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Abstract 
 
In the field of design and manufacturing, there are many problems with managing dynamic states of three-dimensional (3D) objects. In 

order to solve these problems, the four-dimensional (4D) mesh model and its modeling system have been proposed. The 4D mesh model 
is defined as a 4D object model that is bounded by tetrahedral cells, and can represent spatio-temporal changes of a 3D object continu-
ously. The 4D mesh model helps to solve dynamic problems of 3D models as geometric problems. However, the construction of the 4D 
mesh model is limited on the time-series 3D voxel data based method. This method is memory-hogging and requires much computing 
time. In this research, we propose a new method of constructing the 4D mesh model that derives from the 3D mesh model with continu-
ous rigid body movement. This method is realized by making a swept shape of a 3D mesh model in the fourth dimension and its tetrahe-
dralization. Here, the rigid body movement is a screwed movement, which is a combination of translational and rotational movement. 

 
Keywords: Four-dimensional mesh model; Three-dimensional mesh model; Fourth dimension; Rigid body movement  

---------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------- 
 
1. Introduction 

In the field of design and manufacturing, there are various 
applications that represent the time change of a three-
dimensional (3D) object. They are realized by preparing 
time-series data of 3D objects, giving movement operation to 
an initial state, or by interpolating among different states as 
shown in Figures 1(a), 1(b) and 1(c). However, these meth-
ods are insufficient to represent spatio-temporal changes of 
3D objects’ shapes, positions and orientations continuously 
and with high accuracy. Therefore, the four-dimensional (4D) 
mesh model and its modeling system have been proposed 
[11]. The four-dimensional model enables the representation 
of dynamic states of 3D objects as a static geometric entity in 
a higher-order space of space-time extension as presented in 
Figure 1(d). For example, it helps to solve problems of colli-
sion avoidance between 3D objects including deformation 
and motion. Another example is representing the continuous 
process of workpiece transformation in five-axis machining 
using the 4D mesh model [6]. However, the construction of a 
4D mesh model is realized with a time-series 3D voxel data 
based method that is memory-hogging and requires longer 
computing time. 

The objective of this study is to propose another approach 
of constructing a 4D mesh model using a 3D mesh model 
with rigid body movement. This method enables construction 
of a 4D mesh model by decreasing the number of vertices, 
tetrahedra and creation-time more than in the existing method. 

At first, this paper describes the related works and the 
overview of the 4D mesh model and its modeling system. 
Then, the proposed method of constructing the 4D mesh 
model is explained in detail. Finally, a comparison with the 
time-series voxel data based method is reported. 

 
2. Related studies and our previous works 

In general, the representation of the time change of a 3D 
object is realized by preparing time-series data of 3D objects, 

(a)          (b)          (c)          (d) 

Figure 1. Several approaches of representing time change of 
a 3D object (space is reduced to 1D): (a) time-series data, (b) 
initial state and operation of time change, (c) interpolation, 
(d) 4D model. 
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giving movement operation to an initial state, or by interpo-
lating among different states. An example of preparing time-
series data of 3D objects is the 3D Video [9]. 3D Video is a 
medium that records a real time-varying 3D object using 
several cameras from several perspectives. The object’s 3D 
shape is reconstructed using a volume intersection method, 
and finally, the constructed 3D models are colored by apply-
ing the real camera images. 

Several physics simulations and machine tool simulations 
are realized by giving movement operation to an initial state. 
The state is updated in sequence for each unit time. In the 
physics simulations, the behavior of a 3D object is deter-
mined by the given “force” that is the factor of time change. 
Recently, physics simulation can be implemented easily into 
a computer using physics engines like PhysX [13] and Havok 
[4]. As well as in the machine tool simulations, the move-
ment of a machine tool is driven by operation commands like 
G-code [5].  

An example of interpolating among different states is 
morphing of a 3D polygon model [7]. Morphing is a tech-
nique to change a source object gradually through intermedi-
ate objects into a target object. It is realized by constructing 
the correspondence map among the meshes of the source 
object and the target object, and computing interpolating 
points between both objects. 

As explained above, the current approaches of representing 
the time change of a 3D object are realized by preparing a set 
of static states. They only have discrete information along the 
time axis and cannot describe the time change continuously 
with high accuracy. Furthermore, since the information along 
the time axis is discrete, problems can occur on collision 
detection among several objects. Therefore, we proposed the 
4D mesh modeling and its modeling system. In our previous 
works [6, 11, 12], a 4D mesh model is constructed from time-
series 3D voxel data. Voxel is a simple way to represent 3D 
objects’ shapes and it is also possible to apply higher dimen-
sional Marching Cubes algorithm to construct a 4D mesh 
model. However, dealing with high-resolution voxel models 
consumes a large amount of memory. 

 
3. Overview of four-dimensional geometric modeling 

3.1 Four-dimensional mesh model 

In this study, the fourth dimension (4D) is a 4D Euclid 
space that includes three-dimensional space and one-
dimensional time. Figure 2 shows the four topological ele-
ments of 4D topologies: vertices, edges, faces and cells. A 
cell is a 3D subspace in a 4D space and the simplest cell is a 
tetrahedron. A pentachoron is a 4D simplex that is bounded 
by five tetrahedral cells. In addition, a 4D cube is called a 
hypercube and consists of 16 vertices, 32 edges, 24 faces and 
8 cells. A 4D mesh model is defined as the 4D object model 
that is bounded by tetrahedral cells. As shown in Figure 3, 
3D models are obtained by extracting the cross-section of a 
4D mesh model. 

3.2 4D mesh modeling system 

Figure 4 describes the flow of the current 4D mesh model-
ing system. Time-series 3D voxel data are needed to con-
struct a 4D mesh model (Figure 4 A), and for weaving from 
the 3D voxel models to a 4D mesh model, the 4D Marching 
Cubes algorithm [12] is used (B and C). The 4D Marching 
Cubes algorithm is an extension of the Marching Cubes algo-
rithm [8] to 4D, and it is based on a higher dimensional 
isosurfacing algorithm [3]. 

There are various applications to manage the 4D mesh 
model (D, E, F and G). It is possible to project a 4D mesh 
model into 3D and visualize it as a 3D envelope model (D). 
The 3D envelope model is constructed by applying the Ball-
Pivoting algorithm [2] to the 4D mesh model’s vertices that is 
projected into the 3D space. In addition, cross-section extrac-
tion from the 4D mesh model by hyper-plane cutting is also 
possible (E). It is realized by applying the Marching Tetrahe-
dra algorithm [10] to each tetrahedral cell of the 4D mesh 
model. Employing the collision detection method between 
4D objects (F), a method of collision resolution by shape 
deformation for collision avoidance between moving objects 
is also proposed (G). The 4D collision detection method is an 
extension of collision detection method using AABB tree in 
3D [17]. 

As mentioned above, the construction of a 4D mesh model 

Figure 3. 4D mesh model representation. 

Figure 2. Four elements of 4D topologies and the basic 4D 
shapes. 
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is currently realized with time-series 3D voxel data based 
method. We propose another approach for constructing a 4D 
mesh model from a 3D mesh model with rigid body move-
ment. 

 
4. Construction of a 4D mesh model from 3D mesh 

model with rigid body movement 

4.1 Tetrahedralization of the swept shape of 3D mesh model 

In this research, from a 3D mesh model and parameters of 
translational and rotational movements, a swept shape of the 
3D mesh model along the spatio-temporal axes is obtained. 
This obtained swept shape in 4D is tetrahedralized to repre-
sent it as a 4D mesh model. Here, we do not consider a 
movement that moves backward through time. In other words, 
every time axis element in translational movement vectors 
must be positive. The proposed method mainly consists of 
following four steps: 

Step 1. Tetrahedralize the inside of the 3D mesh model at 
the initial state; 

Step 2. Give movements to the 3D mesh model in se-
quence and tetrahedralize the 4D swept shape re-
peatedly; 

Step 3. Tetrahedralize the inside of the 3D mesh model at 
the final state; 

Step 4. Construct a 4D mesh model by merging tetrahedra 
generated in Step 1, Step 2 and Step 3. 

Step 1 and Step 3 are necessary processes to represent both 
ends normal to t-axis of a 4D mesh model also using a set of 
tetrahedra. Therefore, it is needed to tetrahedralize the inside 
of a 3D mesh model. In this regard, it is necessary to add new 
vertices since it is known that some polyhedra have no tetra-
hedralization at all [1, 14]. Furthermore, additional vertices 
should not be added on the boundary shapes and also the 
boundary shapes should be preserved. Thus, the Constrained 

Delaunay Tetrahedralization method [15] is used. It considers 
the boundary shapes as constrained conditions and executes 
the tetrahedralization. On executing the tetrahedralization of 
a 3D mesh model, it has to be confirmed that there is no lack 
or interference of meshes in the 3D mesh model. Otherwise, 

 

Figure 4. Flow of the 4D mesh modeling system. 

Figure 6. Tetrahedralization of a triangular prism. 

Figure 5. Swept shape of a triangular mesh along the spatio-
temporal axes. 
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the inside/outside decision of the 3D mesh model may fail 
and the tetrahedralization may not finish correctly. In our 
software program, the tetrahedralization method for a 3D 
mesh model is implemented by TetGen [16]. 

Concerning Step 2, the swept shape of a triangular mesh 
along the spatio-temporal axes is a triangular prism (Figure 
5). To tetrahedralize each triangular prism, four new vertices 
are added: one vertex at the centroid of triangular prism and 
three vertices at each centroid of squared faces (Figure 6). 
Two tetrahedra are generated from triangular faces and the 
centroid of the triangular prism, and four tetrahedra, includ-
ing the centroid of the triangular prism and the centroid of 
squared face as elements, are generated from each squared 
face. Finally, a triangular prism is divided into 14 tetrahedra. 

In this study, since the correspondence relationship be-
tween the vertices of before and after the movement has to be 
obvious, we cover only rigid body movement. Therefore, 
more work should be carried out on deformation in the future. 

4.2 Deciding step size of a rotation angle using volume 

change as index 

On applying the proposed method to rotational movement, 
a “twisted” triangular prism is generated by joining corre-
sponding vertices of before and after the rotation (at time t = 

t0 and t = t0 + ∆t) (Figure 7). Therefore, a rotational angle has 
to be divided in such a way that the distortion at t = t0 + ∆t / 2 
becomes smaller than a given threshold. 

As illustrated in Figure 8, in the 3D space, consider a tetra-
hedron composed of four vertices Pi=岷xPi

, y
Pi

, zPi
峅T (i = 1, 2, 

3, 4) whose volume is VP, and the tetrahedron rotates θ 
around an arbitrary axis that passes an arbitrary point. We 
assume that Pi

嫗 is the four points after the rotation and each 
center between Pi and Pi

嫗 is Q
i
. In addition, the volume of 

the tetrahedron composed of vertices Q
i
 is defined as VQ. 

If the ratio VQ VP⁄  is defined as the volume ratio RV, it is 
defined as Eq. (1) and its graph is shown in Figure 9. 

 
RV = 

1+cosθ
2

																																																																										岫な岻 
 

Since |cosθ| ≤ 1, 0 ≤ RV ≤ 1 holds. As the inside of a 3D 

mesh model can be represented by a set of tetrahedra, Eq. (1) 

holds on a 3D mesh model too. 

If an acceptable lower limit of volume change RVmin
 

(where 0 ≤ RVmin
 < 1) is given by users, the step size of a 

rotation θstep (where 0° < θstep ≤ 180°) is given by Eq. (2). 
 
θstep= cos-1盤2RVmin

-1匪																																																										岫に岻 
 

Figure 10 shows the relationship between RVmin
 and θstep. 

For example, if RVmin
= 0.998 then θstep= 5.1. By dividing a 

rotational angle θ by θstep, the volume change of a 3D mesh 

model fits into the acceptable range. 
 

5. Results of constructing 4D mesh models 

5.1 Comparison with the time-series 3D voxel data based 

method 

By preparing time-series 3D voxel data and a 3D mesh 
model, two 4D mesh models are constructed. The number of 
space partitions of the time-series 3D voxel data is 
128×128×128, and the number of time steps is 64. 

In the time-series 3D voxel data, a cube whose length is 20 
voxels moves 1 voxel to the +z-axis direction for each time 
step. In the 3D mesh model, a cube is prepared whose length 
is 20. The cube is represented by 14 vertices and 24 triangu-
lar meshes. It moves +1.0 to the z-axis direction for each time 

 
Figure 7. Twisted triangular prism. 

Figure 8. Volume change of a tetrahedron caused by a rota-
tion. 

Table 1. Data of constructed 4D mesh models. 

 Time-series  
3D voxel data 
based method 

3D mesh model 
based method 

Number of vertices 197,828 4,750 

Number of tetrahedra 1,185,280 21,552 

Construction time[sec] 4.63 0.06 

* OS:Windows XP, CPU:AMD Opteron 2224SE 3.2GHz, 
RAM:64GB 
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interval 1.0 during t = 0 ~ 64 in the virtual field. 
In Figure 11, the 3D mesh models that are extracted from a 

slicing hyper plane perpendicular to t-axis are shown. It rep-
resents the state of the 3D model at a specified time. Since 
the time-series 3D voxel data based method is realized using 
the 4D Marching Cubes algorithm, it cannot represent sharp 
edges and corners as shown in Figure 11(a). On the other 
hand, as presented in Figure 11(b), such a problem does not 
occur with the 3D mesh model based method. Table 1 shows 
the number of vertices, the number of tetrahedra, and the 
processing time for the construction of each 4D mesh model. 
As a result, the proposed method can construct a 4D mesh 
model more quickly that has less vertices and tetrahedra than 
that of the existing method. 

5.2 Construction of a 4D mesh model from a 3D mesh 

model with rotation 

In preparing a 3D mesh model of a squirrel (Figure 12) as 
an input, a 4D mesh model is constructed. The given move-
ment is a screwed movement that rotates 360 degrees around 
the x-axis and translates +20.0 to the x-axis direction simulta-
neously during the time t = 0 ~ 100 in the virtual field. The 
acceptable lower limit of volume change RVmin

 is 0.9976, 
and as a result, the movement is divided into 65 steps (5.538 
degrees of rotation for each). The processing time for the 
construction of the 4D mesh model is shown in Figure 13. 
The 4D mesh model has 3,909,554 vertices and 18,266,982 
tetrahedra. In Figures 14 and 15, the 3D mesh models that are 

extracted from the slicing hyper plane perpendicular to x, y, z, 
or t-axis are shown. From these figures, we can verify that a 
3D object with movement is represented as a 4D model. 

 
6. Conclusions 

In this study, a new approach of constructing a 4D mesh 
model directly from a 3D mesh model with rigid body 
movement is proposed. The main contributions of this report 
are as follows: 
 The method of constructing a 4D mesh model directly 

from a 3D mesh model with rigid body movement was 
explained in detail. We proposed a tetrahedralization 
method of 4D swept shapes from triangular meshes that 
represented rigid body movement and time change of a 
3D mesh model. At this time, the swept shape of a trian-
gular mesh was divided into 14 tetrahedra. In addition, to 
make the constructed 4D mesh model a closed shape, we 
proposed a method of tetrahedralizing the inside of the 
3D mesh model and adding the generated tetrahedra to 
the 4D mesh model. 

(a) 

 

(b) 

Figure 11. Results of cross-section extraction to 4D mesh 
models perpendicular to t-axis (t = 32): (a) time-series 3D 
voxel data based method, (b) 3D mesh model based method. 

Figure 9. Relationship between the volume ratio RV and the 
rotational angle θ. 

Figure 10. Relationship between the acceptable lower 
limit of volume change RVmin

 and the step size of a rota-
tion θstep. 
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(a)                                (b)                                (c) 

Figure 14. Results of cross-section extraction to 4D mesh models perpendicular to t-axis: (a) t = 1.0, (b) t = 20.0, (c) t = 
100.0. 

 

Figure 12. 3D mesh model of a squirrel. 

(a)                                (b)                                (c) 

Figure 15. Results of cross-section extraction to 4D mesh models perpendicular to x, y, or z-axis: (a) x = 3.0, (b) y = 3.3, (c) 
z = 3.5. 

Figure 13. Processing time. 
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 By analyzing the volume change that occurred when 

joining corresponding vertices of a 3D mesh model be-
fore and after a rotational movement, we proposed a 
method of deciding the step size of a rotational angle in 
such a way that the volume change of a 3D mesh model 
fitted into the acceptable range. 

 It was shown that the proposed method enabled signifi-
cant reduction of computing time and data volume of the 
constructed 4D mesh model as compared to the time-
series 3D voxel data based method. This fact was shown 
with an example. 

The remaining issues of this study are to evaluate the 
quality of tetrahedral meshes of constructed 4D mesh model, 
and to apply the proposed method to deformation. Speeding 
up the proposed method using GPU is also considered. 
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