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Abstract

Thefield of achargemovingwith constantaccelerationis constructedanalyticallyas an
exactsolution of theMaxwell equationsobtainedby the separationof variablesmethod.
It is shownthat thesefieldsdonotcontainanyradiativepart.Thefield ofamovingcharge
is purely staticand its energyevaluatedbeyonda sphereof any given radiusdoesnot
dependon theacceleration.
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In this article we constructthe electromagneticfield of a chargemoving with
constantaccelerationasanexactsolutionof the Maxwell equations.Forthispur-
posewe introduceacurvilinear coordinatesystemfor theMinkowskian space—
timein whichthe chargeworld line coincideswith a curvedtime-likecoordinate
line. The systemmaybe introducedas follows. Let {t, z, p, ç} be the standard
circularcylindercoordinatesystem.Thesubstitutions

~= ±artanh(t/z),~=~Jz2_t2, t=csinh~, z=Ccosh~ (1)

for Izi � ti and
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~=±artanh(z/t), ~ t=~cosh~,z=~sinh~ (2)

for I z I it I defineacoordinatesystemconsistingof two chartswhichcoverthe
correspondingspace—timedomains.Hereafterweassumethatt> — z becausethe
remainingareaof the space—timelies in thepastfrom the chargeworld line cho-
senas ~=const.,p=O. The coordinatesurfaces~=const. arethree-dimensional
Eucidean(Iz I> It I ) or pseudo-Euclidean(Iz I It I ) semispacesequippedwith
ordinarycircularcylindercoOrdinatesystems{~,p, ~}. The displacements~—~+ c
formaone-parametricgroupof Lorentztransformationssuchthatthecoordinate
c~parametrizesthechargeworld lineandlabelsinertialframesin whichthecharge
is atrestfor anygivenvalueof theparameter.As thechargeworld line is nothing
but an orbit of thegroup,it is naturalto assumethat its field remainsinvariant
underthetransformations,i.e., the field doesnot dependon thecoordinate~. We
assumealsothe vectorpotentialof its electromagneticfield to be tangentto the
orbits.

Let us introducethewell-knownbisphericalcoordinatesystem{u, v, ç~}[1] in
the ~= const.Euclideansemispaces:

2a~ 2ap
tanhu= ~2+p2+a2’ tan v= —

asinhu — asinv (3)

— coshu+cosv’ ~ coshu+cosv’

andtheirpseudo-Euclideangeneralizationsfor the otherdomain,

2a~’ 2ap

tanu= ~2+p2+a2’ tanv= — —~2—a2+p2’

asinu asinv (4)

cos u+cos v’ cosu+cosv’

respectively.In thechargerest frame the surfacesu = const. form a family of
spheressurroundingthecharge:

(~—acothu
0)

2+p2=asinh1u. (5)

Theextremalvaluesu= 0 and u= ~ correspondto the plane~= 0 boundingthe
semispaceandthepoleof the coordinatesystem[1], respectively.Thechargeis
assumedto lie in thepole.Themetric in thesecoordinateshasthefollowingform:

sinh2ud~2—du2—dv2—sin2vd~,2
2 , Izi > ti

(cosh u+cos v)
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du2—dv2—sin2udc~2—sin2vdq2
ds=a 2 ‘ IzI<ItI

(cos u+cos v)

TheMaxwell equationsfor a source-freeelectromagneticfield specifiedas a 1-
form a is d*da=0.Then, if afield is tangentto the orbits, i.e., a=cP(u, v) d~
theequationshavethefollowing form:

0=d*da

sinv [sinhu( .~ ~ + -—(~~sinv),,RduAdvAd~,,
(. sinh u [ \,sinh uj,~ sin v jj

whereweusedthe Levi-Civita symbolwhichis ~ = a4(coshu+ cosv)~ sinhu
sin v. Thegeneralsolutionofthisequation,

d
~(u,v)=a

0(coshu—l)+ ~ a~sinhu7—p~(coshu)P~(cosv),
n=1 uU

wherep~(x)andP~(x)areLegendrepolynomials,a~are constant coefficients
[1], representsthecompletemultipole expansion.The field of achargeis speci-
fiedby the zerothtermwith a0 beingthe chargevalue.Indeed,if a= q( coshu— I)

d~thenthe integral~*da takenon anysphereu=const.is equalto the flow of
the electricfield strengththroughit and,hence,to thechargevaluemultipliedby
4it. Since*daa

2q sin v dvAd~the integrationis trivial andthe factorq is the
chargevalue.Consequently,the chargeq placedin the point u= ~ producesthe
field

a=q(coshu—l)dc~ a=q(cosu—I)d~,

forthe I z I > It I and I z I <It I domains,respectively(thederivationofthesecond
expressionis similar). In thechargerestframethestrengthof the magneticfield
is zero and that of the electric field has only a u-componentequal to
a’q(coshu+cosv). Its energyevaluatedbeyondasphereu=u

0 doesnot de-
pendon thechargeacceleration:

uo it 2,z

me= ~~_JE2 d
3x= ~aJ duj’ dvf d~(cosh u+cos v) sin v

= ~—sinhu
0=(2a’q

2sinhu
0)m ~

where,dueto Eq~(5),Re is the radiusof the sphere.It is seenexplicitly that the
field doesnot containanyradiativepart.

To rewritethe field in standardLorentziancoordinatesit sufficesto returnto
the coordinates{t, z,p, ~i}. It turnsout thatthevectorpotentialcomponentsare
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A — z (___________ z2—t2+p2+a2— Z2 — t2 ~ ~ —

A — ____ (____________ z2—t2+p2+a2Z Z2t2 ~ t2I+a)2+p2][(J~2I+a)2p2] — ‘

for bothdomains.
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