from (5.2.8)

_a GM (Mi Mi
Tq

M1M3 c-zlziM_r;_ -
Mch( A ) B T P ota A

Mi-Mi (.2 GM,
+ 2A-Rr (5.3.3)
Mr. r J M

Differential equations for R and r follow from (5.2.5) and (5.3.1)

r=~~"~r +GM2 ("N - - + m2(AR + BR + Cr + Dr) (5.3.4)
«= -N"N - (AN Lriz+ ~ -r 32)+m 2{A,R+B,R+C,r+ D,r) (5.3.95)
c\ 12 2 /
with
M= A3 —A|2 = 532 —#12
Mi M3
C= 4732+ 'H"MQ + M“/\Sl + J 18
D i H-M(y7 H-M#SIH- ;\JSB
= -—£32 H-—-—~i 12 — - -——7J5i
Me 332 Mc M2 M2 13
(5.3.6)
and
7-j4 1\’/11‘73 132 l’?‘f M3
— - + + A1 + N
IJ/I -j4i2+ o er A-21 M2 23
Mi M3 Mi M3
B = Y7/~Bl2+ ~71~B32+ 777-021 + -TF'®23
M, M, M2 M2
C>= MIMI1{A32-Ai2)+ MIM —a A1 — A
M1 3 MQMBC(A23 21 + 731 13)
D' =

MiM3 .
Ar-(B*2-Bi2)+ (#23 ~ -S21 + #3i —# 13). (5.3.7)
ma2mc

Within the post-Newtonian approximation equations (5.3.4) and (5.3.5)
are quite rigorous. Under actual practical requirements one may put Cf=
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Df = 0 in the right-hand side of (5.3.5) and retain in A1 and B’ only the
Schwarzschild terms

A '= -(7+a)jr + jA(RR)2+ 2/?7+27- 2 a )"
Bi= (27 + 2—2a)(RR)j". (5.3.8)

Then equation (5.3.5) is related to (5.3.4) only by means of the coordi-
nates r of the Moon entering into the Newtonian terms of the right-hand
member (5.3.5). In simultaneous numerical integration of the equations
for the major planets and the Moon it is suitable to replace the equations
for the Moon and the Earth by equations (5.3.4) and (5.3.5), adding the
appropriate terms for the planetary perturbations.

If one neglects in (5.3.6) the Schwarzschild terms, the terms due to the
motion of the Earth and the terms of the Earth-Sun coupling then the
most important solar terms are

GMo R2 Rr
A=8(—FP-T7+a)r-(Rr) +3(7+ <*)A(Rr)- 2(7+ <*)A

+ Ar(RR) (2Rr + 2rR - -A(RR)(Rr)"j

W
1

2(j+ 1 -a)jp "Rt+rR- jr(RR)(Rr)A (5.3.9)

C=2B+y-a) " -(7+«)L + "RR)>

D=2(7+1-a)(RR)%.

These coefficients take an even simpler form when substituting the cir-
cular motion for the Earth-Moon centre of mass:

R2= GM2/R RR = 0.
Then

A=(-8P-57+ Ua)r-(Rr)-2(7+a)”
B=2(y +l-a)(Rr+rR)-" (5.3.10)
C=(2P+7-3a)n D = 0.
In particular, these terms describe the effect of geodesic precession. In fact,
in the limit (r/R) —0 in the relativistic right-hand side of equation (5.3.4)

under (5.3.10) there remains only

(r)re, = N (2 7+ 1)[(RxR)xr}+"(l-2a)[(Rr)RHRr)R]. (5.8.11)
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The first term describes the geodesic precession with rate
27+ H)ArJV (5.3.12)

N being the mean motion of the Earth-Moon barycentre. Thus, one comes
again to the terms (5.1.20). Such terms are absent in the g« theory of the
Moon’s motion.

5.3.4 Equations in Lagrange form

When applying the Lagrangian (5.2.9) to the equations of motion of the
Earth-Moon-Sun system one has to substitute (5.1.1) in (5.2.9). Firstly,
one separates the terms determining the motion of the Newtonian centre
of mass

M2 GMi GM3
Lo = \GMv\ + \c~2(RrQ G(M2- Me) (~ R2
M ri2 tz2
GM1IM3 1 2GM1M3,.. ,
+ f
ve H )]+ ¢ — o)
M2 . GM GM Mj —M3 GM,
l\t/'lf 2Rr + - + r2-
ri2 r32 Me
1 —2G2M2M\ .JM2-Me, 7 M3
- nC -——- [-———- r12rQ) ( ---—-- 1}/{1 -———(ri2H) - jf{rizr)

- *c 29 MPM*(rmrd ( u (r3R)+ ~-(r32r)

! _2G2MiM3/ .~ M !-M 3/ , nM21_ X
tc rr0) ---- Y (rr) + 2—M (Rr) (5.3.13)
e

The motion of the Newtonian centre of mass is determined by the equa-
tion dLo/dro = O and its integration again leads to (5.3.3). Within the
post-Newtonian approximation the heliocentric motion of the Newtonian
Earth-Moon barycentre and the geocentric motion of the Moon r are sep-
arated from the motion of the Newtonian centre of mass ro of the whole
Earth-Moon-Sun system. Hence, Lg may be omitted and the Lagrangian
of (5.3.4) and (5.3.5) takes the form

r 1GM2Mc -2 1GMiM3 .2 G2M2Mi ,g2ma2m3 G2M1Ms
+ 1 1

—— K 4 7 gZ—r B
2 M 2 c ri2 r32 r
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4(a-P+\)G2((M2+ M i)~ + (M2+ M3) A

12 32
GMiM3 '_1 L
+
m2 Mc ,r\2 J3
- 135 3;) (°F)
gm?2 a
M2 \2
+JL, a+7+i) A +AV 2+— N +A
2" Vri2 r32) Mc Vry, r?
1M2MC 1Mc
a+ 24 A JA )2+ a(-RV)2+ i2a+ ) (fI1f,)(H r)

+(fc_v +1)S & (i +=
r

+12" + 577 I(RR)<rT) \riz | ra

(G * G Mi\_Jl.+ 1

r \ ri r2 7 Vri2 r’ég
/GM. Mi —M3 GM 1M 3
-R2+ G (Hr)-
¥ r Mc 1
1 Mi —M% 2 1Mi- M3 1 )
°(Rr) 1r* -.-2T0° ! (rf)(Jir)
+ 2 GMM, 2 M

__LfM _ Mi® () 2a+inJ(fir) + 2a(J'ty)
M2 vy, r32 /

GM, .
4 (2a —2/?-f 1) r12'32+ 8G M2 1- 3 /i\/l/'; ) r4
a /Mo M?\ , .. Mc( 1 1MiM3\1.
+w (AN AN )M I+ AN (- “+73+2+2T jr)r
Me ( 1MiM3\ 1, GM2 ) 1

M2V 2 M2 J A (rr) +1wT(a- /?+2)7
GMC a (M, .GM, , (53 H)
+ a (*r)-
ri2zr$2 \ri2 r$2 ri2>*32 V r 12 '32

The Lagrangian (5.3.14) is quite rigorous and corresponds completely to
equations (5.3.4) and (5.3.5).
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5.3.5 Principal inequalities in the motion of the Moon

To provide the solution in analytical form the Lagrangian (5.3.14) is ex-
panded in powers of the ratio r/R using relations (5.3.2). To proceed, one
separates in (5.3.14) the terms dependent only on the heliocentric motion
of the Newtonian Earth-Moon barycentre

1 IM2Mc\GM-2 ( 1M2Mc\ GM,n *
+7+2+2-mH — R +("+2-«5hp< RK>

MiMa\ g2m2
' (5.3.15)
MMCJ R?

This enables us to consider the heliocentric motion of the Newtonian
Earth-Moon barycentre as known and described by the Schwarzschild prob-
lem solution (3.1.90), (3.1.91) and (3.1.94). Therefore, choosing as the basic
reference plane the orbital plane of the Newtonian Earth-Moon barycentre
one obtains for the components of the vector R = (X\Y\ Z')

-AX'+ 1Y) = expiA' + e'{[-§ + |<r(@a- O+ 7+ l)]expi™

+ [2 + 2ff(a “ P+ 7+ 1) exP _ AO) + eee
(5.3.16)
Zz'=0 (5.3.17)
with
A'=N T = cr(-p+ 27 + 2)N [1+ <r(-83a+ 2B+ j)]JN 243 = GM
(5.3.18)

a = N 2A2/c2 being a dimensionless relativistic small parameter (« 10"8).
The coordinates (5.3.16) and (5.3.17) are substituted into the Lagrangian
and in addition to the expansion in the solar parallax A ~1 one performs
an expansion in the eccentricity e'. The actual solution of the equations of
motion of the Moon is constructed in Brumberg and Ivanova (1985) in the
pure analytical form of the Hill-Brown series but in contrast to the classic
technique of undetermined coefficients an iteration method is applied which
is more suitable for analytical manipulation on series by computer. The
final expansions for the sidereal spherical coordinates of the Moon

cos Ppcos v'
r=r ( cos">sinv | (5.3.19)

sin (p
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have the form

— = Rg-+*eRe+ eRet H—-—Ra+ ce/Ree>t ... (5.3.20)

ao Ag

V- A= Vo+ eVe+ e'vt,+ A-Va+ ee'VNr + ... (5.3.21)
AN+ e A+ L) (5.3.22)

A, e and k are the mean longitude, eccentricity and inclination of the orbit
of the Moon, respectively, with A = n. ao and Ao are the semi-major axes
determined from the measurable mean motions n, N and the masses Mc,
M by the following equations:

N2A%= GM n24 = GMC (5.3.23)

The coefficients of expansions (5.3.20)-(5.3.22) represent series with
power variable

m— (5.3.24)

and trigonometric variables

D=A—A0 = A-A'+180° / = fD+l'o I= c¢D+1o F = gD+FoO.

(5.3.25)
V is the mean anomaly of the orbit of the Earth-Moon barycentre, and /
and F are the mean anomaly and the argument of latitude of the orbit of
the Moon, respectively. Denote the relativistic small parameters by

6= *(-10 + §7 + 1) 6= A27+ 1) e2=(r € = aa. (5.3.26)

The initial terms of coefficients (5.3.20)-(5.3.22) are
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1 1 5 1 /1 75 75\
R
€ "2" £+ 2C+ 8Q@“ i &3+ 6fl “« 128t2 + 64e3J
11 55 3847 3143
e3y rn-
+ \24 + 24e 44 1536 768 )
( 15 45 45 75 15
+
'16e2+ 8683+ v 16 16£+ 320+ 64 323
, 95 105 85 1501 361\ ,
. cos(2D — )
+ 1-64-16-€+r i+ -768-£2- 384£3)m
3 3 / 17 5l 17
16e2° 8e3+r 32'32 &+ 16el
87 19 x 2
cos(2D + )
+ 128£2-6 4 £3)m
45 45 561 561
+ cos(4.D —))
+ (5.3.28)
3 (z 35
Re' = -6£+ el+ -€2+ -€3+
1 73 53
Ccos /'
+ 3& + 3282+ 1283 |m
1 5 / 1J 2
+  2M2 - 3+ f12c- 3ei - —e2- -e3 )m
, 7 123 1 701 2
. cos(2D — /)
+ (-2 + — £-6&-18'f2-3£3,m*
3 / 17 3
+ A3+ (—12e-f3ei-f-22 + A@)m
/1 37 3 367 t 2 oD + 1
+ 1
+ (2" T £+28+18£2 3'm S )

+(SL2_f B8 mces@i?- /)

+ "i2cos(4L>+ /) + ... (5.3.29)
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3 3\ 13 3
Ra-= 3c- -ci- -e2dm-1 + 21Cc- 6ci- —e24 -e3

,15 1781 2029 4457 45

cos D
+ 116+ ~W £~ "eT61“ 128"2" 64f3 1m
3 /51 51 275 45
. s s cos 3D +
'8 t3+il6<"M ei“ i28<2+64'a|"*
8 3 S\ 1 9 . 13 1
c -"N cim +-c-ci-y c2--¢c3
, 21 25 S 1063 141
cos(/ — /')

+I1"16+16e+32ei_W &+ 128€3Im

) 1
+ 364 —€i+ —eJon!
2f+ 2fl + 882~ 813

/21 25 5 313 209

cos(/ -f /')
+ 116"' 16£~ 32& + 384€2+ 128€3 1m

45 45 95 25
y e _32f1_ 322+ 16€3

. 35 435 5 435 35
+ 1“ 16+ 1T + 384& “ ‘6T &£" 3263 1m

45 45 75 15
"T e+ 32fl + 32£2~ 1613

, .15 45 255 245 |
+ (16 + 32e" 128ei + -6T e2)m

3 15 153 153

T oge2. 163+ 16 € BLH
375 135
1287 -13m cos(2D + /—/)
9 , 153 153

T Ue3+(~10 €+-644
375 135

+ 12802+ 6 e3|m OSRE* [+ /)

cos(2Z} —;i . n

189

(5.3.30)
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11 11 11
°" _4ea+t2e4+lT +Te"T ei,m
13 13 13 \ 31 . 2D + 11 1
T T+Te"TQG)m. ™™ 322+ 16£3|m
13 13

in4D + ... 5.3.32
Y 242+ u €3jm O ( )

, .15 15 257 257 i
= Sin
1+ 132e2" T 6e3)m +
1 1 /15 15 15

4e2-2 e3+U + ¥ e-16£1,m
/203 169 203 \

2 sin(2£) —))
+IW +W C' 1 2£&£)m

1 1 17 17 17\ 2% |
sin(2D + /)
- 482+28B+ Te+ 16£- 16£J m .
15 15 159 159 .
sin(4&) — /)
322+ 1683 m+ rl2 8 £+ '64'S3 1m
/ 39 39 \ , . /Jn
+ V 642+ 32£3]  Sm( +0 + --- (5.3.39)

(12e —3ei —5e2)m  + 12e — |ei —Se2
11 27
+ (-3 +2le- yfi - —a2]|m
+ (3—2le+ 4ej H-Jg~£2) m2 sin/

5 (33 33
OO+ 483+ 1" T £+y ei + —g—f2+ 2€3 Im

(11_ 1745 145 2663
\16 32 €+ 24 £+ 9%

+

sin(2& - /)

'3 /33 33 49 3\
m

.m48&&3H T £~ y &£i" ¥ £2" 2 £3J
11 799 41 1409 3 A

-e2 +

21 gin(2g> + /)
(- 16+ 32& 8& 9 2/ m.
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121 33 e /.
+ {1— 2 + —g—ea} m' sin{4]5 - /)*
+ ~ y f3) m2sin(4£) + /) + eee (5.3.34)
.31
N = —b6e + + M2 1 1- 45e+ 12+ Ne2- ’é£3
, 15 2029 2279 244 5 .
+1-T - — f+ -32-«i+ -yea + A3 )m SinD
3 ( 51 51 29 15, .
. L sin3D + ...
8t3+r T '+ 32€i+y ej-ib6ts|m
(5.3.35)
.21 111 59 333 45 i/ - /)
. sin(/ -
+ 1IN "X e+l6e +1 2-2-H €3)m
+
, 21 111 59 283 25 .
sin(/ + /)
+ 1“T + T '" 16€1" 32'@Q~ 32G 1m
45 45 83 5
_T £+16A+ 16e2_4e3
,35 809 1627 1661 .
sin(2&-/-/")

+ *0 6f+ 19261+ 64 (* -16e3lm
45 45 75 3
T e"16fl_i6e2+4e3

, 15 420 249 1261 3, ,
4o ¥ 4ir--6 i--6 @+T6e3,m PP/
5 153 153
Toole2r g3t 8 €+ 32 €
105 45
sin2D + /-/")

+ T6-€2+ 1 6e3,m
3 ( 153 153 105 45

Tes+( 8cC IT 1" IT 2" I6f31m SnC&*/+/)

+

65 145 \
'32f2 + 32 f3J
/15 75

+ { N 2-Ne3jmsm (4D -1 + V) + ... (5.3.36)
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+ (A e2- msin(4€> —F + /')+.... (5.3.38)

As for the frequencies of the trigonometric arguments (5.3.25) one has
/ =(l-]c-ielm (5.3.39)

and c and g may be replaced by the rates of advances of the perigee and
the node

- =1-— - =1- —9 (5.3.40)
n \+ m n 1+ m
Then
2 177 523 é
m+(¢H/ ) m +}2 \\% 8

(1659 5775 461 \ 4 /85205 82165 440729 \ 5
+ V128 + 128C 16C) m + V 2048 + 512 f 4096 *7 ™
/ 3073 531 16498169 3214533 \ 6
+ V 24576 + 24576 € 8192 € m
f258 767293 862144 879 1864831507 \ 7
+ V 589824 + 294912 e 1179648 fl1J ™
/12001004 273 95700888409 24617929057 \ 8

+\ 7077888 + 7077888 6 3538944 €Jm + mmm
(5.3.41)
, = + ("4 - - Ifvm+ U +16e" 64fl 'm
122 15 71 \ 4 /1925 839 9 .

+ { 128 + 128€ 64eidm + \2048 512* 4096(C1 "' ™
. 25667 27835 5179 \ 6
' 24576  24576f + 8192£1J m
/ 268 309 78319 494453 \ 7
+ 1,589824 + 294912f + 1179648eV ™
( 9662017 18270287 310057 \ 8
+ V 7077888 7077888 €+ 442368£1] m + )

The solution (5.3.27)—5.3.38), (5.3.41) and (5.3.42) is presented in the
form of the series in powers of m. The convergence of the series in powers
of m is rather slow and such power expansions are avoided if possible in
modern theories of motion. But for calculating relativistic perturbations
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the power expansion technique turns out to be quite adequate. Expres-
sions (5.3.27)-(5.3.38) enable one to reveal some details of interest such as,
for example, the occurrence of negative powers of m in some coefficients.
It may be noted in addition that the relativistic perturbations enter into
the series for the coordinates of the Moon also in an implicit manner as
relativistic contributions into the frequencies of the arguments /, V and F
in Newtonian terms. Such perturbations might be presented, of course, in
explicit form.

5.3.6 Numerical perturbations and constants of the theory

For numerical estimations of the relativistic perturbations one takes n =
17325593" yr"1l, N = 1295977" yr"1, A/c = 499.005 s, ra = 0.080 85,
a = 9.8711 x 10"9. Re and Ve should be multiplied by the constant of
eccentricity of the Moon, e = 2E. Re>and Ve>are multiplied by the solar
eccentricity e!. Ra and Va enter with the factor equal to the ratio of the
semi-major axes cio/Agq. finally, $k should be multiplied by the constant of
inclination of the Moon, k= 2r. Numerical estimates of these constants
are
E = 0.054 90 e = 0.01671 r = 0.04489

and

mcn 2| 1/3 m.
}Wf = 3.0404 x 10"6.

Substituting these values into series (5.3.20)-(5.3.22) and returning by
(5.3.26) to the initial parameters a, (3 and 7 one obtains the trigonometric
series with numerical coefficients given in Brumberg and Ivanova (1985).
There is no need to reproduce these series here and it is sufficient to give
the relativistic secular rates of motion of the perigee and the node of the
Moon:

A* = 0.8328" - 0.2568"/? + 1.1520/;7 (5.3.43)

AA

0.5902" + 0.0435"/? + 1.2673V (5.3.44)

For ¢ :+ the relativistic secular rates (5.3.43) and (5.3.44) yield 1.7280"
and 1.9010", respectively. The secular motion of the lunar perigee should
be augmented by the Schwarzschild advance of 0.06" per century. The val-
ues 1.79" and 1.90" for the relativistic motions of the perigee and the node
of the Moon are quite consistent with the values of ELP2000 theory deter-
mined by a completely different technique (Chapront-Touze and Chapront
1983).

The problem of comparison with observations will be discussed in the
next chapter. Let us note once again that the results discussed here hold
true only for the v s relativistic perturbations and cannot be identified with
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physically measurable relativistic effects. The most significant relativistic
term in the radius vector r has argument 2D and amplitude of order 100 cm.
The physically measurable effects are two orders of magnitude lower, as is
to be expected from the estimations of table 5.1. There are no discrepancies
now between the theoretical and observational data concerning the secular
advances of the perigee and the node (Chapront and Chapront-Touze 1981).
Moreover, the effect of geodesic precession was explicitly confirmed recently
(Bertotti et al 1987, Shapiro et al 1988).

It remains to interpret the constants occurring in the series for the co-
ordinates of the Moon. The mean motion of the Moon n and the Sun N,
the masses of all three bodies and the light velocity ¢ may be regarded
as directly measurable quantities. Based on them one may calculate the
values ao and A q of the semi-major axes. Eccentricity and inclination con-
stants of the orbit of the Moon 2E and 2r are defined in Newtonian theory
as coefficients in the principal terms sin / and sinF in the longitude and
latitude of the Moon, respectively, and are regarded to be known from ob-
servations. In the relativistic theory such a definition becomes, generally
speaking, coordinate dependent. Indeed, the coefficients in sin / and sinF
in (5.3.33) and (5.3.37) contain the coordinate parameter a and, hence,
cannot be considered as directly measurable quantities. If it is desirable
to have coordinate-independent definitions of the parameters of orbit one
should give other definitions for the eccentricity and inclination constants.
In the Schwarzschild problem such a definition is possible because one is
confined usually to a class of the coordinate systems distinguished from
one another only by radial coordinate. In the problem of the motion of the
Moon the corresponding class of the coordinate systems is determined by
(5.2.3) and (5.2.4) or

r—r—aZ%r £ am2 frz T2 (5.3.45)

r \ri2 r32

Expanding in powers of r/R one has
mc m2 1, .
r—r—a—r+ a— (,—r + —~(Rr)R
r R Rz

~ o~ 5.3.46
+ aR3 (Rr)r + \ (r2 (Rr)2)R ( )

Expressed in terms of the spherical coordinates we obtain

r—r 1 a™C g m2(;  S(RmM\ (Rxr)2 (5.3.47)
r r \ 2 R? R2r2

m2 Rr 1r . (Rr)2\1
v—v = a- sin(t) —v q) (5.3.48)
R * +H \ “ R2r2
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m2(Rr
( ( )_2\ (5.3.49)
V=A{-"-R W j'
In addition, from (5.3.46) and (5.3.47)
r_r, m Rr (Rr)2 rx (fix 1) (5.3.50)
r r R Rr K L "R2r2 fly2 ¢

The tilde again denotes harmonic coordinates. Performing the transfor-
mation (5.3.47)-(5.3.49) to harmonic coordinates one obtains expressions
(5.3.20)-(5.3.22) with the condition €3 = 0 in the coefficients.



6

Relativistic Reduction of Astrometric
Measurements

6.1 GENERAL PRINCIPLES OF REDUCTION

6.1.1 Reduction of measurable quantities

The information given by astronomical observations characterizes not only
the object of observation but the observer as well. This information de-
pends on the position of the observer, its velocity and the value of the grav-
itational potential at the point of observation. In order to use information
obtained by different observers or even by one and the same observer but
at different moments of time it is necessary to perform a reduction of the
observations, i.e. to refer them to some conventional point at some adopted
moment of time. Depending on the problem at hand such a point may be
the geocentre, the Solar System barycentre, a point infinitely far from the
Solar System (under the assumption of the isolated existence of the Solar
System) and so on.

In classical astronomy the main types of reduction are related to the
position and velocity of the observer. For example, annual aberration and
annual parallax represent reductions to the Solar System barycentre caused
by the barycentric velocity of motion of the Earth and the difference of the
observer’s position from the Solar System barycentre. Diurnal aberration
and diurnal parallax are reductions to the geocentre due to the diurnal
rotation of the observer on the surface of the Earth and the difference of
its location from the geocentre. These types of reduction enable one to
reduce the results of different observers on the surface of the Earth to one
point and thus to use them in a uniform manner as actual observations.
Relativistic reduction introduces its own corrections to these classical types
of reduction and in addition makes its specific contribution due to the
influence of the gravitational field on the results of measurement.

197
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The reduction described here may be called the reduction of measur-
able quantities. We recall that by measurable quantities we mean quanti-
ties independent of mathematical constructions such as reference systems.
Such quantities may be both directly measurable quantities (angular dis-
tances between two light sources measured by the observer, intervals of
the observer’s proper time between two events occurring at the point of
observation, ratio of the frequencies of emitted and received signals, etc)
and quantities that are measurable in principle (for example, angular dis-
tances, time intervals and frequency ratios for an imagined observer in the
geocentre or in the Solar System barycentre or infinitely far from the Solar
System).

6.1.2 Reduction of coordinates

The second type of reduction specific to g:¢+ is related to the reduction
of coordinates, i.e. the transformation of coordinate-dependent quantities
into measurable quantities. In Newtonian theory one deals, as a rule, with
the physically privileged inertial coordinates which may be considered as
measurable quantities. Such coordinates do not exist in g ¢ . Solution of
any dynamical problem is influenced by the choice of a particular coordi-
nate system. The aim of this second type of reduction is to exclude this
influence and to present the results of dynamical solution in terms of mea-
surable quantities. In principle, such a problem has a place in Newtonian
theory by using non-inertial coordinates and is easily solved by transfor-
mation to inertial coordinates. To solve this problem in ¢:t+ one has to
describe the measurement procedure in the same coordinates as used in
treating the dynamical problem. Eventually, this reduces to the description
of light propagation within the space-time metric of the dynamical prob-
lem. As a result, the solution of the dynamical problem will be expressed
in measurable quantities which are, possibly, not directly measurable. For
example, if the 11 problem has been solved in »rs then it gives the time
for the round-trip light propagation for an infinitely far observer (the b:s
coordinate time). This is a measurable quantity but, obviously, to obtain
the directly measurable quantity, i.e. the time interval for the clock of
a ground observer, one still has to perform a reduction of the first kind,
related to the transformation of measurable quantities.

It should be noted that the terminology used here is not universally
accepted and completely opposite statements can sometimes be met. For
instance, some authors do not make any distinction at all between cal-
culated and measurable quantities, incorporating calculation by means of
definite algorithms within the measurement procedure. But it is of im-
portance to realize what is kept in mind when formulating one or other
statement. The terminology used above seems to be quite clear and will
be used below.
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Let us emphasize again that reduction of coordinates is aimed to elimi-
nate coordinate-dependent quantities (coordinate parameters in particular)
and to obtain expressions for quantities that are, in principle, measurable.
The aim of measurement reduction is to transform from one set of measur-
able quantities to another set.

6.1.3 Basic relations between coordinate and measurable
quantities

The basic relations for the problem of measurement in ¢r¢ have already
been given in section 2.3. Here these relations are specified in application
to astronomical problems.

Let some dynamical problem be solved in a reference system defined by
the metric

ds2= g’vdx"dx” x°=ct (6.1.1)
9w  Viiv 1 (6.1.2)
fjoo - 1 Nd = 0 hij = Sij. (6.1.3)

The first problem of reduction to measurable quantities is the transfor-
mation to the observer’s proper time r. This is performed by integrating
along the observer’s world line the equation

dr = (poo + 2c~1g0ii%+ c~2gai'xk)1/2 dt (6.1.4)
or in the post-Newtonian approximation
dr = (1 —"c_2t2+ 7Vioo+ c~1hojXt+ ...) dt (6.1.5)

Here and below /ioo and hik are regarded as second-order quantities with re-
spect to the ratio v/c, v = (xhxk)1! 2 being the magnitude of the observer’s
coordinate velocity. As for hoi, these components have third order for non-
rotating reference systems and first order for rotating systems. Therefore,
in (6.1.5) and all formulae below underlined terms should be omitted when
treating non-rotating systems.

The second problem is to investigate light propagation in system (6.1.1).
This is performed with the aid of equations (2.2.61) where the components
hoi are treated as third-order quantities. It is sufficient to examine light
propagation in non-rotating systems. If necessary, the corresponding rela-
tions for rotating systems may be obtained by coordinate transformation.
For non-rotating systems one may choose as initial values for the light parti-
cle its position at the initial moment of time & = ®("o) and the unit vector
a = c_li (—o00), er2 = 1, characterizing the light direction at a remote past.
For the problem with boundary conditions x(t0 = a¥, x(t) = x one has to
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express o and the interval t —to in terms of these boundary values. These
formulae are adequate for discussing radio range and radiointerferometric
measurements.

Measurement of the angular distance between two light emitters may be
regarded as the basic idealized type of astrometric observation. Therefore,
the third typical problem of a relativistic reduction is to calculate an ex-
pression for the angle between two light rays at the point of observation.
For this purpose one performs the local 3 +1 splitting (2.3.11)

ds2 = c2dr2- df2 (6.1.6)
with
cdr = — =goadxa (6.1.7)
y/900
and
di2 = fikdxidxk  Ifik — gloo 0i90k gik (6.1.8)

In the post-Newtonian approximation

cdr = (1 + 5/100- lhlQcdt + (hG - “hook"dx* (6.1.9)

7*k— &h  hik “f "Oi hpk- 6.1.10)

The three-dimensional form df2 describes the local spatial relations at
the point of observation. The scalar product and length of arbitrary three-
dimensional vectors applied at the point of observation are defined by the
formulae

(6.1.12)

If P and Q are identified with the directions of two light rays at the point
of observation then P = c- Ir*i(t), Q = e¢~1r2(t) and relation (6.1.12) rep-
resents the required expression for the measurable angular distance between
two light emitters.

Along with mutual angular distances astrometric practice often requires
the derivation of the direction towards a star or a planet in the reference
frame of an observer. This is the fourth problem of relativistic reduction.
The reference frame of an observer corresponding to the splitting (6.1.6)
may be constructed by introducing the tetrad Aj" with

*(0) = 1 *0>) = 0 *0)=0 \fn = 6J+ ~ - \hQhQ (6.1.13)
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or in covariant components

A@) = 1 A<OQ) = O A& = 0 X\j) = 6ij - \hij + 1/tOlfeoj. (6.1.14)
The measurable space intervals are

dxW = \fdx> = dxl+ \{-hik+ hQihok) dxk (6.1.15)

so that
di2 = bikdx~dx"1 (6.1.16)

The 4-impulse of a photon has the following components in the metric
(6.1.6):

p° = hu p' = — (6.1.17)
c dr

(is is the frequency, h is Planck’s constant). The components p%may be
calculated on the basis of the equations of light propagation followed by
the change (6.1.9) from ¢ to r. Then the tetrad components enable one to
calculate the invariant components of the 3-vector p = (pA\p”*2\p *)

PW = p"af>. (6.1.18)

With the normalization hu = 1, the vector p represents the unit vector
determining the observed direction from which the light ray comes to the
point of observation. Instead of (6.1.18) one may also use the relation

dxk _i dar\ 2 x _idx
1- ¢ hok + [c hok—rr ~ 0 00
dt dt J ° dt
-1 dxk
~f b(—hjk + hpihok)c 1~~~ (6.1.19)

dxl/dt being the coordinate velocity of light. Expressions (6.1.18) or
(6.1.19) require a relation of the form

(r —p-\- Ap. (6.1.20)

The correction Ap represents the relativistic term which must be added
to the observed value of p in order to obtain the gravitation ally unperturbed
direction a at infinity. It is easy to express this reduction in spherical
coordinates. For example, if the direction p is given by spherical angles
a, 8

p = —{cos acos 8,sin a cos §sin 6) (6.1.21)

then, accurate to quadratic corrections, one has

cos 8Aa = sin aApl—cos aAp2+ sin 8AaAS8 (6.1.22)
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AS = sin<$(cosaApl-fsinaAp2) —cos<5Ap3 —~ sin Scos 6(A a)2. (6.1.23)

The above formula (6.1.12) for the angle between two light rays with
directions p x, p2 reduces now to the Euclidean form

cos ip = PiP2e (6.1.24)

The fifth problem of relativistic reduction is to take into account the
velocity of the observer’s motion. In the post-Newtonian approximation
this problem may be solved independently of other problems by applying
the formulae of relativistic aberration obtained from the Lorentz transfor-
mations. One may introduce also a reference system related to the moving
observer and perform for this system the splitting (6.1.6), forming m and
p. Then these expressions will involve the observer’s velocity in the initial
system (6.1.1).

Finally, the main problem ofrelativistic reduction is the general theory of
relativistic reference frames and their interrelations. This problem includes
all the above problems as particular cases. Therefore, instead of going
into the details of these particular problems elucidated, for instance, in
Brumberg (1981, 1986), we shall address directly the general problem of
relativistic reference frames (Brumberg 1987b, Kopejkin 1988, Brumberg
and Kopejkin 1989a).

6.2 RELATIVISTIC THEORY OF ASTRONOMICAL
REFERENCE SYSTEMS

6.2.1 General principles

The concept of reference frame is often used in a different sense in physics
and astronomy, sometimes leading to misunderstanding. For astronomical
applications, to avoid any confusion it is suitable to follow the operational
definition given by Kovalevsky and Mueller (1981) and detailed by Ko-
valevsky (1985). In accordance with this definition the reference (coordi-
nate) system is the primary mathematical construction to be given in g«
by a metric form. Instead of such a laconic description the reference system
may be defined by formulating conditions that underlie the corresponding
metric form. These conditions involve the following: (1) coordinate condi-
tions characterizing the choice of a particular set of quasi-Galilean space-
time coordinates; (2) the type of solution of the ¢+ field equations; (3)
the choice of the world line of the origin of the reference system; and (4)
the choice of the angular rotation velocity of the spatial axes.

The reference frame results from the matching of the reference system
to some reference astronomical objects (4materialization’ of a reference sys-
tem). Such materialization is not necessary in solving questions relating,
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for instance, to timescales or units of measurement. Until recently, the
most widespread approach in the relativistic theory of astronomical ref-
erence frames was to construct the proper reference frame of a fictitious
or actual observer with the aid of the Fermi normal coordinates (the time
axis is the world line of an observer, the three space axes are the spacelike
geodesics orthogonal to the world line of the observer). Such an approach
is treated in a number of papers, starting from Mast and Strathdee (1959)
and ending with Ni and Zimmermann (1978). Many other aspects of con-
structing reference frames for massless observers have also been developed
(Synge 1960, MOller 1972, Vladimirov 1982).

When applied to the geocentric frame this approach involves difficulties
because one cannot consider the Earth as a massless body and neglect its
own gravitational field. To overcome these difficulties the metric tensor of
the whole Solar System is separated into a ‘local’ part due to the gravita-
tional field of the Earth and an ‘external’ one caused by external bodies
(and their interaction with the Earth). One constructs first the proper
reference frame for the fictitious Earth moving in the ‘external’ field. Then
the corresponding coordinate transformation is substituted into the full
metric incorporating completely the gravitational influence of the Earth.
This approach was developed in several papers at IAU Symposium no 114
(Bertotti 1986, Boucher 1986, Fujimoto and Grafarend 1986, Fukushima ei
al 1986a) with a final derivation by Ashby and Bertotti (1986), Fukushima
(1988) and Soffel (1989). This technique of generalizing the Fermi normal
coordinates is not unique since the separation of the metric tensor into ‘lo-
cal’ and ‘external’ parts cannot be performed in a unique manner (Thorne
and Hartle 1985). Moreover, the generalized Fermi coordinates have no
physical privileges, in contrast to the Fermi coordinates of a massless ob-
server.

Among other methods of constructing a geocentric system one may note
the technique of Pavlov (1984a,b, 1985) based on linear transformations of
space-time coordinates.

To date, it has been sufficient in astronomical practice to use the local
3+1 splitting of the space-time at the point of observation and to introduce
the local inertial reference system in the infinitely small vicinity of the
point of observation. Reduction of observations is therefore performed just
for this system (Murray 1983, Hellings 1986, Brumberg 1986). Such an
approach may be realized by using the equations of section 2.3.4.

6.2.2 Harmonic reference systems

It is obvious that one may use any coordinates in constructing a reference
system. But if a coordinate system is not dynamically adequate to the
class of problems under consideration then both the solution of the dy-
namical problems (the subject of relativistic celestial mechanics) and the
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transformation to the observational data (the subject of relativistic astrom-
etry) will contain a number of extra terms caused only by the inadequate
choice of reference frame. These terms cancel out in the expressions for the
measurable quantities (time intervals, angular distances, frequency ratios,
etc) and the resulting relativistic effects turn out to be much smaller than
the relativistic perturbations in the coordinate solution of the dynamical
problems. On the other hand, if the coordinate system is dynamically ad-
equate, then the coordinate solution of the dynamical problems will not
contain any large terms of non-dynamical origin and will hardly change in
converting to measurable quantities.

Reasoning from these considerations and using the technique of Kopej-
kin (1987) one may construct a hierarchy of relativistic reference systems
(Brumberg and Kopejkin 1989a). This hierarchy includes a barycentric
reference system (brs), geocentric reference system (grs), topocentric ref-
erence system (tr s) and satellite reference system (srs). In constructing all
these reference systems four conditions are satisfied: (1) all these systems
have been built in harmonic coordinates; (2) the corresponding metric ten-
sors represent dynamically adequate solutions of the grt field equations
for the relevant problems; (3) the origins of these systems are, respectively
the Solar System barycentre (brs), the geocentre (grs), a ground station
(trs), and an Earth satellite (srs); and (4) all these systems are dynami-
cally non-rotating. Let us make some comments in this respect.

The choice of harmonic coordinates does not mean in any way that they
have any physical privileges. But they are mathematically convenient, be-
ing defined by the explicit mathematical equations (2.1.16). Moreover,
many problems of relativistic celestial mechanics and ephemeris astronomy
has been solved in these coordinates (for instance, theories DE200/LE200
for the motion of the planets and the Moon). Needless to say, one can use
any coordinates appropriate to a specific problem. But to apply the rela-
tivistic theories in ephemeris astronomy it is useful to have an agreement to
use a certain type of gr t coordinate conditions. Such an agreement will fa-
cilitate the comparison of various results and may help to avoid ambiguities
in dealing with coordinate-dependent quantities. In principle, one may sug-
gest three possible ways of overcoming difficulties caused by the intrusion
of coordinate-dependent quantities into ephemeris astronomy (Brumberg
1986): (1) constructing theories only in terms of measurable quantities;
(2) using arbitrary coordinates and developing unambiguous procedures
to compare measurable and calculated quantities; and (3) using the same
type of coordinate conditions. For ephemeris astronomy, and especially
for problems related to reference frames, timescales, units of measurement,
etc, the third way seems to be the most appropriate.

The dynamical adequacy of solutions of field equations means their con-
formity with the principle of equivalence. In application to grs, trs and
srs this implies that the influence of the external masses manifests in these
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systems only as the tidal terms.

The origin of the reference system is fixed by quite definite mathematical
conditions. Thus, the Solar System barycentre taken as the brs origin is
defined by removing the constants of the relativistic integrals of the centre
of mass and the linear momentum. The geocentre serving as the grs origin
is determined by the brs equations of motion of the Earth and setting the
dipole term in the grs expansion of the geopotential equal to zero. A
ground station serving as the trs origin moves in grs due to the rotation
of the Earth and geophysical factors. A satellite taken to be the srs origin
moves on a geodesic in grs.

The absence of dynamical rotation means that the space axes do not ro-
tate with respect to the axes subjected to Fermi-Walker transport along the
world line of the origin of the reference system (a gyroscopic triad). Math-
ematically, this implies the absence of Coriolis terms in the mixed compo-
nents of the relevant metric tensor (the absence of the term e~l€ijk*xkin
goi). For brs describing the isolated Solar System the notions of dynamical
and kinematic rotation are equivalent and brs is non-rotating in the kine-
matic sense as well (constant direction towards fixed distant objects). The
grs space axis rotates kinematically with respect to the brs space axis
(geodesic precession). The trs and srs space axis rotate kinematically
with respect to the grs space axis.

Barycentric reference system (BRS). The brs metric expressed in coor-
dinates x° — ci, x — (a”1,x2,#3),is described by (4.1.2)-(4.1.4) (vanishing
ao, @k with values (4.1.11)—4.1.14). The constants Kl and N1 of integrals
(4.1.60) and (4.1.61) should thereby vanish.

Geocentric reference system (GRS). The grs metric expressed in co-
ordinates w° = c¢t, w = (tul,w2,w3) is described by (4.2.2)-(4.2.4) with
values (4.2.13)-(4.2.15) and (4.2.27). Mathematically, the coincidence of
the grs origin with the geocentre is dictated by conditions: the absence of
the dipole term in the expansion of the geopotential (4.2.5) and the choice
of the grs origin acceleration in form (4.2.15).

The relationship between brs and grs is given by expressions (4.2.7),
(4.2.8) with (4.2.11), (4.2.17), (4.2.18), (4.2.24)-(4.2.26). As mentioned
above, this relationship is established more accurately in Kopejkin (1988).

Topocentric reference system (TRS). Let 2z° = er, z = (21,22,"3) be
the trs coordinates and gap = gap(T,z) be the trs metric tensor, trs
is constructed for an observer located on the Earth’s surface. The trs
metric is determined by the gravitational field of external bodies (Earth,
Sun, Moon, etc) and has the form (Zhang 1986, Brumberg and Kopejkin
1989a)

O00(t,z) = 1- ¢ 2(2Eiz* + ZEihz%k+ ...) + (6.2.1)
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80i(T, z) = c~RAeijkHjrnzkzm+ ... (6.2.2)
9l:i(.7;2) = -Sﬁ- c"2(2Ekzk+ 3Ekmzkzm+ ...)«« + ooee (6.2.3)

The trs origin, i.e. some point on the Earth’s surface, does not move
along the geodesic. Thus the acceleration E{f is significant. The trs origin

is characterized in grs by the coordinates . . , velocity . . and acceleration
« ¢« with

o = {&ex . )+ (6.2.4)

(It = » X WTY + [&E x {&E x WT)] + 2(u® x VIT)+ &>TT (6.2.5)

wE being the grs vector of the angular velocity of rotation of the Earth.
Due to tectonic deformations and other geophysical factors the ground
observatory has relative velocity . . . and relative acceleration . /.. -

The transformation from grs coordinates u and w to trs coordinates r
and z is built by analogy with the transformation (4.2.7) and (4.2.8) from
brs to grs, namely

r=u—c~2[V(u) -f Vt¢(fwk—wt)] *+e... (6.2.6)
z* - t4 +c-2[(| 44 + $ik+ Vig(wk- wh)
+ Vikmfwk- wE){fwm- w%\ + .... (6.2.7)

The matching of the grs and trs metric forms enables one to determine
the coefficients occurring in (6.2.1)—6.2.3) and (6.2.6), (6.2.7). One has

Ei = . UE,i(WT) nf Qi + 3QikWT AQijh'l\T“’fI‘+ (XX 2 (628)
Eij = $UE,ij(wT) + Qij + "Quk"T + o+ (6-2.9)

—\VI' Ue(wt)+ QkwT §QkmwTwT T kamanwT WT “I"ees
(6.2.10)
Vij = [UE(wT)+ QkWT + 1IQkmWTwT+%QkmnWTwT wT+ --'¥ij (6.2.11)

vijk= . (ci.x + bika{, - Gjkair) (6.2.12)

=\ (vTaT —~vTdT) + 2\Pe ,%w t ) ~ "Eth(wT)] + 2(vAEk — VAEi)

' 4cjkjCjmWT + 2{tkjmCji  tijmCjk)"T  (QkAT ~
(6.2.13)

Expressions for Hjm and the terms 0 (c“4) in (6.2.6) are not needed be-
low but they may be obtained by analogy with (4.2.21)-(4.2.23). Relation
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(6.2.6) with expression (6.2.10) serves to derive the relationship between
the scales of the ¢rs coordinate time r and the ¢rs coordinate time w.

Satellite reference system (SRS). srs, being a coordinate system gen-
erated by a satellite, is of the same type as trs with the difference that its
origin, i.e. the satellite, moves in grs in the geodesic. Therefore, the srs
metric does not contain any terms related to acceleration Ei. Retaining all
previous designations and only replacing the index T by S one obtains the
srs metric and its relationship with grs. The right-hand side of (6.2.8) is
therefore equal to zero identically, resulting in an expression for the grs
acceleration of the satellite, i.e. its equations of motion. Expression (6.2.8)
is sufficient to derive the Newtonian satellite equations of motion. If the
matching of the grs and srs metrics is performed with greater accuracy
then one obtains the post-Newtonian equations of the satellite motion de-
rived in section 5.1 by a different technique.

6.2.3 Rotating system

Along with grs, trs and srs it is useful to introduce the rotating systems
grs+,trs+ and srs+ resulting from the rigid-body rotation of the space
axes of the corresponding systems (Brumberg and Kopejkin 1989a). The
use of harmonic coordinates is not suitable here because of the complicated
transformations involved (Suen 1986).

Remember first of all the basic formulae of theoretical mechanics con-
cerning motion in a rotating system. Let x%be the coordinates of the fixed
system and y%be the coordinates of the moving system, whose rotation is
given by the vector w. The origins of the systems are assumed to coincide.
If r is the position vector of the moving point then its velocity vector con-
sists of two components due to the rotation of the moving system and the
change of the point’s position relative this moving system:

ixre & (6.2.14)
V=0XTr —_— .
j 3

where d/dt denotes the relative derivative. The transformation from xI to
ylis given by the orthogonal matrix P = (Pik)

Yl = Pikxk. (6.2.15)

The reciprocal transformation is given by the inverse matrix coinciding
with the transposed matrix P_1 = P*

(6.2.16)
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When operating with the orthogonal matrix P one may use the following
relations:

PikPjk = &j  €\mnPilPjmPkn =: ijke (6.2.17)

Denoting by tat and v the projections of the vector on the moving axes
yl and the fixed axes x\ respectively, one has from (6.2.15) and (6.2.16)

a/ = PikQk = PkiLjk. (6.2.18)
In projecting onto moving axes y%relation (6.2.14) yields
vl = Pikxk- eijkubdyk+ y\ (6.2.19)
The same relation projected onto fixed axes xl gives
Pkivk = xl = cijk&j xk+ Pkiyk. (6.2.20)
Differentiating (6.2.15) and (6.2.16) and comparing with (6.2.19) and

(6.2.20) one obtains
Pik = eimjJ Pmk (6.2.21)

or, in projections on the fixed axes,
Pik=€kim&Pim. 6.2.22)

If the metric in coordinates ct, xl has the standard form with the metric
coefficients

fifoo — 1+ "oo 90i = hoi gij = —$ij + hjj (6.2.23)
then in transforming to coordinates cf, y%
dx‘ = e~1Pkiykcdt + Pkidyk (6.2.24)
one has

900 — 14 hDID C PkjPmjy y ' PkiPmjh-tjy V 'f'2C homi kniy

(6.2.25)
hi = -c ~ lPijPkjyk + hokPik + c-'PikPurnhkmy" (6.2.26)
9ij — —Sij + PikPjmhkm- (6.2.27)

Using (6.2.21) and identities (4.2.28) we obtain

<=1+ hOo- c~2(W X y)2+ elrmennymwnykylPriP,jhij
+ 2c~1€knyU/:IP mnykhon (6.2.28)
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9o0i = -c ~ l&Lijku3yk+ hokPik + c~l€jnuJynPikPimhkm (6.2.29)
9ij =: ~&dj §- PikPjmhkms (6.2.30)

These relations are used below.

6.2.4 Rotating systems GRS+, TRS+, SRS+
Denoting the g s+ coordinates by ya one has
y° = w° Y%= P ikwk. (6.2.31)

The orthogonal matrix P = SNP includes the matrix P of precession,
the matrix N of nutation and the matrix S of diurnal rotation (Moritz
and Mueller 1987). But in doing so, geodesic precession should be elimi-
nated from the precession matrix P since grs is dynamically non-rotating
and geodesic precession is taken into account explicitly in the relationship

(4.2.8) between b:rs and grs. The matrix P satisfies the equation

A = eimjuf Pmk- (6.2.32)

Therefore, the g r s + metric has the form

ffoo(u>y) = 1- c_2[2Ue + (“E X yf + 2Qj yk

+ *QLykym+ ?>QLnykymyn+ ee9 (6-2.33)
floi(«.y) = - c-lajk’Byk+ c~3(4i/g+ - 2&iik"Byk"E
- 2eijr EykymQ$i+ 4eljkC+rmykym+ ...) + ...
(6.2.34)
atj(u>y) = - 6ij ~ c_2(2t>£ + 2Qtyk+ 3Q kmykym
+ 5QUL,yVV + eee)uc + ooe (6-2.35)

Ug being the potential Ue expressed in new variables and

U% ~ PikUE Qtj = PikPjmQkm Qfjk = PimPjnPkiQmnl (6.2.36)

and similarly for Qf and Cfy The terms with derivatives of acceleration
Qk are omitted in (6.2.34).
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Denoting the tr s + coordinates by one has
= 2° ? = pikzk (6.2.37)

with the rotation matrix Piksatisfying the equation

(6.2.38)

Cob is the vector of the angular velocity of rotation of the Earth intrs. To
Newtonian accuracy it is evident that

PikM = m?»*(«) + oo w| =w| + .... (6.2.39)
The tr s+ metric is of the form
Ooo(r>0 = 1- c-2[(*€ Xif + 2Etc + 3Etee + (6.2.40)

= -c -1cijkZ U k+c-\4eljkH;me r - N i jk*URCE + +...) + ..

(6.2.41)

9tj(T,0 = Sij - c~2{2E+e + 3EtmSKkC + °°.fa + .... (6.2.42)
Here

Ej~ — PikEjc Ef- — PjkPjmEkm (6.2.43)

and similarly for Hfj.

Finally, the srs+ metric in retaining the previous designations is de-
scribed by the same formulae (6.2.37), (6.2.38), (6.2.40)-(6.2.42) with
Ef = 0 and replacing by the rotation velocity of the tr s+ space
axes with respect to trs.

6.2.5 Hierarchy of the systems

The hierarchy of the systems described may be schematically represented
as follows:

BRS :t,x —®»GRS :u,wy'~-**uwkcGRS+ :u,y

SRS+ :r,Z('- A zkSRS :t,z TRS ', TRS+ :t,&

For trs, trs+ on the one hand and for srs, srs+ on the other hand
the same designations are used. It is evident that in simultaneously using
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these two types of systems one has to introduce different designations for
the coordinates and functions associated to these two types.

To convert the reference systems constructed above into reference frames
it is necessary to describe the observation procedure in terms of a particular
system and to connect the coordinate system with the reference astronom-
ical objects. The relations of the next section may serve as the basis for
this.

6.3 RELATIVISTIC REDUCTION OF ASTROMETRIC
OBSERVATIONS

6.3.1 Cauchy problem of light propagation in BRS

Let the motion of a photon is given by the conditions

x(t0 = x0 = ca 2 = 1 (6.3.1)

i.e. its position at some moment to of the coordinate time and its velocity
direction at an infinitely far distance from the Solar System in the remote
past. Retaining the previous designations ta = * —xa, tga = *o —
rriA = GMa/c2 and integrating the equations of motion of a photon (2.2.61)
one obtains

% crx (Va X cen)
X(t0) = ¥O + c(t - tO<r+ 2V'm A ( * * AT°A*

\ i%oa —woa VA ~ <rrA
-Tin 1A+ <Ir? 5 (6.3.2)
rOA +<rrOA
c-id*02 = A nu / gj ggrx X <r)N
d< a rA ' rA~ <TTA '

In the process of integration the coordinates of the bodies xa have been
treated as fixed. Therefore, strictly speaking, the results obtained are valid
for such a time interval t —to during which the change of position of the
bodies may be neglected. For a photon moving inside the Solar System
this assumption is justified.

Expression (6.3.3) determines the coordinate velocity of the light prop-
agation. To obtain the »rs observed (coordinate-independent) direction
p(t) at the point of observation one has by (6.1.19)

(6.3.4)
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TMA O X (Ta X <1) (6.3.5)

or
O'VA

-*T’ Ta rA -

6.3.2 Boundary value problem of light propagation in BRS

For the problem with boundary conditions

R(t,to) = x —xo

(t>to) (6.3.6)

®(tf0) = xo x(t) =
one may use the previous formula (6.3.2) for the light propagation with the

value
(e.3.7,

Substitution of (6.3.6) into (6.3.3) and (6.3.4) yields the coordinate and
observed directions, respectively, for the moment t of reception of signal:

c-ldal(t) R, 2s"prih {p } R *p"en X tgy (6.3.8)
rOArA + r OArA )

dt R*-' rA \
R 2 mAR x (r04x rA) (6 39)
P A A A Ta r°AVA + roAFA
The transit time of the light propagation is
(6.3.10)

eft—*0) = R42  maln rA  roq.a
ve+ Fos —R

Consider now the case of a light particle coming from outside the Solar
(6.3.11)

System so that
|x0|= Po-

p= " <

Expanding in powers p/po one has

* AL * A
frae FrAx a0 6319
rA 1+ {xorAlporA)

h3[asOx(ax*O)]+ et 3 Y ]
Po A

<I'=
Po
0 . 1 < w 2 A * X * t, 10
P=~—+  %X( Xs0)]- 3 'A?zw‘,’,’”’.f 7 a {%.é.lsj
Po Po PoA A1+ {xorA/PorA}
A L 278771, In——-- AN e (6.3.14)
Por-A+ *OrA

c(t-t0 = po (1 -
Vv Po ) a
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It is of interest that in the limit po — oo the relativistic correction
disappears in cr and remains in p as may be expected from physical consid-
erations. This relativistic correction in p determines the actual deflection
of the light ray emitted by a distant source. The Newtonian correction
of order pjpo0 determines the parallactic displacement caused by the brs
position vector x of the observer.

6.3.3 Angular distance between two sources

The angular distance ip between two light sources recorded by the b:s
observer may be determined by (6.1.12) with (6.1.10), (6.1.11) and (6.3.3)
or by (6.1.24) with (6.3.4). The result is

. . mAf rA X o*1 rAx <2 \ W ox
cosip= pip2= <n<r2 + g, mAf el rEReE {<d X tr2).
A rA \rA —<TirA rA — &2TAj
(6.3.15)
With the aid of (6.3.7) and (6.3.12) one may obtain particular cases
when one of the sources (or both) is at a finite or infinite distance from the
brs Origin.

6.3.4 Relativistic reduction in BRS

Let us summarize the main statements of relativistic reduction for an ob-
server at rest in brs. The observer records the unit vector p of the observed
propagation of signal from the light source. If this source is at an infinite
distance then formula (6.3.4) enables one to take into account the gravita-
tional deflection of the ray in the Solar System and so to obtain < If this
source is at a finite distance (a planet) and the transit time is to be taken
into account then with the aid of (6.3.9) and (6.3.10) by iterations one
finds the moment to of the signal emission (the inclusion of the planetary
aberration) and the unit vector R/R . Then formula (6.3.7) again yields
cr. Finally, if the source is at a large (but not infinitely large) distance then
equations (6.3.13) and (6.3.14) enable one to include the annual parallax
and the proper motion of the source (if this is necessary). As a result, the
unit vector xo/po becomes known yielding by (6.3.12) o

6.3.5 Relativistic reduction in GRS

On the basis of (4.2.7) the differential relationship of grs time u and »r s
time t is determined by the equation

A= 1+c-2(-4 N +4 - 8t)- 4(*-4)) . (6.3.16)
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For the photon the first term in the large brackets is of first order. Dif-
ferentiating (4.2.8) and using (6.3.16) one gets the coordinate ¢:s light
velocity

i du>* Ada?* i { kdxkdxt\ 21IY kdxk\2 dx%
c *7T =c S +e (-'m+v°M 7 £) + e m
- + 2D“ + - *®"c3T
" aﬁ{*k k\ (6.3.17)

Expression (6.1.19) applied to the ¢rs metric (4.2.2)-(4.2.4) yields the
observed ¢: s light direction p

p=[1+c\2Ue + 20kWk+ 3Q kmwkwm + .. (6.3.18)

AL
R

Using now (4.3.4), (4.3.17) and (4.3.18) one derives the relationship be-
tween the observed light directions p and p in ¢: ¢+ and s« s, respectively:

PW =pW + c?lp X (p X VE)]N + c~2(pvE\p X (p X U#)]"
\ce~2fve X (p XN )]« + c“2F1V fo) + <r2(4 u/ -

(6.3.19)

pM being determined by (6.3.4), (6.3.9) or (6.3.13). This formula of re-
duction from g s tonrs includes first-order annual aberration (the second
term on the right-hand side) and second-order annual aberration (the third
and the fourth terms), geodesic precession (the fifth term) and relativis-
tic contraction (the last term). Corrections for the gravitational deflection
of light and (if necessary) for planetary aberration, annual parallax and
proper motion are contained in p.

For the cosine of the angular distance between two sources one has, from
(6.1.24) and (6.3.15),

00S =pmp2= COsV>+ C1(PjP2- 1)(P1«B + P2 ¢
+ C2(PIP2- A[(P17Afi)2+ (P2ve)2+ (PIVE)(p 2VE) - v%]
(6.3.20)

demonstrating that both the geodesic precession and gravitational contrac-
tion do not interfere with the results of relative astronomical measurements.
This formula may be derived directly from the »: s metric by means of the
classical transformation x = XE(t) 4 p with further application of (6.1.12).
The pure kinematic approach of section 2.3 with splitting (2.3.42), (2.3.43)
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results in expression (6.3.19) without the terms due to the geodesic preces-
sion and the gravitational contraction. This corresponds to the kinematic
structure of the geocentric system (g) defined by (2.3.41).

6.3.6 Relativistic reduction in TRS (SRS)

Using (6.2.6) one obtains the following differential relationship between the
coordinate trs (srs) time r and the coordinate grs time u:

A = ~ - ~ - .
N~ 1T gt T o dxwke 1(4)] (6.3.21)

For the photon the first term in the large brackets is first order. For srs the
index T is to be replaced by s. Differentiating (6.2.7) and using (6.3.21)
one has

o 1 * * L
_\dz% dwl | -i (_,,Jl"+ O/(l)ciiwlcdiul} +c—2 [in ritu }leu
° dr ° du
1 2dti/ 1 ¢ kdw I 0Ty'L
2V t7n - 2V tVv 7~ + IS + w
+ 2V ikmfwm- W % )} - + aifwk- t4) r- (6.3.22)
cdu cdu

Application of (6.1.19) to the metric (6.2.1)—6.2.3) yields the expression
for the observed trs (srs) light direction

p = [l+ c"22Ekek+ 3Ekmzkzm + ..,)]" . (6.3.23)
car

Therefore, the relations (6.3.18), (6.3.22) and (6.3.23) result in the fol-
lowing relationship for the observed directions intrs (srs) and grs:

p(t) = p0) c~I\pX (P XVy)]* + c“2(pW)[p X (P XVt )]"
—\c~2[vt X(px Vy)|N + 4 c~2(arzl —all zk)p"k\
(6.3.24)

Equation (6.3.24) applied to trs includes first-order diurnal aberration
(the second term) and second-order diurnal aberration (the third and the
fourth terms), an analogue of geodesic precession (the fifth term) and a
relativistic contraction (the sixth term). All these terms are due to the
motion of the trs origin in grs. is expressed in terms of p(I\ pM in
turn is expressed in terms of a1 and one may express al, if needed, similarly
to (6.3.12) in terms of the t r s coordinates and take into account the diurnal
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parallax. When applied to s:s the terms of (6.3.24) may be interpreted in
a similar manner.

For the mutual angular distance int: s (s s) one has aformula analogous
to (6.3.20):

cosip=p Ip2= cos”™ + c-1(ptp2- I)(P!VT + P2,:) + C~APiP2- 1)
* [[P\vt )2+ (P2VT)2+ (PiVT)(p2VT) - ®t]. (6.3.25)

The kinematic approach of section 2.3 involving system s (2.3.46) enables
one also to obtain (6.3.25). The observed direction (6.3.24) is therefore
obtained without the precession and gravitational contraction terms.

6.3.7 Relativistic reduction in TRS+ (SRS+)

Actual astrometric measurements are performed now from ground obser-
vatories (t: s+ ) or satellites (srs+) and as a rule the results are taken just
in the reference system origin (£ = 0). On the basis of (6.2.37) and (6.2.38)
one has

c-1~ = Pik A + c-1eimjIjEPmkzk. (6.3.26)

Application of (6.1.19) to the metric (6.2.40)-(6.2.42) gives the expres-
sion for the observed light direction in tr s+ (srs+):

= [i+ ¢-\3E+e+3E+me r +° ¢
+ c-le*m¢ N m” -|-+ ... (6.3.27)

The terms quadratic in and £k are omitted here. Using (6.3.24) and
(6.3.26) one obtains

p(0+ = PikpW + C-'eVmQiCPinPkIP "pW + C-'einj~C + ....
(6.3.28)
Considering the orthogonality of the matrix Pik it may be easily verified
that the right-hand side (6.3.28) represents a unit vector. Using now (6.3.5),
(6.3.19), (6.3.24) and (6.3.28) one obtains the expression of in terms
of the v+ s vector <« This expression serves as a basis for constructing the
astronomical reference frame. In the actual reduction calculation it is not
suitable to analytically substitute into (6.3.28) all the previous values. It
is more effective to use the sequence of formulae derived here. Let us note
only that the terms due to the relativistic precession are combined with
the Newtonian precession in the form

P«+ = [Pim+ c-2PiK(F km+ $*m)|(Tm + (6.3.29)
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and in practice the relativistic part of precession is not separated from the
Newtonian part.

Finally, for the cosine of the mutual angular distance between two
sources one has by (6.1.24)

cos =ocosh+ 0(c“2). (6.3.30)

It is evident that the terms O(c"*1) do not affect the relative angular dis-
tances.

64 RELATIVISTIC REDUCTION OF RADIO
OBSERVATIONS

6.4.1 Basic tools

The basic formula for the relativistic reduction of radio observations is
(6.3.10) or as its particular case (6.3.14). This formula is usually applied
not to a single measurement but rather to a sequence of measurements
performed during a sufficiently long interval of time. If Xo = #00O0 is the
brs position vector of the moving light source then in terms of to it may be
linear (inclusion of proper motion) or a solution of the two-body problem (a
pulsar binary system) or else a still more complicated function of time (the
motion of a planet or space probe).If the vector x = x(t) represents the
motion of an observer one should perform a reduction due to this motion.
This requires the transformation of both the space coordinates and the
time. The full theory of transformations brs—xrs—>trs—xrs+ is not
usually needed here and it suffices to employ the simplified formulae. In the

linear approximation the transformation » r s —K3RS of the space coordinates
(4.2.8) is described in the form

x = xe + w—c~2[ vew)ve + Ue(&e)w + wx F-j0(w2) (64.1)

whereas the transformation grs—>trs of the space coordinates (6.2.7) re-
duces to

w=wT+ z—c~2[ N(vtz)vt + Ue(wt)z + 22X + 0(w2,z2\. (6.4.2)
The precession terms are represented here in vector form by means of
Fi= \eikmF km *o' = y ikm$ km. (6.4.3)

Superposition of these transformations and rotations (6.2.31) and
(6.2.37) yields the transformations to grs+ and tr s+ coordinates, respec-
tively

Xt = x%+ Pkiyk-c -\ * v EvVEPmk+ UE(xE)Pmi+ F ikPmk)ym+ ... (6.4.4)
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wi= wA+Pki* -c -2" v FUAPmk+UB(w T)Pmi+ " ikPmk )r + -m** (6-4.5)

For reduction purposes such linear formulae turn out to be quite ad-
equate. They differ from those commonly used (Hellings 1986) by the
presence of the precession terms due to the fact that the systems grs and
trs used here are dynamically non-rotating.

Within an accuracy sufficient for reduction the relationship (4.2.7) of
the brs and grs timescales has the form

t—u+ c’2[5(t) + vEw] S(t) = :l‘[\v% + Ue(&e)\ d* (6.4.6)
whereas the relationship (6.2.7) of the grs and trs timescales reduces to
u=r+ c~2[V(u) + vtz] V(u)= £[AW>+ Uef{wt)\ dtt. (6.4.7)

The superposition of these transformations results in
t=r+ c~2[S(t)+ 7(1/)-]-vewt + (ve + ®t)*]- (6.4.8)
One may often use therefore the approximate relation

Viu) = {\vl + UE)u (6.4.9)

since for the observer on the geoid the coefficient in u takes a constant

value independent of time and location of the observer on the geoid.
These relations combined with the basic formula (6.3.10) are of great

importance for the relativistic reduction of radio measurements.

6.4.2 Radio ranging

In radio ranging a signal is emitted by an observer at some brs moment to,
it reaches the planet or space probe at some pre-calculated moment ¢\ and
then returns to the observer at moment ¢2- The observer directly records
the moments of emission and reception of the signal in the observer’s proper
time. The moments to and t% are calculated using (6.4.6) and (6.4.7). The
value of ¢\ can be improved by iteration. If accuracy of the post-Newtonian
approximation (6.3.10) is insufficient one may take into account the post-
post-Newtonian effect due to the Sun (3.2.51). In doing this the third-order
effect caused by the motion of the planets should also be considered (Klioner
1989). From (6.3.10) it follows that

dt _ Rxo rriA
dto R " (ta + rOA)2—R2
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» rA+ rOA , R
X f————ﬁ————Rxo+ — rArAA
rOA
. mA
i-c-"-4cr
R A (rA + r0j4)2 - R 2

N .rA+ roA_ . R
b G [ — R x ------- rArA (6.4.10)

generalizing equation (3.2.29) for the Schwarzschild field. In differentiating
(6.3.10) it is assumed that

rA = *(<)- xA(t) r0A = *o(<0) - xA(t0) R = x(t) —x0(t0)

with the dot over x or xo denoting a derivative with respect to t or to, re-
spectively. Planetary radio ranging is described in detail in Hellings (1986).

In radio ranging the Doppler shift of the signal frequency can also be
measured. If vo is the frequency of the light emitter at the point xo(te) and
v is the frequency of the signal received at the point *(t) then considering
that the frequency is inversely proportional to the period of the signal in
its proper time and generalizing (3.2.28) one has

iflo _ 6t 1+ 2(A0°)* 2y2 + ¢ I1(hok)tVk dt

(6.4.11)
14 1+ Kk(hoojto - kvo + c~1(Aot)tOto d<O

In radio ranging the light signal is emitted by the observer with frequency
vg. It is received and reflected by the ranging object (planet, space probe,
etc) with frequency v\ and is received again by the observer with frequency
12+ The measurable quantity is the ratio vo/z/2 which can be calculated by
the repeated application of (6.4.10) and (6.4.11).

6.4.3 Lunar laser ranging

In 11+ the starting formula is again (6.MO). In the relativistic part of this
formula one may perform significant simplifications. If to is the moment
of the signal emission by a ground observer and t is the moment of the
reception of the signal at a point on the surface of the Moon then

Xo = xE(to) + PE(t0) x = xL(t) + P1(0-

xe and xt are the brs positions of the centres of mass of the Earth and
the Moon, respectively, pE is the geocentric position vector of the ground
station, and pL is the selenocentric position vector of the reflector on the
Moon. In the relativistic terms the difference between to and t may be
ignored. If we consider the case where 11: is performed for the position
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of the Moon near the meridian of the ground station and denoting the
distance between the centres of mass of the Earth and the Moon by r one
may use in the term of (6.3.10) containing the factor ¢ne the approximate
relations

R —r- pE- Pi rOE = Pe rE—r- pt/ (6.4.12)

For the solar term with factor ms one has R « r, ros «

and the corresponding logarithmic term may be expanded in powers of
r/AxE\ Substitution of these values into (6.3.10) gives the expression for
the one-way brs time transit interval of the signal:

(6.4.14)
The quantity R occurring on the right-hand side is calculated as the
magnitude of the brs vector

R = x(t) - x(t0) = xE(t) + r(t) + pL(t) - xE(to) ~ Pe "o) (6.4.195)

r = r(t) being the geocentric brs position vector of the Moon. In actual
discussion the quantity R is determined by numerical iteration. The rela-
tivistic contribution to the measurable quantities may be easily evaluated
analytically. Neglecting the sizes of the Earth and the Moon one has

R = xE(t)+ r(t)-x E(to) = r(t) + xE(to)(t-to)+ ~xE(to)(t-t0)2 + ———-
(6.4.16)
From this it follows that

(6.4.17)

Substituting (6.4.17) into (6.4.14), solving with respect to t —te and
replacing the acceleration of the geocentre by the main Newtonian term
one obtains
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Multiplied by two this expression gives the brs time interval of light
propagation in11: (two-way). In actual calculations the Newtonian part
of this expression should obviously be extended by (6.4.15). In reality, one
measures the quantity 2(r —ro), ro and r being the moments of the trs
time corresponding to the moments t0 and t of the »rs time. Restricting
ourselves only to the main terms one has by (6.4.7)

/o
™ =t0- c~2 / (|i| + UE{xE)) dt
Jo

r=t-c~2("J {\x2e+ UE(xE)) di + xEr

or neglecting the variation of the integrand over t —to
eft - 10) = ¢ft- t@ M - \c 2x\ - N - ec~1xev. (6.4.19)

This expression follows directly from the kinematic relation (2.3.42) as
well by identifying variations d€2 with the components of r. From this it
follows by (6.4.18) that

2c(r- 1,) =2r (1 + +gj-"r(r**))

+ AttielIn-— — + — (6.4.20)
PE

Section 5.3 contains the main relativistic perturbations in the »r s coordi-
nates of the Moon. Substitution of r into (6.4.20) gives the real relativistic
effect in 11+ . It is of importance that this effect turns out to be two orders
of magnitude smaller than the »rs relativistic perturbations in the motion
of the Moon. In fact, the main relativistic terms in r have the form (5.3.27)

r/ao = 1— | -fam + |ecrcos2D + .... (6.4.21)

However, the term in (6.4.20) due to the Lorentz transformation is

c~2
772 (vxe)2 = \crsin2D = \a(l - cos2£>). (6.4.22)

Thus, the trigonometric term in (6.4.21) with amplitude a/4 disappears
in (6.4.20) and the amplitude of the relativistic terms in the measurable
quantity (6.4.20) does not exceed several centimetres. This was first noted
by Nordtvedt (1973) and then thoroughly investigated by Soffel et at (1986,
Soffel 1989). In constructing the grs theory of the motion of the Moon
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one would come directly to this conclusion. Indeed, restricting in (4.2.8)
by the purely solar terms one has for the ¢:s coordinates of the Moon w%

w' = r’+ \c~7vEvErk+ c~2F 'krk+ y ~r' + .mS3(|rVg - r%kxE).
IXE\ |®V]|
(6.4.23)

From this for the absolute value of p = \w\ we obtain
= + (6-4-24)

Thus, in terms of the ¢ r s quantities the right-hand side of (6.4.20) takes
the form

2c(t- t0) = 2p(1 - A (s"w)") + 4mEIn-— — . (6.4.25)
v XEr J Pe

In neglecting in the relativistic part by the parallactic ratio p/\xE \it may
be seen that the relativistic time delay in11: reduces to the Schwarzschild
delay due to the Earth. Needless to say, this conclusion holds true for
artificial Earth satellites as well. Along with this it is evident that the
vrs theory of the motion of the Moon has not lost its importance because
converting 2r to the actually measurable quantity 2c(r —r0) using (6.4.20)
presents no difficulties.

6.4.4 Pulsar timing

It is well known that the timing of millisecond pulsars is at present one of
the most accurate methods of obtaining astronomical information (Hellings
1986, Backer and Hellings 1986). A relativistic theory of pulsar timing can
be developed on the basis of (6.3.10). If the »:s position vector of a pulsar
at moment Tg is X 0 and the pulsar moves with constant velocity v then
for the moment Tn of the emission of impulse n its position vector will be

Xn=Xo0 + V{Tn-To). (6.4.26)

This impulse n is recorded by the ground station at moment tn in the
brs position xn. In accordance with (6.3.10)

c(tn ~ Tn) = |*n ~ X n\
2\ ! i xn ‘““\Xn XA{Tn) |+ \xn Xn|
n 1%» - + 1*n - XA(Tn)|- |»» - X n\

(6.4.27)
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Denoting now
k=—X0 po = \XO0\ Atn=Tn-T 0 (6.4.28)
Po
and expanding \xn—X n |in powers of A tn and the ratio \xn\/pQone obtains
c(tn -- Tn) =po + [(fcV)A<, - kxn] + -A—[x* - (fe*,)]
2/>0
- ~[xnV - (kV)(kxn)JAtn+ -L [V 2- (fcF)2(A*,)2

Po 2po
- 2" mAn!rdM ~raM . (6.4.29)

Let cto be the quantity

ct0 = ¢T0+ Po+ 272 mA In(2p0). (6.4.30)
A

Then, one has finally

c(t - to) = ¢(Tn- To)+ [(kKV)Atn- kxn}+ - (fe*,)2
2p0
- —[xnV - (kV)(kxn)JAtn+ A -{V 2. (kKV)2](Atn)2
po Zpo
272 ma lhkA(*n) + krA(tn)\ (6.4.31)
A

Each term in this equation admits a simple physical interpretation. The
second term represents the first-order Doppler effect. The third term is
caused by parallax. The fourth term describes the proper motion of the
pulsar. The fifth term is the second-order Doppler effect. Finally, the
sixth term represents the Shapiro effect, i.e. the relativistic time delay in
light propagation. It remains for us to convert in (6.4.31) from tn to the
corresponding moment of proper time rn by means of (6.4.8) and to replace
xn by the gr s+ coordinates y of the point of observation, assuming z — O.

In the case of a binary pulsar, i.e. a pulsar in a binary system, the timing
formula becomes more complicated, due, first of all, to replacing (6.4.26)
by the more cumbersome formula

Xn= X0+t VAtn+ X 1y
where Xo and Vv now represent the »rs position and velocity of the centre

of mass of the binary and X\n is the pulsar’s position relative to the
barycentre of the binary. This latter quantity can be calculated using
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the formulae of the relativistic two-body problem. A detailed derivation of
the timing formula for the binary pulsar is given by Backer and Hellings
(1986) and Damour and Deruelle (1986).

6.4.5 VLBI observations

Let us now apply equations (6.4.31) to the reduction of the vini obser-
vations. Let impulse n from a radio source be recorded by two ground
stations with brs position vectors x\ and x2 at brs moments ¢\ and t2,
respectively. Taking the difference of equations (6.4.31) for both stations
and ignoring the parallactic term and the terms due to the proper motion
of the source during the interval t2 — ¢\ one has

/ r(2) 4- fer¥(2) \
c(*2 - <i) = -fe(*2 - *i) - 2y2nﬂn . (6.4.32)
\rA + krA

In the relativistic part it suffices to take into account only the solar term,
which in grs coordinates takes the form

1 ( K(XE + w2) + \xe\t nw?2\ _ 2ms (fe+ n)(w2- wi)
mS n \k(xE -ht»i) + \xE\t* nwi J \xE \ 1+ nk
(6.4.33)
with n — xE/\xE\. The value of x E may be taken either at moment ¢\ or
at t2. The Newtonian term x2 —x\ is also transformed to grs coordinates
by means of (6.4.1). Using the approximate relations

*js(<2) ~ *e(*i) « vE(t2 - ti)

w2t - WI(ti) « W2(ti) - Wi(ti) + VA\t2 - ti)

with vﬁ’ being the grs velocity of the second station at moment i\ one
obtains

C(<2- tl) = - k(vE+ VA)(t2- ti)- k(w2(ti) - U>1(*1))

+ C~2({AN(KVE)[vE(w2- Dbi)]+ k(w2- WIl)Ue {xe)

As the actually measurable quantity one may consider the interval ¢2 —¢\
expressed in the proper time of the first station. Because of the smallness
of the interval t2 —1\ one finds by (6.4.8)

t27i = (t2 2i)[1 ¢ 2\v%+t \vt+U)\-c Jve+vt)(w2 wi). (6.4.35)
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If v1 b1 observations are used for improving the ¢ s network of ground
stations then it remains only to substitute (6.4.35) into (6.4.34)

c(r2—n) = - k(w2- tt>i)ll + c~lk(vE+ Vt")] 1
X [1- e~2(rv%+ + 2U —UE)]
- C-1(VE + Vt){w2- Wi)+ lc~QKkVE)[VE(w2 - t»1)]

¥C-2>r})/[(”)_ ”» I}X IrlTl —2mS(_fe+ %)(wz._u>i

(6.4.36)

and to introduce the g¢:s+ space coordinates by means of (6.2.31). On
the other hand, if v1: observations are applied to construct the local ¢« s
network then in (6.4.36) one should introduce the ¢: s coordinates z of the
second station relative the first station. Then it follows that

c(r2- n) = - (kz)l1+ c~lk(vE+ W2))]-1[1- c-2(|vE+ + 20\
- c~Ilfve + vt)z + %c~AkvE)(vEz) + \c~kvT)(vTz)
+e .M, x(, +#)]_"S it ~. G, 3D

It remains to transform to the ¢r s+ coordinates by means of (6.2.37).
In a result, the relativistic precession €* will enter into the matrix of the
diurnal rotation of the Earth. Equation (6.4.37) is identical to the reduction
formula of v1»: observations obtained by Hellings (1986) except for the
presence of precession terms. When using the technique of chronometric
invariant time intervals and distances (section 2.3) one obtains the same
formulae with the exception of the precession terms.

Among other algorithms of the relativistic reduction ofv1 i observations
one may note those of Cannon ei al (1986), Zeller ei al (1986) and Zhu
and Groten (1988).



7

Relativistic Effects in Geodynamics

7.1 TIMESCALES ON THE EARTH

7.1.1 Timescale requirements

In contemporary celestial mechanics and ephemeris astronomy the most
important timescales are tab, tat and tai (Japanese Ephemeris 1985,
Guinot 1986, Guinot and Seidelmann 1988). Without going into detail,
tabv may be characterized as the time associated with the Solar System
barycentre and serves as the argument of the theory of motion of the plan-
ets; + « ¢+ may be regarded as the time associated with the geocentre and is
able to serve as the best argument in constructing the geocentric theories
of motion of the Moon and Earth satellites; ¢ a: manifests itself as the time
most closely related to the time directly recorded on an observer’s clock.
The papers indicated above present definitions of these timescales which
are adequate for real use. However, precision of time measurement in-
creases from year to year, and this calls for more rigorous definitions of the
timescales to be consistent with the statements of ¢ = + . The self-consistent
theory of timescales may be developed on the basis of the relativistic the-
ory of astronomical reference systems. The hierarchy of brs, grs and ¢« s
systems described in chapter 6 has a quite definite meaning. It is to be
noted that the astronomical directions of the space axes are not significant
in the problem of timescales. If srs, grs and ¢:s are uniquely defined,
their scales of coordinate time are also uniquely defined. For rigorous rel-
ativistic definitions of ¢ »,t+ and tai (¢» and ¢+ are used here instead of
tav and t a ¢, respectively, as suggested by Guinot and Seidelmann) the
following are necessary:

(1) to link ¢» and ¢+ with the coordinate timescales of »rs and Grs,
respectively;

(2) to describe the operational procedure relating « .+ with the coordinate
timescale of arbitrary ¢« s;

226



TIMESCALES ON THE EARTH 227

(3) to choose units of measurement of tb,tt and tai so as to reduce as
much as possible the secular (non-periodic) difference between these
scales (the JAU recommendation of 1976 implies the absence of such
a secular trend but, as seen below, it may be realized only within a
limited accuracy).

Since the brs coordinate time and TB on the one hand and the grs coor-
dinate time and tt on the other hand differ from one another by constant
factors then to compensate these differences all linear sizes in brs and grs
should be multiplied by corresponding factors.

7.1.2 Relation between TB and TT

tb is a timescale differing only by a constant factor from the br s coordinate
time 2,
TB = kBt (7.1.1)

while tt is a timescale differing only by a constant factor from the grs
coordinate time u,
TT = kGu. (7.1.2)

The interrelation between u and t is defined by (4.2.7):
u=t- c~2[S(t) + vE(xk- 4)] + ... (7.1.3)

where xE and vE are the brs coordinates and velocity components of the
geocentre and where function S = S(t) satisfies the differential equation

f =K +W (7.1.4)

Ue (&e ) is the external mass potential evaluated in the geocentre

Os{xb)= T , — '-+ mmm (7.1.5)
XA rEA

For the geocentre the rate of the time u is determined only by equation
(7.1.4).

This equation has been investigated by many authors. The first de-
tailed solution was given by Moyer (1981). This solution was based on
the substitution into (7.1.4) of Keplerian motion for Solar System bodies
and provided an accuracy of about 20 microseconds. As mentioned above,
the most accurate analytical theories of motion of the major planets and
the Moon are the VSOP82/ELP2000 theories. Fairhead ei al (1988) and
Hirayama ei al (1988) substituted these theories into (7.1.4) and then in-
tegrated. The brs velocity of the Earth vE corresponding to these theories
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may be found in Soma et al (1987). Therefore, it is not necessary anymore
to transform the barycentric motion of the Earth to heliocentric motion of
the Earth, geocentric motion of the Moon and heliocentric motion of the
Earth-Moon centre of mass, as was done by Moyer. In the VSOP82 theory
the rectangular coordinates and the velocity components of the planets are
represented by trigonometric series in the mean longitudes of the planets,
the coefficients of the series being slowly changing polynomial functions of
time. Hence, the solution of (7.1.4) is represented in the same form, i.e.

S = Ao-\-Bot-\-Cot2-\-Dot 4*., 4" Bjt-ACjt24~Djt 4~e.) ).

(7.1.6)
The numerical values of the coefficients are reproduced in the papers cited
above. The coefficients Co, A), . . C*YA', *oeqre caused by the secular

terms of the planetary theories and vanish for pure Keplerian motion of the
planets. These coefficients would also vanish in using a purely trigonometric
planetary theory, but such a theory leads to a drastic extension of the
number of periodic terms so that its actual use inevitably results in loss of
accuracy. For astronomical purposes it is customary to have the timescales
differing from one another only by periodic terms. The linear function
Ao 4 Bot in (7.1.6) does not interfere with this since the constant Ao may
be removed with a suitable choice of initial moment (which will be assumed
in the following) and the constant Bq is removed by adopting different units
of measurement for different timescales. This is allowed for by the IAU 1976
recommendation.

Equation (7.1.4) may be also integrated numerically by using in the
right-hand side the numerical theories DE200/LE200. Such integration is
described, for instance, in Hellings (1986), and Backer and Hellings (1986).
In numerical integration, the analytical structure (7.1.6) is latent but the
numerically determined secular trend of function S(t) depends on the in-
terval of integration. A comparison of analytical and numerical approaches
to solving equation (7.1.4) is performed in detail in Chotimskaya (1989).

In all cases the function S is represented in the form

S(t) = S*t + Sp(t) (7.1.7)

where S* is constant and Sp(t) includes both periodic and non-periodic
terms caused by the secular evolution of the planetary orbits. Substitution
of (7.1.7) into (7.1.3) results in

u= (1- c~28*)t - c~2[Sp(t) 4 v%(xk ~ xe)\- (7.1.8)

Using (7.1.1) and (7.1.2) one finds the interrelation between ¢» and ¢ ¢
in the form

KATT = k~il- c~2S*)TB - e~2[Sp(t) + vE(xk- *|)]. (7.1.9)
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The choice of constants kB and ko is arbitrary. Without determining
them completely, it is suitable to set their ratio as

KB/kG = l-c ~ 2S*. (7.1.10)
In this case one obtains
TB = TT + c-2[Sp(*) + vEB(xk- 4)]. (7.1.11)

The constant S* is not have to be equal to the coefficient Bq in (7.1.6).
The representation (7.1.6) itselfis rather conventional. In using (7.1.7) over
a restricted interval of time the very-long-period terms in Sp(t) manifest
themselves as secular terms and are included in the secular part when
averaging numerically. Therefore, S* should be chosen so as to minimize
the influence of Sp(t) on the secular rate of the difference TB — T T over
some definite time interval. After completing this interval the value of s*
may be changed so as to compensate for the accumulated secular rate in
TB —TT. To an order of magnitude one has

c~28* = 148 x 10~8.

7.1.3 TRS timescale

For an arbitrary point with ¢:s coordinates u, wk the ¢: s coordinate time
r is given by
r —u—c"2Vi(w) F vA(wk—w?)] (7.1.12)

where W> and v are the ¢rs coordinates and velocity components of the
trs Ol’lgil’l with

d1vs

— =vt —(WPEXwet)+t vete (7.1.13)

au

Cje is the ¢ - s vector of the angular velocity of rotation of the Earth, v tt is
the relative velocity of the ¢ s origin due to geophysical factors (deviation
of the rotation of the ground station varound the centre of mass of the
Earth from the law of rigid-body rotation). The function V(u) satisfies the
differential equation (6.2.10) or

“j~ = \VT + Ue(wt)+ QkWj. + \UB>km{xE)wTWT

+ AUE,kmn{XE)wTwT wT + mmmm (7.1.14)

Ue(w t) is the value of the Newtonian geopotential in the ¢: s origin

Ue(wt)=GMe +A. (-skm+ G iemFteee  (7.1.15)
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where dx = (wAwy)1/2 and IEm are the quadrupole moments

IEm = f pwhkwmd3w (7.1.16)
J(E)

and p and M E are the ¢ : s mass density and mass of the Earth, respectively.
For an observer at rest in the t¢:s origin, with wk = w\,r is its proper
time.

Introducing now the ¢: s+ space coordinates yk, using (6.2.19) for the
velocity of the ground station and neglecting the acceleration Q k, the right-
hand side of (7.1.14) takes the form

A UjkAEyTVr + \VtVt + We(Vt) + \UE,km(xE)PikPjmyWT + osos

U (7.1.17)
Q3 are the grs+ components of the angular velocity of rotation of the
Earth. we(vt) 1Sthe potential (of opposite sign) of the force of gravity
due to the Earth at the point yT. The last term in (7.1.17) describes the
tidal external perturbation of the potential of the force of gravity in the
quadrupole approximation. This tidal perturbation from the Sun and the
Moon gives a contribution to dr/du of the order of 10"17. It is necessary
to reveal in the right-hand side of (7.1.17) the constant part independent
of time and coordinates yT of the ground station. This calls for more
detailed examination of the force gravity potential using the technique of
Zhongolovich (1957).

7.1.4 Geoid

The potential of the force of gravity generated by the Earth alone at any
point y on the surface of the Earth is made up of the centrifugal potential
and the Earth’s attractive potential

Wh(v) = Wijk~ry*)2+ UE(y). (7.1.18)

The ¢ s+ components of the angular velocity of rotation of the Earth are
denoted here, for simplicity, asu . Let us introduce the geocentric spherical
coordinates r, ip and /, choosing the direction of the y3 axis to be along the
axis of rotation of the Earth. Then,

yl = rcos ipcos / y2 = rcosipsin / y3 = rsinip (7.1.19)
and u1 = u2 = 0, 3 = u. One obtains

WE(r,/, ip) = \u2r2cos2ip + UE{y)* (7.1.20)
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In spherical coordinates (7.1.19) the quadrupole external tidal perturbation
occurring in (7.1.17) may be presented in the form (Moritz and Mueller
1987)

Qi = Q20+ Q21+ Q22 (7.1.21)

where the zonal, tesseral and sectorial parts are, respectively,

Q20 = r2P20(sinV-) Y o(sin”) (7.1.22)
aPe r£A
Q21 = Ar2P21(sin VO Y —T A -p2i(siaipA)cos(l-1A) (7.1.23)
A*E VEA
Q22 = " r2P22(sinV>) Y - AN - p22(sinipA)cos2(l-1A)- (7.1.24)
A*E rEA

Here Pnm(%) are associated Legendre functions, I» and A are the geo-
centric longitude and latitude of body A, respectively. With the use of the
theories of motion for Solar System bodies the right-hand sides of these
expressions may be expanded in trigonometric series of type

Qirn = r2p2m(sin VO YCmi cOS(Wii <+ m/ + Pmjj)- (7.1.25)
J

The zonal terms (m = 0) contain long-period harmonics (half a month for
the Moon and half a year for the Sun), the tesseral terms (m = 1) include
harmonics with a diurnal period and the sectorial terms (m = 2) involve
harmonics with a semidiurnal period. Moreover, the zonal part contains
the time-independent term

0m= -r2PNsinvo| Y (7.1.26)
a*e TrEA

with tea denoting some mean value of ¢ e a- It is suitable to add this value
to the potential of the force of gravity due to the Earth and to consider the
potential

W(r, ,VO= WE(r, ,VO+ <?2(r, VO (7.1.27)

although the term Q20 is usually treated as a perturbation and is not
included in the potential for gravitational force.

The surface r = r(/,VO closely approximating the mean sea level and
providing a constant value for the gravity potential

W = Wg = constant (7.1.28)
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is called the geoid. Nowadays, there are attempts to define the geoid within
the framework of ¢ : ¢+ (Soffel et al 1987b) but for our purposes the Newto-
nian definition (7.1.28) is quite satisfactory. Introduce now the quantities

GMe GMe tj2ro 1ro GMa
v~ WwWo 90 ~ 1% 2 go £¢ 2g0 r%A
(7.1.29)

with a and e being small dimensionless parameters. The dimensionless
ratio p = ro/r is closed to 1 for the points of the geoid. Expansion of w
in spherical harmonics yields

W(r, ,LNO= WO (p + A >H+1 + S2P"2N (7.1.30)

with
B2 = (o’+ 8e)cos2 —e. (7.1.31)

The coefficients A k admit the expansion

k

Ak= " (c fancosm/ + efomsin m/)Pjtm(sin V). (7.1.32)
m=0

The coefficients c*m, dikm are expressed in terms of the moments of inertia
of the Earth. If one ignores the small angle (less than 1") between the axis
of rotation and axis of inertia then among the second-order harmonics only
the coefficients

0~ Rfistey B2 22— IfEr T | o
, (7.1.33)
are not equal to zero. Here A = -f7]?,5 = 7?4 T, C = TM"1-f 7|2,

D = 7g2are the quadrupole moments of inertia of the Earth. In accordance
with (7.1.28) and (7.1.30) the equation of the geoid has the form

[ o]

A+ J )N/ 41+ 52/>2= 1 (7.1.34)
Ie2

Solving this equation with respect to p one finds the initial terms
p1=r/rO= 1+A24B24A34A4—2A243%5|4A2B24-... (7.1.35)

or in a more general form
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starting with

Poo =1+ |<r + ... P2o= G0 — 3" —6
P> = AD + eee #20 = "D+ - (7137)

At the point on the surface of the Earth considered one may introduce
the triad of unit vectors

cos /cos N\ / —cos /sin tp\ / —sin /'
(sin Icos”™ 1 e2= 1 —sin/sin J 63= 1 cos/
sinxp J \ «cosip [/ \ O
(7.1.38)

directed along the radius vector, the tangent to the parallel of latitude
and the tangent to the meridian of the given point, respectively. The
components of the force of gravity g = grad(VF) onto these directions are

9l = gei = = -g0 + 1)A kpk+2 - 2B 2P~Aj (7.1.39)
1 Uvv /] V—> Ullfe @M, o [+] /-~ ...
=qei = =0 1? ( >
03 = ge3= e = g0 sec %27 A— pfcig. (’?14!1)
rcosxp al " di

Using (7.1.27) one finds for the initial terms of the force of gravity compo-
nents on the surface of the geoid

9i = - ffol+ A2-4B2+ ...) g2 = 90 A + ...
03 = 9osec % ( + Y (7.1.42)
&

The magnitude of the force of gravity o\n the geoid is
g= W= 001+ A2- 4B2+ ..)). (7.1.43)

The coefficients A k and B2 are expressed in terms of geocentric spherical
coordinates /and ip. In astronomical measurements one uses the astronomi-
cal longitude A and latitude ipwhich determine the direction of the external
normal n to the geoid at the point of observation

rcos A cos ipy
n — [ sinAcosip | . (7.1.44)
sin ip
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Since the force of gravity is directed along the interior normal to the geoid
implying g = —gn one may derive from (7.1.39)—7.1.43) the components
of the normal

nei = -gi/g ne2= - 92/9 ne3= -g 3/g. (7.1.45)
On the other hand, using (7.1.38) and (7.1.44) one finds
sin> —sinip= (nei —”"sin” + (ne2)cos ip (7.1.46)

sin(A —/) = (neJ) sec (p. (7.1.47)

From this, it follows that

= + A-/ =-Nsec2W+ .... (7.148)
These relations enable us to express and B 2in terms of A and (p and to
obtain the final expansion of the force of gravity on the geoid in the form

o k \
(aoo + ( akm cos + bkmsin m”)-Pfcm(sin ¢p) j  (7.1.49)

fc=2m=0 /
with initial values
al0 —1~ §0'+ ... 2D = cO'T &7+ 4e + ...

aR = c2 ess &R = AN+ eees (7.1.50)

The potential of the force of gravity at any point on the surface of the
Earth may be now presented in the form

W(h, A ip) = Wo - g(<p, A)/i+ ... (7.1.51)

h being the height of the observer above the geoid. More detailed results
(with e= 0) may be found in Zhongolovich (1957).

7.1.5 Relation between GRS and TRS timescales
Returning to (7.1.17) and using (7.1.51) one obtains
“N'= UjRAEVTYT + 2VtVt + Wo + Q2 ~ QD —<&L>A)/i+ ... (7.1.52)

where y» A, h and y& are the coordinates of the ground station. The
solution of this equation is of the form

V(u) = V*u + Vp(u). (7.1.53)
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vV * is a constant, being the same for all possible ¢ s and, hence, indepen-
dent of location of the ground station. Thus, one should put

F* = wo. (7.1.54)

Vp(u) contains all the remaining terms resulting from integration of equa-
tion (7.1.52). The term —g(<p, A)h leads to the linear function of u depen-
dent on the ground station coordinates. The contribution from Q2—Q 20
contains periodic tidal terms caused by the Moon and the Sun. Finally,
the terms with g€ give the contribution due to geophysical factors. As a
result, equation (7.1.12) gives the following relationship between u and r:

r=(l- ¢~2V*)u - ¢ '2[Vp(u) + vrwk- Uu’)] (7.1.59)

or
(1 —e~2v*)u = r + c“2[VAu) + vr(wk—wt)]- (7.1.56)

7.1.6 International atomic time TAI

Along the world line of the trs origin (wk= w&) r is proper time of the
ground station and may be measured. The quantity v* is the same for
all systems trs, and the functions Vp(u) specific to each trs are known
from theoretical calculations. International atomic time tai is formed by
averaging the clock readings of many ground observatories (Guinot 1986).
This may be interpreted as averaging over many trs so that

TAI = mean(r + c¢~2Vp(u)). (7.1.57)
From (7.1.56) tai is related to ¢+ by means of
TAI = jfer]l - c¢~2v*)TT. (7.1.58)

Thus, the t: s coordinate time r at ap arbitrary point is expressed in terms
oftai,tt and ¢, respectively, as follows:

r= TAI —c~2[Vp(u) + vrwk—w?)] (7.1.59)

r = jfc-Al - e~2V*)TT - c~2[Vp(u) + vk(wk- «&)] (7.1.60)
r= 1- e¢~2v*)TB - c-2[5p(f) + vEB(xk- xE)]

- c~2Vp(u)

Putting now
kG= 1- ¢c~2V « 1- 0.7 x 1049 (7.1.62)

+ vj(w k — wj
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one has finally

TB = TT + c~2[Sp(TB) + vE(xk- xE)] (7.1.63)
TT = TAI + 32.184s (7.1.64)
r=TAI- c~2[Vp(TAI) + v&(wk- uf)] (7.1.65)
or
t=TT- 32.184a- c~2[Vp(TT) + vrwk- «4)] (7.1.66)
or else

¢ = TB - 32.184s - c~2[Sp(TB) + vE(xk- x]|)]
— c~2[Vp(TT) + Vj.(wk — tuy)]. (7.1.67)

An additive constant in (7.1.63) may be specified by the condition of
coincidence of t» and tt+ on the world line of the geocentre (xk = xE)
at some fundamental epoch. The constant shift 32.184s used in (7.1.64)
is due, to historical reasons, to prevent the discontinuity between atomic
and ephemeris timescales. The right-hand sides of (7.1.65)—7.1.67) may in
addition involve constants dependent on a specific clock.

These relations make it evident that tai is the physical realization of
the coordinate timescale ¢ ¢+ . All specific clocks involved in forming tai are
assumed to be synchronized with respect to coordinate time ¢t + (coordinate
synchronization in contrast to Einstein synchronization in proper time).
Due to (7.1.64) tai is defined theoretically in the same domain as TT but
the practical realization of this scale has so far been performed only at
selected points on the surface of the Earth. It may be possible in future to
include clocks on Earth satellites into the procedure for forming ¢ a i. Then
the domain of practical realization of tai will be significantly extended.
The unit of measurement of tai is the si second determined on the surface
of the geoid in rotation.

7.1.7 Units oflength

The problem of units of length is closely related to timescales. Indeed,
linear distances in brs and grs are not directly measurable quantities in
astronomy. Therefore, the units of length do not interfere directly in as-
tronomical measurements and their definition is dictated mainly by the
considerations of convenience in reduction calculations. Such considera-
tions are, for instance, as follows:

(1) to compensate for the rate difference between TB and the brs coor-
dinate time all linear sizes and relevant quantities in »rs should be
multiplied by a constant factor;
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(2) to compensate for the rate difference between TT and the grs coor-
dinate time all linear sizes and relevant quantities in grs should be
multiplied by a constant factor.

Indeed, the »rs equations of motion are described in terms of t, xk
and Ma- In the reduction of observational data the scale TB is used. In
keeping the nrs equations invariable one actually deals with the quantities

x4k = KBx\ (GMAy = kBGMA- (7.1.68)

Similarly, the grs equations of motion are described in terms of u, wk
and Ma- In the reduction of observational data the scale TT is used. In
keeping the grs equations invariable one actually deals with the quantities

w* = kGw\ (GMAy = kKGGMA. (7.1.69)

This approach is based on Hellings (1986) and partly on Fukushima ei al
(1986b). The latter also suggest an alternative approach without trans-
forming the spatial brs and grs coordinates. It leads to the same results
but implies different values of the gravitational constant and the velocity of
light in different reference frames and for astronomical problems with the
pure auxiliary role of units of length seems to be logically more complicated.

In any case relations (7.1.68) and (7.1.69) involve definite inconveniences.
For instance, the »rs planetary equations involve the mass of the Moon
and its geocentric coordinates. These quantities should be expressed in
brs units and will differ from the normal grs quantities for the Moon.
Similarly, the grs equations of motion of the Moon or an Earth satellite
involve the mass of the Sun and its geocentric coordinates (with masses and
the coordinates of the planets for the lunar equations). These quantities
should be expressed in gr s units and will differ from the normal »rs values
for the Sun and the planets.

The question of timescales and units gf measurement still remains under
discussion, involving conflicting considerations of the practical convenience
of possible definitions. The paper by Guinot and Seidelmann (1988) reflects
the history of different approaches to this question and does not claim to
solve the problem (see, for instance, Huang ei al (1989)). The considera-
tions discussed here and resulting in (7.1.63)—7.1.65) are dictated by the
requirement to retain as far as possible the astronomical tradition to use
timescales having no mutual secular trend. But the disadvantage of this
tradition is the inconvenience related to the necessity to re-determine the
length-dependent quantities in different reference systems.

These questions are discussed in more detail in Brumberg and Kopejkin
(1990).
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72 CLOCKS AND SATELLITES IN
CIRCUMTERRESTRIAL SPACE

7.2.1 Doppler effect and gravitational displacement of
frequency

In solving problems related to the measurement of time in circumterrestrial
space it is sufficient to use only the first terms of the coefficients of the ¢« s
metric (4.2.2)-(4.2.4)

fico = —2c“ 2>, w)  hGi= O =0 (7.2.1)

with w = (wl,w?2 being the geocentric position of a current point at
the ¢ s moment u and

= UE(u,w) + \UE,km{xE)wkwm+ .... (7.2.2)

To obtain results within an accuracy of 1 ns (or, equivalently, an accu-
racy of 10"14 in frequency) one may neglect in (7.2.2) the lunar and solar
tidal terms and retain in the geopotential only the second zonal harmonic.
In this case expression (7.2.2) in equatorial coordinates is replaced by

$<,\- G (7.2.3)

where Ae is the equatorial radius of the Earth, J2is the coefficient in the
second zonal harmonic, and d and ¢ are the radius vector and latitude of
the given point, respectively.

Consider the Doppler effect in the gravitational field of the Earth. Let a
light signal of duration 6u be emitted from the moving point 1 at the g« s
moment u. This signal reaches the moving point 2 at moment v! as the
impulse of duration bv!. The corresponding intervals of the proper time at
points 1 and 2 are

6r= (1 —27ic“2—w\c~2)1!28u (7.2.4)
St9= (1 - 2$2c~2- w2c~2) 1t28uf (7.2.5)

with
&i= $(i0i) 82= D(i2- (7.2.6)

The moment uf of reception of the light signal is a function of the moment
u of its emission. Therefore,
di/

6u’ = /(‘i-6u (7.2.7)
u
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and
1 — ~D -
st1 | 2$2c~2 —w 2c~2) 1r2duf (7.2.8)
St (1 —27ic”2—w\c~2) 2 du
In the Newtonian approximation
u' —u = c" 1[itPl(w) —it?2(w/)I* (7.2.9)
Introducing the unit vector
|Di(t) - ty 2Aw]l 2o
and differentiating (7.2.9) one finds
— =1+ C_lkl;xi/ui(—c_itku.w(l/)\d—d
dw au
or
du* 1-f£c Ucit?i(w) 7.2.11)
dw 1+ e~lkw2(u’) *
Finally,
<K (1 —232c“2—tb2e™2) Y2 1+ c"Ifcibi(t/) (7.2.12)
st (1- 2$ic“2- ibiC"2) 1/2 1+ ¢ lfctb2(ti)) o
or after expanding in series
N = 1+ ,—»(«, - «’) + ”—'*»,< «) - «—.*»,(«') + *«—’(»? - »?)
+ ¢ 2(Anb2) 2 —c” 2(fcibi)(fcit;2) —+tm___ (7.2.13)

Small third-order quantities are omitted in (7.2.12) and (7.2.13). In
the second-order terms one may not distinguish between the arguments u
and u'. If fi is the proper frequency of the emitted signal and /i2 is the
frequency of this signal recorded at point 2 then

& - £ nm (72-14>

This relation, together with (7.2.12) or (7.2.13), determines the frequency
displacement due to the motions of emitter and receiver (intrinsic Doppler
effect) and the difference in the gravitation potentials at the points of emis-
sion and reception of the signal (gravitational displacement of frequency).

The first-order terms in (7.2.13) contain two instants, the moment u of
emission and the moment u! of reception. Sometimes it may be useful to
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rewrite this relation as the function of one single argument. Let us choose
first the moment of emission u as the basic argument. Starting from (7.2.9)
and denoting

R(u) —wi(u) — W2{u) (7.2.15)

one obtains

u —u—c I\R(wW) —(uf—u)w2(u)\ —c IR(u) —c Ifu, —u)Rw2

= ¢~lR(u) —c~2R w 2{u) + — (7.2.16)

After some manipulation we obtain

k- o« " "l+c -Tp~r (72'17)

and
W2(u') = w2(u) + c~lRw2(u). (7.2.18)

Substituting these expressions into (7.2.13) one gets

6t ' 2
— =1+c-a(Si-S 2)+ c_Yl(ti) + \c~2R -c~2Rw 2+ .... (7.2.19)

In neglecting the acceleration of the light receiver this formula reduces to
the Doppler shift of special relativity

14* c—-R(w)
(1- c-iR2) Y2

in combination with the additive gravitational displacement c* 2(<I> —$ 2).
Equation (7.2.19) may be derived from (7.2.8) more easily by using the
relation resulting from (7.2.16)

duf . .
-jA- = 1+ c~IR(u) —c~2Rw2 —c~2Rib 2¢ (7.2.20)

Let us transform (7.2.13) to the argument ¢ . From
v/- u= c-lR{u') - c~2Rwi (7.2.21)

and
-py = 1—e~IR(u/) + ¢c~2Rw 1+ c~2Rwi (7.2.22)
one has from (7.2.8)

St
1+ <r2($2- $i) - c_lii(u') + \c~2EL + c~2Rw 1. (7.2.23)
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Needless to say, equations (7.2.12), (7.2.19) and (7.2.23) axe quite equiv-
alent.

7.2.2 Integrated Doppler effect

Consideration of the integrated Doppler effect is performed here by a tech-
nique used by Boucher (1978) in a slightly different form. A clock with
proper frequency f\ located at moving point 1 (a satellite) emits light sig-
nals during the interval (ri, r2) of the proper time r of this point. These
signals are received with frequency f\2 by the moving point 2 (a ground
station) in the interval of the proper time r' of this point and are
compared with the signals with frequency f£2 of the clock located at point
2. The measurable quantity over the interval (¢[, ¢t2) is the difference be-
tween the number of proper impulses generated by the clock at point 2
and the number of impulses received at point 2 from the clock at point 1.
Mathematically, this quantity equals

(7.2.24)

The frequency f2 is constant with respect to proper time r* and may be
put outside the integral sign. The number of impulses received at point 2
is equal to the number of impulses emitted at point 1. Hence,

(7.2.25)

and this time the frequency A\ is constant with respect to r and may be
put outside the integral sign. The remaining integral is transformed again
to the proper time r' with the use of (7.2.8)

-1 dr'.
(7.2.26)

It is convenient to express du/du' here by (7.2.22) in terms of the mo-
ment of reception u', as in integrating within the adopted accuracy the
difference between v! and r; may be neglected. Therefore,
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Using all intermediate results, one finds finally
N = (h~ [i)(t' - r{) + ¢c-lh[R{r'2) - R(r[)}

- c~2n / 3($2- $i+ + Rii>l) dr'. (7.2.28)
J<

In the limit t2 —r[ taking account of (7.2.14) one returns again to (7.2.23).

7.2.3 Synchronization of ground and satellite clocks

As suggested by Ashby and Allan (1979), to compare the rate of clocks at
different points of circumterrestrial space it is suitable to take as the basis
the coordinate time of a geocentric reference frame. In particular, this leads
to a significant simplification of the procedure of clock synchronization.
This enables us to avoid difficulties related to non-transitivity and the
dependence on the traversed path in the clock synchronization in proper
time (Einstein synchronization).

The satellite clock may be synchronized with the ground station clock by
(indirectly) recording at station A the coordinate time interval Ta between
emission of signal to the satellite and its return to the station after reflection
from the satellite. Due to the Earth’s rotation, with angular velocity w;,
station A during the interval Ta changes its geocentric location from wa —
w a (ua) at moment Ua of the signal emission to

wafua + Ta) = wA(uA) + 7TUW X wA). (7.2.29)

Clock synchronization implies that after converting to coordinate time
the satellite clock at the moment of signal arrival at the satellite has a
reading

UA = ua * \Ta * ¢c~2w 'a(u>X WA) (7.2.30)

wA = being the geocentric position of the satellite at moment uA.
Indeed, for a signal propagating from the ground station to the satellite
one has

u'a= UA+ C~IDA Da = \w'(u'A) - wA(uA)\ (7.2.31)

and for the return journey

Us +Ta = UA+ c-'lwrUA. +Ta) - w’(ui)l
=u'a+ ¢c~1Da - C-1"-(W Xwa)wa. (7.2.32)
Ua

The difference between these expressions yields (7.2.30).
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If the satellite clock is chosen as the reference clock then the ground
clock may be synchronized by the emission of a signal from the satellite to
the ground station and its further reception again at the satellite. During
the two-way transit time TA the satellite, moving with velocity v', changes
its position from wA — w (uA) at initial moment uwA to

+ Ta) = w'(u'A) + TAv'. (7.2.33)

For clock synchronization the ground clock at the moment of reception
of the signal should have a reading which corresponds to the coordinate
time

ua = u'at \Ta - c~2'(w'a- wa). (7.2.34)

Indeed, for the path from the satellite to the ground station one has

ua = u'a+ c~1Da (7235)

and for the way back from the ground station to the satellite

ua + ta = ua + c~1Iw '(u'a+T'a) - wa(ua)\

= uA+ c~IDA + ¢c~1"-v'(w A - wA). (7.2.36)
UA

The difference between these expressions gives (7.2.34). Relations
(7.2.30) and (7.2.34) enable one to synchronize the clocks provided that
the readings of one clock and the two-way transit time of the signal are
known. The coordinates and velocities of the satellite and the ground sta-
tion occur in these relations only in the post-Newtonian terms and, hence,
may be known to an accuracy of the first (Newtonian) approximation. For
a satellite in a circular orbit one has v'wA = 0, resulting in some simplifi-
cation of (7.2.34).

7.2.4 Synchronization of two ground clocks via satellite

The basic relations (7.2.30) and (7.2.34) underlie the analysis by Ashby
and Allan (1979) of different real cases of interest in the rate comparison of
two ground clocks via satellite. Because of their practical importance some
results are reproduced below. In the first case the stations are connected
with one another by light signals via satellite. In all other cases each station
interacts separately with the satellite.

(1) Ground station A at moment ua transmits the signal to the satel-
lite. Being reflected from the satellite this signal is received by ground sta-
tion B and is re-transmitted to the satellite. The signal is again reflected
from the satellite and returns to station A at moment ua + Ta- Mea-
surement of uA and " (including the necessary conversion from proper to
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coordinate time) enables us to calculate the moment of the signal’s arrival
at B and to obtain the synchronization formula

UB=UA+ \Ta+ v (wB- wB+ A (WA- «4)) c2
+ C~2(1 4- N _]) (WXw a)w 'a (7237)

where Da and D» are the distances travelled by the photon in propagating
from stations A and B, respectively, to the satellite. All other designations
are the same as used in (7.2.30) and (7.2.34). In fact, denoting by uA, vB
the moments of arrival of signals from A and B, respectively, at the satellite
S, one has for the four segments (A,5), (S, B), (B,S) and (S, A)

u'a = ua+t+ ¢c_1Da Da = \W{u'A) - wA(uA)\ (7238)

ub =u'A+ c~I\w(uA) —wb{un) |

=uA+ c~1Db + c~iUbn — v'[wb (ub) - u>{uB)] (7.2.39)
Db

ub = uB+ c~1Db Db = \w'(uB) - wb(ub)\ (7.2.40)

ua +Ta =u'b+c_1|to'(u'B) - wa(ua +Ta)\

= u'b+ ¢c~1Da - -A-[A(W Xwa)w'(u'a)
+ (ub- u'a)v'(w a(ua) - (7241)

Excluding from this the moments ufA, B and the Newtonian terms
with distances Da, Db one obtains the synchronization formula (7.2.37).
To post-Newtonian accuracy one may replace w'B by wa in (7.2.37).

(2) Ground station A transmits a signal to the satellite at moment
u a- This signal is reflected from the satellite and returns to A at moment
ua + Ta- Similarly, station B transmits a second signal at moment ub
(> "a)> returning to it at moment u b + T» after reflection from the satellite.
The known quantities are TA, Tp and the time interval T1 = uB — uA
between recording the two signals on the satellite. The synchronization
formula for clocks A and B has the form

ub = uA+ *¥(Ta -T b))+ T '+ c-2[(u XwAJwA- U’Xwb)wbh]. (7.2.42)

In fact, applying (7.2.30) to clocks A and B and forming the difference
of the corresponding expressions, one obtains (7.2.42).
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(3) Ground station A transmits a signal to the satellite at moment ua
which returns to it at moment ua + Ta after reflection from the satellite. In
addition, the second signal is transmitted from the satellite to station B and
then returns to the satellite. Let the round-trip transit time for this signal
be TB. The known quantities are Ta, TB and the interval T1= uB —uA
recorded on the satellite between the arrival of the signal from A and the
departure of signal to station B. The synchronization formula at moment
ua of the first signal emission at A and moment «» of the second signal’s
reception at B takes the form

UB=uA+ \(Ta+ Th)+ T + c~2[w'afu XwA)- v'(w'B- u>b)]. (7.2.43)

Indeed, by applying (7.2.30) and (7.2.34) to A and B, respectively, and
adding the results one obtains relation (7.2.43).

(4) Two signals are transmitted with an interval T 1from the satellite
to stations A and B, respectively, and after their return to the satellite
their transit times TA and TB are recorded. The synchronization formula
for the moments of arrival of these signals at A and B is of the form

UB = ua + "N(TA-Ta)+ T '-c 2[v'b(w'b- wb) -va(wa- wa)]. (7244)

This follows from application of (7.2.34) to A and B. If the time interval
is sufficiently small one may make the values »’A and vB of the satellite
velocity identical.

All these clock synchronization techniques involve the geocentric time
u. Actual measurements give the proper time of the ground station (the
trs origin) or the proper time of the satellite (the s:s origin). The trans-
formation from u to these proper times has been considered in section 6.2
and in more detail for the ground station in section 7.1.

7.2.5 Use of navigation satellites

The problem of navigation with the use of the systems of navigation satel-
lites like navstar is closely related to the problem of clock synchronization
on the surface of the Earth and in circumterrestrial space. Consider three
moving objects: a navigation satellite 1, a user 2 (ship or aircraft) and
a ground station 3. All three objects are supplied with clocks indicating
their individual proper time r, r' and r", respectively. For the clock on
the satellite the conversion from proper time r to ¢ s coordinate time u is
reduced to the integral

(7.2.45)
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to be taken along the satellite trajectory. If in the geopotential (7.2.2)

one may be restricted by the approximation (7.2.3) then using the energy
integral

+$1=H (7.2.46)

one obtains

« = I (I + c~2H + N+ - 3sin2v1)j dr (7.2.47)

m = GMe /c2 being the gravitational Earth parameter. For the reference
clock of the ground station one has, by analogy with (7.2.45),

u—J (l-c -2$3+ xc-2wl)dT". (7.2.48)

From (7.1.52)-(7.1.56) this relation takes the form
ti=(1+ e~2V*)e" + c~2Vp(u). (7.2.49)

If one may again be restricted here by the approximation (7.2.3) then the
relations of section 7.1.4. are replaced by the approximate relations

d3= Ae —Ae/sin2ip4 h (7.2.50)
AE —Av w2Ap oT

/=- V A 2 4 (7'2'51)

w3= Px w3 (7.2.52)

Wo = + *j2) + (7-2'53)

, N GMe 3GMe t © (n 2 3GMe .2 Jr_ A

g(y) = ~N2~+ 2A2 2~WAe+ [\Zu AB- — T-J 2/\sm < (7254)

E E E

Ap is the polar radius of the Earth, ; is the Earth’s oblateness, Wgq is, as
previously, the value of the potential of the force of gravity on the surface
of the geoid. Integral (7.2.48) is transformed to

« = J [14 c~2Wq —c~2g(ip)h] dr”. (7.2.55)

Numerical analysis of expressions (7.2.47) and (7.2.55) has been per-
formed by Ashby and Allan (1979).
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The user of navigation satellites can derive, on the basis of approximately
known values of his own position and velocity, the coordinate time from
proper time r' in a similar fashion to (7.2.45) and (7.2.48)

u= /(I —c~2$2+ \c~2w\) dr7. (7.2.56)

In principle, the determination of the position of user 2 by means of a
system of navigation satellites like navstar may be realized as follows. At
the epoch ug of grs time let clocks 1, 2 and 3 be synchronized, implying
that their readings ti, rf and ¢ 7 in individual proper time correspond to the
moment uQofgrs coordinate time. Satellite 1 transmits signals periodic in
its proper time r. Consider a signal emitted by the satellite at moment
in its own timescale r and received by the user at moment r2 in the user’s
timescale r;. The moments r2 and r2 correspond to the epochs u\ and u2
of grs time, respectively. Then by (7.2.45) and (7.2.56) one has

r2
Ui- Ug= 2- Ti+c"2 / (<[> + \w\)dr (7.2.57)
Jry
u2—u0=t2—t¢tf+c 2 f (—$2+ 2N 2) &I (7.2.58)

The moments ui and u2 are related by (7.2.21):
u2—ui —c~1Ri2(u2) —c-2R Xwi (7.2.59)

with R i2 being determined by (7.2.15). Using (7.2.57)-(7.2.59) one finds

rT2
Ri2(u2) = cf{t2- ¢f) - c(r2- Ti)+ c1 / (-$2 + \w\)dr
Jt ‘i
-c-1/ (-$! + \w\)6it + c~IRi2wi. (7.2.60)

J T\V

The epochs ri, ¢2) ¢/ and r2 are measurable quantities and the integrals,
as well as the last term in (7.2.60), may be calculated with approximate
known data. Thus, this relation enables one to find the exact value of the
distance between user 2 and satellite 1 at moment u2.

The navigation system envisages that the user receives the signals si-
multaneously from at least four navigation satellites. Three relations of
type (7.2.60) allow the determination of the geocentric coordinates of the
user on the basis of three distance values. The user’s clock as a rule is not
sufficiently accurate and one actually determines pseudodistances involving
the unknown correction to the user’s clock. To determine this correction
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a fourth equation of the type (7.2.60) is needed. The technique of calcu-
lating the geocentric position of the user and the correction of his clock
with the aid of navigation satellites is described in detail in a set of papers
published in Navigation 25 no 2 1978. The consideration of the relativity
effects developed here differs a little from the technique used in ¢ s (Spilker
1978).

Ground station 3 also receives signals from satellite 1. The time interval
from the epoch of the synchronization to the moment iz3 of signal reception
is equal to

u3-u 0= T%- ¢"+c 2/ (-$3+ [th3dr" (7.2.61)
JT»

with 72 being the moment of signal reception in proper time r" of the
ground station. The moments Ui and u3 are related, by analogy with
(7.2.21), by

uf-ui—c *1113(1°3) —c 2R\3Wi (7.2.62)

or similarly to (7.2.16)

U3- Ui = C~1Rig(ui) - C-2R 13W3 = C~1Rig(ui) - C~2Wi(<jJ X W3).
(7.2.63)
The use of (7.2.57), (7.2.61) and (7.2.62) or (7.2.63) permits us in general
to relate the readings r of the satellite clock with the readings r" of the
reference clock of the ground station and to refer all measurements of users
to the timescale r". But the use of ¢ s time u seems to be a simpler and
more convenient method.

7.2.6 Synchronization by clock transportation or
electromagnetic signal transmission

From the ¢ r s + metric (6.1.16)—6.1.18) or (7.1.52) it is seen that the proper
time of a clock moving on the surface of the Earth is

dr= {1 - c~2[W0+ Q2- Q20 ~ g(<P, X)h + eijlgjBykvl+ \vkvk+ ...J} du

(7.2.64)
where vk is the velocity of the moving clock in ¢r s+ with (p and A being
its latitude and longitude, respectively. Introducing T T instead of u and
neglecting the Iunar and solar tidal terms one obtains

d(TT) = [1 —c~2g(ip,A)h + \c~2024-c~2( x y)v]dr. (7.2.65)

In transporting the clock along some path on the surface of the Earth
the change of time TT is determined by the curvilinear integral of the
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right-hand side of (7.2.65). The last term of this expression leads to the
integral

J(wxy)vdr = wJ (yxv)dr= J(yx dy) = 2u>S= 24jSe - (7.2.66)

ds = (y x dy)/2 is the area vector element swept out by the geocentric
position vector of the clock in its transfer over the Earth’s surface, S is
the integral area and Se is the projection of this area onto the equatorial
plane. This projection is taken to be positive for eastward motion of the
clock. This term, due completely to the rotation of the Earth, is called
the Sagnac effect. In clock movement over a closed circuit its readings will
differ by a quantity proportional to the area covered.

Clock synchronization may be performed by transmitting electromag-
netic signals as well. The determining relation is obtained from applying
(2.3.25) to the ¢« s+ metric

d(TT) = c~1[1- c~29(<p, X)h + c“ 20> x y)V] dt (7.2.67)

where V is the coordinate velocity of light in ¢ s+ and d€ is the proper
distance element along the light trajectory. One has approximately

dr2= (1 + 2c~2Ue) dykdyk. (7.2.68)

On integration, the third term in (7.2.67) again gives the Sagnac effect in
the form

C—3](uj xy)V di—c 3u>](y xV)di —c 2u>](y x V)dr
—c 26iJ(y X dy) = 2c~2ujSe . (7.2.69)

At present, all effects related to light propagation and clock rate com-
parison on the Earth and in circumterrestrial space have been well tested
experimentally. The numerical estimates and other relevant data may be
found in Allan and Ashby (1986) and Alley (1983).

Relativistic geodynamics is still taking its first steps. Exposition here
has been restricted only to methodological questions with limited accuracy.
A review of other relativistic problems of geodynamics may be found in
Boucher (1986).



Postscript

Since the main part of this book was written, IAU Colloquium 127 on refer-
ence systems has taken place at Virginia Beach (14-20 October 1990). One
of the principal aims of this Colloquium was to discuss the draft recommen-
dations for the forthcoming 21st IAU General Assembly (Buenos Aires, 23
July-1 August 1991). It is of importance that in the draft recommendation
on time there appeared for the first time the coordinate timescales t and
uofvrs and g s, under the names ¢ c» (temps coordonne barycentrique)
and tcg (temps coordonne geocentrique), respectively (section 7.1). This
does not prevent us from using the scales ¢ » and « ¢ , but in operating with
t and u one can avoid the necessity of introducing scaling factors in the
values for the masses and coordinates of the bodies (cf section 7.1.7).

In the draft recommendations specifying the main reference systems is
the fact that, for the first time, these systems are defined as ¢:¢ four-
dimensional systems to be postulated using corresponding metric forms.

In so doing only the values of ngﬁ¢ and hﬁ‘f] are fixed in the expansions

(4.1.1) for the metric tensor components, with the condition Jiff =

Jigg is supposed to include the Newtonian potential of the internal masses
and the tidal potential due to external masses. Such a choice of coordinates
involves, in particular, the vanishing of the coordinate functions a2in the
description (2.2.38)-(2.2.40) ofs r s, enabling one to use both harmonic and
ppn type (2.2.41) coordinates, with the coordinate function ao not being
fixed. Moreover, without indicating the form of h $ one cannot distinguish
between dynamically non-rotating and kinematically non-rotating systems
(applied to ¢r s the first case is specified by (4.2.3) and (4.2.8) whereas the
second case implies the absence of the term with geodesic precession F lk
in (4.2.8) and the addition of a term —c~3F tkwk on the right-hand side
of (4.2.3)). This question, as well as the possibility of representing ¢:s in
closed form with respect to the geocentric coordinates wk, are described in
detail in a paper submitted by the author to the Colloquium proceedings.
In addition, there is also a paper in the proceedings by Damour, Soffel and
Xu dealing with the construction of relativistic reference systems in closed
form in a a m coordinates (of the type of s pa frame coordinates). These two
papers complement the content of the present book.
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field equations, 43
geodesic line, 21, 96
light propagation, 96
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