
Volume143, number4,5 PHYSICSLETTERSA 15 January1990

FRIEDMANN-TYPE COSMOLOGICAL SOLUTIONS
IN WESSON’S 5D SPACE-TIME--MASS THEORY OF GRAVITY
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Friedmann-typecosmologicalsolutionsin a SD space—time—massgravityproposedrecentlyby Wessonareobtainedfor a zero-
pressureperfectfluid. Thebehaviourof thesolutionsis discussedfor threecasesin whichk= + 1,0, —1, respectively.It is found
thatthe“massscale-factor”~(t), whichcharacterizestherestmassof a typical particle,is evolvingwith cosmictimejust asthe
spatialscale-factora ( t).

1. A numberofresearchersbelievethat thestrength 2. The conceptsof coordinatesand line-element
of gravity maychangewith timeby sometheoretical are quitedifferent, anda quantityhaving realgeo-
consideration(for example,Mach’sprinciple, Dir- metricalmeaningisjust the latter. The line-element
ac’s largenumberhypothesis[1]). This hasled to of the fifth dimensionsubspaceis ~ dx4 (the
a seriesof attemptsto constructvariable-gravitythe- signatureis takenas (— + + + —)). It alwayshas
ones.Thesetheorieswere reviewedin 1978 by Wes- the dimensionof length.However,x4 canhavear-
son [2]. They are usually basedon the idea that bitrary dimensionbecausea coordinate transfor-
Newton’sgravitationalconstantGchangeswith time. mationcanalwaysbe made.This leadsus to think
Recently,Wessonproposedaninteresting5Dspace— that therestmassshouldnotberegardedasthe fifth
time—massgravity inwhich the restmassof a typical coordinateitself, but shouldbe the “length” of the

fifth dimensionsubspace.Thus,we candefineparticle may changewith time. Usingdimensional
x4+E,_x4

analysis, Wesson introduced the fifth coordinate
x4= (G/c2)m (c is velocity of light andmis therest ~ J ~ ~ (1)
mass)besidesthe 4D space—timecoordinates,and
extendedEinstein’sgeneralrelativity from the 4D withoutdeviationfrom the spirit of Wesson’sideas.
space—timeto the 5D space—time—massdirectly. Eq. (1) meansthatabodyoccupiesa finite “length”
Thus,matteritself is brought into a geometricalfor- in the fifth dimensionsubspace,and the changeof
malism, and Wesson’s theory contains Einstein’s its restmassis depictedcompletelyby g

44. The rest
theoryembeddedwithin it. massofa bodycanbecalled“propermass”whenthe

It is usefulto find andinvestigatesolutionsof the gravitationalfield is absent,and it canbe written as
field equationsin the 5D gravity theory to under-

c
2standthe meaningof the fifth dimensionsubspace m

0= -~ 1x10. (2)
and providepredictionswhich canbe used to test
the theory itself. Severalauthorshavegiven some In sucha view, the behaviourof the restmassof a
cosmologicalsolutionsin vacuum[6—9].In thisLet- typical particlein a gravitationalfield is very anal-
ter, we will find Friedmann-typecosmologicalso- ogousto that of the length of a standardruler in a
lutions for a zero-pressureperfectfluid anddiscuss gravitationalfield.
them. For some interestingproblems,for example,the
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homogeneousand isotropic cosmological model Analogously, we introducetwo new parametersh0
which we will discussin the following, it could be and Q0 by the definitions
assumedthat the fifth dimensionsubspaceis ho- h0=~[u0, Q0=—~j~/j~. (9)
mogeneousandisotropic. In this case,to choosea
“masscomovingcoordinate”with u

4=dx4/dt=0 is Thefield equationsgive the relationshipsbetween
possible,and is also convenient, them asfollows,

k _

3.Weassumethat thecosmologicalprinciplecould —i- — (q~— 1)H~, (10)
beextendedto the SDspace—time—massand choose a

0
comovingcoordinateswith u0= 1 andu~=0(/1= 1, 3
2, 3, 4) for u

1=dx1/dr. In this way, we take Po ~ (q
0H0+h0)H0, (11)

ds
2=—dt2 q

0H~+Q0h~—2H0h0=0. (12)

dr
2

+a2(t)(lk2 +r2dO2+r2sin2Od~92) The solutionsofeqs.(6)—(8) are

a= [t(2C
1 —kt)]~

2 , (13)
—u2(t)d~2 (3)

(14)
as the line-elementof our model universe,where

3
k= +1,0, —1, andunitsare chosensuchthat c=l. p= ~ (CLC

2+C3k)(C2t+C3)’a—
2, (15)

It is well known that a(1) is a spatialscale-factor.
Analogously,~z(t) may be calledthe massscale-fac- whereC

1, C2 andC3 are integrationconstants.Sub-
ton. The energy—momentumtensorfor a perfectfluid stitutionof thepresentvaluesof theabovequantities
is takenin the form suggestedby Grøn [10], into the solutionsgives

T’~=diag(—~‘ p, p, p, —P4) (4) C1 =a~q~/
2H

0,C2 _—a0~(H0+h0),

with p~=O.We restrict ourselvesto the casep=O. q~’
2J-J

0—h0
(16)The SD gravitationalfield equationsG~=—87tGT,1 C3 a0110 (q~/

2+ l)H
0

read
and

3(+~+2~=8itGp, (5)
‘~a a ap~j t0_(q~

2+l)1H
0~. (17)

2 + + ~— + —~- + 2 = 0, (6) Straightforwardcalculationgives
a ~ a

2 a2 aji a=(C
1 —kt)a—’, ä= —C~a—

3,

(7) ~u=[(C~C
2+C3k)t—C1C3]a

3. (18)
a a2 a

Thecovaniantenergyconservationlaw TU;j= 0 gives 4. Now discussthe behaviourof the solutionsfor
the equation the threecasesk= + 1, 0, —1.

+ =0, (8) (i) k= + 1 (q
0> 1). In this casewe have

/11 a~=(q0—lY’H~
1, (19)

which canalso bederivedfrom eqs. (6)—(8). C
1 =q~

2(q
0—l)~H~’,

Let us use t0 to expressthe presenttime andde-
C2 =u0(q0 —1 )“

2H~ (H
0+h0)notea0=a(t0),~t0=u(t0), p0=p(t0),andsoon.It is

well knownthatthepresentvalueof theHubblecon- C3 = ~ (q~/
2Ho— h

0) (q0 — 1)—1/2

stantH0 andthe decelaratingparameterq0 are de- < (~/2 + 1)~H~
2. (16’)

finedby H
0=ã0/a0andq0 = —a0ä0/á~respectively.
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The universeis spatial-closed.Its radius a(t) will
C3 =reachits maximum \/rj-::-~~ + 1) H~

2. (16”)

The conditions C
2>0, C3>0, and C1C2>C3, i.e.

at q0H0>h0 mustbesatisfiedbecausep( t) mustbepos-

ltm =q~/
2(q

0— l)’H~’. itive. Thebehaviourof thesolutionsis in analogyto
that in case(ii).

Thebehaviourof the masssubspacedependson the In brief, in our modeluniversethe restmassof a
valueof h0. If h0 = — H0, then C2= 0 and/i(t) con- typical particleis evolving aswell asthespatial space.
tractswhena(t) expands,and vice versa. If h0= Its evolutiondependsonthe valueofh0. Besides,the
q~/

2H
0,then C3=0 and ~u(t) increasesmonoto- observationof the massdecelaratingparameterQo

nously with time. If 1h01 <H0, /z(t) decreaseswith could providesomeuseful information.
time from t=0 to

C1C3 Theauthorwishesto thankProfessorLi-shi Chang
t=tT=

C1 C2 + C3 ‘ andProfessorHong-yaLiu for usefuldiscussions,and
ProfessorP. Wessonfor sendinghis valuablepaper

andthenincreaseswith time.
to the author.

(ii) k=0 (q0=l). We obtain

C1=a~H0, C2=a0~(H0+h0),

H0 —h0
C3=a0u0 (16”)
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