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Preface

In recent years the general theory of relativity ( g r t ) in its simplest applica­
tions in celestial mechanics and astrometry is no longer seen as a theory still 
to be proved, but rather serves as a necessary framework for the construc­
tion of accurate dynamical ephemerides (10“8 to 10~9 with respect to the 
main Newtonian terms) and in the discussion of high-precision observations 
(0.001" in angular distance, 1 microsecond in time, 10-14 in frequency). It 
is of interest to note that in 1974 at IAU Colloquium no 26, devoted to the 
problems of reference systems for astronomy and geodynamics, the word 
‘relativity’ was used only occasionally (Kolaczek and Weiffenbach 1975). 
However, by 1980 at IAU Colloquium no 56 devoted to the same problems 
several authors had already presented papers within the framework of g r t  
(Gaposchkin and Kolaczek 1981), and in 1984 the Japanese Astronomical 
Almanac for 1985 appeared, containing a detailed exposition of principles 
of g r t  as applied to ephemeris astronomy (Japanese Ephemeris 1985). In 
fact, this was the start of broadly utilizing g r t  in ephemeris astronomy. 
g r t  was coming into use in the exposition of traditional questions of as­
trometry and spherical astronomy (Murray 1983, Green 1985). Finally, 
1985 saw IAU Symposium no 114, ‘Relativity in Celestial Mechanics and 
Astrometry’, the first IAU meeting devoted exclusively to the problems of 
relativistic celestial mechanics and astrometry (RCMA 1986). As great an 
interest in the practical application of g r t  is expressed by the International 
Association of Geodesy.

g r t  is the physical foundation of celestial mechanics. Disregarding this 
meaning of g r t , and from a purely operational point of view, the distinc­
tion between Newtonian mechanics and g r t  is displayed, mathematically, 
by the structure of the field equations and the equations of motion and, 
physically, by the way we compare observational and theoretical data. The 
first question is the subject of relativistic celestial mechanics, the second 
is the subject of relativistic astrometry. Only a consistent simultaneous 
treatment of both questions leads to physically meaningful results. The 
specific feature of the second question is that, in contrast to the inertial 
coordinates of Newtonian mechanics, the g r t  coordinates have no physical 
meaning and cannot be considered to be physically measurable quantities. 
Therefore, the results of the relativistic dynamical theories expressed in
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terms of the coordinates are not unique; they depend on the type of the 
coordinate conditions used and so cannot be directly confirmed or refuted 
by observations. Only in terms of measurable quantities do the conclusions 
of the dynamical theories become unique and comparison with observation 
become possible.

These logically very simple statements of g r t  present difficulties in the 
practical application of g r t  by astronomers (and not only by them!) accus­
tomed to Newtonian conceptions of space and time. In spite of the extensive 
penetration of g r t  into celestial mechanics and astrometry there still exists 
the danger of superficially using g r t  as a theory for only adding small cor­
rections to Newtonian mechanics. This is a completely false idea leading to 
improper interpretation of g r t  solutions and observational data. For com­
plete utilization of the high-precision data of modern observational tools, 
such as space astrometry, v l b i , pulsar timing, etc, celestial mechanicians 
and astrometrists should accept the g r t  framework in such fundamental 
domains as reference frames, timescales, reduction of observations, etc.

The aim of this book is to describe the essential questions of relativistic 
celestial mechanics in relation to relativistic astrometry. This book was 
preceded by Relativistic Celestial Mechanics by the same author, published 
in Russian (Moscow, 1972). In spite of the close interrelation between 
these books the present one is in fact a new monograph rather than a 
new edition of the preceding work. The main emphasis here is given to 
results obtained in relativistic celestial mechanics in recent years. Similar 
questions are partly considered in the recent book by Soffel (1989) but the 
present monograph contains different topics and has its own manner of 
treatment.

The book consists of seven chapters. The first chapter discusses the 
elements of Newtonian celestial mechanics, tensor analysis and the special 
theory of relativity. This chapter does not claim to be a comprehensive 
treatment of these topics and is aimed at avoiding too much reference to 
the appropriate specialized textbooks.

The second chapter is devoted to a description of the fundamentals of 
g r t . It deals with the post-Newtonian metric for an isolated system of 
bodies such as the Solar System, the post-Newtonian equations of test 
particle motion and light propagation, and the problem of measurement of 
infinitesimal time intervals and distances within the framework of the tetrad 
formalism. Not all the results of this chapter are used in later chapters but 
it seems reasonable to reflect here on the various mathematical techniques 
of current papers on g r t  and relativistic astronomy.

The third chapter is concerned with one-body g r t  problems. In deriv­
ing the Schwarzschild metric a more general approach has been used as 
compared with the techniques more commonly used. Much attention is 
focused on those aspects which are of importance in application to celestial 
mechanics and astrometry. The post-Newtonian solution of the equations
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of motion of a test particle is given both in coordinate form and by means 
of expressions for the orbital osculating elements. The equations of light 
propagation are solved in the post-post-Newtonian approximation. The 
contributions to the secular evolution of the orbit of a test particle caused 
by the rotation of an attracting body and its quadrupole moment are also 
discussed.

Approximate solutions of the field equations and approximate equations 
of motion of the N-body problem are examined in Chapter 4. The post- 
Newtonian equations of motion of the AT-body problem are formulated in 
the barycentric reference system (b r s ) after which the transformation to 
the planetocentric, and in particular the geocentric, reference system ( g r s ) 
is performed. Along with the traditional expansion in powers of v/c (v is the 
characteristic velocity of the bodies, c is the velocity of light), a technique 
based on expansions in powers of the ratio of the planetary masses to the 
mass of the Sun is also developed. The problem of two bodies of comparable 
masses is treated here, as well as the motion of a binary system, taking into 
account gravitational radiation.

The methods discussed in Chapter 4 are applied in Chapter 5 to derive 
the equations of motion of Solar System bodies: Earth’s artificial satellites, 
the major planets and the Moon. The Earth satellite equations of motion 
are derived first in b r s  and are then transformed to g r s  equations. The 
equations of planetary motion are described in BRS, which is the most con­
venient for this case. Although relativistic perturbations for the g r s  lunar 
motion are two orders of magnitude less than the b r s  perturbations, b r s  
consideration of the lunar motion presented here does not lose its impor­
tance in providing a uniform treatment of planetary and lunar motion.

The relativistic reduction of astrometric measurements is analyzed in 
Chapter 6. The hierarchy of astronomical reference systems relating to the 
Solar System barycentre, the geocentre, a ground station on the surface of 
the Earth and a satellite station in orbit around the Earth, respectively, are 
constructed. This enables one to perform, in an uniform manner, typical 
reduction of astrometric measurements including optical, radio technical, 
laser and v l b i  observations.

Geodynamical effects in time measurement on the Earth and in cir­
cumterrestrial space are briefly discussed in Chapter 7. Most attention 
is paid here to the timescales for the Earth and to the problem of clock 
synchronization via satellite. Relativistic effects in geodynamics form a 
comparatively new domain of investigation with a promising future.

This book contains few numerical data. Experience shows that such data 
quickly become obsolete. Therefore, emphasis is given here to practically 
useful relations and methodological questions which become particularly 
important in the extensive application of g r t  in celestial mechanics and 
astrometry. Unsolved or not completely investigated problems are often 
indicated in the text. Examples of this type are the possibility of relativis-
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tic resonance in the critical inclination case in the theory of Earth satellite 
motion (section 3.3.3), the interaction of Schwarzschild terms and Newto­
nian planetary perturbations in the theory of motion of the major planets 
(section 5.2.3), the development of the expansion technique in powers of the 
ratio of the planetary masses to the mass of the Sun avoiding expansions in 
powers of v/c as well as motion within the cosmological background (sec­
tion 4.3), the general structure and statement of the initial value problem of 
the motion taking into account gravitational radiation (section 4.4.6), the 
consistent application of the relativistic theory of astronomical reference 
systems to the problems of astrometry (section 6.2), etc.

A general remark may be made here. Relativistic celestial mechanics 
is meant here as celestial mechanics based on Einstein’s general theory 
of relativity. Alternative theories of gravitation are not touched on at 
all (except for using sometimes the main parameters characterizing post- 
Newtonian metric theories for the sake of mathematical generalization). 
This is for two reasons. Firstly, the extensive programme of parametrized 
post-Newtonian ( p p n ) formalism performed during the last two decades has 
resulted in the experimental foundation of g r t  as the theory best fitted to 
observation (Will 1985, 1986). Nowadays there is no reliable observational 
result inconsistent with g r t  and calling for any other theory. Secondly, it 
is not unusual that some authors of current alternative theories accompany 
the development of their theories by unjustified criticism with respect to 
g r t , attributing fictitious shortcomings to it. This evokes nothing but 
regret and prevents citation of the corresponding papers.

The author is indebted to Dr A M Nobili and Professor A E Roy for 
their encouragement and stimulation of this work. Long and close col­
laboration with Dr S M Kopejkin from Sternberg Astronomical Institute 
(Moscow) affected many parts of this book and is gratefully acknowledged. 
Particular thanks is given for the invaluable help received in preparing and 
checking the computer version of the manuscript to Drs E Z Chotimskaya, 
S A Klioner and A V Voinov from the Institute of Applied Astronomy 
(Leningrad). The author is also immensely grateful to the staff of Adam 
Hilger, and most particularly to Mr Richard Fidczuk, the Desk Editor, for 
the high-quality work of improving the author’s English and converting 
the computer form of the manuscript from Chiwriter to T^X, resulting in 
better reproduction of the book.

V A Brumberg
Leningrad



1

M athem atical Tools

1.1 ELEMENTS OF NEW TO NIAN CELESTIAL 
M ECHANICS

1.1.1 Two-body problem

Newtonian celestial mechanics is based on Newton’s law of universal gravi­
tation (theory of the Newtonian potential) and the laws of Newtonian me­
chanics (theory of motion). The simplest problem of Newtonian celestial 
mechanics is the problem of two bodies (point masses). The differential 
equations of motion of this problem in some fixed rectangular reference 
system x, y, z have the form

where Mi are the masses, V{ — (Xi,yi,Zi) are the position vectors of the 
two bodies, r = |i*2 — t*i| is the mutual distance between the bodies and G 
is the gravitational constant. Replacing r i and 7*2 by the position vector 
of the Newtonian centre of mass

and the relative position vector of the second body with respect to the first 
one

r  = 7*2 -  ri  

system (1.1.1) is split into two systems:

*0 =  0 (1.1.2)

1
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and
r = - G M ^ r .  (1.1.3)

/
From (1.1.2) it follows that the centre of mass of the two-body system 

is in uniform rectilinear motion (a reference system is called barycentric 
provided that the centre of mass is at rest at the origin of this system). 
Equations (1.1.3) determine the relative motion of M2 with respect to M\.

The trajectories of the two-body problem are conic sections (straight 
lines in the degenerate case). In what follows only the case of elliptic mo­
tion is of importance, i.e. the hyperbolic or parabolic motion will not be 
considered. The size and the shape of an elliptic orbit are characterized by 
the semi-major axis a and the eccentricity e (0 < e < 1). The orientation 
in space of the plane of motion is defined by the inclination i (the angle 
between the xy plane and the orbital plane) and the longitude of the as­
cending node A (the angle in the xy plane between the x axis and the line 
of nodes, i.e. the line of intersection of the xy  plane and the orbital plane; it 
is assumed here that in passing through the ascending node, the coordinate 
z of the moving body changes from negative values to positive ones). For 
orientation of the orbit in the plane of motion one uses the argument of the 
pericentre u  (the angular orbital distance between the pericentre and the 
ascending node). These five Keplerian elements may be replaced by the 
vectorial elements, for example, by the mutually orthogonal area vector c 
and Laplace vector / :

 ̂ (  2 / .x. c =  r  x r* j  =  f r -------- 1 r — (rr)r.  (1.1.4)

Expressions (1.1.4) are the first integrals of equations (1.1.3). Along 
with them there is the energy integral

. 2  —  1
< 1 1 5 >

The arbitrary constants occurring in (1.1.4) are related by two equations:

c f  = 0 GMc2 + a f  = (G M f a .

It is convenient to introduce the triad of unit vectors Z, m , k  directed 
along the line of the nodes toward the ascending node of the orbit, trans­
versely to the line of nodes in the orbital plane and transversely to the 
orbital plane, respectively:

— cos i sin A \  /  sin i sin A
m =  | cos i cos A I fc =  I — sin i cos A ) . (1.1.6) 

sin i I \  cos i
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Let P , Q be the unit vectors directed along the line of apsides towards 
the pericentre and transversely to the line of apsides in the orbital plane, 
respectively:

P  = I c o s +  m  sinu Q =  — isinu; +  m  c o s u j . (1.1.7)

Then
. c =  (GMp)1/2fc f - G M e P  (1.1.8)

with p = a( 1—e2) being the parameter of orbit. The coordinates of the body 
in the orbital plane are the radius vector r and the argument of latitude u 
(the angular orbital distance reckoned from the ascending node). In terms 
of r and u one has

r =r(l  cos u +  m  sin u)

(  GM \
r  =  f ----- ) [— Z(sinit +  esinu;) +  m(cos u +  e coso;)]. (1.1.9)

Instead of u one may use the true anomaly / ,  i.e. the angular orbital 
distance between the pericentre and the moving body. Evidently,

u = /  + cj. ( 1.1.10)

In terms of the true anomaly there results

r =  -------2----- - (1.1.11)
1 +  e cos /

and

r —r{P  cos /  +  Q sin / )  
( C M  \

r  =  y —— -J [—P s i n / +  Q (co s/-f  e)]. (1.1.12)

The dependence on time t is determined by the transcendental Kepler 
equation

E - e s i n E  = L (1.1.13)

The eccentric anomaly E  is related to the true anomaly f  by means of

/ r i ± f V /21 *
tan 2 = ( j 3 7 j  tan IF' (LL14)

Therefore,
r c o s /  =  a(cosE — e) (1 .1.15)
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r s i n /  =  a(l — e2)1/ 2sin£' 
r  =  a(l — ecos E). (1.1.16)

The mean anomaly / represents a linear function of time

l = l0 + n ( t - t 0). (1.1.17)

/o, the mean anomaly at the epoch, serves as the sixth, dynamical, element 
of the elliptic motion. The mean motion n is related to the semi-major axis 
a by Kepler’s third law:

n2a3 = G M . (1.1.18)

The set of these formulae defines completely the general solution of the 
elliptic two-body problem in terms of time t and six integration constants, 
the Keplerian elements a, e, i, A, a;, and /o. The explicit dependence on 
time may be given by the Fourier series in multiples of the mean anomaly:

n 00(o) exp(im- 0 =  * r m(« )« p 0 * o  ( i.i .i9 )
fc= — oo

with arbitrary integers m and n. The Hansen coefficients X £’m depend only 
on e and may be easily calculated by means of expansions in powers of e2. 
These expansions begin with terms of order \m — k\ with respect to e. The 
Hansen coefficients with the zero lower index are of particular importance 
yielding the mean value of functions of the left-hand side of (1.1.19). These 
coefficients are expressed by the hypergeometric polynomials

^ ( ^ " - ^ l ^ z l ^ l + l m l ^ 2) n > |m | —1
(l+ /?2) ,m|" n ” 1F ( |m | - n - l , - n - l , l + |m | , / ? 2) | m | - l > n > - l
0 —l>n> —|m[ —1

 ̂ ( l - e 2)n+3/ 2F ( ^ f l i ^ , - ^ ± 1 ^ ^ 4 + | m | , e 2) - |m | - l > n

x

(1.1.20)
with

1 +  (1 — e2)1/ 2 
and generalized factorials

(a )a =  a(a  -f 1 ) ... (a +  s — 1) (a)o =  1.

F(a,(3, j fx) is the hypergeometric series (a polynomial for the integral 
negative values of a or /?)

Fla  j) x) -  Y  j .
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Using (1.1.12) and (1.1.19) one may describe the general solution of the 
elliptic two-body problem as the trigonometric series

x + i y = a  ( cos2 ^exp[i(fc/ +  w +  A)]
fc = — OO

+ sin2 ^ exp[i(—kl -  u +  A)] I (1.1.21)

z = asin i X l ' 1(e) sin(kl -f u>). (1.1.22)
k — — oo

The angular elements A, /o enter into these series as trigonometric argu­
ments. The coefficients of the series are functions of the linear elements a, 
e, i analogous to the action variables. The anomaly / is often used instead 
of /0. In the typical case of direct motion (0 < i < 90°) lj and / are often 
replaced by the longitude of pericentre 7r = A + u> and the mean longitude 
A = 7r -f /. In accordance with (1.1.17)

A =  n(t — to) +  e (1.1.23)

with e = 7r -f lo being the mean longitude at the epoch. With small values 
of eccentricity and inclination one often employs

/i = ecos7r k — e sin7r p = sinicosA g = sinisinA  (1.1.24)

or analogous combinations. From the structure of the series (1.1.21) and 
(1.1.22) and the Hansen coefficients it follows that the coordinates x, y, z 
are holomorphic functions of these quantities.

1.1.2 Perturbations of osculating elements

Most practical problems of celestial mechanics are to a certain extent close 
to the two-body problem, enabling them to be solved by the perturbation 
theory techniques. The standard equations of the perturbed motion have 
the form

* = - ^ p r r + F  (i.i.25)

with the perturbing force F  being generally dependent on r , r , t and 
possibly r. This force is proportional to some small parameter specified 
by a given problem. The general principle of the perturbation theory is to 
solve equations (1.1.25) with the aid of series in powers of this parameter (or 
by a sequence of iterations with respect to the parameter). With F  =  0 
equations (1.1.25) reduce to equations (1.1.3) of the two-body problem
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and then r , r are expressed by (1.1.11)—(1.1.17) in terms of time and six 
arbitrary constants, for example, the Keplerian elements a, e, i, A, u>, /o. 
Using the method of the variation of arbitrary constants these formulae may 
be retained in the disturbed motion with F  ^  0. The quantities a, e, i, A, 
a;, /o are thereby some functions of time to be determined by definite system 
of differential equations. Such functions are called osculating elements. The 
equations for their determination are as follows:

da
dt n( 1 — e2)1/ 2

(Se sin /  +

de _ (1  _  e2)1/ 2
dt na
di r cos u
dt na2(l — e2)1/2

d A r sin u
dt na2(l — e2)1/2 sin i
du; .dA (1 — e2)1/2—  = — cos I —----1----------------
dt dt nae

[5 sin /  +  T(c os /  +  cos E1)] 

W

W

—S cos f  +  T  ( 1 H—  ) sin /

d/o
dt dt

2 r (1.1.26)

where the polar coordinates r and u are to be expressed in terms of elements 
by the formulae of the two-body problem. The two last equations may be 
replaced by the equivalent equations

d71- o • 2  1 (1 “  e )—  = 2 sin -̂------- -—dt 2 dt nae —S  cos /  +  T  ( 1 -f -  ) sin /

de d7T
dt 1 -f- (1 — e2)1/ 2 dt +  2(1 -  e2)1/2 sir 1 dA

2 dT
- 5

2 r
nor

5, T, VF are the components of the perturbing acceleration F  on the vector 
r , the transversal and the normal to the orbital plane. Therefore

S = - r F  T = - ( k x r ) F
r r

W  = k F . (1.1.27)

In composing equations for /o or c it is assumed that in contrast with 
(1.1.17) and (1.1.23) the mean anomaly and the mean longitude for the 
disturbed motion are defined by the formulae

/ = /0 -h / n dt 
/to
f  ndt  A = €+ [

J  to j to
i d£. (1.1.28)
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This modification enables one to avoid the occurrence of terms proportional 
to t on the right-hand side of the equations for /o and e. Instead of these 
equations one may use directly the equations for I and A

dl d/0 
T t = n  + dT

dA
dt

de
n + aT

For the osculating vectorial elements c and f  one has

c = r  x F  f  =  2(rF)r  — (r F ) r  — (r r ) F . (1.1.29)

Equations (1.1.29) are equivalent to the first five equations (1.1.26). Indeed, 
in virtue of (1.1.8) one obtains

na
c =

.dA di
+ " a2(1 “  e2),/’ ) (1'‘ 30)

■ def  = n2a3— P  +  n2a3e 
dt
du; .d A \ _ /  . di . .dA . ,
—— h cos i —— Q +  sinw-----cos u  sin i k
dt d t \  dt dt

(1.1.31)

The scalar product of c and f  by fe, Z, m  and P , Q respectively results 
again in the first five equations (1.1.26).

Sometimes it may be convenient to take for the independent argument 
in the equations of the osculating elements the anomalies /  or E.  This 
substitution is performed by means of the relations

d/  _  na% _  2\i/2 
dt ~  1

da; .dA 
—— h cos i——■ 
dt dt

(1.1.32)

dE _  na r /d a / .dA sin /  de
dt r a (l — e2)1/ 2 \  dt co 1 fit 1 — e2 dt

(1.1.33)

where the derivatives of the osculating elements on the right-hand side 
should by taken from equations (1.1.26). If in solving equations (1.1.26) 
accuracy of first order with respect to perturbations is sufficient then one 
may reject these derivatives on the right-hand sides of (1.1.32) and (1.1.33).

Integration of equations (1.1.26) introduces six arbitrary constants. As 
these constants one may adopt either the values of the osculating elements 
at an initial moment or some constant quantities to be chosen from spe­
cific conditions. Such constant quantities are called mean elements. They 
should be distinguished from the osculating elements.
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1.1.3 Perturbations of contact elements

Equations (1.1.26) are valid for any disturbing force. If the equations of 
the disturbing motion are represented in Lagrangian form then equations 
(1.1.26) may by replaced by more convenient ones. Indeed, if there exists 
a disturbing function R  =  R ( r , v ,t) such that

then equations (1.1.25) may be put in Lagrangian form with the Lagrangian

L =  \ r 2 + —  + R. (1.1.35)1 r
Introducing impulses

8 R
P  =  r  +  ^  (1.1.36)

one may rewrite the equations of motion in terms of r ,  p  in canonical form 
with Hamiltonian

H = ]-p2 -  —  - V  (1.1.37)
2 r

with

v=R+l ( t ) 2- <i'i'38>
If for R  =  0 the canonical variables r  and p  are expressed by the formu­

lae of the elliptic motion in terms of certain elements a, e, i, A, a), /o, called 
the contact elements, then according to the variation of arbitrary constants 
method the same formulae remain valid for the disturbed motion provided 
that the contact elements as functions of time satisfy the well-known La­
grange equations with disturbing function V. These equations are of the 
form

—  — -  
dt ha df0
de _  1 -  e2 dV _  (1 — e2)1/ 2 dV  
dt ha2e <9/0 ha2e du
di _  coti dV  csc i dV
dt ha2(l  — e2)1/ 2 duj ha2( 1 — e2)1/ 2 5A 

dA _  csci dV  
dt na2(l — e2)1/ 2 di 
du; _  cot i dV  (1 — e2)1/2 dV
dt na2(l — e2)1/ 2 d~i ha2e de

(1.L39)at naze oe na oa
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Compared with equations (1.1.26) these equations have the advantage 
of involving one function V  instead of three functions S , T, W.  In the 
classical problems of celestial mechanics such as the planetary or satellite 
three-body problem R  does not depend on r. Hence p  — r  and the contact 
elements coincide with the osculating elements. For the general case when 
R  depends on r  the contact elements differ from the osculating elements 
by quantities of the order of perturbations. Transformation from one set 
of elements to another set is performed by analytic formulae. In fact, since 
the contact elements c, f  satisfy the equations analogous to (1.1.4) by 
replacing r  by p, then

c — c x r  (1.1.40)

^ i  « { - d R \  (  9 R \  . , . . d R

dR ( d R  \
+ » x ( w x '  )• ( 1X4I )

Having obtained the differences c — c, /  — /  it is easy to derive the 
differences for the Keplerian elements a — a, e — e, i — i, A — A, a; — a). 
As for the difference / — /0 one has from the Kepler equation (1.1.13) with 
(1.1.28) and a similar equation for the contact elements,

= -  [  (n - h )
Jt 0

I0 — /0 =  — / (n — h) dt +  E  — E — (e sin E  — e sin E) (1.1.42)

where E  is expressed in terms of r and p  in the same way that E  is expressed 
in terms of r  and r , for example

E  =  tan 1
TV ( 2  GM  . , y /2"

tv2 -  GM  V r
— r

Expressions (1.1.40)-(1.1.42) are rigorous. Within the first-order accuracy 
obtained from the comparison of (1.1.40) and (1.1.42) with (1.1.29) the 
expressions for a —a, e—e, i —i, A — A, u;— u  coincide with the corresponding 
right-hand sides of equations (1.1.26) to be calculated with the ‘force’ F  = 
—dR/dr .  As seen from (1.1.42) the difference /0 — lo within the first-order 
accuracy will contain in addition to (1.1.26) one extra term

/0 — /0 =  — (1 -  e2) ^ 2[(a; -  Cj ) + (A — A) cos i]

2 dR  3 [%. d R ^  , ,ox
+  na2r Or na2 J t / d r  ( • • 3)
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1.1.4 Secular perturbations

It is to be noted that in celestial mechanics there are many efficient meth­
ods enabling one to derive in analytical form the approximate solutions of 
the equations of the disturbed motion, like (1.1.25). For the purposes of 
relativistic celestial mechanics it is generally not necessary to apply rather 
complicated methods designed for calculation of the high-order perturba­
tions. Presently, in virtue of the actual smallness of the relativistic pa­
rameter entering into the equations of relativistic celestial mechanics for 
Solar System bodies the terms of high order are not needed in practice. 
Therefore, in relativistic problems one commonly has to do only with the 
first-order perturbations. The most efficient tool for this is the method of 
variation of arbitrary constants. Of course, one may apply different meth­
ods such as, for example, methods in rectangular coordinates. But the 
method of variation of arbitrary constants seems to be the most universal 
one.

In most applications equations (1.1.26) or (1.1.39) cannot be solved rig­
orously. As a consequence approximate solution techniques are needed. 
The most simple and widespread technique is to substitute into the right- 
hand sides of these equations the constant values for the elements resulting 
after integration in the first-order perturbations. In doing so secular terms 
proportional to t may occur in e and i. These terms lead to the secu­
lar terms in coordinates and velocity components. This results from the 
adopted integration technique and is in no way characteristic of the actual 
evolution of motion. The approximate solution derived in such a manner 
is valid for a limited interval of time permitting no conclusion to be drawn 
about the actual evolution of motion. Such a technique is often used in the 
problem of motion of the major planets. As the motions of the perihelia 
and nodes of the planetary orbits are extremely small compared with the 
planetary mean motions, it is possible initially to substitute into the right- 
hand sides of the equations in osculating elements the constant values for 
<Q> and u.  In satellite problems, such as the problem of motion of the Moon, 
with much faster secular motions of perigee and node, such a ‘planetary’ 
method of integration turns out to be too rough. In such problems it is 
suitable to apply a ‘satellite’ method deriving initially the secular terms 
in A , w, /o and substituting afterwards into the right-hand sides the con­
stant values for a, e, i and the linear functions of time for A , u,  Iq. Then 
e, i and, consequently, coordinates and velocities will not contain secular 
terms. The solution obtained in this manner has a purely trigonometric 
form with respect to time and is formally valid for an unlimited interval of 
time. But using this formal solution one cannot again draw any conclusion 
regarding the evolutionary character.

In many problems the secular terms are of particular interest. For small 
eccentricities and inclinations, in particular restricting to the first degree
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terms, it may be possible to derive the rigorous solution of the differen­
tial equations for the secular perturbations. It is customary to determine 
secular perturbations in the osculating elements. If R  does not depend 
on t outside the trigonometric arguments then, as seen from (1.1.40) and 
(1.1.41), the secular perturbations for geometric osculating and contact el­
ements are the same. As for the mean anomaly at the epoch one should 
take into account the last term in (1.1.43). Finally, the equations for the 
first-order secular perturbations in the osculating elements have the form

da _  2 d[R] 
dt na OIq
de _ 1 - e 2 d[R] _  (1 -  e2)1/ 2 d[R] 
dt na2e dlo na2e duj
di coti d[R] csc i <9[J?|
dt na2( 1 — e2)1/2 duj 

dfl _  csc i d[R] 
dt na2( 1 — e2)1/2 di 
dlj _  cot i
dt na2( 1 — e2)1/2 di
dip _  1 -  e2 d[R] 2 8[R]_____
dt na2e de na da na2

na2(l — e2)1/2 da

d[R] ( l - e 2)1/2 d[R]
na2e de 
3 . d R  

V dr
(1.1.44)

with brackets denoting averaging over the fast changing angular variables 
(like the mean anomaly /).

1.2 ELEM ENTS OF RIEM ANNIAN GEOMETRY AND  
TENSO R ANALYSIS

1.2.1 Euclidean space

The affine space represents the set of points and vectors governed by the 
laws of ordinary vector algebra. This space is homogeneous and isotropic. 
The dimension of the space is determined by the maximal possible number 
of linearly independent vectors. In the affine n-dimensional space A n a 
set of n linearly independent vectors e i , . . . ,  en emanating from an arbi­
trary point O constitutes an affine reference basis. An arbitrary vector x 
emanating from point O may be decomposed on the basis vectors

x  = xlei (1*2.1)

where the coefficients xl are called affine coordinates of the vector. Here 
and everywhere below the Einstein summation rule is used. This means
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the summation from 1 to n is taken over every index occurring twice in any 
expression. Under the affine (linear) transformation

ei> =  A\,ei i , i* — 1, 2, . . . ,  n (1.2.2)

from one basis e \ , . . . ,  en to another basis e \ e n> the affine coordinates 
of a vector are changed as follows:

=  ;4;V  (1.2.3)

i.e. with the aid of the transposed inverse matrix of the starting transfor­
mation (1.2.2)

A't'Ai, = Sj (1.2.4)

Here denotes the Kronecker symbol with the values

« * = { ;  W j -  a .2 .5)

In expressions like (1.2.2) and (1.2.3) it should be remembered that the 
index V is not related to the index i. In fact an accent does not refer to the 
index itself but is characteristic of the new reference basis. As seen from 
(1.2.3) the coordinates of a vector are distinct in the different reference 
systems. However, all relations described in the vectorial form retain their 
form in any reference system. Generalization of the vectorial form may be 
carried out with the aid of tensors. Tensors represent sets of quantities 
changing by a simple linear law in transforming from one reference system 
to another. Tensors enable one to define operations remaining invariant 
under the transformation of coordinates. All relations expressed in the 
tensorial form retain their form in any reference system.

A tensor covariant of rank k and contravariant of rank m  is defined as 
a collection of nk+m quantities given in any reference system and
transforming with (1.2.2) in accordance with

•/ •/ •/ >7 . . . .
n J l  • J m  —  j \ J l  AJm At  1 A^k n J 1 - J m  / I  9

~ ^  ‘ ’ i** *'i ‘

The lower indices obeying the transformation law (1.2.2) are called covari­
ant. The upper indices transforming in accordance with (1.2.3) are called 
contravariant. The basic tensor algebra operations are addition, multiplica­
tion, contraction and change of indices. The first two operations generalize 
the corresponding operations of vector algebra. Contraction is to choose 
all components of a given tensor for which a definite upper index is equal 
to a definite lower index. There results a new tensor whose rank is two 
units less than the rank of the starting tensor. Changing indices enables
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us to derive new tensors by altering the order of arrangement of indices of 
a given tensor.

Euclidean n-dimensional space Rn represents the affine space A n with 
the operation of scalar (inner) products of vectors introduced. This defines 
all metric properties of the space, enabling us, in particular, to measure 
the lengths of vectors and curve arcs. If the scalar product of the vectors 
of some affine reference basis is denoted as

9ij — &i&j (1.2.7)

then in virtue of (1.2.1) the scalar product of vectors x  and y  will be

x y  =  dijx'y3. (1.2.8)

The scalar square of vector x  is expressed by the quadratic form with 
respect to its affine coordinates

x 2 —gijXlxK (1.2.9)

The scalar product of vectors in Rn has properties of symmetry and inde­
generacy. Therefore

9ij - 9ji 9 =  det || gtj ||#  0. (1.2.10)

Under transformation (1.2.2) the quantities gij act as the components 
of a covariant tensor of rank two. This tensor, called the metric ten­
sor,determines all structure of Rn at hand. For a new reference system

^ = 4 4 ^ - .  (1.2.11)

Therefore
g' = (det || A\, ||f g  (1.2.12)

i.e. the determinant g formed from the components gij is the relative 
invariant of weight 2. Elements gli of the inverse matrix of || g^ || are the 
components of the contravariant metric tensor of rank two. With the aid 
of g^ and g*i one can perform in Rn the operations of index raising and 
lowering. For example, the covariant coordinates of the vector x  are

Xi =  gijxj

having the simple meaning
Xi =  xe{. (1.2.13)

In turn, the contravariant coordinates of the vector result from the covari­
ant ones by index raising,

xl = gl3 x j .
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Vectors x  and y  are orthogonal if their scalar product vanishes. The

In real R n admitting no complex numbers the scalar squares of vec­
tors may take only real values. The real Euclidean space can be classified 
as proper Euclidean with strictly positive scalar squares for all non-zero 
vectors or pseudo-Euclidean where there exist the non-zero vectors with 
positive, negative and zero scalar squares. Hence, in the pseudo-Euclidean 
spaces the length of a non-zero vector may be positive or purely imaginary 
or zero. A non-zero vector with the zero length is called an isotropic vector.

A curve in An may be represented analytically as a one-parametric set 
of the coordinates x% =  £*(t). The position vector of any point of the curve 
may be decomposed along the basis vectors

Depending on the sign of the square of the differential ds2 =  da;2 the 
curve may have real length (ds2 > 0) or purely imaginary length (ds2 < 0). 
For ds2 = 0 the curve of the zero length is called isotropic. If the arc has 
real length then s may be taken as the parameter t along the curve and 
u  =  das/ds is the unit tangent vector. If the arc has purely imaginary 
length then the real variable a = s/i  may be taken as a parameter t and 
the vector u  =  da;/da is the imaginary unit tangent vector.

An arbitrary reference basis in An has n(n + 1) independent parameters. 
In Rn one can construct an orthonormal basis characterized by n(n -f l)/2  
independent parameters. Such a basis for the pseudo-Euclidean space con­
sists of k unit and n — k imaginary unit vectors (0 < k < n). For given Rn 
the number k , called the space index, is the same for any reference basis. 
The spaces with the indices k and n — k (0 < k < n) are not different since 
all the lengths of these spaces are distinguished by the common factor i. 
The simplest example of pseudo-Euclidean space is the pseudo-Euclidean 
plane (n =  2, k = 1). In this case (and generally for all pseudo-Euclidean

length of vector is determined as |sc| =  (x2)1̂ 2.

x(t) =  xl(t)ei

with the tangent vector

dt dt e%

The arc length from M\  to M 2 is determined in Rn as

with the differential
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spaces of index 1) it is convenient to enumerate coordinates from 0. In the 
orthonormal basis eg =  1 , e\ = — 1  one has

x 1 — z° — x 1 x y  = x°y°  — x 1y 1. (1.2.14)

Transformation from eo,ei to a new basis eo ',e i' is given by (1.2.2). 
The relations of orthonormality of eo',ei/ imply the explicit form of this 
transformation

_  e0 +  /?ei _  /?ep +  e\ n  o 1 ^
e°‘ ~  (1 _  £2)1/2 X' “  ( 1 - /P)l/2 ( ' ' )

with —1 < /? < 1. In general, the square roots in (1.2.15) may be taken 
with arbitrary signs resulting in four types of rotation of reference basis 
in the pseudo-Euclidean plane. For application to the theory of relativity 
the case of proper rotation is of importance characterized by both positive 
signs in (1.2.15). The determinant of such transformation is equal to -|-1.

The properties of the pseudo-Euclidean plane may be extended to the 
n-dimensional pseudo-Euclidean space of index 1. For the case n =  4 of 
the prime importance for the theory of relativity one has (putting in fact 
k = 3)

e$ =  1 e\  =  e\  =  e\  =  —1. (1.2.16)

The scalar square of a vector is then

a52 = ; ^ _ x l 2 _ ^ _ x 32 ( 1 2 1 7 )

Equation x 2 =  0 determines the isotropic hyper cone along the #° axis. 
The curves of the real length are passing inside the hypercone. The curves 
of the imaginary length lie outside it. Transformation of the reference 
basis in this space reduces to rotation (1.2.15) of the pseudo-Euclidean 
plane and trivial rotation of the three-dimensional basis e i , e 2 , e 3  in the 
proper Euclidean space R 3 . With the appropriate choice of the axes one 
has

eo +  f3ei {3e0 + ei
C°' “  (1 -  0 2)1/ 2 ev  = (1 -7 P )l/2  e2' =  62 e3' =  C3‘ (L2-18)

The contravariant coordinates of a vector are transformed thereby as

O7 ^  /?•£ 1 I f i x  X  ̂ tyt o 0/ o /  *a? = ------------ 7— x = ------------ — x — x x — x . (1.2.19)( l - / ? 2 ) l / 2  * ( l - / ? 2 ) l / 2  *  *  X V 46 •

All preceding formulae involve only affine coordinates. This is quite 
natural since in doing so all relations in An and R^ take the most simple
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form. But, in principle, one may introduce in A n the curvilinear coordi­
nates related with the affine ones by means of a non-singular, non-linear 
transformation. Let xl be such coordinates. At any point M  of A n one 
constructs n coordinate lines. Along any coordinate line x l the position 
vector of a point is a function of this coordinate alone, i.e. x  =  x (x l). The 
derivative a?* =  d x /d x 1 at point M  yields the tangent vector to this line at 
the given point. The set of vectors X { ( i  = 1,2, . . .  ,n) together with point 
M  form the local reference basis in An. Under the non-singular, non-linear 
transformation relating the curvilinear coordinates x l and x %

x1 =  xl (a?1, . . . ,  xn) x% — x \ x l , . . . ,  xn ) (1.2.20)

there results a new local reference basis
dxl

Xi' =  ~dx^Xi ' (1.2.21)

As an extension of (1.2.6) the components of a tensor with respect to 
the local basis are transformed under (1.2.20) as follows:

aJ.y"l r(M) = TT-r-(M). . .  — ~ { M ) . . .  — —(M)aJi l ‘ l rn(M).
v '  d x ^ K } dxi™ ) dxti } dxl* 11-

(1.2 .22)
Algebraic operations are valid in curvilinear coordinates as well. But 

the absence of a unified affine reference basis manifests itself, first of all, 
in parallel transporting the vectors. Consider at some point M (x l) of the 
curve x% — xl (t) a constant vector £ with coordinates relative to the 
local basis at M

* =  £*(<)**• (1-2-23)
Parallel transport of this vector to the neighbouring point M (x l -f do?*) 
results due to the change of the local basis in new coordinates £k +  d£k 
of this vector. The condition of parallel transport, d£ =  0, enables us to 
deduce the law of the change of coordinates under this transport

=  - r f ^ 'd z ’. (1.2.24)

Quantities r* • symmetrical in their lower indices and called the connection 
coefficients are the coefficients of the expansion

d2x  
dxldxi

For affine coordinates Xi = =  0, and = 0. Vanishing of is
necessary and sufficient for curvilinear coordinates x l in A n to be affine. 
From (1.2.21) and (1.2.25) there results

ki d2x k d x k' dx% dxi dxk' k 
i,jl ~  dxi'dxi'  dxk + i j ' (1-2.26)
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Therefore, the connection coefficients are not tensors and only under the 
linear transformation act as tensors.

In using curvilinear coordinates the metric tensor of Rn is determined 
as the scalar product of the local basis vectors,

gij(M) = Xi (M)xj(M)  (1.2.27)

being the function of a point. Let x% — x l(t) and x  =  x ( x x, . . . ,  xn) be 
some curve in Rn and a position vector of any point of the curve. Then 
the differential of the position vector is da; =  xidx1 and the square of the 
differential of arc ds2 = da;2 is expressed by the metric quadratic form

ds2 = gijdx'dx*. (1.2.28)

Given metric tensor gij or metric form ds2, all the geometry of Rn may be 
determined. In particular, it is easy to find the connection coefficients. In 
fact, from (1.2.25) there results

XijXm -  Tmij (1.2.29)

with
r mi,-=  (1.2.30)

From (1.2.30) it follows that

rfj = / mr mii. (1.2.31)

Hence, the formal operations (1.2.30) and (1.2.31) of raising and lower­
ing indices are valid although the connection coefficients are not tensors. 
Differentiation of (1.2.27) yields

| g -=  Tijk + Tjik (1.2.32)

or after circularly changing the indices

r» _  1 f  9gim , dgjm dgij ^ o oo\
"  2 {ax*  [L2'66)

The connection coefficients Tkij and T^  are also called the Christoffel sym­
bols of the first and second kind respectively.

1.2.2 Riemannian space

An elementary n-dimensional manifold of class CN is meant as a set Mn 
with a given one-to-one map onto a domain of n coordinates xl defined
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up to the AT-differentiable transformation (1.2.20). Any open connected 
domain in A n furnishes an example of Mn admitting, however, peculiar, 
affine, coordinates defined up to the linear transformations. A tensor at 
point M  of Mn is defined as a set of quantities given in any reference 
system xl and transformed in changing to new coordinates with (1.2.22). 
But in contrast to A n the starting transformation is here the coordinate 
transformation (1.2.20) rather than the transformation of the reference 
basis (1.2.21). There is no local reference basis in Mn . However, it may be 
introduced in the tangent affine space A n. The components of tensors in 
Mn in coordinates x% may be interpreted as the tensor coordinates in A n 
relative to the local reference basis appropriate to the coordinates x %. The 
manifold Mn is called a Riemannian space Vn if for each point M  there 
exists a covariant symmetrical and non-singular metric tensor of rank 2 
gij(M) = gij(x1, . . .  , x n). With the aid of gij(M) the tangent affine space 
A n at point M  reduces to the Euclidean space R n with the basic relation 
(1.2.8) for the scalar product of any vectors x  and y. Vn is the proper 
or pseudo-Riemannian space in the same sense as the tangent space Rn 
is the proper or pseudo-Euclidean. An infinitesimal displacement along a 
curve xl =  x l(t) in Vn generates an infinitesimal vector dxl(t) in R n and its 
length |da?| is taken as the differential of arc ds retaining the valid original 
formula (1.2.28). In the pseudo-Riemannian space there exist curves of 
real (ds2 > 0), imaginary (ds2 < 0) and zero (ds2 =  0) length. Euclidean 
space R n may be regarded as the particular case of Vn admitting such 
coordinates (affine) for which components gij are constant for the whole 
space (by normalization these constants may be put equal to 0, ±1).

The determinant g =  det||p,*j|| is again the relative invariant of weight
2 transforming under (1.2.20) as

Hence, the n-dimensional integral taken over some domain Q

w  = [  y / ^ l d x 1 . . . d x n (1.2.35)
Ja

is invariant under the transformation (1.2.20) determining the volume of 
domain Q in curvilinear coordinates in Rn and in Vn.

As stated above, it is possible to introduce in Rn such coordinates 
(affine) that the connection coefficients T - vanish in the whole domain 
at hand. For Vn it is possible for to vanish at any given point M. Co­
ordinates satisfying this condition are called geodesic. All operations may 
be significantly simplified thereby. Final results expressed in tensorial form 
remain valid for arbitrary coordinates. Transformation from the arbitrary



coordinates x% with Tkj ( M)  ^  0 to the coordinates x l> geodesic at point 
M  is easily performed. Equations determining x % in terms of x l follow 
immediately from (1.2.26):

= (1.2.36)

These equations may be satisfied by putting

=  « r V  -  X*M ) +  Ia r 'r^M )(x > - -  -  x*M) (1.2.37)

with non-singular constant matrix \\a™ | | ,  x %M being the coordinates of point 
M .

1.2.3 Parallel transport and absolute differentiation

Parallel transport of vectors in Vn formally coincides with the correspond­
ing operation (1.2.24) in curvilinear coordinates in Rn. In simultaneous 
parallel transport of two vectors along some curve their scalar product 
does not change, retaining the metric properties (lengths and angles be­
tween vectors) in parallel transport. But in contrast to Rn the parallel 
transport in Vn depends generally on the path.

Parallel transport is closely related to absolute differentiation, the most 
important operation of tensor analysis. Let xl — xz(t) be a curve in Vn- 
Consider a tensor fcm (t) at some point of this curve. At an infinites- 
imally close point this tensor has value ^ ' ^ ( t  -f dt). However, these 
tensors are related to different local reference bases and cannot be com­
pared directly. The difference in these quantities is approximately equal to 
the non-tensorial differential daJi1i "Ji^( t ) .  Denoting by a;*‘ ‘;™(t) the tensor 
resulting from the parallel transport of +  dt) to point t one has
approximately

a £ :.lm (0 -  (0 *  (L2-38)
determining the absolute differential as a tensor of the same structure as 
the initial one.

For vectors there results from (1.2.24) and (1.2.38)

Da* =  da* +  r £ a W .  (1.2.39)

For a covariant vector aj. parallel transport is characterized by invari­
ability of its contraction d(ak£k) =  0 with an arbitrary contravariant vector 
£k. From this equation it follows that
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D cij = daj — T^a^dx1. (1.2.40)
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Generalizing (1.2.39) and (1.2.40) for a tensor of arbitrary structure one 
has

D j ;  =  d < ;  j ;  +  + . . .  +

-  (L2-41) 

Hence, under parallel transport of a tensor its absolute differential vanishes. 
Formula (1.2.41) may be rewritten in the form

D < ; ; j ;  = Vr<  d*r . (1.2.42)

The quantity Vr-a^1 '/fcm(t), denoted often as represents the
tensor with an extra lower index and is called the absolute or covariant 
derivative. Its explicit expression follows from (1.2.41) and (1.2.42). For 
scalars, and contravariant and covariant vectors one has respectively

v ' “ = l ~  <l 2 -43>

Vr a* = ^ -  + Tkr,a° (1.2.44)

Vra* = ^ - T srkas . (1.2.45)

The usual rules to differentiate sum, product, etc, are extended to abso­
lute differentiation. Tensor contraction is permutable with absolute differ­
entiation. By virtue of the definition of the Christoffel symbols one obtains

V k9ij= 0  V k6}=  0 V kgij = 0

i.e. the absolute differentials Dgij and DglJ vanish. Therefore, the opera­
tions of raising and lowering indices are permutable with absolute differen­
tiation.

1.2.4 Geodesics and Fermi-Walker transport

A curve in Vn is called geodesic if any vector tangent to it at some point 
remains tangent in parallel transport along it. Differential geodesic equa­
tions result from (1.2.24). Indeed, let £k = £k(t) be a tangent vector parallel 
transported along the geodesic x l — xl(t). By virtue of the collinearity of 
tangent vectors one has

I T  =
with the scalar factor a(t) dependent on a point of the curve. Introducing a 
parameter A such that dA = a(t) dt one obtains x l =  #*(A) for the geodesic
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and = dxk/ d \  for the parallel transported tangent vector. Such a 
parameter A defined up to a linear transformation is called canonical. In 
virtue of (1.2.24) the parallel transport of vector £* will be determined by

dz* k dx>
dA ~  ij dA

yielding the differential equations of the geodesic line referred to the canon­
ical parameter A

d2 xk dx^ dx3
^  + r ^ d T  = ° (1 2 -46)

or simply D(dz2/dA) = 0. Since a parallel transported vector retains its 
length one has along the geodesic

dxl dx3 , x

C being a constant. One may take as the canonical parameter A either 
s (for a geodesic of real length) or a = s /i (for a geodesic of imaginary 
length), resulting in (7 =  1 or C = — 1 respectively. For a non-isotropic 
geodesic relation (1.2.47) is the first integral of equations (1.2.46). For an 
isotropic geodesic C — 0 and the relation (1.2.47) determining the canoni­
cal parameter should be considered in combination with equations (1.2.46). 
The isotropic geodesic referred to an arbitrary parameter t = t (A) is deter­
mined in accordance with (1.2.46) and (1.2.47) by the equations

d2z* * d ^ d ^ _ _ d ^ / d i \ _2 dx^_
»i jj  jj  j \2 I j \ ) j4 (1.2.48)dt2 13 dt dt dA2 \ d X J  dt

dj?1 dx3
« d n r - ° -  ( i -2 '4 9 >

The geodesic equations may be obtained from the variational principle

> J  ds = 0. (1.2.50)

From (1.2.28) there results
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(1.2.53)

The Euler-Lagrange equations of (1.2.50)

d d \/7  _  <V 7 _  Q
dA0(d*''/dA) a®*'

take the form

w + r ^ d A  = 2 T r d r -  f1-2-64)
If A is a canonical parameter then by (1.2.47) /  =  constant and equations 
(1.2.54) with vanishing right-hand sides become identical to the canonical 
equations of the geodesic (1.2.46). Equations (1.2.54) generalize equations 
(1.2.46) for an arbitrary parameter A. In deriving these equations from 
(1.2.53) it is assumed that /  ^  0. Hence, the variational principle (1.2.50) is 
not valid for an isotropic geodesic. This principle is particularly convenient 
in choosing A among coordinates x l . Then it is suitable from the very 
beginning to use in the Lagrangian y/J this new independent variable. A 
non-isotropic geodesic will be determined thereby by n — 1 equations of the 
second order involving 2n — 2 parameters.

Principle (1.2.50) gives the Lagrangian y/J in irrational form. But there 
exists the variational principle in rational form

/ s
)  dA =  0 (1.2.55)

containing the parameter A explicitly. The variational principle in the 
form (1.2.55) is valid for the isotropic geodesic as well. The quantity /  
serves as the Lagrangian of principle (1.2.55) and appropriate equations 
coincide with (1.2.46). Therefore, A should be a canonical parameter. /  
being explicitly independent of A there exists the integral /  =  constant, 
i.e. (1.2.47). System (1.2.46) consists of n equations of the second order. 
Among 2n arbitrary constants there are two superfluous constants related 
with introducing A. For an isotropic geodesic the relation /  =  0 should be 
joined as an independent equation to equations (1.2.46) or to the variational 
principle.

A vector tangent to the geodesic remains tangent in parallel transport. 
If a curve is not geodesic then a vector tangent to it at some point does 
not remain tangent in parallel transport along this curve. Transport which 
enables a vector to remain tangent for any real curve is called Fermi-Walker 
transport. For a vector £k and curve xl =  zz(s) the Fermi-Walker transport 
is determined by the equations

^  =  W ij^  (1.2.56)

with
d j** D?y2

W 13 =  A'u3 - A 3ul u' = ^ ~  A 1 =  W ~ . (1.2.57)
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Since UiU1 =  1 vector ul is the unit tangent vector. The same relation 
implies that A 1 and ul are orthogonal vectors, i.e. U{Al — 0. It is easy to 
verify that the vector u% satisfies the Fermi-Walker transport (1.2.56). If 
£*, rf are two vectors satisfying the Fermi-Walker transport then

=  o

demonstrating that similar to the parallel transport the Fermi-Walker 
transport preserves the scalar products of vectors and hence the angles 
between vectors and their lengths.

1.2.5 Curvature tensor

All operations with absolute differentials and derivatives of the first order 
are performed in the same manner as with ordinary differentials and deriva­
tives. But even for the absolute differentials and derivatives of the second 
order this is not true because the commutative law is not valid anymore. If 
D, d are operators of absolute and ordinary differentiation in displacement 
from a given point x l along some definite direction and derivatives D, d 
are analogous operators in displacement along some other direction, then 
from (1.2.39) and (1.2.40) there results

DDaj -  DDaJ =  - R ^ a * d x kdxm (1.2.58)

DDcij -  DDa; =  Rkl i afdxkdxm (1.2.59)

where
8Tj

R t i i .  = e £  + r i .» r «  r i» r «<- (L2-6°)

The tensor (1.2.60) is called the curvature tensor or Riemann-Christoffel 
tensor. In terms of absolute derivatives (1.2.58) and (1.2.59) may be rewrit­
ten

(V *vm -  VmVfcK = - R k i i  O1 (1-2.61) 

(Vfcv m -  VmVfc)a,- = R kmi aj- (1.2.62)

For a tensor of arbitrary structure the laws (1.2.58), (1.2.59), (1.2.61) 
and (1.2.62) are applied to each contravariant or covariant index separately. 
From (1.2.60) it is seen that the curvature tensor is antisymmetric in two 
first lower indices

RrrXi. = ~ R kL  (1-2-63)
and satisfies the Ricci identities

R 'kmi. +  R 'mik. +  Rikm. ~  0 (1.2.64)
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and the Bianchi identities

V k K i i .  +  V mRnL +  V nRki i .  =  0- (1-2.65)

By lowering an upper index one obtains the covariant curvature tensor

Rkmij —  OjnRkmi. (1.2.66)

or after some transformation based on (1.2.31), (1.2.33) and (1.2.60)

r> _ 1 /  & 9kj , d Qrrii d 9mj & 9ki
kmij 2  y d x mdxl dxkdxi dxkdxl dxmdxi

+  9pq( r PkjTm i - r mj Tli)- (1-2-67)

The covariant curvature tensor satisfies the relations

Rij km — Rkmij j Rmkij — Rkmij > Rkmji — Rkmij (1 .2 .6 8 )  

and Ricci identities take the form

Rkmij “1“ Rmikj “i“ Rikmj — 0 (1.2.69)

admitting cyclic permutation of any three indices. Due to all these identi­
ties the number of the significantly different components of the curvature 
tensor in Vn reduces from n4 to n2(n2 — 1)/12. Along with tensor (1.2.66) 
one obtains on the basis of the curvature tensor the symmetrical Ricci 
tensor

Rij =  Rkil  (1.2.70)

or
Rij =  gkmRkijm (1.2.71)

and the scalar curvature
R = gijRi j . (1.2.72)

In particular, the curvature tensor determines the behaviour of close 
geodesics in Vn. Let xl =  xl (t,p) be a one-parametric set of curves with 
parameter p. From (1.2.39) one has

Dt!1' W  , „
1 7  =  - j r  (L 2 '73)

where ul — dxl /dt  is a vector tangent to the reference curve of the set 
and ql =  dxl/dp  represents a vector characterizing the deviation from
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the reference curve in the changing parameter p. Deviation of curves is 
determined by the infinitesimal vector

rf =  qi dp. (1.2.74)

Differentiating (1.2.73) and using (1.2.58) yields

* D  D ?/1

= + f1-2-75)

For the set of the geodesic lines with canonical parameter t = A the first 
term on the right-hand side of (1.2.75) vanishes and the final equations of 
the deviation of the geodesics take the form

^  =  (1 -2 -7 6 )

Completing here the exposition of the elements of Riemannian geometry 
and tensor analysis it is to be noted that regretfully there is no standard 
definition of the curvature tensor (no standard in writing indices) involving 
some non-uniqueness in further definitions. Definitions and generally all ex­
position techniques employed here are based on the textbook by Rashevsky 
(1953).

Let us note further that operations of tensor analysis are rather cum­
bersome. At present, performing these operations may be significantly 
facilitated by using specialized tensor systems of computer algebra. An 
example of such a systems is the Fo r t r a n  based system GRATOS (Tara- 
sevich et al 1987) offering the advantages of combination of operations of 
tensor analysis and Taylor expansion in small perturbations of the metric 
tensor gij.

1.3 ELEMENTS OF THE SPECIAL THEORY OF 
RELATIVITY

1.3.1 Lorentz transformations

Numerous experimental data obtained by the beginning of the 20th century 
resulted in four statements:

(1) all points of space and all moments of time are alike (homogeneity of 
space and time);

(2) all directions in space are alike (isotropy of space);
(3) all laws of nature are the same in all inertial reference frames (special 

principle of relativity);
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(4) the velocity of light in vacuum c is the same constant in all inertial 
reference frames (postulate of the constancy of the velocity of light).

The first two statements are common both for Newtonian mechanics and 
the special theory of relativity. The latter two statements are specific for 
the special theory of relativity. The first basic law of Newtonian mechanics 
is the law of inertia. A reference frame providing the validity of this law 
is called an inertial frame. Strictly speaking, there exists no inertial sys­
tem in nature and it may be realized by material bodies only to a greater 
or lesser degree of accuracy. Each reference frame moving uniformly and 
rectilinearly relative to a given inertial system is inertial as well. From the 
very beginning of Newtonian mechanics its laws were known to be valid 
in any inertial system in accordance with Galileo’s principle of relativity. 
Mathematically this principle manifests itself as the invariability of equa­
tions of Newtonian mechanics under the Galilean transformations relating 
two inertial systems.

Let S(f, x, y y z) and S"(t', x', y', z') be two inertial systems. S'  is assumed 
to move relative to S  with constant velocity v.  If the position vector of 
some point is r  for S  and v9 for S' then r ‘ = r  — vt.

In Newtonian mechanics the time is absolute. In particular the time 
interval between two events is the same independent of the reference frame 
of its measurement. Then t' = t .  These formulae characterize the Galilean 
transformations. Invariability of the equations of Newtonian mechanics 
under the Galilean transformations is achieved because neither the vector 
of acceleration of the left-hand side of these equations nor the vector of 
force of their right-hand member depend on the uniform rectilinear motion 
of the system. The Galilean transformations imply also that the space 
intervals between the points measured in different inertial systems are the 
same. This is due to the fact that the space of Newtonian mechanics is 
represented by the three-dimensional proper Euclidean space.

Adoption of the special principle of relativity and the postulate of 
the constancy of the velocity of light has radically changed Newtonian 
conceptions on space and time. The set of four statements indicated 
above results in the invariability for any two events M i(cti, #i, yi,2i) and 
M 2 (c/2 , #2 , 2/2 , ^2 ) the square of length of the 4-vector Mi M2 (the square 
of the space-time interval between the events)

(M iM 2)2 = C2(<2 -  t l ) 2 ~ (X2 ~ Xi)7 -  (j/2 -  yi)2 -  (*2 -  Z l f -  (1.3.1)

For infinitesimal events this means the invariability of

ds2 = c2dt2 — dx2 — dy2 — d z2. (1.3.2)

From this it follows that the space-time of the special theory of rela­
tivity is described by geometry of the four- dimensional pseudo-Euclidean
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space of index 1. Transformation between different inertial systems thus 
reduces to the transformation of the orthonormal reference bases. In the 
general case this transformation depends on n(n +  l)/2  =  10 parameters. 
Four of them are due to the possibility of arbitrary choice of the initial 
point (homogeneity of space and time). Three parameters enable one to 
perform arbitrary rotation of the space axes (isotropy of space). The re­
maining three parameters are the components of the translatory velocity of 
one inertial system with respect to another one. Within the trivial trans­
formation of translation and rotation this change from one inertial system 
S  to another system S'  is described by (1.2.19) putting

x° = ct x 1 = x x2 = y x3 — z. (1.3.3)

From these formulae it follows that S' is moving relative to S  along 
the a;-axis with constant velocity v — fic {—c < v < c). Finally, for the 
particular case of coinciding axes of S  and S' and motion along the x-axis 
this change reduces to the famous Lorentz transformations

. t — c~2vx . —vt + x . , /, o
~  (1 — v2 / e2) 1/2 *  -  ( l _ t ; 2 / c2)l /2 y -  y z - z- ( L 3 -4 )

A more general Lorentz transformation valid for arbitrary direction of 
the translatory velocity v  and including the rotation of the space axes has 
the form

, _  t - c ~ 2(vr)
(1 _  „ 2 / c2)1/2 ( L 3 -5 )

Tr '  — r + vr
(1 — ^2/c2)1/ 2 )  v2 (1 — i>2/c 2)1/2

(1.3.6)

These formulae contain 6 parameters, i.e. three components of v and 
three angles of the spatial rotation specified by the orthogonal 3 x 3  matrix 
T. The lacking four parameters may be added with the trivial translation of 
the origin of the reference system. In the absence of rotation, T  is replaced 
by the unit matrix E  and may be simply omitted in (1.3.6). In the limit 
c —y oo the Lorentz transformations reduce to the Galilean transformations. 
The inverse transformation from S'  to S  is determined by the same formulae 
(1.3.5) and (1.3.6) replacing T  by T ~ l and interchanging the role of primed 
and unprimed quantities. Instead of v this inverse transformation involves 
velocity v'  of S  relative to S'

and by absolute magnitude v' = \v'\ = v = \v\.

Tv '  = - v  (1.3.7)
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1.3.2 Kinem atical consequences of the Lorentz transformations

We now consider briefly the principal kinematical consequences of Lorentz 
transformations starting with the classical examples of moving material 
rods and clocks.
1. Contraction of the linear sizes of the moving bodies. If a material rod 
is at rest along the z'-axis of system S'  then its proper length is equal to 
the differences of the abscissae of its end points d = x 2 — x[. With respect 
to system S  this rod is moving along the x-axis with velocity v. Its length 
d! =  X2 — x\  in system S  is the distance between the abscissae of its end 
points taken at the same moment t. Therefore, from (1.3.4) there results

d' =  d( 1 -  v2/c2)1/2. (1.3.8)

2. Relativity of simultaneity. For two events Mi and M2 in accordance 
with (1.3.4) one has

, , _ t 2 - t 1 - c - 2v(x2 - x 1) 
h ~  ( i - v 2/ c 2y / 2 •

If t 2 =  11 and X2 ^  x\,  i.e. if Mi and M2 are two simultaneous events 
in system S  occurring in its different spatial points, then t f2 ^  t[ demon­
strating that these events are not simultaneous in system S ' .

If the time interval between the events Mi and M2 is greater than the 
time needed for light to pass the distance between them then such events 
are called consecutive. The quantity (1.3.1) is positive for such events. If 
t\  < t 2 then in any other system Mi precedes M 2 , i.e. t[ < t 2. The four­
dimensional interval between such events is called timelike. It is possible 
thereby to introduce such a reference frame where events Mi and M 2 occur 
in the same space point. If Mi and M 2 are such that the time interval 
between them is less than the time needed for light to pass the distance 
between them then the quantity (1.3.1) is negative. Such events are called 
quasi-simultaneous. Their succession in different systems may be different 
(i.e. it is possible to have t 2 > t\ and t 2 < t[). There is no causality 
relation between them because no interaction can propagate faster than 
light. The four-dimensional interval between such events is called spacelike. 
It is always possible to introduce a reference system where these events 
occur at the same moment of time.
3. Retardation of a moving clock. Consider a clock at rest in system S'  
(situated, for example, at point x f =  constant, y* =  z‘ =  0) reading time 
V . Denoting by r  — t2 — t[ the interval of proper time of the system (i.e. 
time reading of the clock at rest in the given system) with the aid of the 
inverse Lorentz transformation one has

T =  (<2 — < l) ( l  — V2/C2) 1/2. (1.3.10)



ELEMENTS OF THE SPECIAL THEORY OF RELATIVITY 29

The corresponding time interval t 2 ~ t i  of the moving clock is greater than 
r  implying its retardation.
4. Addition of velocities. Consider a point moving in system S'  with 
velocity u ' =  drf/d t '. Its velocity relative to system S  is u  =  dr/dt.  
Let systems S  and S'  be related by the Lorentz transformation (1.3.5) 
and (1.3.6) without rotation, i.e. T  =  E. Describing the inverse Lorentz 
transformation in terms of differentials of t Jt ,yr )r / one obtains

(1 — v2/c2)1/ 2 f  .
u =  1  +  c - 2( i m ')  r

+ (i - v 2/ c*y i2m

(1 — i;2/c 2)1/2 /  v2 

w |. (1.3.11)

One may regard a point at hand as being at rest in some inertial system 
S " defined by coordinates r " . Conversion from S'  to S"  is given by the 
Lorentz transformation without rotation induced by velocity u*. Then u  is 
the velocity of S"  relative to S'. To derive the velocity u if of S  relative to S n 
it should be taken into account that S'  moves relative to S" with velocity 
—u'  and S  moves relative to S'  with velocity — v. Hence, the velocity u n 
is expressed by (1.3.11) replacing v and u ' by — u'  and —v respectively. 
Equation (1.3.7) rewritten for this case as Tu"  =  —u  relates u  and u " by 
means of a matrix T  of spatial rotation S  relative to S" . In the general case 
one has T  ^  E , i.e. combination of two Lorentz transformations without 
rotation (from S  to S'  and from S'  to 5") leads to extra rotation in the 
resulting transformation (from S  to S N). In the particular case of collinear 
velocities v and u'  the velocities u  and u n differ only by sign, hence T  =  E.

The velocities v and u 1 enter into (1.3.11) non-symmetrically (unless 
they are parallelly directed). This is due to the non-commutability of the 
Lorentz transformations. But the direction of the velocity alone depends 
on the order of the addition of velocities. The absolute magnitude of u  is 
commutative since as seen from (1.3.11)

(1 -f c l v u ’Y

Formula (1.3.11) enables one to solve a set of problems of motion in the 
special theory of relativity. For example, let us find the relative velocity of 
two particles having in some system 5 ' velocities v\  and respectively. 
Evidently, the velocity of the second particle relative to the first one rep­
resents the velocity of the second particle in a reference system S  in which 
the first particle is at rest. Hence, S  moves relative to S l with velocity v\.  
Putting in (1.3.11) v =  —v \ , w' =  v 2 one finds the needed velocity u. If u ' 
is infinitesimal then within the terms of the first order in \u'\

u  = v + dv
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dv = (1 -  v2/c2)1' 2 L '  +  ((1 -  vi/C2)1' 2 -  l )  v\  (1.3.13) 

u"  =  — [v +  u'  — c~2(vu')v]. (1.3.14)

Writing the Lorentz transformation from S  to S'  explicitly (no rotation, 
translatory velocity v ), from S'  to S"  (no rotation, infinitesimal transla- 
tory velocity u ') and from S  to S"  (rotation T, translatory velocity u ), it 
may be seen that rotation T  of the resulting transformation represents the 
infinitesimal rotation around vector £1 by angle |fi|

The velocities u  and u"  thereby satisfy relation (1.3.7) or T u"  = —u.
Let a particle moving in system S  be a gyroscope. If the velocity of 

the particle at moment t is v then for moment t +  dtf this velocity will be 
u = v + dv with dv = vdt. S'  and S"  are in this case the inertial rest 
systems of the particle at moments t and t +  d  ̂ respectively. The direction 
of rotation of the gyroscope at moment t in system S'  coincides with its 
direction at moment t +  dtf in system S" provided that there is no external 
angular momentum. According to (1.3.15) the axis of gyroscope in system
S  undergoes precession with angular velocity

This effect is called the Thomas precession.
5. Aberration of light. Directions towards one and the same star as mea-

tion. Returning to (1.3.11) let us assume again that the velocity v  of S'  
relative to S  is directed along the ar-axis, i.e. vx — v, vy = vz = 0 . If vector 
u ' lies in the x'y' plane at angle 0' with the z'-axis

Tr  =  r -f (fi x r) (1.3.15)

Q = —(1/d2)[(1 -  d2/c2)-1/ 2 -  1](» x dv). (1.3.16)

w =  -(l/t> 2)[(l -  v2/c2 )-1/ 2 -  l)](w x v). (1.3.17)

sured in two different reference frames differ from one another by aberra-

u'x =  u' cos 8' u'y =  u' sin 0' u'z =  0

then vector u  lies in the xy  plane at angle 0 with the x axis

ux — u cos 0 uy =  u sin 0 uz — 0

and in virtue of (1.3.11) there results

(1 — v2 jc2)l l2u'sm0'  tan 0 =  --------- '— -------------- (1 .3 .18)
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For the light propagation u =  u* = c and the relativistic formula of 
aberration is

(1 — v2 /c2)1/ 2 sin 0' 
cos #' 4- vc~

Inverting this formula one obtains

tan# = ^ .-  (1.3.19)---ni i 0— i

t a n » ' = ( 1 - ,y )1/ i f n<l (1.3.20)
cos# — vc~l

or after expanding in powers of v/c

#' — # = c_1i>sin# 4- \ c~2v2 sin#cos# 4 __  (1.3.21)

6. Doppler effect Consider in system S' some periodic process related 
with the emission of light signals. These signals are registered in system S  
at moment t*. Taking into account the signal delay due to the finite value 
of the light velocity the time of emission is t with

* r(Z)t* = t 4  —c

r(t) being the distance between the emitter and the receiver. This process 
is perceived in S  as periodic with the frequency

At* -  ( l  +  ^  At

vr = dr/dt  being the radial velocity of the emitter. It may be assumed 
that the emitter is located at the origin of S', i.e. r* — 0. Then from the 
inverse Lorentz transformation there results

t
t =

(i - v 2/c2y / 2 '

Therefore, the frequency At* in S  is related to the proper frequency A t ' in 
system S' by the equation

1 7 ^ '  ^

Here
vr = — v cos# (1.3.23)

# being the angle between the relative velocity of 5 ' and the light direction.
These are basic kinematical effects associated with the Lorentz trans­

formations. Their more detailed physical meaning is exposed in numerous
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textbooks on special relativity theory, in particular, in the monograph by 
M0ller (1972). Our exposition is based on this monograph but here we 
confine ourselves to the most simple relations of special relativity theory 
needed for relativistic celestial mechanics.

1.3.3 Dynamics of a particle

A curve representing the process of motion of a particle in four-dimensional 
space-time is called the world line. Since the velocity of a material point 
cannot exceed the light velocity then for the world line of any material 
point

ds2 — dx° — dx1 — dx2 — dz3 > 0 . (1.3.24)

The world line of light is the isotropic straight line, i.e.

ds2 = 0. (1.3.25)

Taking s as the parameter of the world line of a material particle one 
may present its equations in a form

xa = x a(s). (1.3.26)

Here and everywhere below the greek indices run from 0 to 3 and the 
latin indices run from 1 to 3. The unit tangent vector

drra
ua = ^ ~  (1.3.27)ds

defines the 4-velocity of the particle. From (1.3.24) it follows that

ds = cdr =  c( 1 — v2/c2)1̂ 2d t (1.3.28)

r  the being proper time of the moving particle and v being an ordinary
3-vector of velocity with components vl =  dx1 /dt. Therefore,

U =  ( 1 - v V c 2) 1/ 2 =  C(1 — V2/C2) 1/ 2 ' ( L 3 -29)

A 4-vector A  with components

dua 1
^  =  1 7  =  c(1 -  »>/,*)■/* I T  f 13 -30)

represents the 4-acceleration of the moving particle. Because u 2 =  1 vectors 
u  and A  are orthogonal

u A  = 0. (1 .3 .31)
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By the second law of mechanics the equations of motion of the material 
particle in some inertial system may be written in the form

m 0ua ) =  c~2x(v)FQ. (1.3.32)

mo is the constant quantity characterizing the inertial mass of the point and 
is called the rest mass. x(v) ls the factor determined below and is dependent 
only on the absolute magnitude of the 3-velocity v. F a are components 
of the external force. The 3-vector F  with components F l represents an 
ordinary vector of force. The condition mo = constant implies

F° = c ~ l Fv.

The factor x(v) ls expressed as

X(v) = ( l - v 2/c2)~1' 2.

Finally, equations (1.3.32) take the form

= |  = F  (1.3.33)

with kinetic energy E — m e2, impulse p  =  mv  and mass m of the moving 
point satisfying the relation

- » = d - 3 -3 4 >

The dynamical characteristic of the moving point is the energy- 
momentum vector E qu with E 0 =  m 0c2 being the rest energy. The 
time component of this vector coincides with the energy of the point 
Eou° = me2. The space components are components of the impulse multi­
plied by c, i.e. E qu1 =  mvlc.

1.3.4 Energy—m omentum  tensor

Consider in some system S  a stream of dust-like non-interacting particles. 
Denote by du> an elementary volume occupied by an elementary mass dm. 
Let 5o be a system co-moving with this elementary volume and having 
velocity ^(i;1, v2, v3) relative to S. The elementary volume and mass at 
hand take in So the values du;o and dmo characterizing elementary rest 
volume and rest mass respectively. From the preceding relations

du, =  (1 -  t,2/c 2)1/2du,0 dm = -(1 _ ^ ° 2)1/2- (1.3.35)
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Mass density may be characterized by any one of the quantities 

„ dm0 dm0 .  dm
( u ' 3 6 )

It is evident that p* represents the rest mass density in a co-moving system 
So (invariant density), p is the rest mass density in the system S  and p is 
the mass density in the system S  (this is the total density including the 
mass corresponding to the kinetic energy of particles). The tensor of mass 
of a stream of particles is determined by

T ap = p*uaup (1.3.37)

with ua being the 4-vector of velocity. Tensor c2T aP is called the energy- 
momentum tensor of a stream of particles. Its components take the values

c2T 00 = c2p c2T 0i =  cpvi c2T ij = p v V . (1.3.38)

A stream of dust particles represents the most simple case of moving 
material substance. In the general case the energy-momentum tensor is a 
symmetric covariant tensor of rank 2, the components of which have phys­
ical meaning as results from (1.3.38). The most important property of the 
total energy-momentum tensor taking into account all types of matter sub­
stantial for a specific physical problem is the conservation law. Analytically 
this law may be formulated in the form

V 0T al3 = 0. (1.3.39)

Introducing of the covariant derivatives makes this relation valid in any 
curvilinear coordinates. For the tensor (1.3.37) this may be easily verified. 
In fact, one has

The first term vanishes in virtue of the equation of continuity implying the 
conservation of the rest mass

Besides,

„ dua 1______  fd u a | vidua \ _ 1 dua _  Aa
dx? c(l -  bVc2)!/* V dt + " dx* J  c ( l - v 2/ c2y /2 dt
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4-acceleration A a being zero due to the absence of external forces.
Inside macroscopic bodies one may assume the validity of the equation 

of the continuity (1.3.40) and the equations of motion of a continuous 
mechanical medium

' T r - ^  + f S -  (L341)
Fl being the external force acting on the elementary volume and being 
the stress tensor: For an ideal fluid

pij = -pSiJ. (1.3.42)

as well as Si j  and 6\  are determined by (1.2.5). An expression for the 
energy-momentum tensor of macroscopic bodies is obtained by generalizing 
(1.3.37) taking into account pressure p :

c2T *P _  ^2^ . +  _  pYja0 (1.3.43)

with
T)00 = l i f '  = 0 7f = - 6 i j . (1.3.44)

Density p* and pressure p are to be functionally related. For a perfect, non- 
viscous fluid the rest mass contains the mass proportional to the potential 
compressional energy II. p* is the density of this total rest mass, to be 
distinguished from the density p* of the invariable rest mass. Equations
(1.3.39) applied to the tensor (1.3.43) yield

u“ ^ C (c V + p )u 0 ]+ ( c V + p)A° ~  =  0 (L3-45) 

reducing in absence of the external forces to the equations of motion of 
continuous matter. Multiplication by ua results in

c2//* + p ) ^  +  c V &  = 0- (L3-46) 

Defining p* by the equation

dp* _  dp,* 
p* /i* -f c-2p

with condition p* =  p* for p = 0, equation (1.3.46) is reduced to the 
equation of continuity

(1.3.47)

=  d(P*uf3) _  n 
dxP dp* dx& dx&
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Putting
/,* =  p*(l +  <r2n) (1.3.48)

and substituting this expression into (1.3.47) one obtains the equation for 
the potential compressional energy II

dH =  (cVp*a)(p*dji* -  f d p * )  = (p/p*2)dp*. (1.3.49)

From this it follows that

n = -JL+ F*t.  (1.3.50)
P* JO P

Considering that

0 d p  _  1 d P

U dx? c(l -  wVc3)1/ 2 dt

and combining (1.3.45) and (1.3.46) one transforms the equations of motion 
to the form

(cy + p . n + P )A- =  ^ A _ _ ^ _ | .  (1.3.5i)

The energy-momentum tensor (1.3.43) takes the final form

C2T *P =  (cy  +  p* n  +  p ^ u 13 -  prfP. (1.3.52)

The representation of the energy-momentum tensor of macroscopic bod­
ies used here was first founded by Fock (1955).
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GRT F ield  Equations

2.1 BASIC PRINCIPLES OF GRT

2.1.1 Basic ideas

Currently, it might be possible to develop the main idea of the g r t  from 
experimental results. Yet Einstein derived the basic statements of g r t  by 
logical considerations proceeding from the special theory of relativity and 
the fundamental law of equality of gravitational and inertial mass. Even 
though the derivation by Einstein is regarded now by some physicists as 
not entirely devoid of deficiencies it should be remembered that just this 
approach has led to the greatest triumph of scientific logic.

Having completed the special theory of relativity Einstein successively 
put forward the principle of equivalence and the principle of general co­
variance. According to the principle of equivalence all physical processes 
follow the same pattern both in an inertial system under the action of the 
homogeneous gravitational field and in a non-inertial uniformly accelerated 
system in the absence of gravitation. The principle of equivalence is strictly 
local in contrast to the law of identity of gravitational and inertial mass 
underlying it. The principle of general covariance being of purely mathe­
matical character implies that equations of physics should have the same 
form in all reference frames. Combination of these two principles enabled 
Einstein to formulate the principle of general relativity.

Proceeding from this, Einstein came to conclusion that the space-time 
of g r t  is the pseudo-Riemannian space with the metric

d s2 =  gapdxadxP (2.1.1)

(let us remember again that greek indices can have values 0, 1, 2, 3, while 
latin indices take the values 1, 2, 3). In the special theory of relativity it 
is possible, if one wishes, to put all equations in the covariant form and 
to use any curvilinear coordinates. But the space of events in the special

37



38 GRT FIELD EQUATIONS

theory of relativity is flat (affine), i.e. its tensor of curvature is zero. In 
this space there are preferable coordinate systems (affine) defined up to 
affine transformations (Lorentz transformations). In such affine systems the 
space-time metric of special relativity takes the form (2.1.1) with gap =  TJap 
and

f}00 =  1 *7o« = 0 (2-1-2)

It should be noted that no less often the signature -f is used.
It is a pity that there is no agreement on the use of any one of these 
signatures. Conversion from one signature to another involves no difficulties 
but nevertheless this fact should be kept in mind.

The coordinates providing values (2.1.2) for the metric tensor are called 
Galilean. In g r t  one cannot introduce the global Galilean coordinates 
(valid for the whole space-time). Instead, one may use quasi-Galilean co­
ordinates such that

9 cx(3 ~=- T)a(3 "1“ h a p  (2.1.3)

hap being functions of #°, x 1, x2, x3 with \hap\ <C 1. Representation (2.1.3) 
makes it evident that the g r t  pseudo-Riemannian metric differs little from 
the pseudo-Galilean metric of special relativity. Quasi-Galilean coordinates 
x a admit not only linear transformation but any non-linear transformation 
of the type

xa = xa +Za (x13) d* “
d x P

1 (2.1.4)

since metric (2.1.1) expressed in new coordinates x a is again little distinct 
from the Galilean metric. But it should be underlined that this distinction 
looks different for each reference system.

At every point M  of the g r t  space-time one may introduce in accor­
dance with (1.2.37) the locally geodesic coordinates ensuring gap =  rjap 
and gaptn =  0 at M  (here and everywhere below the partial derivative 
with respect to some coordinate is denoted by a comma accompanied by 
the appropriate index). Moreover, the locally geodesic coordinates may be 
introduced in some vicinity of a given world line. Thus, in these coordi­
nates in displacing from point M  to an infinitesimally close point functions 
hap are at least of second order with respect to differences xM — x^(M).  
Neglecting these infinitesimal terms of the second order one has in the 
infinitesimal vicinity of point M  the space-time of special relativity. All 
relevant relations are valid in this infinitesimal vicinity. In particular, co­
ordinates x ° , x l , x 2, x 3 may be again interpreted as ci ,x ,y ,z .  Hence, the 
locally geodesic coordinates determine an inertial reference system where 
there is no gravitational field. Such a possibility of introducing the locally 
geodesic coordinates is due to the principle of equivalence valid only locally.

In a locally inertial system the tensor of mass T QP has the same mean­
ing as for special relativity. In the quasi-Galilean coordinates of g r t  T q P
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has approximately the same meaning. This tensor describes the total dis­
tribution and change of energy and momentum excluding the energy and 
momentum of non-gravitational origin. In special relativity the equations 
of conservation of energy and momentum have the form

g T af3

= 0 (2.1.5)

for affine (Galilean) coordinates and

—  0 (2 .1.6)

for arbitrary coordinates. In g r t  T aP also satisfies equations (2.1.6). How­
ever, as we cannot rewrite this as (2.1.5) in any coordinates, this equation 
does not result in the law of conservation. This is natural since the tensor 
T aP does not include the energy and momentum of gravitational origin. 
To derive the law of conservation it is necessary to add to T a@ some non- 
tensorial quantity. This quantity is testimony to the energy and momentum 
of the gravitational field but its value depends on the choice of reference 
system.

2.1.2 Field equations

According to the basic idea of g r t  the properties of space and time, i.e. 
the space-time metric, are determined by motion and distribution of masses 
and, conversely, motion and distribution of masses are governed by the field 
metric. This interrelation is revealed in the field equations for determin­
ing the tensor gap . According to the number of the significantly different 
components of this tensor there should be ten field equations. Einstein set 
up their form using the following considerations.

(a) According to the Galileo law the gravitational mass is equal to the 
inertial mass which, in turn, is proportional to energy considered as 
one of the components of the tensor of mass. It may be suggested 
that the right-hand members of the field equations contain only the 
tensor of mass.

(b) Equations of the field should be formulated in the covariant form.
(c) In analogy with the Poisson equation for the Newtonian gravitational 

potential the field equations are expected to be of second order.
(d) If any solution of the covariant field equations is known then con­

verting to any other coordinates one can construct infinitely many 
physically equivalent solutions. Therefore, the general solution of the 
field equations should admit four arbitrary functions and hence sat­
isfy four identities. As the right-hand members of the field equations
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have to comply with the identities (2.1.6) the same should be true for 
their left-hand members.

These considerations lead to the following form of the field equations: 

q *P +  Agap _  _ kT °P. (2.1.7)

The right-hand side of (2.1.7) contains the Einstein tensor

G<*fi _  R a0  _  i R g a?  A  8 )

expressed in terms of the Ricci tensor R a@, scalar curvature R  and metric 
tensor gai). From the Bianchi identities (1.2.65) there results

VpR  = 2gpJ7vR ,tv. (2.1.9)

Therefore, the Einstein tensor satisfies the Bianchi identities

VpGap = 0. (2.1.10)

Hence, the whole left-hand side satisfies these identities and relations (2.1.6) 
are fulfilled for the right-hand side of equations (2.1.7).

Equations (2.1.7) contain a constant k determined below in passing to 
the limiting case of the Newtonian field and the cosmological constant A 
which is of importance only in considering problems of cosmology. In all 
other applications of g r t  it is sufficient to consider the field equations 
without a cosmological term

G ap  =  - K T a p . ( 2 .1 .1 1 )

Contracting with gap there results

R = kT  (2.1.12)

with
T  =  gapTaP. (2.1.13)

Therefore, equations (2.1.11) may be rewritten in the form

Ft?? =  —K(TaP -  \ T g al3). (2.1.14)

In the domain outside the gravitating masses the tensor T a& vanishes and 
the field equations in vacuum may be reduced simply to the vanishing Ricci 
tensor

Rap =  0. (2 .1 .15)
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The field equations represent ten non-linear second-order partial equa­
tions of the hyperbolic type. They determine ten unknown functions: six 
components of the metric tensor gap (four components remain arbitrary 
due to general covariance of the field equations), three components of ve­
locity vl of the matter, and mass density p (an equation of state relating 
the density and the pressure should be given separately).

2.1.3 Coordinate conditions

To derive the solution in some definite coordinate system it is necessary 
to add four non-tensorial equations called coordinate conditions. They are 
responsible for the choice of specific coordinates. For any problem at hand 
there may exist coordinate conditions which are preferable mathematically 
for solving this problem (providing, for example, a simple form of solution). 
In problems of relativistic celestial mechanics one often uses harmonic con­
ditions determined by the equations

=  o. (2.1.16)ox?

As seen below the field equations may be simplified under these conditions. 
But the explicit formulation of coordinate conditions is rather an exclu­
sion and it is not always possible to establish coordinate conditions for a 
particular solution of the field equations.

The problem of coordinate conditions, particularly in relation with the 
role of harmonic conditions, has for a long while been the subject of rather 
emotional discussions. Relapses of these discussions occur even at present. 
According to Fock (1955), for the problem of motion of an isolated system 
of bodies the harmonic coordinates are preferable generalizing the inertial 
coordinates of special relativity and enabling them to be directly used in 
astronomical practice. For other authors, first of all for Infeld (Infeld and 
Plebanski 1960) the harmonic coordinates are mathematically convenient 
but the prescription to consider the field equations together with the har­
monic conditions is contradictory to the essence of g r t . At the same time 
Infeld tried to find as opposite to the harmonic coordinates some other 
coordinates more ‘objective’ in the sense of their approximation to the 
Galilean coordinates of special relativity. At present all the discussion of 
Fock and Infeld seems meaningless. Each specific celestial mechanics prob­
lem may be solved in any coordinates (taking into account the possibility 
of mathematical simplification under some definite coordinate conditions) 
but in the final comparison with observations one should obtain coordinate- 
independent results. The problem of comparison between calculated and 
measurable quantities in astronomy will be considered below.
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2.1.4 Equations of m otion

For application in celestial mechanics the most important problem of g r t  
is the problem of motion of material bodies. Initially it was acceptable 
to postulate equations of the motion separately from the field equations 
as takes place in Newtonian gravitation. In fact, the Newtonian theory of 
gravitation includes separately the field theory (linear equations of Poisson 
and Laplace for Newtonian potential) and the equations of the motion (the 
laws of Newtonian mechanics). But Newtonian theory of the gravitational 
field is linear. In the linear theory the motion of the field sources (gravi­
tating masses) does not depend 0 11 the field equations. In 1927 it was first 
demonstrated that the equations of the motion of material bodies in GRT 
are closely related to the field equations (Einstein and Grommer 1927). 
Starting in 1938, the group of Einstein and Infeld from one side and the 
group of Fock from another side succeeded in elaborating practical methods 
to derive the g r t  equations of motion of material bodies.

2.1.5 Geodesic principle

For a test particle, i.e. for a particle with infinitesimal rest mass producing 
no influence on the surrounding field, the equations of motion are deter­
mined by the geodesic principle implying that the motion of such a particle 
is performed on the geodesic line in a given field. This law results from the 
field equations. In fact, for a stream of dust-like non-interacting particles 
the mass tensor is defined by (1.3.37),

T ap = p*uQuP 

ua = dxa/ds  being the 4-velocity of a particle and

gapuaup = 1. (2.1.17)

The law of the conservation of rest mass expressed in covariant form is

V p t f v P )  =  0. (2.1.18)

Therefore, from (2.1.6) it follows that

=  0

or
Dua d^xa „ dx** dxv , x
- d T 3 ^  + r - 1 7 1 7  =  °-

Hence, the trajectory x a =  x a(s) of a test material particle is a non­
isotropic geodesic. This result may be derived without the aid of the
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mass tensor and relation (2.1.6). As shown in Infeld and Schild (1949) the 
geodesic motion results from the vacuum field equations (2.1.15) regarding 
the particle as a field singularity. Due to the principle of equivalence the 
propagation of light is performed on isotropic geodesics.

Thus, there is no gravitational force in the Newtonian sense in g r t . The 
motion of test particles in the gravitational field is presented as the free in­
ertial motion along the geodesic lines of the pseudo-Riemannian space with 
metric determined by the gravitating masses. Components of the metric 
tensor act as gravitation potentials, similar to the Newtonian potential 
for Newtonian gravitation. In this respect the field equations (2.1.11) and 
(2.1.15) may be regarded as generalizing Poisson and Laplace equations for 
the Newtonian potential. Irrespective of the smallness of the relativity ef­
fects in specific celestial mechanics problems the explanation of gravitation 
first achieved only by g r t  is of paramount scientific importance. Celes­
tial mechanics is primarily devoted to the motion of celestial bodies under 
gravitation and so it is inevitably relativistic, i.e. based on g r t .

2.1.6 Variational principle for the field equations

The remarkable property of equations (2.1.11) is that they may be derived 
from the condition of stationarity of some scalar invariant. This variational 
principle is of importance both from the theoretical point of view and for 
applications. Moreover, the operations needed for its derivation are of 
interest by themselves.

Consider the four-dimensional invariant integral

S g =  J  s f ^ g R & tl  (2 .1 .2 0 )

taken over some 4-domain. Let us find the variation of this integral with 
changing g provided that the variations of g ^  and their first derivatives 
vanish on the boundary of the domain at hand. From the definition (1.2.70) 
for the Ricci tensor

f ) Va 8 T a
a ? "  9 ^ r  +  r r f i t . - iv t  (2 .1 .2 1 )

it follows that
SR,tu = -  Va « r“„. (2 .1 .2 2 )

Considering that gaP are elements of the inverse matrix of gap one has 
for the differential of the determinant g

d p  =  9 9 ° 13 d g a j } . (2.1.23)



From the definition (1.2.31) for the Christoffel symbols one has

pa _  ̂ a0 ®9ocfi _ 1 _ C? In y/—Q .. ~ .v
“  2 dx** “ 2g dx» ~  dx* ' ’
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Therefore for any tensor a**

(2.1.25)

Applying (2.1.25) to (2.1.22) one obtains

g ^ s R ^  =  - j = ± - y = g w > d n v - 9 avf>n»)i

Therefore in the variation of the integral (2.1.20)

6 S g =  j  y / ^ g ^ S R ^  d n  +  J  R ^ y f ^ j g ^ )  dQ .

The first term makes no contribution since 6 g together with their first 
derivatives vanish on the domain boundary. From

one has
gilA g 0v = - g 0vd g ^ .  (2.1.26)

Hence, alongside with (2.1.23) the differential of g may be presented in the 
form

d g = -ggapdgop. (2.1.27)

Contracting (2.1.26) with ga(3 one finds

d g ^ ^ - g ^ g ^ d g ^ .  (2.1.28)

For any tensor aap one then obtains

a ^ d g ^  =  - a apdgaP. (2.1.29)

From (2.1.24)

=  V =9 ^ 9 li‘' -  \ g >>v ga^ g aP) (2 .1 .3 0 )

so that
R ^ H V - 9 9 liU) = V ~ 9 ( R ^  -  \R9nv)&gliV-
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Therefore, taking into account (2.1.29) it is possible to present the variation 
of (2.1.20) in the form

6Sg = -  J ( R ^  -  \ R g ^ v ) ' J —g 6 g ttv dQ. (2.1.31)

Thus, the condition of stationarity of integral (2.1.20) yields the left- 
hand side of (2.1.11), enabling us to consider this integral as the action for 
the gravitational field. The right-hand side of (2.1.11), i.e. the mass tensor, 
also may be obtained as a variation of the appropriate action integral

s m =  J ( c 2p* + p * U ) ^ d n  (2.1.32)

with p* being an invariant density satisfying the equation of the continuity 
(2.1.18) and II being the potential compressional energy (1.3.50). Using
(2.1.25) the equation of continuity may be rewritten as

J - ( y / = g p * u a) = 0. (2.1.33)

Defining the function p =  p(xa) by means of the relation

y/=9P*=P-£o (2.1.34)

equation (2.1.33) reduces to the equation of continuity in the standard form
(1.3.40). Hence, p is again the rest mass density and equation (2.1.34) 
generalizes the relation between p and p* given by (1.3.35) and (1.3.36). 
Taking the variation of (2.1.34) with respect to g^v yields

6p* = \p '{ «av P - g aP)6gaP. (2.1.35)

From (1.3.49) one has

SS,m - I c2 +  n + | r ) 6p* +  ^- (c2p* + p*H)6g
P*J 2 g

or using (2.1.23) and (2.1.35)

\ / —g dfi

6Sm = \ c 2 J  T ^ y / ^ g S g ^  dfi (2.1.36)

with
c2T»u =  (c2p* + p *n + ■p)u»uv -  pg (2.1.37)
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In the absence of the gravitational field this expression coincides with
(1.3.52). Combination of (2.1.31) and (2.1.36) enables one to conclude that 
the field equations (2.1.11) follow from the variational principle

6(2c~2KSm -  St ) =  0 (2.1.38)

where g^v are to be considered as arbitrary functions of the coordinates.

2.1 .7  G ravitational energy and conservation  laws

The gravitational radiation of celestial bodies plays a minor role and in 
most problems of relativistic celestial mechanics it may be ignored. Nev­
ertheless, the phenomenon of gravitational radiation by itself is one of the 
principal features of relativistic celestial mechanics. According to the basic 
statements of g r t  the gravitational energy does not enter into the energy- 
momentum tensor and is taken indirectly by means of the gravitational 
potentials. One may add the gravitational energy as the extra terms to 
the energy-momentum tensor only in an artificial manner by specifying a 
coordinate system. These extra terms are not tensorial quantities. At one 
and the same point, depending on the choice of coordinates, they may take 
any value. For an isolated system of bodies like the Solar System with large 
distances between the masses the effect of the gravitational field becomes 
negligible and in the limit there appears the homogeneous and isotropic 
Galilean space. Disregarding the gravitational radiation one has in this 
case 10 classic integrals of motion. If the condition of the Euclidean back­
ground at infinity is not fulfilled the system of bodies cannot be regarded 
as isolated and the integrals, at least some of them, do not exist. Just 
this case is realized, for example, in considering the Solar System at the 
cosmological background. But such a problem in spite of its theoretical 
interest has not so far been studied in detail.

Evidently, to speak rigorously, any actual physical system cannot be 
isolated due to the loss of energy in form of electromagnetic or gravitational 
radiation. But for the Solar System the loss of the electromagnetic energy 
is only a small amount of the total energy of the system and the loss 
of gravitational energy accounts for 10“ 23-10"24 of the electromagnetic 
radiation

The g r t  energy-momentum tensor satisfies relations (2.1.6) or

(V =?T 'u') >m +  =  0. (2.1.39)

These relations do not lead to the conservation laws since their left-hand 
sides cannot be presented as divergencies of some symmetrical quantities.
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But if one separates in the Einstein tensor the terms with the second deriva­
tives then after some transformations this tensor may be represented in the 
form (Fock 1955)

- g G ^  =  9 -  9 ^ r v),ap +  L*" (2.1.40)

with
9a? =  V = 9 9 aP.

The quantities L*iU are non-linear in the first derivatives and may be 
calculated by the formulae

=  \ { 9 at C  -  -  9 7  f j )

-  g ( -  i j V ' r i j r ; ,  +  § < r  tf)  (2.1.41)

with

and

n^a/J = L(g°»~grt  +  gfi'ft* _  g ^ g - f )  
2g

K ?  = 9 ^ 0 ^ ^

H =  g ^ { T apuV ^ - T % T % ) .  (2.1.42)

Substituting (2.1.11) into (2.1.40) and denoting

= - c - ^ g T ^  + -^— L ^  (2.1.43)
87rG

one obtains
( r V "  -  s f V ' W  =  16irG U ^ .  (2.1.44)

It is evident that
U p  =  0. (2.1.45)

This relation, actually equivalent to (2.1.39), is presented as the diver­
gence of a symmetrical, non-tensorial quantity. It is easily verified that 
L^v are expressed in terms of the Christoffel symbols. Therefore, under 
linear transformations these quantities and hence U ^  act as tensors. In 
a specific coordinate system the first term in UfiU may be interpreted as 
the tensor due to the energy of the matter and all fields except for the 
gravitational field whereas the second term represents the pseudo-tensor 
of the gravitational field (the Landau-Lifshitz pseudo-tensor). Describing
(2.1.45) separately for v — 0 and v — i one obtains after integration over 
the domain occupied by the masses

_d f  uoo d3x _  _  e j  nkUokdS  (2.1.46)

J Uoidax = - c  j  nkUikdS  (2.1.47)
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with d5 being the element of the space surface and nk being components 
of the unit normal vector to the surface. Besides, from (2.1.45)

(xf*Ua" ' - x uUa'*)ta =  0. (2.1.48)

Putting here \x — i and integrating one finds for v — 0 and v — j

- I  d t j

rjj J  -  xj Uoi) d3x =  -cJ -  xj Uik)dS. (2.1.50)

Relations (2.1.46), (2.1.47), (2.1.49) and (2.1.50) generalize the conserva­
tion laws of classical mechanics and demonstrate that the change of the 
total amount of the quantity at hand inside some volume is due only to 
the flow of this quantity through the boundary surface. If this flow may 
be ignored there result the common sense conservation laws implying the 
constancy of the quantities at hand.

In accordance with the left-hand sides of relations (2.1.46), (2.1.47), 
(2.1.49) and (2.1.50) the mass M  of the material system, its momentum 
P z, the coordinates of its centre of mass X land its angular momentum M tJ 
can be determined by means of

(2.1.51)

(2.1.52) 

(2.1.53)

M ij =  c2 J  (x!'[ /0j' -  xj Uoi) d3x. (2.1.54)

The tilde in these designations indicates that the relevant quantities 
include contributions due to the gravitational field.

2.2 W E A K  G R A VITA TIO NAL FIELD  

2 .2 . 1  L inearized theory

The simplest approximate solution of the field equations is obtained in the 
linearized theory. This theory physically corresponds to the case when 
corrections hap to the Galilean values r)ap are so small that their squares

M =  c2 J  U00d3x

P* =  C2 J  Uoi d3x 

M X 1 =  <? I  xi U00d3x

(x'U — ctU )d' =  - c  J  nk(ix‘U0k - c t U ,k) d S  (2.1.49)
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and products may be neglected. Separating linear and non-linear parts in 
the Ricci tensor one has from (1.2.67) and (1.2.71)

Rfiiz =  2 T)  ̂{ . h a / 3 "f" /̂?y,ar/i) “t" Lpy (2.2.1)

fiu ~  2^ (̂^<2/3,/  ̂4" ĥ u,a(3 han^v /̂?j/,a/i)
+ 9afigxs(rXllvr Sap -  r Â r 4/3l/). (2.2.2)

Based on (2.1.14) the field equations may be rewritten in the form

Rap =  ~ KT*p (2.2.3)

with
K p  =  Ta P - \ T g aP. (2.2.4)

Substituting the Galilean values of the metric tensor into the energy- 
momentum tensor (2.1.37) , ignoring the terms dependent on the internal 
structure (p =  II =  0) and retaining only the first-order terms in vl jc  one 
has

T00 =  p T oi =  c~1pvi T ij = 0 T  — p 

Too =  p Toi = —c~l pvl =  0

so that right-hand members of (2.2.3) become

Too =  \ p  n i =  - c - l pvi t;3 =  \ p813. (2.2.5)

Introducing the functions

L^u =  4- kT*u (2.2.6)

equations (2.2.3) may be rewritten as follows:

^00,55 2/io5,os ~f~ ^55,00 ~  2Z,<oo (2.2.7)
hom,ss ^Os,m« “1“ hss,0m ^ms,0s — 2Z/0m (2.2.8)
h"mn,ss hmri)00 4“ hss mn hms ns hns ms /i00,mn

4“ ^0m,0n “I" hon,Om — 2Lmn. (2.2.9)

As earlier, each index occurring twice implies summation, for exam­
ple, h>oo}s$ stands for the Laplacian of h0Q. In the linearized theory V  v 
are ignored and the right-hand members of (2.2.7)-(2.2.9) become the 
known functions determined by (2.2.5) and (2.2.6). Equations (2.2.7)-
(2.2.9) themselves represent in this case second-order linear partial differen­
tial equations. These equations are significantly simplified under harmonic 
conditions (2.1.16). Defining h^u by

g *y =  ^  +  h?v (2.2.10)



and using the relation between contravariant and covariant components of 
the metric tensor one finds

/i00 =  — /ioo +  (/*oo)2 +  «• •
h0m =  hom — hoohom +  hoshms 4- • • • (2.2 .11)
^mn _  _  hnin _  hmshns 4 ----

It will be clear below that in arbitrary non-rotating quasi-Galilean co­
ordinates the components /i0o and hmn are of second order in v /c  and hQm 
are of third order (v being the characteristic velocity of bodies). Formulae
(2 .2 .11) yield the relation between and h^u up to the terms of fifth 
order inclusively. With the same accuracy the determinant g is

—g =  1 +  hoo — h$s — hoohss 4- ^(hss)2 — ^hrshrs +  . . .  (2.2.12)

and hence

V  9 — 1 ~f* ^(^oo hs$) g(^oo) ^hoohS3

+  U hss)2 - k hrshrs +  "--  (2.2.13)

Therefore,

^/—#<700 =  1 — |(/ioo +  hss) 4  §(/*oo)2 +  \hoohss
4- | ( hss)2 ~~ \ h rshrs 4 - ... • (2.2.14)

V~~99°m =  hom — |(/ioo +  h$s)hom 4  hQShms 4- . . . .  (2.2.15)

y/ 99 ~  fimn hmn 2(^00 hSs)bmn
[g(^oo) 4“ 4hoQhss g(^ss) 4“ 4hrshrs\ r̂nn
2(^00 hss)hmn hmshns -|- . . . .  (2.2.16)

Differentiation of these expressions enables us to deduce explicitly the 
harmonic conditions up to the terms of fifth order inclusively. For the 
linearized theory the harmonic conditions are

^00,0 +  hss, o — 2/ios,s =  0 (2.2.17)

hoO,m hSs}m 4” 2 2/i0m,0 0. (2.2.18)

Under these conditions equations (2.2.7)-(2.2.9) take the form
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h^U)Ss ĥ ii/}oo ~  2 1 ^ .  (2 .2 .19)
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Thus, the field equations for the linearized theory in the harmonic coor­
dinates become the wave equations. As is known the solution of the wave 
equation

*!>,ss -  V\oo = -4 7 T <r(t,r) (2.2.20)

is expressed by the volume integral

(2-2.21)
J \r — r'\

with d3x; being an elementary 3-volume and the density being evaluated 
at the current point r ' at the retarded moment

t' =  t - c - 1\ r - r ' \ .  (2.2.22)

If the distance |r* — r*'| between the external point r  and the current point 
r ' is small as compared with distance ct then the exact solution (2.2.21) 
may be expanded in series

^ = /  ^ z ^ d3a:" c”1^ / <T(<’r') d V

+ 5 C_2^ 2  J  <7(t ’r ')\r  -  r '\ d3x ' + . . . .  (2.2.23)

In the linearized theory it is sufficient to take only the first term. Then the 
solution of (2.2.19) takes the form

with primes indicating that the appropriate value is to be taken for the 
moment t at the current point r 1. In the next section the comparison with 
the Newtonian equations of motion of a test particle results in a determining 
constant k

k =  rG c-2. (2.2.25)

With the aid of (2.2.5) the solution (2.2.24) of the linearized field equations 
in harmonic coordinates is presented in the form

/i00 =  —c~22U hoi =  c~34Ui hij =  - c ’ ^Ubi j  (2.2.26)

with Newtonian potential U and vector potential U%
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It may be directly verified that, within the adopted accuracy, relation
(2.2.18) is fulfilled identically and relation (2.2.17) is satisfied in virtue of 
the equation of continuity (1.3.40).

In all celestial mechanics applications of g r t  the velocities of bodies are 
much smaller than the light velocity. Also, the square of the characteristic 
velocity v 2 and Newtonian potential U are of the same order. Therefore, the 
small parameters in problems of relativistic celestial mechanics are v2/ c 2 
and U/ c2. From (2.2.26) it follows that /loo and hij are of second order and 
hoi are of third order of smallness. This is true in harmonic coordinates 
and in all practically employed quasi-Galilean coordinates. In fact, return­
ing to the linearized equations (2.2.7)-(2.2.9) in arbitrary quasi-Galilean 
coordinates and denoting by solution (2.2.26) for the har­
monic coordinates one obtains the solution of (2.2.7)-(2.2.9) in arbitrary 
coordinates in the form

hoo =  /*oo hoi — hoi 4" a0,i +  ai,0

h(j =  h*j +  a* j  +  cijj (2.2.28)

being four arbitrary functions of x° , x1, x2, x3. In dealing with (2.2.28) 
do is to be regarded as a third-order function and a,- as second-order func­
tions. Substitution of (2.2.28) into (2.2.7)—(2.2.9), taking into account that 

satisfy equations (2.2.19) and relations (2.2.17) and (2.2.18), demon­
strates the validity of (2.2.28). In doing this it is to be considered that 
differentiating with respect to x° increases the order of smallness of the 
corresponding quantity. Therefore, all terms on the left-hand sides (2.2.7)-
(2.2.9) with first- and second-order derivatives with respect to x° should 
be rejected as having higher orders than required.

Expansions (2.2.28) may be obtained from the coordinate transformation 
from harmonic coordinates x*  ̂ to arbitrary quasi-Galilean coordinates x^ . 
This transformation is of the form

x*° =  x° -f a0 (2.2.29)

x*i = x i - a i . (2.2.30)

In fact, the usual tensor formula

^  =  h ^ ~ d ^ 9^ ix*6) (2-2-31)

yields (2.2.28) within the adopted accuracy. Finally, the linearized metric 
of the weak gravitational field in quasi-Galilean coordinates is given by

ds2 = ( l  — c 22 U ) c2 dt2 +  2(c 34 U l +  ao,* +  ai)0)cdtdxl
+ [-(1 +  c~22U)6ij  + aitj + aifi] dx*dx*. (2.2.32)
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Remember once again that arbitrary functions a*, ao due to specific co­
ordinate conditions are small functions of the second and third order re­
spectively. With h t̂, =  0 the corresponding metric becomes Galilean (or 
Minkowski) determining the space-time of special relativity. The Galilean 
metric yields the Newtonian equations of light propagation (motion in a 
straight line) but cannot give the equations of motion of material bodies. 
Retaining in (2.2.32) only the term /ioo = —c~22U and rejecting all /ioi, hij 
the metric then obtained gives the Newtonian equations of motion of bodies 
and an incorrect approximation for the light propagation equations. The 
correct post-Newtonian equations of light propagation are obtained with 
the full metric (2.2.32). However, this metric is insufficient to derive the 
post-Newtonian equations of motion of material bodies. To do this it is 
necessary to take into account in /ioo the fourth-order term.

2.2.2 P ost-N ew ton ian  m etric

As shown, for example, by Fock (1955) the fourth-order correction term in 
the expansion /ioo =  c_2 ôô  +  c~4ĥ Q +  . . .  in harmonic coordinates takes 
the form

h $  =  2 ( u 2 - ^ - - & y  (2.2.33)

The auxiliary functions x an(i U satisfy the Poisson equations

=  u  (2.2.34)

U,„ =  -4 ;rG { \ p v 2 - PU +  pU +  3p). (2.2.35)

In converting by means of (2.2.29) and (2.2.30) from harmonic coordi­
nates to arbitrary quasi-Galilean coordinates it is necessary also to trans­
form in (2.2.31) 9ap(x*6) to gap(xS)- For the general case of the gravita­
tional field created by N  bodies with coordinates xsA and velocity compo­
nents vsA [A =  1 ,2 ,. . . ,  N)  this transformation implies

9*ap{x*\x*l,v*J) =  g*ap(xs,x‘A y A ) +  g*aPi6(x*s - Xs)

+ E  ( 75̂  (*“  -  +  t f « '  - < ) )  +  ■■■■ <2-2 36)

Considering that the Newtonian potential U depends both on the coor­
dinates xa of the current point of the field and on the coordinates xsA of the 
gravitating bodies and denoting (2.2.33) by h*0̂  one finds the correction 
term h,QQ in arbitrary coordinates:
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(as)A denotes the regular part of the function as in substituting xs =  
xsA. This is equivalent to using the generalized 6-function of Infeld and 
Plebanski (1960). Adding (2.2.37) to the component goo of the linearized 
metric (2.2.32) one obtains the post-Newtonian metric determining the 
motion of the bodies for arbitrary quasi-Galilean coordinates of g r t  in the 
post-Newtonian approximation.

It is of interest to compare the solution (2.2.32) and (2.2.37) with the 
post-Newtonian solution of Will (1985). Following Will let $ i,$ 2 , $ 3, $4 
be functions determined by the equations

$ 1,55 =  -47rGpv2 $ 2,55 =  —̂ irGpU

$ 3,35 =  -47rG/>II $ 4|„  =  —4irGp.

Then the post Newtonian metric (2.2.32) and (2.2.37) will be

g00 =1  -  C~22U  +  C" 4 ( - 3 $ !  +  2$2  -  2$3  -  6$4 -  2 0  +  21/2)

f t j j

+  2a0,0 +  c"22t/,,a, + c"22 V ]  ^ ( 5 , ) ^  (2.2.38)
A  ° X A

9oi — c +  do,» +  ciifi (2.2.39)

g%j =  —-(1 +  c 22U)6jj +  a8j  +  a,jti (2.2.40)

with
a0 = c " 3^  a ,= 0  (2.2.41)

at
for the metric by Will. In addition, the definitions given by Will involve 
the density which is denoted here by p*. Using (2.1.34) with (2.2.41) one 
has

p =  p*[ 1 +  c~2{ \ v 2 +  ZU) +  ...]. (2.2.42)

From this it follows that

[/ = [T +  c - 2( |$ i  +  3$2) +  . . . .  (2.2.43)

Here U and U* stand for the Newtonian potential defined with p and p* 
respectively. Substitution of (2.2.43) into (2.2.38) results in the expressions 
of Will (taking into account the change in signature of the metric).

2.2.3 P ost-N ew ton ian  equations of m otion  o f a te s t  p a rtic le

The motion of a test particle in the given gravitational field (2.1.1)—(2.1.3) 
is described by the geodesic motion (2.1.19). The Christoffel symbols are
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determined by the expressions

r°oo = 1 ^00,0 + • • • Fq k = |/ l 00,fc + • • •
r km — \ (̂ 0fc,m Hh o) 4" • • •
r 00 =1^00,* +  \h i jhooj — Aof,o +  . • •

Q̂k =:2^^y^ ~~ 0̂*.̂  ‘ hik,o) +  • • •
^km —\{hkm,i ~  *̂m,Ar) 4" • • • • (2.2.44)

These functions are given here in the linear approximation except for Tqo 
retaining one non-linear term of the same order (four) as the following linear 
term. The quantity Tqo enters into the equations of motion with the factor 
c2 requiring more accurate determination than the other components.

Let us start with equations (2.1.19) with s as the independent argu­
ment. These equations are related by (2.1.17) which may be rewritten as 
a quadratic equation relative to dx°/ds

/i l \ / d x ° \ 2 dxk dx° dxk dxm , ,
(1+/l0°) ( i r  j  0* 'd 7 ‘d 7 +( m m)"dT~ds ”  ( }

The positive root of this equation in the post-Newtonian approximation
is

dx° 1 1 dx* dxk 3 2 1 d**dar*
"j— — 1 — n̂ OO +  n ~ ----3---- h oV̂ OO/ — I ' 10°“j---- J—ds 2 2 ds ds 8 4 ds ds

1. dxk dxm 1 / dxk dxk\ 2 dxk .

Considering now the geodesic equations for the space components and 
excluding d#°/ds with the aid of (2.2.46) one obtains

d2xl 1 1
~ds2"^2 ’* ~  2 00,1 2 — oi>° “  ,0'~d7"

1 dxk dxk (1  \  dxk dxm , .
+ 2 hoo*~dT~dr  +  y 2 ^ km,i ~  hik'm)  ~dT~dT =  ° - (2.2.47)

Let us derive the equations of motion of a test particle referred to coor­
dinate time t. Using the following relations:

dx* _  dx2 ds d2xl _  d2xl /  ds \ 2 dxl d2s 
dx° ds d#o dx°2 ds2 \d # 0/  ds dx°2

ds / d x ° \ _1 d2s d2x° / d z o x ~3
da?0 V ds J d#°2 ds2 V ds



56 GRT FIELD EQUATIONS

the geodesic equations referred to x° take the form

d V  , dxa dx13 n dx" dx13 dx‘
d ^  “  + ra /5 d ^ d ^ ° d ^ '  (2-2.48)

Using (2.2.44) one obtains

x' =  — \c2hooti - \c2hikh<j0ik +  c2h0i,o +  \choofii'

+  chikfii* +  c(hoiik -  hok,i)xk +  fcoo,fcX*x!
+  (hik,m - % h km,i)xkxm. (2.2.49)

Here a dot denotes differentiation with respect to t. Remember again that 
the zero index after a comma means partial differentiation with respect to 
x° =  ct. The terms linear in h^u and caused by the term c~l Y\mx% xk xm are 
omitted because they are beyond the order of the post-Newtonian approx­
imation. Equations (2.2.49) may also be derived from (2.2.41) by trans­
forming to argument t.

The leading term on the right-hand side of (2.2.49) is the first one. This 
term is to be compared with the Newtonian equations

x* = Uti. (2.2.50)

Equations (2.2.49) reduce to equations (2.2.50) in the Newtonian ap­
proximation provided that the constant k is determined by (2.2.25). /ioo in 
the first term of the right-hand side of (2.2.49) should be given up to the 
fourth-order terms inclusive. For all other terms of (2.2.49) one may use 
the values from (2.2.32). With the aid of the geodesic variational principle 
in the form (1.2.50) equations (2.2.49) may be put into the Lagrange form

i  “  “  =  0. (2 .2 .51)dt d x 1 dx1

Considering that 

i \ 2
J =  1 +  fc00 +  c~12h0kxk -  c~2xkxk +  c~2hkmxkxm +  . . .  (2.2.52)

and raising this expression to power 1/2, omitting the constant term and 
multiplying by c~2 one obtains

L =  \ x kxk -  7}C2hoo +  \ c ~ 2(xkxk)2 -  \ h 00xkxk

+  |c 2(/ioo)2 -  \ h kmxkxm -  chokxk + ----  (2.2.53)

This Lagrangian is correct up to second-order terms inclusive and is com­
pletely equivalent to (2.2.49). Evidently, ft00 in the second term of (2.2.53)
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should be calculated within fourth-order terms inclusive. In deriving equa­
tions (2.2.49) from (2.2.53) it should be kept in mind that in the second- 
order terms the second derivatives x% are to be excluded with the aid of 
the Newtonian equations of motion. This results in equations (2.2.49) with 
explicit form relative to £*. Let us add that relation (2.2.46) expressed in 
terms of coordinate time t takes the form

= 1 -  i/loo +  \ c~ 2xkxk +  § ( M 2 -  \ c - 2h0Qxkxk

-  ±c~2hkmxkxm +  ^c~4(xkxk)2 -  c~l hakxk +  . . . .  (2.2.54)

Combination of the second and the last terms in the Lagrangian (2.2.53) 
enables one to conclude that an arbitrary function ao enters into the La­
grangian only as the total derivative in time. Therefore, ao has no influence 
on the post-Newtonian equations of motion of a test particle.

The simplicity of equations (2.2.49) makes them very useful in solving 
practical problems. Solution of (2.2.49) determines the motion of a test 
particle in some specific coordinate system given by components gap. In 
the general case, for comparison with observations it is necessary then to 
describe the technique of observations in the same coordinate system. This 
aim is achieved with the use of the equations of light propagation considered 
below. Only afterwards is it possible to exclude the physically meaningless 
coordinates xl and to deal with the directly measurable quantities in the 
proper time of an observer.

2.2 .4  P ost-N ew ton ian  equations o f light propagation

Let us derive now the equations of light propagation in the post-Newtonian 
approximation. The propagation of light referred to the coordinate time t 
is described by the equations of isotropic geodesics (1.2.47) and (1.2.48), 
i.e.

+  ( £ ) " % <  (2.2.55)

9apxaxP =  0 (2.2.56)

with A being the canonical parameter. In more detail, relation (2.2.56) 
yields

C2( 1 +  /loo) +  2chokxk +  (- 6 km +  hkm)xkxm =  0. (2.2.57)

Differentiating with respect to time and considering that xl =  0(c),  xl =  
0(1) one obtains

c3h0o,o +  c2hoo,kxk +  c(2hok<m +  hkmfi)xkxm +  hik:mx%x kxm =  2xkxk
(2.2.58)



58 GRT FIELD EQUATIONS

retaining only terms of order O(c) and 0(1). Substituting into (2.2.55) the 
Christoffel symbols one finds within the same accuracy

X 2  ̂ ho0li-\-c(hQkii o)*E 4" i^̂ hkrrifi %

<2-2'59)

As seen from (2.2.55) and (2.2.57), xkxk =  c2 and d2t/dA2 =  0 in the 
Newtonian approximation. Multiplying equations (2.2.59) by x \  adding 
them up and excluding xlx% with the aid of (2.2.58) one has

( S )  =  ^ V ° +  h°°’hik +  c~1(hok’m ~  (2.2.60)

Substituting this expression into (2.2.59) one obtains the post-Newtonian 
equations of light propagation

X  ==: 2^ ^ 0 0 ,i H" h o o )kX X  -j-

-f- c ( / lo i)A; h o k)i -j- h j k)o ) x  -f- C ( ^ 0&,m 2^^m )®)*̂  ® *

(2.2.61)
In spite of apparent differences the equations of light propagation (2.2.61) 
and the equations of motion of a test particle (2.2.49) turn out to be iden­
tical. The difference appears only in the order of smallness of the separate 
terms on the right-hand sides of these equations. This is due to the fact 
that velocities xl in equations (2.2.49) are small compared with the light 
velocity c but they have order O(c) in equations (2.2.61). Hence,there are 
terms negligible in equations (2.2.49) and non-negligible in (2.2.61) and 
vice versa. Besides, all occurring in (2.2.61), including /loo, may be 
taken from (2.2.32). The first four terms on the right-hand side of (2.2.61) 
are of order 0(1) whereas the other six terms are of order 0 (c _1).

In the case of the constant field with independent of x° equations 
(2.2.61) may be put into the Lagrange form (2.2.51) with Lagrangian

L =  \ x ki k -  \ h m i ki k -  \ h kmi kxm -  \ c h oki k -  \ c ~ 1h0kxkxmxm.
(2.2.62)

Performing differentiation of L it should be remembered that the terms 
with xk on the right-hand side are at least of second order of smallness 
and have to be rejected whereas the quantity xkxk may be replaced by the 
Newtonian value c2. The equations obtained in this manner coincide with 
equations (2.2.61) (under the condition h^Ui0 =  0).

2.3 PR O B L E M  OF M E A SU R A B L E  Q U A N T IT IE S  IN  GRT  

2.3.1 M easurem ent o f infin itesim al tim e intervals and d istances

As stated above the curvilinearity of the metric of the g r t  space-time 
manifests itself differently in different coordinate systems. The problem
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is how to determine coordinate-independent distances and time intervals 
from the coordinates a?0, a?1, a:2, x3 of some given system. For infinitesimal 
time intervals and distances the problem is comparatively simple. A set of 
relations useful in practice is considered below.

(1) The interval ds2 for two infinitely close events at the same space 
point is c2d r2, d r being a proper time interval of a system. Putting dx1 = 
dx2 =  dx3 =  0 in the expression of ds2 one finds

d r =  c~1y/g^dx° . (2.3.1)

This formula determines the proper time of the rest particle (a particle at 
rest with respect to a given system).

(2) Similarly, the time of a clock moving in a given system is deter­
mined by

f  Hr* Hr* H \  ^
d r =  c - 1 (*0o +  2goi—  +  9 < k ^ t - o )  dx°. (2.3.2)

This formula yields the proper time of the moving particle and represents 
a generalization of (1.3.10).

(3) In special relativity the distance between points is determined as 
the interval between events occurring at the same moment x°. In g r t  one 
cannot put dx° =  0 in the expression of interval since in accordance with
(2.3.1) the proper time at different points depends differently on x°. The 
distance between two infinitely close points A(x1 +  dx1) and B(x l) may be 
determined, for example, by the following procedure (Landau and Lifshitz 
1962). Let a light signal be emitted from point A at moment x° 4- da?^ of 
the coordinate time. This signal reaches point B at moment x° and after 
reflection from B returns to A at moment x° +  dx®2y  The distance between 
points A and B is defined as the interval of the proper time of a system 
elapsed between emission and back reception of the signal in A multiplied 
by c/2. Considering the condition ds2 =  0 of the light propagation as an 
equation with respect to da?0 one obtains two roots

da:( i  2) =  d x ‘ T  —  [(soifl'oife -  fl'oofl'i*)dx’ d x * ] 1/2 .
V ' </00 000

The interval of the coordinate time between emission and return of the 
signal to A is d a ^  — dx®xy  Multiplying this difference first by c_1ypoo to 
transform to the proper time of the system and then by c/2 one finds the 
expression for the square of the infinitesimal space distance in g r t :

d^2 =  i ikdxldxk (2 .3.3)
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with ^
7ik =: QOidOk ~ 9ik- (2.3.4)

000
The quadratic form (2.3.3) generally changes in time. Therefore, the 

integral of d^ depends on the world line between given space points. Only 
in a constant field with gap independent of x° does the integral of d£ have 
quite definite sense and determines the space distance between points. By 
its meaning the proper time d r defined by (2.3.1) should be real and the 
quadratic form di2 should be positively definite. From this it follows that

0oo > 0 000 001 
010 011

< 0
000 001 002 
010 011 012 
020 021 022

> 0 0 < 0. (2.3.5)

These conditions are necessary in order that the appropriate reference sys­
tem might be physically realized.

The quantities 7^  may be considered as components of the three- 
dimensional metric tensor determining the metric (2.3.3). Along with this 
they may be used to facilitate operations in transforming from covariant 
components gap to contravariant components ga@ (the inversion of the 
4 x 4  matrix is replaced thereby by inversion of the 3 x 3  matrix). Indeed, 
if contravariant components j lk are known then

g°i =  — goky ik 
000

ik ik 0 = - 7 0 =  - 0 o o 7 (2.3.6)

with 7 =  det ||7,-*||.
(4) In the special theory of relativity time is different for moving 

clocks. In g r t  it is different even for clocks at rest in different space points 
of one and the same reference system. A comparison of clock readings at 
infinitely close points A{xl -f dx2) and B(xl), i.e. their synchronization, 
may be again performed by the previously considered light signals (Ein­
stein synchronization). Let the moment x° +  Ax° at point A be the middle 
reading of clock A between emission and return of the light signal. It is 
this moment which is adopted as being simultaneous with moment x° of 
clock B.  Therefore,

AI » =  l ( d 4 ) + d 4 )) =  - S ^ l .  (2.3.7)
v '  v '  000

For a closed infinitesimal loop this synchronization is generally impossible 
since after completing transfer of A over the whole loop Ax° takes a value 
different from the initial one. In a reference system with goi ^  0 Einstein 
synchronization in the finite domain is impossible. Only under goi =  0 is 
Einstein synchronization possible in the whole space.
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(5) The relation (2.3.1) defines the proper time for events occurring 
at the same point of space. Consider now the events occurring at different 
space points. Let x° and x° +  dx° be the moments of departure and ar­
rival of the same particle from B to A respectively (A and B  being again 
infinitely close points). To obtain a coordinate time interval between these 
events one should take the difference between the actual reading x0-|-dx0 at 
A  and the moment x° +  Ax° of A which is simultaneous with the moment 
x° of B.  Thus,

x° +  dx° — (a?0 +  Ax°) =  —  goadxa .
g oo

Multiplying this expression by c~1y/goo one obtains the interval of the 
proper time of A between the events occurring at different space points:

d r  = c_1(yoo)_1/2ffOadi;“ . (2.3.8)

2.3.2 C hronom etric invariants

The equations of motion of a test particle in the a gravitational field are 
determined by equations (2.2.49) resulting from the geodesic principle. But 
these equations are different in different reference systems and their sepa­
rate terms do not admit an invariant interpretation. Physical interpreta­
tion may be achieved in using quantities having a definite meaning not only 
for one specific reference system xa but within a set of reference systems 
related by the transformation

x° =  x°(x°, x 1, x2, x3) (2.3.9)

Fir*
xl =  xl ( x \  X 2 , X 3 )  (2.3.10)

This means that the systems are fixed relative to each other (using phys­
ical terminology such reference systems are said to belong to one and the 
same reference frame). Quantities invariant under these transformations 
are called chronometric invariants and their theory, elements of which are 
expounded here, has been elaborated by Zel’manov (1956). The theory of 
chronometric invariants has a direct bearing on the problem of measure­
ment of time and distances. It is easy to verify that the proper time element 
d r (2.3.8) for the infinitely close events at the infinitely close points and 
the elementary distance dt  (2.3.3) are chronometric invariants. The field 
metric is described with the aid of these quantities in the form

ds2 = c2dr2 -  di2. (2 .3.11)



This representation of the metric is called 3 +  1 splitting on the proper 
space and proper time. All operations with three-dimensional vectors and 
tensors are performed in the space with metric (2.3.3). Introducing the 
synchronized 3-velocity

qi =  dx*/dr (2.3.12)

its scalar square will be

q2 =  Tilt?’?* =  d(2/dT2 (2.3.13)

and, hence,
dS2 = c 2d r2( l - g 2/c 2). (2.3.14)

Therefore, the 4-velocity ua =  dxa/ds  of a moving particle is expressed in 
the form

—

or, excluding dx°/d r from (2.3.8),

u ° = f i - 4 ) 17 ( - 7= - — ■-) (2-3-16)V c J  V yfloo 9oo C J

( <72 \ ~ 1/2 •
«'• (2.3.17)

The geodesic equations (2.1.19) imply for the space components 

d „»* /  .2 \ - i / 2
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d r (1 -  ffVc2)1/ 2 

with

=  i -  h )  2(D * +  A i.)*k ~ ^ m Q kqm ]

(2.3.18)

c2r  = ------r’00 (2.3.19)
9 00

Di  +  A t  =  ( r i k -  ^ r ’o) (2.3.20)
y/900 \  900 J

Aim = r L  -  M r*0m + - ^ 0*<7omr00. (2.3.21)
000 000 000

Multiplying equations (2.3.18) by the rest mass mo and defining the mass 
of a particle as

m =  (1 — g2/c 2)“ 1̂ 2mo

one obtains the generalizations of the equations of special relativity. The 
vector (2.3.19) represents acceleration of a point at rest at a given moment.
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The condition Fl =  0 turns out to be necessary and sufficient for converting 
by transformation of *° alone to the coordinates providing

goo =  1 dgoi/dx0 =  0.

The relation (2.3.20) determines simultaneously the symmetric tensor 
Dlk and the antisymmetric tensor A lk. Indeed, from

D ki +  A ki =  +  ^ j  = _  * «*r ’a
y/9 00

one has

D “  =  -  2 ^ <s“‘ r i“ +  =  5 ^  t ?  (2'3'22) 

^  ~  & )  ■
(2.3.23)

The tensor D tk is called the tensor of deformation of the reference system. 
The invariant

D  =  7ikD ik =  (2.3.24)
y/dOO 3x°

characterizes the speed of volume expansion of the space element. The 
tensor A tk represents the tensor of angular velocity of rotation of the sys­
tem. The equation A%k =  0 gives a necessary and sufficient condition for 
eliminating all components </0« by a suitable transformation of x°. Finally, 
the term (2.3.21) admits an elegant formula

T* "V "A i j =  gamgPnTiap.

In spite of theoretical interest equations (2.3.18) are seldom used in prac­
tical problems due to purely technical difficulties.

Let us note in addition that the condition of the light propagation d r = 
c_1d^ resulting from (2.3.11) leads, using (2.3.8), to the relation

cdi =  - L =  +  d£ (2.3.25)
V^oo \  0oo dt J

involving the coordinate time interval dt, coordinate velocity of light d x l / d t  
and invariant (proper) distance dl .

Let us note once again that D lk do not depend on the choice of
time coordinate, i.e. they are not changed under transformation (2.3.9). 
Under transformations (2.3.10) of the space coordinates they act as three- 
dimensional vectors and tensors.
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It is useful to indicate particular types of gravitational fields. If a given 
field enables one to choose such a coordinate system that all gap do not 
depend on x° then such a field, as mentioned above, is called constant and 
x° is called the world time. A constant field may be caused only by one 
body. If there are at least two bodies they should be in relative motion and 
hence their field cannot be constant. If the field is caused by one body and 
this body is at rest then both directions of time are equivalent and one can 
choose such coordinates that all goi =  0. Such a field is called static and 
for this field Einstein clock synchronization is possible for the whole space. 
If the field is constant but at least one of the components g0i ^  0 then the 
field is called stationary. An example of the stationary field is the field due 
to an axial symmetrical body in rotation around the axis of symmetry.

The theory of chronometric invariants is one of the new branches of g r t  
designed to elaborate the mathematical formalism for solving the problem 
of measurement in g r t . This problem is discussed in many references. In 
particular, in the textbooks by Synge (1960), M0ller (1972) and Vladimirov 
(1982) g r t  is consistently treated under this point of view. Only the el­
ements of tetrad formalism closely related to this branch are considered 
below.

2.3 .3  Tetrads

At every point of the g r t  space-time one may introduce locally, i.e. in 
the infinitesimal vicinity of the point, a pseudo-Cartesian reference system. 
This system may be presented by means of a tetrad composed of four 
orthonormal vectors Aj^. The lower index taken in parentheses means the 
number of the vector (// =  0,1, 2, 3). The upper index means, as usual, the 
contravariant component. The vector A ^  is timelike whereas A ^ form a 
space triad, consisting of three orthonormal spacelike vectors. All relations 
of special relativity are locally valid in such a reference system and all tensor 
operations with local tetrad indices (indices in parentheses) are performed 
with the aid of the Minkowski tensor r)iJLV. Orthonormality of the tetrad 
vectors implies

9^u^(a)^(P) =  (2.3.26)

Raising local lower indices and lowering global upper indices gives

W  (2-3.27)

From this it follows that

=  Â o)A [ (2.3.28)

and
ds2 =  7]^ d x ^ d x ^ (2 .3 .2 9 )



with
dxM  =  \(ji)dxu dx" =  A^}d*W. (2.3.30)

The main merit of the tetrad formalism is the local Galilean form (2.3.29) 
for the field metric. All quantities being projected onto the tetrad have 
physical meaning. In particular, dx^0) and dx(*) are local measurable in­
tervals of time and distance respectively. For a point moving in a given 
gravitational field the simplest example is the co-moving tetrad. Its time­
like vector coincides with the 4-velocity of the point

A(*0) =  <ia =  dxa/ds  (2.3.31)

and the triad vectors correspond to coordinate directions and satisfy the 
orthonormality conditions (2.3.26). If v* =  dx%/dt  are components of the 
coordinate 3-velocity of a moving point then
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. o , 1 L l v 2 3 / l  x2 3 v4
(0) — 2 +  2 c2 +  8 (  ̂ + 8 ^  

vk 3,  v2 1,  vlvk
— hok-------jhoo — — - h ik—-— b ...

V* (  1 1 V2

\0 V' (1 L 1 t>2\  1 Vk
(,) “ 7  V 00 + 2 c2 J _ 2' ik~  ~  oi + ■' ■

1 1 1 - 3
A(jfe) = S i k  +  2h ik +  2 ^ v ' vk ~  2 £ h w v%vk +  g h im hkm

+  » W  -  g^ h im v kv m -  ± h kmvivm +  . . . .  (2.3.32)

Using (2.3.27) one obtains

, ( 0) 1 ,  1 v 2 1 .  , 2 3 v4
0 - 1 + 2 h o o + 2 ^ ~ 8 (o o )  + 8 ^

1 v2 1 v%vk 
~ 4 hooJ ~ 2 hik~  +  ' "

(0) V* (  1 1 V2 ^ - vk
Aj -  -  -  [ I  -  2  oo + 2^2 +  • • J  +  Aifc— +  *oi +  • • •

(1) V% {  1 v 2 \  1 v k
x° = - ^ { l  +  - ^ )  +  2 h‘l T  +  -  

= ‘ it -

-  h°l 7  + ■ s?'"”’’*’'” -  + • ■ ■ ■
(2 .3 .33)



Evidently, the tetrad components of the 4-velocity in a co-moving system 
are

u(°) =a£))u“ =  =  gapua u0 =  1

«<*> =Ag>u“ =  =  -SfajsAjjAg,) =  0. (2.3.34)

2.3 .4  M easurable quantities in th e  tetrad  form alism

3 +  1 splitting (2.3.11) for the weak field has the form

cdr =  (1 +  |^oo -  §Aoo)cdt +  (fto* ~ |ftooAoi)d«* (2.3.35)

7fik $ik hik H" hoihpk • (2.3.36)

hoo and hik are of the second order of smallness. As for /ioi, they are of the 
third order in a quasi-inertial coordinate system. In accelerated moving (for 
example, rotating) systems they are of first order. Therefore, in (2.3.35) 
and (2.3.36) and in the formulae given below the underlined terms are to be 
rejected if h0|- are of third order. The tetrad associated with the splitting
(2.3.11) is

A<j0) =  l A,(0) =  0 A ^  =  0 Ajfc) =  6 i k - \ h ik+ \ h 0ihgk. (2.3.37)

Using it one may compose the space triad

d*W = A(; W  =  d*‘ +  \ { - h ik +  hoihok)dxk (2.3.38)

enabling us to present the element of space distance in the form

d i2 =  % d x (i (2.3.39)

d r  and da;W may be regarded as physically measurable infinitesimal inter- 
vals of time and distance respectively.

It is of interest to see that the coordinate-dependent Galilean transfor­
mations with no physical meaning induce physically meaningful transfor­
mations of infinitesimal intervals of time and distance.

Let t , x l be the coordinates of the reference system (6) related to the 
Solar System barycentre. Elements of time dr& and distance d4  for this 
system are calculated using (2.3.35), (2.3.38) and (2.3.39), rejecting h0i 
which are of third order for this case. Consider now a formally Newtonian 
transformation
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xi =  R^t)  -I- C dx* =  t f d t  +  dC (2 .3 .40)



Rl(t) being a function describing the motion of an observer in system (6). 
If Rl (t) represents the motion of the geocentre then are the coordinates 
of the formally geocentric reference system (g) with the metric

ds2 =  (1 +  /i00 ~  c~2R 2 +  2c~1hokR k +  c~2hkmRkRm)c2dt2
+  2 ( -c " 1J? +  hot +  c~1hikRk)cdtd£i +  ( S ik +  hik) d£*'d£*.

(2.3.41)

3 +  1 splitting for this metric determines the elementary intervals of time 
drg and length d£g. With the aid of (2.3.35) and (2.3.36) applied to (2.3.41) 
one obtains

cdrg =  (1 +  | / i 0o -  | c - 2i l 2 +  c-'hokR1* +  ^c~2hkmRkRm 

~ l^oo +  \ c ~ 2hooR2 -  ~c~AR 4)cdt

+  ( - c ” 1# ’ +  hoi +  !<:“ %<># +  c~l hikk k -  I c - 3# # ) * ?
(2.3.42) 

d^2 =  (Sik -  hik +  c ^ I V R ^ d C d£*. (2.3.43)

In (2.3.41)-(2.3.43) the quantities h^u have values corresponding to sys­
tem (6). dr^ may be expressed in terms of dr& and dx*. To do this it is 
sufficient to substitute into (2.3.42) the expression of d£* from (2.3.40) and 
then the expression of cdt from (2.3.35). One obtains

dTg = (1  +  y ~ 2R 2 +  | c - 4iJ4 -  ±c~2hooR2 -  \ c ~ 2hkmR kRm)d n

+ -  \ c - 2R 2iV +  %hoo& +  hikR k)d x \  (2.3.44)

Now let the observer be in motion in system (g) according to some func­
tional law p% =  pl (i). One may perform the formally Newtonian transfor­
mation to a reference system (5) moving with the observer

C  =  p \ t )  +  rf dC =  pldt +  drf. (2.3.45)

System (5) with coordinates rf means transformation to a ground ob­
server (topocentric system) or an observer on a satellite (satellite system). 
In terms of t ,rf  the field metric becomes

ds2 =  [1 +  /ioo c 2 ( j R +  p)2 +  2c 1/iofc(-Rfc +  pk)
+ c~2hkm(Rk +  pk)(Rm +  pm)]c2dt2 
+ 2[—c 1(i2* +  p*) +  hoi +  c 1hik(Rk +  pk)]cdtdrf 
+  (-“ £»* +  hik)drf drjk. (2.3.46)
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3 -f 1 splitting for this metric determines the elementary intervals of time 
drs and length d£s . With the aid of (2.3.35) and (2.3.36) applied to (2.3.46) 
one obtains

cdrs =[1 +  \ h w  -  \ c ~ 2( R  +  p)2 +  c~l hok(Rk +  pk)

4- \ c ~ 2hkm(Rk 4- pk)(Rm -f pm) — 4- 2hoo(R+  p)2
— 4(.R +  p)4]cd/ +  [~~c 1(Ri +  p*) +  hoi +  c 1hik(Rk +  pk)

+  +  p{) -  K 3(® +  (2-3*47)

d^2 =  [Sik -  hik +  c - \ B ?  +  +  / W 'd r ; * .  (2.3.48)

As above, (2.3.47) may be reduced to the form

dr, =  [1 +  \ c ~ 2p 2 -  \ c ~ 2hm p 2 -  \ c ~ 2hkmpkpm +  fc -4 # 2p 2 

+  \c~ A(R'p)2 +  c~Ap 2{R'p) +  §c-4 p4]drs 

+  c 2[—pi +  +  hikpk — c 2(R p )R i

— \ c ~ 2FL pl — c“ 2(jRp)p% -  | c “ 2p V ]d £ \ (2.3.49)

As dT^, dTg, dr5 are infinitesimal physically measurable time intervals they 
should be related by the Lorentz transformations. Indeed, relations (2.3.44) 
and (2.3.49) may be presented as the Lorentz transformations if the coordi­
nate distances entered into them are expressed in terms of the chronometric 
invariant quantities. If R% is the coordinate velocity of system (g) with re­
spect to system (6) then the corresponding chronometric invariant velocity 
is d R ^ /d r b  with dR ^  to be calculated by (2.3.38) and dr& to be evaluated 
at the point =  0. Hence,

=  dR{ -  ±hikdR k (dn )(i=o =  (1 +  5*00 +  ...)  d< (2.3.50)

- =  &  -  ^hoolV -  \ h ikRk. (2.3.51)

Then expression (2.3.44) may be put in the form

, /  _2d#*>dfl<*>\_1/S (  _2dr m  , (k)\
dr*=:l1“c -ar-ar) r*~c J (23-52)

which is the Lorentz transformation.
Consider now the transformation (2.3.49). The coordinate velocity of 

system (s) with respect to (g) is given by the function p%. The tetrad in 
(g) analogous to (2.3.37) is formed by

/40] = 1 /4°] = ° /4*] = °
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^  =  Sik -  l h ik +  \ c ~ 2k R h. (2.3.53)

Elementary physical distances in (#) are then represented by the expres­
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sions

d£[,] =  = d f  -  ±hikd t k +  § c -2( # d * * ) # .  (2.3.54)

The chronometric invariant velocity of (s) relative to (g) is given by the 
derivative d p ^ /d rg with dpM calculated from (2.3.54) and drg evaluated 
at the point rf =  0. Therefore,

d/>M =  dp* -  \ h ikdpk +  | c - 2(JRfcd / ) JRi (2.3.55)

(drfl)^,=0 =  (1 +  Iftoo -  \ c~2R 2 -  c~2R p  +  ...)  dt (2.3.56)

df> - P ' ~  bhoop' ~  hhikPk +  \ c ~ 2(R p )R %r 2 2 l*r ^  2"

+  i C- 2« V  +  c- 2(jjp)/j‘'. (2.3.57)

On the basis of (2.3.54) and (2.3.57) expression (2.3.49) takes the form of 
the Lorentz transformation

ar- = ( *  -  ( “ ■> -  - <2-3 58) 

In changing from (6) to (g) transformation (2.3.40) of the coordinate 
space intervals dx% and d£* may be presented in terms of measurable quan­
tities by the Lorentz transformation without rotation (boost)

Introducing in system (s) the tetrad

j,0{0} =  1 = 0 i/0{*} = 0

v j i} =  6ik -  \ h ik +  i c - 2(i?*' +  pl') (^ fc +  i>k) (2-3.60) 

elementary physical distances in (s) are expressed by 

di/M =  4 i}^ k =  drf -  \ h ikdrf  +  \ c~2[{R +  p)d»7](i?< +  ft).  (2.3.61)
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The coordinate conversion (2.3.45) from d£* to di;* is written in terms 
of d£^ and d^*} as the Lorentz transformation with rotation

-  0 + d ^ r )  a T lT' + x  l k  *  WI“1-
(2.3.62)

It is to be noted that direct transformation from (6) to (s) is expressed by 
the Lorentz boost

d ^ ^  =  d:n^ H- 2
A

(0 * 1  +  d lm l ( * # 1  +
V d r j  +  d n  )  J V dr* +  d r 6 

)1(, 1 _2 f d R W  dp(fc) 
2°

'dRW d p(0 
dr6 d n

dr6.

(2.3.63)

Thus, the purely Newtonian transformations (2.3.40) and (2.3.45) induce in 
terms of measurable quantities Lorentz transformations (2.3.52), (2.3.58),
(2.3.59), (2.3.62) and (2.3.63). These transformations are adequate in solv­
ing astronomical problems related to infinitesimal intervals of time and 
distance.

2.3 .5  R ota tion  in a weak field

To illustrate the use of tetrad quantities let us consider the problem of ro­
tation in a weak field (Lightman et al 1975). A test particle characterized 
only by its mass moves in a given gravitational field on the geodesic. If 
the test particle represents a gyroscope then its axes are subjected to the 
Fermi-Walker transport described by equations (1.2.56). Mathematically, 
a gyroscope represents a particle with spin. The spin vector S a is space­
like and orthogonal to the 4-velocity vector of a particle. Therefore, the 
transport of S a is described by the equations

D 5“/ds =  - A pSpua . (2.3.64)

The 4-acceleration of a particle A13 = Du^/ds is zero for the geodesic 
motion when there are no forces of non-gravitational origin. Describing 
equations (2.3.64) in a co-moving locally Lorentzian system determined by 
the tetrad (2.3.32) one has

d S (a )/d *  =  -  A ^ S ^ u ^ .  (2 .3 .6 5 )
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Since in the co-moving tetrad = 1, =  0, j4(o) =  =  0 then

dS<°Vd* = -r j“j(0)5 (/,) -  A(k)S^u^\
In a co-moving system £(0) =  =  0 so that finally the equations of
spin transport take the form

d S ^ / d t  =  - r g (j)5 (j). (2.3.66)

Christoffel symbols in coordinates xa are expressed by (2.2.44). In the 
co-moving system taking into account (1.2.26) one obtains

r («) _ d2*" 0*(o,) ^  dxv d x ^  
r (/3)(7) “  d x W d x W  dx» +  d x W  d xM  dx° ^

=  X^ % m  +  W , A a)T%- (2.3.67)

Substitution of (2.2.44) for the Christoffel symbols and (2.3.32), (2.3.33) 
for the tetrad components results in

r (0)0 ) =  K V X c o )  -  »*«%)) +  -  v'hooj)

+  ~ h0iij ) +  \ c ~ l vk(hjk,i -  h ik j ) (2.3.68)

within third-order accuracy with respect to v/c. Here

v!(o) =  v%,o +  c~lvkv\k =

In virtue of the Newtonian equations of motion

v*0 =  - ± c h 00ii +  c - 1Ai (2.3.69)

A 1 being a 3-acceleration caused by the non-gravitational forces. Therefore,

r('o)0) = K W <  -  v'hooj) +  \ c ~ 1vk(hjk,i -  hikj)

+  \(hoj,i -  hoij )  + K W  -  v*A i )-

Substitution of the values (2.2.32) for a weak field gives finally

<i)
■ (0)0 )r (0)(i) =  5C" V ^  -  v%Ai) -  f c" V ^  ~  vlU j )

+ f c T V ( aj- «  -  a i j t )  +  2c-3(t/{. -  U))

+  ^(aj,io ~  ai j o)- (2.3.70)
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In three-dimensional vector notation S  =  (S^1), S ^ )  and

« = (rg(3)-rg(i) .rg (2)). (2.3.71)

Equation (2.3.66) may be put into the form

v = f l x S .  (2.3.72)dr

Substituting (2.3.70) into (2.3.71) one finds

f i  =  -  \ c~ 3{v x A)  +  §c"3(t> x VU) +  2c-3 (V x U)

+  |c - 1vV(V x a) +  x a). (2.3.73)

Here A  =  (A1) is the non-gravitational acceleration, U is the Newtonian 
potential, U  =  (U%) is the vector potential, V =  (d / d x %) is the vector 
gradient, and a — (ai, 02, a3) is a triplet of arbitrary coordinate functions. 
Equation (2.3.72) describes the precession of spin relative to the co-moving 
system whose axes are assumed to be directed towards fixed distant celestial 
objects. If the reference system associated with the gyroscope is considered 
as an analogue of the inertial dynamical reference system and the co-moving 
system is treated as an analogue of the inertial kinematic system then the 
space rotation of one system with respect to the other is determined by 
the angular velocity (2.3.73). The first term in (2.3.73) corresponds to the 
Thomas precession (1.3.17) of special relativity. The second term in (2.3.73) 
due to the velocity of the particle at hand is called geodesic precession or 
de Sitter-Fokker precession. If the vector potential U  is caused by rotation 
of the central body determining the motion of a particle then the third term 
in (2.3.73) is called Lense-Thirring precession. The fourth and the fifth 
terms in (2.3.73) give a contribution from arbitrary coordinate functions 
entering into the weak field metric (2.2.32).

Relativistic effects in rotational motion of celestial bodies are far less 
than the effects in translatory motion. Only translatory motion will be 
treated further but it may be noted that the relativistic effects in the 
Earth’s rotation have been investigated by Voinov (1988).
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One-body Problem

3.1 SC H W A R ZSC H ILD  PR O BLEM

3.1.1 Schwarzschild m etric

Among many exact solutions of the Einstein field equations known at 
present only a few solutions are used in astronomy, mainly in relativistic 
cosmology and relativistic astrophysics. In relativistic celestial mechanics 
it is possible to use only three rigorous solutions related to the case of one 
gravitating body. These are the Schwarzschild solution for a fixed spherical 
body, the Kerr solution for a rotating spherical body and the Weyl-Levi- 
Civita solution for a fixed spheroid. By its application the Schwarzschild 
solution is the most important one.

A fixed body of spherical structure produces a spherically symmetric 
gravitational field with a metric of the form

ds2 =  p(r)c2dt2 +  2b(r)cdtdr — q(r)dr2 — a2(r)(d02 -f sin2 0d(p2). (3.1.1)

t is the coordinate time, r ,<py0 are spherical coordinates, p, <?,a,6 are func­
tions of r  to be determined from the field equations. As ‘time’ t and ‘radial 
distance’ r  may be chosen arbitrarily not violating the field spherical sym­
metry, two of these functions, a and b for example, may remain arbitrary. 
Then functions p and q are expressed by the field equations in terms of a 
and 6. One may consider a more general case with p, q, a, and b dependent 
on t as well (Brumberg 1972) but this case does not occur in applications 
to celestial mechanics. In terms of rectangular coordinates

x l =  r sin 0 cos ip x2 =  r sin # sin <p x3 =  r cos 0

the metric (3.1.1) takes the form

ds2 =p(r) c2dt2 +  2 b(r)— cdtdx1
r

1 (r)
a2(r)Sik +  ( q(r) -  ) x'xk dxM x*. (3 .1.2)
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To simplify (3.1.1) or (3.1.2) two transformations are suitable. The first 
one is aimed at excluding the mixed terms, while the second one reduces the 
spatial part of the metric to the isotropic form. The first transformation is 
performed by

dt* =  dt +  ~ ^ f \ d r .  (3.1.3)
c p(r)

Then metric (3.1.1) becomes

ds2 =  p(r)c2dt*2 — (^q{r) +  ^ r2 “  fl2(r ) ( ^ 2 +  s ^ 2 #d<p2). (3.1.4)

The second transformation involves only the radial coordinate

r* =  f (r )  (3.1.5)

and reduces (3.1.4) to the form

ds2 =  A(r*)c2dt*2 — B(r*)(dr*2 -f r* dO2 4- r* sin2 9d<p2) (3.1.6)

with
A(r*) =  p(r) (3.1.7)

and

=  ^  =  +  , , , 8,

A prime denotes differentiation with respect to r. The solution of (3.1.8) 
relative to f ( r )  is

/ ( r ) =  e x p / - L ( , ( r )  +  i M )  dr. (3.1.9)

In rectangular coordinates the metric (3.1.6) implies

0oo A goi — 0 gik — (3.1.10)

For the moment A and B  are regarded as functions of all four coordi­
nates. For such a metric calculation of quantities characterizing gravita­
tional fields presents no difficulties. Using tensor algebra formalism one 
finds the following.

Contravariant metric tensor:
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500 = i  g0i = 0 «,*'* = - 1 ^ . (3 .1 .11)
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ChristofFel symbols of the first kind:

Tooo — ̂ ĵ ,0 Too* — r*OiJb =: FfcOO — 2“̂*^
Tkoi =  -  \bikB,0 r Wj = i ( S i j B j - S a B j - S j u B ' i )  (3.1.12)

Christoffel symbols of the second kind: 

1r °  —J — A « v '  —  ̂ A .
00 ~2A  00 "  2fl ’*

r °  — —— a 
i o i ~  2 A ' '

r k0i =^B,oSik r°* = ± B i06ik 

r ?i = 2 ^ i k S j  +  6j k B,i -  6 i jB ik)

Ricci tensor:

(3.1.13)

# 00 =  - 2q XA “  2A^4,aA’* +  2 B A 'sB'1
3 B ,00

+  jx a '°b ’° +

Roi =  “  +  —Afi5 |0 +  —B jB o

—Bjk — 6ikB)SS 4- — (A * 4- A }kB}i

— f>ikAiSB }S 4- f>ikB,oB}o) 4- -^ (SB ^B ^  4- 6ikB}SB jS)

— ( A*f c  ~  <$ifc#,oo 4  — o — .(3.1.14)

Returning to the Schwarzschild problem one has A$  =  jB o =  0. The 
field equations (2.1.15) for the empty space, i.e. for the external relative 
to the gravitating body space, yield
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Equations (3.1.15) and (3.1.16) may be satisfied by putting

A ~ ■b = <1 + ! « ‘  (3.1.17)

where the function xp of the spatial coordinates is to satisfy the relation

-  3 +  6iki>,sil>,s =  o (3.1.18)

including, following from (3.1.18) for contraction i =  &, the Laplace equa­
tion

=  0. (3.1.19)

For the function ip one may take the Newtonian potential

rj; =  m / r *  m =  G M /c 2. (3.1.20)

G is the gravitational constant, M  is the mass of the gravitating body, the 
constant m is chosen to provide the coincidence with the Newtonian limit 
for /ioo- From (3.1.5), (3-1.7)—(3.1.9) there results

a(r) =  r* ( l  +  ^ )  r* =  |[ (a 2 -  2ma) ^ 2 +  a -  m] (3.1.21)

PM  = 1 -  f r  4(r) =  (3.1.22)a(r) p{r)

Thus the static Schwarzschild metric is determined by expressions (3.1.1) 
or (3.1.2) with two arbitrary functions a(r),6(r). Two other functions p ( r ) 
and q(r ) are determined by (3.1.22). Depending on the choice of a(r) and 
6(r) one may obtain different coordinate forms of this metric. The forms 
most generally employed are those associated with the following six sets of 
values for a(r)  and b(r):

(I) (II) (III) (IV) (V) (VI)
a(r)  — r  r -f m r ( l  +  m /2 r )2 a3 =  r2(a -  2m ) r r 
ft(r) =  0 0 0 0 2m / r  ( 2 m /r ) 1 2̂

(3.1.23)

The values (I) correspond to the so-called standard coordinates of the 
Schwarzschild problem. This form is of great use in investigating the 
Schwarzschild problem. The values (II) correspond to the harmonic co­
ordinates defined by (2.1.16). If harmonic coordinates are denoted by a 
tilde then the transformation from harmonic to arbitrary coordinates is 
represented by the relations

d f= d *  +  c - 1^ - d r  (3.1.24)
p(r)
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f  =  a(r) — m 0 =  0 V? =  V? 
or in rectangular coordinates

(3.1.25)

(3.1.26)
r

The values (III) in (3.1.23) are associated with the isotropic coordinates

val is distinguished from the Euclidean metric only by a factor dependent 
on a point of the field.

Form (IV) is obtained by taking a(r) to be a root of the indicated cubic 
equation. In these coordinates introduced by Painleve the gravitational 
field is equivalent by its action to a central force since the coefficients of 
metric (3.1.1) in c2dt2 and r 2(d02 +  sin2 9d(p2) are equal in magnitude and 
differ only by sign. This form has been investigated by Ganea (1973).

Forms (V) and (VI) introduced respectively by Eddington and Painleve 
are examples of stationary metrics for the Schwarzschild problem. In practi­
cal problems the relevant reference systems are not used since the presence 
of the mixed terms makes the solution more complicated. These mixed 
terms are of artificial, mathematical origin and are not due to physical 
reasons.

In what follows only the static case b(r) =  0 of the Schwarzschild problem 
is considered. Then there remains in (3.1.1) or (3.1.2) only one arbitrary 
function a(r) satisfying the condition of the Galilean metric at infinity: 
a (r ) /r  —> 1, a '(r) —► 1 with r —*■ oo.

Historical remarks concerning all systems (3.1.23) may be found, for 
example, in the treatise by Chazy (1928, 1930).

Solution (3.1.1) or (3.1.2) with (3.1.22) relates to the external 
Schwarzschild problem, i.e. the determination of the gravitational field 
outside a fixed spherical body. For cosmology and relativistic astrophysics 
the internal Schwarzschild problem, i.e. the determination of the gravi­
tational field inside a body, is of no less importance. But for practical 
purposes of relativistic celestial mechanics this solution is of no interest 
and is not considered here.

The external Schwarzschild solution is valid as long as the component 
goo is positive. The value of r which vanishes goo is called the gravitational 
radius (radius of the the Schwarzschild sphere inside which the external 
solution is not valid). This value is determined by the equation p(r) =  0. 
Therefore, the gravitational radius is equal to 2m in standard coordinates, 
m in harmonic coordinates and m /2 in isotropic coordinates.

3.1.2 M otion  o f a te st particle and m easurable quantities

marked here by an asterisk. In these coordinates the space part of the inter-

The Schwarzschild solution is the exact solution of the field equations. 
Therefore it is possible with the aid of the variational geodesic principle to



derive the exact equations of motion of a test particle and light propagation. 
These equations may be rigorously solved in elliptic functions. Indeed, 
taking the plane 0 =  7r/2  as plane of motion and applying the principle
(1.2.55) to the metric (3.1.1) one may deduce the Lagrange function in the 
form

t  = - p W c i  ( £ )  +  «m ( ^ )  + « V ) ( f j )  • (3-1.27)

L being explicitly independent of ct,<p and s there exist three first integrals 

p ( r ) c ^  =  E  a2( r ) ^  = JiT L =  I  (3.1.28)

with I  — 1 for the material particle and I =  0 for the light particle. Thus, 
the motion is described by the system with one degree of freedom with the 
Lagrangian

I  =  g ( r ) ( Q  +  K 2W(r)  (3.1.29)

where

-* = < * /* > ’ •

Consider, first of all, the circular solutions of the Schwarzschild problem. 
The circular solution r =  constant is evidently determined by the condition

W'{r) =  0. (3.1.31)

For the stability of the circular solution one should have

W"{r) >  0. (3.1.32)

Relation (3.1.31) results in

p2(r)
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a(r)
=  mA.  (3.1.33)

In addition, the condition L =  I involves the restriction on a radius of the 
circular motion as follows:

Finally, relation (3.1.32) leads to the inequality

1 — T "7 > °- (3.1.35)o(r)



SCHWARZSCHILD PROBLEM 79

From (3.1.34) and (3.1.35) it follows that the radius of the nearest circu-

(with the motion with the light velocity for this orbit) and the radius of 
the nearest stable circular orbit is determined by the equation a(r) =  6m. 
These results are usually formulated in the standard coordinates. Intro­
ducing the function a(r) one can rewrite them in terms of arbitrary quasi- 
Galilean coordinates.

For the circular motion

with n — dip/dt being the mean motion of the particle. Relation (3.1.33) 
represents the generalized Kepler third law

In accordance with (3.1.1) the proper time of a particle moving in a circular 
orbit is determined by

The mean motion n' =  dip/dr referred to the proper time is evidently 
the measurable quantity since the sidereal period of revolution, expressed 
in the proper time, T ' =  27r/n/, is directly obtained from astronomical 
observations. Define now two auxiliary quantities r'N and r/v by means of 
the Newtonian formulae

From (3.1.39) r'N represents an indirectly measurable quantity, rjv is also 
an indirectly measurable quantity because from (3.1.37)—(3.1.39) it follows 
that

The physical constants GM  and m do not depend on the coordinate 
system and are to be considered as the measurable quantities. Therefore, 
the mean motion n expressed in terms of GM  and rjv is the indirectly 
measurable quantity. The angular coordinate (p in the Schwarzschild prob­
lem may be regarded as a measurable quantity. Therefore, in virtue of the 
relation n =  dip/dt the coordinate time t on the circular motion may also

lar orbit to the gravitating body is determined by the equation a(r) =  3m

(p =  nt +  constant (3.1.36)

n2a3(r) =  GM. (3.1.37)

(d r/d <)2 =  p(r) — c 2n2a2(r)

or

(3.1.38)

n '2r#  =  GM n2r% =  GM. (3.1.39)

(3.1.40)
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be treated as an indirectly measurable quantity. Only the radius r of the 
circular orbit determined by the equation

a(r) =  r/v (3.1.41)

is a coordinate-dependent, unmeasurable quantity. Solving equation
(3.1.41) with respect to r one obtains an explicit expression of r depending 
on the indirectly measurable quantity rw and on the coordinate conditions 
employed.

Here, we use the notions of 'measurable quantity’, ‘indirectly measurable 
quantity’, ‘coordinate-dependent (unmeasurable) quantity’. With each 
term being conventional let us explain the meaning attributed here to these 
notions. Measurable quantity is to be meant as a quantity directly obtain­
able from observation without involving any theoretical data (such as, for 
example, the theories of motion of celestial bodies or the laws of light prop­
agation). Indirectly measurable quantity means a quantity resulting from 
calculations involving only measurable quantities. Finally, a coordinate- 
dependent (unmeasurable) quantity is referred to as a quantity resulting 
from calculations involving quantities due to application of the reference 
system formalism. In particular, such a quantity may depend on explicitly 
introduced arbitrary functions or parameters characterizing the choice of 
coordinate system (coordinate conditions).

Returning to the general case and drawing on (3.1.28) and (3.1.29) it is 
easy to obtain the differential equation of the trajectory in the form

\  dtp J a(r) cr(r) cr(r)

with A and B determined again by (3.1.30) and (3.1.34) in terms of the ini­
tial constants E  and I \ . The right-hand side of (3.1.42) is a polynomial of 
the third degree with respect to l/a (r) . Thus, this equation may be rigor­
ously solved in elliptic functions. The detailed celestial mechanics analysis 
of such solution has been performed by Cherny (1949). Among numerous 
papers dealing with the equation specifically in g r t  let us note, for exam­
ple, the investigations by Bogorodsky (1962) and Bogdan and Plebanski 
(1962), as well as a more recent paper by Ashby (1986). Exact solution 
of (3.1.42) involves many highly interesting questions having no analogy 
in the Newtonian two-body problem, i.e. the capture of the particle, tem­
porary capture (close encounter comprising several revolutions around a 
gravitating body) and so on. But all these phenomena occur at the dis­
tance not exceeding several gravitational radii from the primary and are 
applied in problems of relativistic astrophysics considered, for example, in 
the treatise by Zel’dovich and Novikov (1967).

For the real bodies of the Solar System the gravitational radii are ex­
tremely small as compared with their linear sizes and all these interesting
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cases cannot be realized in practice. For relativistic celestial mechanics it 
is sufficient to deal with an approximate solution. However, its distinction 
from the Newtonian solution should be investigated in detail. In particular, 
the study of influence of the coordinate conditions on a given relativistic 
relation is here of great importance. Therefore, instead of the exact equa­
tion (3.1.42) an approximate equation of the trajectory of the particle is 
studied below and this analysis extends to all reference systems (I)-(IV) of
(3.1.23).

3.1.3 Post-N ew ton ian  approxim ation

For most practically employed quasi-Galilean reference systems one may 
represent the function a(r) by the expansion

a(r) =  r ^1 +  (1 -  a)™ + (3.1.43)

a ,e , . . .  being the coordinate parameters defining specific coordinate con­
ditions. The values a =  l,e  =  0 correspond to standard coordinates (I) of
(3.1.23). Harmonic coordinates (II) are obtained with a =  e =  0. Isotropic 
coordinates (III) are associated with a  = 0,e =  1/4. Painleve coordinates 
(IV) result from a  =  2, e =  —3/2. Confining ourselves to post-Newtonian 
accuracy, i.e. retaining in goo terms of second order and in gik terms of first 
order with respect to m /r, one may reject in (3.1.43) all terms of second 
and higher order in m /r. In the post-Newtonian approximation isotropic 
coordinates coincide with harmonic ones. In this approximation it is suit­
able to consider the metric (3.1.2) with (3.1.43) taking into account the 
main parameters /? and 7 of the p p n  formalism (Will 1985). Then the gen­
eralized Schwarzschild metric in the post-Newtonian approximation takes 
the form

ds2 = 2m
r

f*ij +
2m

(7 -  a)6ij +  a
xlx3

+ dxidxj . (3.1.44)

For g r t  one has /? =  7 =  1 . At present, astronomical observation data (ra­
dio ranging of the internal planets, lunar laser ranging, trajectory measure­
ments of space probes) confirm these theoretical values within a precision 
of 0.1 to 1.5% (Will 1986). Nevertheless, considering /? and 7 in the literal 
form enables one to obtain a better understanding of the contribution of 
separate terms of the metric to the relativistic perturbations. Under a =  0 
the form (3.1.44) reduces to the well-known Eddington-Robertson metric.
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Allowing the coordinate time t to be an independent argument and ap­
plying (2.2.53) to (3.1.44) one may present the Lagrangian of the equations 
of the moving test particle in the form

* . 2 GM  1 _2/ • 2\2 L =  - r  H--------- b - c  (r )
1 ..
21

+ ■
m GM (rr)l

(3.1.45)

r  denotes the triplet of the space coordinates a?1, x2, x3 of the moving par­
ticle. It is possible to apply the usual vector operations to r  but it is 
self-evident that this quantity is not a physically meaningful vector. The 
word ‘vector’ here and below means just the triplet of the corresponding 
components. Lagrangian (3.1.45) results in the equations of motion (2.2.49)

r  +
G M  m

^2(/? +  7 -  “  (7 +  <x)t2 +  3a r

+  2(7 +  1 — a ) ( r r ) r (3.1.46)

These equations in rectangular coordinates are convenient for numerical 
integration. To solve them analytically introduce polar coordinates r and 
u in the plane of motion. This is achieved by the transformation

r  =  X l  +  Y m  r  =  X l  +  Y m  (3.1.47)

I and m  being unit vectors determining the orientation of the plane of 
motion by (1.1.6). Putting then

X  =  rcosu Y  =  rsinu  (3.1.48)

one derives the equations of motion in the orbital plane

.2 G M  /  , v.o y ^ r 2\
r ~ ru +  —  =  m ( 2(0 +  7 -  a ) - ^ -  -  (7 +  «)« +  (7 +  2) j j J

— (r2u) =  2m(y  +  1 — a)ru.  (3.1.49)

These equations admit, first of all, a particular circular solution

r =  a u =  nt -j-constant (3.1.50)
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where the mean motion n is related to the radius a of a circular orbit by 
the formula

= (GJ )
1/2

(3.1.51)

Equations (3.1.49) possess two integrals, the area integral and the vis viva 
(energy) integral. It is very simple to derive them from the Lagrangian
(3.1.45) by introducing spherical coordinates r, 6 and <p, taking combi­
nations dL/dip and r(dL/dr)  +  <p(dL/d<p) — L for 6 =  7t /2  and putting 
afterwards <p =  u. The integral of area has the form

r2u ^1 +  ~c 2(r2 +  r2u2) +  (27 +  1 — 2 a )~ ^  =  P. (3.1.52)

The vis viva integral is

- 9 K +  | c- 2(f2 +  ,2 • 2)2 +  ^
2 r 8 r

m

(3.1.53)

Substituting into the relativistic terms the Newtonian expressions one 
gets

r2u =  P  (1 — 2(7 +  1 — a ) — — (3.1.54)

•9 9*9 n G .r2 =  -  r u +  2 ------- (- 2 h
r

2 GM
h C 1 K4  P 2 \

— 2(7 +  2)— +  ( — 27 — /? — 2 +  a ) ~ 2  I" '

(3.1.55)

From this there results the differential equation of the trajectory in the 
form

( d ( l / r ) \ 2 2h | 2 G M 1 1 , (  h2
V dw p  2 1 p 2 -------^ +  mr r s \ G M P 2 P 2

4/», , „ N1+  ■ 52(7+ 1- 2 a ) -

9 C'A/f 1 1+  - p H 2 7  +  2 - / ? - 3 a ) _ _  +  2V (3.1.56)

It is evident that this equation coincides with equation (3.1.42), deduced 
above, with /? =  7  =  1, <p =  u, using (3.1.43) and relating the constants of 
integration by putting
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Instead of P  and h one introduces into (3.1.56) new constants a and e 
such that a (l — e) and a (l +  e) are the boundary limits for changing r in 
the motion of the particle. Thus, a and e act as the semi-major axis and 
the eccentricity of the orbit. Then,

1/ d ( l / r ) V  _ / l ______ 1_
\  du J \ r  V^(l — e) r

57)

with

P 2 =  GMa{  1 -  e2) 1 + I —7 — 1 +  a  +  2
27 — /? +  2 — a \  m

1 — e2
(3.1.58)

(3.1.59)

Equation (3.1.57) may be solved in the same form as for Newtonian theory, 
i.e.

a ( l  — e2)
r =

1 -f e cos /  ’

Substitution of this expression into (3.1.57) yields 

2

dll) 1 2^ T /? +  2 a ^ a (l — e2)
- 2a

m

or within the adopted accuracy

m
d ^ - ' l 1 a a ( l - e 2)

e cos /

with
1/ =  l ~ ( 2 7 - / ?  +  2)-

m
a ( l  — e2) *

The approximate solution of (3.1.62) is described in the form

m
f  =  xp -  a

a( 1 — e2
-esinip

(3.1.60)

(3.1.61)

(3.1.62)

(3.1.63)

(3.1.64)

and
-0 =  v(u — u)  (3.1.65)

lj being an arbitrary constant. Thus, the equation of the trajectory of a 
test particle in the field with the metric (3.1.44) in the post-Newtonian 
approximation is given by (3.1.60) and (3.1.63)—(3.1.65).
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For relativistic celestial mechanics only the case of the elliptic type mo­
tion is of practical interest. In this case between two consecutive passages 
through the pericentre, /  =  0 and /  =  27r, the argument of latitude u 
changes from u — uj to u — lo-\- ‘In /v  = uj + 27r +  A uj with

Aw =  (2j  +  2 - /3 )  2irm.; (3.1.66)
a(l — ez)

reducing for /? =  7 =  1 to the famous formula of the Schwarzschild ad­
vancement of the pericentre for one revolution.

Having obtained the trajectory of the particle it is not difficult to find 
the dependence of the true anomaly /  on time. Using (3.1.54), (3.1.64) 
and (3.1.65) one gets

ndt =  a 2 7 T re2)i/2 [l +  7  ( - 0  +  « +  (27 + 2 -  * )£ )]  d/  (3.1.67)

with the mean motion n determined by (3.1.51). Introducing the eccentric 
anomaly E  related to the true anomaly /  by the usual formula (1.1.14) 
and integrating (3.1.67) one obtains the relativistic analogue of the Kepler 
equation

E -  (1 +  ( - 2 7 - 2  +  a ) ^ )  e s in E =  I (3.1.68)

the mean anomaly / being the linear function of time t with the frequency

f t = n (  1 —(27 +  2 —/ ? ) ^ ) .  (3.1.69)

With the aid of (3.1.68) it is easy to find the expression for the period of 
revolution of the particle around the central body. In doing this one should 
clearly define what period is kept in mind. For the anomalistic period T\ 
defined as the time interval of the increase of /  or E  by 2tt one has

T1 =  ^ ( l  +  (27 +  2 —/ ? ) ^ ) .  (3.1.70)
n \ a /

The sidereal period T2 is defined as the time interval of the increase of u 
by 27r. ip and /  increase thereby by 27tv and the increase of E  is

2 w ( l  +  ( v -  i ) ( 1 _ e 2 >1/2

(3.1.71)

1 + e cos / 0,

with /o being the initial value of the true anomaly. Therefore, 

27T
^2 =  —  n 1 +  (2r  + 2 - f f l - ( 1 - >,0 r e*)7 , 2)a \  (1 +  ec o s fo Y J



To the end of this period the position vector of the particle in the chosen 
reference system coincides by its direction with the initial position. T\ 
depends on the initial position of the particle. Using

86 ONE-BODY PROBLEM

_L [2* d/ _ j_ r2* di _ 1
2?r J0 (1 +  e cos /)2 2w JQ (1 -  e2)3/ 2 (1 -  e2)3/ 2

the mean value of the sidereal period in changing the initial position /o 
from 0 to 27T is determined by

* - ? ( l - ( » r  +  * - * = T^ ) .  ( M - T D

Let us remember that in (3.1.69)—(3.1.71) the mean motion n is given by 
(3.1.51). In deriving (3.1.68) and subsequently from it formulae (3.1.70)— 
(3.1.72) the coordinate time t is used as the independent argument. For 
some problems it may be more suitable to use the proper time r  defined 
by (2.3.2). In application to (3.1.44) in the post-Newtonian approximation 
there results

d r Y _ .  2m
4 i )  ~  T  r  + ' • '

or with the use of the energy integral

f r - 1 - < 3 1 7 3 >

Therefore, equation (3.1.67) referred to the proper time r  reduces to

"'O'- =  a i ( , - r ^ ) l »  [l +  7  (2  - /»  +  « +  <2r - « ) ; ) ]  <V (3.1.74)

with the mean motion n/ for the proper time of the particle, i.e.

r, m (  1 . 3 3 \
.1 + 7 ( - r - # + 2 + 5 “ j

(3.1.75)

By integrating one obtains the relativistic analogue of the Kepler equation 
referred to the proper time of the moving particle

E - ( l  +  ( - 2 j  +  a ) ^ j e s m E - l '  (3.1.76)

and V is the linear function of r  with the frequency

^  =  n ' ( l  — (27 +  2 - / 3 ) ^ ) .  (3 .1 .77)



Therefore, the anomalistic and sidereal periods similar to (3.1.70)-(3.1.72) 
but referred to the proper time are respectively
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Thus, Ti, T2', 72 are expressed by the same formulae as 7 \, T2, T2 
replacing n by n'.

3.1 .4  Solution  for sm all eccentricities

If the eccentricity is small it is convenient to use expansions in powers of 
the eccentricity enabling us to represent the coordinates of the particle as 
explicit functions of time t. Such expressions are deduced here up to the 
terms of the second degree inclusively. The relation between r and E  gives,

Using the expression (3.1.60) one may integrate (3.1.67) as follows:

(3.1.78)

(3.1.80)

from (3.1.68)

(3.1.81)

(3.1.82)

Inversion of this relation yields

(3.1.83)

From this, using (3.1.64), one has

(3.1.84)
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Finally, with the aid of (3.1.65), one obtains 

/
u H----- b 2 ( l  -f (7 +  1 — j3 +  a ) —) esin /

v \ a /

—] e2 sin 2/ + __  (3.1.85)
5 / 1  1 5 *  
4 + ( _ 27 _ 2 _ 4/? +

Thus, the rectangular coordinates (3.1.48) of the moving particle contain 
two angular variables / and \ j v  associated with the periods 7\ and T2, 
respectively. Instead, one may introduce the mean longitude A and the 
longitude of pericentre w which are linear functions of time t with frequen- 
cies

A =  n* =  ( l  +  (27 +  2 - / ? ) ^ e 2J n (3.1.86)

f  =  (2T +  2 - /? ) -
m

■ . a -«»)■"• p - 1-87*

Then, in (3.1.81) and (3.1.85) one may replace / as the argument of trigono­
metric functions by A — 7r. The combination u +  I /v  in (3.1.85) may be 
replaced by A — A with the constant A representing the longitude of the 
ascending node of the orbit.

Instead of a and e one may introduce any other similar quantities a* 
and e*. For example, according to the traditional choice of mean elements 
e* might be chosen as being one half the coefficient of sin(A — 7r) in the 
expansion for u and a* might be chosen as being related to n* by the same 
functional dependence (3.1.51) between n and a. With such a choice one 
has

/  o ^  2^
a* =  a ( l  +  H(—27 - 2  +  /? )-e '‘

o a

e* =  1̂ +  (7 +  1 — /? +  a) ̂  e. 

Expansions (3.1.81) and (3.1.85) become

(3.1.88)

(3.1.89)

m
a*

*2

— ^1 +  (—7 — 1 -f /? — o0“t )  e* cos(A — 7r)

— 7- ( l  -b (—47 — 4 -b 2/? — a ) — ) e*2 cos(2A — 7r) +  . . .
2 \ a* /

u =  A—A + 2e* sin(A —7r)-b 5 /  5 m
4 ^  V — 4 J a*

(3.1.90)

e sin(2A — tt) + __

(3.1.91)
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Let us remember once again the expression of angular variables in terms 
of the old and new constants:

/ =  ( l  — (2 7  +  2 -  n (t — *0) +  /o =  ^rc*(t -  t 0) +  lo ( 3 . 1 . 9 2 )  

A =  ^1 4* (2 7  +  2 — /?)— e 2  ̂ n ( t  — t o)  -t- Ao =  n * ( t  — to)  4- Ao ( 3 . 1 . 9 3 )

TYl
7t =  ( 27  +  2 - / ? ) — ------- _ A  +  i / ( «  +  n )  ( 3 . 1 . 9 4 )

a ( l  — e^j

where /0 is the mean anomaly at the epoch and Ao =  w 4* A 4- h / v  is 
the mean longitude at the epoch. From (3.1.92)-(3.1.94) we obtain the 
relations

I — X — 7r A = w +  n  +  //iz (3.1.95)

used above.

3.1.5 O rbital e lem ents and m easurable quantities

To illustrate the problem of measurable quantities let us examine the ex­
pression for spherical coordinates. The radius vector r is given by (3.1.81) 
or (3.1.90). On the basis of the expressions (3.1.85) or (3.1.91) for u, it is 
easy to derive the corresponding expressions for 9 and (p. In fact,

cos 9 =  sin i sin u

and for small inclinations

ip zr u -4 A — |  sin2 i sin 2u + __

Substitution of (3.1.85) yields

cos 9 =  sin i sin(A — A)

+  ^1 +  (7 4- 1 — P +  a ) —) e[sin(2A — w — A) — sin(7r — A)]

“  ( l  +  2(7 4-1 -  /? 4- a ) ~ )  e2sin(A -  A)

+  I  ( l  +  (-IO 7 - 1 0  +  3p  +  2a)—)  e2 sin(A -  2x +  A)
8 V a /

■I- g ^9 (^y +  6 — 13/? -I- 18c*) —  ̂e2 sin(3A — 2ir — A) -|-. . .

(3 .1.96)
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<p =  A +  2 ( l  +  (7 +  1 -  /? +  a ) ^ j  e sin(A — 7r)

e2 sin2(A — w)
5 / 1  1 5* 5 \  m 
4 + ( ~ 2 T “ 2 ~ 4 / ? + 2a ) 7

1 . 2 •— -  sm 1
4

sin 2(A — A)

— 2 1̂ +  (7  + 1 — /? +  a) e sin(A +  7r — 2A)

4- 2 ^1 4- (7 4-1 — /? 4- e sin(3A — 7r — 2A)

-  4 (l +  2(7 +  1 -  /? +  a ) ^ )  e2 sin 2(A -  A)

-I- — ^3 (I87 "f* 18 — 11/  ̂"I- 6a ) —) 62 sin 2(7t — A) 

+  ̂(l3 + (147 + 14 -  21/? + 26a)™)

Introducing now e* instead of e, one obtains

cos 9 =  sin i sin(A — A) 4- e* [(sin(2A — 7r — A) — sin(7r — A) 

-  e*2 sin(A -  A) +  ^ ( l  +  (-1 2 7  -  12 +  5/?) ̂ - )  

x e*2sin(A — 2ir -f A) +  ^ ^9 +  (—127 — 12 + 

x e*2 sin(3A — 27r — A) 4- . . .

=  A 4- 2e* sin(A — w) 4-

1 • 2 •— - sm 2
4

e sin2(A -

sin 2(A — A) — 2e* sin(A 4- tt — 2A) 4- 2e* sin(3A —

-  4e*2 sin 2(A -  A) +  ^ (3 +  (127 +  12 -  5 /? )^ )  e*2 sin 2(x • 

+  J  (l3  +  ( -1 2 7  -  12 +  5/?)^-) e*2 sin(4A -  2 i  -  2A) +  . . .

(3.1.97)

(3.1.98) 

■7r)

7T-2A)

- A )

+  . . . .

(3.1.99)
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Thus, the coordinates of the moving particle are represented by the trigono­
metric series in A,7r and A with coefficients dependent on a, e, sinz or a*, 
e*, sini. A and 7T are linear functions of time. The periods 71 and 72 are 
directly measurable quantities (at least, at the level of the mental exper­
iments). Therefore, the periods T1? T2 and the frequencies of longitudes 
A and 7r are indirectly measurable quantities. All angular arguments A, 
7r, A as well as sin i are also indirectly measurable quantities. Since n 
and n* are indirectly measurable quantities, a and a* are unmeasurable 
coordinate-dependent quantities, as follows from (3.1.51). As for the ec­
centricity, the comparison of (3.1.97) and (3.1.99) demonstrates that e is 
an unmeasurable, coordinate-dependent quantity whereas e* is a directly 
measurable coordinate-independent quantity. This reflects the fact that ex­
pansions (3.1.96) and (3.1.97) in powers of e depend on a  and expansions 
(3.1.98) and (3.1.99) in powers of e* do not depend on a. Hence, depend­
ing on the definition of the eccentricity as characterizing the form of orbit 
by (3.1.60) or as one half the coefficient of the leading term in the longi­
tude of the particle by (3.1.99) there are different conclusions concerning 
its measurability.

These conclusions are derived here in the post-Newtonian approxima­
tion (therefore all quantities in the post-Newtonian terms have Newtonian 
meaning and may be regarded as measurable). But it is clear that they are 
valid for any approximation. The basic frequencies un* and n* by (3.1.92) 
and (3.1.93) may be determined from the results of measurements of the 
periods 71 and 72 and, hence, T\ and T2.

3.1.6 Solution  in oscu lating elem ents

Taking into account the importance of the problem of the motion of a test 
particle in the Schwarzschild field it is suitable to give also its solution in 
osculating elements. To extend the domain of application of the relevant 
results to other problems (two-body problem of finite masses in g r t , motion 
of a test particle in the spherically symmetric gravitational fields of different 
post-Newtonian gravitation theories, etc) it is advantageous, following the 
work of Chazy (1928, 1930), to consider equations (1.1.25) with disturbing 
force

F  — m 2 cr
G M  .0 0 (r r ) 2 

- -  2er2 + (3.1.100)

a, <7, e and // being constant parameters. It should be noted that until 
the advent of g r t  many authors suggested different modifications of the 
Newton law of gravitation described by the disturbing force (3.1.100) with 
specific values of the constants a, <7, c and fi. The g r t  equations (3.1.46)



of the generalized Schwarzschild problem result from this by fixing one of 
these constants by means of the relations

<7 =  7 +  /? — a  2e =  7 -f a  /i =  7 +  1 — a  (3.1.101)
with the constant a characterizing again the choice of the coordinate con­
ditions. Solution of (1.1.25) with the disturbing force (3.1.100) might be 
of course obtained by using the mean elements as performed above. But 
to illustrate the method of variation of arbitrary constants let us apply the 
osculating elements. By (1.1.27) the components of the disturbing acceler­
ation are

m („ G M  . 2 x ( r r ) 2
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S — ~77 ( 2cr-------- 2er +  (3a +  2/i)
rJ V r

n2a2
=  m - (3a -J- 2/i)— (1 — e2) -1- 2(3a — 2c +  2/i +

3a  +  2c -  2/i

T  =  m2c—^ ^ -y /a ( l  — e2) l!2{rr)  =  m 2 e^~ -e  sin /

VFrrO.
Therefore, equations (1.1.26) for the osculating elements immediately imply

i =  constant A =  constant 
whereas the differential equations for other elements take the form 
da 2na2e
d F = m r 2( l _ e2) l/2 Sm-f

x ( —3a —̂ (1 — +  2(3a — 2c ~f- 2̂ i -f- (t) — — 3a -I- 2c — 2 ẑ)

de na( 1 — e2W 2 .
5 7 = ™ ------- p ------- “ * /

X 3 a ^ -( l  — e2) +  2(3a — 2e +  2/i +  <r)^ — 3a +  2e — 4^ 

d7r na(l —e2W 2 /  a3 . ,\2  / 2\ 
d F = m  r^e ) + ( - 9 a  +  4e - 4p - 2<7) ^ ( l - e  )

+  (3a -  2 e )-(l -  e2) +  2(3a -  2e +  Ay, +  er) - -  3a +  2e -  4/z) 
r r I

§ = [ ! - ( ! -  e2)1/2]^ J  +  ( ( 3a +  2// ) ; ( 1 ~  e2)

2(—3a +  2c — 2/i — <r) -f- (3a — 2c -f- 2//)— j .
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Substituting into the right-hand sides of these equations the values of 
the osculating elements for the initial moment of time and integrating, one 
obtains the first-order perturbations

8a =
me

(1  _  e 2 )2  U 4 ( C -  A* -  * )  +  e '' ( - § < *  +  4 e  -  4 M)]  c o s  /  

+  (2e — 2/i — cr)e cos 2 /  +  |a e 2 cos 3 /} |{(to (3.1.102)

be —
m

{[2(e -  <r) +  e2( - f a  +  2e -  4/i)] cos /
a(  1 — e2)
-f (e — \i — \(r)e cos 2 /  +  ^ae2 cos 3/}| (3.1.103)

6  7T =
m

a( 1 — e2)
(2 e +  2// — <r)/ +

_ 6 — O’ (  3 _ ,
2 — —  +  ( _ 4 a  +  2 e  ! e

+ ( e -  n -  ^cr J sin 2 /  +  i ae sin 3 /

sin /  

(3.1.104)
to

6e =  [1 — (1 — e2) 1/ 2]6ir +
2m

a(l — e2)1/ 2
+  (~3a +  4e -  2// -  2<r)/ +  (3a +  2/z)esin/]|Jo.

[(3a — 2e +  2/x)(l — e2) 1̂ 2^1

(3.1.105)

Rewriting <5a as 

2m
(1 — e2)2

~h (3a — 2f -j- 2//)(1 — e2)2---- a  +  tr -f- (3ct — 3c +  3/i -f- ^<r)e2
*0

(3.1.106)

one gets

f  S n d t — 3 — \ (—3a -f- 2c — 2/i)_£7 -f- (2a — 26 -f- 2/i -j- <r)
•/to a I (1 — e2)1/ 2

esin /— a ------------:— (-
(1 — e2)1/ 2

x ( — ] -j- (3a — 2c ~b 2/i) — 
V o /  r0 J

/

a(l — e ) ( — ) +  (—3a +  2e — 2/i -  a)

(3.1.107)
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initial values being marked by a zero index. The variation of the mean 
longitude is determined by

AA =  n(t — to) +  SX SX — f  Sndt +
j  to

and for one revolution

[«A]*+a'  =  M * +a'  +  2x ?

6c

—3a -j- 2c — 2/i -f- 3(3a — 2c -f- 2/i) —
ô

+  3(—3a +  2e — 2/i — a) +  3a(l — e2) ( j^ j

(3.1.108)

From the Kepler equation it follows that the anomalistic period resulting 
in increasing the starting values of /  and E  by 27r is determined by the 
expression

/0 + 2 7T

/o
or

3a — 2f 2// +  3(—3a -j- 2f — 2/i) —
7*0

+  3(3a -  2e +  2/i +  <r) ( ““ )  -  3<*(1 -  e2) ( ~ )  

(3.1.109)

The sidereal period resulting in increasing the starting value of the mean 
longitude by 27r is

T2 =  —  — - { 6 \ ) sf°+2* 
n n L Sfo

or

7 \ =  2 1  ! + “
n a

3a — 4e +  +  (—3a +  2e — 2//)e2
-f- 3(—3a 4" 2c — 2/i)

+  3(3a -  2e +  2/i +  a) -  3a ( l  -  e2)

1 — e2
2

r*o

(3.1.110)

Expressions (3.1.109) and (3.1.110) with relativistic values (3.1.101) dif­
fer formally from (3.1.70) and (3.1.72). This is due to the fact that ex­
pressions (3.1.109) and (3.1.110) contain the values a =  a0, e =  e0 of the
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osculating elements at the initial moment of time whereas the quantities 
a =  a!, e =  e' occurring in (3.1.70) and (3.1.72) are constants characterizing 
the size and the form of the orbit. It is not difficult to verify the identity of 
these expressions. If ai, e\ and a2, e2 are values of the osculating elements 
in pericentre and apocentre respectively then

2a' =  a2( 1 +  e2) 4- a i( l  -  ei) 2a'e' =  a2(l +  e2) -  a i( l  -  ei).

Using (3.1.102) and (3.1.103) one may derive

flj — (1q "j" SOj Sao 6j — Cq 4* “* Scq (z — 1, 2)

with

6a i =  

Sa2 =  

<5e i =  

<$e2 =

me
(1 - e 2)2

me
(1 — e2)2 

m

m

[4(6 -  // -  <r) +  (2e -  2// -  cr)e +  4 ( - a  +  e -  /j)e2] 

[—4(e — /i — cr) -f (2e — 2/i — cr)e — 4(—a -f e — /i)e2] 

[2(6 — cr) -f (e — fi — \ v ) e  4- (—2a 4- 2e — 4/i)e2] 

[-2(6 -  or) +  (e -  \i -  \<r)e -  ( -2 a  4  26 -  4//)e2].
a(l — e2)

6ao is expressed as the right-hand side of (3.1.106) with r =  ro. Then, 

o! — ap — <$ao 4- 2(^a i 4  ^a2) 4  ^cto(^e2 ~ ^ei) 4  ^ o (^a2 — ^a i) 

and therefore

a/ = f l o 4 m —2a(l — e2) 4  2(3a — 2e 4- 2/i 4- cr)

4  2(—3a -f- 2c — 2/i)---- 1- 2(a — 6)
ro

The mean motion n is expressed in (3.1.109), (3.1.110) in terms of ao 
by means of the unperturbed Kepler third law whereas in (3.1.70), (3.1.72) 
it is expressed in terms of a =  a' by means of (3.1.51). Substituting into 
(3.1.70) and (3.1.72)

a'W =  a l' 2 +
V 2 a0 J

and taking into account relations (3.1.101) one comes to (3.1.109) and 
(3.1.110).
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As seen from (3.1.104) the advancement of the longitude of pericentre 
per one revolution is equal to

2tt m 
a( 1 — e2)

(2e +  2/i — a ) . (3.1.111)

For values (3.1.101) this expression results in the previous formula of 
the Schwarzschild advance of pericentre (3.1.66).

The equations of motion with disturbing force (3.1.100) may be put in 
the Lagrange form with Lagrangian

l .o  G M  2a — 2e-f/i / .oxo m 
— ' ----- + ------ — — "(»" ) +  —8 c2 ( £+ ^ - < T

1
+  [ - a  +  e + - n ) r 2 +  a ^ -

G M

(3.1.112)

Relations (3.1.102)—(3.1.107) yield the perturbations of the osculating el­
ements. The same relations might be obtained on the basis of the Lagrange 
equations for the contact elements (1.1.39). The Lagrangian (3.1.112) con­
tains four arbitrary constant parameters. If three of them are related by 
the condition

2 a - 2 e  +  /i =  1 (3.1.113)

which is satisfied particularly with the values (3.1.101), then the result­
ing Lagrangian corresponds to the metric form with the three arbitrary 
parameters a , e and cr equivalent to (3.1.44).

3.2 LIGH T PR O PA G A T IO N  IN  T H E  SC H W A R ZSC H ILD  
PR O B L EM

3.2.1 V ariational principle

The geodesic variational principle for the constant gravitational field leads 
to the problem of constructing geodesics in the three-dimensional space. 
Indeed, principle (1.2.50) has the form

i / V 7 d « o =  0 (3.2.1)

with
dx* dx* dxk

f -  900 +  290id ^  +  9ikd ^ d ^ -
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/  being explicitly independent of x°, there exists the integral

rz d y / f  dx* 1
v  /  — , """'/, n\ ~r~77 =  “ 7= h — constant d(dx%/dx°)  dx° yfh

or

+  =  ‘ 3 2 2 >

/  may be represented in the form

/=i(*oo+ffo<S 0  ~(^) (3-2-3)

dt  being the element of the space distance (2.3.3). Therefore, combining
(3.2.2) and (3.2.3) one obtains

<3-2-4)

Again using (3.2.3), one has

For a fixed value of h the variational principle (3.2.1) may be rewritten 
in the form

</ ( ^ - ' /7) <ii0=o (3-2'6) 
with arbitrary variations of x° at the endpoints of the interval of integra­
tion. Transformation from (3.2.1) to (3.2.6) may be easily verified taking 
into account the basic formula of calculus of variations:

r  / ( W ) d « =

+ i
d f  c 

n  +  » ‘ y

Xi

For this case the third term is zero due to vanishing variations of the space 
coordinates at the endpoints, the second term is annulled by the existence 
of the first integral and the first term results in the same Lagrangian as 
defined from the original variational principle (3.2.1). Excluding dx° from 
(3.2.6) with the aid of (3.2.4) and (3.2.5) the geodesic variational principle 
for the constant field finally takes the form

6 [  (  ̂ ~  — —  d*A =  0. (3.2.7)
J V V 9 o o  9 o o  J
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Having determined the trajectory, the dependence on time is obtained 
by quadrature (3.2.4). This principle 's particularly adequate to study 
light propagation. For this case one has h = 0 (as a consequence of /  =  0) 
and comparison of (3.2.7) and (3.2.4) leads to the conclusion that light is 
propagated in accordance with the Fermi principle (the principle of least 
time)

6 [  dx° =  0. (3.2.8)

3.2 .2  P ost-N ew ton ian  equations and their solution

For the static spherically symmetric field with metric (3.1.44) (with b(r) =  
0) principle (3.2.8) takes the form

• I
de

= o (3.2.9)

with

d f  =
xlxk

f*ik H------( ( t  — +  &
r v v

da?*darfc.

It is sufficient to retain in p(r) only the term of order m /r

Similar to the transformation from (1.2.50) to (1.2.55) principle (3.2.9) 
may be rewritten in the rational form by putting t as the canonical param­
eter

j  p (i

de
r) \ d t

dt =  0. (3.2.10)

For the static field time t is the canonical parameter since for this case 
the equations associated with the variational principle (1.2.55) admit the 
first integral

d#°
9 oo1 i A" — constant. dA

From this it follows that x° and A are linearly related and hence are equiv­
alent. The Lagrangian for the variational principle (3.2.10) is

r 1*2 m 1 x - 2 ( r r ) 2\
2 V + 7  v )r  + 0 l ~ ^ ~ )

(3 .2 .11)



The corresponding equations of light propagation in rectangular coordi­
nates are of the form

r  = ^  (-(7 +  1 +  a ) ^ 2)?* +  3 +  2(7 +  1 — a ) (r f ) f )  . (3.2.12)

The general solution of this equation is given by the formulae

<t x (ro x <r) <t  x  (r x  <r) 
ro — <rr 0 r — err

(3.2.13)
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r(t)  -  r 0 +  c(t — to)®- +  m

r +  trr \
-  <r\n —------- +

r0 -I- trro I

( 7 + 1 )

\ r  ro J

l . / x  ™ ( ,  , x (crr*)- r ( t )  =  a ------( (T +  1) ------------------ h (7 +  1 — ol)<t -f a —— rc r \  r — (rr r l
(3.2.14)

The arbitrary constants of integration are chosen to be space coordinates 
r(to) =  r*o of the light particle at the initial moment of time to, the direction 
of the light velocity at the infinitely far distance from the primary for the 
infinite remote past or =  r ( —oo)/c, o*2 =  1 and the light velocity c. In the 
right-hand sides of (3.2.13) and (3.2.14) r  is to be replaced by its Newtonian 
expression

r N(t) =  r 0 +  c(t -  to)<r. (3.2.15)

From (3.2.14) for t —* oo there results

-f(oo ) =  v  — a  — 2m (7 4- 1)*7 * X|2̂  . (3.2.16)c |r 0 x <t \2

The absolute value of the vector product

<3-2' i7>

determines the sine of the angle of the total deflection of light in passing 
in the Schwarzschild field. Within the post-Newtonian approximation one 
may adopt here as ro any point of the light trajectory. In virtue of (3.2.15)

|rjv(0  x (r\ — |r0 x a\ =  d

d being the impact parameter for the light trajectory. But it may be 
preferable to apply (3.2.17) without using the notion of impact parameter. 

For the radial light ray expressions (3.2.13) and (3.2.14) become
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(3.2.19)

According to (3.2.14) the magnitude of the coordinate light velocity at 
any point r  is

differing from c. But the physically measurable, chronometric invariant 
light velocity is, of course, always the same and is equal to c as followed 
from the 3 +  1 metric splitting (2.3.11) and condition ds2 =  0 for the light 
propagation.

3.2 .3  B oundary value problem  and D oppler disp lacem ent

Formulae (3.2.13) and (3.2.14) give the solution of the Cauchy problem for 
light propagation. In fact, it is easy to express cr from (3.2.14) in terms of 
the coordinate direction of the light ray at moment to. Then, the relation
(3.2.13) determines the law of motion in terms of position and velocity of 
the light particle at the initial moment to. Consider now the boundary 
value problem with two given positions of the light particle r(to) =  t*o and 
r(t ) =  r  (to <  t). Denoting

one easily finds from (3.2.13) and (3.2.14) the light direction at t —► —oo

I> = r ( t) - ro (* o )  D = \ D \ (3.2.21)

— -  [D x ( r 0 x r)]
r0 r )

(3.2.22)
and the time of the light propagation

(3.2.23)
The light signal emitted at moment to from the point t*o reaches the 

point r  at moment t having the coordinate velocity

(3 .2 .24)
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which results from substituting (3.2.22) into (3.2.14). I f  the light emitter 
is a distant star so that r <  ro then expanding in powers o f r/r0 and 
retaining only the main terms, relations (3.2.22) and (3.2.23) take the form

r o r 0 x ( r  x r 0) 
a  ~ --------r ------- -3--------

ro
1 + =r

7 +  1

r 0r
m2

m
H----

c

1 +  r 0r / ( r o r )  

(7 +  1) In

—  a

2 r02
+  a

r 0r
-  1

rro -\-rro \ror
3.2.26)

Consider now the Doppler displacement o f the light frequency. Let again 
the light signal be emitted at moment to and received at moment t. By 
the previous formulae one may find the functional dependence t =  t(to)  for 
the specific motions o f the emitter and the receiver. Let the light signal be 
emitted with period Stq. The corresponding interval o f the proper time o f 
the light emitter is

6to =  c-1 ( 6t0.
VdV r 0(«o)

The receiver accepts this signal with period St in the coordinate time or 
with period

6r =  c - 1 f ^  St 
\ d</ r ( i )

expressed in the proper time o f the light receiver. Besides this one has

St =
ato

The light frequency is inversely proportional to the period in the proper 
time. Therefore, the ratio o f the frequency Vo o f the light emitter at point 
ro ( tQ)  to the frequency v  o f the light receiver at point r ( t )  is

v

St _  (ds /d t ) r ( t) dt 

Stq (ds /d t ) ro( to} dto
(3.2.27)

For the Schwarzschild field this general formula o f the frequency ratio 
yields in the post-Newtonian approximation

vo _  1 — m /r  — r 2/2c2 dt 

v  1 — m/r0 — /2c2 dtfo
(3.2.28)

with ro =  dro/dto and r  =  dr/dt  . The derivative dt/dto may be calcu­
lated by using (3.2.23) and taking into account that



102 ONE-BODY PROBLEM

Then

dt _  1 -  (D r 0/cD ) [ l  +  m5(rp,r, D ) ]  +  m (ro /c )T ( r , r0, D )
dto 1 — ( D r / c D ) [  1 +  mS(ro,r,D)] — m(r /c )T (r ,  ro, J5)

with

(3.2.29)

S( r 0, r , D )  =  2( T + 1 ) -  i « ( r o  +  r ) ~ ~ r~ \ j~~  ( 3-2-30)

T (p0, r, D) = -2(7 +  l ) (po+ ^  +  “ 5
(3.2.31)

In contrast to the 5  function T  is not symmetric with respect to ro and r 
and enters into numerator and denominator o f (3.2.29) with different order 
o f its arguments. Relations (3.2.28) and (3.2.29) with (3.2.30) and (3.2.31) 
are sufficient for solving all problems concerning Doppler observations in 
the Schwarzschild field. The Doppler displacement (3.2.28) includes the 
gravitational shift o f frequency due to the difference o f the gravitational 
potentials at points ro and r. The Doppler effect is treated in detail, for 
example, in Tausner (1966) and Kislik (1985). The different cases o f the 
mutual position o f observer, light emitter and the primary are considered 
in the latter paper.

3.2.4 Post-post-Newtonian equations and their solution

A t present the discussion of high precision measurements o f the light deflec­
tion and time radio ranging has confirmed the g r t  post-Newtonian effects 
at the level o f 0.1 to 1.5% (W ill 1986). In this regard some specific pro­
grammes for investigating the post-post-Newtonian effects are coming into 
use. In particular, much attention is paid to the project o f an astromet­
ric optical interferometer to be put in orbit around the Earth (Reasenberg 
and Shapiro 1986). From preliminary estimates one may hope to gain 
a precision o f 1 x 10“ 6// for measurement o f the light deflection whereas 
the post-post-Newtonian effect o f the light deflection in the vicinity o f the 
Sun is 11 x 10~6//. Therefore, investigation o f the post-post-Newtonian 
approximation o f the light propagation is o f interest for future practical 
applications. This problem is treated here within the framework o f g r t  

taking into account coordinate parameters (Brumberg 1987a). W ithin the 
framework o f the p p n  formalism with a fixed choice o f coordinate condi­
tions the post-post-Newtonian effects in the light deflection and the time 
o f flight o f radio signal in the Schwarzschild field have been investigated by 
Richter and Matzner (1982, 1983).
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Let us start from the general expression o f the static Schwarzschild met­
ric (3.1.2) with (3.1.22) and b(r)  =  0. The equations of light propagation 
admit the Lagrangian obtained from (3.2.10)

L =
1

2[1 — 2 m/a(r )\
r «2c**)-2 . i-5— r  +

a ' \ r ) a2(r )

r2 \ 1 — 2m /a(r)
( r r Y

(3.2.32)
W ith a (r ) given by expansion (3.1.43) the Lagrangian in the post-post- 

Newtonian approximation is

1 .. m
L =  f + -I  r

(2 -  a)r  * +  a ( "

+  ( ^ + 4 a  -  i a 2 -  2e

The post-post-Newtonian equations o f light propagation generated by 
this Lagrangian take the form

.. _  m
(4 — 2 a ) ( r r ) r  — (2 +  a ) r 2r  +  3a

+
m

(—2 +  8a — 2a +  4c)(t*7*)7* +  2er r

2
+  (2 -  4a +  2a2 -  8c)

r r
+  .... (3.2.34)

Choosing again six arbitrary constants o f the general solution o f equa­
tions (3.2.34) the triplet o f the spatial coordinates o f the light particle 
7»o =  t*(^o) at moment to, the unit vector <r =  r ( —oo) /c  of the light di­
rection in the remote past and light velocity c at infinity and denoting 
post-Newtonian and post-post-Newtonian values o f the desired quantities 
by indices p N  and ppN  respectively one gets

c~1r pN ( t )  =  cr -f m A i(r jy )  (3.2.35)

r pN ( t )  =  r N ( t)  +  m [ B i ( r N )  -  B i ( r 0)] (3.2.36)

c " 1r PPN ( t )  =  or +  m A i ( r pN) +  ra2A 2(r jv ) (3.2.37)

TppN(t)  =  r N ( t )  +  m [ B i ( r pN) - B 1(ro ) ]  +  m 2[ B 2( r N ) - B 2 ( ro ) ] .  (3.2.38) 

r jy ( t )  stands here for the Newtonian value (3.2.15) and

a x (r x a)err cr t
A i ( r )  =  — a — r  +  (a -  2)---- 2-

rd r r ( r  — <rr)
(3.2.39)
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. . .  2  a  
A 2( r ) = - ^ r  + B +  4a — a +  2e

4 r
- r  —

r2(r  — <rr)

/ I  . 2 \ a  . . c r x f r x o - )  Acr x ( r  x cr)
+  ( 77 — 4a +  a  —  ̂ I ~  +  (12 — 4a)-— :--------- — +  4—---------- -y-

\2 / r J r J(r  — <rr) r\r — crry

15 <r x (r  x <r) 15 o* x (r  x <r)
-  — ( ^ — 2-------------------------------------rz\r x ay \r x cry

^ t a n  1

err 7r 

\r x (r\~^ 2 , 

(3.2.40)

ol x ( r  x a )   ̂ ,
B \ ( r )  =  —r  — 2------------------- 2crln(r +  err)

r r — o'r
(3.2.41)

„  z . / I  \ r  n (T 4cr Acr x ( r  x cr) 
B ^ r )  =  7 "  c 3  +  2a~  "  I ” “  +  “ -------4 / r2 r r — err (r  — <rr*)2 

15 cr _ i  <rr
tan

4 \r x <r\ |r x <t |

15 / . cr x ( r  x cr) (  i err ir\ ^
-  — (« r r )— j-------- [ j — I tan ,-------- - +  -  I (3.2.42)

4 \r x <r|3 \ |r x cr\ 2 J v

|r* x cr\ is to be meant as the arithmetic value o f the vector product. Im ­
mediate differentiation o f expressions (3.2.39)-(3.2.42) demonstrates that 
functions (3.2.37) and (3.2.38) represent the post-post-Newtonian solution 
o f (3.2.34). It should be mentioned that on the right-hand sides o f (3.2.34) r  
and r  have their post-Newtonian values in the terms 0 ( m )  and Newtonian 
values in the terms 0 (m 2).

Taking in (3.2.37) the limit t —> oo and substituting, in particular, ex­
pression (3.2.36) into (3.2.39) one finds the post-post-Newtonian general­
ization o f relation (3.2.16)

- i -  / x < r x ( r 0 x<r)
c r ppN(oo)  =  v =  < r - 4 m  — --------- —

|T*0 x cr|2

9 / 15 cr x ( r 0 x cr) 8cr
-f m ----- 7r-

\r0 x cr|3 |r0 x cr\2

, Of , Xo - x (r 0 x<r) a - x ( r 0 xcr )\
+  8( r 0 +  o t o ) — j---------- v r 1-  -  4 a — p ------- ^  .

Ir0 x <r|4 r0|r0 x or|2 /

(3.2.43)

From this

i i 4m m2 /15 r0 -f 4a. . .  ̂ .
\<rxv\ =  -j--------- r+ ---------- - ( — 7r -  8------ :— r +  — r 0 x <r ) . (3.2.44)

7*0 x <r\ r 0 x O-2 V 4 \r0 x<r\ r0 1 1 v y
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This relation defines the sine o f the angle o f the total deflection o f light in 
the post-post-Newtonian approximation of the Schwarzschild problem.

3.2.5 Boundary value problem in the post-post-Newtonian 
approximation

Retaining designations (3.2.21) for the boundary value problem r ( to )  =  r o, 
r ( t )  =  r  (to <  t ) one has

c ( t - t 0) =  D  (3.2.45)

<r =  D / D  (3.2.46)

in the Newtonian approximation,

TYl
c(t - t 0) =  D -  p D [ B ! ( r )  -  B i ( r 0)] (3.2.47) 

x [ D  x (Bx(r) -  * i ( r 0) ) ] } (3.2.48)

in the post-Newtonian approximation and finally

Tji TTL
c(t - t 0) = D -  p D l B ^ r )  -  B x( r 0)] -  — D [ B 2( r )  -  B 2( r 0)]

+  ^ | £ » x ( B 1( r ) - B 1(r 0))|2 (3.2.49)

* = § + - & { D  x [ D  x ( B i ( r )  -

+  D  x [ D  x (B 2(r ) -  B 2(r 0)) ] }

TYl2
+  ^ 3 { ( b i0 0  -  B i ( r o )) X [ D  X (J 5 i(r ) -  B i ( r 0) ) ] }

Q 7772
-  ~ B | I >  x ( B 1( r )  -  B ^ r 0))|2 (3.2.50)

in the post-post-Newtonian approximation. In the right-hand sides o f
(3.2.47) and (3.2.48) and in the terms 0 ( m 2) o f (3.2.49) and (3.2.50) one 
may use for <r the Newtonian expression (3.2.46). In the terms 0 ( m )  o f 
(3.2.49) and (3.2.50) one should use the post-Newtonian value (3.2.48). 

Substitution o f (3.2.41) and (3.2.42) into (3.2.49) and (3.2.50) gives

c ( t - t 0)  =£> +  m|21nr° +  r ~t~ ^  
L ro -h r — D
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+
_ a _ ( r | 

2D  V

— r2 — D 2 r 2 — rk — D 2
+

ro

+  m 

+

15 D
4 |t*0 

2D

r>—  f tan" 
x r  IV

! _  tan- i  r ^ l - D 2̂

|r0 x r  I2

2|r0 x r| 

(r  -  r0 +  £>)(r — r0 -  D )

2|r*0 x

- D 2\ 

r| J

+
1 — 4e / — r2 — £)2 r2 — rl — D 2

8 D
+

(3.2.51)

D
<r =  -  +  m

D\vq x v |2 £)3 \ro r
[£> x ( r 0 x 7*)]

a  I ---------+
ro r ,

2D 2
X 7* r(r -  r0 +  £>)

+
15 7rD 15 r2 — rn +  £)2 _ i r 2 — rn +  D 2 --------------- _l_ _  _ _ — «------—  tan

2|7*q X 7*|8 17*0 x r |3 8 D\r0 x 7*|3

15 r2 — r0 — D 2 t -1 r2 — r2 — D 2
8 -D|t*0 x 7*|3 an 2|ro x r|

, o( r + r 0)(r -  r0- D ) , _  _ ,+  2.-------- —---------- rj--------(r - r 0 +  D)
D\r0 x r |4

( I  1 2 \ 1 / 1 1

+  { 4  +  2a ~ e) D ^ \ y 0 ~ ^

( r +  r0) ( r  -  r0 +  D ) 2 _  2 (r  +  r0) ( r  -  r0)3 

D 2rro\ro x r |2 °  2 D 5r^r2
[ D  x ( r 0 x r ) ]|  

(3.2.52)

with
4|r'0 x r  |2 =  [D 2 -  (r  -  r0)2][(r  +  r0) 2 -  D 2]. (3.2.53)

Thus, t — to and <r are expressed in terms of the boundary values. Actually, 
it is not necessary to have an analytical expression for each effect related 
to the light propagation and one may merely use (3.2.51) and (3.2.52) for 
numerical calculation.

3.3 FIELD OF A  ROTATING  SPHEROID  

3.3.1 Kerr metric

Next to the Schwarzschild solution, among other exact solutions o f the
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Einstein field equations the most important solution is the Kerr solution 
for the gravitational field o f a rotating spherical body. This solution belongs 
to the class o f axially symmetric fields described by the metric

ds2 =  p(r, 0)c2 dt2 +  26(r, 0)c dtdr +  2d(r, 0) sin2 0c dtd<p — q ( r , 0) dr2

— a2(r, 0) d02 — /2(r, 0) sin2 0 dip2 — 2g(r, 0) sin2 0drd(p. (3.3.1)

A ll the functions a, 6, c/, /, g, p, q are even functions o f 0. A  characteristic 
o f the Kerr metric is the fact that b and g may be annulled by a suitable 
coordinate transformation but that d is always different from zero. The 
Kerr metric is most commonly used in one o f the following three forms:

I II II I
& M ) & o ^

« M )  l + 2- W  V * = £ r +A* ( ^
g (r,0)  A ( l + l % f )  0

The remaining coefficients are the same for all three forms:

, 2 mr  w ^  2 mrA
p(r,0)  =  l - - j p -  d (r ,6) — a ( r ,6)  =  R

f 2(r,6)  =  r2 +  A 2 +  ^ - A 2 sin2 6 (3.3.3)

with
R 2 =  r2 -f A 2 cos2 0.

m  and A  are two arbitrary constants o f the Kerr solution . m  has the same 
meaning as in the Schwarzschild solution. Systems I and II I  reduce under 
A  — 0 to system V  (3.1.23) o f the Schwarzschild problem whereas system 
II reduces to system I (3.1.23). By comparison with the case of the weak 
field one obtains

A  =  2Iu ) /cM  (3.3.4)

where uj is the angular velocity o f rotation o f the body, I  is the moment of 
inertia (for the homogeneous sphere I  =  M L 2/5, L  being the radius o f the 
sphere). Systems I and II  have been derived in Boyer and Lindquist (1967) 
and system I I I  is studied in Carter (1966).

3.3.2 Weyl-Levi-Civita metric

Another physically important axially symmetric solution o f type (3.3.1) is 
the W eyl-Levi-C ivita solution describing the gravitational field o f a fixed 
spheroid. The form o f this solution most often employed is given in Young
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have the values
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3(r, 6) =  e27 2̂ (r 2 — 2m r +  m2 sin2 6) f 2(i*, 0) =  e 2̂ ( r 2 — 2mr)

6(r, 0) -  d(r, 0) =  #(r, 0) =  0 (3.3.5)

with

^ = l ln ( i _ ^ )  +  I 9L - (3 cos2 0 - 1 )

Y 3  3 m l m 2\ / 2 m \ 3 m 3 m2’ 

4 2 r 2 r2 j  \ r j  "^2 r 2 r 2 f
(3.3.6)

7 =  -  In
1 j r 2 — 2mr

2 r2 — 2mr +  m2 sin2 9

. r . ,
— 3— sin 

m

+  q< In
r2 — 2mr

r2 — 2mr -f m 2 sin2 9

[ K - f
+  g2 < -  In

r2 — 2 mr

2 r2 — 2mr +  m 2 sin2 I

+ ■ sin2 9
9 9 m 45 m2 9 m3 

8 2 r 8 r2 4 r3
In-

0 - x )

9 m 27 m 2 21 m3 3 m4
+  1 “ 2 7  +  y  r5" “  +  2 7

2m 9 m2 m°
x in ( 1 ------- l - ^ T 2" 1" 97 r  “

+  —T sin 0
m*

81 81 m 99 m 2 9 m3 

64 16 r 16 r2 4 r3

/ 8 1 m _  243 m^ 45 m^ _  9m ^ 

\ 16 r 16 r 2 4 r3 8 r4

In2 1 -
2m

, 2m\ 81m 2 81m 3 45 m4
x ln l 1 “  T ) +  “  T ^ r  +8 r3 16 r4

(3.3.7)
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m  and q are two physical parameters o f this metric, m has the same 
meaning as before. For q =  0 this metric reduces to the Schwarzschild 
metric I (3.1.23). Expansion in powers o f m /r  yields

2 m3 2 m4

+  q

(3.3.8)

m

+  <r — —  sm 1 H— -  sin4 9 ---- sin6 I (3.3.9)
25 25 6

Therefore, the expansion o f p(r ,9)  starts with the terms

* M )  =  i -  v  +  ^ (1 - 3cos2^) +  - -

On the other hand, the Newtonian potential o f spheroid is expressed as

•3 cos2 9) (3.3.11)

(3.3.10)

with the quadrupole moment

Q  =  G ( A - C )  (3.3.12)

A  and C  being equatorial and polar moments o f inertia o f the spheroid. 
Comparison with the weak field metric gives

(3313>
Detailed expansions for all coefficients of the metric of a spheroid have 

been derived in the paper cited above.
Celestial mechanics analysis o f the motion in an axially symmetrical field 

(3.3.1) for the cases o f rotating spheres and fixed spheroids has not been 
performed as thoroughly as for the Schwarzschild field. In fact, only the 
cases o f radial motion and motion in the equatorial plane have been inves­
tigated adequately. However, for practical purposes it is not necessary to 
use the rigorous solution (3.3.1) with coefficients (3.3.2), (3.3.3) or (3.3.5). 
Instead, it is sufficient to have metric o f a slowly rotating spheroid.

3.3.3 Metric of slowly rotating spheroid

The gravitational field o f the slowly rotating spheroid is characterized by 
the Newtonian potential (3.3.11) and the vector potential U l determined 
by (2.2.27) with velocity components

v% =  eijkLJ] xk (3.3.14)



o f the points o f the spheroid (cijk is the completely antisymmetric Levi- 
Civita tensor, 6123 =  4-1) and moments o f inertia

I km =  J  pxkxm d3x. (3.3.15)

Choosing the plane x3 =  z =  0 as the equatorial plane one has

^ = ^  =  0 u 3 =  u I n  =  I™  =  ± C  I 33 =  A - \ C  

and the components of the vector potential become

U* =  GcijkJ l krnxm/ r 3

or

U l =  - l - G C u ) ^  U 2 =  U 3 =  0. (3.3.16) 2 ra 2 r6

As far as the additive term in /ioo is concerned, by neglecting the terms 
0 ( uj2) and using (2.2.33)-(2.2.35), this term reduces to the correction 
2U2/ c 4 alone. Indeed, the function x m this case does not depend ex­
plicitly on t and the contribution from U  is

Z — J ( ~ p U  +  p H +  3p) d3x. (3.3.17)

As was shown by Fock (1955), one may assume the validity o f the con­
dition

p n - p U  +  p =  pQ (3.3.18)

inside the body. The integral o f pressure may be evaluated as

J p d 3x =  y - l T  (3.3.19)

is the potential o f centrifugal force

Q =  |cj2(x 2 4- y2) (3.3.20)

T  is the kinetic energy o f rotation o f the body

110 ONE-BODY PROBLEM
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Therefore,
e =  ! e - i r .

The term with T  vanishes in the linear approximation. Then the additive 
term (3.3.17) may be included into the Newtonian potential by re-defining 
the mass o f the spheroid. Finally, from (2.2.32) and (2.2.37) the metric o f 
the slowly rotating spheroid is determined by

2m Q
ft00 — ---- — +  ~ 2 3

+

r

2 m  ,
---- T x +  2r 3 c

3z2 \ 2m 2 2mQ  
r2 J r2 c2r4

Q  ( Zx* z2 s z
T  -  15^rx5 + G - t 63s
' O M I MU

1 ----- 2~ ) 2a0,0

, 2 G C lj y
0̂1 — ------- O-----O +  ^0,1 +  0c*3 r*

. 2 G C cj x
ho2 =  -----q------ q +  a o ,2 +  0.2 n

ho3 =  ao,3 +  <*3,0
2 m  Q  f  3z 2\

hik = ------- *<fc +  -^ 3  1 -  —  U *  +  a<|fc +  ak
r cl r* \ v J

(3.3.23)

These expressions are valid in the linear approximation with respect to 
angular velocity v  and quadrupole moment Q. Let arbitrary functions a0, 
as be chosen in the same manner as for the Schwarzschild problem, i.e.

aQ =  0 (3.3.24)

where a is again the coordinate parameter . W ith values (3.3.24) the 
potentials o f gravitation o f the slowly rotating spheroid take the form

2m Q
h oo — ----------- h 1 -

3z2

hoi =  —
2 G C u  y

ho2 =
2GCu  x

ho3 — 0 (3.3.25)

i , m  m { k Q  (  3z2
h{k — 2(1 a ) 6ik 2a ~x x -j- « 0 ( l

By using (2.2.49) and (2.2.53) the motion of a test particle in the field
(3.3.25) can be described by the Lagrangian
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3 \ . 2 (  1 \ G M  ( r r f
-  -  a  r 2 +  - -  +  a  ------+  a ^ -

r 3-  ~ 2G>Ca (xy- yx)

Q  1 / 3z2\ „ nG M  3 . 2 

4 =  ? 2 ^  (  "r5" )  ( ( 1 - 3 a )—  ~ 2 r

The corresponding equations of motion take the form (1.1.25) with disturb­
ing force

F  =  F i + F 2 +  F 3 +  F4  (3.3.27)

\  ( 1 _ 5 ^  ) r  +  z*

„  m
F 2 =  - - (4 — 2a) — (1 +  a ) f 2 +  3 a ) r  +  (4 — 2a ) ( r r ) r

F 3 =
2G C u  ( Z z

—r ( r  x r )  +  ( r x « )

* 4  = —8 -j- 6a -f- 3(12 — 11 ct) —2

+  3 ( (—4 +  5a) +  r2 ) zs — 6

G M

1 — 5-x ) ( r r )  +  2z i

Here s denotes the unit vector (0 ,0 ,1 ) directed along the z axis. The per­
turbing functions R k and perturbing forces F k (k =1,2,3,4) have the follow­
ing meanings: k =  1— Newtonian perturbations due to the quadrupole mo­
ment; k =  2— relativistic Schwarzschild perturbations; k =  3— relativistic 
perturbations caused by rotation of the primary; k =  4— direct relativis­
tic perturbations due to the quadrupole moment. In solving the problem
(1.1.25), (3.3.27) the latter class o f perturbations should be extended by 
adding within the same level o f accuracy the indirect second-order per­
turbations from the interaction o f the perturbations o f k =  1 and k — 2. 
In spite o f the large number of papers devoted to relativistic quadrupole 
perturbations (see, for example, Krause 1963, Barker and O ’Connell 1976, 
Soffel ei al 1988), this problem still needs detailed investigation. For ex­
ample, the second-order perturbations just mentioned have been obtained 
only quite recently (Heimberger et al 1990). Only the main secular pertur­
bations o f problem (3.3.27) are indicated here. Using expressions (1.1.29) 
and averaging over the mean anomaly one obtains the equations for the
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secular variations o f the area vector and the Laplace vector:

3 ^ sin 2 i , 2GCu> n sin i , 3 ^  sin i 
c =  7 ^ T H l +  ■ ' 2 _/, ^  +  7 Q ™4 a3( l  — e2)3/2 c2 a ( l  — e2) 4 a4( l  — e2) 5/2 

x {/ [—6 +  10a +  5ae2 -f (1 — | a )e2 cos 2m] cos i 

+  ( s x  Z)( 1 — | a )e2s in 2 ^ } (3.3.28)

/ = ? « -  ne - ^ P  sin2 i sin 2m
2 a2( 1 — e2) 2

/ 11 2 1 . 2  
+  Q  ( — 1 4- sin i — -  sin i cos 2m

5, • 1 • •---- fc sm 2i cos m - s  sin i cos m
8 4

n3a2e
-f 3m--------Q

1 — eJ

2 G C m  n2e r ^
+  C2 (1 _ e2)3/2[ - 3Q COS?+ ( a *  P )1

+  —  { | P (3  — 13a — |e2 +  2ae2)s in 2 isin2m

+  Q[1 -  3a -f ( —~  +  y -a ) sin2 i +  ( - §  -  | a )e2 

+  ( i f  +  ^ a ) e 2sin2 « +  (§  — ^ a  -  j| a e2)s in2 i cos 2m]

+  ( s  x k ) [—4 +  y-a  +  +  ^ a ) e2] sin isin m 

+  s [ f  “  |a — (4 +  t<*)e2] sin i cos m}.  (3.3.29)

Keplerian elements and unit vectors P ,  Q , Z, ra, fc are denoted here as 
earlier in accordance with ( 1.1.6) and (1.1.7) (we use here the symbol m for 
the argument o f pericentre to distinguish from lj for the angular velocity o f 
rotation). For a spherical body with Q  — 0 equations (3.3.28) and (3.3.29), 
using s x k — I sin i, sk =  cos i, may be transformed to

c =  ft x c f  =  ft x / (3.3.30)

demonstrating the precession law o f changing vectors c and f  with the rate

^  3mn  _ 2G C lo 1 r n , x
— a ( l  — e2) c2 a3( l  _  e2)3/2[ ( (3-3.31)

The terms o f ft proportional to k evidently give no contribution to the 
expression for c. The first term of (3.3.31) is the Schwarzschild advance. 
The second term, proportional to the angular velocity u>, describes the 
Lense-Thirring precession due to rotation of the primary. Taking scalar 
products o f (3.3.28) and (3.3.29) with Z, m , fc, P  and Q  one obtains the 
equations for the secular variations o f the Keplerian elements:

=  - Q m — — -------r r r (—1 4- f a )  sin i sin 2m (3.3.32)



e

114 ONE-BODY PROBLEM

de _  21

d i =  ~8Q m na6(  1 - e 2) 3

dz 3 e2
=  - Q m

( —1 -f a  — ^e -h ae )sin  isin2?i7 (3.3.33)

^  fi/1------+  | «)s in2 is in2zu
dt 8 na6( l  — e2)3 2

(3.3.34)

dn  _  3
— 77 ̂ +

2GCu>
dt 2 na5( l  — e2) 2 c2 a3( l  — e2)3/2

cosz
+   ̂ [—6 +  10a +  5ae2 +  (1 — | a )e2 cos 2m]

i 6 (1 — e2) 3

(3.3.35)

dm .dA 3
dT +  c“ 1 dT =  "

Q  (%  „2 - ^  , 3mn
2 na5( l  -  e2)2 1,2 Sm * )  +  a( 1 -  e2)

4G'Cw COS?
+

Q m

c2 a3( 1 — e2)3/2 4n a 6( l  — e2)3 

x [(4 -  12a -  |(1 +  2a )e2) ( l  -  | sin2 i)

+  i ( ~ l  +  a — |ae2) sin2 i cos2ze7]. (3.3.36)

Equations (3.3.32) and (3.3.36) may be replaced by two equivalent ones

da 3 Q m  

dt na5 (1 — e2)^
9 o f  3 1 i 2 

- 4 + 3 a + ( - 8  +  2 a ) e
sin2isin2tc7 (3.3.37)

dm _  3 1 — 5 cos2 i 3mn 

dt 4 na5( l  — e2) 2 a ( l  — e2)

6GCu> COS I

c2 a3( l  -  e2)3/2
3 Q m

4na6( l  — e2)3
(10 — 22a +  ( —12 +  28a) sin2 i — (|  +  8a )e2

+  ( f  +  T a ) e2 sin2 2 +  {C ""1 +  I a ) e2

H- [—| +  |a +  (1 — ^ a ) e 2] sin2 i }  cos 2m). (3.3.38)

An equation for the variation o f the sixth element, the mean anomaly 
at the epoch, is not given here. The possible contribution into terms o f 
the order Q m  due to combination o f the first-order terms in Q  and m 
separately is not included. These equations demonstrate that in the first 
approximation elements A  and u  contain secular terms whereas all other 
elements contain long period terms o f order Qm.  Indeed, integration o f 
these equations in the first approximation yields
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21 „  esin2z
Ae =  Jq Q ™ — 6( f T ^ j 3 11 "  a  +  (2 -  a ) e2l cos2ro ( 3-3-40)

3 ^ e2sin2i x
A l =  i 6 Q m u>1n a « ( l - ea)3(1 "  5a ) cos 2ro ( 3'3'41)

3 C I 
A f i = Q i t + - Q m  - p . / ^ ‘ 7 ^ (1 -  f a ) sin2za (3.3.42)

8 u>inab( l  — e2)d i

3 ^  1
A c t = w i t +  z Q ™ — — >sTT---- { ( —1 +  l a ) e28 a;1na6( l  — e2)3

2' "*■ I a  +  (1 — T

The frequencies f i i  and w\ have values

+  [—| 4- |a +  (1 — ^ a ) e 2]sin2 i }s in 2 ^ .  (3.3.43)

ZQcosi  2G C lj 3Qm  cos i 2\ 

1 “  2na5( l  — e2) 2 +  c2a3( l  -  e2)3/2 +  4na6( l - e 2)3  ̂ +  +  6  ̂
(3.3.44)

3 ^ 1  — 5 cos2 i 3mn 6GCu  cos i 3Q m
“ 1 = T Q -  ^ 2 +4 na5( l  — e2) 2 a (l — e2) c2a3( l  — e2)3/2 ' 4na6( l  — e2)3

| 4- 8a ) e2 4- (§  4- 3x [10 — 22a 4- ( —12 4- 28a) sin2 i — (§  4- 8a)e2 4- (|  4- ^r<*)e2 sin2 i].

(3.3.45)

On the right-hand sides o f (3.3.39)—(3.3.43) w  is to be meant as a linear 
function o f time with the frequency uj\.

In application to the theory of motion o f Earth satellites o f particular 
interest is the case o f the critical inclination when cos2 i =  1/5 and uj\ 
is o f the relativistic order of smallness (for the model problem considered 
here). This means that amplitudes of relativistic perturbations in (3.3.39)-
(3.3.43) are o f Newtonian order o f smallness 0 ( Q ) .  Thus, the case of the 
critical inclination corresponds to relativistic resonance leading to relativis­
tic solutions to be expanded in fractional powers o f the relativistic small 
parameter. This case deserves further investigation.

Concluding this chapter devoted to the one-body problems let us note 
that one may find in the literature descriptions o f numerous effects in the 
motion o f particles and light propagation due to rotation o f the primary 
and its non-spherical form. A ll these effects are not observable as yet and, 
excluding the Lense-Thirring precession, can hardly have a great chance o f 
being detected in the near future. A  detailed bibliography on these effects 
may be found in the monograph by Ivanitskaya (1979).



4

Approximate Solutions of the Field 
Equations and Approximate 
Equations of Motion

4.1 2V-BODY PROBLEM

4.1.1 History of the question

Exact solutions o f the field equations and the form o f the rigorous equations 
o f motion o f the N-body problem are not known in g r t  even for N  =  2. To 
solve this problem one has to apply the approximate methods and construct 
a solution in the form of series in powers o f small parameters. The JV-body 
problem applied to Solar System bodies is characterized by three main 
simplifying factors:

(1) the slowness of motion: v <C c, v being the characteristic velocity o f 
the bodies;

(2) the weak gravitational field (everywhere including the interiors o f the 
bodies): U  < c 2, U  being the Newtonian potential;

(3) quasi-point structure o f the bodies: L  <C R, L  is the characteristic 
linear size o f the bodies, R  is the characteristic distance between the 
bodies.

This enables us to look for the solution o f the field equations (2.1.11) in 
the form (2.1.3) taking Galilean values (2.1.2) as the initial approximation 
and expanding the components o f the metric tensor in the series in powers 
v/c  and U /c 2

hoo =  +  c~4h $  +  c~5h $  +  c~6h $  +  . . .

h0i =  c~3hgP +  c - 5h ^  +  c - 64®} +  • • • (4-1-1)

hik =  c~2h^f +  c~4h ^  +  +  c~6h\f  +  . . . .

116
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Coefficients o f these series are expanded in series with respect to param­

eters o f the order L / R .  First o f all, it is to be noted that the quantities Hqq , 

h $  and are due to gravitational radiation from the bodies. Not so long 
ago some authors considered it possible to construct the expansions (4.1.1) 
without terms o f odd degree in /ioo, hik and without terms o f even degree 
in hoi. This would allow the possibility o f annulling the gravitational radi­
ation by a suitable choice o f coordinate system. More recent investigations 
showed that this point o f view was erroneous. A  culminating contribu­
tion to the problem o f gravitational radiation was made by Damour (1983, 
1987a) and in a series o f papers by Grishchuk and Kopejkin (Grishchuk 
and Kopejkin 1983, 1986, Kopejkin 1985). In the practical application o f 
g r t  to the motion of Solar System bodies one may not take into account 
the gravitational radiation and in most cases the radiation terms in (4.1.1) 
are omitted below.

Historically, the equations o f the motion o f the problem of N  bodies 
considered as point masses were first obtained by generalizing the geodesic 
principle. I f  the metric tensor g^u is known then the equations o f motion 
o f a test particle result from the geodesic variational principle. Taking into 
account in a suitable manner the influence o f the body on the surrounding 
field this principle may be generalized and made applicable to the motion o f 
finite masses. It was by this method that de Sitter (1916) first derived the 
relativistic equations o f motion of the iV-body problem. Some arithmetic 
errors occurred in these equations and are reproduced in the the ency­
clopaedic paper o f Kottler (1922) and the treatise by Chazy (1928,1930), 
but were corrected by Eddington and Clark (1938). Not claiming to give an 
extensive bibliography, let us add that the correct equations o f motion o f 
the iV-body problem were also derived by means o f the geodesic principle 
by Bertotti (1954).

A  more refined method enables us to derive the equations of motion 
directly from the field equations avoiding the use o f the geodesic principle. 
In contrast to the Newtonian theory o f gravitation, the g r t  equations o f 
motion o f the gravitating masses as the sources o f the field are intimately 
related to the field equations as was demonstrated by Einstein and Grom- 
mer (1927). This is due to the non-linear form o f the field equations and 
the existence o f the four Bianchi identities. In the linear Newtonian field 
theory determined by the linear Poisson equations the equations o f motion 
are not related to the field equations. The field equations admit solutions 
under arbitrary given motion o f masses and the equations o f motion are to 
be postulated separately. In g r t , for the solvability o f the field equations 
or the fulfillment o f the coordinate conditions one should impose some def­
inite relations on the coordinates of masses. These relations turn out to be 
the differential equations o f motion.

The equations o f motion o f the TV-body problem were derived for the



first time from the field equations by Einstein et al (1938). Their method, 
called the e i h  technique, was finally completed in the paper by Einstein 
and Infeld (1949). The specific feature o f this technique is the use o f the 
vacuum field equations outside the masses and the treatment o f masses as 
the field singularities. The e i h  technique is sometimes regarded as rather 
arduous. In deriving the post-Newtonian equations o f motion by this tech­

nique one needs to determine h ^ \  h^\  , hf  ̂ and Jiff whereas 

in most other methods and are not needed. However the mathe­
matical elegance o f the e i h  technique implying in particular the use o f the 
vacuum field equations alone compensates to a large measure its practi­
cal complexity. In distinction from the original papers o f the EIH technique 
the book by Brumberg (1972) contains the determination o f the gravitation 
potentials and the derivation o f the equations of motion by this technique 
under harmonic coordinate conditions resulting in some simplification o f 
the necessary manipulation. Independently and a little later than the ap­
pearance o f the e i h  technique the equations o f motion were derived by Fock 
using the mass tensor o f the extended bodies. This method is exposed in 
its final form in Fock (1955). A  set o f other methods o f somewhat interme­
diate nature have been developed since including, for example, the Infeld 
technique (Infeld 1954, 1957, Infeld and Plebanski 1960) involving the use 
o f the mass tensors with 6-functions and the derivation o f the equations o f 
motion from the variational principle (2.1.38).

Beginning in the middle o f the 1970s interest in the problem o f mo­
tion in g r t  greatly increased. The new approaches have led to more ef­
ficient mathematical techniques and more physically meaningful solutions 
although the technical side o f the methods has changed little (Thorne and 
Hartle 1985). The mathematical structure o f expansions (4.1.1) and the 
chances o f finding, even in principle, the terms o f arbitrary high order have 
become clearer. The technique o f taking into account the internal structure 
and shape o f the bodies, their rotation, density distribution, etc, has been 
rigorously improved. O f particular importance is the description o f the 
physical characteristics o f the body (sphericity, rigid body rotation, etc) in 
its proper reference system co-moving the body (Kopejkin 1987). Ignoring 
this condition might lead in expansions (4.1.1) to non-physical terms o f the 
order L 2/ R 2 (Brumberg 1972). A  detailed review and discussion o f the 
new approaches to the g r t  problem of motion may be found in Damour 
(1987b). This paper is an excellent introduction to the present state o f the 
problem o f motion in g r t .

118 APPROXIMATE SOLUTIONS OF THE FIELD EQUATIONS

4.1.2 Gravitational field of the iV-body problem

For the practical purposes o f relativistic celestial mechanics it is sufficient 
to use the results obtained using the Fock method. In accordance with
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the designations employed in (2.2.38)-(2.2.40) the metric o f the field o f N  
bodies is determined by

goo =  1 -  c~ 22U  +  c~ 42 (U 2 -  W )

+  2 ^a0,o +  c~2U}kak +  c2 ^  +  • • • (4-1-2)

9oi — c 34f7* ■+• a,Q}i +  ai o -f ... (4.1.3)

9ik =  “  &ik — c 22U8ik +  cii k +  a>k,i +  • • • (4-1-4)
d2 v

W  =  |$1  - $ 2  +  $3  +  3 $ 4 + - ^ f -  (4.1.5)

The functions U,  U % and W  dependent on x =  (x 1,^ 2, * 3) and t are the 
Newtonian potential, vector potential and additive potential, respectively. 
The bodies are enumerated by capital latin letters A, B,  —  az- and a0 are 
arbitrary functions o f the second and the third order o f smallness respec­
tively. The coordinates o f the bodies xa  =  * a (0  are functions of time to 
be determined from the differential equations o f motion. The bodies have 
masses M a -  In addition, they possess dipole and quadrupole moments I A 
and I^m, respectively. They are assumed to be in approximately rigid body 
rotation with angular velocities wA so that the velocity distribution inside 
body A  is

v ' =  v\ +  eijku3ArkA (4.1.6)

va  =  being the translatory velocity o f body A.  is the three-
dimensional antisymmetric Levi-Civita symbol (^123 =  +1 ). rA stands for 
rkA =  xk — xkA and the designation rkAB — xkA — xkB is used below. The 
assumption (4.1.6) is valid only for the Newtonian approximation and may 
be used in the relativistic terms. Only linear terms with respect to I A , 7^m 
and lua  are further retained. The mass o f the body and its moments are 
defined by the expressions

M a =  I  pf d V  (4.1.7)
J{A)

IA = [  p\x ,k - a £ ) d V  I kAm =  [  p\x ,k - x kA ) ( x ,m - « J ) d V  
J(A) J(A)

(4 ’L8 )
where p' is the mass density at the point x ' and the integration is performed 
over the hypersurface t =  constant corresponding to the volume o f the body 
A.  The moments of the body are functions o f time and their derivatives 
satisfy the relations

=  e * in 4  I I  (4.1.9)
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The state o f matter inside the body is determined by the mass tensor 
(2-1.37). Using (2.2.27), (2.2.34), (2.2.35) and the expansion

I* -  * T  = 1 ____ ! L r fc r 'k -I- 71 I r ,Kr 'K -i-1 „2 r A r A +  2 r 2 I r A r A +
(4.1.10)

valid for the point *  outside the body one finds (Fock 1955, Brumberg 
1972)

U
M a

rA
km

rA 2rl

(4.1.11)

U G - ^ - v *  +  -^— Tkm 
Va + 2 t\ I arA

j  rkm 7 A (4.1.12)

/ d V _
-  * ' i  +  d t2

=  E G/ 0 2 - ^  +  />n +  3p)
Y  A * )

= E G[^+ 4 r̂ + 2̂ ( “^m + ̂ r"^ r  + - - ‘

M a

^ ^km ( c , °  „k „m \ „,2 “ Ofcm +  ~2~r A r A ) VA

V* 1

+  3ekjnu3A vkA I% n^  -  Z l ± u A ( x A )
rA rA 

~ 2 +
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The accent in the integrand for W  reminds us that the appropriate 
function is to be evaluated at the point x ' . The potential U  as well as the 
potentials {/*, W  and x  may be divided into an ‘ internal’ part Ua  due to 
body A  and an ‘external’ part Ua  due to other bodies and obtained by 
summation in (4.1.11) over all bodies excluding body A.  I f  the value o f U  
is taken inside body A  as in the integrand for W  then Ua  is replaced by ua  , 
the ‘internal’ part o f the potential inside the body. In evaluating (4.1.13) 
one uses the following integrals dependent only on the internal structure o f 
the relevant body:

u =  I  ( - p u A +  pn +  3pyd3x'  (4.1.15)
J(A)

( ,A= i  ( - p u A +  pn +  Zp) ' (x 'k -  xkA )  d V  (4.1.16)
J(A)

£*m =  /  ( - p u A + p H  +  3py (x ,k - x kA) ( x ,m - x m) d 3x'. (4.1.17) 
J(A)

These quantities enter into function W  in the same manner as the quan­
tities (4.1.7) and (4.1.8) enter into U . This means that in re-defining the 
mass density o f body A  by means o f

p =  p +  c~2( - p u A +/>n +  3p) (4.1.18)

the mass and the moments o f the body occurring in U  become

M a =  M a + c ~ 2U  Pa  =  I kA + c ~ 2i kA I kAm =  I kAm+ c ~ 2ZkAm. (4.1.19)

Then the terms of W  dependent on internal structure may be omitted. This 
process is called by Damour (1987b) as ‘the effacing o f internal structure 
in the external problem’.

The reference system t ,x l with metric tensor (4.1.2)-(4.1.4) and 
(4.1.11)—(4.1.13) is valid for the space domain for which the system of 
bodies at hand may be regarded as isolated and its gravitational radiation 
may be neglected. In this sense this reference system is global. In a global 
system the coordinates o f the centre o f mass of body A  are defined by the 
relation

M a x\ =  [  p 'xH d V .  (4.1.20)
J(A)

Then the dipole moments l \  vanish. I f  one demands the validity o f (4.1.20) 
only in the Newtonian approximation then the moments l \  are o f post- 
Newtonian order. Therefore, they are retained in U  in the Newtonian term 

o f (4.1.2) and are omitted in U l and W  entering only into and hgg .



122 APPROXIMATE SOLUTIONS OF THE FIELD EQUATIONS

In what follows the harmonic coordinates are used omitting in (4.1.2)- 
(4.1.4) arbitrary functions ao and a*. As mentioned in Chapter 2, the 
choice (2.2.41) for ao corresponds to the coordinate system o f the p p n  

formalism. But ao does not affect the form o f the equations o f the motion. 
In most papers the equations o f motion in harmonic coordinates are used 
and the coordinate transformation (2.2.30) enables one to change to any 
other coordinates.

4.1.3 Equations of motion of a test particle in the iV-body field

Let us start with the equations o f motion o f the restricted problem of N  4* 1 
bodies, i.e. with the equations o f motion of a test particle in the iV-body 
gravitational field determined by the harmonic metric (4.2.2)-(4.2.4). The 
equations o f motion have the form (2.2.49), using (4.1.2)-(4.2.4)

x* =  Uti +  c~2G l (4.1.21) 

G l =  —4UUti -  U ^ x 1 +  Utixkxk -  SUx* +  4IP -  4U$xk +  W ti.

The total derivative with respect to time is denoted here by a dot; for 
example

u =  cUfi +  u>kxk.

This equation may be rewritten in the Lagrange form (2.2.51) with La­
grangian (2.2.53) or

L  =  \xkxk +  U  +  c~2[ | ( i * i * ) 2 +  \ U x kxk -  AUkxk -  ± U 2 +  W}.  (4.1.22)

4.1.4 Geodesic principle in the iV-body problem

To apply the geodesic principle to the motion o f a given body (more specif­
ically, for the Earth E )  in the iV-body problem let us separate again in the 
potentials J7, U \  W , and \  their internal and external parts (w ith respect 
to the substitution x =  x e )

U  =  Ue  +  Ue  =  +  W  =  W E +  WE X =  Xe  +  Xe -
(4.1.23)

The internal parts Ue , Ufa, W e , and \E  result from (4.1.11)-(4.1.14) 
retaining in the summation over A  only one term for A  — E.  The external 
parts Ue , U*e , W e , and x e  are given by (4.1.11)—(4.1.14) excluding in the 
summation over A  the value A  — E.  Unlike Ue , U lE and x e  the function 
W e  depends on the characteristics o f the body E  but all four functions 
are regular with respect to the substitution x  =  x e - Substituting into
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the equations o f geodesic motion (4.1.21) the coordinates o f the body E , 
x =  x E , and removing the singular parts one obtains the equations o f the 
motion of the body E:

4  =  Ue A x e )  +  H {e  +  c~ 2&e  (4.1.24)

G*E “  ”  4Ue { x e ) U e A x e ) ~  UE,k (xE )vEvE +  UE,i(XE)vE

— 3f7 e (&e ) ve  +  4U e ( x e )  — 4 U]E}i ( x E )vE  +  *(*£?)•

(4.1.25)

VE ~  %E anc  ̂ aE =  ^%E are components of velocity and acceleration o f the 
body E. U e { x e ) i  U 1e ( x e )  and W e ( x e )  result from substituting x =  x e  
into the regular parts U e ,  U lE , and W e -  This substitution is to be per­
formed after partial differentiation with respect to x and t. H lE are cor­
rections for the deviation o f motion of the body from the geodesic motion. 
They are due to rotation o f the body E  and its quadrupole moments. For 
all bodies o f the Solar System these corrections are extremely small en­
abling us to take into account only their Newtonian values. Evidently, 
these corrections cannot be obtained on the basis o f the geodesic principle. 

Equations (4.1.24) may be written in the Lagrange form with Lagrangian

L e  =  \ ve  +  Ue { x e ) +  H e  +  c_2 [|(v|;)2 +  \U e { b e ) ve

-  4U%(x b ) v% -  \U% {x E )  +  W E ( x E )]. (4.1.26)

The correction H e  corresponds to the term H E in equations (4.1.24). 
Corrections H lE and H E are derived in the following section. Here, we will 
just indicate their Newtonian values:

WE =  ^ M ^ I ^ mUE ,ikm(xE )  +  • • • (4.1.27)

H e  =  ^ M ^ I ^ U e M x e )  +  ■■■■ (4.1.28)

4.1.5 Equations of motion of the iV-body problem

Equations (4.1.24) with the correction (4.1.27) from Newtonian theory are 
quite adequate for all present practical requirements. Let us derive them 
now by the Fock method. By this method (Fock 1955) the equations o f the 
translatory motion of the N -body problem are described in integral form
as

/ g V aT ai d3x =  0 
J(A)

(4.1.29)



V a being the covariant derivative. On the basis o f (2.1.37) and components
(4.1.2)-(4.1.4) o f the metric tensor the components o f the mass tensor admit 
expansions

T 00 =  p[ 1 +  c~2( \ v 2 +  n  -  u)] + . . .  

cT°‘ =  pvl [ 1 +  c " 2(|i>2 +  n  -  U ) ]  +  +  • • • (4.1.30)

c2T ik =  p v ' vk +  P 6ik +  . . . .

Inside the body one may assume the validity o f the equation o f continuity

cp, o +  (pvk) ik =  0 (4.1.31)

and the equations o f motion o f continuous matter

pv{ =  pU) i - p }i. (4.1.32)

Due to (4.1.31) the integrals taken over the volume o f the body satisfy 
the relation

= L { ~ ipvk)iif+p^ )

(4.1.33)

often used below. Using equations (4.1.31) and (4.1.32) and neglecting the 
square o f the angular velocity o f rotation o f the body one may derive the 
following approximation relation already met with in (3.3.19):

f pd 3x = j z e E ce =  \ [ puE d3x. (4.1.34)
J(E) J(E)

ce represents the contraction of the more general integral

BEm =  \G Jj^[ -  x'k) ( xm -  x'm) =  b e  ■

For quasi-spherical bodies one has approximately
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B kEm =  \SkmeE . (4.1.35)
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Substitution o f (4.1.2)-(4.1.4) and (4.1.30) enables one to transform the 
equations o f motion to the form

(4.1.36)

with

P'b =  / { [p  +  c 2p (hv2 +  3£/ +  I I ) +  c 2p]vl 
J(E)
-  4c~2p U l -  c_ V x , 0i }  d3x (4.1.37)

r E =  [  ( (r U i + c - 2pWti - 4 c - 2pvkU ki - c - lp x o i ) d 3x (4.1.38) 
J(E)

and
a =  p + c - 2[p (^v2 - U +  U )  +  Zp\. (4.1.39)

These expressions are given in Fock (1955) and Brumberg (1972) but 
using slightly different notations. Description in the form of (4.1.37) and 
(4.1.38) has the advantage of making clear, with the aid o f (4.1.33), that the 
function x  does not affect the equations o f motion and may be omitted in
(4.1.37) and (4.1.38). Evaluation o f integrals (4.1.37) and (4.1.38) presents 
no difficulties. As before, the functions U , U l and W  are represented by
(4.1.23) as the sum of internal and external parts. The integrals o f the 
internal parts reduce to typical integrals (4.1.15)—(4.1.17), (4.1.34), and
(4.1.35). The integrals o f the external parts are evaluated by expanding 
integrals in the vicinity o f the body E.  The internal parts UE} Ue , and 
W e  are determined by the relevant integral expressions (4.1.11)-(4.1.14) 
for the value A  =  E  o f the summation index. In particular,

U'E =  S U e  -  2eijk<JE XB,k ( 4 -L 4 0) 

W *  =  G I d V  +  c2*s.oo ( 4-l-41) J(E) I * - * '|

with

Xe  =  \ g !  P ' \ * ~  * '| d V .  (4.1.42)
J(E)

Substituting (4.1.40) into (4.1.37) and using (4.1.33) one finds the sep­
arate contributions in (4.1.37) (retaining again in equations (4.1.36) only 
linear terms in angular velocities and rejecting terms dependent only on 
the internal structure and having no effect on the equations of motion)

[  pv%d3x = ^ -  [  pxl d3x =  M e v 1e +  . . .  (4.1.43)
J(E)  dt J(E )
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c " 2 /  { \pv  — pUE +  p ^  +  v ) v d a: =  c [%ME VEVE +  ( t E - l t E ) v B +  . . . )  
J(E)

(4.1.44)

f  PXE.k d3x =  |G / /  p p ' p ^ r  d3* d V  =  0 (4.1.45)
J (B ) •/ •'(£) |x — as [

c - 2 f  3pUEV, d3X =  C 2[3M e v ’eUe ( b e )  +  3£ijmu E l E nUE,k(x E )
J (E )

+  ( * * ) + • • • ]  (4.1.46)

- c - 2 /  4p[/jj d3*  =  c - 2[-4 M BC/Ma:B) -  2I%nU iBtkm( x B )  +  ...].
•A-®)

(4.1.47)
Thus, integral (4.1.37) has the value (without taking into account the 

last term o f the integrand)

P'e  =  { M e  +  c~2[—§€£ +  \ M e v% +  3M£ t/£ ( * i s ) ] K

+  c~2[—4 M E UE ( x E )  -  2 IkEmU'Etkm( x E )  +  H 4 mt7£ ,ibn(*B)

+  3eijmJ E I kmUE,k( x E )]. (4.1.48)

Turning to the evaluation o f (4.1.38) let us start with the internal parts 
o f the integrand terms. The third term makes no contribution due to the 
antisymmetric structure o f the integrand

[  pvkU kE i d3z  =  - G  [ f  pp'vkv,k f - ~  d3z d V  =  0. (4.1.49) 
J(E)  ’ J J(E)  I* -  * T

The contribution from the first two terms as seen from (4.1.41) reduces 
only to the effect due to x e - Indeed,

[  (<rUEi  +  c 2<tWe  i)  d3x =  — G  f  f  (tit1 j - -----—rx d3«d 3x/ 
J(E) ------------------------------------------------------------------- JJ (E )  I * - * ' ! 3 

+  / PXE ooi d3#
J (E)1(E)

and the first integral vanishes as in (4.1.45). Using (4.1.31), (4.1.35) and
(4.1.45) the second integral in its main part may be reduced to

/  PXE,00i d3x =  /  (p X E f i i ) ,o d3x =  — /  (p,oXE,i),o  d3x 
J (E ) J(E ) J(E)

=  c~ 2TT /  (p vk) ,kXE , id 3x =  - C ~ 2J7 [  pvkXE,ikd3x  
at dr

=  — C 2 - ^ ( v tE € E  —  V e B e  ) =  — - C  2—  ( c e V e ) .  (4.1.50)
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In evaluating the contributions from the external parts U e ,  UE)  and W e  

in (4.1.38) it is assumed that U  has been already subjected to re-definition
(4.1.15)-(4.1.19) resulting in the absence o f the internal structure terms in 
the expression (4.1.13) for W.  Then

/ pUe.i d3*  =  M E UEti( x E )  +  i kE UE>ik( x E ) +  \ l kEmUE>ikm{ x E )  (4.1.51) 
J(,E)

f (<7 — p )UE}i d3# =  C 2[ ^ M E VE UEti ( x E ) +  %VE IEmUEiikm(xE )
J(B)

+  3eknjVE u>iE I Em UE>im ( x E )  -  M e U e { x e ) U e , i { x e )  

-  \ l kEm( U U x E )),ikm) (4.1.52)

C"2 [  pWE ,i d3x =  c~2[ M E WE<i( x E )  +  \ lEmW E^ m{ x E )) (4.1.53) 
J(E)

—4c-2 /  pvkU kE i d3x =  c - 2[ - A M E vkE U kBii( x E )  -  2 i r vE U kE,imn(x E)  
J(E)

-  AekjmJ E U kEiin( x E ) I mn}. (4.1.54)

Combining all contributions (4.1.49)-(4.1.54) one obtains

F'e  =  M E UE}i( x E) +  Pe Ue M x e )  +  \ iEmUE,ikm( x E )
/  2 d

+  c~2 ( — -  — {eE v%E )  +  \ M E v2E UEti ( x E ) — M E UE ( x E ) U Eii ( x E )  

+  M E W E ,i (xE )  -  4 M E vE UE i ( x E )  +  \v2E I kEmUE>ikm{ x E ) 

~  \lEm{ U E M ) , i k m +  \ l kEmWE>ikm{ x E )  -  2IE nVE UE ikm( x E ) 

+  ZeknjVE u JE I EmUE,im(xE )  — 4eknjUi3E I EmUEtim( x E )^j. (4.1.55)

Substitution o f (4.1.48) and (4.1.55) into (4.1.36) gives the equations o f 
translatory motion of the iV-body problem. Comparison o f (4.1.48) and 
(4.1.55) immediately demonstrates that the terms with ce cancel out and 
the internal structure o f bodies manifests itself only in the re-definition
(4.1.18) and (4.1.19). It is assumed further that such re-definition has 
been made both in the field metric and the equations of motion and the 
tilde in designations of mass and multipole moments will be omitted.

Expressed explicitly, equations (4.1.36), (4.1.48), and (4.1.55) yield again 
equations (4.1.24). This time it is possible to refine the correction (4.1.27)



128 APPROXIMATE SOLUTIONS OF THE FIELD EQUATIONS

adding the relativistic terms

H e  =  k M ^ l g ' U E t k m i x E )  +  M E l I kE UE)ik{xE )

-f- C M g  IE { ^ E [~^mnj^E^E ,£«(*£) ^i jmUE,k(x E)  

4* 4emnj UE kn( x E )  +  ^ m n j vE ^ E }ik{x E )  “  4emnj U e ,life(*£?)]

+  ~~ | vE vE ^ ,*m n (*J 5 ) ”  § VE ^  E,km (& e )

—  2 v E UE i km ( x E)  — ^Ue (*Ee )UE, ikm{&e ) ~  E e ) UE, k m( n e )
— U E ^ i ^ E ^ E ^ m i ^ E )  +  2U E,km(xE)  +  (4.1.56)

The first term gives the Newtonian correction for the non-geodesic mo­
tion o f the body caused by its quadrupole moment. The second term is due 
to the possible non-zero dipole moment of the relativistic order o f smallness. 
Other corrections are of relativistic origin caused by rotation o f the body 
and its quadrupole moments. As already stated, only the first Newtonian 
term is o f practical importance.

4.1.6 Lagrangian of the equations of motion

The Lagrangian for the equations o f motion of body E  has already been 
determined (equation (4.1.26)). Now it is possible to refine the value H e

H e  =  h M ^ I kEmUEtkm{ x E )  +  M z l I kE UB ,k{ x E )  +  c~2M ^ I kEm

x { (mnj<^E^vE^E,k{x E )  ~  ^ E , k ( x E)\ +  ^vE^E,km(x E )

~  ^ % U % >km{ x B ) ~  \ ( U U x B)),km +  $WB ,tm( x B ) } .  (4.1.57)

Corrections H lE and H e  demonstrate to what extent the motion o f a 
body possessing dipole and quadrupole moments differs from the geodesic 
motion. Equations (4.1.24) with (4.1.25), (4.1.56) or equations (2.2.51) 
with Lagrangian (4.1.26), (4.1.57) enable one to solve all questions o f the 
motion o f the body E  taking into account the first degree terms with respect 
to the mass moments o f all bodies. The equations take into account the 
first degree terms relative to the angular velocities as well as the mixed 
terms containing the products o f the angular velocities o f the body E  and 
any body A.  However, all these terms are o f importance only in theoretical 
investigations. For example, the series o f papers by Barker and O ’Connell 
(the last being Barker et al 1986) deal with the relativistic problem o f two 
bodies with spins and quadrupole moments.

For pure theoretical investigations it may be convenient to have the 
Lagrangian valid for all bodies. But one loses thereby the representation 
o f the Lagrangian in terms o f the coefficients of expansions (4.1.2)-(4.1.4) 
and one has to use the explicit expressions o f the potentials. Such a global



Lagrangian is derived for example in Fock (1955) and Brumberg (1972). 
The Lagrange form o f the equations o f motion enables one to find easily 
all ten first integrals. Only the integrals o f the linear momentum and 
the motion o f the centre o f mass are reproduced here. By applying the 
transformation (4.1.50) to the external potential \ e  arid expanding in the 
vicinity o f the body E  one has
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c - 2 I  PVkXE,ik d 3 X =  C 2[M E VkE XE,ik (X E )  +  \ vnE I kBmX E,ikm n(xE )  
J(E)

+  enjkJ E I kBmX E M n { * E )  +  • ••] .  (4.1.58)

Combining this result with (4.1.48) one finds the integral o f momentum

]P [ M ^ ( l  +  \c~2v\  +  3c~2UA ( x A) ) v A
A

+  c~ 2M a ( - 4 U'A ( x A ) +  v a X a M x a ) )

+  C~2I Am( - 2 U A k m ( x A )  +  \vA UA,km{xA )  +  %XA,ikmn(XA)vA )

+  C~2U3Al\m(3eijmUA,k(xA ) +  €njkXA,imn(*A))] =  K * . (4.1.59)

For point non-rotating bodies this integral takes the simple form

=  K  .Y , M A VA +  kC |C 2 4 — rAB rAB VkA
A L B *A  rAB  V r AB /

(4.1.60)
Integration o f this relation yields the integral o f the motion o f the centre 

o f mass
M a x\  =  K H  +  N*  (4.1.61)

A

where M a  is the Tolman mass o f body A ,

M a  =  M a (  1 +  i c - M  -  I  c - 2 £  ■ (4.1.62)
V B *A  rAB '

The Tolman mass o f the whole system o f bodies for which M  — 0 is 
determined as

M  =  Y ^ M a  (4.1.63)
A

and the coordinates \ % o f the centre o f mass o f the system o f bodies are

M x *  =  Y , M A xiA . (4.1.64)
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For the barycentric reference system defined by K l =  N l =  0 the centre 
o f mass o f the system of bodies is at rest at the origin X % =  0.

These relations can also be obtained from the integral relations (2.1.51)- 
(2.1.53).

4.2 GEOCENTRIC  REFERENCE FRAM E  

4.2.1 Local and global coordinates

The solution of the preceding subsection is valid for an isolated and gravi- 
tationally non-radiating system o f bodies. Both these assumptions do not 
comply with reality but in the case o f the Solar System they are satisfied 
with an accuracy adequate for all practical problems. Therefore, the solu­
tion obtained above is correct in the sufficiently large space domain where 
all linear sizes are small as compared with the length o f gravitational waves 
and the gravitational influence o f stars is not yet noticeable. In this sense 
the coordinates used above may be considered as global ones. The reference 
system defined by (4.1.2)-(4.1.4) is not rotating since expansion (4.1.3) for 
g o i starts with the third-order terms and does not contain the first-order 
term c~1cijjeu)i xk characteristic o f rotating systems. The specific choice o f 
coordinates resulting in vanishing expressions (4.1.60) and (4.1.61) leads to 
the barycentric reference system ( b r s ) .  It is assumed thereby that coordi­
nates t , and xl o f b r s  are harmonic.

Global b r s  is adequate to study the motion o f major and minor planets 
and comets as well as for the reduction o f observations. For investigating 
the motion o f satellites o f the planets the planetocentric reference system is 
preferred. One would think that it is sufficient to introduce the relative co­
ordinates rkE =  xk — xE , xk being the b r s  coordinates o f a satellite and xE 
being the b r s  coordinates o f a planet (the Earth to be more specific). Then 
the difference between (4.1.21) and (4.1.24) would result in the geocentric 
equations o f satellite motion. But, in fact, one remains thereby within 
the b r s  framework retaining the b r s  coordinate time t as the independent 
argument and regarding the space geocentric coordinates only as the dif­
ferences o f the b r s  coordinates o f the satellite and the Earth. Similarly, 
introducing the relative heliocentric Earth coordinates rES =  xE — xks and 
using (4.1.24) for the Earth E  and the Sun S  one obtains the heliocentric 
equations o f the motion o f the Earth in b r s  but not in the dynamically 
adequate heliocentric reference system. O f course, considering that it is 
impossible to introduce in g r t  physically meaningful inertial coordinates, 
one may use any coordinates in solving the relativity problems. In practical 
astronomical problems solving the differential equations o f motion repre­
sents the first dynamical step. To compare with observations one should 
introduce the observable quantities. This second kinematic step o f solving
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the astronomical problem requires the analysis o f the light propagation and 
the description o f the observational procedure in the same coordinates that 
have been used for solving the dynamical problem. I f  a reference system 
is not dynamically adequate for a given problem (the description o f mo­
tion of an Earth satellite or the Earth in relative coordinates rkE or rES, 
for example) then both steps will contain extra large terms due only to 
the inadequate choice o f reference system. These terms cancel out in the 
expressions o f the actually measurable quantities and the real relativistic 
effects turn out to be much smaller than the relativistic perturbations ob­
tained at the first step. In the examples at hand these terms are caused 
by ignoring Lorentz and gravitation space-time terms in transforming from 
one coordinate system to another. On the other hand, if the reference 
system is dynamically adequate for a given problem then the solution o f 
the dynamical problem does not contain large terms o f kinematic origin 
and the transformation to observable quantities demands only insignificant 
corrections. Different methods have been suggested to construct physically 
adequate planetocentric systems. Some information about these methods 
will be given in Chapter 6. Here the geocentric reference system ( g r s )  

constructed in Brumberg and Kopejkin (1989a) is used. Changing the 
reference body one can derive heliocentric or any planetocentric reference 
system. Similar to b r s , g r s  is built in harmonic coordinates. The use o f 
one and the same type o f the coordinate conditions simplifies mathematical 
interrelations between different systems and facilitates the comparison o f 
results obtained in different systems.

The Earth, like any other body in the Solar System, has its own grav­
itational field characterized by the multipole moments. The gravitational 
field generated by all other bodies o f the Solar System may be regarded as 
external with respect to the Earth field. The external gravitational field 
has three characteristic sizes: an inhomogeneity scale C e (the characteristic 
distance between bodies), a radius of curvature lZe and a time scale Te (the 
average time for a significant change of curvature). Each body of the Solar 
System is isolated in the sense that its characteristic size L  satisfies the 
inequalities

L  <C cTe. (4.2.1)

These conditions are satisfied for each body in the Solar System.

One o f the basic principles o f modern approaches to the problem of mo­
tion in g r t  is to split up the space-time in the vicinity o f the isolated body 
into three regions (Thorne and Hartle 1985): an internal region L <  p <  r j, 
a buffer region rj <  p <  ro C e ) lZe,cTe and an external region ro <  /?, 
p being the characteristic distance from the body. In the body’s inter­
nal region its own gravitational field dominates, in the external region the 
gravitational field o f other bodies dominates and in the buffer region both 
fields have a comparable effect. The internal region solution corresponds
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to the one-body problem considered in Chapter 3. The external region 
solution describes the tidal gravitational influence o f the external bodies 
on the body at hand and may be represented by series in powers o f />/7£e> 
p / C e and p / ( c % ) .  The buffer region solution reflects the gravitational in­
teraction o f the considered body and the external bodies and is described 
by combination o f the series for internal and external regions.

g r s  as any other planetocentric reference system furnishes an example 
o f a reference system valid for the vicinity o f the reference body. The 
solution in local coordinates is dynamically more compact than the b r s  

solution. Besides this, it is very important that the physical characteristics 
o f the body (its angular velocity o f rotation, the multipole moments, etc) 
should be defined in local coordinates. As noted for the first time by Kopej­
kin (1987), such important characteristics o f celestial bodies as rigid body 
rotation, sphericity, etc, should be formulated just in local coordinates. 
Matching o f the global b r s  solution with the local g r s  solution enables 
one afterwards to re-formulate these characteristics and to express the b r s  

quantities in terms o f the physically more reliable internal characteristics 
o f the body.

4.2.2 Geocentric metric

The g r s  time coordinate is denoted by w° =  cu. The space coordinates 
are denoted by w  =  (w 1, w2, w3) with the special designation p =  \w\ for 
the absolute magnitude o f the g r s  position vector. The g r s  components o f 
the metric tensor are designated by ga)p(u, w ) .  g r s  is used below directly 
only for solving kinematic questions related with the light propagation. 
Hence, the terms 0(c"~4) in goo are not needed. Such terms are necessary in 
solving dynamical problems dealing with the motion o f the Moon or Earth 
satellites. These problems are examined here in g r s  but based on the initial 
b r s  equations. The terms 0 (c “ 4) in goo may be found in Kopejkin (1988) 
and Brumberg and Kopejkin (1989b). In ignoring these terms the g r s  

metric represents the linear superposition o f the proper Earth terms and 
the terms due to the tidal action o f the external masses, namely (Thorne 
and Hartle 1985)

g00(u,w)  =  l - C ~ 2(2UE +  2QkWk+3QkmWkWrn +  5QkmnWkWmWn + . . . ) + . . .
(4.2.2)

g0i (u ,w )  =  4c~3( U ,B +  CijkC jmwkwm - ^ Q kwkw, +  - ^Q iwkwk+
(4.2.3)

gij (u,w)  =  -  8ij -  c 2(2Ue  +  2Qkwk +  3Qkmwkwm

+  bQ kmnwkwmwn +  ...)6ij +  —  (4.2.4)
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A ll coefficients o f these expansions are determined from matching with the 
global b r s  metric but the proper terrestrial terms may be written immedi­
ately on the basis o f the solution o f the one-body problem

UE =  9 * ^ . +  _ L G i kBm 1 wkwm)  + . . .  (4.2.5)

wm
U iE =  Geijku)3E I kr - r  +  . . . .  (4.2.6)

M e , u>*Ef and I Em are the mass, angular velocity o f rotation and 
quadrupole moments, respectively, of the Earth in g r s . It is easy to verify 
that components (4.2.2)-(4.2.4) satisfy the harmonic conditions (2.2.17) 
and (2.2.18) (in doing this one should take into account the symmetry o f 
Ckm)• Only the initial terms o f expansions in powers o f wk are given in
(4.2.2)-(4.2.4). The general form of these expansions is indicated in Ko­
pejkin (1988). The g r s  metric tensor may also be given in closed form 
without expanding in powers o f wk (see the Postscript). For our purposes 
the approximate expressions (4.2.2)-(4.2.4) are quite adequate.

The terms with acceleration Q k in (4.2.2) and (4.2.4) deserve particular 
attention. By definition the centre o f mass of the Earth is at rest at the 
g r s  origin and acceleration Q* is due only by the deviation o f the Earth 
motion from the geodesic motion. This deviation, even its Newtonian part 
(4.1.27), may be often neglected.

4.2.3 Matching of BRS and GRS

Transformation from b r s  to g r s  generalizes the Lorentz transformation o f 
special relativity and has the form (Kopejkin 1987, 1988, Brumberg and 
Kopejkin 1989a)

u = t  -  c~2(S ( t )  +  vE rE ) +  cTA(\v%t  -  \vE vE x k 4- B

+  B krkE +  B kmrkE rkE +  B kmnrkE r ^ r nE +  . . . )  +  .. .  (4.2.7)

v? =  rE +  c " 2[ ( ± t 4 4  +  F ik +  D ik) r kE +  D ikmrkE r%} + . . .  (4.2.8)

where S, F ik( =  —F ki), D ik( =  D ki), D ikm( =  D imk), B ,  B k, B km( =  B mk) 
and B kmn{ =  B mnk =  B nkm)  are functions o f the barycentric time t. These 
functions as well as the metric coefficients (4.2.2)-(4.2.4) are determined 
by matching b r s  and g r s  metrics with the aid o f the fundamental tensor 
relation

„  x - / ^dw*i dwvx )  =  9liU( u , « , ) _ _ .  (4.2.9)

The b r s  potentials are again represented in form (4.1.23) and their ex­
ternal parts are expanded in powers o f rE =  xk — xE . Along with the
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coefficients o f the transformation (4.2.7), (4.2.8) and metric (4.2.2)-(4.2.4) 
this matching determines the b r s  acceleration alE o f the Earth which gives 
another technique for deriving the equations o f motion. The g r s  metric is 
determined here only in the approximation (4.2.2)-(4.2.4) without consid­
ering the terms 0 (c~4) in <joo- In this approximation one cannot determine 
coefficient B  in (4.2.7) and the post-Newtonian terms in aE . A ll these terms 
may be found in Kopejkin (1988). It is o f importance that transformation
(4.2.8) within the post-Newtonian accuracy is rigorous in w%.

The presentation o f goo(t )X)  in terms o f g^viu^w)  enables one to de­
termine functions S (t), alE and coefficients o f (4.2.2). In fact, the identity
(4.2.9) for a =  /? =  0 and for order 0 (c “ 2) results in

W E +  2 UE =  2Ub  +  2 S - v %  +  2 (a*> +  Q k)w k

+  S Q k m ' W k W m  +  5 Q k m n U > k W m W n  + ---------

Comparing terms with equal powers o f wk one has

UB =  UB (4.2.10)

S = % v% +  Ub ( x e )  (4.2.11)

o 'e — UE ,i{&E) — Qi (4.2.12)

Qkm =  \UE,km(xE)  — “ 5 ( rEArEA ~  hrEA^km) (4.2.13)
A?E EA

Qkmn — e tkmn{.x e ) — ^   ̂ 5 ( ^ m n rEA "t"
A^E

+  \hm'>’rEA ~  ~2 r E A r E A r E A )  • (4.2.14)
rEA /

Comparison of (4.2.12) and (4.1.24) yields

Qi =  - H {e  (4.2.15)

with the Newtonian value (4.1.27). Applying (4.2.9) for the spatial com­
ponents o f the left-hand side one has for the order 0 ( c ~ 2)

(2 UE +  W E)Sij =  (217* +  2 Q kwk +  3 Q kmwkwm

+  5Qkmnwkwmwn +  . . . ) fy  +  ^  +  2( D {i k +  D jik) r kE

(4.2.16)
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resulting again in (4.2.10), (4.2.13), (4.2.14) and the relations 

D ij =  SijUB ( x E ) =  Sij V )  (4.2.17)
Z? e  VEA

jjijk _  i ( ^ J a | ;  +  &ikajB - SjkalE ) =  | £  „3  A (6jkrtE A -SijrE A - 6ikr'B A ).

A?E EA
(4.2.18)

Finally, matching (4.2.9) for the mixed components of the b r s  metric gives 
for the order 0 (c ~ 3)

4 (U'E +  U ^ )  = 4 U e  +  2viE (2UE +  2 Q kwk +  3Qkmwkwm +  . . . )

+  4 ( 5 - M  +  K r | )

+  4 ( 2 D ik -  §a jjr|  +  2Dikmr'g -(- 2D kimr%)  

+  B* +  (2B ik -  F ik -  D ik) r E +  (3B ikm -  D ikm) r kE r% 

+  4eijkC jmwkwm -  \ Q kwiwk +  |Qiwkwk. (4.2.19)

Using the values obtained previously and equating coefficients with the 
same powers o f wk one finds

We  =  U {e -  v%UE (4.2.20)

=  4U'B ( x E ) -  3v%Ue { x e ) =  £  ^ - ( 4 t d  -  3<4) (4.2.21)
Z?e  rEA

2B ik _  pik =  4U'Etk( x E )  -  4v*B Q k +  D ik -  | +  \a%v| (4.2.22)

3B ikm +  2€ijkC jm +  2eijmC jk =  2UiEikm( x B ) -  6v^Qkm +  D ikm

“f" sSimQk 5SikQm
(4.2.23)

To solve (4.2.22) and (4.2.23) one has to take into account the conditions 
o f symmetry and antisymmetry o f the functions occurring in the left-hand 
sides. Therefore,

B lk — ^ D lk +  U lE ^(x e ) +  Ue ^ x e ) — (vlEQk +  v^Qi )  — +  vE alE )

=  E  -  va > e a  +  ( H  -  -  o 'Ba ]
a?e Vea

(4.2.24)



F ,k =  — 2[Ue  ^ X e )  — Ue ^ e ) ] +  2{vlB Qk — Ve Q i ) +  \ { vE aE ~  vE aE ) 

=  ^ 2  ~ 3 —  [ ^ ( vE rEA ~  vE rEA ) +  ^ (vA rEA ~  vArEA) ]  (4.2.25)
A^E Vb a

B ikm =  W k k m M  +  U i m i M  +  US, ik( *B) ]

~  !(4<?tm  +  VEQmi +  V%QiU) +  § { D ikm +  D kmi +  D mik)

+  ^(fiikQm +  fiimQk +  f>kmQi) (4.2.26) 

CijkCjm — 3 [^E,kmix E )  ^E.imC3̂ ) ]  — — vf;Qim ) 

+  l ( D ikm -  D kim) +  ±(6imQ k -  6kmQi ) .  (4.2.27) 

By using the identity

^kij^kmn — ^im^jn (4.2.28)

the last relation may be rewritten in the form

Cij =  €»fem[-|C/|,jm (x £ ) +  vkE Q jm -  \ b k*m +  ±6jm Q k]

— \^ikm\PE^E , jm(x E )  ^E, jm(x E) ]  ~  Q^ijk^E ~  Q^ij kQ k ■
(4.2.29)

The antisymmetric part o f Cij is equal to

\ (Ci j  “  C ji) =  ^ { ~ €ijk{o>E 4  Qk ) “I" ^ikm[vE ^ E J m (x E )  ~

-  Zjkm[vkEUE,im{x E )  ~

Omitting as in all explicit expressions (4.2.13), (4.2.14), (4.2.17),
(4.2.18), (4.2.24), (4.2.25) the terms with quadrupole moments one obtains

G M a

r3 EA

1
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\{ciS - w  = l E ^ r L[ £̂ ve ~ o

+  - ^ - r ' % A l - e i jkrkEA {vrg  -  v%)
EA

+  (eikm^EA ~  t jkmrlE A ) ( vE ~  ^ ) ] )  •

It may be easily verified that this expression vanishes identically. Hence, 
Cij reduces to the symmetric part alone

\{Cij +  Cji )  — ^ikm[vE^E }jm{xE)  ~  (^e )]

Q€jkm[vE^E, im{^E)  ~  ^E '̂mC*®-®)]

=  I E  ^ T * - ( VE ~  VA^ikm^EA  +  £jkmr%A ) rEA-
A jtE  EA

(4.2.30)
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Thus all coefficients occurring in metric (4.2.2)-(4.2.4) and transforma­
tion (4.2.7) and (4.2.8) become known. As already mentioned, with the 

greater accuracy involving particularly (4.2.2), B  in (4.2.7) and rel­
ativistic terms in (4.2.12), the matching of the b r s  and g r s  metrics has 
been performed in Kopejkin (1988).

4.2.4 Physical characteristics of a body

W ith the aid o f transformations (4.2.7), (4.2.8) extending the Lorentz trans­
formation for the presence o f the gravitational field one may obtain the 
interrelation between the b r s  and g r s  expressions o f physical quantities. 
First o f all, assuming xl to be the coordinates o f a moving point and putting 
vl =  xl one has from (4.2.7)

“ jjf =  1 -  c~ 2( v kVE -  \v\ +  U e ( x e ) +  4 rjs)- (4.2.31)

Let x% be a point o f the body at hand (the Earth for the given case). Its 
g r s  coordinates are w* and its g r s  velocity is

—  =  vl -  v 'e +  c~2{ [ukVE -  \ v 2e +  Ue ( x e ) ] ( v% -  v 'e)

+ ( K 4  + Fik + Dik)(vk -  4 ) + -  4 ) 4
+  2Dikm( v m -  V’E )  +  i < 4 4  +  § 4 4  

+  F ik +  D ik] r kE +  D ikmr kE r % } .  (4.2.32)

I f  the body is rigid and non-rotating then, evidently, dw*/du =  0 but the 
b r s  velocities vl o f the points of the body differ from its centre o f mass 
velocity vlE . Such a body cannot be regarded in b r s  as moving translatory 
and the presence o f the term F tkrE is characteristic o f its rotation (K o ­
pejkin 1987). For a rigid rotating body its rigid body velocity distribution 
should be given just in g r s

=  eijk&Ewk (4.2.33)

and the b r s  description o f the same rotation is, as seen from (4.2.32), much 
more complicated.

Consider now the relationship between dipole and quadrupole moments 
in g r s  and b r s . The g r s  ‘proper’ dipole and quadrupole moments are 
generally functions o f time u and may be defined by the integrals

Ie =  I  p V * d V  /|m = [  p'w,kw,rn d V  (4.2.34) 
J(E) J(E)
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taken over the hypersurface u =  constant. pf is the proper mass density at 
the point w' ,u .  The g r s  origin being coincident with the Earth centre o f 
mass, one has I E =  0. Evidently,

p* d3x' =  pf d3w'  (4.2.35)

and hence M e  =  M e • To set the relationship o f g r s  moments (4.2.34) 
and b r s  moments (4.1.8) one has to perform a Lie transfer between the hy­
persurfaces u =  constant and t =  constant. These hypersurfaces intersect 
in the matching point o f b r s  and g r s  where relations (4.2.7), (4.2.8) are 
valid. Consider an arbitrary point x f. Its g r s  coordinates are w', w' .  I f  
this point and the matching point belong to the hypersurface u =  constant 
then from (4.2.7) and the condition v! — u there results

A t =  t ' - t  =  c - 2v%(x,n - x n).

I f  any quantity A  is defined on the hypersurface t =  constant then its 
value A  on the hypersurface u =  constant is determined by the Lie transfer

A  =  A  +  vnA )ti At

vn being the velocity o f the point o f the hypersurface. In evaluating the 
integrals (4.1.8) and (4.2.34) the Earth is considered as a rotating rigid 
body. Hence, the velocity o f each point in it is approximately

„,/* _ - , ,k tm
v — €ikmUJE r E  *

From this, it follows that

A  =  A  +  c_2e,i:mw|;t)£;r£l (x/n -  xn) A ti. (4.2.36)

By applying this formula to (4.2.8) it is easy to find that the required 
functions occurring in (4.2.34) are determined by the relations

Wa = 4 +  c - 2[ ( | 4 4  +  F ik +  D ik)r% +  D ikmr ^ r f )

+  c - 2eikmwkE v ^ ( r ' S  -  rnE )  (4.2.37)

differing from (4.2.8) by an extra term dependent on the matching point 
and caused by the Lie transfer. Using (4.2.35) and (4.2.37) one finds the 
relationship o f moments (4.1.8) and (4.2.34) as in Brumberg and Kopejkin 
(1989b)

TL — i ujk vn fmn — r~2nk Tik 4- Tkk*E  _  c eikmUJE vE 1E  c aE 1E  ' 2 aE 1E (4.2.38)
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i f  =  P i  -  +  F im +  D im)i%m -  c~2{ \ v kE v^  +  F km

+  D km)FE l +  c - 2J E v%wn(eijmi $ r  +  e k j J t ) -  (4-2.39)

Expression (4.2.39) relating the b r s  and g r s  quadrupole moments in­
volves coordinates wn o f the matching point. A t first sight it might seem 
strange. Considering that the b r s  quadrupole moments are functions o f 
t and g r s  moments depend on u and taking into account that the rela­
tionship (4.2.7) o f t and u includes the spatial coordinates o f the matching 
point at hand this fact becomes clear.

The spherical body may be defined as a body with the diagonal matrix 
o f the quadrupole moments, i.e.

i kEm =  h J E . (4.2.40)

For such a body its b r s  moments by (4.2.38) and (4.2.39) are

VE —  C  2 i E ( —€ikmU%VrE +  (4.2.41)

I%m =  [1 -  2 c - 2UE ( x E ) ] I E 6km -  c~2vkE v%iE (4.2.42)

demonstrating that the b r s  matrix of the quadrupole moments is not re­
duced to the diagonal unit matrix (Kopejkin 1987).

Transformations (4.2.7), (4.2.8) and (4.2.38), (4.2.39) enable one to de­
rive the g r s  equations o f motion of celestial bodies starting from the known 
b r s  equations. Equations o f motion o f the major planets, the Moon and 
Earth satellites based on these techniques are given in the next chapter.

4.3 E Q U A T IO N S  IN  V A R IA T IO N S  F O R  T H E  
S P H E R IC A L L Y  S Y M M E T R IC A L  M E T R IC

4.3.1 G en era tin g  m e tr ic

In all methods o f solving the problem o f motion in g r t  based on the ex­
pansions in powers o f v/c  and U /c 2 the masses o f the bodies involved are 
treated as being of one and the same order. In the Solar System the ratio o f 
the total mass o f all planets to the mass o f the Sun is o f order 10“ 3. Hence, 
it may be reasonable to take the Schwarzschild solution for the Sun’s field 
as the intermediary and to look for the solution as series in powers o f the 
ratio o f the total planetary mass to that o f Sun. Such an approach is 
o f interest enabling one in principle to avoid expansions in powers o f v/c  
which is o f importance for the rigorous treatment o f the problem o f grav­
itational radiation (although the practical realization o f such an approach 
still remains vague). A  similar problem arises in studying the motion of the 
macroscopic bodies in cosmology. As the intermediary one may again take



the spherically symmetric metric, for example, the Friedman metric. The 
problem o f perturbations both for Schwarzschild and Friedman metrics has 
been repeatedly examined in the literature (see, for example, Peters 1966, 
Irvine 1965), but not for the case o f perturbations due to the gravitating 
masses. The results derived below are based on Brumberg and Tarasevich 
1983).

The g r t  field equations (2.1.7) rewritten in the form

G » v +  A  =  -/ c (T ^  +  T ^ )  (4.3.1)

are considered under the assumption that in vanishing perturbations =
0 they admit the spherically symmetric isotropic solution

7/00 — A  T]Q m =  0 T)mn — B6mn (4.3.2)

A, B  being some function of radial coordinate r and, possibly, time t. W ith  
T ^ u 0 the solution o f (4.3.1) is presented in the form

9nv — Tluv h î, (4.3.3)

hpy being small corrections to the metric tensor caused by the perturbing 
mass tensor T ^ v o f the macroscopic bodies. Along with equations (4.3.1) 
one may use the equivalent equations involving the Ricci tensor

R^v =  —« ( +  T *u) +  A g^v (4.3.4)

with
— ^g^uT  — Tpv — \g^vT, (4.3.5)

For the Schwarzschild field in the whole external space outside the central 
mass M  one gets

=  0 A  =  0 A o  =  B t o =  0 (4.3.6)

and the solution is given by (3.1.10)—(3.1.20). In the cosmological solution 
for the homogeneous isotropic model describing uniformly and continuously 
distributed matter with density p and pressure p one has

drr*1
T "  =  ( ,  +  , ) - (4.3.T)

with
d zm dx°
—  =  0 —  =  1 A = 1  (4.3.8)
ds ds

in co-moving coordinates (with the choice c =  1). From (4.3.4) and (3.1.14) 
we obtain

3 f d 1 r, n N K
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B,0m -  ^ B t0B,m =  0 (4.3.10)

22  (  B ,mn fimnB'Ss -f- ^SmnB tQBtQ -|- ^ ^ { S B  )jnB  >n -|- 6mnB iSB )S)

+  6mnB B , oo) =  B  ( | ( p  -  p) +  A )  Smn. (4.3.11)

These equations may be satisfied by putting

B = ( I T (4'3'I2)
with k =  constant and functions R  =  R ( t ), p, p being determined from the 
equations

3f  =  A - | ( p  +  3p) (4.3.13)

R R + 2 R 2 +  2k =  R 2 ( a +  | (/ > ~ p )) • (4.3.14)

These equations should be complemented by the equation o f state relating 
the density p and the pressure p. Different particular solutions for R ( t )  
are well known. In addition, it is to be noted that in virtue o f the Bianchi 
identities one should have

=  0. (4.3.15)

For the space components these relations are satisfied identically. For 
the time component they lead to the relation

P +  3(p +  p ) — =  0. (4.3.16)

Thus, for the Schwarzschild problem A  and B  are functions of r alone 
determined by (3.1.17). For the cosmological model A  =  1 and B  is a 
function (4.3.12) o f r and t. For the particular case k =  0 (the open flat 
model) B  becomes a function o f t alone.

4.3.2 Equations in variations

Taking the difference of equations (4.3.4) and the background field equa­
tions one has

sRp,, =  - k t ; v -  k6t ; u +  A v  ( 4.3.17)

with

=  T ; u{gaP) -  (4.3.18)



bR^u being the correction terms o f the Ricci tensor due to the perturbations 
h^v . Christoffel symbols o f the first and the second kind and the Ricci 
tensor for metric (4.3.2) are given in (3.1.12)—(3.1.14). For the disturbed 
metric (4.3.3) the linear corrections to these quantities are listed below. 

Variations o f the Christoffel symbols o f the first kind:

<$rooO — 2̂ 00)0 T̂oom — \ 0̂0,m T̂omn — 2 (̂ 0m,n “I" ̂ 0n,m ^mn,o)

STsQQ =  /lQs,0 2^00,s 6r*a0m =:: ^0m,i)
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^fjmn — 2 ^ msin hns,m hmn,s)• (4.3.19)

Variations o f the Christoffel symbols of the second kind:

S Kmn 2B

(4.3.20)

Variations o f the Ricci tensor:

SRoo — —y-gihoo^ss — 2/ios,05 +  hSSioo) +  Q qq (4.3.21)

bRom — 2 J 5 ^ ^ m>S5 h()s,ms H~ ^s$,0m hmsfls) Qom (4.3.22)

mn

~  ^mn,00 + /iQm,0n +  ^0n,0m) +  Q\mn (4.3.23)



with

Qoo =

Qom
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~ h \ { h B 's ~ zA's) hoo's ~ -BB -’ ho*’° +  j A >oho>‘’

— 2 j3 ^ ,a^rr’5 ~Q^,r^rs,s

+  2A2 ”  ^ » ° ^ » ° )  ^00 +  2A B ^ ' ° ^ ’S ~~ ^ ,5J®,0^ 0a

+  ( - J ® ! *  +  2 X fl '4 .«B .« +  5 j b .»® i» +  d p - 4'‘ B '’ )  h"

+  ( i - 4 "  -  -  5f a ' ' b " )  ft- ]  <4-3-24>

" “ ' ^-^,0^00,m ”h - .̂,m^05,s

+  ( 2 5 ^  ~  2 A A ,s)  /l0,’m "  i w 8 '3 +  2 A A * )  h°m•*

+  ( ^ 4 A -5 "  2 5 s '5)  ftm,'° ~  ( 2 5 S 'm +  2 l A 'm)  /l,5'°

1 1 1  
~ B  nhgg rn H — B o h mss —pr A  mB  0^00
B  B  A*

+  ( - ^ , 0 0  +  2 ^ A o5 ,o -  2 i s S ,o5,o +  ^ 4 , SB 3)/I0m

1_

A " ' "+  1 - A m ,  2AB

+  +  2I 5 A ,"»5 .0 +  J $ 2 B .™B ,o)  k»

+  ( i B »- -  ~  w * B - B ° )  '■ - I  (4 -3 25)
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+  { j 2 A A '$ ~  2B B ’s)  kmn’a ~  B B ’nkss'm

~QBimhssn +  2 g B iShrriS6mn

+  ( w 8 ’ *  ~  2 A A ’ s )  h m , ’ n  +  { w B ' ‘  ~  2 A A ' * )  h n , ' r ‘

1 1 1  
~j^B,nh'ms)s "I" - g B imhnSts — ~^Birhrss6mn

B  / 1
H- ~̂ 2 -®,00^mn "1“

1 1 
~̂q B  qB  Q8mn

4" -®,0n +  2 ]4^ ’° ^ ,n 25  ^0m

. 2jg-"1“ ^  ̂ ,̂0m 2 B ^ ’° ^ ,m J n n̂

■f* 2̂-Ẑ Oa “  2 A ^ ,0̂ ' S ~  2 A ^ ' Ŝ ' °  ~  ho$bmn

+  -Q ( B ,ns +  2 A A .^B ,n -  2 B B ,nB ,S) h ms

+  "g ^B,ms +  2~^A}>B }m — '2QB ’m B '^ j  hns

1 / i  3
“1“ ( -®,ra — A )rJ5>s -j- 2 B ^  ,r B ,s ) hrsbmn

+  ^mn +  Tj^^O^O^mn

— ’̂ B , s B )S6mn +  - g B ^ B ^ h r r  .

(4.3.26)

Denoting now

V  =  £(/cT;„ +  kM -;, -  A ft*, 4- © „ „ )  (4.3.27)

one obtains from (4.3.17) the equations to determine h ^ :

hoo,ss — 2/ios,05 +  hSS) oo =  2Ioo (4.3.28)

hom,ss ^Oj.mj "4* — 2 L q m (4.3.29)
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“1" hsstmn hms,ns hns,ms

4" ( ^00,mn hmn,00 4" ^0m,0n “I” ^0n,0m) — 22vmn.

(4.3.30)

By contracting (4.3.30) and using (4.3.28), we obtain

hrr,83 hrS)rs =  L ss -b — L qq. (4.3.31)

Equations (4.3.28)-(4.3.30) may be solved by iterations with respect to 
hpV. A t each step o f iteration the right-hand members 2LfiU are known, and 
equations (4.3.28)-(4.3.30) represent linear partial differential equations. 
To facilitate their examination one may introduce the coordinate conditions

^oo,o 4- ^53,0 — 2/iqs,s — 0 (4.3.32)

^oo,m hss,m 4" 2hmS)S — 0. (4.3.33)

Under these conditions equaitons (4.3.28)-(4.3.30) take the form

^oo,ss ~  ^oo,oo — 2Zoo (4.3.34)

h()m,ss =  2Lom (4.3.35)

hoo,mn ^j"(^0m,0n 4“ ^0n,0m)

(4.3.36)
with the equation for the contraction hrr resulting from (4.3.36)

hrr,ss — 2L ss +  2— Lqo — hooiSS. (4.3.37)

First, one has to solve (4.3.34) for the time component tiQQ. This is 
the wave equation with constant coefficients. Then one solves the Poisson 
equation (4.3.35) for the mixed components hom. Equation (4.3.36) for 
each space component hmn has the form of the wave equation with vari­
able coefficient B / A  in the second derivative with respect to time. For 
the Schwarzschild field this coefficient is determined by (3.1.17), (3.1.20) 
and depends only on r. In the case o f the cosmological background this 
coefficient is determined by (4.3.12) and depends on t and r (only on t 
for the open flat model). Solution o f the wave equation (4.3.36) may be 
constructed, for example, by the Sobolev (1950) method but this remains 
to be actually done. Equation (4.3.37) for the space contraction represents 
the Poisson equation.

hmn,ss j^hmn, 00 — 2 L mn 4~ ^
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4.3.3 E quations o f  m o tion

The equations o f motion o f bodies in the field (4.3.2), (4.3.3) may be derived 
either from the modified geodesic principle or from the Bianchi identities 
(Infeld and Plebanski 1960). In the first case it is sufficient to substitute
(3.1.13) and (4.3.20) into equations (2.2.48). In so doing the components 
h^, entering into the Christoffel symbols are evaluated along the body’s 
trajectory with a suitable re-normalization. There results

=  -  h A ~ + { k A '° -  > • » ) +  ( j a ■< -  5 s " ) 4<i”

+  2 B B 'mX>X’ +  2 A B ' °X’ X‘ Xm +  2 A xmhoo'° ~  2 B koo’m

*4 & /*00,s +  'g ‘^0m,0 hos,m 4" ~ X̂ /lOm,s “i" £ £ ^Or,s

~B^ hms,0 2 ^ ^ ^r5,0 25*^ ^ hrs,m

+  — xrxshmr,s -  — ( l A  o +  A )Sxs +  \BfiXsxs) x mhm 

“  T d (  2A o  +  A * * *  +  ^ B i0xsxs)h 0m

+  “4j } ( “ 2A *  “  B }oxs +  \ B )Sxrxr -  B )rxrxs) x mh0s 

+  ( " 2 A *  “  B,oi* -  B >rxrxs 4- \ B fSxrxr)hms.

(4.3.38)

The second way is more complicated but enables one to gain a more pen­
etrating insight into the relationship o f the field equations and the equations 
o f motion. Direct calculation gives the left-hand members o f the Bianchi 
identities in the form

V ^ G 0  ̂ =  ^  ( V o  +  hrr,0 — 2Aor,r),i« +  S°  (4.3.39)

^7/iG  ̂ — 4 5 3 ( ( V m  hrrm +  2/lm rr) >55

'^■(^00,m hrr,rn "h 2Amr>r) j00

B  \
— j (h00,0 +  ftrr,0 “  2/l0T.)r) j0mJ +  S m (4.3.40)

S u being the non-linear terms with respect to h ^  in the expressions o f 
V ^ G ^ .  In ignoring these terms expressions (4.3.39), (4.3.40) vanish due
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to the coordinate conditions. Hence, the right-hand members o f the Bianchi 
identities are also to be annulled along the world lines o f the bodies

+  T ^ ) .  (4.3.41)

Relation =  0 is satisfied identically (for the cosmological problem
it reduces to (4.3.16)). As for the disturbing mass tensor, by putting

_  P dx° dx*  dx" 

ds dx° da;0

one has

J,00 _  P d x  J,0m _  vmrp00 jvnn  _  j >00 g 4 2 )
ds

and, consequently,

v ^t °m =  T oo+ T o5 + (2roo4. r j s)T 00-t-(3r“J+ r ; J) r 0<,+ r ° 5T ,'s ( 4.3.43)

v # j T m^ _  T m 0 +  T m >  +  pm yOO +  (r 0Q +  m +  2 r ™ T ° S

+  r ^ T rs +  (rg , +  r ^ j r " 5. ( 4.3.44)

Direct differentiation o f (4.3.42) using the equation o f continuity yields

T oo +  yo , _  _  l T oo^A B 3 +  B ahoQ _  A B 2h „ ) - 1[A l0& i +  3 A B 2B fi

+  A tSB 3vs +  3 A B 2B tSvs ■+■ 3 5 2(S q  +  B i}vs)hoo +  B 3hooto 

+  B 3vsh00tS — B 2{ A q +  A } )v s)hrr

-  2 ,4 5 (5  0 +  B >svs)hrr -  A B 2hTrfi -  A B 2v’ hrr<s]

+  { A  — B v 2 +  h00 +  2h0, v s +  hrsvrv “) ~ 1

x (y i^  +  A t,v* — Bfiv2 — B t, v sv2 — 2B v sxs 

+  ^oo,o +  h00iSv3 +  2hostov‘ +  2hor svrv> -t- 2hosx ’

+  Ks, ovrv s +  hkr,svkvrv> +  2 hrsvrx ’ ) }  (4.3.45)

T 0m +  rpms _  _  l T 00^_2£m +  ^_g3  +  _  A B 2hss) ~ 1 

x [A f iB3 +  3 A B 2B tQ +  A,tB 3v“ 

+  3 A B 2B >sv ‘ +  3 £ 2(£ , o +  B <sv s)h00 

+  B 3hoo,o "I" B 3v ‘ hooiS — B 2( A  q ■+■ A iSvs)hrr

-  2 A B ( B }0 +  B :Sv3)hrr -  A B 2h„ t„ -  A B 2vshri.iS]vm 

+  ( A  — B v 2 -f- /ioo 4- 2ha3v5 -+- hrsvrvs)

x (j4,o +  A t3v* — BfiV2 — B tSvsv2 — 2B v sxs +  ftoo.o +  hoo,3v s 

+  2 h0)i0 Vs +  2h0ri3vrv> +  2/i0sxs +  hrs>0vrv i 

+  hkr>svkvrvs +  2 hr3vri ’ ) v m} .  (4.3.46)



Using the values o f the Christoffel symbols one gets finally 

V ^ T 0"  =  T 00(A  -  B v 2 +  h00 +  2h0, v s +  hrsvrvs) ~ 1

x -  h0s -  vr hrs) x s +  +  ( B ,o ~  v2

+  ( \ B ’S ~  J A ’’ )  V' V* "  l A Bfiv4 ~  U v2k00’°

+  ~  B v 2) v ‘ hoo,a -  v‘ h0ifi -  ^ v 2vrv ’ horlt
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-  - r ( A  -  \ B v 2) v rv ‘ hrsfi -  ^hkriSvkvrvs 
A

- ± A
2 B  '5

+  -^2 (2  A o  A }SVS - f  2 -^,0^ )v  hoo +

+  ( i -4 ' 0 "  i B ’ ° ) +  5  ( i i ^ +  5 ® * ) 1 ,2  

+  ( i A'  ~ i B' )  ’ v + _  h B y

+  - B rvrvsv2 ho5 +  -r(|-A,o +  A )tv '  +  \ B  <0v2) v r vs hT

(4.3.47)

ViiT mt> =  T 00( A  -  B v 2 +  h00 +  2A0.v* +  hrsvrvs)

(.A  — B v 2 +  /ioo ■+■ 2vshos +  vrv shrs)

X { * m +  J B A ’m +  +  ^BB ’*v>vm -

-  \ { A fi +  A ty ) v m +  \ ( B fi +  B,.® > 2wm

2 B B ’mV2)

+  ( B v *  -  h0s -  vrhrs) v mxs -  \vm(hoafi +  v'hoo,, )

-  Vm vs(h 0, t0 +  vr h 0a,r) -  ^vmvr v s(h rSto -1- vkhrStk)

”l~ ^ ("4  )[2^00,m ^0m,0 4"  ̂ hostm  ̂ ^0m,j  ̂ ^mj,0

-(- ^  hrSiTn V V hm1>tS -|- " T ^ ^ O  4" *^,5^ 4" )^0 m

(4.3.48)

By equating expressions (4.3.47) and (4.3.48) to zero and combining them 
one obtains again equations (4.3.38).
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The method used here needs to be further developed. First o f all, this 
is concerned with solving the wave equation (4.3.36). Let us add that all 
these results may serve as an illustration of the facilities o f the system 
g r a t o s  o f tensor operations by computer (Tarasevich ei al 1987).

4.4 GR AVITATIO NAL R AD IATIO N  A N D  M O TIO N  IN  A  
B IN A R Y  SYSTEM

4.4.1 Quadrupole formula of the gravitational radiation

For a long time the study o f the motion of compact objects and gravi­
tational radiation has presented a severe problem in relativistic celestial 
mechanics. Until recently there existed only one solution, which was sub­
ject to criticism. According to this solution, based on the linearized field 
equations, the system o f gravitating bodies loses energy by radiating grav­
itational waves. The loss o f energy is determined by the expression

d W  G

with

Bik =  ^ D ik( t )  (4.4.2)

Dik being the quadrupole moments o f the system. To be more specific, 
functions Dik are the coefficients o f the expansion o f the gravitational po­
tential U  o f the system o f mass M  at a large distance from the system

u = —  +  ^GDik( t ) f - )  + . . . .  (4.4.3)
r 2 W . iJ t

For the system of point masses

"  =  < «-< >

and then
D ik( t )  =  £  M A { j A x\ -  (4.4.5)

A

The derivation o f the quadrupole formula o f gravitational radiation can be 
found in many textbooks (see, for instance, Fock 1955). This formula has 
been applied to calculate the loss o f energy in the binary pulsar system 
PSR  1913-1-16. Assuming that the motion is performed in the plane x3 =  0 
one has for the coordinates of masses M i and M 2



• t M i2/1 =  — — rs in/  y2 = - r r r s m f .  (4.4.6)
M  M

M  =  M i +  M 2, r and / are the radius vector and the true anomaly o f the
relative motion. In accordance with (4.4.5)

D u  =  « * V (|  +  | cos 2/) D 22 =  | cos 2/)

I M 1M 2 9 ^  1 M 1 M 2 , • j -n
z , S 3 = - 3 - i r r DlJ =  2 — r “ ,2/ - (4 -4 7 )

Differentiating these expressions one finds

=  M ^ r2( 1 i ae2j i/-2 ( T e sin / +  4 sin 2/ +  §e sin 3/)

3 22 =  -  M ^ 2 r2 (in_ ae2)1/2(^ e s in /  +  4 s in 2 / +  |esin3/)

M i  n3a4 2 . .

33 “  M  ^ ( l - e 2) 1/ ^ 68111̂

5 i2  =  -  M l ^ 2 r2(1W_ ae2)i/2 ( l e cos/ +  4 c o s 2 / +  |ecos3/)(4.4.8)

a, e, n being the semi-major axis o f the relative orbit, its eccentricity and 
mean motion, respectively, and n2a3 =  G M .  Therefore,

"  =  -  +  B'i, +  B l ,  +  2Br,|

= _ ^ ( ^ )  r<("-V)(32 + ^  + Me COS/ + COS2/)-
(4.4.9)

Using (1.1.20), the Hansen coefficients

X 0" 4'° =  (1 +  i e 2) ( l  -  e2) -5/2 X q- 4’1 =  e ( l  -  e2) _5/2

^ 4,2= K ( i - e 2r 5/2

one obtains for the averaged value o f the loss o f energy in motion on the 
elliptic orbit the well-known formula
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d W
dt

3 2 G ( M M y _ n W _ (  73 ,  37 \ 

5 c5 V M  J ( 1 - e 2) 7/2 V 24 96 7 '

The total energy o f the two-body problem being related with the semi­
major axis by

w  =  _GM ±M 2
2 a
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the gravitational radiation as follows from (4.4.10) leads to a decrease o f 
the semi-major axis with the rate

64 G 3M xM 2M  / 73 2 37 4\ „  „ 10.

“  =  9 6 * ) '  (

The quadrupole formula causes doubt in at least two aspects:
(1) its validity in application to compact objects for which the ratio U /c2 

is not small, and
(2) the correctness o f the conclusion (4.4.12) as derived from the 

quadrupole formula.

4.4.2 Equations of motion of compact bodies with 
consideration of gravitational radiation

To elucidate these questions it is necessary to derive the equations o f mo­
tion o f compact bodies taking into account the radiation terms and by 
solving them to examine the orbital evolution in the two-body problem 
by the methods o f celestial mechanics. Many authors have advanced the 
solution o f this problem. As already mentioned, culminating contributions 
to this advance were made by Damour (1983, 1984, 1987a,b), Grishchuk 
and Kopejkin (1983, 1986) and Kopejkin (1985). These papers involve dif­
ferent techniques and even different initial statements. In the papers by 
Damour compact objects were examined from the start. By contrast, as 
stated by Grishchuk and Kopejkin, the compactness parameter disappears 
from the equations o f motion o f the ‘ordinary’ macroscopic bodies making 
them applicable for the description o f the motion o f compact bodies, such 
as black holes. The derivation o f the equations o f motion taking account o f 
the radiation terms demands too much space to be reproduced here. Con­
sidering that all the details may be found in the papers cited above this 
exposition is restricted to giving without derivation the equations o f mo­
tion o f the two-body problem in harmonic coordinates taking into account 
the radiation corrections. These equations are o f the form

a\ = F q( xi - * 2) +  c_ 2F^(a!i -  x2,vi ,v2, ai,a2)
+  c~4Fl(x! -  x2,v1,v2,ai,a2,a2,a2)
+  c sFl(xx — x2,vi — v2, Oi — a2, dj — a2,di — a2, di — a2) +  • • • •

(4.4.13)

a,-, and a,* are vectors o f position, velocity and acceleration, respec­
tively, for the body i ( i =  1,2). The components a\ o f the acceleration o f 
the second body satisfy analogous equations. The post-Newtonian equa­
tions considered in section 4.1 correspond to retaining in (4.4.13) only F q



and and replacing in the accelerations a i, 02 by their Newtonian 
expressions. Including the post-post-Newtonian terms F\ does not change 
the conservative form o f the equations and does not prevent their presen­
tation in the Lagrange form. Just the terms FI  o f dissipative character 
are responsible for the loss o f energy o f the system due to the gravitational 
radiation. Eliminating in the right-hand members o f (4.4.13) the accelera­
tions and their derivatives on the basis o f Newtonian and post-Newtonian 
equations one obtains the reduced equations with the right-hand members 
dependent only on coordinates and velocities. These reduced equations 
have the form

*i = A ,0(x i - x 2) +  c~2A'2(x i  - X 2 ,V U V 2) +  C~4A \ (X ! - X 2 ,V i ,V 2)

-I-c~ 5A \ ( x i  - x 2, v 1 - v 2) +  . . .  (4.4.14)

and similarly for the second body. Denoting

r =  [(*1  — X2)2]1/2 N l =  r ~ 1(x\ — x 2) v* =  v[  — v2 (4.4.15) 

one has for the functions occurring in the right-hand member (4.4.14)

A i  =  - G M 2r~2N '  (4.4.16)

A 2 =  G M 2r ~ 2{ N ' [ - v \  -  2v2 +  4 (v iv2) +  f ( -N v 2)2

+  (5G M i +  4G M 2) r ~ l] +  wi (4JVt>1 -  3N v 2) }  (4.4.17)
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A\ =  G M 2r - 2 N '  I - 2 v \  +  4 v l ( v i v 2) -  2(t>iw2) +  (7Vv2)

+  |v\ (N v2)2 -  §(viv2) ( N v 2)2 -  ^ ( N v 2)4 
I G M \  . 15 2 . 5 .,2  5 „

H----~ \ ~ T Vl +  4 2 -  2v lv 2

+  f  ( N V l ) 2 -  Z 9 ( N v 1) ( N v 2)  +  % ( N v 2) 2]

4- [4 f2 — 8 v i»2 +  2 (iVw i)2 — 4 ( N v i ) ( N v 2) — 6(iVi>2)2] 

+  $ ( - ? ■ ~ 9M22 -  f

+  v% ^w2(iVt>2) -I- 4v 2( N v i ) — 5v2( iV » 2) — 4(u1w2)(iV w i) 

+  4( v lV2) ( N v 2) -  6 (N v i ) (N v 2) 2 +  |{ N v 2)a 

+  f  N v 2) +  9 M l ( - 2 N v t  -  2N v 2)

(4.4.18)
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N ‘(N v )  (3 » ! -  6 ^  +  j ^ )

(4.4.19)

Thus, it remains to deal with the purely celestial mechanics problem of 
studying the motion o f bodies in accordance with equations (4.4.14).

4.4.3 Relative motion in a binary system

As shown in the papers cited above and as may be verified by direct cal­
culation, equations (4.4.14) o f the two-body problem admit in the approx­
imation under discussion the integral of the centre o f mass motion o f the 
form

&  =  Mix\  +  M 2xi -  l c ~ 4G M 1M 2( N v i +  N v 2y

4 G M i M 2 , , ,  1/f N ( _ 2 2G M \  A
5 c5M

with

-(M i -  M 2)  t̂>2 -  v* (4.4.20)

3 „  4 . G M \ M 2| M i V 4  +  ----------- -----------M i  = M \  +  c - 2 ( f M l v\ -  +  c -4

x -  H  -  ? » i » 2  -  h(N v i ) 2 +  h (N v i ) 2

(4.4.21)l/ *r  x/»r \ 5 G M i  7 G M 2 -  ^ ( N v 1) ( N v 2)  -  -  -  +  - -
4 r 4 r

and similarly for M 2 • C % are the linear functions o f time with coefficients 
representing the constants o f the integrals o f momentum and the centre 
o f mass. Choosing the barycentric system implying C % — 0 and defining 
x1 — x\ — x2 one has

« ‘l =  ^ * ‘ +  ( f  -  ~ )  * ' +  ••• (4-4-22)

M i _< . 2/w  2 G M A
*2 = ~WX' + C (Ml " Ms) W  ̂  —  J *’ + • • • (4-4-23)

i m 2 ,• _ 2/m, . ,  % M \ M 2 f / 2 G M N  G M . . .  
v1 =  — u + c  ( M i - M 2) — j -  J v  { N v ) N +  ••• 

(4.4.24)



154 APPROXIMATE SOLUTIONS OF THE FIELD EQUATIONS

*' M l  ,• -2n>* nr \ M \ M 2 
Vi = - ~ M V + C

2 G M \  G M , „  . ATi 
v l  I v * ---------- (N v ) N ‘

T
(4.4.25)

Taking the difference o f equations (4.4.14) and substituting (4.4.24), 
(4.4.25) into the right-hand members one obtains the equations o f rela­
tive motion

£ ’ =  S q  +  c~ 2B [  +  c~4B\ +  c ~ 5B i  +  . . .  (4.4.26)

with

B'n =  —
G M

(4.4.27)

2 -  r3

(- h + 3
m 1m 7\

M 2 ) V J +  ( 4 - 2 ^ ^ ) ( x V k | (4.4.28)

S 4 =  3r6
M i  M 2

M 2
M  l 2 ̂  4 , 15 M\ M 2 

~8 M 2
( - 3  +  4 ^ j „ <  +

^ 4 , . M l M 2 ( 9  « M 1M A v 2( N v ) 2

13 0 M !M 2\ G M

M 2 V 2 

2M i M 2 

+  M 2

+ ( » + » ^ +^ ) 2 i W
87 Mi M2 \ G2M 2

- K ^ )4 M 2 

+  « • '(* * » * )
M i M 2 f i b  , 0 M iM 2\ 2

, 0 , 41 M 1 M 2 , , M 2M |\  G M
1 +  2 M 2 +  M 4 J r

D, 8 G 2M i M 2
£>=; =  T ------ s-----

1 /„ 2 17 G M \  
^  3t>2 + --------- '

(4.4.29)

G M \  ,
3 r J ( « V ) « ’ - ( * ’  +  3 ^ j t f  •

(4.4.30)
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The terms B q represent the Newtonian part o f the equations o f the two- 
body problem. B\ are the post-Newtonian terms. Solution o f (4.4.26) in 
the post-Newtonian approximation, i.e. taking into account only B %0 and 
i?2, is obtained as the solution o f equation (1.1.25) with the right-hand 
member (3.1.100) for the values

1 M i M 2 M i M 2 M i M 2 0 M i M 2 
a =  77 cr =  2-i---- - 7 T -  2c =  1 +  3—77^— 1 1 -  2 ----- 775—

2 M 2 M 2 M 2 M 2
(4.4.31)

This solution is given by (3.1.102)—(3-1.111). Similar solutions have been 
produced by many authors (for example, Damour and Deruelle 1985, Sof- 
fel et al 1987a). B\ are the post-post-Newtonian terms. The post-post- 
Newtonian solution caused by these terms and not differing essentially from 
the post-Newtonian solution has been examined in detail in Damour and 
Schafer (1988). Post-post-Newtonian equations o f motion o f the two-body 
problem may still be presented in the Lagrange form. The appropriate 
Lagrangian depends not only on the coordinates and velocities but on the 
accelerations as well (Damour et al 1989). B$ are the radiation terms due 
to the gravitational radiation o f the two-body problem.

4.4.4 Spin-orbital terms

Before examining the radiation terms B\ it is suitable to investigate the 
orbital evolution in the two-body problem accounting for the proper ro­
tations o f the bodies. Retaining in the post-Newtonian equations (4.1.24) 
the spin terms they give the following contributions to B\\

Ab< =  2 ^  f _ I [ ( 5  _  3( N S ) N )  x «]•' -  - ( N S 2)S {  -  - ( N S ^ S i  
r° \ 2 r r

-  ^ [ S i S 2 -  ^ N S ^ N S ^ x ^ j  . (4.4.32)

S 1 and S 2 are the proper angular momenta o f the bodies divided by the 
appropriate masses (the spin vectors)

5 =(3+^ ) 5‘+ (3+t ) 5- <4-4'33)

u>k are the angular velocities o f the bodies, Ik are their moments o f inertia 
(in the sense o f the definition (4.2.40)). The terms due to the spin inter­
action are retained here but the terms quadratic in each spin are omitted. 
The solution o f the post-Newtonian two-body problem considering B\ and 
A i ?2 is given here within the framework o f the secular perturbation theory.
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In the post-Newtonian approximation the right-hand member of the equa­
tions of the perturbed two-body problem admits the disturbing function
(1.1.34)

+
G M 1 ( 0 , M i M 2\ 2 , 1 M 1 M 2/kt x2 G M  

2 { 3 + - M ^ ) V + 2 ^ - (N , , )  "  2?

+  -  3 (lV S ,)(iV S 2)] }  j .  (4.4.34)

The first-order secular perturbations of the osculating elements are de­
termined by equaitons (1.1.44). Substituting into (4.4.34) the solution
(1.1.9) of the two-body problem one obtains

R  — G M
M \ M 2 G M p  

M 2 2 r3
+  3 +

I M xM 2\ 

2 M 2 )
G M

, (  0 , 1 M i M 2\ G M  , ^  oM 1M 2n\ G M  

v 2 M 2 )  ra \ 6 M 2 J 8a2
, sk  1

-  (G M p -  ^ [ s ts 2 -  3(5 ifc )(5 2fc)]

+  | [(S 1Q )(S 2Q ) - ( 5 1P ) ( 5 2P )] 

- | [ ( 5 1P ) ( 5 2Q ) +  (5 1Q )(5 2P )]

cos 2/

sin 2/
(4.4.35)

With Hansen coefficients 

X 0_1'° =  l  X 0_2'° =  ( 1- e 2) " 1/2 

there results

3 G M

X q 3 ’0 =  (1 —e2) -3^2 - 3 , 2 =  0

[#] =  G M
a2( l  — e2) 1/2 

1

+  -15 +
M i M 2\ G M  V G M S k

M 2 y 8a2 2a5/2( l  — e2)

[5 i5 2 -  3 (5 ife )(S 2fc)]
2a3( l  — e2)3/2 

In addition, from (4.4.34) it follows that

M \ M 2

(4.4.36)

■ dR
r-7-r  = G M  

or
1 - 3 -

M 2

|2
(4.4.37)
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' .O R
r dr

=  G M

+
K -

9 +  5-

M iM 2\ G M  

M 2 J a2( 1 - e 2) 1/2

M iM 2\ G M  y/GM Sk
M 2 a2 2a5/2( l  — e2)

(4.4.38)

As seen from (4.4.36), [R] depends only on the elements a, e, i and A. 
Therefore, equations (1.1.44) imply first of all

da de
d t ~  dt

(4.4.39)

The equations for the inclination and the longitude of node are reduced 
to the autonomous canonical system with one degree of freedom:

d cos i 
dt

da  __ 

dt

1 d[R]
na2( l  — e2) 1/2 6A

1 d[R]
na2( 1 — e2) 1/2 d cos i

(4.4.40)

or in more detail

■S'/______________3 (51fc)(Sap + (52fc)(giQ
2a3( l  — e2)3/2 2 \/GMa7/2( l  -  e2) 2

• •d n _ r , f /r 3 (5 1fe )(52m ) +  (5 2fc )(51m )'
SmZd* ~  \2a3( l  — e2) 3/2 2 v/GMa7/2( l  -  e2)2

(4.4.41)
This system has the integral

[R] =  constant (4.4.42)

and may be solved by quadratures. From (4.4.42) it can be seen that cos i is 
a periodic function of A. In accordance with the general theory of solution 
of systems like (4.4.40) the longitude of node in its turn is represented by 
a trigonometric series in multiples of some angular variable linearly related 
to time. Depending on the coefficients of the function (4.4.36) this series 
may contain a term proportional to time. The cases of presence or absence 
of such a term correspond to the rotation or the libration of the line of 
node respectively.

Actual integration of the system (4.4.40) presents no difficulties. Choos­
ing the equatorial plane of the body of mass M 2 as the reference plane one 
has ^  =  Si =  0, 5 f  =  ^2 (the lower index numerates the bodies, the
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upper index identifies the vector components). Considering that a and e 
are constant, from (4.4.42) it follows that

sin i ! COS 2 (—S'* sin A  +  S’2 cos A )

(4.4.43)

(3 + ̂ )  (G M p ) 1/ 2 - 3 S 2i

=  C  +  (G M p ) 1/ 2S3 cos i -  3SfS2 cos2 i 

C  being an arbitrary constant. The relation

S* cos A  +  Sf sin A =  [(S i ) 2 +  (S 2) 2 — (S 2 cos A — S* sin A ) 2] 1/2 

enables one to exclude A from the first of equations (4.4.40). The result is

d cos i 
dt =  ±

V g m
(ao cos4 i +  4ai cos3 i

2c2a7/2( l  -  e2) 2 

+  6a2 cos2 i +  4a3 cos i +  a4)1/2 (4.4.44)

with

4 aj =  6 (G M p ) 1/ 2S2

a0 =  -9 (S 2) 2(Sx ) 2 

M i535?+(3 + ^ - ) [ ( 511)2 + (52)21

6a2 = 9(S2)2 - ( 3  +  ^ )  G M p [(5J y + (Si n  -  GMp(sy+6 csts2

CS3 +  3 (3  +  ^ - ) s 2[(S11) 2 +  (S 2)2]4a3 =  -2 (G M p ) 1/2

« 4 =  ( 3 +  G M p [ (S { ) 2 +  (S 2)2] -  C 2.

Thus, cosi in the general case is expressed in the known manner in 
terms of the elliptic functions of Weierstrass. Then A  is determined from 
the trigonometric equations (4.4.43). Integration of the two last equations 
of (1.1.44) is performed by simple quadratures:

d u> 
dt

Sk.dA _ / 3 V G M  

C0S ! dt +  [  a5/2( l  -  e2) a3( l  -  e2)3/2

2 V G M a 7/2( l  -  e2) 2
[5 1S a - 3 ( 5 1fc )(S 2fc)] (4.4.45)
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dlo
dt

=  G M
(  1K , nM 1M 2\ V G M  , ( a y/GM
V M 2 )  a5/2( l  — e2) 1/2 \ M 2 )  a5/2

2 y /GM a7/2( l  — e2)3/2
(4.4.46)

In the particular case when a body of mass M i is a satellite with a negligibly 
small spin one obtains again the results of section 3.3.3.

Using equations (1.1.26), (1.1.27) and expressions (4.4.28), (4.4.32) for 
F  it may be possible to derive equations (4.4.39), (4.4.40), (4.4.45) and 
(4.4.46) without using the disturbing function. For example, the use of 
(1.1.29) enables one to write the equations determining the secular vari­
ations of the area vector and the Laplace vector (Barker and O ’Connell 
1976)

c =  f 2 x c  f  =  f i x  f  (4.4.47)

with

" = G M  { w h ?  + - 3(5,!)l1

-  2wa5( i3_  e2) 2 [(S 2fc)Si +  (S 1fc)S2 +  (S iS s  -  5 (S 1fc )(52fc))fe]^ .

(4.4.48)

This is equivalent to equations (4.4.39), (4.4.40) and (4.4.45). But the tech­
nique applied above gives immediately the canonical equations facilitating 
the solution of the problem.

4.4.5 Radiation terms

Solution of equation (4.4.26) in all details is rather time-consuming due 
to the necessity to treat not only terms linear in B\ but also terms that 
are quadratic in B\. It might be suitable to take here as the intermediary 
the post-Newtonian solution with B l0 and B l2 and then by variation of 
arbitrary constants to take linearly into account B\ and B\ as suggested 
in Ashby (1986). But the post-post-Newtonian solution caused by B\ and 
the quadratic contribution by B 2 does not differ essentially from the post- 
Newtonian solution (4.4.39), (4.4.40), (4.4.45) and (4.4.46). The influence 
of the terms B\ is of more interest. By (1.1.29) applied to F x =  B\ one 
finds
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• 8 G2M 1M 2 
5 c5r3

n 2  17 G M \  ( r v ) 2
^ + T —

, 2 1 G M \ . , 
+  I -W +  z ~ r ~ ) (4.4.50)

Substitution of the Keplerian values for the coordinates and velocities re­
sults in

. S G 3M M 1M 2 /a\*  (  a 
c =  -

c5^

t  =
8 G 4M 2M i M 2 / a \3 

5 c5a4( l  — e2) V r/

+

+  e

1 4 - ^ e 2 - 2 0 ^ + ( —2 + § e 2)  -  
12 r V A J a

( l r  5\ 2 / 3 r  35
--------  cos 2/ +  e ------—

\2 a 6 J J \4 a 12

+ Q 14 -  g e 2 -  20- +  (  -2  +  f  e2 ) I  
12 r V 4 7 a

cos / 

cos 3/^

sin /

+e ( ^  -  s ) sin 2 /+ e ! ( H  -  i )  ” n 3 /} j  - (4'4'52)

Performing averaging with the aid of the Hansen coefficients (1.1.20) one 
obtains the equations for the secular perturbations

4 G 3M M 1M 2 8 +  7e2 

C - _ 5 c5a4 (1 — e2) 5/2 ° '

. _  1 G 4M 2M i M 2 (304 +  121e2)e 
C _  15 c5a4 (1 — e2) 5/2

Scalar products of (4.4.53) and Z, m , fe yield respectively

dA
#  =  ° dt dt

=  0

dp _  8 G 3M M \ M 2 8 +  7e2 

dt 5 c5a3 (1 — e2)3/2 

Similarly, multiplying (4.4.54) by Q  and P  gives

(4.4.53)

(4.4.54)

(4.4.55)

(4.4.56)
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de 1 G 3 M M 1M 2 304+ 121e2 , ,  . coN
¥  =  ~15 (1 (4 '4'58)

Combination of (4.4.56) and (4.4.58) leads again to (4.4.12). Thus, due 
to the gravitational radiation the expressions for semi-major axis and ec­
centricity contain secular terms governing the evolution of motion in the 
two-body problem. The expression for the mean longitude contains a term 
quadratic with respect to time and involving a secular decrease of the pe­
riod of motion.

4.4.6 Motion and radiation

Consideration of the gravitational radiation affects significantly the evo­
lution of motion. Along with this, celestial mechanics treatment of the 
gravitational radiation is of importance to elucidate the general structure 
of the g r t  equations of motion. The unreduced equations (4.4.13) con­
taining in their right-hand members the derivatives of order from 2 to 5 
inclusively clearly demonstrate that their general structure remains to be 
clarified. Do the iteration methods of constructing the right-hand members 
of (4.4.13) converge? For any fixed order i ( i  >  4) equations (4.4.13) are 
the differential equations with smallest parameter at the highest derivative. 
How rich is the variety of their solutions in comparison with the solutions 
of the reduced equations (4.4.14) obtained by removing the higher order 
derivatives with the aid of the lower order approximations? The founders 
of celestial mechanics believed that it would be possible to calculate the 
motion of all bodies in the Universe provided that their positions and ve­
locities were given for the initial moment of time. This is not true for the 
unreduced equations (4.4.13). What is the correct statement of the Cauchy 
problem for these equations? Some of these questions are discussed in the 
papers by Damour but it is clear that in relativistic celestial mechanics 
there remain many interesting unsolved problems.



5

Equations of Motion of Solar System 
Bodies

5.1 EQUATIONS OF M O TIO N  OF EARTH ’S ARTIFIC IAL  
SATELLITES

5.1.1 Barycentric equations

We now proceed to the formulation of specific equations of motion of the 
Solar System bodies. Let us start with the equations of motion of Earth’s 
artificial satellites. The corresponding results are valid for any satellites of 
the planets. It is to be noted that the Newtonian parts of the equations 
may be given here only within the accuracy necessary for the derivation of 
the relativistic parts. The extension of the Newtonian parts to the level of 
modern accuracy is performed without difficulty, brs satellite equations are 
given by (4.1.21). The brs equations of motion of the Earth are given by
(4.1.24). The difference of these equations yields the brs satellite equations 
in relative coordinates. Expanding the regular parts of the potentials U e , 
Ue> We  as functions of x in series in powers of ve  =  x — xe ,  one has

r)s =  UB,i - H {e  +  Ue M ^ b V e  +  l U E,ikm( x E )rkEr% +  ... +  c " 2^  -  & )  
(5.1.1)

with

G‘ -  &  =  -  4UBUE,i ~  3 f W  -  Ue ^ x* +  UE<ii kxk

+  4irB -  W kEtii k +  WE,i -  4UE UEii (xE ) -  4UE>iUE ( x E )

— 3cUE<o(xE )r'E -  4.UEik(xE ) ( x kx' -  vE vE )

+  UEti( x E ) ( x kxk -  v%) +  4UE k( x E )rE -  4UkBti( x E ) rkE 

+  [—AUE UEiik(xE ) — AUE tiUE tk{x E) — 4UE ( x E )U E<ik{xE )

— 4UEii (x E )UEik(xE ) +  WEiik(xE )

— 3cUEfik{xE) i '  — AUB'kmixE)^™^'
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+  UE,ik(xB)imi m +  4cU'b  fik( x B) +  4 U'Eikm(x E )x m 

~  4U ^ ik(x E ) i m]rkE -  2UE,iUE,km(x E)r kBr^  +  . . . .  (5.1.2)

The potentials Ue ,Ub , W e  are determined by (4.1.11)-(4.1.14) with the 
single value of the summation index A  =  E. Perturbing bodies A, B , ... 
(the Sun, the Moon, etc) are regarded as the material points. Therefore, 
the regular parts of the potentials have the form

GMa

A±E

'  r a A±E A

tIt 3 G M a  2 G 2M a M b  , 1 ^ rA ,

A ^ E  A ^ E B ^ A  AjtE

(5-L5)
The most cumbersome operation in calculating (5.1.2) is to differentiate 

the functions We  and We - The appropriate derivatives are

1 GM e (  i . 1 k k 
W e ’{ - 2 ~ t e ~  (ra£ 4 1*ErEVE)

GM b
UE(xE) -  2ve  +  ^ 2- (rEvB) 1 rE ~  vB rB v'B

i o ^  J  I rrtnn i . n j im „m  ^ rrnn ̂ rn ti i 
+  3 I T 1;b ( - ' S  rE  +  rE  ~  ~ t ! e  rE r E rE

7 E  \ r E

! ^ G  j k ( jmm k , o jkm m jmn m n k
+  0 ~ ^ vE vE \ I E  rE  +  Z1E  rE  ~  ~ 2 1E  rE rE rE  

z r E  \ r E

4_ -  7,m ( jkm i , 9 jik m _  ^  jkn m n i
+  7 ; ~ 5 VE VE \ 1E  rE  +  Z IE  rE  Z T  E  rE rE rE  

z  rE  \ rE

^  G_/ k \2 (  j m m . n j im^m ^ rmn „ m A
-  M e  r E  +  U E r E -  ^2~*E rE rE r E )

E  \ E  /

+  - ^ 4  (4 c t i„ «| 4 n +  < «» W  -  4 - e» i n ^ B(®£rBrJB
rE \ rE

+  vE rE rE +  ^vE rE rE )  ~  \ ek jnI 'ErE rE vE
rE

Q IK \
-  — eijnI kBnrkEr%v% +  -£ e kjnTE*i*B i%r*Br*BvtB (5.1.6)
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G M a

A?E ' E A

G M B
rAB

_  9-1,2 _L l r * m  n m  -  * VA “I- 2 E A  A

+  2r2EA ^VE A v a )  J&ik +  2 ( r E A aA +  rE A aA )  ~  VA VA

+ - ( r kBAviA +  r%AvkA) ( r M )

+  12 rE A r EA  ( % VA ~
GM,

rAB
B _  Ir»m /im 2r E A aA

(5.1.7)

Substitution of all these values into (5.1.2) results in the following ex­
pressions of the relativistic right-hand members of equations (5.1.1):

G‘ - G i =  X > U f l £ )  (5-1-8)
n =  l

with
• _  G M e  ( . G M e  t k k • k k ■

<P\ =  — 3— f 4- ^ ^  ~  ^ e V ' e  +  ^ E ^ E  
rE  \ rE

i G M e  
9i =  ^ 3- 2rEvE +  vE +  ^ 3_( r|;u£;)2 ) rE +  rEvE^E

' E

(5.1.9)

(5.1.10)

— A — f J  Tm n  <P2 — 4 3 ujE I E ^ijn [ ^A:m ^2 ”” ^kjn [ ^im ^2 r  E rE rkrE

^ h i n ^ E ^ E ^ E
rE

(5.1.11)

; G j
92 =

, jmn _ rmn
e%jnVE l E ------Y Cki nVE *E  rE r E

+ * s 3 (j T rEvE - e kjn 
r E  \

r E  — €ijn l E r E  H---- Y €kjn^E r E r E r l

(5.1.12)

.G 2M *^  = 4 ^ p  f —2IEkrE -  3IE rE +  ^ I kEmrkEr ^ Ekmk

 ̂ G { TkkJ
rE

_L "  -in j.n | t Ic k i  1 07"*^*.^ ^  r k m ^ k
2 r *  E  E  \ 1E r E  +  21E  r E  -  -JT l E  rE rE

+  6^ - W  ( - J * ‘ rg  -  2/*"r|  +  (5.1.13)
JE  \ r E  /
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The relativistic terms (5.1.8) consist of ten groups. The first group 
of terms (p\, dependent only on the Earth’s mass M E, represent the 
Schwarzschild terms (5.1.9). The orbital motion of the Earth in brs  in­
volves the second group of the terms g\ (5.1.10) dependent on M e  and vE . 
For close satellites of the Earth these terms are of the most importance but 
because of their kinematical origin they should disappear in converting to 
g r s . The terms <pl2 (5.1.11) involving components uE represent the Lense- 
Thirring terms generated by the Earth’s rotation. The orbital motion of 
the Earth leads to the spin-orbital terms g\ (5.1.12) dependent on wE and

group of terms <pl3 dependent on IE n (5.1.13). Along with this the or­
bital motion of the Earth results in the large group of terms #3 (5.1.14)

(5.1.14)

EA rE rEA

~  aJ5 +  '^TrErEaE

(5.1.15)

(5.1.16)
E

H>\ =  [ ~ W E , k m ( x E ) ( r %E +  v ’E ) r E — UE,km(x B ) ( r E +  VE ) v E

— SaE (rE +  vE ) +  U E , ik ( x E ) ( r ’lE +  v1e  )(**£ +  Etk( x E )

— 4UE ik(x E ) ( r E +  VE ) +  AUE ).m(x E ^ e  +  Wj5,i*(*.E)

— AUB (x e )U e ,ik(xe ) -  4a,Ea,E]rE +  ...i k I J (5.1.17)

05 — ^Ue ^ & e ) ^  — ^ E , i ( xE)rE +  aE(^E^E +  ^ e ve )

— aE (4rErE +  4 rEvE +  rEvE ) — ?>Ue ( ^ e )^e - (5.1.18)

vE . These terms should also disappear in converting to g rs . The second- 
order moments of inertia of the Earth are responsible for the quadrupole



dependent on IE n and vE . These terms should vanish in transforming to 
g r s . Thus, all terms <p*n, n =1, 2, 3, represent the terms describing the 
one-body problem considered in Chapter 3. The terms g%n1 n =1, 2, 3, are 
also related with the problem of one body moving in the reference system 
at hand ( b r s ) .  All further terms (n =4, 5) are due to the external masses. 
The terms <£>4(5.1.15), dependent on masses M e  and Ma, describe the 
non-linear coupling of the gravitational fields of the Earth and the external 
masses. In b r s  this coupling gives also the terms g\ (5.1.16) dependent on 
the superposition of M e  and the potential Ue (&e) ot its first derivatives. 
Converting to g r s  should annul these terms. The terms (5.1.17), pro­
portional to the satellite coordinates r^, describe the tidal perturbations 
due to the external masses. In converting to g r s  these perturbations may 
change a little but their form should be retained. Of particular interest 
are the terms g$ (5.1.18), due again to the external masses but dependent 
only on the satellite relative velocity components rE and not on its relative 
coordinates rE . These terms should disappear in converting to g r s  but 
they are specific for b r s . They may be rewritten explicitly as

-  v a Y e

a ?e  ' EA

+  2^BAvArB +  rkEAv\r>E -  r%ArkBrkB +  4rkBArkBr^]. (5.1.19)

When applied to the perturbations from the Sun, the third term in the 
square brackets is small, of the order of the eccentricity of the heliocentric 
orbit of the Earth, the fourth and the fifth terms are small being of the 
order of the barycentric velocity of the Sun and two last terms are quadratic 
relative to the satellite velocity and are small for this reason. The first two 
terms may be rewritten in vector form as

9 5 =  ^ 2  ~ 3 ~ ^ { ^ E  X ( * E A  X r E A )]* +  { T E A T E ) r %EA  +  ( ? E A T E ) r lE A  +  ** *}• 
A * E  rEA

(5.1.20)
The second and the third terms here determine the perturbations which 
depend on the orbital elements of the satellite. The first term in the form 
of the double vector product gives the Coriolis terms describing the effect 
o f geodesic precession. Due to this precession the perigee and the node 
of any satellite of the Earth including the Moon move at a rate of 1.91” 
per century. The principal terms in (5.1.18) responsible for the geodesic 
precession are

05 =  ^aEvE^E “  ^vEaE^E + ----

The presence of these terms is characteristic of the b r s  investigation of the 
motion of the Solar System bodies with respect to any body of this system 
(with respect to the Earth in the case under discussion).

166 EQUATIONS OF MOTION OF SOLAR SYSTEM BODIES

95 — ^ 2  ~ Z s ~ \ ^ ( VE  ~  v A ) rE A ^ E  ~  2rE A ( vE  ~  v a ) ^ E  +  ^ rE A ( v E
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Thus, in the expression (5.1.8) consisting of ten groups, the terms gxn 
(n =1, 2, 3, 4, 5) are of kinematic origin and should disappear in converting 
to GRS.

5.1.2 Transformation to the GRS equations of motion

Transformation from b r s  to g r s  is performed by (4.2.7) and (4.2.8) with
(4.2.11), (4.2.17), (4.2.18) and (4.2.25). The functions F lk responsible for 
the geodesic precession result, as stated below, in vanishing the Coriolis 
terms (5.1.20) in the g r s  satellite equations. The derivation of the g r s  

satellite equations from the corresponding b r s  equations involves three 
steps:

( 1) converting the acceleration rlE to the acceleration d2wl/du2,
(2) performing transformation (4.2.8) in the Newtonian right-hand sides 

of the b r s  equations, and
(3) re-defining dipole and quadrupole moments of the geopotential in g r s  

in accordance with (4.2.38) and (4.2.39).

The first step presents no difficulties. Differentiating twice expressions
(4.2.7) and (4.2.8) with respect to t and substituting the results into the 
relation

d2w% _  1 d / wl \ _  wl w1 ..
du2 u dt \ u J u2 usU

one obtains

=  fjj +  c "2[2(5 +  vkEwk +  aE wk)w '  +  ( ± 4 , 4  +  F ik +  D ik 

+  vkEw{ +  2 D ikmwm)wk +  (S  +  2 akEwk +  akEwk)w i 

+  ( 4 4  +  4 4  +  2 F ik +  2 D ik +  2 D ikmwm)wk +  (| 4 a 'B +  4 4  

+  +  F ik +  D ik +  4 D ikmwm)w k +  D ikmwkwm}. (5.1.21)

Now the transformation (4.2.8) is to be substituted into the Newtonian 
right-hand side of (5.1.1). Putting

UE {w ) =  ^ ^  +  G Ie ^  +  ̂  (" fc m  +  ^ i » ‘ t«m)  G I kEm +  . .. (5.1.22)

with the previous designation p — (wkwk) 1! 2 one has

UE =  UE (w )  -  c "2[ ( | 4 ^  +  F km +  D km)wm +  D kmnwmwn] dÛ ™ \

(5.1.23)
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Differentiating

dUE dwk dUE (w )
Uea  = dwk dx‘ dw%

~  c "2[ ( i 4 ^  +  F km +  D km)wm +  D kmnwmwn} ^ ~ ^ -

(5.1.24)

and substituting into (5.1.1) one gets

_  8Ue ( w ) _  jjt +  UE ik( x E )wk +  \UEtikm{xE)w kWm +  . . . 
uwl

+  c- 2 (G ‘ - & ) -  +  F km +  D km)wm +  D kmnwmwn]

~ ' 92Ue(U>) +  U e A * e )  +  Ue.ijkto1 +  . . . ) •  (5.1.25)
I dw^dw*

The last step to derive the g r s  satellite equations of motion is to trans­
form the dipole and quadrupole moments occurring in (5.1.22). In the 
relativistic parts the products of the quadrupole moments with the exter­
nal mass terms are here everywhere neglected. Therefore, the right-hand 
member of (4.2.38) is reduced to the first term alone. From this

UE ( w ) = U B +  C -2^rI%n 
P^ 2 I ~  P 2

+  tkjnU3E wk ( ~ VE +  ^ 2 v E w , Wm

U e  being the g r s  geopotential (4.2.5). One has further

&Ue ( w ') _ Ty 2 G  rmn 3 f „,m „..i „.k „..h
— Q - r -  -  UE,i +  C ^ I E 2^2

(5.1.26)

^ 2  -  VlEWm -

+  ^ v kEwkwmwl) v nE +  ekjnu>3E ^ w'wk)  v%

+  ^ k j n ^ 1E v E w S  ( ^ i k W m  +  6 i m W k -  w ' w k w m )  .

(5.1.27)

The partial derivative of Ue  with respect to w% (under fixed t/) is again 
denoted here by a comma followed by the appropriate index. In differen­
tiating Ue there appears the term with the time u derivative of the form 
—c~1vtE UEio due to (4.2.7). But this term cancels out with one of the terms 
resulting from the differentiation of the relativistic part of (5.1.26).



Combining the results (5.1.21), (5.1.25) and (5.1.27) one obtains the g r s  

satellite equations of motion in the form

d2 /V . _  _

-^2 " =  UE,i ~  H'e  +  UE,ik(xE )wh +  \UE,ikm{VE)wkWm +  . . . +  C-2$ ’

U (5.1.28)
where the relativistic right-hand member is determined by

¥  = G ’ -  &  +  2(5 +  vkEwk +  akEwk) (U E,i +  UE,im( x E ) v m 

+  \UE,imn{xE )wmWn +  . ..)

+  ( \ve ve  +  F 'k +  D ik +  ’VE™' +  2D'ikv j )

X \UE,k +  UEikm(x E )wm +  ...] +  (S  +  2dEWk +  akEwk)wl 

+  (®|<4 +  v%akE +  2 F ik +  2 D ik +  2Dikmwm)wk 

+  ( \vkEaxE +  a%alE 2 VE®E +  F 'k

+  D ik +  ADikmwm)w k +  D ikmwkwm -  [(| t4 t$  +  pkm +  D km)wm

+  D kmnwmwn)[UE,ik +  Ue M * b ) +  ■ • •]

+  ~ I T  [ - v 'g w *  -  v^wm -  vkEwk6im +  j v kEwkwmw^j vnE 

+  Z ^ t kj nU)3EvEw>I ™  (^ ikWm +  6itnWk -  w 'wkwm)

+  ^ k j n “ jEvE lE n (- «< *  +  ^ w * )  • (5.1.29)

This expression enables one to see the contribution of each term of the 
transformations (4.2.7),(4.2.8) in forming the right-hand sides of the g r s  

equations. It is of importance that expressions (5.1.21) and (5.1.24) are 
quite rigorous with respect to w\ which is the consequence of the closed 
form of (4.2.8) relative to w*. The dots in (5.1.29) mean that the higher 
degrees in wl are neglected in expanding the Newtonian right-hand member
(5.1.1).

5.1.3 GRS equations of motion of a satellite

Substituting now (4.2.11), (4.2.17), (4.2.18) and (4.2.25) one finds

5

V  =  G i - G i - ' £ g in +  A t i  (5.1.30)
n—1

with

A =  [2<ij5 w 6^  “I" U (x E )Sik +  2v*e q,  ̂ -f- ~~ Ve®*e 30^^*
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— 2 a%Ewk — 2 U e ,]c( x e ) +  217 E)i (xE)

— ^VE VE UEiim ( x E )-\- \ v %E v1E U E ^km(x E )

+  Ve U e M Xe )  +  2 VE WmUEM XE) +  VE W%UE} km (*£?)
_|_ F kmUEtim(xE) 4- i^ m{7E,Jfem(®E) +  2?7e  (®E)£^E,iA: ( * e ) ]w * + ---------

(5.1.31)

Comparing with (5.1.8) it is seen that all the terms gln (n = 1, 2, 3, 4, 5) 
cancel out. As a result the right-hand side of the g r s  satellite equations 
takes the simple form

=  Y^ 'Pn +  ^ A - (5.1.32)
n — 1

tfin ( n = 1, 2, 3, 4) are given by (5.1.9), (5.1.11), (5.1.13), (5.1.15) and

<pl5 +  A<P*5 =  [AwmVE UE,ik(x E )  -  4WmUB ik( x E )  ~  Ali)mVE UE,km(x e )

+  AwmUEkm(x E) +  2aE wm6ik -  2alEwk -  4wmwlUE,km(xE)

+  UE,ik(,x E ) ‘Wm‘Wm +  F ,m UE ,km(,x  e )

+  F kmUE,im{xE ) +  U E {x E )&ik ~  3aEaE ~  2UE ( x E )U E,ik(x E ) 

+  We, ik(xE)  +  2U E,k(xE) +  2 UE i (xE)

— v̂ a,*E — VEaE — AvE U ^ k(xE) — ^VEVE UEikm(x B)

— 7zVEvE UBiim( x E) +  2vE UE,ik{xE)}'u> + -----

Finally, the g r s  satellite equations of motion are of the form

d2™* JL
=  FI +  F{ +  F '2 +  F '3 +  . . . +  c- 2

n = 1du2

with

F l =  -
G M

w

3 G  

2 p5
f [ = ~  f i fw i + 2 r£wk -  4 i kEmwkwmwi

F% =  UE}i]c(x E )w  -1- \UEyikm{nE)™ wm +  ...

*i = ^  = ,3

F 3 =  - H e  =  - \ M E l i kEmUE ,ikm{x E )

G M E {  a G E  ■ k • k \  i i a k • k • i14----------w w J w 4- Aw w w

(5.1.33)

(5.1.34)

(5.1.35)

(5.1.36)

(5.1.37)

(5.1.38)

(5.1.39)
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Uj n  ( 6km ~  - ^ W kWm
_3

P2
9 Gfc — / tJ ftTin rtl,fc .!.!

ID -  - € k j n ^ > E 1 E  W W W
i  T™n u;*

(5.1.40)

$*, =  ^  =  (~ 2 J “ u;< -  ZIE wk +  ^ I kEmwkwmwi

+  | ^ " ^ n (/ “ W +  2Jgti;fc -  ^ I kEmwkwmw^j 

+  6 ^ r v ? w n ( ~ I kEkw n -  2 IE lw k +  X l E m w kw m w n
p5 V p2

(5.1.41)

x L «  _  +  * ( ^ r^ )V ) (5 . 1 . 4 2 )
V r£A P rEA /

*5  =  E  ^ wk ( ~ ^ > m^ E  -  v% )6ik +  ~ j—wmr’EArEA(vE -  vnA )Sik 
A^E EA '  EA

+  6u>*(«4 -  « * )  -  - £ - w kr'EAr%A(v2  -  t t f )
E A

+  -  ^ ) w m -  -  v\ )w m -  wmwm6ik
7 w A EA1 EA

12 3 .
+  -  - r - r kEAr,gAwmwi +  -%-r>EArkEAwmwm

(5.1.43)

a ?e  e a  *•
3 , „  rri. 9 6'  „m n.m\2

+  -J - (r% A V % )2 -  ~2 ( rEAvE ) ( rEAvA) +  ^ H ^ M ) 2 
1 E A  rEA  EA

, -I,, ! , x ^ ----
\ r AB  r E B  J .

H------- (M e  +  2M ^) +  \   ̂ G M g  ( ------- 1-------^
tea \ r a n

BjtA,E
ik
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+  4 ~ ^ A{rkEAF im +  +  3 (4  -  v>A){v% -  « * )
EA
9 9

+  3  rE A rEA\~7ivE vE  +  ^E^A +  * VE VA ~  VA VA )

+  ~2 r E A r E A ( vE  — v a ) ( vE  ~  VA )
EA
9

+  ~2 rE A rE A \ ~ 2 VE vE  +  +  * VE VA ~  VA VA )
EA

15 -  f r ^ a ^  -  f r^AakAOr4 EA EA \ EA VA ) 2 
LTEA

^~2 rE A rE A rE A aA ~  ~3 G ( M e  +  3 M A )r'E A rE A
J ?  A • J ? A1 EA

r,k
- 3 ^ a £  G M B ( - ^ -  +  ^ -  +  r̂ ) \ .  (5.1.44)

B*A ,E  \ rE A rAB rEArEB rE B )  J

Let us note once again the physical meaning of the acceleration terms. 
Fq are the Keplerian terms. F [  are the Newtonian terms due to the Earth’s 
non-sphericity. F% are the Newtonian perturbing accelerations due to the 
external masses. F3 are the Newtonian terms caused by the non-geodesic 
motion of the Earth (coupling of the external mass action and the Earth 
quadrupole moment effects). Next, one has the relativistic perturbing ac­
celerations. are the Schwarzschild terms. $2 are the Lense-Thirring 
terms due to the Earth rotation. $3 are the relativistic quadrupole terms. 
For the Earth approximated by an oblate spheroid in rotation with con­
stant angular velocity u around the polar axis one has, by choosing the 
equatorial reference system,

7“  =  I f  =  \c  i f  =  A - \ C  Q  =  G (A  -  C )

UE — UE — 0 U% — UJ

with the principal moments of inertia A , C  and the quadrupole moment 
Q. Using s =  (0,0,1) as the unit vector along the polar axis one has in 
vector form

F _ 3<? 
* 1 — —r  p5

1 L  . z
2 { 1~ 5-p2 ' W + ZS (5.1.45)

F 3 =  - \ { G M e )~1Q grad^, 33(*b ) (5.1.46)
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(5.1.48)

coinciding with (3.3.27). Proceeding further, $4 are the relativistic terms 
due to the interaction of the Earth and the external masses. $5 and $ %6 give 
in sum (5.1.33). The terms <£l5 may be interpreted as the relativistic tidal 
perturbations from the external masses. The terms representing the rel­
ativistic corrections to the Newtonian force contain contributions due 
to the geodesic precession F km. This is due to the fact that the Newtonian 
external mass perturbations F% are expressed in terms of the b r s  space 
coordinates of the external masses and the b r s  time coordinate t. Con­
sidering that the motion of the Solar System bodies is given in ephemeris 
astronomy just as in b r s  it is not suitable to perform the transformations
(4.2.7) and (4.2.8) in F2>.

5.1.4 Estimation of the relativistic terms

Let us examine now the magnitude of the relativistic perturbing accelera­
tions from the external masses considering two perturbing bodies, the Sun 
S and the Moon L, and retaining in (5.1.42)-(5.1.44) only the terms with 
the summation indices A =  S and A =  L. All three terms in <$4 have order 
G 2M e Ma/t%a . In $5 the first six terms are of order GMaP^ea^I^ea  
whereas the last four terms are of order G M a Pw2/ rEA, v e a  being the 
characteristic heliocentric velocity of the Earth (A  =  S ) or the geocentric 
velocity of the Moon (A  =  L )  and w being the characteristic geocentric 
velocity of the satellite. For not too eccentric satellite orbits these latter 
terms are of the same order as the terms $4 and the first six terms differ 
from them by the ratio vea/w- Finally, most of the terms in <3>g are of 
order (G M A ) 2p/r%A . In addition, the Schwarzschild terms are of order 
(G M # )2//?3, the Lense-Thirring terms $2 are of order G M e A e luew/p3 
(A e  being the Earth’s radius) and the quadrupole terms $3 have order 
( G M e ) 2cxe^e/p^ (where ole is the oblateness of the Earth).

It is of interest to give the estimations of the relativistic perturbations 
characteristic for b r s .  g\ and g\ may be estimated as G 2M E M A l (p 2ftEA) 
and G M e A e uje v e a / p 3> respectively. The terms gl3 may be of order 
G 2M eM a o^e^ e / (p 4ve a )  or GM eoleA 2eveaw/PA- The order of g\ is 
G 2M e M a / ( Pv2ea ). Finally, the terms g$ are of order G M a Ve a w I^e a  
or G 2M E M A / ( p r 2EA ).
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For comparison, the Newtonian perturbations may be estimated as

F* -  G M e / p 2 F [  ~  G M e A \ oleI pA 

F\ ~  G M Ap/r%A F* -  G M AA%aE/r%A .

Replacing in all these estimations ves ~  (G M s / r ^ ) 1̂ 2, v e l  ~  
w ~  (G M e /p ) 1/ 2 and using numerical values G M e  =  

3.99x 105 km3 s“ 2, G M S =  1.33x 1011 km3 s "2, G M L =  4.91x 103 km3 s“ 2, 
c =  3 x 105 km s "1, rriE =  0.44 cm, ms =  1.5 km, A e  =  6.4 x 103 km, a# =
3.4 x 10“ 3, ue  =  7.3 x 10" 5 s-1 , rEs =  1.5 x 10s km, rEi  =  3.84 x 105 km, 
ves =  29.8 km s_1, ve l  =  1-02 km s_1 one gets numerical estimates of 
the accelerations for different types of Earth satellites (table 5.1). This 
table demonstrates the ‘compression’ of the g r s  treatment of the satellite 
motion as compared with the b r s  treatment.

5.1.5 Historical remarks

Until recently in the relativistic treatment of Earth satellite motion one 
took into account only the Schwarzschild and Lense-Thirring perturba­
tions. These perturbations are presented for a variety of satellite orbits 
in, for example, Cugusi and Proverbio (1978). At present, consideration 
is more often given to the refined relativistic effects due to the Earth’s 
oblateness (Soffel et al 1988, Soffel 1989, Heimberger et al 1990) and to 
the influence of the Sun and the Moon. The solar-lunar perturbations 
were examined initially in b r s  (Martin et al 1985, Bordovitsyna et al 1985, 
Vincent 1986). Ashby and Bertotti (1984) were the first to suggest the 
investigation of Earth satellite motion in a geocentric reference system. 
The fact that dynamical perturbations in the geocentric system give im­
mediately the correct order of the magnitude of the measurable relativistic 
effects has been explicitly demonstrated for the Moon (Soffel et al 1986) 
and for Earth satellites (Zhu et al 1988). In a subsequent paper Ashby and 
Bertotti (1986) succeeded in constructing explicitly a geocentric system by 
means of the technique of the generalized Fermi normal coordinates, thus 
enabling them to derive the Earth satellite equations of motion by direct 
application of the geodesic principle. The method developed here is given 
in Brumberg and Kopejkin (1989b). The same equations of motion were 
also obtained in this paper by applying the geodesic principle to the g r s  

metric. In an analogous way the equations of satellite motion have been 
derived by Voinov (1990). Investigations of the Earth satellite motion in 
the barycentric and geocentric reference systems have also been performed 
by Krivov (1988), Nordtvedt (1988), Ries et al (1988) and Yao et al (1988).



Table 5.1 Perturbing accelerations in Earth satellite motion (expressed in 
cm s“2).
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GEOS-1 LAGEOS NAVSTAR Geosynchr. Moon 
p (km) 8000 12 000 26 000 42 000 384 000

F 0 6.2 X 102

OO X 102 5.9 X 101 2.3 X 101 2.7 X 10"-1

F i 1.4 x 10° 2.7 X 10“-1 1.2 X 10“-2 1.8 X 10“-3 2.6 X 10"-7

F2(L) 6.9 x 10--5 1.0 X 10"-4 2.3 X 10“-4 3.6 X 10“-4 —

F2(S) 3.2 X 10“-5 4.7 X 10“-5 1.0 X 10“*4 1.7 X 10“-4 1.5 X 10“-3

F 3(L) 3.1 X 10'-9 3.1 X 10“-9 3.1 X 10"-9 3.1 X 10“-9 —

M S ) 3.7 X 10"-12 3.7 X 10“-12 3.7 X 10--12 3.7 X 10“-12 3.7 X 10“-12

C~ 29 i(L ) 8.8 X 10“-11 3.3 X 10“-11 8.3 X 10“-12 3.2 X 10“-12 _
c~ 29i (S) 6.1 X 10’ -6 2.7 X 10“-6 5.8 X 10“-7 2.2 X 10“-7 2.7 X 10“-9

c~'292(L) 2.6 X 10--9 7.8 X 10“-10 7.6 X 10“-11 1.8 X 10“-11 —

c~'292(S) 7.7 X 10“-8 2.3 X 10'-8 2.2 X 10“-9 5.3 X 10“-10 7.0 X 10“-13

c~ 293(L) 1.1 X 10“-10 1.8 X 10'-11 5.4 X 10“-13 6.2 X 10“-14 —

c~ 29s (S) 1.3 X 10“-8 2.6 X 10--9 1.2 X 10“-10 1.8 X 10“-11 2.5 X 10“-15

c~ 29*(L) 1.8 X 10“-12 1.2 X 10“-12 5.6 X 10“-13 3.5 X 10“-13 —

c~'2g*(S) 3.3 X 10'-10 2.2 X 10’-10 1.0 X 10“-10 6.2 X 10“-11 6.8 X 10“-12

c~ 29s (L) 2.7 X 10“-13 2.2 X 10'-13 1.5 X 10'-13 1.2 X 10“-13 —

c~’29s (S) 1.4 X 10”-9 1.1 X 10“-9 7.7 X 10”-10 6.0 X 10”-10 2.0 X 10”-10

c~■2$ i 3.5 X 10--7 1.0 X 10“-7 1.0 X 10“-8 2.4 X 10”-9 3.1 X 10”-12

c~ 1.8 X 10”-8 4.4 X 10“-9 3.0 X 10”-10 5.5 X 10”-11 2.4 X 10"-14

c~ 2 $3 7.5 X 10’-10 9.9 X 10“-11 2.1 X 10”-12 1.9 X 10”-13 3.0 X 10”-18

c~ 3.8 X 10”-14 3.8 X 10“-14 3.8 X 10”-14 3.8 X 10”-14 —

c~'2M S ) 1.7 X 10“-14 1.7 X 10“-14 1.7 X 10"-14 1.7 X 10'-14 1.7 X 10”-14

c~ 3.8 X 10“-14 3.8 X 10“-14 3.8 X 10”-14 3.8 X 10”-14 —

c~* * 5  (S) 7.4 X 10“-14 9.0 X 10“-14 1.3 X 10“-13 1.7 X 10”-13 5.1 X 10*-13

c~ 2M L ) 9.9 X 10'-18 1.5 X 10“-17 3.2 X 10”-17 5.2 X 10”-17 —

c~•2^e(5) 3.1 X 10“-13 4.7 X 10“-13 1.0 X 10“-12 1.6 X 10”-12 1.5 X 10"-11

5.2 M O TIO N  OF THE M AJOR PLANETS

5.2.1 Barycentric metric and barycentric equations

The b r s  metric and the b r s  equations of motion are given in section 4.1 
taking into account quadrupole and spin terms. Keeping in mind practical 
applications, these results are simplified here, on the one hand, by consider­
ing only non-rotating point masses. On the other hand, they are generalized 
by introducing the coordinate parameters a, v (Brumberg 1972) and the 
main parameters /?, 7 of the P P N  formalism (W ill and Nordtvedt 1972).



Then the field metric of N  non-rotating point masses is described in the 
form
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* \ * / * 3±%

+ 2a E 5  ̂  mj (L "  r ) (riTii) ~ 0 -2 (2 7+1} S  t **i 1 j ^ i  \ 3 3 /  i *

+  c~2(u -  1) Y  ^ 7  (* .? -  »*«*• -  ^ ( r »i *)2)  c2 d*2

+  2 c- 1  ^  —  ^ ( 2 7  +  2  -  a -  | i')ij +  (a  +  5 i/)-^(r ,*,)»•,-^ dxcdt 
i  V **» /

-  ^1 +  2(7 - < * ) ] £  ^7 j  ( d x ) 2 -  2<* 2  T f M * ) 2 C5-2-1)

with r{ — x — Xi, V{j — xi — X j , rrii =  GM»/c2, Mi being the masses of the 
bodies. Denoting the harmonic coordinates corresponding to a =  z/ =  0 by 
a tilde one has

t =  i ~ 2^ X > ^ TiXi) x =  x ~ 0lZ r>'^7r

and
E ra,- 

— fij  
rn 

3* i 3

rij =  rij -  a(m,- +  raj) +  a —  ^  mfc f  —
r>i W  rik

The last formula determines the mutual distance between bodies in dif­
ferent quasi-Galilean coordinate systems.

The equations of motion of the TV-point mass problem associated with
(5.2.1) may be presented in the form

(5.2.2)

(5.2.3)

(5.2.4)

Xi — ^  ̂ ^ 3   ̂v ij +  ^  ̂TUj {AjjTjj +  BijTij) 
r,J

with

A j  =  p r  -  ( l  +  1 +  a)~^- +  2 ^ ( r v*.?)2 +  □ r ( r O'*‘»'i)2 
ij 1 ij ij 1 ij

+  G[(2T +  2/3 +  1 -  2a ) M i  +  ( 2 j  +  2 / 3 -  2 a ) M j } \ -

(5.2.5)
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+  ] T  GMk
k^ij

2(7+1)

(27 +  2/? -  a ) - J —  +  (2/? -  1 -  2a )-jp1
r-jTik 

1

+
a

r i j r j k  r i j r -k

+  r . . r 3 7 + (  2 7  2 + a ) r . . „ 3
a

I _a___a +  1/2

\ rfk r]k

3a
+

ikrjk

3a
r^rjk 1 r:

B ij =  — [(27 +  2 -  2 a )(r i j f , j ) +
r*- 'u

(5.2.6)

(5.2.7)

These equations have the standard form of the equations of the per­
turbed motion in celestial mechanics and are convenient for numerical in­
tegration. They differ from the equations of the p p n  formalism (Estabrook 
1969, Anderson 1974) employed in particular at JPL for the actual calcu­
lation of the ephemerides of the major planets (Standish et al 1976) by the 
fact that the right-hand members of (5.2.5) are resolved only into vectors 
r i j , rij and do not contain second derivatives.

If metric (5.2.1) and equations (5.2.5) are referred to the barycentric 
system then

+  0. (5.2.8)

For analytical or qualitative examination it is suitable to put equations
(5.2.5) in the Lagrange form with Lagrangian

i j j t i

+ X ) G ^ 'Mj ((7 + \ -  “ )*< + (-7 -  f  + «)*»■*; 
i i * ;  v

— (5  +  a ) ~2 ~ ( r i j x i ) ( r i j X j )  +  ~2~(r i j x i ) 2 I 
i j  i j  /

Kjjti 11 -

+ ftr y  V  G 3 M ‘M j M k r r  k +  2 ^ 2 ^  2 ^  r 3 r .,  r v rik• i7’ iki k^ij
(5.2.9)

5.2.2 Heliocentric equations

The barycentric equations (5.2.5) may be easily converted to heliocentric 
equations. Referring the zero index to the Sun and introducing instead of X{
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(i =  0, 1,2, . . . )  the heliocentric position vectors of the planets Ri =  x{ — x o 
and the vector

The summation is performed over j  =  1,2,... ( j  /  i). The vector R  may 
be determined from (5.2.8). Equations (5.2.11), of course, have nothing to 
do with the heliocentric reference system in a dynamical sense. One may 
construct the heliocentric reference system and the relevant equations of 
motion by the same technique as was used for g r s  and the g r s  satellite 
equations. The independent argument should therefore be the heliocentric 
time, i.e. the coordinate time of the heliocentric reference system. In 
distinction from the g r s  satellite equations of motion one cannot expand 
here the right-hand members in powers of the heliocentric coordinates of 
the planets. However, for the representation of planetary motion such a 
procedure is not necessary at present, considering that the direct relativistic 
mutual perturbations of the planets are quite negligible. In fact, one often 
ignores in the right-hand members (5.2.11) all relativistic terms containing 
planetary masses Mi ( i =  1 ,2 ,...) as factors. Then the coefficients of the 
solar relativistic terms contain only the Schwarzschild terms

At present, in calculating the relativistic effects in the motion of the 
major planets it is sufficient to consider the Schwarzschild problem only. 
Therefore, in integrating numerically one may omit in (5.2.5) or (5.2.11)

consideration of the relativistic perturbations one may in virtue of the 
smallness of eccentricities and inclinations use expressions (3.1.81), (3.1.96), 
(3.1.97) or (3.1.90), (3.1.98), (3.1.99) for the spherical coordinates of the 
planets.

(5.2.10)

of the Newtonian centre of mass, one obtains

+ (ra0,4i0 + miA0i)Ri + (m05 i0 + rriiBoi)Ri
4- ^  rrij[Aij(Ri — R j )  + A 0jR j  +  Bij(Ri — R j )  +  B 0jR j ] ,

(5.2.11)

(5.2.12)

(5.2.13)

all relativistic coefficients except for (5.2.12) and (5.2.13). In analytical



MOTION OF THE MAJOR PLANETS 179

5.2.3 Numerical results

Numerical results for the major planets of the Solar System have been 
obtained on the basis of the equations involving coefficients (5.2.12) and
(5.2.13) by Lestrade and Bretagnon (1982) as a supplement to the analyt­
ical theory of motion of the major planets VSOP-82 produced in Bureau 
des Longitudes (Bretagnon 1982). In using these results one should keep 
in mind two facts. First of all, the solution of the Schwarzschild problem 
is presented in this paper by expanding the perturbations of the osculat­
ing elements into trigonometric series with respect to one trigonometric 
variable, i.e. the mean longitude of the planet. This solution may be ob­
tained from the closed form solution (3.1.102)—(3.1.105) with the aid of the 
trigonometric expansions in mean longitude A. Secondly, this paper gives 
not only the Schwarzschild terms proportional to mo but also the terms 
proportional to rrioMj caused by interaction of the Newtonian planetary 
perturbations and the Schwarzschild perturbations (these terms may be 
called the indirect planetary relativistic perturbations). The Newtonian 
theory of motion of the major planets VSOP-82 contains both secular and 
mixed terms, retaining only the mean longitudes as the trigonometric ar­
guments. Therefore, the relativistic terms under discussion are of the same 
structure. As for the order of smallness of these terms, it is to be noted that 
this order is the same as the order of the terms in the right-hand members
(5.2.11) omitted in the paper considered (the direct planetary relativis­
tic perturbations). Hence, the terms proportional to rrioMj obtained by 
Lestrade and Bretagnon include only a portion of the terms of this order, 
which are inadequate to estimate the real magnitude of such terms. The 
Schwarzschild terms calculated by Lestrade and Bretagnon are reproduced 
briefly in the book by Soffel (1989). Only the Schwarzschild advances of 
the perihelia of the orbits of the inner planets are given here. In accordance 
with (3.1.66) the advance for one century is determined by

The relativistic gravitational parameter of the Sun m0 and the semi-major 
axis a of the orbit of the planet should be expressed in the same units of 
length, n is the mean motion of the planet for one century. With the 
currently adopted values GMq  =  132712 x 1015 m3 s-2 , c =  299792.5 x 
103 m s_1, 1 a u =  149 598xl06 m, mo =  1476.6 m, one obtains the following 
results:
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Mercury Venus Earth Mars

a ( a u ) 0.38710 0.72333 1.00000 1.52369
e 0.20560 0.00684 0.01677 0.09327
n ("/year) 5381016 2106 641 1295 977 689 050
A x  ("/century) 42.98 8.62 3.84 1.35
eAir ("/century) 8.837 0.059 0.064 0.126

Some details concerning the calculation of the Schwarzschild advance of 
the perihelion of Mercury are given in Nobili and W ill (1986).

5.3 M O TIO N  OF THE M O O N  

5.3.1 BRS and GRS treatment

The problem of the motion of the Moon has always been of particular in­
terest in celestial mechanics. Almost all the famous specialists in celestial 
mechanics have to a greater or lesser extent contributed to this domain. 
To the end of the nineteenth and the beginning of the twentieth centuries 
numerous efforts resulted in a variety of very efficient theories, the most 
accurate of them being the Hill-Brown theory. The second half of the twen­
tieth century saw the elaboration of new, even more refined theories. This 
became necessary in relation to the investigation of motion of the Moon 
by astrodynamic tools and the development of new observation techniques, 
primarily lunar laser ranging ( l l r ) .  At present, the most accurate the­
ories are numerical theory LE200 produced at JPL and analytical theory 
ELP-2000 from the Bureau des Longitudes (Chapront and Chapront-Touze 
1981, Chapront-Touze and Chapront 1983). Relativistic effects are taken 
into account in LE200 by simultaneously integrating the post-Newtonian 
equations (5.2.5) of the major planets and the Moon. In ELP-2000 the rel­
ativistic perturbations are added separately (Lestrade and Chapront-Touze
1982). In both cases one deals with the b r s  relativistic theories of the mo­
tion of the Moon. In the case of the Moon the advantages of constructing 
the g r s  theories are not as evident as in the case of Earth artificial satel­
lites. Certainly, as explicitly stated in Soffel ei al (1986) and reflected in 
table 5.1 the magnitude of the relativistic perturbations in the motion of 
the Moon is much less in g r s  than in b r s . But the Moon is more often 
considered together with the major planets and to use different reference 
systems (including timescales) for the major planets and the Moon may be 
not convenient. Perhaps both b r s  and g r s  theories of the motion of the
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Moon are needed. So far, an extensive g r s  theory of the motion of the 
Moon has not been constructed although the main perturbations in the 
motion of the Moon in Fermi coordinates have been derived (Soffel 1989). 
The main b r s  perturbations in the motion of the Moon are given below as 
determined by Brumberg and Ivanova (1985).

5.3.2 Physical considerations

Before applying (5.2.5) to the problem at hand some remarks concerning 
the physical foundation of the point mass model are needed. In many pa­
pers on the p p n  formalism the equations of motion of celestial bodies are 
used in a perfect fluid model (W ill 1974). These equations are based on 
a greater number of physical assumptions than the equations of motion of 
point masses. In particular, the equations for massive fluid bodies include 
the Nordtvedt effect, i.e. the violation of the principle of equivalence for 
the massive bodies. In considering only the main p p n  formalism parame­
ters the expression describing this violation contains the factor 4/? — 7 — 3 
(W ill 1971). Thus, in the equations for point masses the parameters f3 and 
7 act as characteristics of the external gravitational field (5.2.1). In addi­
tion, in the equations for massive bodies they enter as characteristics of the 
internal structure model as well. In the equations of motion of the Moon 
derived within the framework of the p p n  formalism for massive bodies the 
Nordtvedt effect turns out to be the most significant post-Newtonian ef­
fect. But discussion of l l r  observations demonstrates the absence of such 
an effect (Williams et al 1976, Shapiro et al 1976), resulting in the conclu­
sion that 4/? — 7 — 3 =  0. But such a conclusion uses implicitly physical 
assumptions of the adopted massive body model. Also, one may note the 
paper (Kreinovich 1975) questioning the correctness of common considera­
tions of the Nordtvedt effect and concluding that it has a negligibly small 
effect on the motion of the Moon (independent of values for (3 and 7 ). It 
seems that the point mass model has not lost its role in the p p n  formalism 
and consideration of the motion of the Moon on the basis of this model is 
meaningful.

5.3.3 Equations of relative motion

Returning to (5.2.5) let the indices 1, 2 and 3 refer to the Earth, the 
Sun and the Moon, respectively. Introduce instead of ®i, x 2 and *3  the 
vector 7*0 of the Newtonian centre of mass of three bodies, the geocentric 
position vector r of the Moon and the heliocentric position vector R  of the 
Newtonian centre of mass of the Earth-Moon system. Then

M 2 M 3 M c Mo _  Mi
*1 =  ro +  ~7 7 R - T T r x 2 =  r o — r r #  x 3 =  r Q-\- — R +  — r M  M c M  M  M c

(5.3.1)
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with M c =  M i +  M 3, M  =  M 2 +  M c. From (5.3.1) there results

„  M 3 
7*12 =  i t  -  —  r

M c
Mi

7*32 =  -R +  7*31 =  r. (5.3.2)

The equation determining 1*0 follows immediately from (5.2.8)

’  ................................  ........................;)]Tq

( ^ ) B

_a  G M  ( M i  M i
R ----TT- I ------h

M 1M 3
M 2 M c 
M i - M i  ( . 2 GM,

- 2 M 1M 3
c ■■__ r

M c \ ru  r32 

G M 2

Mr.
+  2 ̂ - R r

r J M

1 — - )
r  12 ^ 3 2 /

(5.3.3)

Differential equations for R  and r follow from (5.2.5) and (5.3.1) 

r  =  ~ ^ ~ r  +  G M 2 ( ^ -  -  +  m2(A R  +  B R  +  Cr  +  D r )  (5.3.4)

« = - ^ -  ( ^ L r i 2 + ^ - r 32) + m 2 {A ,R + B ,R + C ,r +  D ,r )  (5.3.5)
c \ 12 32 /

with

4̂ =  A 3 2 — A \2 B  =  5 3 2 — # 1 2
M i M 3 M i M 3

C  =  -7 7 - ^ 3 2  +  T7"^12 +  7 7 “ ̂ 31 +  T7" ̂ -13 M c M c M 2 M 2
Ml M.% M 1 M 3

D  =  ---- £ 3 2  H---- ~i?12 H---- -#31 H---- Ĵ5i3
M e 3 2 M c 12 M 2 M 2 13

(5.3.6)

and

M3 Afi
A '  — -j-7-j4i2 +  ■T7_-̂ 32 +  Tir-^-21 +

M, M. M 2

M 3
M 2' 2̂3

M i M 3 M i M 3
B =  Y7~Bl2 +  ~71~B32 +  7 7 ”-021 +  -7F''®23

M, M , M 2 M 2 

C> =  M l M l {A 32 - A i 2 ) + M l M 3
M l

D ' =  ^ r - ( B * 2 - B i 2 ) +

M 2M c
M lM 3
m 2m c

(A 23 — ^21 +  ^31 — ^ 13)

(#23 ~  -S21 +  # 3i — # 13). (5.3.7)

Within the post-Newtonian approximation equations (5.3.4) and (5.3.5) 
are quite rigorous. Under actual practical requirements one may put C f =
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D f =  0 in the right-hand side of (5.3.5) and retain in A 1 and B ' only the 
Schwarzschild terms

A ' = - (  7 +  a ) j ^  +  j ^ ( R R ) 2 +  (2/? +  27 -  2 a ) ^

B 1 =  (27 +  2 — 2 a ) (R R ) j ^ .  (5.3.8)

Then equation (5.3.5) is related to (5.3.4) only by means of the coordi­
nates r of the Moon entering into the Newtonian terms of the right-hand 
member (5.3.5). In simultaneous numerical integration of the equations 
for the major planets and the Moon it is suitable to replace the equations 
for the Moon and the Earth by equations (5.3.4) and (5.3.5), adding the 
appropriate terms for the planetary perturbations.

If one neglects in (5.3.6) the Schwarzschild terms, the terms due to the 
motion of the Earth and the terms of the Earth-Sun coupling then the 
most important solar terms are

GMo R 2 R r
A  =  8(—/? -  7 +  a ) ^ - ( R r )  +  3(7 +  < * ) ^ ( R r )  -  2(7 +  < * ) ^

+  ^ r ( R R )  ( 2R r  +  2r R  -  - ^ (R R ) (R r ) ^ j

B  = 2 ( j +  1 - a ) j p ^ R t + r R -  j ^ ( R R ) ( R r ) ^  (5.3.9)

C = 2(l3 + y - a ) ^ - ( 7 + «)!L + ^r(RR)>

D = 2 ( 7 + l - a ) ( R R ) ± .

These coefficients take an even simpler form when substituting the cir­
cular motion for the Earth-Moon centre of mass:

R 2 =  G M 2/ R  R R  =  0.

Then

A  =  ( - 8/? -  57 +  U a ) ^ - ( R r )  -  2(7 +  a ) ^  

B = 2 ( y  +  l - a ) ( R r + r R ) - ^  (5.3.10)

C  =  (  2/? +  7 - 3 a ) ^  D  =  0.

In particular, these terms describe the effect of geodesic precession. In fact, 
in the limit (r /R ) —► 0 in the relativistic right-hand side of equation (5.3.4) 
under (5.3.10) there remains only

( r ) re, =  ^ ( 2 7 +  l ) [ ( R x R ) x r } + ^ ( l - 2 a ) [ ( R r ) R H R r ) R ] .  (5.3.11)
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The first term describes the geodesic precession with rate

(27 +  l ) ^ J V  (5.3.12)

N  being the mean motion of the Earth-Moon barycentre. Thus, one comes 
again to the terms (5.1.20). Such terms are absent in the g r s  theory of the 
Moon’s motion.

5.3.4 Equations in Lagrange form

When applying the Lagrangian (5.2.9) to the equations of motion of the 
Earth-Moon-Sun system one has to substitute (5.1.1) in (5.2.9). Firstly, 
one separates the terms determining the motion of the Newtonian centre 
of mass

L 0 =  \G M v\  +  \c~2( R r Q)
M 2
M

G (M 2 -  M e) ( ^ R 2
GM i G M 3

+ H 2?)]
G M 1M 3

M c

M 2 / • . G M  G M
- r f  [2  R r  + ---------------
M  V ri2 r32

l _2 GM 1M3 , . . , 
+  2C — -----( " o )

+

M c 

M j — M 3 

Me
r 2 -

r 12

G M ,

tz2

1 —2 G 2M 2M \ f . J M 2 - M e , ^  M 3
-  nC ----- 5-----( r 1 2r 0) ( -----u ----( r i 2 H) -  j f { r i 2r )

' 12 M

-  * c 2<? M? M * (rmra) (  (r32R ) +  ^ - ( r 32r )
M

! _ 2G2M iM 3/ . ^ M ! - M 3/ , nM 21 x 
tc  ------s-----( r r 0) -----;7-----( r r )  +  2— ( R r )

Me M
(5.3.13)

The motion of the Newtonian centre of mass is determined by the equa­
tion dLo/dro =  0 and its integration again leads to (5.3.3). Within the 
post-Newtonian approximation the heliocentric motion of the Newtonian 
Earth-Moon barycentre and the geocentric motion of the Moon r are sep­
arated from the motion of the Newtonian centre of mass ro of the whole 
Earth-Moon-Sun system. Hence, L q may be omitted and the Lagrangian 
of (5.3.4) and (5.3.5) takes the form

r 1 GM 2M c -2 1G M iM 3 .2 G2M 2M i g 2m 2m 3 G 2M 1M s
----—— K  +  77— 7Z----r  H---------------- 1----------------1--------------

2 M  2 M c r 12 r32 r
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4- (a  - P + \  )G 2 ( (M 2 +  M i ) ^  +  (M 2 +  M 3) ^
' 12 32

+  m 2
G M i M 3

M c
'_1_____ 1_

, r\ ‘2 J'32

-  I 3 - -  3 - )  ( * * )'12 32

g m 2 a
M 2 \2

+ JL, a + 7 + i) ̂  + ̂ V 2 + — i^  + ^
2 V ri2 r32)  M c V r?, r?

1 M 2M C
a +  2 “^ ^ J ^ ) 2 +  a (-RV')2 +  i 2 a +  ) ( flf,) (H r )

12

1 M c

+ I 2“  + 5^7 I (RR)<rr) + ( f c _ v  + 1)S & ( i  + ±
r \ r 12 r32

_ ± ( G *  G M i \ _ J l . +  l
r \ r 12 r32 7 Vr i2 r3
/ G M .

- R 2 +  G
\ r

M i — M 3
(H r ) -

1 M i  — M% 

+  2 G M M ,
2 g m c(R r )  I r ---------

,3 
32

G M 1M3 

M c 1

1 M i -  M 3 1

2 M
(rf)(J ir)

_  _ L  f  M  _  Mi ^
V r 12 r 32 /M 2

(rr ) 2a + i ^ J ( f l r )  +  2a(J'tt)

4- (2a — 2/? -f 1)
GM ,

+
r12r32 8G M 2

1 -  3 ^ ^ ' )  r 4
M?

a / Mo M ?\ , . . .  M c (  1 1 M iM 3\ 1 .

+ w ( ^ + ^ ) M ! + ^ ( - “ + 7 + 2 + 2 T j r ) r

\ 1 , G M 2 . 1

J ^ ( r r )  + l w T ( a - / ? + 2 ) ^

( * r ) -

M e (  1 M i M 3\ 1 

M 2 V 2 M 2

+  a
G M C

ri2r$2 \ r i2 r$2

a ( G M ,  . GM , , (5  3 H )

ri2>*32 V r12 '3 2

The Lagrangian (5.3.14) is quite rigorous and corresponds completely to 
equations (5.3.4) and (5.3.5).
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5.3.5 Principal inequalities in the motion of the Moon

To provide the solution in analytical form the Lagrangian (5.3.14) is ex­
panded in powers of the ratio r /R  using relations (5.3.2). To proceed, one 
separates in (5.3.14) the terms dependent only on the heliocentric motion 
of the Newtonian Earth-Moon barycentre

1 I M 2M c \ G M - 2  (  1 M 2M c\ G M , n  •
+ 7 + 2 + 2 - m H  — R  + ( “ + 2 - « 5- h p < R K >

M i M a\ g 2m 2
Z'

M M C J R?
(5.3.15)

This enables us to consider the heliocentric motion of the Newtonian 
Earth-Moon bary centre as known and described by the Schwarzschild prob­
lem solution (3.1.90), (3.1.91) and (3.1.94). Therefore, choosing as the basic 
reference plane the orbital plane of the Newtonian Earth-Moon bary centre 
one obtains for the components of the vector R  =  ( X \ Y \  Z ')

-^ (X ' +  iY ')  =  expiA' +  e ' { [ - §  +  |<r(a -  0 +  7 +  l ) ]e x p i7r'

+  [2 +  2 ff(a “  /? +  7 +  1)] exP _  7r0 ) +  • • •
(5.3.16)

Z ' =  0 (5.3.17)

with

A' =  N  7r' =  cr ( -p  +  2 7  +  2  ) N  [1 +  <r(-3a +  2/3 +  j ) ] N 2A 3 =  G M
(5.3.18)

cr =  N 2A 2/c2 being a dimensionless relativistic small parameter ( «  10"8). 
The coordinates (5.3.16) and (5.3.17) are substituted into the Lagrangian 
and in addition to the expansion in the solar parallax A ~ l one performs 
an expansion in the eccentricity e'. The actual solution of the equations of 
motion of the Moon is constructed in Brumberg and Ivanova (1985) in the 
pure analytical form of the Hill-Brown series but in contrast to the classic 
technique of undetermined coefficients an iteration method is applied which 
is more suitable for analytical manipulation on series by computer. The 
final expansions for the sidereal spherical coordinates of the Moon

cos <p cos v '
r =  r ( cos^>sinv ] (5.3.19)

sin (p
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have the form

—  =  R q -+• eRe +  e'Ret H— — R a +  ce/R ee> +  ... (5.3.20)
ao A q

V -  A =  Vo +  eVe +  e 'v t, +  ^ - V a +  e e 'V ^  +  ... (5.3.21)

^ ^ + e ^  +  ...). (5.3.22)

A, e and k are the mean longitude, eccentricity and inclination of the orbit 
of the Moon, respectively, with A =  n. ao and Ao are the semi-major axes 
determined from the measurable mean motions n, N  and the masses M c, 
M  by the following equations:

N 2A% =  G M  n24  =  G M C. (5.3.23)

The coefficients of expansions (5.3.20)-(5.3.22) represent series with 
power variable

N
m — ------— (5.3.24)

n — N

and trigonometric variables

D  =  A—A0 =  A-A '+180° /' =  fD+l 'o I =  c D + l 0 F  =  g D + F 0.
(5.3.25)

V is the mean anomaly of the orbit of the Earth-Moon barycentre, and / 
and F  are the mean anomaly and the argument of latitude of the orbit of 
the Moon, respectively. Denote the relativistic small parameters by

6 =  * ( - 1 0  +  §7 +  1) 6i =  ^(27 +  1) e2 =  (r €3 =  aa. (5.3.26)

The initial terms of coefficients (5.3.20)-(5.3.22) are
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+  ( ^ e2 -  msin(4£> — F  +  / ' ) + . . . .  (5.3.38)

As for the frequencies of the trigonometric arguments (5.3.25) one has

/ = ( l - | c - i e 1)m (5.3.39)

and c and g may be replaced by the rates of advances of the perigee and 
the node

-  =  1 - — -  =  1 - — 9— . (5.3.40)
n \ +  m n 1 +  m

Then

ic i /3 9 5 \ 2 /177 153 523 \ 3_  — Lc. m I __ I__ /r___ I I _____I____________ /r. I m*3n - ^ m+{-4 + 4£- ? ' ) m + {-W + l 6 €--Mê m
(1659 5775 461 \ 4 / 85 205 82165 440 729 \ 5 

+  V 128 +  128 C 16 Cl)  m +  V 2048 +  512 f 4096 * 7  ™ 

/ 3073 531 16498169 3214533 \ 6 

+  V 24576 +  24 576 € 8192 €l) m
f  258 767 293 862144 879 1864831507 \ 7 

+  V 589824 +  294912 e 1179648 f l J ™

/12 001004 273 95700888409 24617929057 \ 8 
+  \ 7077888 +  7077888 6 3538 944 €l J m +  ■ ■ ■

(5.3.41)

„  =  +  ( , "4  -  -  I f V  m +  U  +  l 6e "  64fl ' m

f  123 15 71 \ 4 /1925 839 9 .
+  {  128 +  128€ 64eiJ m + \2048 512* 4096 Cl ' ™

5

. 25667 27835 5179 \ 6 
' 24576 24 576f + 8192£lJ m 

/ 268 309 78319 494453 \ 7 
+  1,589824 +  294 912f +  1179648eV  ™

( 9662017 18270287 310057 \ 8 
+ V 7077888 7077888 € +  442368£lJ  m + )

The solution (5.3.27)—(5.3.38), (5.3.41) and (5.3.42) is presented in the 
form of the series in powers of m. The convergence of the series in powers 
of m is rather slow and such power expansions are avoided if possible in 
modern theories of motion. But for calculating relativistic perturbations
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the power expansion technique turns out to be quite adequate. Expres­
sions (5.3.27)-(5.3.38) enable one to reveal some details of interest such as, 
for example, the occurrence of negative powers of m in some coefficients. 
It may be noted in addition that the relativistic perturbations enter into 
the series for the coordinates of the Moon also in an implicit manner as 
relativistic contributions into the frequencies of the arguments /, V and F  
in Newtonian terms. Such perturbations might be presented, of course, in 
explicit form.

5.3.6 Numerical perturbations and constants of the theory

For numerical estimations of the relativistic perturbations one takes n =  
17325593" y r "1, N  =  1295 977" y r "1, A/c  =  499.005 s, ra =  0.080 85, 
cr =  9.8711 x 10" 9. R e and Ve should be multiplied by the constant of 
eccentricity of the Moon, e =  2E. R e> and Ve> are multiplied by the solar 
eccentricity e!. R a and Va enter with the factor equal to the ratio of the 
semi-major axes cio/ A q. finally, $k should be multiplied by the constant of 
inclination of the Moon, k =  2r. Numerical estimates of these constants 
are

E  =  0.054 90 e =  0.016 71 r  =  0.04489

and
m c n 2 \ 1/3 m.

- f  =  3.0404 x 10"6.
M

Substituting these values into series (5.3.20)-(5.3.22) and returning by 
(5.3.26) to the initial parameters a, (3 and 7 one obtains the trigonometric 
series with numerical coefficients given in Brumberg and Ivanova (1985). 
There is no need to reproduce these series here and it is sufficient to give 
the relativistic secular rates of motion of the perigee and the node of the 
Moon:

A *  =  0.8328" -  0.2568"/? +  1.1520/;7 (5.3.43)

A A  =  0.5902" +  0.0435"/? +  1.2673V (5.3.44)

For g r t  the relativistic secular rates (5.3.43) and (5.3.44) yield 1.7280" 
and 1.9010", respectively. The secular motion of the lunar perigee should 
be augmented by the Schwarzschild advance of 0.06" per century. The val­
ues 1.79" and 1.90" for the relativistic motions of the perigee and the node 
of the Moon are quite consistent with the values of ELP2000 theory deter­
mined by a completely different technique (Chapront-Touze and Chapront
1983).

The problem of comparison with observations will be discussed in the 
next chapter. Let us note once again that the results discussed here hold 
true only for the b r s  relativistic perturbations and cannot be identified with



MOTION OF THE MOON 195

physically measurable relativistic effects. The most significant relativistic 
term in the radius vector r has argument 2D and amplitude of order 100 cm. 
The physically measurable effects are two orders of magnitude lower, as is 
to be expected from the estimations of table 5.1. There are no discrepancies 
now between the theoretical and observational data concerning the secular 
advances of the perigee and the node (Chapront and Chapront-Touze 1981). 
Moreover, the effect of geodesic precession was explicitly confirmed recently 
(Bertotti et al 1987, Shapiro et al 1988).

It remains to interpret the constants occurring in the series for the co­
ordinates of the Moon. The mean motion of the Moon n and the Sun N , 
the masses of all three bodies and the light velocity c may be regarded 
as directly measurable quantities. Based on them one may calculate the 
values ao and A q of the semi-major axes. Eccentricity and inclination con­
stants of the orbit of the Moon 2E and 2r are defined in Newtonian theory 
as coefficients in the principal terms sin / and sinF in the longitude and 
latitude of the Moon, respectively, and are regarded to be known from ob­
servations. In the relativistic theory such a definition becomes, generally 
speaking, coordinate dependent. Indeed, the coefficients in sin / and sinF 
in (5.3.33) and (5.3.37) contain the coordinate parameter a and, hence, 
cannot be considered as directly measurable quantities. I f it is desirable 
to have coordinate-independent definitions of the parameters of orbit one 
should give other definitions for the eccentricity and inclination constants. 
In the Schwarzschild problem such a definition is possible because one is 
confined usually to a class of the coordinate systems distinguished from 
one another only by radial coordinate. In the problem of the motion of the 
Moon the corresponding class of the coordinate systems is determined by 
(5.2.3) and (5.2.4) or

mc t f r 12 T*32r — r — a — r +  am2 ------------
r \ r  12 r32

(5.3.45)

Expanding in powers of r /R  one has

mc m2 (  1 , _  .
r — r — a — r +  a —  ( —r +  —~ (R r )R  

r R  V R z

m2 
+  a R3

( R r ) r  +  \ ( r 2 ~  ~ ( R r ) 2 ) R (5.3.46)

Expressed in terms of the spherical coordinates we obtain

r)\  (jR x  r ) 2
r — r

, mc m2 (  3 (R r )
1 -  a -----------------a —  1 -

r r \ 2 R?

v — v =  a -
m 2
R

R r  1 r .
* + H  \ “  R 2r2

( R r ) 2\ 1

R 2r2

sin(t) — v q )

(5.3.47)

(5.3.48)
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(  m2(R r )2\
V  =  ^ { ' - ° - R  W j '

In addition, from (5.3.46) and (5.3.47)

r r mo 
— =  -  +  a —  
r r R

Rr
Rr K1-

( R r )2 
' R 2r2

r  x ( f i x  r )  
fly2 ‘

(5.3.49)

(5.3.50)

The tilde again denotes harmonic coordinates. Performing the transfor­
mation (5.3.47)-(5.3.49) to harmonic coordinates one obtains expressions
(5.3 .20) - (5.3.22) with the condition e3 =  0 in the coefficients.
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Relativistic Reduction of Astrometric 
Measurements

6.1 GENER AL PRINCIPLES OF REDU CTIO N

6.1.1 Reduction of measurable quantities

The information given by astronomical observations characterizes not only 
the object of observation but the observer as well. This information de­
pends on the position of the observer, its velocity and the value of the grav­
itational potential at the point of observation. In order to use information 
obtained by different observers or even by one and the same observer but 
at different moments of time it is necessary to perform a reduction of the 
observations, i.e. to refer them to some conventional point at some adopted 
moment of time. Depending on the problem at hand such a point may be 
the geocentre, the Solar System barycentre, a point infinitely far from the 
Solar System (under the assumption of the isolated existence of the Solar 
System) and so on.

In classical astronomy the main types of reduction are related to the 
position and velocity of the observer. For example, annual aberration and 
annual parallax represent reductions to the Solar System barycentre caused 
by the barycentric velocity of motion of the Earth and the difference of the 
observer’s position from the Solar System barycentre. Diurnal aberration 
and diurnal parallax are reductions to the geocentre due to the diurnal 
rotation of the observer on the surface of the Earth and the difference of 
its location from the geocentre. These types of reduction enable one to 
reduce the results of different observers on the surface of the Earth to one 
point and thus to use them in a uniform manner as actual observations. 
Relativistic reduction introduces its own corrections to these classical types 
of reduction and in addition makes its specific contribution due to the 
influence of the gravitational field on the results of measurement.

197
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The reduction described here may be called the reduction of measur­
able quantities. We recall that by measurable quantities we mean quanti­
ties independent of mathematical constructions such as reference systems. 
Such quantities may be both directly measurable quantities (angular dis­
tances between two light sources measured by the observer, intervals of 
the observer’s proper time between two events occurring at the point of 
observation, ratio of the frequencies of emitted and received signals, etc) 
and quantities that are measurable in principle (for example, angular dis­
tances, time intervals and frequency ratios for an imagined observer in the 
geocentre or in the Solar System barycentre or infinitely far from the Solar 
System).

6.1.2 Reduction of coordinates

The second type of reduction specific to g r t  is related to the reduction 
o f coordinates, i.e. the transformation of coordinate-dependent quantities 
into measurable quantities. In Newtonian theory one deals, as a rule, with 
the physically privileged inertial coordinates which may be considered as 
measurable quantities. Such coordinates do not exist in g r t . Solution of 
any dynamical problem is influenced by the choice of a particular coordi­
nate system. The aim of this second type of reduction is to exclude this 
influence and to present the results of dynamical solution in terms of mea­
surable quantities. In principle, such a problem has a place in Newtonian 
theory by using non-inertial coordinates and is easily solved by transfor­
mation to inertial coordinates. To solve this problem in g r t  one has to 
describe the measurement procedure in the same coordinates as used in 
treating the dynamical problem. Eventually, this reduces to the description 
of light propagation within the space-time metric of the dynamical prob­
lem. As a result, the solution of the dynamical problem will be expressed 
in measurable quantities which are, possibly, not directly measurable. For 
example, if the l l r  problem has been solved in b r s  then it gives the time 
for the round-trip light propagation for an infinitely far observer (the b r s  

coordinate time). This is a measurable quantity but, obviously, to obtain 
the directly measurable quantity, i.e. the time interval for the clock of 
a ground observer, one still has to perform a reduction of the first kind, 
related to the transformation of measurable quantities.

It should be noted that the terminology used here is not universally 
accepted and completely opposite statements can sometimes be met. For 
instance, some authors do not make any distinction at all between cal­
culated and measurable quantities, incorporating calculation by means of 
definite algorithms within the measurement procedure. But it is of im­
portance to realize what is kept in mind when formulating one or other 
statement. The terminology used above seems to be quite clear and will 
be used below.
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Let us emphasize again that reduction of coordinates is aimed to elimi­
nate coordinate-dependent quantities (coordinate parameters in particular) 
and to obtain expressions for quantities that are, in principle, measurable. 
The aim of measurement reduction is to transform from one set of measur­
able quantities to another set.

6.1.3 Basic relations between coordinate and measurable 
quantities

The basic relations for the problem of measurement in g r t  have already 
been given in section 2.3. Here these relations are specified in application 
to astronomical problems.

Let some dynamical problem be solved in a reference system defined by 
the metric

ds2 =  g^v dx^dx” x° =  ct (6.1.1)

9nv Viiv 1 (6.1.2)

rjoo -  1 7̂oi =  0 rjij =  S i j . (6.1.3)

The first problem of reduction to measurable quantities is the transfor­
mation to the observer’s proper time r. This is performed by integrating 
along the observer’s world line the equation

dr =  (poo +  2c~1g0i i% +  c~2g a i 'x k) 1/2 dt (6.1.4)

or in the post-Newtonian approximation

dr =  (1 — ^c_2t;2 +  7̂/ioo +  c~1hojXt +  ...) dt (6.1.5)

Here and below /ioo and hik are regarded as second-order quantities with re­
spect to the ratio v/c, v =  (xhxk ) 1! 2 being the magnitude of the observer’s 
coordinate velocity. As for hoi, these components have third order for non­
rotating reference systems and first order for rotating systems. Therefore, 
in (6.1.5) and all formulae below underlined terms should be omitted when 
treating non-rotating systems.

The second problem is to investigate light propagation in system (6.1.1). 
This is performed with the aid of equations (2.2.61) where the components 
hoi are treated as third-order quantities. It is sufficient to examine light 
propagation in non-rotating systems. I f necessary, the corresponding rela­
tions for rotating systems may be obtained by coordinate transformation. 
For non-rotating systems one may choose as initial values for the light parti­
cle its position at the initial moment of time a?o =  ®(^o) and the unit vector 
a  =  c_1i ( —oo), cr2 =  1, characterizing the light direction at a remote past. 
For the problem with boundary conditions x (t0) =  a50, x (t )  =  x one has to
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express cr and the interval t — to in terms of these boundary values. These 
formulae are adequate for discussing radio range and radiointerferometric 
measurements.

Measurement of the angular distance between two light emitters may be 
regarded as the basic idealized type of astrometric observation. Therefore, 
the third typical problem of a relativistic reduction is to calculate an ex­
pression for the angle between two light rays at the point of observation. 
For this purpose one performs the local 3 + 1  splitting (2.3.11)

The three-dimensional form d£2 describes the local spatial relations at 
the point of observation. The scalar product and length of arbitrary three-

I f  P  and Q  are identified with the directions of two light rays at the point 
of observation then P  =  c- 1r*i(t), Q =  c~1r 2 (t ) and relation (6.1.12) rep­
resents the required expression for the measurable angular distance between 
two light emitters.

Along with mutual angular distances astrometric practice often requires 
the derivation of the direction towards a star or a planet in the reference 
frame of an observer. This is the fourth problem of relativistic reduction. 
The reference frame of an observer corresponding to the splitting (6.1.6) 
may be constructed by introducing the tetrad A j^ with

ds2 =  c2dr2 -  d£2 (6.1.6)

with

cdr =  — = g o a dxa 
y/9 oo

(6.1.7)

and

di2 =  'fikdxidxk
l

Ifik — 90i90k 9ik- 
g oo

(6.1.8)

In the post-Newtonian approximation

cdr =  (1 +  5/100 -  lh l0)cdt +  (h0i -  ^hook^dx* (6.1.9)

7* k — &ih hik “1“ ^0i hpk • (6.1.10)

dimensional vectors applied at the point of observation are defined by the 
formulae

(6.1.12)

*(o) =  l  *o>) =  0 * O ) = 0  \fn =  6tJ +  ^  -  \hQih0j (6.1.13)
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or in covariant components 

A(00) =  1 A<0) =  0 A&° =  0 X\j )  =  6ij -  \hij + 1/t0lfeoj. (6.1.14) 

The measurable space intervals are

dxW =  \fdx> =  dx1' +  \ { - h ik +  hQihok) dxk (6.1.15)

so that
di2 =  6ikd x ^ d x ^ l  (6.1.16)

The 4-impulse of a photon has the following components in the metric 
(6 .1 .6):

p° =  hu p*' =  —  (6.1.17)
c dr

(is is the frequency, h is Planck’s constant). The components p% may be 
calculated on the basis of the equations of light propagation followed by 
the change (6.1.9) from t to r. Then the tetrad components enable one to 
calculate the invariant components of the 3-vector p =  (p^\p^2\ p ^ )

pW =  p" a £>. (6.1.18)

With the normalization hu =  1, the vector p  represents the unit vector 
determining the observed direction from which the light ray comes to the 
point of observation. Instead of (6.1.18) one may also use the relation

dxk (  _ i da^ \ 2 x 
1 -  c hok +  [ c  hok —rr ~  o

dt \________dt J 00
_i dx 

° dt

-1 dxk
~f b (—hjk +  hpihok)c 1~^~ (6.1.19)

dxl/dt being the coordinate velocity of light. Expressions (6.1.18) or
(6.1.19) require a relation of the form

(r — p-\- Ap. (6.1.20)

The correction A p  represents the relativistic term which must be added 
to the observed value of p  in order to obtain the gravitation ally unperturbed 
direction a  at infinity. It is easy to express this reduction in spherical 
coordinates. For example, if the direction p  is given by spherical angles 
a, 8

p  =  —(cos a cos 8, sin a cos <5, sin 6) (6.1.21)

then, accurate to quadratic corrections, one has

cos 8Aa  =  sin aAp1 — cos aAp2 +  sin 8AaA8 (6.1.22)
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AS =  sin<$(cosaAp1 - fs inaAp2) — cos<5Ap3 —  ̂sin S cos 6(A a )2. (6.1.23)

The above formula (6.1.12) for the angle between two light rays with 
directions p x, p 2 reduces now to the Euclidean form

cos ip =  P iP2• (6.1.24)

The fifth problem of relativistic reduction is to take into account the 
velocity of the observer’s motion. In the post-Newtonian approximation 
this problem may be solved independently of other problems by applying 
the formulae of relativistic aberration obtained from the Lorentz transfor­
mations. One may introduce also a reference system related to the moving 
observer and perform for this system the splitting (6.1.6), forming rp and 
p. Then these expressions will involve the observer’s velocity in the initial 
system (6.1.1).

Finally, the main problem of relativistic reduction is the general theory of 
relativistic reference frames and their interrelations. This problem includes 
all the above problems as particular cases. Therefore, instead of going 
into the details of these particular problems elucidated, for instance, in 
Brumberg (1981, 1986), we shall address directly the general problem of 
relativistic reference frames (Brumberg 1987b, Kopejkin 1988, Brumberg 
and Kopejkin 1989a).

6.2 RELATIVISTIC THEORY OF ASTR O N O M IC AL  
REFERENCE SYSTEMS

6.2.1 General principles

The concept of reference frame is often used in a different sense in physics 
and astronomy, sometimes leading to misunderstanding. For astronomical 
applications, to avoid any confusion it is suitable to follow the operational 
definition given by Kovalevsky and Mueller (1981) and detailed by Ko­
valevsky (1985). In accordance with this definition the reference (coordi­
nate) system is the primary mathematical construction to be given in g r t  

by a metric form. Instead of such a laconic description the reference system 
may be defined by formulating conditions that underlie the corresponding 
metric form. These conditions involve the following: (1) coordinate condi­
tions characterizing the choice of a particular set of quasi-Galilean space­
time coordinates; (2) the type of solution of the g r t  field equations; (3) 
the choice of the world line of the origin of the reference system; and (4) 
the choice of the angular rotation velocity of the spatial axes.

The reference frame results from the matching of the reference system 
to some reference astronomical objects (4materialization’ of a reference sys­
tem). Such materialization is not necessary in solving questions relating,
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for instance, to timescales or units of measurement. Until recently, the 
most widespread approach in the relativistic theory of astronomical ref­
erence frames was to construct the proper reference frame of a fictitious 
or actual observer with the aid of the Fermi normal coordinates (the time 
axis is the world line of an observer, the three space axes are the spacelike 
geodesics orthogonal to the world line of the observer). Such an approach 
is treated in a number of papers, starting from Mast and Strathdee (1959) 
and ending with Ni and Zimmermann (1978). Many other aspects of con­
structing reference frames for massless observers have also been developed 
(Synge 1960, M0ller 1972, Vladimirov 1982).

When applied to the geocentric frame this approach involves difficulties 
because one cannot consider the Earth as a massless body and neglect its 
own gravitational field. To overcome these difficulties the metric tensor of 
the whole Solar System is separated into a ‘local’ part due to the gravita­
tional field of the Earth and an ‘external’ one caused by external bodies 
(and their interaction with the Earth). One constructs first the proper 
reference frame for the fictitious Earth moving in the ‘external’ field. Then 
the corresponding coordinate transformation is substituted into the full 
metric incorporating completely the gravitational influence of the Earth. 
This approach was developed in several papers at IAU Symposium no 114 
(Bertotti 1986, Boucher 1986, Fujimoto and Grafarend 1986, Fukushima ei 
al 1986a) with a final derivation by Ashby and Bertotti (1986), Fukushima 
(1988) and Soffel (1989). This technique of generalizing the Fermi normal 
coordinates is not unique since the separation of the metric tensor into ‘lo­
cal’ and ‘external’ parts cannot be performed in a unique manner (Thorne 
and Hartle 1985). Moreover, the generalized Fermi coordinates have no 
physical privileges, in contrast to the Fermi coordinates of a massless ob­
server.

Among other methods of constructing a geocentric system one may note 
the technique of Pavlov (1984a,b, 1985) based on linear transformations of 
space-time coordinates.

To date, it has been sufficient in astronomical practice to use the local 
3+ 1  splitting of the space-time at the point of observation and to introduce 
the local inertial reference system in the infinitely small vicinity of the 
point of observation. Reduction of observations is therefore performed just 
for this system (Murray 1983, Hellings 1986, Brumberg 1986). Such an 
approach may be realized by using the equations of section 2.3.4.

6.2.2 Harmonic reference systems

It is obvious that one may use any coordinates in constructing a reference 
system. But if a coordinate system is not dynamically adequate to the 
class of problems under consideration then both the solution of the dy­
namical problems (the subject of relativistic celestial mechanics) and the
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transformation to the observational data (the subject of relativistic astrom­
etry) will contain a number of extra terms caused only by the inadequate 
choice of reference frame. These terms cancel out in the expressions for the 
measurable quantities (time intervals, angular distances, frequency ratios, 
etc) and the resulting relativistic effects turn out to be much smaller than 
the relativistic perturbations in the coordinate solution of the dynamical 
problems. On the other hand, if the coordinate system is dynamically ad­
equate, then the coordinate solution of the dynamical problems will not 
contain any large terms of non-dynamical origin and will hardly change in 
converting to measurable quantities.

Reasoning from these considerations and using the technique of Kopej­
kin (1987) one may construct a hierarchy of relativistic reference systems 
(Brumberg and Kopejkin 1989a). This hierarchy includes a barycentric 
reference system ( b r s ), geocentric reference system ( g r s ), topocentric ref­
erence system ( t r s ) and satellite reference system ( s r s ). In constructing all 
these reference systems four conditions are satisfied: ( 1) all these systems 
have been built in harmonic coordinates; (2) the corresponding metric ten­
sors represent dynamically adequate solutions of the g r t  field equations 
for the relevant problems; (3) the origins of these systems are, respectively 
the Solar System bary cent re ( b r s ), the geocentre ( g r s ), a ground station 
( t r s ), and an Earth satellite ( s r s ); and (4) all these systems are dynami­
cally non-rotating. Let us make some comments in this respect.

The choice of harmonic coordinates does not mean in any way that they 
have any physical privileges. But they are mathematically convenient, be­
ing defined by the explicit mathematical equations (2.1.16). Moreover, 
many problems of relativistic celestial mechanics and ephemeris astronomy 
has been solved in these coordinates (for instance, theories DE200/LE200 
for the motion of the planets and the Moon). Needless to say, one can use 
any coordinates appropriate to a specific problem. But to apply the rela­
tivistic theories in ephemeris astronomy it is useful to have an agreement to 
use a certain type of g r t  coordinate conditions. Such an agreement will fa­
cilitate the comparison of various results and may help to avoid ambiguities 
in dealing with coordinate-dependent quantities. In principle, one may sug­
gest three possible ways of overcoming difficulties caused by the intrusion 
of coordinate-dependent quantities into ephemeris astronomy (Brumberg 
1986): (1) constructing theories only in terms of measurable quantities;
(2) using arbitrary coordinates and developing unambiguous procedures 
to compare measurable and calculated quantities; and (3) using the same 
type of coordinate conditions. For ephemeris astronomy, and especially 
for problems related to reference frames, timescales, units of measurement, 
etc, the third way seems to be the most appropriate.

The dynamical adequacy of solutions of field equations means their con­
formity with the principle of equivalence. In application to g r s , t r s  and 
s r s  this implies that the influence of the external masses manifests in these
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systems only as the tidal terms.
The origin of the reference system is fixed by quite definite mathematical 

conditions. Thus, the Solar System barycentre taken as the b r s  origin is 
defined by removing the constants of the relativistic integrals of the centre 
of mass and the linear momentum. The geocentre serving as the g r s  origin 
is determined by the b r s  equations of motion of the Earth and setting the 
dipole term in the g r s  expansion of the geopotential equal to zero. A  
ground station serving as the t r s  origin moves in g r s  due to the rotation 
of the Earth and geophysical factors. A satellite taken to be the srs origin 
moves on a geodesic in g r s .

The absence of dynamical rotation means that the space axes do not ro­
tate with respect to the axes subjected to Fermi-Walker transport along the 
world line of the origin of the reference system (a gyroscopic triad). Math­
ematically, this implies the absence of Coriolis terms in the mixed compo­
nents of the relevant metric tensor (the absence of the term c~l€ijk^xk in 
goi) .  For b r s  describing the isolated Solar System the notions of dynamical 
and kinematic rotation are equivalent and b rs  is non-rotating in the kine­
matic sense as well (constant direction towards fixed distant objects). The 
g r s  space axis rotates kinematically with respect to the b r s  space axis 
(geodesic precession). The t r s  and srs  space axis rotate kinematically 
with respect to the g r s  space axis.

Barycentric reference system (BRS). The b rs  metric expressed in coor­
dinates x° — ci, x — (a?1, x2, #3),is described by (4.1.2)-(4.1.4) (vanishing 
ao, a,k) with values (4.1.11)—(4.1.14). The constants K l and N l of integrals 
(4.1.60) and (4.1.61) should thereby vanish.

Geocentric reference system (GRS). The g r s  metric expressed in co­
ordinates w° =  ct, w  =  (tu1, w2, w3) is described by (4.2.2)-(4.2.4) with 
values (4.2.13)-(4.2.15) and (4.2.27). Mathematically, the coincidence of 
the g r s  origin with the geocentre is dictated by conditions: the absence of 
the dipole term in the expansion of the geopotential (4.2.5) and the choice 
of the g r s  origin acceleration in form (4.2.15).

The relationship between brs  and gr s  is given by expressions (4.2.7),
(4.2.8) with (4.2.11), (4.2.17), (4.2.18), (4.2.24)-(4.2.26). As mentioned 
above, this relationship is established more accurately in Kopejkin (1988).

Topocentric reference system (TRS).  Let z° =  cr, z =  (z 1,^2,^3) be 
the t r s  coordinates and gap =  gap(T,z) be the t r s  metric tensor, t r s  

is constructed for an observer located on the Earth’s surface. The t r s  

metric is determined by the gravitational field of external bodies (Earth, 
Sun, Moon, etc) and has the form (Zhang 1986, Brumberg and Kopejkin 
1989a)

9oo( t , z )  =  1 -  c 2(2EiZ* +  ZEihz%zk +  . . . )  + (6.2.1)
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§0i(T, z)  =  c~3AeijkHjrnzkzm +  . . .  (6.2.2)

9ij(.T, z)  =  - S fj -  c " 2(2Ekzk +  3Ekmzkzm +  . . . ) « «  +  • • • • (6.2.3)

The t r s  origin, i.e. some point on the Earth’s surface, does not move 
along the geodesic. Thus the acceleration E{ is significant. The t r s  origin 
is characterized in g r s  by the coordinates w t  , velocity v t  and acceleration 
a t  with

v t  =  {&e x w t )  +  (6.2.4)

(It  =  ^ X WT^j +  [&E x {&E x WT )] +  2(u>e  x VTT) +  a>TT (6.2.5)

u>E being the g r s  vector of the angular velocity of rotation of the Earth. 
Due to tectonic deformations and other geophysical factors the ground 
observatory has relative velocity v t t  and relative acceleration o l t t -

The transformation from g r s  coordinates u and w to t r s  coordinates r  
and z is built by analogy with the transformation (4.2.7) and (4.2.8) from 
b r s  to g r s , namely

r =  u — c~2 [V (u ) -f Vt (w k — w t) ]  •+•... (6.2.6)

z* -  t 4  +  c -2[ ( | 4 4  +  $ ik +  V ik) (w k -  w^)

+  V ikm{wk -  wkT) {w m -  w%)\ +  .. . .  (6.2.7)

The matching of the g r s  and t r s  metric forms enables one to determine 
the coefficients occurring in (6.2.1)—(6.2.3) and (6.2.6), (6.2.7). One has

Ei =  — aip UE,i(wT ) "f Qi +  3QikwT ^Qijh '^TWT +  • • ♦ (6.2.8) 

Eij =  $UE,ij(wT) +  Qij +  ^Qijk^T +  • • • (6.2.9)

— \ VT Ue ( w t ) +  QkwT § QkmwT wT "I" f QkmnwT wT WT “!"•••

( 6.2.10)

V lj =  [UE (wT ) +  QkWT +  lQkmWTwT+%QkmnWTwT wT +  - - '¥ij (6.2.11) 

v ijk =  ± ( 6 i j a kT  +  6ika{, -  6jkair) (6.2.12)

== \ ( vT aT ~~ vT a%T )  +  2\Pe ,%(w t )  ~  ^ E tk (w T ) ]  +  2 ( v ^ E k — V ^ E i )

“f" 4cjkjCjmWT +  2{tkjmCji tijmCjk)^T (Qk^T ~~
(6.2.13)

Expressions for Hjm and the terms 0 (c “ 4) in (6.2.6) are not needed be­
low but they may be obtained by analogy with (4.2.21)-(4.2.23). Relation
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(6.2.6) with expression (6.2.10) serves to derive the relationship between 
the scales of the t r s  coordinate time r  and the g r s  coordinate time u.

Satellite reference system (SRS ).  s r s ,  being a coordinate system gen­
erated by a satellite, is of the same type as t r s  with the difference that its 
origin, i.e. the satellite, moves in g r s  in the geodesic. Therefore, the s r s  

metric does not contain any terms related to acceleration E i . Retaining all 
previous designations and only replacing the index T  by S one obtains the 
s r s  metric and its relationship with g r s .  The right-hand side of (6.2.8) is 
therefore equal to zero identically, resulting in an expression for the g r s  

acceleration of the satellite, i.e. its equations of motion. Expression (6.2.8) 
is sufficient to derive the Newtonian satellite equations of motion. I f the 
matching of the g r s  and s r s  metrics is performed with greater accuracy 
then one obtains the post-Newtonian equations of the satellite motion de­
rived in section 5.1 by a different technique.

6.2.3 Rotating system

Along with g r s , t r s  and s r s  it is useful to introduce the rotating systems 
g r s + , t r s +  and s r s +  resulting from the rigid-body rotation of the space 
axes of the corresponding systems (Brumberg and Kopejkin 1989a). The 
use of harmonic coordinates is not suitable here because of the complicated 
transformations involved (Suen 1986).

Remember first of all the basic formulae of theoretical mechanics con­
cerning motion in a rotating system. Let x% be the coordinates of the fixed 
system and y% be the coordinates of the moving system, whose rotation is 
given by the vector u>. The origins of the systems are assumed to coincide. 
If r is the position vector of the moving point then its velocity vector con­
sists of two components due to the rotation of the moving system and the 
change of the point’s position relative this moving system:

(6.2.14)

where d/dt denotes the relative derivative. The transformation from xl to 
yl is given by the orthogonal matrix P  =  (Pik)

y{ =  Pikxk. (6.2.15)

The reciprocal transformation is given by the inverse matrix coinciding 
with the transposed matrix P _1 =  P*

dr
v =  oj x r +  —  

d/

(6.2.16)



When operating with the orthogonal matrix P  one may use the following 
relations:

PikPjk =  &ij €\mnPilPjmPkn =: îjk• (6.2.17)

Denoting by to1 and u>* the projections of the vector on the moving axes 
yl and the fixed axes x\ respectively, one has from (6.2.15) and (6.2.16)

a/ =  PikQk =  PkiLjk. (6.2.18)

In projecting onto moving axes y% relation (6.2.14) yields

vl =  Pikxk -  eijku)Jyk +  y\ (6.2.19)

The same relation projected onto fixed axes xl gives

Pkivk =  xl =  cijk£jj xk +  Pkiyk. (6.2.20)

Differentiating (6.2.15) and (6.2.16) and comparing with (6.2.19) and
(6.2.20) one obtains

Pik =  eimjJ  Pmk ( 6.2.21)

or, in projections on the fixed axes,

P ik = € kjm & Pim. (6.2.22)

I f  the metric in coordinates ct, xl has the standard form with the metric 
coefficients

fifoo — 1 +  ^oo 9oi =  ho i gij =  — $ij +  hjj (6.2.23)

then in transforming to coordinates ctf, y%

dx‘ =  c~1Pkiykcdt +  Pkidyk (6.2.24)

one has

900 — 1 ~f" hDO C Pk jP m jy  y ~l" PkiPmjh-tjy V "i" 2C hom i^kniy
(6.2.25)

h i  =  - c ~ lPijPkjyk +  hokPik +  c-'PikPurnhkmy" (6.2.26) 

9ij — —Sij +  PikPjmhkm- (6.2.27)

Using (6.2.21) and identities (4.2.28) we obtain

<700 =  1 +  h0o -  c~2(w x y ) 2 +  ekrmennu}mwnykylPriP,jhij

+  2c~1€kmjU/:lPmnykhon (6.2.28)
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9oi =  - c ~ l£ijku3yk +  hokPik +  c~l€ijnu)J yn PikPimhkm (6.2.29) 

9ij =: ~~&ij -j- PikPjmhkm• (6.2.30)

These relations are used below.

6.2.4 Rotating systems GRS+, TRS+, SRS+

Denoting the g r s +  coordinates by ya one has

y° =  w° y%= P ikwk. (6.2.31)

The orthogonal matrix P  =  S N P  includes the matrix P of precession, 
the matrix N  of nutation and the matrix S of diurnal rotation (Moritz 
and Mueller 1987). But in doing so, geodesic precession should be elimi­
nated from the precession matrix P since g r s  is dynamically non-rotating 
and geodesic precession is taken into account explicitly in the relationship
(4.2.8) between b r s  and g r s . The matrix P  satisfies the equation

^  =  eimjujEPmk- (6.2.32)

Therefore, the g r s +  metric has the form

ffoo(u> y )  =  1 -  c_2[2 Ue  +  ( “ E X y f  +  2 Q j  yk

+  * Q L y kym +  ?>QLnykymyn +  • • •] (6-2.33) 

flo i(« .y ) =  -  c - 1aj k^Byk +  c~3(4i/g+ -  2 £iik^Byk^E

-  2eij^ EykymQ$i +  4eljkC+mykym +  . . . )  +  . . .

(6.2.34)

atj(u>y) =  -  6ij ~  c_2(2t>£ +  2Qtyk +  3Q kmykym

+  5 Q L „ y V V +  •• • )« «  +  ••• (6-2.35)

Ug being the potential Ue  expressed in new variables and

U %E ~  PikUE Qtj =  PikPjmQkm Qfjk =  PimPjnPklQmnl (6.2.36)

and similarly for Q f  and Cfy The terms with derivatives of acceleration 
Qk are omitted in (6.2.34).
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Denoting the t r s + coordinates by one has

Cob is the vector of the angular velocity of rotation of the Earth in t r s . To 
Newtonian accuracy it is evident that

0oo(r > 0  =  1 -  c -2[(*£  X i f  +  2E t c  +  3E ± e e  +  (6.2.40)

=  - c - 1cijkZ U k+ c -\ 4 e ljkH ;me r - ^ i j k * U hC E +  + . . . )  +  . . .

(6.2.41)
9tj(T,0  =  S i j  -  c~2 { 2 E + e  +  3EtmSkC  +  • • . f a  +  . . . .  (6.2.42)

and similarly for Hfj.
Finally, the srs+ metric in retaining the previous designations is de­

scribed by the same formulae (6.2.37), (6.2.38), (6.2.40)-(6.2.42) with 
E f  =  0 and replacing by the rotation velocity of the t r s + space 
axes with respect to t r s .

6.2.5 Hierarchy of the systems

The hierarchy of the systems described may be schematically represented 
as follows:

=  2° ?  =  pikzk (6.2.37)

with the rotation matrix Pik satisfying the equation

(6.2.38)

Pik M  =  ■?»*(«) +  ••• w| =  w| +  . . . .  (6.2.39)

The t r s + metric is of the form

Here
E j~  —  P ik E jc  E f -  —  P j k P j m E k m (6.2.43)

BRS :t,x —► GRS :u ,w y'~-^*wk GRS+ :u,y

SRS+ :r,Z( ' - ^ zk SRS :t , z  TRS :r, TRS+ :t,£

For t r s , t r s + on the one hand and for s r s , srs+ on the other hand 
the same designations are used. It is evident that in simultaneously using
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these two types of systems one has to introduce different designations for 
the coordinates and functions associated to these two types.

To convert the reference systems constructed above into reference frames 
it is necessary to describe the observation procedure in terms of a particular 
system and to connect the coordinate system with the reference astronom­
ical objects. The relations of the next section may serve as the basis for 
this.

6.3 RELATIVISTIC  REDU CTIO N  OF ASTROM ETRIC  
OBSERVATIONS

6.3.1 Cauchy problem of light propagation in BRS

Let the motion of a photon is given by the conditions

x ( t 0)  =  x 0 =  ca cr2 =  1 (6.3.1)

i.e. its position at some moment to of the coordinate time and its velocity 
direction at an infinitely far distance from the Solar System in the remote 
past. Retaining the previous designations ta  =  *  — xa, tqa =  *o — 
rriA =  G M a / c 2 and integrating the equations of motion of a photon (2.2.61) 
one obtains

x ( t0)  =  *0 +  c(t -  t0)<r +  2 V 'm ^  ( *  *  T̂°A *
\ i’oa — w o a

- T i n  rA +  <Tr^ )  
r0A + < r r 0A)

c- i d * 0 2  =  ^  n u  /  g j cj r x  X <r)N

d< a  rA '  r A ~ <TTA '

In the process of integration the coordinates of the bodies x a  have been 
treated as fixed. Therefore, strictly speaking, the results obtained are valid 
for such a time interval t — to during which the change of position of the 
bodies may be neglected. For a photon moving inside the Solar System 
this assumption is justified.

Expression (6.3.3) determines the coordinate velocity of the light prop­
agation. To obtain the br s  observed (coordinate-independent) direction 
p (t )  at the point of observation one has by (6.1.19)

cr x (Va  x cr)

VA ~ <rrA

(6.3.2)

(6.3.4)
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or

- * T ,
TYl A O' X (T a  X <r) 

Ta  rA -  O'VA
(6.3.5)

6.3.2 Boundary value problem of light propagation in BRS

For the problem with boundary conditions

®(tf0) =  xo x ( t )  =  x R (t , t o )  =  x — xo ( t > t o )  (6.3.6)

one may use the previous formula (6.3.2) for the light propagation with the 
value

(e.3.7,

Substitution of (6.3.6) into (6.3.3) and (6.3.4) yields the coordinate and 
observed directions, respectively, for the moment t of reception of signal:

c-1da!(t) R  2 s^rriA_ (  „  ^  R  * (^oa  x t a )_ f h _ ± Y ^ l R +  A -°^_ _ rdZ (6.3.8)
dt R  R * - '  rA \ r0ArA + r 0Ar A )

R  2 mA R  x ( r 0,4 x r A) (6 3 9)

P ^  ^ A Ta r°AVA +  r *>A‘r A

The transit time of the light propagation is

rA
ta +  r0A -  R

c(t — *o) =  R  4- 2 mA In r°4. ~̂  (6.3.10)
• j * V a -I-  Vn a — rr.

Consider now the case of a light particle coming from outside the Solar 
System so that

p =  |*| <  |x0| =  Po- (6.3.11)

Expanding in powers p/po  one has

*o 1 r 2 f^A *o x ( r A x as0) 
<r =  h -3 [as0 x (a; x * 0)] +  • • •+ -3 Y ]  7-7 /  7 \ (6-3.12) 

Po Po Po A rA 1 +  { x o r A lporA )

* 0  . 1 r „ < „ w 2 r m A * o x ( r j X * o )  ((t „ 10, 
P  =  ~ —  + X ( »  X So)] -  -3 2^ T 2~ 1 , ,  v  7 ■; (6.3.13) 

Po Po P o A A l +  { x orA /PorA )

c ( t - t 0)  =  po ( l -  ^  +  ...>) +2^771,! In----- ^2 ------. (6.3.14)
V Po )  a Por-A +  *0 r A
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It is of interest that in the limit po —j- oo the relativistic correction 
disappears in cr and remains in p  as may be expected from physical consid­
erations. This relativistic correction in p  determines the actual deflection 
of the light ray emitted by a distant source. The Newtonian correction 
of order p jp 0 determines the parallactic displacement caused by the b r s  

position vector x of the observer.

6.3.3 Angular distance between two sources

The angular distance ip between two light sources recorded by the b r s  

observer may be determined by (6.1.12) with (6.1.10), (6.1.11) and (6.3.3) 
or by (6.1.24) with (6.3.4). The result is

. o m A (  r A X 0*1 r A x <r2 \ , W x
cos ip =  p ip 2 =  <n<r2 +  2 > —  I ------— ---- -------— — (<ri x tr2).

A r A \ r A — < Ti r A r A  — & 2 T A j

(6.3.15)
With the aid of (6.3.7) and (6.3.12) one may obtain particular cases 

when one of the sources (or both) is at a finite or infinite distance from the 
b r s  origin.

6.3.4 Relativistic reduction in BRS

Let us summarize the main statements of relativistic reduction for an ob­
server at rest in b r s .  The observer records the unit vector p  of the observed 
propagation of signal from the light source. If this source is at an infinite 
distance then formula (6.3.4) enables one to take into account the gravita­
tional deflection of the ray in the Solar System and so to obtain <r. If this 
source is at a finite distance (a planet) and the transit time is to be taken 
into account then with the aid of (6.3.9) and (6.3.10) by iterations one 
finds the moment to of the signal emission (the inclusion of the planetary 
aberration) and the unit vector R/ R  . Then formula (6.3.7) again yields 
cr. Finally, if the source is at a large (but not infinitely large) distance then 
equations (6.3.13) and (6.3.14) enable one to include the annual parallax 
and the proper motion of the source (if this is necessary). As a result, the 
unit vector xo/po becomes known yielding by (6.3.12) o*.

6.3.5 Relativistic reduction in GRS

On the basis of (4.2.7) the differential relationship of g r s  time u and b r s  

time t is determined by the equation

^  = 1 +  c-2 ( - 4 ^  +  4 -  S(t)  -  4 ( * *  -  4 ) )  . (6.3.16)
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For the photon the first term in the large brackets is of first order. Dif­
ferentiating (4.2.8) and using (6.3.16) one gets the coordinate g r s  light 
velocity

i du>* ^da?* _i (  { k dxk dxt \ _2 IY k dxk\ 2 dx%
c *7  = c  S  +  e ( . - '* ■ + v ° M 7 £ )  +  e m

-  +  2D“  +  -  *®^c3T
k / k k \ +  aB ( * (6.3.17)

Expression (6.1.19) applied to the g r s  metric (4.2.2)-(4.2.4) yields the 
observed g r s  light direction p

p  =  [1 +  c- \ 2 U e  +  2QkWk +  3Q kmwkwm +  .. ,)]-^-. (6.3.18)
can

Using now (4.3.4), (4.3.17) and (4.3.18) one derives the relationship be­
tween the observed light directions p  and p  in g r t  and b r s , respectively:

pW =pW + c^ lp  x ( p  x v E) ] ^  + c~~2(pvE)\p x (p x u#)]^
-  \ c~ 2[v e  x ( p  x ^ ) ] «  +  c “ 2 F 1' V fc) +  < r 2 ( 4 u/  -

(6.3.19)

p M  being determined by (6.3.4), (6.3.9) or (6.3.13). This formula of re­
duction from g r s  to b r s  includes first-order annual aberration (the second 
term on the right-hand side) and second-order annual aberration (the third 
and the fourth terms), geodesic precession (the fifth term) and relativis­
tic contraction (the last term). Corrections for the gravitational deflection 
of light and (if necessary) for planetary aberration, annual parallax and 
proper motion are contained in p.

For the cosine of the angular distance between two sources one has, from
(6.1.24) and (6.3.15),

COS = p xp 2 =  COsV> +  C-1 (P jP 2 -  l ) ( P l « B  +  P 2v e )

+  C_2 (P lP 2 -  ^ [ (P l^ f i )2 +  ( P 2v e ) 2 +  (P l V E ) ( p 2V E ) -  v% ]

(6.3.20)

demonstrating that both the geodesic precession and gravitational contrac­
tion do not interfere with the results of relative astronomical measurements. 
This formula may be derived directly from the b r s  metric by means of the 
classical transformation x =  X E (t ) 4- p with further application of (6.1.12). 
The pure kinematic approach of section 2.3 with splitting (2.3.42), (2.3.43)
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results in expression (6.3.19) without the terms due to the geodesic preces­
sion and the gravitational contraction. This corresponds to the kinematic 
structure of the geocentric system (g) defined by (2.3.41).

6.3.6 Relativistic reduction in TRS (SRS)

Using (6.2.6) one obtains the following differential relationship between the 
coordinate t r s  ( s r s ) time r and the coordinate gr s  time u :

^  =  1 +  c~ 2 +  vt  -  T ~  _  d x (w k -  1(4)1 • (6.3.21)
d u \ cdu dzx J

For the photon the first term in the large brackets is first order. For srs the 
index T  is to be replaced by S. Differentiating (6.2.7) and using (6.3.21) 
one has

i (  • k dwk dwl \ _2 [Y  * dtu* \ 2 diu* +  c ( _ „ T +  % _ _ _ j + c  j v r — j_ \dz% dwl - i  / t k dwk dwl \
°  dr °  du

1 2 dti/ 1 • k dw I o'Ty’fc
- 2 V t 7 ^ - 2 V t V t 7 ^  +  [ *  + w

+  2V ikm(w m -  W % ) } ^ -  +  a i (w k -  t 4 )^ r -  
cdu cdu

(6.3.22)

Application of (6.1.19) to the metric (6.2.1)—(6.2.3) yields the expression 
for the observed t r s  ( s r s ) light direction

p  =  [1 +  c "2(2E kzk +  3E kmzkzm +  . . , ) ] ^ .  (6.3.23)
car

Therefore, the relations (6.3.18), (6.3.22) and (6.3.23) result in the fol­
lowing relationship for the observed directions in t r s  ( sr s ) and g r s :

p(t)  = p0 ) c ~ 1\p X ( P  X V y ) ] ^  +  c“ 2( p W ) [p  X ( P  X V t ) ] ^

— \c~2[v t  x ( p x  v y )]^  +  4- c~2 (a^zl — alT zk)p^k\

(6.3.24)

Equation (6.3.24) applied to tr s  includes first-order diurnal aberration 
(the second term) and second-order diurnal aberration (the third and the 
fourth terms), an analogue of geodesic precession (the fifth term) and a 
relativistic contraction (the sixth term). All these terms are due to the 
motion of the t r s  origin in g r s . is expressed in terms of p(l\  pM in 
turn is expressed in terms of a1 and one may express a1, if needed, similarly 
to (6.3.12) in terms of the t r s  coordinates and take into account the diurnal
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parallax. When applied to s r s  the terms of (6.3.24) may be interpreted in 
a similar manner.

For the mutual angular distance in t r s  ( s r s )  one has a formula analogous 
to (6.3.20):

cos ip = p 1p2 =  cos ̂  +  C- 1 ( p 1 p 2 -  1)(P!VT +  P 2v t )  +  C~2(PiP2 -  1)
*  [ {P\v t ) 2 +  (P 2VT ) 2 +  (PiVT ) (p2VT) -  ® t]. (6.3.25)

The kinematic approach of section 2.3 involving system s (2.3.46) enables 
one also to obtain (6.3.25). The observed direction (6.3.24) is therefore 
obtained without the precession and gravitational contraction terms.

6.3.7 Relativistic reduction in TRS+ (SRS+ )

Actual astrometric measurements are performed now from ground obser­
vatories ( t r s + )  or satellites ( s r s + )  and as a rule the results are taken just 
in the reference system origin (£ =  0). On the basis of (6.2.37) and (6.2.38) 
one has

c - 1^  =  P i k ^  +  c - 1 eimjLjjE P mkzk. (6.3.26)

Application of (6.1.19) to the metric (6.2.40)-(6.2.42) gives the expres­
sion for the observed light direction in t r s +  ( s r s + ) :

= [ i + c - \ 3 E + e + 3  E+me r +• •

+  c - 1e ^ m« ^ m^ : -| -  +  . . . .  (6.3.27)

The terms quadratic in and £k are omitted here. Using (6.3.24) and
(6.3.26) one obtains

p(0+ =  PikpW +  C-'eVmQiCPinPklP^pW +  C - ' e i n j ^ C  +  ....
(6.3.28)

Considering the orthogonality of the matrix Pik it may be easily verified 
that the right-hand side (6.3.28) represents a unit vector. Using now (6.3.5),
(6.3.19), (6.3.24) and (6.3.28) one obtains the expression of in terms 
of the b r s  vector <r. This expression serves as a basis for constructing the 
astronomical reference frame. In the actual reduction calculation it is not 
suitable to analytically substitute into (6.3.28) all the previous values. It 
is more effective to use the sequence of formulae derived here. Let us note 
only that the terms due to the relativistic precession are combined with 
the Newtonian precession in the form

P « +  = [Pim +  c - 2Pik( F km +  $ * m)](Tm + (6.3.29)
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and in practice the relativistic part of precession is not separated from the 
Newtonian part.

Finally, for the cosine of the mutual angular distance between two 
sources one has by (6.1.24)

c o s =  cos ̂  +  0 (c “ 2). (6.3.30)

It is evident that the terms 0(c"*1) do not affect the relative angular dis­
tances.

6.4 RELATIVISTIC REDU CTIO N  OF RADIO  
OBSERVATIONS

6.4.1 Basic tools

The basic formula for the relativistic reduction of radio observations is
(6.3.10) or as its particular case (6.3.14). This formula is usually applied 
not to a single measurement but rather to a sequence of measurements 
performed during a sufficiently long interval of time. If Xo =  #oOO is the 
b r s  position vector of the moving light source then in terms of to it may be 
linear (inclusion of proper motion) or a solution of the two-body problem (a 
pulsar binary system) or else a still more complicated function of time (the 
motion of a planet or space probe).If the vector x =  x ( t ) represents the 
motion of an observer one should perform a reduction due to this motion. 
This requires the transformation of both the space coordinates and the 
time. The full theory of transformations b r s —>>g r s —>t r s —>t r s + is not 
usually needed here and it suffices to employ the simplified formulae. In the 
linear approximation the transformation b r s —K3RS of the space coordinates 
(4.2.8) is described in the form

x =  x e  +  w  — c~2 [ ^ ( v e w ) v e  +  U e (& e )w  +  w x F - j- 0 ( w 2)] (6.4.1)

whereas the transformation grs—>trs of the space coordinates (6.2.7) re­
duces to

w  =  w T +  z — c~2 [ ^ ( v t z ) v t  +  U e ( w t ) z  +  z x +  0 ( w 2, z 2)\. (6.4.2)

The precession terms are represented here in vector form by means of

F i =  \eikmF km *•' =  y ikm$ km. (6.4.3)

Superposition of these transformations and rotations (6.2.31) and
(6.2.37) yields the transformations to g rs+ and t r s+ coordinates, respec­
tively

X* =  x% +  P kiyk- c - \ ± v iE vkE P mk +  UE ( x E )P mi +  F ikP mk)y m +  . . .  (6.4.4)
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wi =  w ^ + P ki^ - c - 2 ^ v >Tv^P mk+ U B (w T )P mi + ^ ikPmk ) r + - ■ • • (6-4.5)

For reduction purposes such linear formulae turn out to be quite ad­
equate. They differ from those commonly used (Hellings 1986) by the 
presence of the precession terms due to the fact that the systems grs and 
trs  used here are dynamically non-rotating.

Within an accuracy sufficient for reduction the relationship (4.2.7) of 
the brs and grs timescales has the form

t — u +  c” 2[5(t) +  v E w ] S (t )  =  f [\v% +  Ue(&e)\  d* (6.4.6)
Jo

whereas the relationship (6.2.7) of the g rs  and t r s  timescales reduces to 

u =  r  +  c~2 [ V (u )  +  v t z ]  V ( u ) =  f [^Vj> +  U e {w t )\  dtt. (6.4.7)
Jo

The superposition of these transformations results in

t =  r  +  c~2 [S (t ) +  7(1/)-!- v e w t  +  ( v e  +  ®t)*]- (6.4.8)

One may often use therefore the approximate relation

V {u )  =  { \ v l  +  UE )u (6.4.9)

since for the observer on the geoid the coefficient in u takes a constant 
value independent of time and location of the observer on the geoid.

These relations combined with the basic formula (6.3.10) are of great 
importance for the relativistic reduction of radio measurements.

6.4.2 Radio ranging

In radio ranging a signal is emitted by an observer at some brs moment to, 
it reaches the planet or space probe at some pre-calculated moment t\ and 
then returns to the observer at moment t2- The observer directly records 
the moments of emission and reception of the signal in the observer’s proper 
time. The moments to and t% are calculated using (6.4.6) and (6.4.7). The 
value of t\ can be improved by iteration. If accuracy of the post-Newtonian 
approximation (6.3.10) is insufficient one may take into account the post- 
post-Newtonian effect due to the Sun (3.2.51). In doing this the third-order 
effect caused by the motion of the planets should also be considered (Klioner 
1989). From (6.3.10) it follows that

dt _  R xo  rriA 

dto R  "  (ta  +  r0A )2 — R 2
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„  , rA +  r0A , R
x I ---- 5 ----R x o + --- r 0Ar 0A

R  r0A

i - c - ^ - 4 c r  
R  ^

m A
( r A  +  r 0 j4 ) 2  -  R 2

 ̂ . rA +  r0A . R
x | ----------R x -------r Ar A

R  rA
(6.4.10)

generalizing equation (3.2.29) for the Schwarzschild field. In differentiating
(6.3.10) it is assumed that

r A =  * (< ) -  x A (t )  r 0A =  *o(<o) -  x A (t0)  R  =  x ( t )  — x 0 ( t0)

with the dot over x or xo denoting a derivative with respect to t or to, re­
spectively. Planetary radio ranging is described in detail in Hellings (1986).

In radio ranging the Doppler shift of the signal frequency can also be 
measured. If vo is the frequency of the light emitter at the point xo(to ) and 
v is the frequency of the signal received at the point * (t ) then considering 
that the frequency is inversely proportional to the period of the signal in 
its proper time and generalizing (3.2.28) one has

i/o _  6t  _  1 +  2 ( ^ 0° ) *  2y2 +  c 1(hok) tVk dt

V 1 +  k (hoo)to -  kvo +  c~1(Aot)t0t'o d<0'
(6.4.11)

In radio ranging the light signal is emitted by the observer with frequency 
vq. It is received and reflected by the ranging object (planet, space probe, 
etc) with frequency v\ and is received again by the observer with frequency 
1/2 • The measurable quantity is the ratio vo/z/2 which can be calculated by 
the repeated application of (6.4.10) and (6.4.11).

6.4.3 Lunar laser ranging

In llr  the starting formula is again (6.MO). In the relativistic part of this 
formula one may perform significant simplifications. If to is the moment 
of the signal emission by a ground observer and t is the moment of the 
reception of the signal at a point on the surface of the Moon then

Xo =  x E (to) +  PE (t 0) x =  x L (t )  +  P l(0 -

x e  and x l  are the brs positions of the centres of mass of the Earth and 
the Moon, respectively, pE is the geocentric position vector of the ground 
station, and pL is the selenocentric position vector of the reflector on the 
Moon. In the relativistic terms the difference between to and t may be 
ignored. If we consider the case where llr  is performed for the position
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distance between the centres of mass of the Earth and the Moon by r one 
may use in the term of (6.3.10) containing the factor the the approximate 
relations

and the corresponding logarithmic term may be expanded in powers of 
r/\xE \. Substitution of these values into (6.3.10) gives the expression for 
the one-way brs time transit interval of the signal:

The quantity R  occurring on the right-hand side is calculated as the 
magnitude of the brs vector

R  =  x ( t )  -  x ( t 0) =  x E (t )  +  r ( t )  +  pL (t )  -  x E (to ) ~  P e ^ o) (6.4.15)

r  =  r ( t )  being the geocentric brs position vector of the Moon. In actual 
discussion the quantity R  is determined by numerical iteration. The rela­
tivistic contribution to the measurable quantities may be easily evaluated 
analytically. Neglecting the sizes of the Earth and the Moon one has

R =  x E (t )  +  r ( t ) - x E (to) =  r ( t )  +  x E ( t o ) ( t - t o ) +  ^ x E ( t o ) ( t - t 0) 2 + ----
(6.4.16)

From this it follows that

Substituting (6.4.17) into (6.4.14), solving with respect to t — to and 
replacing the acceleration of the geocentre by the main Newtonian term 
one obtains

of the Moon near the meridian of the ground station and denoting the

R  — r -  pE -  Pl  r0E =  Pe  rE — r -  p l  ̂ (6.4.12)

For the solar term with factor ms one has R  «  r, ros «

(6.4.14)

(6.4.17)
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Multiplied by two this expression gives the b r s  time interval of light 
propagation in l l r  (two-way). In actual calculations the Newtonian part 
of this expression should obviously be extended by (6.4.15). In reality, one 
measures the quantity 2(r  — ro), ro and r being the moments of the t r s  

time corresponding to the moments t0 and t of the br s  time. Restricting 
ourselves only to the main terms one has by (6.4.7)

/•to
T0 = t 0 -  c~ 2 / (| i|  +  UE {x E ) )  dt 

Jo

r =  t - c ~ 2 (^J  { \ x 2e +  UE (x E ) )  di +  x Er

or neglecting the variation of the integrand over t — to

^ -  c~1 x e v .  (6.4.19)

This expression follows directly from the kinematic relation (2.3.42) as 
well by identifying variations d£2 with the components of r. From this it 
follows by (6.4.18) that

2 c(r -  r„) =  2 r ( l  +  +  g j  -  ^ ( r * * ) )

+  Attie In -— —  + —  (6.4.20)
PE

Section 5.3 contains the main relativistic perturbations in the br s  coordi­
nates of the Moon. Substitution of r into (6.4.20) gives the real relativistic 
effect in l l r . It is of importance that this effect turns out to be two orders 
of magnitude smaller than the brs  relativistic perturbations in the motion 
of the Moon. In fact, the main relativistic terms in r have the form (5.3.27)

r/ao =  1 — |cr -f am +  |cr cos 2D  +  .... (6.4.21)

However, the term in (6.4.20) due to the Lorentz transformation is 

c~2
7^2 ( v x e ) 2 =  \cr sin2 D  =  \ a ( l  -  cos2£>). (6.4.22)

Thus, the trigonometric term in (6.4.21) with amplitude a/4  disappears 
in (6.4.20) and the amplitude of the relativistic terms in the measurable 
quantity (6.4.20) does not exceed several centimetres. This was first noted 
by Nordtvedt (1973) and then thoroughly investigated by Soffel et al (1986, 
Soffel 1989). In constructing the g r s  theory of the motion of the Moon

c ( t  -  r0) =  c(t -  tQ) M -  \c 2x \  -
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one would come directly to this conclusion. Indeed, restricting in (4.2.8) 
by the purely solar terms one has for the g r s  coordinates of the Moon w%

w' =  r’ +  \c~7 vlE vkE rk +  c~2F ' krk +  y ^ r '  +  .m,Sj3(| rV g -  r%rkx kE ).
I X E\ |®.V|

(6.4.23)
From this for the absolute value of p =  \w\ we obtain

=  +  (6-4-24)

Thus, in terms of the g r s  quantities the right-hand side of (6.4.20) takes 
the form

2c ( t  -  t0) =  2 p ( 1  -  ^ (s^w )") +  4mE In -— — . (6.4.25) 
V \x E r  J Pe

In neglecting in the relativistic part by the parallactic ratio p/\xE \ it may 
be seen that the relativistic time delay in l l r  reduces to the Schwarzschild 
delay due to the Earth. Needless to say, this conclusion holds true for 
artificial Earth satellites as well. Along with this it is evident that the 
b r s  theory of the motion of the Moon has not lost its importance because 
converting 2r to the actually measurable quantity 2c(r — r0) using (6.4.20) 
presents no difficulties.

6.4.4 Pulsar timing

It is well known that the timing of millisecond pulsars is at present one of 
the most accurate methods of obtaining astronomical information (Hellings 
1986, Backer and Hellings 1986). A relativistic theory of pulsar timing can 
be developed on the basis of (6.3.10). If the b r s  position vector of a pulsar 
at moment Tq is X 0 and the pulsar moves with constant velocity V  then 
for the moment Tn of the emission of impulse n its position vector will be

X n = X o  +  V { T n - T o ) .  (6.4.26)

This impulse n is recorded by the ground station at moment tn in the 
b r s  position x n . In accordance with (6.3.10)

c( tn ~  Tn) =  |*n ~  X n\

, 2 \ ' i \x n “l~ \Xn XA {Tn)  | ~|~ \xn -X~n|
n l * »  -  +  l * n  -  XA (Tn) | -  |»„ -  X n\ '

(6.4.27)
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Denoting now

k = — X 0 po =  \X0\ A  tn =  Tn - T 0 (6.4.28)
Po

and expanding \xn — X n | in powers of A  tn and the ratio \xn\/ pQ one obtains

c(tn - -  Tn) =p o  +  [(fcV)A<„ -  kxn] +  -^— [x^ -  (fe*„)2]
2/>o

-  ~ [ x nV  -  ( k V ) ( k x n) ]A t n +  - L [ V 2 -  (fcF )2](A * „ )2 
Po 2po

- 2^ mA,n ! r d M ^ r a M .  ( 6 .4 .29)

Let cto be the quantity

ct0 =  cT0 +  Po +  2 ^ 2  m A ln(2p0). (6.4.30)
A

Then, one has finally

c(t -  to) =  c(Tn -  To) +  [ ( k V )A t n -  k xn} +  -  (fe *„)2]
2p 0

-  — [x nV  -  ( k V ) ( k x n) ]A t n +  ^ - { V 2 -  ( k V ) 2] ( A t n ) 2 
po Zpo

-  2 ̂ 2  m A 1h kA(*n) +  k rA (tn)\. (6.4.31)
A

Each term in this equation admits a simple physical interpretation. The 
second term represents the first-order Doppler effect. The third term is 
caused by parallax. The fourth term describes the proper motion of the 
pulsar. The fifth term is the second-order Doppler effect. Finally, the 
sixth term represents the Shapiro effect, i.e. the relativistic time delay in 
light propagation. It remains for us to convert in (6.4.31) from tn to the 
corresponding moment of proper time rn by means of (6.4.8) and to replace 
x n by the g r s+ coordinates y  of the point of observation, assuming z — 0.

In the case of a binary pulsar, i.e. a pulsar in a binary system, the timing 
formula becomes more complicated, due, first of all, to replacing (6.4.26) 
by the more cumbersome formula

X n =  X  o +  V A t n +  X In

where Xo and V  now represent the br s  position and velocity of the centre 
of mass of the binary and X \ n is the pulsar’s position relative to the 
barycentre of the binary. This latter quantity can be calculated using
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the formulae of the relativistic two-body problem. A detailed derivation of 
the timing formula for the binary pulsar is given by Backer and Hellings 
(1986) and Damour and Deruelle (1986).

6.4.5 V LB I observations

Let us now apply equations (6.4.31) to the reduction of the v l b i  obser­
vations. Let impulse n from a radio source be recorded by two ground 
stations with b r s  position vectors x\ and x 2 at b r s  moments t\ and t2, 
respectively. Taking the difference of equations (6.4.31) for both stations 
and ignoring the parallactic term and the terms due to the proper motion 
of the source during the interval t2 — t\ one has

^  / r (2) 4- fcr*(2) \
c(*2 -  <i) =  - fc (*2 -  * i )  -  2 y2 mA In . (6.4.32)

A \rA + krA J
In the relativistic part it suffices to take into account only the solar term, 

which in g r s  coordinates takes the form

1 (  k (XE +  w 2) +  \xe \ +  n w 2 \ _  2ms (fe +  n ) ( w 2 -  w i )  
mS n \ k (x E -h t» i) +  \xE \ +  n w i  J \xE \ 1 +  nk

(6.4.33)
with n  — x E /\xE \ . The value of x E may be taken either at moment t\ or 
at t2. The Newtonian term x 2 — x\ is also transformed to g r s  coordinates 
by means of (6.4.1). Using the approximate relations

*js(<2) ~ * e (* i )  «  v E (t 2 -  t i )

w 2( t2)  -  Wl  ( t i )  «  W 2( t i )  -  W i ( t i )  +  V ^ \ t 2 -  t i )

( 2 )with v yT ) being the g r s  velocity of the second station at moment i\ one 
obtains

C(<2 -  t l )  =  -  k ( v E +  V ^ ) ( t 2 -  t i )  -  k ( w 2( t i )  -  U>l(*l))

+  C~2{ ^ ( k V E ) [ v E ( w 2 -  1»i)] +  k ( w 2 -  W l ) U e { x e )

As the actually measurable quantity one may consider the interval t2 — t\ 
expressed in the proper time of the first station. Because of the smallness 
of the interval t2 — 1 \ one finds by (6.4.8)

t2- 7 i  =  (t2 ^ i ) [1 c 2(\ v% +  \vt+ U ) \ - c 2{v e + v t ) ( w 2- w i ). (6.4.35)
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If v l b i  observations are used for improving the g r s  network of ground 
stations then it remains only to substitute (6.4.35) into (6.4.34)

c(r2 — n ) =  -  k(w2 -  tt>i)[l +  c~lk(vE +  V t )̂]_1 

x [1 -  c~2(^ v % +  +  2U  — UE )]

-  C- 1 (V£ +  V t ) { w 2 -  W i )  +  lc~2(kVE)[VE(w2 -  t»l)]

, -2n/ \ rn 2ms (fe +  n ) (w2 -  u>i+ c  > » [ ( „ , - „ l ) x n - ^ — ^ —

(6.4.36)

and to introduce the g r s +  space coordinates by means of (6.2.31). On 
the other hand, if v l b i  observations are applied to construct the local t r s  

network then in (6.4.36) one should introduce the t r s  coordinates z of the 
second station relative the first station. Then it follows that

c(r2 -  n )  =  -  (kz)l 1 +  c~lk(vE +  Ŵ2))]- 1 [1 -  c -2(|vE +  +  2U)\
-  c~1(ve  +  v t ) z +  %c~2(kvE) ( vEz) +  \c~2(kvT) (vTz)

+ e-.M, x (, +#)]_ ^ S i ± ^ .  (, , 37)

It remains to transform to the t r s +  coordinates by means of (6.2.37). 
In a result, the relativistic precession <£>* will enter into the matrix of the 
diurnal rotation of the Earth. Equation (6.4.37) is identical to the reduction 
formula of v l b i  observations obtained by Hellings (1986) except for the 
presence of precession terms. When using the technique of chronometric 
invariant time intervals and distances (section 2.3) one obtains the same 
formulae with the exception of the precession terms.

Among other algorithms of the relativistic reduction of v l b i  observations 
one may note those of Cannon ei al (1986), Zeller ei al (1986) and Zhu 
and Groten (1988).
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Relativistic Effects in Geodynamics

7.1 TIM ESCALES ON THE EARTH

7.1.1 Timescale requirements

In contemporary celestial mechanics and ephemeris astronomy the most 
important timescales are t d b , t d t  and t a i  (Japanese Ephemeris 1985, 
Guinot 1986, Guinot and Seidelmann 1988). Without going into detail, 
t d b  may be characterized as the time associated with the Solar System 
barycentre and serves as the argument of the theory of motion of the plan­
ets; t d t  may be regarded as the time associated with the geocentre and is 
able to serve as the best argument in constructing the geocentric theories 
of motion of the Moon and Earth satellites; t a i  manifests itself as the time 
most closely related to the time directly recorded on an observer’s clock. 
The papers indicated above present definitions of these timescales which 
are adequate for real use. However, precision of time measurement in­
creases from year to year, and this calls for more rigorous definitions of the 
timescales to be consistent with the statements of g r t . The self-consistent 
theory of timescales may be developed on the basis of the relativistic the­
ory of astronomical reference systems. The hierarchy of b r s , g r s  and t r s  

systems described in chapter 6 has a quite definite meaning. It is to be 
noted that the astronomical directions of the space axes are not significant 
in the problem of timescales. If b r s , g r s  and t r s  are uniquely defined, 
their scales of coordinate time are also uniquely defined. For rigorous rel­
ativistic definitions of t b , t t  and t a i  ( t b  and t t  are used here instead of 
t d b  and t d t , respectively, as suggested by Guinot and Seidelmann) the 
following are necessary:

(1) to link t b  and t t  with the coordinate timescales of b r s  and GRS, 

respectively;
(2) to describe the operational procedure relating t a i  with the coordinate 

timescale of arbitrary t r s ;

226
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(3) to choose units of measurement of t b , t t  and tai so as to reduce as 
much as possible the secular (non-periodic) difference between these 
scales (the IAU recommendation of 1976 implies the absence of such 
a secular trend but, as seen below, it may be realized only within a 
limited accuracy).

Since the brs coordinate time and TB on the one hand and the grs coor­
dinate time and t t  on the other hand differ from one another by constant 
factors then to compensate these differences all linear sizes in brs and grs 
should be multiplied by corresponding factors.

7.1.2 Relation between TB and TT

t b  is a timescale differing only by a constant factor from the brs coordinate 
time 2,

T B  =  kBt (7.1.1)

while t t  is a timescale differing only by a constant factor from the grs 
coordinate time u ,

T T  =  kGu. (7.1.2)

The interrelation between u and t is defined by (4.2.7):

u =  t -  c~2 [S (t )  +  vkE (x k -  4 ) ]  +  ... (7.1.3)

where xkE and vE are the brs coordinates and velocity components of the 
geocentre and where function S =  S (t )  satisfies the differential equation

f  =  K  +  W  (7.1.4)

Ue (&e ) is the external mass potential evaluated in the geocentre

O s {x b ) = T , — '- +  ■■■ (7.1.5)
X A  rEA

For the geocentre the rate of the time u is determined only by equation 
(7.1.4).

This equation has been investigated by many authors. The first de­
tailed solution was given by Moyer (1981). This solution was based on 
the substitution into (7.1.4) of Keplerian motion for Solar System bodies 
and provided an accuracy of about 20 microseconds. As mentioned above, 
the most accurate analytical theories of motion of the major planets and 
the Moon are the VSOP82/ELP2000 theories. Fairhead ei al (1988) and 
Hirayama ei al (1988) substituted these theories into (7.1.4) and then in­
tegrated. The brs velocity of the Earth vE corresponding to these theories
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may be found in Soma et al (1987). Therefore, it is not necessary anymore 
to transform the barycentric motion of the Earth to heliocentric motion of 
the Earth, geocentric motion of the Moon and heliocentric motion of the 
Earth-Moon centre of mass, as was done by Moyer. In the VSOP82 theory 
the rectangular coordinates and the velocity components of the planets are 
represented by trigonometric series in the mean longitudes of the planets, 
the coefficients of the series being slowly changing polynomial functions of 
time. Hence, the solution of (7.1.4) is represented in the same form, i.e.

S  =  Ao-\-Bot-\-Cot2 -\-Dot^4*.. -4~̂  Bjt-^C jt24~Djt^4~»•.) ).

(7.1.6)
The numerical values of the coefficients are reproduced in the papers cited 
above. The coefficients Co, A) ,  . . C,*, A' ,  • • • are caused by the secular 
terms of the planetary theories and vanish for pure Keplerian motion of the 
planets. These coefficients would also vanish in using a purely trigonometric 
planetary theory, but such a theory leads to a drastic extension of the 
number of periodic terms so that its actual use inevitably results in loss of 
accuracy. For astronomical purposes it is customary to have the timescales 
differing from one another only by periodic terms. The linear function 
Ao 4- Bot in (7.1.6) does not interfere with this since the constant Ao may 
be removed with a suitable choice of initial moment (which will be assumed 
in the following) and the constant Bq is removed by adopting different units 
of measurement for different timescales. This is allowed for by the IAU 1976 
recommendation.

Equation (7.1.4) may be also integrated numerically by using in the 
right-hand side the numerical theories DE200/LE200. Such integration is 
described, for instance, in Hellings (1986), and Backer and Hellings (1986). 
In numerical integration, the analytical structure (7.1.6) is latent but the 
numerically determined secular trend of function S (t )  depends on the in­
terval of integration. A comparison of analytical and numerical approaches 
to solving equation (7.1.4) is performed in detail in Chotimskaya (1989).

In all cases the function S is represented in the form

S (t )  =  S*t +  Sp(t ) (7.1.7)

where S* is constant and Sp(t )  includes both periodic and non-periodic 
terms caused by the secular evolution of the planetary orbits. Substitution 
of (7.1.7) into (7.1.3) results in

u =  (1 -  c~2S* )t  -  c~2 [Sp(t )  4- v% (xk ~  xe)\- (7.1.8)

Using (7.1.1) and (7.1.2) one finds the interrelation between t b  and t t  

in the form

k ^ T T  =  k ^ i  1 -  c~2S*)TB -  e~2[Sp(t) +  vkE(xk -  *|)]. (7.1.9)
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The choice of constants kB and ko is arbitrary. Without determining 
them completely, it is suitable to set their ratio as

kB /kG =  l - c ~ 2S*. (7.1.10)

In this case one obtains

T B  =  T T  +  c -2[Sp(*) +  vkE (x k -  4 ) ] .  (7.1.11)

The constant S* is not have to be equal to the coefficient B q in (7.1.6). 
The representation (7.1.6) itself is rather conventional. In using (7.1.7) over 
a restricted interval of time the very-long-period terms in Sp(t ) manifest 
themselves as secular terms and are included in the secular part when 
averaging numerically. Therefore, S* should be chosen so as to minimize 
the influence of Sp(t ) on the secular rate of the difference T B  — T T  over 
some definite time interval. After completing this interval the value of S* 
may be changed so as to compensate for the accumulated secular rate in 
T B  — TT. To an order of magnitude one has

c~2S* =  1.48 x 10~8.

7.1.3 TRS timescale

For an arbitrary point with g r s  coordinates u , wk the t r s  coordinate time 
r is given by

r  — u — c"'2[Vr(w) -I- v^ (w k — w?)] (7.1.12)

where Wj> and v are the g r s  coordinates and velocity components of the 
t r s  origin with

d TV'J'
—-—  =  v t  — (u?£ x w t ) +  v t t • (7.1.13)
au

Cje is the g r s  vector of the angular velocity of rotation of the Earth, v t t  is 
the relative velocity of the t r s  origin due to geophysical factors (deviation 
of the rotation of the ground station varound the centre of mass of the 
Earth from the law of rigid-body rotation). The function V (u )  satisfies the 
differential equation (6.2.10) or

“ j ~  =  \ VT +  U e ( w t )  +  QkWj. +  \ U B>km{xE )wTW T

+  ^UE ,kmn{XE)wTwT wT +  ■■■■ (7.1.14)

U e ( w t ) is the value of the Newtonian geopotential in the g r s  origin

U e ( w t )  =GM e + A .  ( - s km + G ikEm + • • • (7.1.15)
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where dx =  (w ^ w y ) 1 / 2 and I Em are the quadrupole moments

I kEm =  f  pwkwm d3w (7.1.16)
J(E )

and p and M E are the g r s  mass density and mass of the Earth, respectively. 
For an observer at rest in the t r s  origin, with wk =  w \ ,r  is its proper 
time.

Introducing now the g r s +  space coordinates yk, using (6.2.19) for the 
velocity of the ground station and neglecting the acceleration Q k, the right- 
hand side of (7.1.14) takes the form

^  =  Ujk^EyTVr +  \V tV t  +  W e ( V t ) +  \UE,km(xE )P ikP jm yW T  +  • • • • 
U (7.1.17)

Q3e  are the g r s +  components of the angular velocity of rotation of the 
Earth. W e ( V t ) 1S the potential (of opposite sign) of the force of gravity 
due to the Earth at the point y T . The last term in (7.1.17) describes the 
tidal external perturbation of the potential of the force of gravity in the 
quadrupole approximation. This tidal perturbation from the Sun and the 
Moon gives a contribution to dr/du  of the order of 10"17. It is necessary 
to reveal in the right-hand side of (7.1.17) the constant part independent 
of time and coordinates y T of the ground station. This calls for more 
detailed examination of the force gravity potential using the technique of 
Zhongolovich (1957).

7.1.4 Geoid

The potential of the force of gravity generated by the Earth alone at any 
point y  on the surface of the Earth is made up of the centrifugal potential 
and the Earth’s attractive potential

W b (v )  =  W i j k ^ y * ) 2 +  UE (y ) .  (7.1.18)

The g r s +  components of the angular velocity of rotation of the Earth are 
denoted here, for simplicity, as u . Let us introduce the geocentric spherical 
coordinates r, ip and /, choosing the direction of the y3 axis to be along the 
axis of rotation of the Earth. Then,

y 1 =  r cos ip cos / y2 =  r cos ip sin / y3 =  r sinip (7.1.19)

and u 1 =  u 2 =  0, u;3 =  u. One obtains

WE(r, /, i p ) =  \u2r2 cos2 ip +  UE{y )• (7.1.20)
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In spherical coordinates (7.1.19) the quadrupole external tidal perturbation 
occurring in (7.1.17) may be presented in the form (Moritz and Mueller 
1987)

Q i  =  Q20 +  Q 21 +  Q 22 (7.1.21)

where the zonal, tesseral and sectorial parts are, respectively,

Q 20 =  r 2P 2o(sinV-) Y o (s in ^ ) (7.1.22)
a ? e  r£A

Q 21 =  ^r2P 21 (sin VO Y —T ^ - p 2i(siaipA ) c o s ( l - l A ) (7.1.23)
A * E  VEA

Q 22 =  ^ r 2P22(sinV>) Y - ^ - p 2 2 (s in ipA )cos2 (l - lA ) - (7.1.24)
A * E  rEA

Here Pnm(%) are associated Legendre functions, I a and ^  are the geo­
centric longitude and latitude of body A, respectively. With the use of the 
theories of motion for Solar System bodies the right-hand sides of these 
expressions may be expanded in trigonometric series of type

Qirn =  r 2p 2m(sin VO Y Cmi c0S(Wmi < +  m/ +  Pmj)- (7.1.25) 
j

The zonal terms (m =  0) contain long-period harmonics (half a month for 
the Moon and half a year for the Sun), the tesseral terms (m  =  1) include 
harmonics with a diurnal period and the sectorial terms (m =  2) involve 
harmonics with a semidiurnal period. Moreover, the zonal part contains 
the time-independent term

O20 =  - r 2P20(sinVO| Y (7.1.26)
a * e  r EA

with tea  denoting some mean value of t e a - It is suitable to add this value 
to the potential of the force of gravity due to the Earth and to consider the 
potential

W (r ,  I, VO =  WE (r, I, VO +  <?2o(r, VO (7.1.27)

although the term Q20 is usually treated as a perturbation and is not 
included in the potential for gravitational force.

The surface r =  r(/,V0 closely approximating the mean sea level and 
providing a constant value for the gravity potential

W  =  Wq =  constant (7.1.28)
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is called the geoid. Nowadays, there are attempts to define the geoid within 
the framework of g r t  (Soffel et al 1987b) but for our purposes the Newto­
nian definition (7.1.28) is quite satisfactory. Introduce now the quantities

G M e  G M e  tj2 ro 1 ro G M a

V° ~  W 0 90 ~  r% 2 g0 £ “  2 g0 r%A

(7.1.29)
with cr and e being small dimensionless parameters. The dimensionless 
ratio p =  ro/r is closed to 1 for the points of the geoid. Expansion of W  
in spherical harmonics yields

W (r ,  I, VO =  W 0 ( p  +  A >*Pk+ 1 +  S2P"2̂  (7.1.30)

with
B 2 =  (o ’ +  §e) cos2 — e. (7.1.31)

The coefficients A k admit the expansion 

k

A k =  ^ ( c fcm cos m/ +  efom sin m/)Pjtm (sin V>). (7.1.32)
m=0

The coefficients c*m, dkm are expressed in terms of the moments of inertia 
of the Earth. If one ignores the small angle (less than 1") between the axis 
of rotation and axis of inertia then among the second-order harmonics only 
the coefficients

° 20 ~~ OT i ------2 B  — 2C )  c 22 — -T7T------2 ~~ ^22 =  7TTZ------2 ^2Mjs»rgv 4 M E rl 2 M E r$
, (7.!.33)

are not equal to zero. Here A  =  -f 7|?, 5  =  7|? 4- T^1, C =  T^1 -f 7|;2, 
D  =  7g2 are the quadrupole moments of inertia of the Earth. In accordance 
with (7.1.28) and (7.1.30) the equation of the geoid has the form

oo

A> +  J ] ^ / +1 +  5 2/>-2 =  1. (7.1.34)
k- 2

Solving this equation with respect to p one finds the initial terms 

p 1 =  r / r 0 =  1-+- A 2 4- B 2 4- A 3 4~ A 4 — 2A2 4- 3J5| 4~ A 2B 2 4-... (7.1.35)

or in a more general form
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starting with

Poo = 1 + | < r  +  ... P20 =  C20 — 3 ^ — 6

P22 =  ̂ 22 +  • • • #22 =  2̂2 + ---- (7.1.37)

At the point on the surface of the Earth considered one may introduce 
the triad of unit vectors

(cos / cos ̂  \ / — cos / sin tp\ / — sin /'
sin I cos ̂  1 e2 =  I — sin / sin J 63 =  I cos / 

sin xp J \ cos ip / \ 0
(7.1.38)

directed along the radius vector, the tangent to the parallel of latitude 
and the tangent to the meridian of the given point, respectively. The 
components of the force of gravity g =  grad(VF) onto these directions are

9l =  gei =  ^  =  - g 0 +  1 ) A kpk+2 -  2B 2P~ ^ j  (7.1.39)

1 U V V  / V—> U l lfc JU , o C / _   ̂ . . .

=aei = =so 1? ( >
 ̂ 1 fc+2 (n 1 ,ii\03 =  ge3 = -------- — r  =  g0 sec ip 2_ ^ - — p + . (7.1.41)

rcosxp al "  di

Using (7.1.27) one finds for the initial terms of the force of gravity compo­
nents on the surface of the geoid

9 i =  -  ffo(l +  A 2 - 4 B 2 +  . . . )  g2 =  90 ^  +  ...

03 =  9o sec %i> ( +  .. .V  (7.1.42)
. &

\

The magnitude of the force of gravity on the geoid is

g =  \g\ =  0O(1 +  A 2 -  4B 2 +  ...). (7.1.43)

The coefficients A k and B 2 are expressed in terms of geocentric spherical 
coordinates / and ip. In astronomical measurements one uses the astronomi­
cal longitude A and latitude ip which determine the direction of the external 
normal n to the geoid at the point of observation

r cos A cos ipy
n — [ sin A cos ip ] . (7.1.44)

sin ip
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Since the force of gravity is directed along the interior normal to the geoid 
implying g =  —gn  one may derive from (7.1.39)—(7.1.43) the components 
of the normal

n e  i =  - g i / g  n e 2 =  - 9 2 / 9  n e 3 =  - g 3/g. (7.1.45)

On the other hand, using (7.1.38) and (7.1.44) one finds

sin̂ > — sin ip =  ( n e i — ^sin^ +  (ne2)cos ip (7.1.46)

sin(A — /) =  (ne3) sec (p. (7.1.47)

From this, it follows that

=  +  A -/  =  - ^ s e c 2V> +  .... (7.1.48)

These relations enable us to express and B 2 in terms of A and (p and to 
obtain the final expansion of the force of gravity on the geoid in the form

( oo k \

aoo +  ( akm cos +  bkm sin m )̂-Pfcm(sin tp) j (7.1.49)

f c = 2 m = 0  /

with initial values

a00 — 1 ~  §0" +  . . . <220 =  c20 "I" §<7 +  4e +  ...

a22 =  c22 • • • &22 =  2̂2 +  • • • • (7.1.50)

The potential of the force of gravity at any point on the surface of the 
Earth may be now presented in the form

W (h ,  A, ip) =  Wo -  g(<p, A)/i +  ... (7.1.51)

h being the height of the observer above the geoid. More detailed results 
(with e =  0) may be found in Zhongolovich (1957).

7.1.5 Relation between GRS and TRS timescales

Returning to (7.1.17) and using (7.1.51) one obtains

“ ĵ " =  U j k ^ E V T y T  +  2 VtV t  +  Wo +  Q 2 ~  Q20 — </(<£>> A)/i +  ... (7.1.52)

where y>, A, h and y£ are the coordinates of the ground station. The 
solution of this equation is of the form

V(u )  =  V*u +  Vp(u). (7.1.53)
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V * is a constant, being the same for all possible t r s  and, hence, indepen­
dent of location of the ground station. Thus, one should put

F* =  W 0. (7.1.54)

Vp(u ) contains all the remaining terms resulting from integration of equa­
tion (7.1.52). The term —g(<p, A)h  leads to the linear function of u depen­
dent on the ground station coordinates. The contribution from Q 2 — Q 20 
contains periodic tidal terms caused by the Moon and the Sun. Finally, 
the terms with y£ give the contribution due to geophysical factors. As a 
result, equation (7.1.12) gives the following relationship between u and r:

r =  (1 -  c~2V * )u  -  c ' 2[Vp(u )  +  v^ (w k -  u^)] (7.1.55)

or
(1 — c~2V * )u  =  r  +  c“'2[V^(u) +  v ^ (w k — u>t>)]- (7.1.56)

7.1.6 International atomic time TAI

Along the world line of the t r s  origin (wk =  w£) r is proper time of the 
ground station and may be measured. The quantity V *  is the same for 
all systems t r s , and the functions Vp(u ) specific to each t r s  are known 
from theoretical calculations. International atomic time t a i  is formed by 
averaging the clock readings of many ground observatories (Guinot 1986). 
This may be interpreted as averaging over many t r s  so that

T A I  =  mean(r +  c~2Vp(u )). (7.1.57)

From (7.1.56) t a i is related to t t  by means of

T A I  =  jfe^ l -  c~2V * )T T .  (7.1.58)

Thus, the t r s  coordinate time r at ap arbitrary point is expressed in terms 
of t a i , t t  and t b , respectively, as follows:

r =  T A I  — c~2[Vp(u ) +  v^ (w k — w ? )] (7.1.59) 

r =  jfc-^l -  c~2V * )T T  -  c~2[Vp(u ) +  vk(w k -  «;£)] (7.1.60) 

r =  1 -  c~2V * )T B  -  c -2[5p(f) +  vkE (x k -  xkE )] 

— c~2[Vp(u) +  v j ( w k — wj> ) ] .

Putting now
kG =  1 -  c~2V  «  1 -  0.7 x 10“ 9 (7.1.62)
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one has finally 

T B  =  T T  +  c~2[Sp(T  B )  +  v kE ( x k -  x kE )] (7.1.63) 

T T  =  T A I  +  32.184s (7.1.64) 

r =  T A I  -  c~2[Vp( T A I )  +  v£ (w k -  u£)] (7.1.65) 

or 
t  =  T T -  32.184a -  c~2[Vp(T T )  +  v^(wk -  « 4 ) ]  (7.1.66) 

or else 

t  =  T B -  32.184s -  c~2[Sp(T B )  +  v kE ( x k -  x | )] 

— c~2[Vp(T T )  +  V j . ( w k — tuy)]. (7.1.67)

An additive constant in (7.1.63) may be specified by the condition of 
coincidence of t b  and t t  on the world line of the geocentre (xk =  xkE ) 
at some fundamental epoch. The constant shift 32.184s used in (7.1.64) 
is due, to historical reasons, to prevent the discontinuity between atomic 
and ephemeris timescales. The right-hand sides of (7.1.65)—(7.1.67) may in 
addition involve constants dependent on a specific clock.

These relations make it evident that t a i is the physical realization of 
the coordinate timescale t t . All specific clocks involved in forming t a i are 
assumed to be synchronized with respect to coordinate time t t  (coordinate 
synchronization in contrast to Einstein synchronization in proper time). 
Due to (7.1.64) t a i is defined theoretically in the same domain as T T  but 
the practical realization of this scale has so far been performed only at 
selected points on the surface of the Earth. It may be possible in future to 
include clocks on Earth satellites into the procedure for forming t a i . Then 
the domain of practical realization of t a i  will be significantly extended. 
The unit of measurement of t a i is the si second determined on the surface 
of the geoid in rotation.

7.1.7 Units of length

The problem of units of length is closely related to timescales. Indeed, 
linear distances in b r s  and g r s  are not directly measurable quantities in 
astronomy. Therefore, the units of length do not interfere directly in as­
tronomical measurements and their definition is dictated mainly by the 
considerations of convenience in reduction calculations. Such considera­
tions are, for instance, as follows:

(1) to compensate for the rate difference between T B  and the b r s  coor­
dinate time all linear sizes and relevant quantities in b r s  should be 
multiplied by a constant factor;
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(2) to compensate for the rate difference between T T  and the g r s  coor­
dinate time all linear sizes and relevant quantities in gr s  should be 
multiplied by a constant factor.

Indeed, the b r s  equations of motion are described in terms of t, xkA 
and M a -  In the reduction of observational data the scale T B  is used. In 
keeping the b r s  equations invariable one actually deals with the quantities

x*Ak =  kB x\ (G M A y  =  kB G M A - (7.1.68)

Similarly, the g r s  equations of motion are described in terms of u , wkA 

and M a -  In the reduction of observational data the scale T T  is used. In 
keeping the g r s  equations invariable one actually deals with the quantities

w *  =  kGw\ (G M Ay  =  kGG M A. (7.1.69)

This approach is based on Hellings (1986) and partly on Fukushima ei al 
(1986b). The latter also suggest an alternative approach without trans­
forming the spatial b r s  and g r s  coordinates. It leads to the same results 
but implies different values of the gravitational constant and the velocity of 
light in different reference frames and for astronomical problems with the 
pure auxiliary role of units of length seems to be logically more complicated.

In any case relations (7.1.68) and (7.1.69) involve definite inconveniences. 
For instance, the b r s  planetary equations involve the mass of the Moon 
and its geocentric coordinates. These quantities should be expressed in 
b r s  units and will differ from the normal grs  quantities for the Moon. 
Similarly, the g r s  equations of motion of the Moon or an Earth satellite 
involve the mass of the Sun and its geocentric coordinates (with masses and 
the coordinates of the planets for the lunar equations). These quantities 
should be expressed in g r s  units and will differ from the normal b rs  values 
for the Sun and the planets.

The question of timescales and units gf measurement still remains under 
discussion, involving conflicting considerations of the practical convenience 
of possible definitions. The paper by Guinot and Seidelmann (1988) reflects 
the history of different approaches to this question and does not claim to 
solve the problem (see, for instance, Huang ei al (1989)). The considera­
tions discussed here and resulting in (7.1.63)—(7.1.65) are dictated by the 
requirement to retain as far as possible the astronomical tradition to use 
timescales having no mutual secular trend. But the disadvantage of this 
tradition is the inconvenience related to the necessity to re-determine the 
length-dependent quantities in different reference systems.

These questions are discussed in more detail in Brumberg and Kopejkin 
(1990).
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7.2 CLOCKS A N D  SATELLITES IN  
CIRCUM TERRESTRIAL SPACE

7.2.1 Doppler effect and gravitational displacement of 
frequency

In solving problems related to the measurement of time in circumterrestrial 
space it is sufficient to use only the first terms of the coefficients of the g r s  

metric (4.2.2)-(4.2.4)

/ioo =: — 2c“ 2<I>(ti, w ) h0i =  0 =  0 (7.2.1)

with w  =  (w l ,w 2 being the geocentric position of a current point at 
the g r s  moment u and

=  UE(u,w)  +  \UE,km{xE)wkwm +  .... (7.2.2)

To obtain results within an accuracy of 1 ns (or, equivalently, an accu­
racy of 10"14 in frequency) one may neglect in (7.2.2) the lunar and solar 
tidal terms and retain in the geopotential only the second zonal harmonic. 
In this case expression (7.2.2) in equatorial coordinates is replaced by

\ G M e  
$ < »  =  - j - (7.2.3)

where A e  is the equatorial radius of the Earth, J2 is the coefficient in the 
second zonal harmonic, and d and <p are the radius vector and latitude of 
the given point, respectively.

Consider the Doppler effect in the gravitational field of the Earth. Let a 
light signal of duration 6u be emitted from the moving point 1 at the g r s  

moment u. This signal reaches the moving point 2 at moment v! as the 
impulse of duration bv !. The corresponding intervals of the proper time at 
points 1 and 2 are

6r =  (1 — 2^ic“ 2 — w\c~2) l ! 28u (7.2.4)

St9 =  (1 -  2$ 2c~2 -  w 2c~2) 1t28uf (7.2.5)

with
<l>i =  $ (i0 i) <S>2 =  <I>(tiJ2)- (7.2.6)

The moment uf of reception of the light signal is a function of the moment 
u of its emission. Therefore,

di/
6u' =  ^ - 6 u  (7.2.7)

du
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and
St1 (1 — 2$2c~2 — w 2c~2) 1̂ 2 duf 

St (1 — 2^ic” 2 — w\c~2) 1! 2 du
(7.2.8)

In the Newtonian approximation

u' — u =  c‘" 1|it?1(w) — it?2(w/)l* (7.2.9)

Introducing the unit vector

* = <7-2-i o> |tDi(ti) - t y 2(w/)l 

and differentiating (7.2.9) one finds

-1, • / x - i t  • / /\du'—— =  1 +  c k w i (u )  — c kw 2 \ u ) —— 
dw au

or

Finally,

d u* 1 -f- c 1fcit?i(w) 
dw 1 +  c~l k w 2(u ' )  *

<$r' (1 — 2<I>2c“ 2 — tb2c’"2)1/2 1 +  c'"1fcibi(t/)

(7.2.11)

(7.2.12)
St (1 -  2$ic“ 2 -  ibiC"2)1/2 1 +  c“ 1fctb2(ti/) 

or after expanding in series

^  =  1 + . - » ( « ,  -  « , )  +  „ - ' * » , < « )  -  « - ■ * » , ( « ' )  +  * « - ’ ( » ?  -  » ? )

+  c“ 2(Anb2)2 — c” 2(fcibi)(fcit;2) -+■___ (7.2.13)

Small third-order quantities are omitted in (7.2.12) and (7.2.13). In 
the second-order terms one may not distinguish between the arguments u 
and u ' . If f i  is the proper frequency o f the emitted signal and /i2 is the 
frequency of this signal recorded at point 2 then

& - £ ■  (7-2-14> 

This relation, together with (7.2.12) or (7.2.13), determines the frequency 
displacement due to the motions of emitter and receiver (intrinsic Doppler 
effect) and the difference in the gravitation potentials at the points of emis­
sion and reception of the signal (gravitational displacement of frequency).

The first-order terms in (7.2.13) contain two instants, the moment u of 
emission and the moment u! of reception. Sometimes it may be useful to
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rewrite this relation as the function of one single argument. Let us choose 
first the moment of emission u as the basic argument. Starting from (7.2.9) 
and denoting

R (u ) — w i(u ) — W2{u) (7.2.15)

one obtains

u' — u — c 1\R(u) — (u f — u )w 2 (u)\ — c 1R (u )  — c 1(u , — u)
R w 2

R
=  c~l R (u )  — c~2R w 2 {u ) +  —  (7.2.16)

After some manipulation we obtain

k - « "  ” ! +  c - T p ~ r  (72 ' 17)

and
W 2 (u ' )  =  w 2(u ) +  c~ l R w 2 (u ). (7.2.18)

Substituting these expressions into (7.2.13) one gets

6t ' • 2
—  =  l +  c- a (S i  - S 2) +  c_ 1Jl(ti) +  \c~2R  - c ~ 2R w 2 +  . . . .  (7.2.19)

In neglecting the acceleration of the light receiver this formula reduces to 
the Doppler shift of special relativity

1 4* c—1-R(w)

(1 -  c - i R 2) 1/ 2

in combination with the additive gravitational displacement c“ 2(<I>i — $ 2). 
Equation (7.2.19) may be derived from (7.2.8) more easily by using the 
relation resulting from (7.2.16)

d uf . .
-j^- =  1 +  c~l R (u ) — c~2Rw2 — c~2 Rib 2 • (7.2.20)

Let us transform (7.2.13) to the argument v! . From

v! -  u =  c - l R {u ' )  -  c~2R w i  (7.2.21)

and

-py =  1 — c~1R (u /) +  c~ 2R w 1 +  c~2R w i  (7.2.22)

one has from (7.2.8)

St
1 +  < r 2( $ 2 -  $ i )  -  c_1i i (u ')  +  \c~2EL +  c~2R w  1 . (7.2.23)
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Needless to say, equations (7.2.12), (7.2.19) and (7.2.23) axe quite equiv­
alent.

7.2.2 Integrated Doppler effect

Consideration of the integrated Doppler effect is performed here by a tech­
nique used by Boucher (1978) in a slightly different form. A clock with 
proper frequency f\ located at moving point 1 (a satellite) emits light sig­
nals during the interval (ri, r2) of the proper time r of this point. These 
signals are received with frequency f\2 by the moving point 2 (a ground 
station) in the interval of the proper time r' of this point and are
compared with the signals with frequency f 2 of the clock located at point
2. The measurable quantity over the interval ( t[ , t2) is the difference be­
tween the number of proper impulses generated by the clock at point 2 
and the number of impulses received at point 2 from the clock at point 1. 
Mathematically, this quantity equals

put outside the integral sign. The number of impulses received at point 2 
is equal to the number of impulses emitted at point 1. Hence,

and this time the frequency f\ is constant with respect to r and may be 
put outside the integral sign. The remaining integral is transformed again 
to the proper time r' with the use of (7.2.8)

(7.2.24)

The frequency f 2 is constant with respect to proper time r* and may be

(7.2.25)

-  1 dr'.

(7.2.26)

It is convenient to express du/du ' here by (7.2.22) in terms of the mo­
ment of reception u', as in integrating within the adopted accuracy the 
difference between v! and r ; may be neglected. Therefore,
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Using all intermediate results, one finds finally

N  =  ( h ~  / i)(r ' -  r { )  +  c - lh [R {r '2)  -  R ( r [ ) }

-  c~2h  / 3($ 2 -  $ i +  +  Rii>l )  dr'. (7.2.28) 
J<

In the limit t2 —► r [ taking account of (7.2.14) one returns again to (7.2.23).

7.2.3 Synchronization of ground and satellite clocks

As suggested by Ashby and Allan (1979), to compare the rate of clocks at 
different points of circumterrestrial space it is suitable to take as the basis 
the coordinate time of a geocentric reference frame. In particular, this leads 
to a significant simplification of the procedure of clock synchronization. 
This enables us to avoid difficulties related to non-transitivity and the 
dependence on the traversed path in the clock synchronization in proper 
time (Einstein synchronization).

The satellite clock may be synchronized with the ground station clock by 
(indirectly) recording at station A the coordinate time interval Ta  between 
emission of signal to the satellite and its return to the station after reflection 
from the satellite. Due to the Earth’s rotation, with angular velocity u>, 
station A during the interval Ta  changes its geocentric location from w a  — 
w a ( ua ) at moment Ua  of the signal emission to

w a { u a  +  Ta ) =  w A (u A ) +  7U(w x w A ). (7.2.29)

Clock synchronization implies that after converting to coordinate time 
the satellite clock at the moment of signal arrival at the satellite has a 
reading

uA =  ua  +  \Ta  +  c~ 2w 'a ( u> x w A ) (7.2.30)

w A =  being the geocentric position of the satellite at moment uA .
Indeed, for a signal propagating from the ground station to the satellite 
one has

u 'a =  UA +  C~1D A D a  =  \w'(u'A ) -  w A (uA )\ (7.2.31)

and for the return journey

Ua + T a  =  u'A +  c - ' lw ^ U A .  + T a ) - w ’ ( u 'a )I

=  u 'a +  c~ 1D a  -  c-1^ - (w  x w a ) w a . (7.2.32) 
U a

The difference between these expressions yields (7.2.30).
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If the satellite clock is chosen as the reference clock then the ground 
clock may be synchronized by the emission of a signal from the satellite to 
the ground station and its further reception again at the satellite. During 
the two-way transit time TA the satellite, moving with velocity v', changes 
its position from w fA — w  (u A ) at initial moment u'A to

+  T'a ) =  w '(u 'A ) +  T'Av ' . (7.2.33)

For clock synchronization the ground clock at the moment of reception 
of the signal should have a reading which corresponds to the coordinate 
time

ua  =  u 'a +  \Ta - c~ 2v ' ( w 'a - w a ). (7.2.34)

Indeed, for the path from the satellite to the ground station one has

ua  =  u 'a +  c~ 1D a  (7.2.35)

and for the way back from the ground station to the satellite

u 'a + t a  = u a  +  c~ 1\w ' ( u ' a + T ' a ) - w a ( u a )\

=  uA +  c~l D A +  c~1^ - v ' ( w A -  w A ). (7.2.36) 
U A

The difference between these expressions gives (7.2.34). Relations
(7.2.30) and (7.2.34) enable one to synchronize the clocks provided that 
the readings of one clock and the two-way transit time of the signal are 
known. The coordinates and velocities of the satellite and the ground sta­
tion occur in these relations only in the post-Newtonian terms and, hence, 
may be known to an accuracy of the first (Newtonian) approximation. For 
a satellite in a circular orbit one has v 'w A =  0, resulting in some simplifi­
cation of (7.2.34).

7.2.4 Synchronization of two ground clocks via satellite

The basic relations (7.2.30) and (7.2.34) underlie the analysis by Ashby 
and Allan (1979) of different real cases of interest in the rate comparison of 
two ground clocks via satellite. Because of their practical importance some 
results are reproduced below. In the first case the stations are connected 
with one another by light signals via satellite. In all other cases each station 
interacts separately with the satellite.

(1) Ground station A at moment ua transmits the signal to the satel­
lite. Being reflected from the satellite this signal is received by ground sta­
tion B and is re-transmitted to the satellite. The signal is again reflected 
from the satellite and returns to station A at moment u a  +  Ta - Mea­
surement of uA and ^(including the necessary conversion from proper to
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coordinate time) enables us to calculate the moment of the signal’s arrival 
at B  and to obtain the synchronization formula

UB =UA +  \Ta +  v' ( w B -  w'B +  ^ ( WA -  « 4 ) )  c_2

+  C~2 ( l  4- ^ j )  (w x w a ) w ' a  (7.2.37)

where D a  and D b  are the distances travelled by the photon in propagating 
from stations A and B, respectively, to the satellite. All other designations 
are the same as used in (7.2.30) and (7.2.34). In fact, denoting by uA , v!B 
the moments of arrival of signals from A and B, respectively, at the satellite 
S, one has for the four segments ( A , 5), (S, B ) ,  ( B , S )  and (S', A )

u ' a =  u a +  c_ 1 D a  D a  =  \w'{u'A )  -  w A (uA )\ (7.2.38)

u b  = u 'A +  c~l \w'(u'A ) — w b { u b )  |

=  u A +  c~ 1D b  +  c~ i U b n  — v ' [ w b ( u b )  -  u>' {u'B ) ]  (7.2.39) 
D b

u 'b  =  uB  +  c~ 1D b  D b  =  \w' (u 'B )  -  w b ( u b ) \ (7.2.40)

ua  + T a = u 'b + c _ 1 |to' (u'B )  -  w a ( ua + T a )\

=  u ' b + c~ 1D a  -  - ^ - [ ^ ( w  x w a ) w ' ( u ' a)

+  ( u'b -  u ' a ) v ' ( w a ( u a )  -  (7.2.41)

Excluding from this the moments ufA, u'B and the Newtonian terms 
with distances D a , D b  one obtains the synchronization formula (7.2.37). 
To post-Newtonian accuracy one may replace w'B by w A in (7.2.37).

(2) Ground station A transmits a signal to the satellite at moment 
u a - This signal is reflected from the satellite and returns to A at moment 
u a  +  Ta - Similarly, station B  transmits a second signal at moment u b  
(>  ^a)> returning to it at moment u b + T b  after reflection from the satellite. 
The known quantities are TA , Tb  and the time interval T 1 =  u'B — uA 

between recording the two signals on the satellite. The synchronization 
formula for clocks A and B has the form

u b  =  uA +  ± (T a - T b ) + T '  +  c- 2[ (u  x w A )w 'A -  (u? x w b ) w b ]. (7.2.42)

In fact, applying (7.2.30) to clocks A and B and forming the difference 
of the corresponding expressions, one obtains (7.2.42).
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(3) Ground station A transmits a signal to the satellite at moment ua  
which returns to it at moment ua  +  Ta  after reflection from the satellite. In 
addition, the second signal is transmitted from the satellite to station B and 
then returns to the satellite. Let the round-trip transit time for this signal 
be TB . The known quantities are Ta , TB and the interval T 1 =  u'B — u'A 
recorded on the satellite between the arrival of the signal from A and the 
departure of signal to station B. The synchronization formula at moment 
u a  of the first signal emission at A and moment u b  of the second signal’s 
reception at B takes the form

UB =  uA +  \ (T a +  T'b ) +  T  +  c~ 2[w ' a { u  x w A ) -  v ' (w 'B -  u>b)]. (7.2.43)

Indeed, by applying (7.2.30) and (7.2.34) to A and B, respectively, and 
adding the results one obtains relation (7.2.43).

(4) Two signals are transmitted with an interval T 1 from the satellite 
to stations A and B, respectively, and after their return to the satellite 
their transit times T'A and TB are recorded. The synchronization formula 
for the moments of arrival of these signals at A and B is of the form

UB  =  u a  +  ^ ( T ^ - T a ) + T ' - c  2[v ' b ( w ' b - w b ) - v ia ( w 'a - w a )]. (7.2.44)

This follows from application of (7.2.34) to A and B. If the time interval 
is sufficiently small one may make the values v'A and v B of the satellite 
velocity identical.

All these clock synchronization techniques involve the geocentric time 
u. Actual measurements give the proper time of the ground station (the 
t r s  origin) or the proper time of the satellite (the s r s  origin). The trans­
formation from u to these proper times has been considered in section 6.2 
and in more detail for the ground station in section 7.1.

7.2.5 Use of navigation satellites

The problem of navigation with the use of the systems of navigation satel­
lites like n a v s t a r  is closely related to the problem of clock synchronization 
on the surface of the Earth and in circumterrestrial space. Consider three 
moving objects: a navigation satellite 1, a user 2 (ship or aircraft) and 
a ground station 3. All three objects are supplied with clocks indicating 
their individual proper time r, r' and r", respectively. For the clock on 
the satellite the conversion from proper time r to g r s  coordinate time u is 
reduced to the integral

(7.2.45)



to be taken along the satellite trajectory. If in the geopotential (7.2.2) 
one may be restricted by the approximation (7.2.3) then using the energy 
integral

+  $1 =  H  (7.2.46)

one obtains

«  =  J  ( l  +  c~2H  +  ^  +  -  3sin2 V l ) j  dr (7.2.47)

m =  G M e / c2 being the gravitational Earth parameter. For the reference 
clock of the ground station one has, by analogy with (7.2.45),

u — J ( l - c - 2$ 3 +  ± c - 2w l )d T " .  (7.2.48)

From (7.1.52)-(7.1.56) this relation takes the form

ti =  (1 +  c~ 2V * ) t " +  c~2Vp(u ). (7.2.49)

If one may again be restricted here by the approximation (7.2.3) then the 
relations of section 7.1.4. are replaced by the approximate relations

d3 =  A e  — A e / sin2 ip 4- h (7.2.50)

AE — Av w 2A p  o T

/ =  - V ^ 2 +  (7'2'51)

w 3 =  a? x w 3 (7.2.52)

Wo =  +  * j 2 )  +  (7 -2 '53 ) 

, N G M e  3G M e  t •> ( n  2 3 G M e  \  . 2 /r_ ^ 
g(y ) =  ~ ^ 2 ~ +  2A2 2~ W A e + [ 2u A B - — T- J 2 \sm <p. (7.2.54)

E E  \ E  /

Ap is the polar radius of the Earth, /  is the Earth’s oblateness, Wq is, as 
previously, the value of the potential of the force of gravity on the surface 
of the geoid. Integral (7.2.48) is transformed to

«  =  J [1 4- c~2W q — c~2g(ip)h] dr” . (7.2.55)

Numerical analysis of expressions (7.2.47) and (7.2.55) has been per­
formed by Ashby and Allan (1979).
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The user of navigation satellites can derive, on the basis of approximately 
known values of his own position and velocity, the coordinate time from 
proper time r' in a similar fashion to (7.2.45) and (7.2.48)

u =  / ( I  — c~2$ 2 +  \c~2w\ ) dr7. (7.2.56)

In principle, the determination of the position of user 2 by means of a 
system of navigation satellites like n a v s t a r  may be realized as follows. At 
the epoch u q  of g r s  time let clocks 1, 2 and 3 be synchronized, implying 
that their readings ti, r [  and t ”  in individual proper time correspond to the 
moment uQ of g r s  coordinate time. Satellite 1 transmits signals periodic in 
its proper time r. Consider a signal emitted by the satellite at moment 
in its own timescale r and received by the user at moment r2 in the user’s 
timescale r ;. The moments r2 and r2 correspond to the epochs u\ and u2 
of g r s  time, respectively. Then by (7.2.45) and (7.2.56) one has

Ui
rT2

-  Uq =  72 -  Ti +  c "2 / (-<I>i +  \w \ ) dr (7.2.57)
Jr-y

u2 — u0 =  t2 — t[  +  c 2 f  (—$2 +  2^ 2) &T' • (7.2.58)

The moments ui and u2 are related by (7.2.21):

u2 — ui — c~1R i 2 (u2) — c - 2R X2w i  (7.2.59)

with R i 2 being determined by (7.2.15). Using (7.2.57)-(7.2.59) one finds

rT 2
R i 2( u 2) =  c{ t '2 -  t [ )  -  c(r2 -  Ti) +  c_1 / (-$ 2  +  \w \ ) dr'

Jt‘i

- c - 1 / ( - $ !  +  \ w \)6lt +  c~lR i 2w i. (7.2.60)
J  T\ V

The epochs ri, t2) t [  and r2 are measurable quantities and the integrals, 
as well as the last term in (7.2.60), may be calculated with approximate 
known data. Thus, this relation enables one to find the exact value of the 
distance between user 2 and satellite 1 at moment u2.

The navigation system envisages that the user receives the signals si­
multaneously from at least four navigation satellites. Three relations of 
type (7.2.60) allow the determination of the geocentric coordinates of the 
user on the basis of three distance values. The user’s clock as a rule is not 
sufficiently accurate and one actually determines pseudodistances involving 
the unknown correction to the user’s clock. To determine this correction
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a fourth equation of the type (7.2.60) is needed. The technique of calcu­
lating the geocentric position of the user and the correction of his clock 
with the aid of navigation satellites is described in detail in a set of papers 
published in Navigation 25 no 2 1978. The consideration of the relativity 
effects developed here differs a little from the technique used in g p s  (Spilker 
1978).

Ground station 3 also receives signals from satellite 1. The time interval 
from the epoch of the synchronization to the moment iz3 of signal reception 
is equal to

u3 - u 0 =  T% -  t"  +  c 2 / ( - $ 3 +  |tb3) dr" (7.2.61)
J T »

with 7-2 being the moment of signal reception in proper time r " of the 
ground station. The moments Ui and u3 are related, by analogy with
(7.2.21), by

u ^ - u i — c * 1 1 1 3 ( 1*3 )  — c 2R\3Wi (7.2.62)

or similarly to (7.2.16)

U 3 -  U i  =  C ~ 1 R i 3 ( u i )  -  C - 2 R 1 3 W 3 =  C ~ 1 R i 3 ( u i )  -  C ~ 2 Wi ( <j J x w3).
(7.2.63)

The use of (7.2.57), (7.2.61) and (7.2.62) or (7.2.63) permits us in general 
to relate the readings r of the satellite clock with the readings r " of the 
reference clock of the ground station and to refer all measurements of users 
to the timescale r". But the use of g r s  time u seems to be a simpler and 
more convenient method.

7.2.6 Synchronization by clock transportation or 
electromagnetic signal transmission

From the g r s +  metric (6.1.16)—(6.1.18) or (7.1.52) it is seen that the proper 
time of a clock moving on the surface of the Earth is

dr =  {1  -  c~2[W 0 +  Q 2 -  Q 20 ~  g(<P, X)h +  eijkuj3E ykvl +  \vkvk +  . . . ] }  du
(7.2.64)

where v k is the velocity of the moving clock in g r s +  with (p and A being 
its latitude and longitude, respectively. Introducing T T  instead of u and 
neglecting the lunar and solar tidal terms one obtains

d( T T )  =  [1 — c~2g(ip, A)h +  \c~2v2 4- c~2( x  y ) v ]  dr. (7.2.65)

In transporting the clock along some path on the surface of the Earth 
the change of time T T  is determined by the curvilinear integral of the
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right-hand side of (7.2.65). The last term of this expression leads to the 
integral

J  ( u> x y ) v  dr =  u> J  ( y  x v )  dr =  J ( y x  dy )  =  2u>S =  2ujSe - (7.2.66)

dS  =  (y  x dy)/2 is the area vector element swept out by the geocentric 
position vector of the clock in its transfer over the Earth’s surface, 5 is 
the integral area and Se  is the projection of this area onto the equatorial 
plane. This projection is taken to be positive for eastward motion of the 
clock. This term, due completely to the rotation of the Earth, is called 
the Sagnac effect. In clock movement over a closed circuit its readings will 
differ by a quantity proportional to the area covered.

Clock synchronization may be performed by transmitting electromag­
netic signals as well. The determining relation is obtained from applying
(2.3.25) to the g r s +  metric

d( T T )  =  c~1[ 1 -  c~2g(<p, X)h +  c“ 2(u> x y ) V ]  dt  (7.2.67)

where V  is the coordinate velocity of light in g r s +  and d£ is the proper 
distance element along the light trajectory. One has approximately

d^2 =  (1 +  2c~ 2Ue ) dykdyk. (7.2.68)

On integration, the third term in (7.2.67) again gives the Sagnac effect in 
the form

c-3J  ( u j  x y ) V  di — c 3u> J ( y  x V )  d i  — c 2u> J ( y  x V )  dr

J ( y  x dy )  = 2c~ 2ujS e . (7.2.69)—  C 2(j j

At present, all effects related to light propagation and clock rate com­
parison on the Earth and in circumterrestrial space have been well tested 
experimentally. The numerical estimates and other relevant data may be 
found in Allan and Ashby (1986) and Alley (1983).

Relativistic geodynamics is still taking its first steps. Exposition here 
has been restricted only to methodological questions with limited accuracy. 
A review of other relativistic problems of geodynamics may be found in 
Boucher (1986).



Postscript

Since the main part of this book was written, IAU Colloquium 127 on refer­
ence systems has taken place at Virginia Beach (14-20 October 1990). One 
of the principal aims of this Colloquium was to discuss the draft recommen­
dations for the forthcoming 21st IAU General Assembly (Buenos Aires, 23 
July-1 August 1991). It is of importance that in the draft recommendation 
on time there appeared for the first time the coordinate timescales t and 
u of b r s  and g r s , under the names t c b  ( temps coordonne barycentrique) 
and t c g  ( temps coordonne geocentrique), respectively (section 7.1). This 
does not prevent us from using the scales t b  and t t , but in operating with 
t and u one can avoid the necessity of introducing scaling factors in the 
values for the masses and coordinates of the bodies (cf section 7.1.7).

In the draft recommendations specifying the main reference systems is 
the fact that, for the first time, these systems are defined as g r t  four­
dimensional systems to be postulated using corresponding metric forms.

(2s) (2}In so doing only the values of Jiqq and h) j J are fixed in the expansions 

(4.1.1) for the metric tensor components, with the condition Jiff =

Jiqq is supposed to include the Newtonian potential of the internal masses 
and the tidal potential due to external masses. Such a choice of coordinates 
involves, in particular, the vanishing of the coordinate functions a2- in the 
description (2.2.38)-(2.2.40) of b r s , enabling one to use both harmonic and 
p p n  type (2.2.41) coordinates, with the coordinate function ao not being 
fixed. Moreover, without indicating the form of h $  one cannot distinguish 
between dynamically non-rotating and kinematically non-rotating systems 
(applied to g r s  the first case is specified by (4.2.3) and (4.2.8) whereas the 
second case implies the absence of the term with geodesic precession F lk 
in (4.2.8) and the addition of a term —c~3F tkwk on the right-hand side 
of (4.2.3)). This question, as well as the possibility of representing g r s  in 
closed form with respect to the geocentric coordinates wk, are described in 
detail in a paper submitted by the author to the Colloquium proceedings. 
In addition, there is also a paper in the proceedings by Damour, Soffel and 
Xu dealing with the construction of relativistic reference systems in closed 
form in a d m  coordinates (of the type of p p n  frame coordinates). These two 
papers complement the content of the present book.
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