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The Embedding of General Relativity in Five
Dimensions
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‘We argue that General Relativistic solutions can always be locally em-
bedded in Ricci-flat 5-dimensional spaces. This is a direct consequence of
a theorem of Campbell (given here for both a timelike and spacelike extra
dimension, together with a special case of this theorem) which guarantees
that any n-dimensional Riemannian manifold can be locally embedded in
an (n+1)-dimensional Ricci-flat Riemannian manifold. This is of great
importance in establishing local generality for a proposal recently put
forward and developed by Wesson and others, whereby vacuum (4+1)-
dimensional field equations give rise to (3+1)-dimensional equations with
sources. An important feature of Campbell’s procedure is that it auto-
matically guarantees the compatibility of Gauss—Codazzi equations and
therefore allows the construction of embeddings to be in principle always
possible. We employ this procedure to construct such embeddings in a
number of simple cases.

1. INTRODUCTION

There has recently been a fair deal of work on a proposal by Wesson [24]
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(see also Refs. 25 and 5, and Ref. 19 for the generalisation of this scheme),
which gives a prescription for a possible geometrical origin for matter.
Briefly the idea is that vacuum (4+1)-dimensional field equations give rise
to (3+1)-dimensional equations with sources. This is essentially similar to
the Kaluza-Klein [11,14] scheme, where the fifth dimension is utilised as
the source of new degrees of freedom to be associated with the electromag-
netic field. There are, however, differences between the two schemes. The
scheme of Wesson et al does not attempt to geometrise the electromagnetic
field and there is no assumption concerning the compactness of the extra
dimension. Furthermore, although Wesson initially interpreted the fifth
dimension as being associated with the rest mass of particles, the theory
itself can be worked out quite independently of this hypothesis.

Now a large proportion of the work in this area is concerned with the
study of the properties, consequences and examples of the scheme. They
therefore mainly deal with (i) constructing particular examples — some
of physical interest — such as the derivation of Friedmann—-Robertson—
Walker (FRw) models, by choosing appropriate embeddings [10] and (ii)
studying the possible observational consequences of the scheme by, for
example, looking at the one body problem in this context [23]. In view
of the interest that this proposal has attracted, it is also of importance to
delve somewhat deeper into its mathematical foundations.

Our mair. aim in this paper is to ask whether this scheme is gen-
eral enough to generate all solutions to Einstein’s field equations, at least
locally.

To answer this question we shall employ an old theorem by Campbell,
the outline of the proof of which we give in a modern notation compatible
with that employed by Wesson and including spacelike as well as timelike
additional dimensions. We also prove a restricted version of this theorem
and employ an important property of the Campbell’s procedure, namely
that the compatibility of Gauss—-Codazzi equations are automatically guar-
anteed, to construct some simple embeddings.

The organisation of the paper is as follows. In Section 2 we give a
description of Wesson’s procedure. In Section 3 we briefly review some
results for embedding Gr solutions in flat spaces. Section 4 contains a the-
orem and a discussion of Campbell's theorem on embedding Gr solutions
in 5-dimensional Ricci-flat spaces. In Section 5 we give some simple exam-
ples of applications of Campbell’s theorem and, finally, Section 6 contains
our conclusion.
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2. WESSON’S PROCEDURE

In this section we briefly describe the mathematical structure of the
Wesson’s scheme by spelling out its postulates.

Postulate I. The fundamental space in which our ordinary 4-dimensional
spacetime is locally and isometrically embedded may be described by a
5-dimensional manifold Ms. The line element of this space is given by
ds? = gepdz®dz® which can always be put, at least locally, in the form

ds? = gapdz®dz® + ep?dy?, (1)

where Greek and Latin indices run from zero to 3 and zero to 4 respectively,
z® = (z%,9) are coordinates, gos = gas(z?), ¢ = ¢(z?), €2 = 17 and gup
is assumed to have signature (+ — ——).

Postulate II. The fundamental 5-dimensional space satisfies the vacuum

field equations
®) Ry, =0, (2)

where % Ry, is the Ricci tensor in five dimensions, defined by

® Rap = Top,c = Tacp + Tasleq — Toalhes 3)
and where 'S, are the 5-dimensional Christoffel symbols.

Now consider the hypersurface ¥4 defined by the equation 9 = 1 =
constant. This induces the metric () 9ap(z*#) in T4 given by

(4).%13(3"”) = gap(z", o) (4)

From the above definitions it is clear that by substituting ¥ = g in
(2) one can split up the 5-dimensional field equations in the following way:

4 ¢, HY € ¢* * *
hop = 252 3 { G 9ha - s

* 1 * %
+ (4)g)‘#ga,\g2y - 5 (4)g#ugp.ugaﬁ}’ (5)

1 * * 1 * 1 * *
ef0¢=—79 Mgis— 3 W gAgre + % ¢* g g5, (6)

7 To be compatible with Wesson’s and Campbell’s notations, ¢ would need to take values
—1 and +1 respectively. We should, however, note here that if the extra dimension is
considered to be timelike, the theory might run into conceptual difficulties concerning
the existence of observers travelling along closed timelike curves [9].
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Pf, =0, (7)

where 1
— 4) fo * B (4 v, %
Pg = % (( )g Joa — 604( )g# g;_w)y (8)
O¢ = Wg*Bp 4.5 is calculated at 1 = o and where the symbol (*) denotes
the left action of the operator (8/8%)y=y,-> Naturally, using

€

R = —
R 10

95,9 + W (gug™™)?, (9)

we can define
DT,5 = WRys — L WRW g, (10)

which, upon substitution from (5), gives

4 _ ¢:¢1iﬁ € ¢* * *k 4) Ay, * _* 1 4 * %
T, 5 = rale W{?gaﬂ ~ 955+ W gngh. — 5 W9 0950

+ 1 D0oalgiug™ + (Vg™ | (1)
Postulate III. The energy-momentum tensor which describes the matter
content of the 4-dimensional Universe will be given by eq. (11).

Postulates I-1II concern the field equations. To complete the scheme
one also needs to describe the motion of free-falling test particles and
light rays. The following postulate is put forward by Wesson [10] for this
purpose.

Postulate I'V. The paths corresponding to the motion of free-falling test
particles and light rays are the geodesic lines in the 5-dimensional funda-
mental (vacuum) space.

This is rather a controversial issue which we shall not discuss here,
since it lies somewhat outside the embedding problem we are concerned
with in this article.

We should also add that, as was pointed out in [19] with the help of
examples, this procedure does not in general lead to physical T},,, with for
example a positive energy.

Of related interest is the investigation by Schmidt [20) concerning the
generation of minimally coupled scalar fields by higher-dimensional Ricci-
flat Kaluza-Klein spaces.

8 Equation (7) corresponds to () R,4 = 0 at ¥ = 1o and it was put in this special form
of a ‘conservation law’ by Wesson (see Ref. 25).
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3. THE EMBEDDING OF GENERAL RELATIVITY SOLUTIONS IN
FLAT SPACES

Before discussing the idea of embedding of Gr in 5 dimensions in the
next section, it is worthwhile to discuss briefly the embedding of solutions
of Gr in flat spaces.

The origin of such embeddings seems to have had its roots in the
idea of relating extra dimensions [1] to elementary particles and also as
a way of providing a better geometrical understanding of these solutions
when viewed as hypersurfaces of higher-dimensional spaces. In addition,
it should be mentioned that embeddings give an invariant classification of
solutions of Einstein’s equations (Ref. 15, Ch.32).

There are, however, two kinds of embeddings which one can consider:
local and global. Throughout this paper we shall be concerned with lo-
cal embeddings only. Global embeddings of Riemannian spaces are much
more complicated and far less studied than local embeddings (see, however,
Ref. 3)

Some important theorems of relevance to us here, relating to the local
embeddings of n-dimensional Riemannian manifolds in m-dimensional flat
spaces (n < m), are as follows.

Theorem I [7]. Any analytic Riemannian n-dimensional space can be
locally and isometrically embedded in some m-dimensional flat space, with
n<m<n(n+1)/2.

Theorem II [12]. A non-flat n-dimensional solution of vacuum Einstein
equations cannot be embedded in an (n + 1)-dimensional flat space.

Theorem II was first proved by Kasner in 1921 [12] and it explains
why the Schwarzschild solution cannot be embedded in a 5-dimensional
flat spacetime, a problem which was also considered some years later by
Einstein [6]. Therefore, to (minimally) embed Schwarzschild metric in
a flat space one needs at least six dimensions, a result that was again
obtained by Kasner [13]. However, as we shall see below, it is possible to
embed the Schwarzschild solution in a 5-dimensional Ricci-flat space and
this is a special case of a theorem to be proved in the next section.

4. THE EMBEDDING OF GENERAL RELATIVITY IN FIVE DIMEN-
SIONS

As can be seen, Theorem I puts an upper bound on the number of
dimensions one needs in order to embed Gr locally in a higher-dimensional
space, while Theorem II implies that Gr vacuum solutions cannot be em-
bedded in 5-dimensional flat space. Nevertheless, local embeddings of cr
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vacuum solutions in a 5-dimensional Ricci-flat space are always possible
and this is guaranteed by the following theorem.

Theorem III. Any analytic n-dimensional Ricci-flat space can be locally
embedded in an analytic (n + 1)-dimensional Ricci-flat space.

The proof of this theorem is straightforward. Suppose the line element
of the n-dimensional space (to be embedded) is given by

Mds? = Mg, a(z*)dz*dz?, (12)

where a,3,... = 0,...,n — 1 in this section. Now, let us construct the
embedding by defining the line element of the (n + 1)-dimensional space
to be in the form

() ge? = Mg 5(z#)dzdz? + edp®. (13)

For this special choice of embedding it can be readily shown that the
(n + 1)-dimensional Ricci tensor calculated from (13) is given by

(nH)Raﬂ = (n)Raﬁ: (14)

and
("r'f'l)R(m =0= ("+1)er . (15)

Thus, n-dimensional Ricci-flat spaces are embedded through (13) in (n+1)-
dimensional Ricci-flat spaces. It is important to note that this theorem
holds irrespective of the signature of the metric of the n-dimensional space
and the sign of e. The embedding of Schwarzschild solution obtained by
Wesson [22] is then a direct consequence of this theorem. We should add,
however, that Theorems LIl and IV (to be stated in the following) are
highly non-trivial, whereas the rather trivial Theorem III is included for
methodical reasons.

From the point of view of our discussion in this paper, concerning
the Wesson’s procedure, it would be of importance if Theorem III could
be extended to the case of non-vacuum solutions. The question then is
whether it is possible to locally embed any arbitrary n-dimensional Rie-
mannian manifold in some (n+1)-dimensional Ricci-flat space. Apart from
being of mathematical interest, this is of fundamental importance in the
context of Wesson’s scheme, since an affirmative answer would imply that
all solutions of Einstein’s equations could in principle be embedded in the
5-dimensional Ricci-flat spaces. Clearly, an equivalent way of formulating
the same question is to ask whether any arbitrary (" T,5 can be given by
means of eq. (11) (see Ref. 17). It turns out that such a theorem exists.
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Theorem IV [2]. Any analytic n-dimensional Riemannian space can be
locally embedded in a (n + 1)-dimensional Ricci-flat space.

This theorem was given by Campbell in 1926 with its proof later
completed by Magaard [16] (see also Ref. 8), but very little reference to
it can be found in the literature. In the light of this and the obscurity of
the notation used by Campbell, we shall briefly sketch the main lines of
Campbell’s proof, in a notation that makes transparent its relationship to
Wesson’s work and which includes both timelike and spacelike additional
dimensions.

Start with a n-dimensional analytic Riemannian manifold with a met-
ric given by

() ds? = Mgy 5(x*)dxdz?, (16)

and let the line element of the (n + 1)-dimensional space be defined by
(1) ds? = gag(z*, P)dzdz? + e¢®(z#, Y)dy?, (17)

where 1) is the coordinate assigned to the extra dimension and where g,g
and ¢ are analytic functions of all the (n + 1) coordinates. Assume that
Jap, When restricted to a certain hypersurface ¢ = 1, results in (n) 9ap>
ie.

gaﬂ(zAv’/’O) = (")gag(:v)‘). (18)

Suppose also that the analogues of egs. (5)—(7) hold for ¢ = . Clearly,
this is equivalent to requiring that the (n+1)-dimensional Ricci tensor van-
ishes in the hypersurface 1 = 1. Finally define the functions Qug(z*, %)
by the equations

agaﬂ
= =203 . 19
With these definitions eqs. (5)—(7) take the form
M) A (Quprp — 205, + €8,0:58 — Dog — €dRap =0, (20)
Mg (e g — Vg — 6™ 9% D, 0a) = 0, (21)
and
(n)gw(nauw - Quu;a) =0, (22)

where the functions Q44 and ¢ take values at 9 = 1. Now, suppose that
one is able to find functions Q45 which at ¥ = )y satisfy the following
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conditions [2]:

Qap = Qﬁa 3 (23)
0%, =g, (24)
Qap*? — Q% = —¢(MR, (25)

where Q%5 = (Mg Qy5, QO = MgQ,,, and MR = (Mg (MR, is the
curvature scalar of the n-dimensional space. Assume further that g,s and
Qqp evolve according to (19) and

a0g
Y

respectively, with g, g, in addition to (18), satisfying the initial conditions

= ¢(—¢ MRS + QQF) + €g* ¢ 1.5 (26)

g;ﬁ = —2¢(z)‘a¢0)9aﬂ(z,\a ¢0), (27)

where (")Rg is now calculated in terms of g,p(z, %), which is also used
for raising and lowering tensor indices. Then one can prove [2] that (23)-
(25) also hold for all ¥ in a neighbourhood of 1. It then follows that
(19),(24),(25), and (26) would together imply

(DR, =0, (28)

for any value of 1 in the neighbourhood of 1. In other words, metric
(17) represents an embedding of the metric (16) in a Ricci-flat (n + 1)-
dimensional space.

5. SIMPLE APPLICATIONS OF CAMPBELL’S THEOREM

An important feature of Campbell’s result is that the procedure em-
ployed ensures the compatibility of Gauss—Codazzi equations. As a result,
it makes the construction of embeddings always possible, at least in princi-
ple. Here we illustrate this scheme with the help of some simple examples.

(a) Suppose we wish to embed the metric
ds® = dt® — t(dz? + dy® + dz?), (29)

corresponding to a spatially flat FLRw model with a radiation equation of
state p = p/3, in a Ricci-flat space. First, from (29) we calculate (¥ R4
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and R to obtain (VRg = diag((3/4t2), —(1/412), —(1/4t%), ~(1/4t?)]
and W R = 0. Thus eq. (25) becomes
QapQ*? -2 =0. (30)

The simplest choice of Q45 which would trivially satisfy both (24) and
(30) is Qap = 0. Then, egs. (19) and (26) read

agaﬁ _
oy

0 (31)

and 1

p; g**éx8 = YRS (32)
Clearly (31) together with the initial condition (18) implies that g =
4 gnp. Thus, we only have to solve (32). Contracting the indices o and

8, this equation results in

Now since R*g depends only on the variable ¢, we assume that ¢ = ¢(t)
and (33) thus becomes

d(t*/?¢)
O (34)
which has the general solution
o(t) = at™1/% +b, (35)

where a and b are arbitrary constants. Taking a = 1 and b = 0, which
ensures that (35) is a solution of (32), this finally gives the 5-dimensional

metric
ds? = dt? — t(dz? + dy?® + d2?) + et~ dy?, (36)

which is a solution with a shrinking fifth dimension, previously obtained
by Wesson [24] and also in a different context by Chodos et al. [4].

(b) As a second example we consider the embedding (in 5-D Ricci-flat
space) of de Sitter metric®

ds? = dt? — e? A/3‘(d.1r:2 +dy? + d2?), (37)

9 The embedding of the de Sitter spacetime was already known to de Sitter himself
[21]).
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where A is the cosmological constant.
Now taking ¢ = 1 very much simplifies (26) and (19). Again, calcu-
lating YR and ) R§ from (37) we obtain

MR =—4A (38)
and
WRg = ~Asg, (39)
which substituted in (26) give
ang
%E = eA63 + Q0. (40)
For the case where the extra dimension is spacelike (¢ = —1) this equation
is satisfied by the functions
5 = —413, (41)

at ¥ = o = £+/3/A. Integrating (19) subject to the initial conditions
(18) we obtain

A
Gap = 3 ¢2(4)gaﬂ . (42)

It is easily verified that the functions (41) satisfy the conditions (24) and
(25). Finally, we write the 5-dimensional metric of the Ricci-flat embed-
ding space as

2 2
(8)gs? = A% a2 — A%— VA3 (dr? 4 dy? + dz?) — dy?, (43)

which induces the metric (37) on the hypersurfaces ¢ = yg = £+/3/A. We
should point out that an equivalent solution was also obtained by Ponce
de Leon [18].

(c) As a final example, let us consider the embeddings of vacuum solutions
of Einstein’s field equations. From egs. (24)-(26) we conclude that the
trivial choice

Qap = Paip =0, (44)

is a solution. This leads to the embedding
Gds? = Wy, pdx>dz? — ed?dy?, (45)

with the function ¢ satisfying (44).
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6. CONCLUSION

Historically, the question of embedding of ¢r in higher dimensional
flat spaces goes back to the work of Kasner in 1921. Recently, however,
Wesson and others have developed a scheme in which the embedding space
is a 5-dimensional Ricci-flat space. Here by employing Campbell’s theo-
rem we have argued that all solutions of Gr can be locally embedded in
a 5-dimensional Ricci-flat space. This is of great importance for the pro-
posal recently put forward by Wesson, in that it is given a large degree of
generality, by showing a local equivalence between Gr and 5-dimensional
vacuum Kaluza—Klein equations. We have also given a less restricted the-
orem showing that all Ricci-flat n-dimensional Riemannian spaces can be
embedded in (n+1)-dimensional Ricci-flat spaces. Mathematically, Camp-
bell’s theorem implies that if the embedding space is Ricci-flat (rather than
flat), then the compatibility of Gauss—-Codazzi equations are automatically
guaranteed. We use this fact to construct some simple embeddings.

The equivalence referred to here is local. However, based on the usual
global results ‘where the embedding space is Riemann-flat; Ref. 3), one
would not expect this equivalence to hold globally. The question then is
what is the global status of Wesson’s procedure. This together with the
application of these ideas to lower dimensional gravity are under consid-
eration and we shall report on them in due course.
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