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 PROCEEDINGS OF THE
 AMERICAN MATHEMATICAL SOCIETY
 Volume 35, No. 1, September 1972

 THE WHITNEY TECHNIQUE FOR POINCARE

 COMPLEX EMBEDDINGS

 J. P. E. HODGSON

 ABSTRACT. The following result is proved.
 THEOREM. Let f: Kk --XI, be a map of a finite connected k-dimen-

 sional Poincare conmplex K to a finite simply-connected n-dimensional
 Poincare complex X, then if n>2k+ 1, k>2, f/is homotopic to an
 embedding. The proof involves a technique akin to the Whitney
 procedure for eliminating double points.

 The object of this note is to prove the following result.

 THEOREM 1. Let f: Kk-->X" be a map between a finite connected k-
 dimensional Poincare' complex K and a simply-connected finite n-dimensional

 Poincare complex X, then if n > 2k + 1 and k>2, f is homotopic to an em-
 bedding.

 This improves the result of Levitt [3] by one dimension but at the cost of

 requiring X to be simply-connected. The method of proof is to follow
 Levitt's construction, introducing a 'singularity' in K to kill the ob-

 struction to engulfing. Then by a Whitney process we can remove the
 singularity.

 1. Construction of the stable model. Theorem I is a corollary of the
 following result.

 LEMMA 2. Let (X2n+-', y22) be a finite Poincarei pair of dimension
 2n+1, IIith ir1( Y)=O, then any mapf: (DI, S"t-1)- *(X, Y) is homotopic to
 an embeddling.

 This gives Theorem 1, by embedding the (n - 1)-skeleton of K in X
 using Levitt's theorem [3]; then by Wall [4] we have only the top cell left
 to embed. We note also that Levitt's theoremn allows us to assume that
 f |ST-1 is an embedding.

 The proof of Lemma 2 is modelled on that of Lemmna 5.1 in [3], since
 modifications are required at several points we recapitulate in some detail.
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 264 J. P. E. HODGSON [September

 First let g: (X2n+l, y)>(p2n+i+1, Q2n+j) be a codimensionj PL thickening,
 with aP= Q uR and aQ = aR. Note that in homotopy terms we can think
 of (P, Q) as the mapping cone of a spherical fibration by [1, Chapter I,

 ?4].
 Now by general position we may homotope the composition

 j -f. (Dn' Sn-1)_>_ (P, Q)

 to a PL embedding; further by the remarks above we have a map

 Fo: (Dn x Dij, Sn-1 X Di; Dn X Si-1, Sn-1 X Si-') (p, Q, R, aR)

 obtained by considering the restriction of the spherical fibration to
 (Dn, Sn-1).

 Let (M, N) be a regular neighborhood of (Dn, Sn-1) in (P, Q) and
 (X', X) the mapping cylinder of the composition

 p: (Dn x Si-, Sn-1 X Si-) - (DP n Sn-1) c (M N);

 then Fo can be extended to F: (d6, X)-A)-(P, Q) so that F|(M, N) is an
 inclusion. Further if p is altered by a homotopy in (M, N), then we can
 change F in such a way that F| (Dn x Si-1, Sn-1 x Si-1) is unchanged and so

 that Fl (M, N) is still the inclusion. This follows from the fact that general
 position shows that a homotopy of Int(Dn x Si-1) (resp. Sn-1 x Si-') in M
 (resp. N) will miss Int Dn (resp. Sn-1) so that we can achieve the following.

 (GP) F(1-M) - P-M, F(X-N) Q-N.

 From (GP) we obtain a map of pairs

 p: (Dn X Si-, Sn-1 x Si-1) - (M - Int N, aN)

 and by the remarks following Lemma 2, we may assume pSn-l x Si-' is an
 embedding. Let B be a regular neighborhood of its image in aN, then

 p: (Dn x S S1n- X Si-') - (M - Int N, B)

 is a (j- 1)-connected map. Thus by Theorem 2.3 of [2] we can find
 (A2n+j, B2n+'-l)c (aM-Int N, aN) and a simple homotopy equivalence

 q: (Dn x S-, Sn-1 X Si-') -* (A, B)

 such that q followed by the inclusion (A, B)c (aM-Int N, aN) is homo-
 topic rel(Sn-1 x Si-1) to p. Now we can apply Theorem 5.2 of [3] to the
 map q to change p by a homotopy and get p(Dn x Si-1 Sn-1 x Si-1)c
 (W, V) where (W, V) c (aM-Int N, aN) is a pair of dimension (n+j- 1,
 n+j-2) and the map

 (Dn x Si-1, Sn-1 x Si-1) - (W, V)
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 is a homotopy equivalence. Now let (WO, VO) be a disjoint copy of (W, V)
 and let i: (WO, Vo)-+(M, N) be the map corresponding to the inclusion
 (W, V) c (M, N). Then the homotopy equivalence

 (Dn X Si-1, Sn-1 X Sj-1) (W',/

 induces a homotopy equivalence

 a:(X-#, XA, Dn x S-1, Sn1 X Si-1) ---+ (XJ/ Ko, } o0)

 where (}i, A'Fi) is the mapping cylinder of i: (W,, V0)-*(M, N). Thus we
 can get a map

 F: (-Yif, X WO, VO) -+ (P, Q, R, aR)

 such that F - a is homotopic to Fas a map of the 4-tuple (Ak, 1 , Dn x Si-,
 Sn-1X Sd-1) into (P, Q, R, aR) and with FI(M, N) still the inclusion. Let
 (T, U) be the part of (/i,Xi) corresponding to (WO, VO) x I; that is
 T= cl(Gi-M), U=cCl(i -N).

 Now by (GP) we can suppose

 F(T) c P - (Int M u Int N) and F(L' ) c: Q [ nt N.

 Set Po=P-(Int MUInt N), Qo=Q -IntNV so F(T, U)c(PO, QO), and
 this implies that the pair (W, V)c (aM-Int N, aN) can be deformed into
 (R, AR) keeping V in QO and Win PO?

 This completes the construction of the stable model.

 2. Engulfing. In Levitt's original proof of the embedding theorem [3],
 the transition from the stable model to the required embedding was
 effected by engulfing (W, V) in a collar on (R, aR), a procedure which
 corresponds to constructing a compressible embedding of (Dn x Di,

 S-1 x Di) in (P, Q). Unfortunately, there are obstructions to doing the
 engulfing in our case (in fact the counterexample of Irwin shows that these
 will in general not vanish), so that we require a slightly different approach.
 We shall show how one can embed a complex (K7, S'1-1) in (P, Q) where
 K is of the homotopy type ot' a wedge of S1's, and then we will perform
 surgery to elirninate the S1's. The reader may perhaps be helped by thinking
 of the S"'s as the union of the two paths joining the double points that one
 has in the Whitney procedure for elimination of double points; this is in
 fact the spirit of the construction of K, which involves attempting to engulf
 W in a collar on R.

 It follows from Lemma 5.3 of [3], that in QO we can en-gulf V' in a collar C,
 on aR in Q, whose inner boundary meets AN in a regular neighbourhood

 V of V with C1 nlnt N= 0. Further W is R UCI-inessential, but as we
 remarked above the counterexample of Irwin shows that we cannot in
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 general engulf W In a collar C on RUG1; let us however recapitulate the
 proof of the engulfing theorem so as to see what modifications are possible.
 We are given a homotopy of Wto RUG1 in PO; choose a simplicial ap-

 proximation and put this homotopy in general position; then its singular
 set is of dimension

 2(dim homotopy) - dim(ambient space)

 2(n +;) - (2n +j - 1) =j - 1.

 Thus the homotopy collapses onto a subeomplex of dimension j, but as
 (Po, R) is only (- 1)-connected we cannot deform this subcomplex into
 R. The idea for continuing is to 'punch holes' in the (j- 1)-simplexes of the
 singular set by adding 1-cells to DI; (geometrically this one cell represents
 a double point) so that the singular set collapses to dimension (]-2).
 For each (j-1)-cell ai (i=l, * - *, 1) of the singular set, let bi be its

 barycentre; then there exist two disjoint paths woi, woz from bi to W (and
 thus to Dn) such that stG n W (resp. (o' n W) is the barycentre of a simplex

 Ti (resp. -4) of maximal dimension in W, and such that the track of -i
 (resp. T-) in the homotopy gives a neighbourhood of wot (resp. wi), in the
 image of the homotopy (see diagram).

 b

 Now suppose we have a simplicial decomposition of PO so that o), and
 co are subcomplexes. and let (Z,, Z) be disjoint relative regular-neigh-
 bourhoods of (o, J).

 Now M'=MY Ut 1 Z1 is homotopy equivalent to a complex K= DkV
 VL=i SI and we shall embed the pair (K, Sk-l) in (X, Y). To do this using
 Levitt's program requires us to embed a complex W'c SM', with W' of the
 homotopy type of the normal Spivak fibration of X in P restricted to M',
 and then we must engulf W' in a collar on R. It is clear that W' is homo-
 topy equivalent to W lxS'-' where the pairs (IxSI-, SoxSj-1)
 are to be embedded in (OZ,-Z, aZ2). These embeddings exist by the
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 'Stalling's' theorem used in Levitt's paper [3, Theorem 5.2]. W' is obtained
 from this union by collapsing the I factors of the Si` x I's to SI 1 x 0 in
 the Zi's.

 We claim that W' can be engulfed in a collar C on R uC', so that the
 inner boundary of C meets M' in a regular neighbourhood of W'. This will
 follow if we can show that W' can be deformed into RuC' in P-Int M' by
 a homotopy whose singular set is of dimension <j-2 (since once this is
 achieved the proof in [5] gives the required engulfing). To do this we note
 that we already have such a homotopy for W' Cn W (= W- U Ji UT') so
 that it suffices to provide an extension over the S-' x I. Now there is a
 homotopy of the S-' x I to R since the S)' x I represent part of the
 Spivak normal fibration of X in P, but now general position gives us the
 required condition on the dimension of the singular set. So the existence of
 C follows from engulfing this homotopy.

 We thus obtain a splitting of (X, Y) mod boundary given by (X, Y)c

 (XO, YO) UY2(X1, Y1) where

 Y2= Closure(P - C - M') n M',

 X1 = M, }1= Y2u N,

 XO = Closure(P - C - M'), YO Y O C losure(Q -- C -N),

 The verification that this is indeed a splitting is straightforward.

 Sturgery. Now choose S1, * S' embedded in Y2. generating 1(Xi)
 and corresponding to the SV ,SI in D"v Vh- Si. This is possible
 since Levitt's theorem tells us that a map f: SI-+ Y. is hoiTotopic to an
 embedding since dim Y2?4. But now SI is null homotopic in XO since XO
 is 1-connected by Van Kampen's theorem (this requires k>2). Hence,
 again by Levitt's theorem we can get disjoint embeddings (D2, S'+
 (XO, Y2) representing these null homotopies. We show how to use each of
 these embeddings to do surgery on X1 and XO. Suppose 1=1, and Y2 is
 split as Y2-i(A, B)U'1(C, B). Where C-S1, then (KO, Y0) is split as

 (XO, YO) = (D, E) Ub, (G, H)

 where D-D2 and cl(E--F)-C so we replace X1 by AI;-X'; (D (X0, YO)
 is replaced by (G, H) and Y2 is replaced by Y.,=.4u1,F. Y'=Y'u
 Cl(Yl- Y.2)

 This surgery has the effect of constructing X'-D', and thus embedding
 (D't, SI?-1) in (X, Y) in the required homotopy class, (X, Y) being split as
 (X1, YD uJ(G, H), thus proving the lemma.
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