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ON THE SQUARE ROOT OF MINKOWSKI SPACE
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A vectorspaceof eight-dimensionalcomplexspinors~pis constructedwhich is in a sensea squarerootof Minkowski
space.Theusualposition,momentumandangularmomentumvariablesof a particleof non-zerorestmassandarbitrary
spin aregivenasexpectationvalueswith respectto ~i of appropriate8 X 8 matrices.

1. Introduction. Minkowski spaceM4 hasproveda components‘J’B = (~)*13AB.We similarly definethe
veryuseful mathematicaltoolfor modellingthe phys- adjointF = j3Ft/3 for anyNX NmatrixF. A particle
ical world in the absenceof gravity.Nevertheless variablefin Minkowski spaceis assumedto be the
doubtsarisewhetherthespace-timecontinuumcon- “expectationvalue” with respectto i,1, of someself-
cept is adequateon a microscopicscale,whereperhaps adjoint matrix F, definedasfollows: f (F> = t1iF~L’/
it needsto bequantisedin somesense.Onepromising ~/JE,1I.Thenormalisationfactor in thedenominator
approachis the twistor [0(2, 4) spinor] theory of involvesa self-adjointmatrixE which,aswe shallsee
Penroseandco-workers[1] wherethe basicgeometric below,cannotbe takenastheunit matrix. The self.
structureis a complexprojective three-spaceC. A adjoint requirementforF andE ensurestherealityof
classof pointsof C correspondsto null straightlines (F>.
in M4, while thepointsin M4 correspondto particular Thus to describea free particleof rest massm,po-
linesin C. A different approachis takenby Nash [2,3] sition xX, momentump~ andangularmomentumJ X!.L

who replacesM4 asthebasicmanifold by what is in a we seekself-adjointmatricesX”- , P~’andJ~with xX
rough sensea squareroot of M4, a realspacecon- = (XX>,pX= (P~’>and/~= (J~>.We now require
structedfrom pairs of real0(3 , 3) spinorssubjectto thatP?~andJ~1.4be the infinitesimalgeneratorsof
certainconstraints.Nashfinds quadraticformsin Poincarétransformationsin thefollowing sense:the
thesesixteenspinor componentswhich modelthe spinor transformation
usualposition,momentumand angularmomentum ~‘ = [I (ilh)(!w JX1~L+a Px)]ip (1)
coordinatesof a freeparticleof non-zerorest mass 2 X12 X

andarbitraryspin.Our approachis similar in spirit to with infinitesimal Lorentztransformation and
that of Nashbutdiffers in that it involvesthegroups translationa~inducesa Poincar~transformationof
SO(2,6)andU(4, 4) ratherthan 0(3,3). the expectationvalues:

2. Basicpostulatesand thecommutationrelations. * 1 Notation.UppercaseLatin indicesrun from ito N; Greek
We assumethat the underlyinggeometricentity is a indicesfrom 0 to 3;j andk over 0, 1, 2, 3,5,6, 7;a, b, c,

spaceof “spinors” ~, which are column vectorswith d, e,f g, h over 0, 1, 2, 3, 5,6, 7, 8. A superscript4 means
N complexcomponents~ *1 The choiceN = 8 will thecombination5—6, thusm

47 = m57 — m67. The metric

be shown appropriatein section 3.We require the tensormM
4 hascomponentsg~diag(1, —1, —1, —1).

,, . The Levi-Civita symbolsin 8 and4dimensionsrespec-
existenceof ahermitian metric, matrix ~ = tively are6abcdefghand51~~42Pwith ~Oi235678 = e

0123
with matrix elementsI3AB or j~.4B,which is usedto = +1. Thesuperscripts“, t andT denotethecomplexcon-

definetheadjoint spinor t~i= ~t
13,a row vectorwith jugate,hermitianconjugateandtransposerespectively.
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(xX)’ =xX +J’~,xI’~a1”, (pX)I =p~’ + wXpI~ generaltheoryof Clifford algebras[4,51an 8 X 8
representationexiststogetherwith realsymmetric

(jX~U)’=/X,U + + — aXpl4 +aI2pX. (2) orthogonalmatrices!3 andC satisfying

Planck’sconstantIl is insertedin (1) for dimensional (i)t = —(3743, (1)T = —C-f/C, j3C + C(3 = 0.
reasons.For(2) to follow from (1) thefollowing corn-

HenceforthwesetN=8 andg77 = —1.mutationrelationsmusthold:
An explicit representationfor 71 maybe obtained

[X”,P1”] = —ihg”~’E, [p~,pX] = 0, from threecopiesof thePaulimatrices(ai, 02,03),
(Pi’P2’P3)’ (r

1,r2,r3):
[X”,J~] = ih(g~’X~— g~4LX

1’.), [E,PX] = 0,
y0=p

3, (‘yl,7
2,73)=ip

2a, ‘y
5=—ir

1p1
[E,J~]=0, ~

~ 7
6—T

2p1, y
7ir

3p1, ~3=p2r2, C=p1a2r2.

(3) Wecannow enlargethe algebrato that of SO(2,6) by

Notethat if we hadtakenE to be theunitmatrix, definingfurtherinfinitesimalgeneratorsM
8/= —MI8

then thefirst equationof (3) would give a contradic- = ~i’~/,g88 = —1. Theextendedset of generatorssat-
tion on taking thetrace. isfies

In additionto (3)let uspostulateaself-adjoint [Mab,Mcd] = iEgadMbc+gbcMad g.acMbd_gbdMac]
evolutionoperator suchthat thespinorequationof
motionihdi/i/ds = Zi~causesthe particleexpectation Mob (3(j~,fab)t(3=Mab , (6)
valuesto satisfy mcdx1’-/ds = p’, dpX/ds= 0, dj1””/ds
= 0. This yieldsthe furthercommutators wherea, b, c,d = 0, 1, 2,3, 5, 6, 7, 8 -

[XK,Z]=ihP~~/(mc), [E,~]=0, [P~,E]=0, 4.Minkowskispacevectorsandtensors.The28(lin-

[J~c,~ = 0. (4) early)independentMaband 35 independentproducts

Ma&d = MabMcd= _(1/24)ea&def~hM~fr~

3. Realizationof thecommutationrelations. The (a, b, c, d all different), togetherwith theunit matrix,
commutators(3) and (4) do notconstitutea Lie al- give a total of 64independent8 X 8 matricesself-ad-
gebrabecausethe commutators[X’~, X1’~]and [xK, joint with respectto (3. Sincej3 haseigenvalues1, 1, 1,
El are notprescribed.Neverthelessif we takea rep- 1, —1, —1, —1, —l these64matricesare infinitesimal
resentationof the Lie algebrabelongingto either generatorsof U(4, 4).Given an arbitraryspinor i,D let
S0(3,4) or SO(2,5) with infinitesimalgenerators usdefinem0l~= T~Mab~,1i,matJ~= iJiM0bc~~,q =

Mik (j, k = 0, 1, 2,3,5,6,7) andmetricgfic = diag(1, These64 real quantitiesare subjectto theidentities [61
—1, —l~—1,—i, 1, ±1)we canrealise(3) and (4) m0hm

0~~= k[q
2 + I

with the identification
m0l~mcd+ m&mad+ m~~m&~= qmabCd

J~=1~M1’41, X,~z=0,1,2,3,
+ Re{(~TCi/i)*~,TCMOba~,}= — ~ eabctIef~hm~fm~~,

pX = ,.~otMSX— M6X)E ,.~
0M

4X, X~= ~h/~)MX7 (7)

E = M57 — M67 EM47 , = ~~mc)~g77E, (5) cf. the identities(57)of ref. [2]. If we restrictour-

where~ois an arbitraiyconstantof dimensionsmo- selvesto thePoincarésubgroupgeneratedbyM~
mentum.We now constructa spinor representation and~k we canform manytensorsandpseudotensors
of SO(3,4) or SO(2,5)via thegeneralisedClifford from m0l~,~ andq [6]. Thosewhich seemto
algebra 1~yk+ .~k/= 2gfl’, withM~= (i/4)(~y1~yk havean obviousphysicalinterpretationarethepar-
— k/). We shallmakethe choiceS0(2,5)because tide variablesalreadydefined,viz.xX (h/$A

0)m
1’~7/

this leadsto a timelike momentumpX,whereas m47,p1’ = ,.z
0m

4X/m47,j1’4~= hm~/m47,together
SO(3,4)gives a spacelike pX (section4). Fromthe with wX= (J~mc/I1

0)m
8k/m47,

51’4L = hqm
1’~#4l/(m47)2.
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Greatsimplificationoccursif we restrict ~(.ito lie in = T
3p2ç and ~PiIi= P2~’-Theseoperatorswhenap-

the subspace plied to a spinor inducethe appropriatetransforma-

m
47 = 1, m48 = 0, m~8= 0, ~TC~ = 0 - (8) tions of theparticlevariables.

Thissubspaceis invariantunderevolutionaccording 6. Conclusion.We havethusbeenable to model
to ihd~1’/ds= .‘. Adoptingthe constraints(8), (7) many of thepropertiesof noninteractingclassicalpar-
yields tides.Thealgebraof U(4, 4) is a very rich one,having

= 2 = ~, many subalgebrasincludingthoseof SU(4)andof the
conformalgroup of Minkowski spacetime. Theidenti-

= _wXw~= ~(hmc//.1
0)

2q2 fication of particlevariablesmadein section4 is not
the only onepossible.A moregeneralone [6], which

s’~= (mc)’e~°wgpv,j~’= x ~p~‘ — x ~p~<+ s~’. doesnot imposetheconstraintm48 = 0, may be based
(9) on(mc)xX_iw?~1f(m1~7+im”8)/(m47 +im4S),pX

= (mc)m4?~/Im47+ im481.
Clearlywe shouldtakep,~= mc and interpretwX as Unsolvedproblemswithin the formalism of this
thePauli—Lubanskispin vectorwith s~

1~asthe spin paperare (i) incorporationof interactionsand(ii)
angularmomentum.Notethat starting from S0(3,4) quantisation.
ratherthanSO(2,5) in section3 changesthe sign of

in (9), makingp~’spacelike, which is unphysical. References
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