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High precision astrometry, space missions and certain tests of General Relativity,
require the knowledge of the metric tensor of the solar system, or more generally,
of a gravitational system of N extended bodies. Presently, the metric of arbitrarily
shaped, rotating, oscillating and arbitrarily moving N bodies of finite extension is
only known for the case of slowly moving bodies in the post-Newtonian approxima-
tion, while the post-Minkowskian metric for arbitrarily moving celestial objects is
known only for pointlike bodies with mass-monopoles and spin-dipoles.

As one more step towards the aim of a global metric for a system of N arbitrarily
shaped and arbitrarily moving massive bodies in post-Minkowskian approximation,
two central issues are on the scope of our investigation:

(i) We first consider one extended body with full multipole structure in uniform
motion in some suitably chosen global reference system. For this problem a co-
moving inertial system of coordinates can be introduced where the metric, outside
the body, admits an expansion in terms of Damour-Iyer moments. A Poincaré trans-
formation then yields the corresponding metric tensor in the global system in post-
Minkowskian approximation.

(ii) It will be argued why the global metric, exact to post-Minkowskian order, can
be obtained by means of an instantaneous Poincaré transformation for the case of
pointlike mass-monopoles and spin-dipoles in arbitrary motion.
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I. INTRODUCTION

Since exact solutions of Einstein’s field equations are available only for highly idealized
systems usually one is forced to resort to approximation schemes. One of the most powerful
and most important approximation schemes is linearized gravity, where the field equations
in harmonic coordinates are simplified to an inhomogeneous wave equation [1, 2]. As it
has been shown in [3-5] in the post-Newtonian approximation (weak-field slow-motion ap-
proximation) the metric outside the matter distribution can be expanded in terms of two
families of multipole moments: mass multipole moments M/ and spin multipole moments
Sp. Later, in post-Minkowskian approximation (weak-field approximation) such a set of
multipole moments has been introduced by Damour & Iyer [6].

For many purposes, for instance for high precision astrometry or fundamental tests of
relativity, the knowledge of the global metric of an N-body system in post-Minkowskian
approximation is of fundamental importance. Presently the post-Minkowskian metric for
arbitrarily moving celestial objects is known only for pointlike bodies with mass-monopoles
and spin-dipoles. The metric of arbitrarily shaped, rotating, oscillating and moving bodies
is a highly sophisticated and complex problem and is only known for the case of slowly
moving bodies in the post-Newtonian approximation [7]. One reason for this complexity is,
that one might want to define the multipole moments of a single body in its own rest-frame,
with origin close to the body’s center of mass; however, if the acceleration of such a 'local’
co-moving system is taken into account corresponding multipole moments have been defined
only to post-Newtonian order [7, §].

Thus, in order to study the global metric field in terms of locally defined multipoles of a
realistic N-body system such as the solar system, one has to apply further approximations.
Accordingly, this will be the strategy of this paper: we will first consider an arbitrarily
shaped, rotating and oscillating body first in uniform motion, and then we treat the problem
of N arbitrarily moving pointlike bodies with mass-monopoles and spin-dipoles.

The article is organized as follows: the metric for an extended body with arbitrary
Damour-Iyer moments, defined in a co-moving system, in uniform motion is derived in sec-
tion [[Ilin post-Minkowskian approximation. In section [[IIlwe consider the post-Minkowskian
metric for N arbitrarily moving pointlike bodies (mass-monopoles and spin-dipoles) and show
that our results agree with corresponding results from the literature. Throughout the article
we use fairly standard notation:

e (G is the gravitational constant and c is the speed of light.
e Lower case Latin indices a, b, ... take values 1,2, 3.

e Lower case Greek indices «, 3, ... take values 0,1, 2, 3.

repeated Greek indices mean Einstein summation from 0 to 3.

dap = 0% = 6 = diag (+1, +1, +1) is the three-dimensional Kronecker delta.

Sap = 0°% = 08 = diag (+1, +1, +1, +1) is the four-dimensional Kronecker delta.

€ape 18 the Levi-Civita symbol.

L is a Cartesian multi-index, that means L = a; ... q;.



o v=(1-v%/c?) " is the Lorentz factor.

e parentheses surrounding a group of Roman indices mean symmetrization with respect

1
to these indices: A = ) (Aab + Ab“).
o 1, =" =diag(—1,+1,+1,41) is the metric tensor of Minkowski space.

II. A UNIFORMLY MOVING BODY: MULTIPOLE EXPANSION TO
POST-MINKOWSKIAN ORDER

A. Multipole expansion for a body at rest

Consider a single massive body in some inertial system of harmonic coordinates X* =
(T, X). For weak gravitational fields the metric differs only slightly from flat space metric,
that means G, = 1, + H,,, where |H,,| < 1; the metric signature is (—, +, +, +). Weak
gravitational fields are governed by the equations of linearized gravity, in harmonic gauge
given by [1] (from now on all relations will be valid to first order in G, even if this is not
indicated explicitly):
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TH and H,, is the trace-reversed metric perturbation; definitions and relations are given
in Appendix [Al

Damour & Iyer 6] succeeded to show that outside the body the metric in (skeletonized)
harmonic gauge admits an expansion in terms of two families of multipole moments: mass-
moments My, and spin-moments Sy. Their canonical form of the metric perturbation in the
exterior region of the matter field can be written as follows:

where [y is the d’Alembert operator, the stress-energy tensor of matter is
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In Eq. (), an overdot denotes the derivative with respect to Tiet; €.8. F (Tret) = %
ret
for any function F', and all multipole moments are taken at the retarded instance of time,
R
Tt (T, X)=T — — | (3)
c

with R = | X|. The multipole moments, M, and S, are Cartesian symmetric and trace-
free (STF) tensors; Dy = 0'/(0X™ 90X ...0X™). Explicit expressions for the multipole
moments, My and Sz, in post-Minkowskian approximation are given by Eqgs. (5.33) - (5.35)
in [6].

B. Multipole expansion for a uniformly moving body

Considering a single body in uniform motion we will now attach our inertial coordinates
X#* = (cT', X) to the body, by choosing its origin near the body’s center of mass. The
spatial coordinate X“M = 0 of center of mass can be defined by the vanishing of the
corresponding Damour-Iyer mass-dipole moment M, = 0, but we consider the more general
case with M, # 0 and XM £ 0. This coordinate system will be called co-moving in the
following (or 'local’ in case that the body’s velocity is time dependent).

We now consider another inertial (global) system of coordinates z# = (ct, ) in which
our body moves with constant velocity v. The transformation from local coordinates X* =
(cT, X) to global coordinates z* = (ct, ) for a massive body in uniform motion is given by
a Poincaré transformation,

2 (X) = b 4 AP X (4)

with AJ = v, A = A) = 7%, AN =055+ (y—=1) U”;j, and b* = (B°)b) is a constant
four-vector, where b points from the origin O of global frame to the origin of the co-moving
frame at time 7" = 0. Transforming the events (7, 0) into the global reference system (¢, x)

yields
xa(t)=my (to) +v(t—to), :L’il(to):bi, cto=10", (5)

where x 4 (t) points from the origin of the global system to the origin at the co-moving frame
at any time ¢, and the initial is ¢;. The distance R which appears in the co-moving metric
(@), can be written in Lorentz invariant form p as (cf. Eq. (4.42) in [7], Eq. (10) in [9],
Eq. (B.4) in [10])
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where u* = 7 (¢, v) are the contravariant components of four-velocity of O, and the retarded
time is defined by Eq. (8) below. The Lorentz invariant distance (@) can also be written as:

pP=" (7“ (trer) — 0 (tret)) = \/7’2 (t) +~2 (v 7 )" rg(t)) : (7)
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where 7 (tyet) = € — @4 (tret), 7 (t) = @ — x4 () and x4 (¢) is given by Eq. (B); the absolute
values are 7 (tpet) = |7 (tret)| and 7 (t) = |7 (¢)|.



The latter form in ([7) is sometimes preferable and can be obtained by means of the
relation X* = A? r®(t); for a very similar consideration see [10]. The retarded time in global
coordinates reads for arbitrary wordlines

| — @A (tret)|

tret (t, ) =1 — .

(8)

QUNCICHGI

Let us consider a series expansion of (§), which yields: ¢, =t — — 5
c

where 7 (t) = @ — x4 (t), and x4 (t) is arbitrarily, hence v () :C:i;A (t) is time-dependent.
In general, Eq. (§) is an implicit relation which cannot be resolved analytically for arbitrary
worldlines x 4 (t) of a massive body. However, for the case of a body in uniform motion one
can obtain an exact analytical solution:

bret (t, ) =1 —
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Here, 7 (t) = @ — x4 (t), and x4 () is given by Eq. ({). Let us compare (@) with the post-
Newtonian approximation. A series expansion of ({)) yields the following expression for the
r(t) wv-r(t)
2
expansion given above (for v = const) which has been obtained directly from the definition

@).

Now we consider a relation among the retarded time T,¢ in the co-moving system of the
body and the retarded time ¢, in the global system. The retarded time in the co-moving and
global system are defined by Egs. ([B) and (8], respectively. In order to find a relation between
Tret and t,e, we note that the global coordinates of event (f,e, 4 (te)) correspond to the
coordinates (Te, 0) of the same event in the co-moving frame. The Poincaré transformation
of the coordinates of this event yields

retarded time: ¢, =t — + 0O (0_3). This expression agrees with the series

Tret :771 (tret - tO) . (1())

Relation (I0) can also be obtained directly from the definitions of Ty and .

To get the metric in the global system we will transform the spatial derivatives with
respect to the co-moving coordinates to derivatives with respect to global coordinates. One
obtains

F (’771 (tret — tO))
p (tret)
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where F' stands for any of the mass or spin multipoles in co-moving coordinates, and 9, =
0/0z*. By means of the invariant form of the distance () and with the aid of the derivative
operation ([I]), we are in the position to obtain the global metric in terms of local multipoles
for a massive body in uniform motion. Using g** = n** — k" + O (G?), G = n*# — HY
O (G?) and relation A% A%n*? = 1, we obtain from (@) the transformation law of metric
perturbation:

W (tx) = A A HE (T, X) . (12)
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Applying the general transformation law (I2)) to the local metric (2]), using the invariant
form of the distance (@), the derivative operation (III), we obtain for the metric in global
coordinates (¢, x) the following expression:
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where T can be expressed in terms of global coordinates by means of ([I)), and an overdot
denotes the derivative with respect to Tie. The multipoles in (I3) are the local multipoles
defined in the co-moving frame of the body under consideration, and they are functions of
the retarded time T,e;. Expression (I3) describes the metric of an arbitrarily shaped and
arbitrarily oscillating and rotating single massive body in uniform motion.

C. Monopole in uniform motion

Let us consider the simplest case of an extended body with monopole structure. Accord-
ing to Eq. (I3), the metric perturbation of a uniformely moving mass-monopole in global
coordinates z* = (ct, ) is given by (I = 0 in Eq. (I3)):
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where M is the invariant rest mass of the body. For the invariant distance p we insert
expression (), then we use the relation ¢* A# Afdop =2ut u” + c2n™, and obtain
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This expression coincides with the metric of a pointlike body of mass M, cf. Eq. (I3]) with
Eq. (11) in [11] for the case of uniform motion, i.e. v = const.



D. Spin-dipole in uniform motion

Next we consider an extended massive body with mass monopole M and spin dipole S;.
According to Eq. (I3), the metric perturbation of a uniformely moving mass-monopole in
global coordinates z# = (ct, ) consists of two contributions (I = 1 in Eq. (I3))):

where for simplicity we assume in this section that the co-moving system is located at the
center of mass of this body, so that M, = 0. The monopole part h‘(‘;\}) is given by Eq. (IH),

and the spin part h’(g), according to (I3]), is given by

v 4G 1 S
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(17)
where S; is the spin in the local frame (¢7', X) of the body.

The massive bodies of an N-body system exert a torque on each other leading to a time
dependent spin of a body A in the local A-system. Here, we follow the arguments of [12, [13]
and will assume that such a local time-dependence is only caused by gravitational inter-
actions and, therefore, are proportional to O (G). Accordingly, the spin of each individual
body in its own co-moving system is here assumed to be time independent. The metric of
an arbitrarily moving pointlike body with monopole structure and a time-independent spin
has been given by Eq. (16) in [11]. Here, we will compare our result with the results in [11]
in case of a body in uniform motion.

Because the spin is time-independent in the local frame, the derivative dy in () does
not act on the spin vector, and we obtain
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In order to obtain (I8]), we have used the second expression in (), the explicit form for the

Lorentz matrices, and %r (t) = —v. By inserting (I8)) into (I7) we obtain
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Furthermore, we note the relation
i i v’
r <t> =r (tret> —-T (tret) ; ) (20)

which follows from 7% () = z* — x%y (t), 7" (tyer) = T° — 2% (trer), that means r® (t) = 7% (ter) +
v' (tes — t), and then using relation (§). Thus, by means of ([20), we can rewrite (I9) as
follows:

v 4G . ' (tet) + (7 —1) % (v 7 (ter)) _'Yr(tret)%
hisy (t @) =—— AY A €ign S5 v e . (21)




Let us briefly note, that from (21]) one easily finds that h((]g) = O (c™?), hg) = O (c™*), while

0i — F..
h(S) (t, .’,C) = 3 €ijk S (t)

gives rise to the famous Lense-Thirring effect. Now we will show an agreement of 1) with

+0(c™) (22)

Eq. (16) in [11], where some anti-symmetric spin tensor in global coordinates Sob alobal 1188 been
employed. To this end we consider each component of the metric tensor (21) separately

Accordingly, the strategy for the comparison is, first to perform a Lorentz transformation
of the spin-part of the metric from co-moving to global frame and second to rewrite the
results in terms of the global spin tensor Sy, ., Eqgs. (B4) and (B3).

: 00
1. Calculation of h(S)

For the components p = v = 0 we obtain from (2I]) the following expression:

4 G v i T (tret)
00 _ 2 (U
W (L) = =97 (2 S) e (23)

Now we use the following relation between the spin vector S in the co-moving system and
the anti-symmetric spin tensor Gop elobal 111 the global system, which is shown in Appendix Bt

Y (% X S) Sglobal (24)

Inserting (24) into ([23)) yields

1 (1 g AC T ) S

3 0
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where the four-vector 7 = (r,r) has been introduced. In (25]) we have formally extended

the summation r; Sy = 7o Sgopar, because Sgpy ., = 0 due to the anti-symmetry of the
u®

: . — 40 (0
spin tensor; note also v = u’/c and Sg . u’ = = Sglobal U

; Oa
2. Calculation of h(S)

Now let us consider the component 1 = a and v = 0 in (21]), which we separate into two
terms as follows,

hig) (t, @) =hi° (t,x) + hs° (t,x), (26)

F(ta) + (7= 1) % (@7 () = 77 () &
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For the expression (27)) we obtain

0
2G Ta ( ret) Sglobal u®
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where we used (24) and again extended the summation 7; S5, = 7o Sgopa; NOte also
u® = yv® For the term (28)) we obtain

2G Ta (tret) Sgigbar 1
he (¢, ) = (Frer) S (30)
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The proof of relation ([B0) is a bit involved; it can be found in Appendix [Cl According to
[26) we add both terms (29) and (30) together, and obtain by means of symmetrization
notation:

4G 7o (teet) S;E)?aal u”)
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We remark that hfg) = h{g as it follows from (21J).

; ab
3. Calculation of h(S)

According to (2]]), we obtain the following components for the spin part of metric tensor,

4G (a Ti (tret) + (v — 1) U_Q (V-7 (teer)) = 77 (Lret) %
If we compare expression (B2]) with expression (28], we recognize that:
ab a0 vb b0 v
In view of relation (B3] and by means of (30), we immediately conclude
ala b)
4G 7o (tret) Sglobal u
h(S) (t,z)= 7y e - (34)
4. Collection of terms
Now we collect the results (23]), (31]) and (B84 together and obtain finally
op V)
v 4G T (tret) Sgiopa U
hts (@) = — . (35)

ct (¢ 37
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where we have used for the distance p the form given by relation (7). The metric ([B5]) for
the spin part coincides with the metric given by Eq. (16) in [11] for the case of uniform
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motion, besides an additional factor y~! which is missing in Eq. (16) of [11], as it has been
noted already in [14]. We note, that the use of a spin tensor or spin vector is more or less a
matter of taste and allows for a more compact notation, but from the physical point of view
it is not important at all. However, it is important that the metric (B5) is given in terms
of global spin parameters, while our metric (I7) for the spin is given in terms of local spin
parameters. Here, we have shown that both expressions are equivalent.

III. ARBITRARILY MOVING POINTLIKE BODIES TO
POST-MINKOWSKIAN ORDER

A. Instantaneous Poincaré transformation and classical electrodynamics

Let us consider the equations of classical electrodynamics in the Lorentz-gauge [19],

0, A" (tv iL‘) = —fio J" (ta ZE) ) (36)
2
N7
- ozt Oxv
with scalar-potential ¢ and vector-potential A, and j* = (cp, ) is the four-current with
electric charge density p and electric current density 7; the vacuum permeability pg and
vacuum permittivity €, are related via ¢=2 = ¢ .

The equations of linearized gravity (1) and the equations of classical electrodynamics
([B6) have the same mathematical structure. Thus we can use some arguments of classical
electrodynamics for our purposes. Especially, we will show that the problem of an arbitrarily
moving pointlike body in linearized gravity is similar to the problem of an arbitrarily moving
pointlike charge () in electromagnetism.

Let us consider a pointlike charge 3 which in the global inertial system z# = (ct,x)
is moving along an arbitrary timelike worldline parametrized by zy, (T). At each instant
of time we introduce an inertial system X* = (cT, X) along the worldline z, (T') which
is comoving with the pointlike charge with the instantaneous velocity of the charge. The
transformation from the global inertial coordinate system z# = (ct, ) to the inertial system
X" = (T, X) which is comoving with the charge is then given by an instantaneous Poincaré
transformation, e.g. [18]:

where [, is the d’Alembert operator, A* = (¢/c, A) is the four-potential

o (XN =B + AE (1) X©, (37)
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in (@) we take b* = (b°,b), and b points from the origin of global frame to the origin of the
inertial frame at time T" = 0.

We assume the point-charge Q to be located at the origin of the comoving inertial system

and then the four-potential in this coordinate system is given by

1 Q
A (T, X)) = —=.,0 38
r.x)= (2= %.0). (39)
where R = | X|, and the four-velocity of the charge in the local system is uy, = (c,0).

Now we want to determine the four-potential in the global coordinate system. As is
well-known the Liénard-Wiechert potentials for a moving point-charge expressed in terms
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of retarded time are independent of acceleration. Accordingly, it has been argued in [2, 120]
that one might introduce an instantaneous local rest-system as described above and with the
point-charge at its origin at retarded time ¢,y =t — | — 2 (twet)| /¢, and where the four-
potential is given by (B8]). Then, an instananeous Poincaré transformation [B7)) at t = ¢,
yields

1 Quly (t)
Ameo Ju (1) (a — oty (1)

AR (1, @) = , (39)

t=tret

where ug, (t) = 7 (t) (c,vq (t)) is the four-velocity of @ in the global system and all time-
dependent quantities on the right-hand side have to be taken at retarded time t,.;. Further-
more, in (39) the local coordinate distance R has been replaced by the Lorentz-invariant
distance, cf. Eq. (6]):

) (@~ b )

P , (40)

C

=0 (ol - 2erel)

t=tret t=tret

where r¢ (t) = x — g (t) and rg (t) = |rg (t)|. The solution (B9) which has been obtained
by an instananeous Poincaré transformation is nothing else than the well-known Liénard-
Wiechert potentials in classical electrodynamics.

B. Arbitrarily moving mass-monopoles

Now we are going to determine the metric of a pointlike body A moving arbitrarily along
a time-like trajectory z’j (T') in the global system with the aid of the same approach as
described in the previous section. According to (2), the metric of a pointlike body without
spin and in its local rest frame X* = (¢T', X) is given by

2G M
2R
where M is the mass monopole M}, defined by Eq. (5.33) in [6] for the special case | = 0.
For the case of an arbitrarily moving pointlike charge we perform an instantaneous Poincaré

transformation (37)) of the metric field (41) at the retarded instant of time defined by Eq. (§),
and obtain the global metric

HO8

00 (41)

26M M) A5 (0) by
© a0 (-2

where 7 (1) = x —x 4 (t) and 7 (t) = |r (¢)| and for the distance R we have used the invariant
expression ([#0). Now we use the relation ¢® A% A% 0o = 2u* u” + ¢, and obtain

hl(tzl\//[) (t,x)= (42)

W (t2) = AGM 1 ) (uﬂc(t) u"c(t> N % ) o (43)

t=tret



12

where u# (t) = v (t) (¢, v (t)) is the four-velocity of the body and v () being the three-velocity
of the body in the global system. The expression (43)) is the contribution to the metric of one
arbitrarily moving pointlike body in post-Minkowskian approximation. The metric for the
case of N pointlike bodies is simply obtained by a summation over N individual contributions
(@3), in agreement with Eq. (10) in [9] or Eq. (11) in [11].

For many situations, the slow-motion approximation (v < ¢) is of sufficient accuracy, e.g.
[15, [16]. Therefore, we will compare the metric ([43]) with previous results in the literature
in the slow-motion approximation. A corresponding series expansion of ([43]) yields

- (2 2200 o
—lret (44)
My (t,w):M;Mr(lt) vic(t) (H%) o), (45)
ij _2GM 1 v(t)-r(t)  (w(t)-r() 10
hwﬂww—_§_7®%jo+ 11®0+ﬁ gﬂéf)_5lévtt
4€2M7~2t) v (t);j (1) C+O(e), (46)

The retarded time-argument in (44]) - (4@) has to be replaced by the global coordinate time
using the following relations:

P (he) =7 (£) + @ " (t) + ”it) v () - D Lo +0(@). (47)
r (tret) =7 (1) <1 4T (Z)T' (';’)(t) + % v Cgt) + % W i?r;“(g ) ) Lo +O(G), (48)
wlle) _ )4 o () 100, (49)

where we have taken into account that for a system of N pointlike masses the acceleration
is proportional to gravitational constant due to the equations of motion; see also text below
Eq. (23) in [15]. Then, to order G' we obtain:

h%wwﬁﬂng%Q_;wﬁyg”+zl9)+0@ﬂ, (50

01 o
ey (t, @)= 2 r(t) c

%m@@:2iM;%<%_1&£LL@L%+22@EEQ+4NCﬂ,@m

+ 0 (0_5) , (51)

2 A2r2(t) c?

which agrees with Eqs. (21) - (23) in [15] or with Eqgs. (47) - (49) in [16] (for S =y =€ =1
in [16]); recall h% = —hg;, while h% = hgy and h" = hi;, and all relations are valid only to
first order in G.
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C. Arbitrarily moving Spin-dipoles

Now we proceed with the consideration of the metric of a pointlike body with spin.
According to (@), the metric of a massive body with monopole and spin is, in its local rest
frame X* = (¢T, X), given by

H (T, X)=H°

(M) <T7X> +H05

(%)
where the monopole part has been given by Eq. (@Il and the spin part is given by

4G 0 S
H(s) (TaX):_—?)Eabcmﬁa

while all other components of the spin part vanish: H(Og) =0 and H (ZZS) = 0. Again, for
simplicity we assume here that the co-moving system is located at the center of mass of this
body, and we neglect the time-dependence of the spin vector in the local system.

Now we perform an instantaneous Poincaré transformation of the local metric (54]), and
obtain the spin part in global coordinates for an arbitrarily moving pointlike body with spin:

o 4G ) o1
h(g) (*, >_ A(ﬂ( tret) MG (tret) EabcAI? (tret) Se @;

(T,X), (53)

(54)

(55)

where for R we have used the invariant expression p given by (@) for the distance. By
performing the very same steps as described in some detail in section [[ID] we obtain for
(55) the following expression:

4G ra(t) Sgeha v (1)
ot 5 <T 0 - v(t);g'r@))

Eq. (B6) is the result for the spin part of the metric of one arbitrarily moving pointlike
massive body with spin, cf. Eq. (16) in [11]. Recall, that (B3]) was valid for the case of an
extended body but in uniform motion. Like in the previous section, the metric of a system
of N arbitrarily moving pointlike spin-dipoles is simply obtained by a summation over the
contributions (B6]) of N individual pointlike spin-dipoles. In many situations, the metric for
a spinning body in slow-motion (v < ¢) is sufficient, e.g. [17]. Hence, like for the case of
pointlike monopoles, we will compare (56) with results previously obtained in the literature
in the slow-motion approximation. By inserting (47) - (49) into (B6) we obtain

4G 1

hig) (t, ) = (56)

t=tret

) (6 2) = =7 gy e @) Socaseve () + O (), (57)
W (¢ ) = _Zcf Tgl(t) o () € Sy + O (79, (59)
B (1, @) = —4: r31(t) P (£) Sheap (i v () + O (7%, (59)

in agreement with Egs. (C.17) - (C.19) in [17]. Recall, that (58]) generates the Lense-Thirring
effect, the spin in the local frame is time-independent, and all relations are valid to first order

in G.
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IV. CONCLUSIONS

Extremely high precision astrometry, high precision space missions and certain tests
of General Relativity, require the knowledge of the metric tensor of the solar system, or
more generally, of a gravitational N-body system in post-Minkowskian approximation. So
far, the metric outside of massive and moving bodies in only known in post-Newtonian
approximation. In our study, we have considered the metric of massive bodies in motion in
post-Minkowskian approximation, that is valid to any order in velocity v/c. Two different
scenarios were on the scope of our investigation: (i) the case of one body with full mass and
spin multipole structure in uniform motion (v = const) in post-Minkowskian approximation,
and (ii) the case of N arbitrarily moving pointlike bodies with time-dependent speed v ()
in post-Minkowskian approximation.

For the first problem, a co-moving inertial system of coordinates has been introduced and
the starting point is the local metric given in terms of Damour-Iyer moments. A Poincaré
transformation then yields the metric tensor in the global system (I3]) in post-Minkowskian
approximation. We have demonstrated that our results are in agreement with known results
for pointlike masses having monopole and spin structure and moving uniformly.

Then we have derived the global metric for pointlike massive bodies in arbitrary motion
having monopole structure (43]) and spin structure (B6). We have shown that our results
are exact to post-Minkowskian order for the problem of pointlike mass-monopoles and spin-
dipoles in arbitrary motion.

The problem to find a global metric for a system of N arbitrarily moving and arbitrarily
shaped bodies in post-Minkowskian approximation is highly complex and one encounters
many subtle difficulties. Especially (in contrast to the case of pointlike bodies), such a
metric cannot be obtained by a simple instantaneous Poincaré transformation of the metric
@) for extended bodies. Moreover, it is obvious that for this problem a corresponding
accelerated local reference system has to be constructed. It is clear that such a local system
can be defined in many different ways (e.g., Fermi normal coordinates or special harmonic
ones). As is well known, however, that even in the case of vanishing gravitational fields,
i.e., in Minkowski space, such a construction is highly problematic; the reader is referred to
[21-28]. At the moment being, we consider our study as one more step towards the aim of
a global metric for a system of N arbitrarily shaped and arbitrarily moving massive bodies
in post-Minkowskian approximation.
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Appendix A: Notation for the metric tensors

All relations given here will be valid to first order in GG, without explicit indication. For
weak gravitational fields the metric differs only slightly from flat space metric, that means

G =t + Hyop - GP = — H (A1)

where 7, = 7" is the metric of Minkowski space, and |H,,| < 1 and |H*| < 1.



15

The equations of linearized gravity take a simple form in the gothic metric 2, [18, 129],

defined by

G — Y L
\/fu—gzmﬁffwa V-GG =y — 1", (A2)
where G = det (G),,) is the determinant of metric tensor. The factor v/—G implies that the

gothic metric is not a tensor but a tensor density. Let us further note the following relations
for the trace-reversed metric perturbation:

1 1

Hyp=Hy = 5t H ﬁ’wzH‘“’—in“”H, (A3)
where H = n*® H,5. The inverse relation reads
Hu=Hp— gmu T, HY =T g T (A4)
where H = n*® H 5. Finally we note H = —H, and we find
@:1—%?, @:H%H. (A5)

Appendix B: Some relations for the Spin
1. Lorentz transformation of Spin

In the local frame the spin four-vector is denoted by S* = (0,.5), while in the global
system the spin four-vector is denoted by Sh ;. = (Sglobal, Sgiobal)- The Lorentz transfor-
mation for the spin between the co-moving frame co-moving with the massive body and the
global frame reads

v-S

Sélobal:ALSM:Si+(7_1) 7”2% (B]')

v-S
Sglobal =A2 St =1~ (T) . (B2)

Note, that the spin four-vector in any Lorentz frame has three independent components only.
The transformation (BIl) and (B2) agree with Eq. (8) in [11]. The inverse transformation
can easily be deduced from Eqgs. (BIl) and (B2) and is given by

i i Il—vc
S" = Sgiobal T 2 5 Sglobal v; - (B3)

Of course, relation (B3) can also be obtained from the inverse Lorentz transformation.
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2. Proof of relation (24)

In |11}, some anti-symmetric spin tensor in global coordinates S has been employed.

global
Due to the anti-symmetry of this tensor and because of the orthogonality relation Sglfbal ug =
0, this spin tensor has three independent degrees of freedom like the spin four-vector Sglobal,
thus both mathematical expressions are on an equal footing. Therefore, the anti-symmetric
spin tensor Sgloﬁbal and the spin four-vector S&°P¥ in global coordinates are related to each
other by the following relation, cf. Eq. (5) in [11] and cf. Eq. (3.9) in [14]:

Sa’ﬁ — afvydo Sglobal % ’ B4
global n é c ( )
oba 1 UB Ey
ngl bl — 5 Napys ? S;lobal ) (B5)
1

where (B3] is the inverse of (B4). Here, "% = — €apys AN Nagys = /— €apys are the

contravariant and covariant components of the Levi-Civita tensor, respectively, and €,s+s is
the Minkowskian Levi-Civita tensor with €03 = 1. Let us note the following relations of
this tensor:

ij0k 0ijk
e’ =¥ = —€0ijk = —€ijk- (B6)

In harmonic coordinates g = —1 + O (G), we obtain from Eq. (B4)), up to order O (G),

u u
Sglgbal _ 6aOvé by Sglobal _ 6aOk‘l ?k‘ Slglobal . (B?)
And by means of (B6]) we finally arrive at
a Uk lobal vx S\*
Sglgbalz%kl Y - Slg =7 < B ) ) (B8)

where in the last term we have used (BI), i.e. v X Sgoba = v X S. Eq. (BY) is nothing but
relation (24); cf. Eq. (D1) in [11].

Appendix C: Prof of relation (30)

In order to show (B0), we insert into Eq. (28] the explicit form for the Lorentz matrix
and obtain

u 2G Vg Uk X;
nE (@) =S5 7 (e S5+ (1= 1) e ;) 5 (c1)
c v p
where we have used the abbreviation
V; U;
Xi =T (tret) + (7 - ]-) ﬁ (’U T (tret)) - r (tret) ; . (CZ)

The metric (CI)) is still given in terms of the local spin S* = (0,.S) comoving with the
massive body, and we have to transform it into the spin tensor in global coordinates. For
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the first term in the parentheses of Eq. (CI) we will use the following relation (a proof is
given below):

v—1

Y €ija S5 = Sa global T TH (v-S) €aij vy, (C3)

while for the second term in the parentheses of Eq. (C1l) we will use relation (24]), and then
we obtain
u vy—1 ¢ 1—7 X;
hBO (ta Q?) = (S lobal + 7 % Sglobal €aij Uj + 7 Sglobal) F : (04)

For the last term in (C3]) we have also used relation (B2]). The metric (C4)) is now given in
terms of global spin variables. But we still have to express the second term in (C4)) by the
global spin tensor. Therefore, we use the following relation, cf. Eq. (B3),

1
SO Eklm S

global — 5 global -

(C5)

Inserting (CH)) into (C4) yields (recall the anti-symmetry of spin-tensor):

v—1 i v—1 l—~ i
(Sglobal + 2 laWh Sglbobal + (7= 1) gt + 2 Vi S, blobal + —pp e S 1obal)
(C6)

where for the second term in the parentheses of Eq. (C4)) after inserting (Chl) we have used

5ak 5al 5am

€aij €klm = di Oit Oim

Sk 651 Ojm

We recognize that the second and last term in the parentheses of Eq (C6l) cancel each other,
as one can see by using the relation v, S%%, | = ¢ S%° alobal due to sab alobal s = 0. For the fourth

8
term in the parentheses of Eq. (CG) we use vy Sglobal —¢ Sfopa and obtain
a 2G XZ 1-— Y
hE? (t7 m) = _? ﬁ (’Y Sglobal +— 02 U c Sglobal) (07)

Now we reinsert (C2) and obtain, recall ¢y = «° and v; S = ¢ 59,

u 2G 1y (tret) S,Yl(ébal u’
hBO (t, CE) = ? ! p3g 5 (CS)

where we have used the anti-symmetry of the spin-tensor; note r., (tret) = (=7 (tret), T (tret)),

and 17 = (r(trr), 7(bet))- Bat. (CB) is just relation (30).
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Finally let us proof relation (C3)). We insert the Lorentz transformations (BIl) and (B2)
into relation (B4)) and obtain up to order G,

1] ij lobal
Sgljobal =€ 770 S§ Uy
y oy o (v-8
zewkSk’ije”k—Q (v-8) V" y—IF < ) 721}_’“7 (C9)
v c c
where we have also used uy = —c+y, u® = ¢y and u, = u* = yv;; note S(%IObal = _Sglobalv
- - 2

€ijr = €% and €27% = —¢y; ;5. Then, by using the relation (y —1) v — 2—272 =1—7, we

obtain from Eq. (C9),

ij -~

Sglobal =7 €k Sk + 2 (’U ' S) €ijk Uk, (ClO)

which is just relation (C3)); cf. Eq. (D2) in [11].
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